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Donaldson’s polynomial invariants ([2]) are powerful tools for studying
smooth 4-manifolds. For example the diffeomorphism types of elliptic surfaces
with positive geometric genus were completely classified by them ([4], [20], [21]).
The examples of smooth closed l-connected noncomplex 4-manifolds with
infinitely many smooth structures were first given by and then were
constructed by various methods ([6], [13], [16], [26]). In this paper we will
give some examples of infinitely many exotic 4-manifolds whose universal
coverings are mutually diffeomorphic. In fact we will show that the fundamental
group of any spherical 3-manifold other than the 3-sphere acts freely on certain
4-manifolds in infinitely many different ways so that their orbit spaces are
exotic (Main Theorem). Throughout this paper we denote the K3 surface by
K, and for any finite group G we denote by |G| the order of G. For any
closed oriented 4-manifold X, we denote by bf—=07§(X) the rank of the maximal
positive subspace H*=H™*(X) of the intersection form ¢y of X, and nX denotes
the connected sum of n copies of X.

MAIN THEOREM. Let G be the fundamental group of any spherical 3-manifold
other than the 3-sphere. Let X=02n—1)CP*4(10n—1)CP? or X=nK #(n—1)S*x S
Then if n is divided by |G| and |G|<n, there exist infinitely many smooth
orientation-preserving free G-actions on X such that their orbit spaces are mutually
homeomorphic but non-diffeomorphic to each other.

In §1 we will construct the manifolds which will be the orbit spaces for
the actions in Main Theorem. These manifolds are connected sums of rational
homology 4-spheres and l-connected 4-manifolds with b >1 which are derived
from certain elliptic surfaces. In §2 and §4 we will describe the simple
invariants for these manifolds to distinguish their diffeomorphism types. In §3
the list of SO(3)-representations for the above G will be given for the estimates
of the simple invariants in §4. In §5 we will complete the proof of Main
Theorem. Here we note that the argument in §4 is similar to that in in
which the connected sums of Z, homology 4-spheres and some manifolds with
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bf=1 and their Kotschick invariants are discussed. The author would like to
thank the referee for pointing out some errors in the preliminary draft of this
paper.

§ 1. Constructions.

Let S, be the relatively minimal elliptic surface over CP' with euler
number 122 and with a cross section 2, and let S.(p, g0 be the relatively
minimal elliptic surface over CP! with euler number 12k with two multiple
fibers of multiplicity p and ¢ for 2>0, p=1 and ¢=1. Here the multiple fiber
of multiplicity 1 means the general fiber and S,(1, 1) is identified with S,. We
denote by f the general fiber of any elliptic surface. We start with the
manifolds S and SY(p, ¢) for k=2 which are the analogues of the examples in
[9] and are constructed as follows. Let S? (resp. S¥p, ¢)) be the manifold
obtained from S, (resp. S.(p, ¢)) by removing the tubular neighborhood of f.
Now we fix the diffeomorphism ¢ from 9S}_, to 0S%p, q)=0S} which does not
preserve the general fibers of S)_, and S¥p, ¢) (or S?), and consider the mani-
folds S% and S¥(p, ¢) defined by

St = S1UsSk-1,  SEP, @) = SUp, @\UsSk-1-

We note that S7 is diffeomorphic to S, since any diffeomorphism of 0S¢ extends
to that of S? ([7], [181) but we use this symbol for convenience. Next we
construct some rational homology 4-spheres as follows.

DEFINITION 1-1. For any closed oriented smooth 3-manifold M, let s(M)
and s’(M) be the 4-manifolds defined as follows.

s(M) = (M~\Int D*) X S J;4S* X D*
s'"(M) = (M\Int D*) X S'U,S* X D%

Here D?® is a small 3-ball in M and t:S?*xdD*—o(M~Int D*)Xx S* is a self-
diffeomorphism of S?X S* defined by z(x, 8)=(ps(x), 8) for x&S? 0= R/2nZ=>5",
where p, is a rotation through angle # in a fixed axis on S®. The manifolds
s(M) and s’(M) are called an untwisted spin and a twisted spin of M respectively
(see [24] for example).

REMARK 1-2. If M is a lens space L(p, ¢) then s(M) is diffeomorphic to
s’(M). Moreover the diffeomorphism type of s(M) in this case depends only
on p (not depending on ¢q) ([23]).

Hereafter we consider the spins for the spherical 3-manifold Mg with
ﬂlM:G.
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PRoPOSITION 1-3. (1) Both s(Mg) and s'(Mg) are rational homology 4-spheres
with ms(Mg)=ms"(Mg)=G. If Mg is a Z,-homology sphere then so is s(Mg) (and
so 1s '(Mg)). (2) The universal covering s(AZfG) of s(Mg) is diffeomorphic to
(|G| —1)S*xS%  The same claim holds for the universal covering s’(MG) of s'(Mg).

PROOF. The proof of (1) is straightforward. The second claim is proved
in [24], §2. The proof goes as follows. The universal covering of Mg\Int D*
is a |G|-punctured 3-sphere S3=S°\\Ui¢lInt D? where D! is a copy of a small
3-ball in S Therefore s(Mg) (resp. s'(Mg)) is the union of S§xS! and |G
copies of S?X D? each of which is attached along each boundary component of

3% S* via the identity (resp. 7). Then S(MG) is obtained from S* by untwisted
surgery along |G|—1 (unknotted) circles in S*. It follows that s(A7IG) is diffeo-
morphic to (|G| —1)S?xS% In case of s’(A7IG) the small balls D} in S*® are
located so that a rotation in a fixed circle of S°® through angle 6 leaves all
D¥s invariant and induces the same rotation on each DI. Therefore the copies
of the above map 7 on 4S}XS! extends to the diffeomorphism of SixS! and
hence s’(]\7IG) is diffeomorphic to s(]\ZlG). This proves the second claim.

For later use we choose one of s(Ms) and s'(Mg), and denote it by Ws.
(The arguments below do not depend on the choice of Wg.) Let Xg(p, @)=
We#Sy(p, g0 where p and ¢ are natural numbers with gcd(p, ¢)=1. Note that
the last condition on p and ¢ implies that S.(p, ¢) and S%(p, ¢) are 1-connected.
To choose the candidates for the orbit spaces of the actions in Main Theorem
from the manifolds of the form X¢(p, ¢) we need some further observations
for them. Recall that the regular neighborhood N, in S, of the union of the
cusp fiber and the cross section X, and the manifold N,(p, ¢) obtained from
N by performing logarithmic transforms of multiplicity p and ¢ at the general
fibers in N, are called nuclei in [7]. Here N.(p, ¢) is contained in S,(p, ¢).
Then H,(N,, Z) is generated by f and X with

f-f=0, f-¥=1, Y.¥=—k
and H.(N(p, q), Z) is generated by some 2-cycles ¥ and A with
k=0, £A=1, AA=—(p+q)?*—k(pqg).

Here k is a primitive element which is a positive rational multiple of / (where
f=pqgr). Next note that S7 (resp. Si(p, ¢)) contains N, (resp. Ny(p, q¢)) and N,
which are mutually disjoint. In fact in S§ we have smoothly embedded 2-spheres
27 and X’ where X7 (resp. 2’) is a union of the cross sectional 2-disk of S2_,
(resp. S?) and a vanishing 2-disk in S% (resp. SY.,) which are attached along
their boundaries via ¢. Then N, (resp. N,) in S is constructed as a regular
neighborhood of the union of 27 (resp. 2”) and the cusp fiber in SI_; (resp. S9).
In case of S¥(p, g) we have only to replace N, by Ni(p, q). Since ON.(p, q) is
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the Brieskorn homology 3-sphere ([7]), H.(Si(p, q), Z) is the direct sum of
Hy,(N,, Z) (generated by the general fiber f7 in S}_, and 27), H.(N:(p, q), Z)
(generated by £’ and A’ corresponding to # and A above), and their orthogonal
complement {f?, X>*N{k’, A’>* on which the intersection form is even. In
case of S¢ we can replace £ and A’ by the general fiber f/ in S% and the above
2’ respectively. In the remainder of this paper the manifolds S,(1, 1), Si1, 1),
and Xg(1, 1) are identified with S,, S§, and W#S% respectively.

§ 2. Simple invariants for Si(p, ¢).

First we recall the definition of the simple invariants for simply connected
4-manifolds. Let X be an oriented smooth closed 1-connected 4-manifold with
b3(X) odd and greater than 1. Put [y=—3(1+b5(X))/2 and define Cy to be the
set of nonzero elements of H*X, Z,) each of which is a mod2 reduction of
some c=H*X, Z) with gx(c)=lx (mod4). For any y&Cx let P, be a principal
SO(3)-bundle over X with w,=2» and p,=I[y (which exists uniquely up to equiv-
alence). Note that there are no flat connections on P, since X is l-connected
and w, is nonzero. Then the moduli space M x(lx, n, g) of g-ASD connections
on P, for a generic Riemann metric g of X consists of finitely many points
with sign +1 where the signs are determined by the choice of the integral
liftt ¢ of » and the orientation of H*(X).

DEFINITION 2-0 ([2], [9]). For any n&C(Cx the number of the points in
Mx(x, 3, & counted with sign does not depend on g and is denoted by yx(7).
The values yx(5)’s are called simple invariants for X.

Thus yx is a well defined map on Cx up to sign and by its naturality with
respect to the diffeomorphisms the value max{|yx(n)||pECx} is the diffeomor-
phism invariant of X. In [9] the set Cx of the integral lifts of n<Cx modulo
some equivalence is used to define yx. But this point is not crucial for our
purpose since we only need the absolute value of yx. In case X=S:(p, q) or
X=SYp, q) with k=2 and gcd(p, ¢)=1, we see that Cx consists of the elements
neHX, Z,) with »+#0 and with gx(¢c)=k (mod4) for any integral lift ¢ of 7.
Now the results in [6], [14] show the following.

THEOREM 2-1 (see [6], [14]). The simple invariants for X=S.(p, q) with
k>2 and gcd(p, q)=1 are given as follows (up to sign).

1 if 9-PDx =1 and both p and q are odd
lrx(p)| =

0 otherwise.

Here PD, denotes the Poincaré dual mod 2.
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REMARK 2-2. (1) Proposition 2-1 is not true for the cases with k=2 which
were completely determined in [9]. (2) The above results are proved in [11],
[12], [26] for some particular 7 and are proved for the general cases by
mutually different methods in [6] and [14].

The above results show that yx is far from sufficient to determine the
diffeomorphism types of S:(p, ¢) (see [20]). So we choose Si(p, ¢) in place of
Sx(p, ¢) for our construction.

THEOREM 2-3. The simple invariants for X=SYp, q) with k>2 and gcd(p, q)
=1 are given as follows (up to sign).

(Pq if 9-PDof" =1 and y-PDor’ =0
lryx(ml =15 1 if n-PDyf” =5 -PDex’ =1

0 otherwise.

REMARK 2-4. We can see from the above propositions that S¥(p, ¢) for
k>2 is not diffeomorphic to any S(p’, ¢’) (and in fact never diffeomorphic to
a complex surface). But this does not hold if 2=2 since Si(p, q) is diffeomor-
phic to Sy(p, q). So further logarithmic transforms are needed to get similar
examples for k=2 ([9]).

PRrROOF OF THEOREM 2-3. First note that there is a diffeomorphism ¢ from
S¢ to S, which is the identity on the part S)_;, and maps 2° to 2 and f° to f
([91, [18]). Therefore the claim for the cases with p=¢=1 is deduced from
Theorem 2-1. For the general case note that n&Cy for X=3S%(p, ¢) is repre-
sented as

7 = PDy(aX'+bf*+a’AN+b'k' +w)
where a, a’, b, b’ are either 0 or 1, and w is either 0 or a primitive element
in <X°, foOtNA’, £'>*, which satisfies
—a’k+2ab—a’*(p+q)*+2(pg)>)+2a’'b’ +qx(w) =k (mod 4).

Case I. a=a’=1. In this case the above equation shows that (p-+g¢)?
must be even since gx(w) is even. Since gcd(p, ¢)=1 both p and ¢ must be odd.
Then we use Gompf-Mrowka’s formula in [9], Proposition 4.4 twice to get

72O = I7s3(y")]

where 7’ECsg is the Poincaré dual mod 2 of the element of the form Y7+bf°
+2'4b f 4w for wedd, foOrN(E’, f’>*. Then via the above ¢ the left
hand side of the above formula equals |7s,(n”)| for some »”&(Cs, Wwith
n”+-PD,f=1 and hence equals 1 by Theorem 2-1.
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Case II. a=0 and a’=1. Again using [9], Proposition 4.4 and the above
¢ we see that |yx()| equals 0 if one of p and ¢ is even and otherwise equals
l7s,(p”)| for some p”€Cs, with 9”-PD,f=0. By Theorem 2-1 the last value
is also 0.

Case . ¢=1 and a’=0. In this case use [9], Corollary 4.3 twice and
the above ¢ to get

lrx()| = pqlrs,(n”)]

where 7” is some element of Cg, with »”-PD,f=1. Therefore the left hand
side of the above formula is pq.

Case IV. a—a’=0. If either b=1 or w+0 the same procedure in Case I
shows that |yx(p)|=pqlys,(”)| for some " &Cs, with -PD,f=0 and hence
this value is 0. But if p=#" (in this case £=0 (mod 4)) we cannot appeal to
the method in [9]. For, if we put ¥ to be the manifold obtained from X by
removing the tubular neighborhood of either one of the multiple fibers, then &’
may be zero in H*(Y, Z,). However since =4 in this case we can decompose
X as the torus sum of S§(p, ¢g) (which contains the support of £’) and S;_, and
apply the vanishing theorem of yx ([14]) to them. Then we see that yx(n)=0
also in this case. This proves Theorem 2-3.

COROLLARY 2-5. Put ye=PDy(2?—k[f’). Then 3, is contained simultaneously

in Csqpo and max{lysiom.oMINECssm. ot =1759w.0(po) | =pq for any &, p, q.
Hence pq is the diffeomorphism invariant for Si(p, q)’s.

ProOF. The claim for 2=2 comes from the results in [9]. The other
cases are proved immediately by Theorem 2-3.

§3. SO(3)-representations for G.

In this section we consider the fundamental group of the spherical 3-manifold
G=mn My and the set R(G) of SO(3)-representations for G. Let X(G) be the set
of the conjugacy classes of the elements of R(G) by SO(3). In the next section
any element in X(G) will be considered as an equivalence class of a flat SO(3)-
connection over the (twisted or untwisted) spin W of Mg, First of all if Mg
is not a lens space then M, has a Seifert fibration over the 2-orbifold of genus
0 with exactly 3 singular points S*(p;, ps, ps) Where the set of multiplicities of
the singular points (p., p., ps) is either (2, 3, 3), (2, 3,4), (2, 3,5), or (2,2, n)
for n=2 ([22]). Moreover M. is represented by the Seifert invariants of the
form {(py, ay), (ps, Gs), (s, as)} with ged(ps, a;)=1 (=1, 2,3) and G has the
following representation.

{x, y, 2, h|xP1h*1 = yPzh% = zP3h%s = xyz = 1, h is central}.
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Here 5 corresponds to the general fiber of Mz and x, y, z correspond to
the lifts of the meridians for 3 singular points on the base orbifold. Note
that x, y, z can be chosen so.that they satisfy xyz=1 in G (therefore a; may
be negative in the above representation). Moreover —M; is represented by
{(p1, —ay), (P2, —as), (ps, —aq)}. It suffices to consider one of +M¢. Con-
sequently replacing x, v, z by other lifts if necessary we have only to consider

the following cases. (For example if Mg={(2, 1), (3, 2), (n, b)} then —Ms=
{(2; __1): (3; _2)) (n) _b)} :{(2, 1): (39 1)’ (7’[, —b“-zn)} ')

(1) Me= L(p, 9.

2) Me= {2, 1), 2, 1), (n, b)} with ged(n, b)=1, n=2.
3 Msg= {2, 1), @G, 1), @3, by with gcd(3, b) = 1.

4) Mg = {2, 1), 3, 1), 4, b)} with gcd4, b) = 1.

) {2, 1), G, 1), 5, b)} with ged(®, b) = 1.

For the cases (2)-(5b) G/[G, G]=H,(Mg, Z) is given by the table below
where x, z are the images in G/[G, G] of the corresponding generators of G
and Z,[u] denotes the Z,-factor generated by u.

H

(3-0).
Z, for Case (1)
ZisansonLx1PZo[2+2x] for Case (2) with n even
Z\sneniLX] for Case (2) with n odd
G/LG, Gl= Z\6ps151[2+2x] for Case (3)
Z 6pi201[2+2x] for Case (4)
Zleb+25|[2+2x:[ for Case (5)

Note that My is a Z,-homology sphere if and only if Mg belongs to (3), (5),
or (1) with p odd. Now we consider R(G). For any element p=R(G) let
Stab(p) be the stabilizer of p. Moreover for any y&G we denote by ;)?yj the
lift of o(y) to the universal covering SU(2) of SO(3) (determined only up to
sign). Hereafter SU(2) is identified with the set of unit quaternions S® Note
that w,(0)=0 if and only if p can be lifted to an SU(2)-representation §:z—
SU2). (In this case we can put ;\(75:‘5(7').) First let us consider the set of
abelian representations R,,(G) (identified with Hom(G/[G, G, SO(3))) and the
set of their conjugacy classes X,,(G). Hereafter to determine p< R(G) only the

lift p(u)683 for each generator u of G (or of G/[G, G] if p=R.(G)) will be
cos 20 —sin 260 0
given. Note that +exp(0)eS*® projects to Sl% 260 co% 260 (1)650(3), and

1 0 0 -1 0 0
+7 and +Fk project to [0 —1 O)and | O 1 O] respectively.
0 0-1 0 0-—1
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(3-1). Abelian representations for G.

Case (I). G/[G, G] is cyclic (say, of order »). Mgy belongs to this case
unless M¢=1{2, 1), 2, 1), (n, b)} with n even. Fix the generator u of G/[G, G].
Then any pe R,(G) is conjugate in SO(3) to one of p, defined by

i) = zexp(xil/r) (0 << [r/2)).

(3-1-1). The case when r is odd. In this case X,,(G) consists of the con-
jugacy classes of the trivial representation p, (with stabilizer SO(3)), and
(r—1)/2 nontrivial abelian representations p;, (1=I=<(r—1)/2) (with stabilizer
SO(2)). In either case p, is lifted to the SU(2)-representation g, (g, (u)=
(—1)texp(zmil/7)), so ws(0,)=0.

(3-1-2). The case when r is even. In this case HXG, Z;)=Z, and w,(p;)=0
if and only if [ is even. If r=0 (4), then X,,(G) consists of the conjugacy classes
of the trivial representation p,, the representation p,, with Im(p,:)=2, (with
Stab(p,/2)=0(2), which is covered by S'IIS'; and with w.(0,/,)=0), and (»/2—1)
representations p;, with stabilizer SO2) (1</<r/2—1). The number of p;
(1=I<r/2—1) with wy(p,)=0 is just r/4—1.

If r=2 (4), then X,,(G) consists of the conjugacy classes of p,, the repre-
sentation p,,, with stabilizer O(2) and with w,(p,;;)#0, and (»/2—1) repre-
sentations o, (1=/<r/2—1) with stabilizer SO(2). The number of p, (I1ZI/=
r/2—1) with wy(p)=0 is (r—2)/4.

Case (II). G/[G, G] is non-cyclic. In this case G/[G, G]l=H,(Mg, Z)=
ZoininDZ, where Mc=1{2, 1), 2, 1), (n, b)} with n even, n=2, and gcd(n, b)=1.
Put p=|n+b| and fix the generators u and v of Z,, and Z, respectively (note
that p is odd and p=1 since b must be odd). For p=R,,(G) put U=p(u),
V=p@) and let 0, V ve the lifts of U, V respectively. Then we can assume
(up to conjugacy) that

U= (R(Zm'l/?j)) 0

o 1) U= texp(il/zp) 0=1=p).

On the other hand V must satisfy V2=+1 and VIV-'=+0. Therefore if
/=0 then by further conjugation we can assume that 0'=+1, and ¥==+1 or +i.
Likewise if /=p then we can assume that =+7 and V=11, +i, or +;. If
1<i<p—1 then V==+1 or +i. Consequently X,,(G) consists of the conjugacy
classes of the following representations.

(3-1-3).

(1) the trivial representation p.
(2) po.: U=+1, V==+i In this case wy(p.1)%0 and Stab(p,,)=0(2).
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3 pue: U=+i, V=+1. In this case Stab(01,0)=0(2) and wy(p,,4)#0
since p is odd.

4) py.: U=V==+i In this case Stab(p,,,)=0(2) and w,(p;,1)#0.

B) ps: O=+i V==+;. In this case Stab(ps)=Z,X Z, (covered by
{£1, £1, &7, +k}) and w,(ps)#0.

6) oo (1=I<p—1): U==exp(nil/2p), V==+1. In this case
Stab(,,,)=S0(2), and w,(p.,0,)=0 if and only if [/ is even.

7 . A<I<p—1): U=+exp(nil/2p), V-=-=+i. In this case
Stab(p;,1)=S0(2) and w,(p;,,)#0.

In Case () H¥G, Z,) is identified with Z,PZ, so that w,(p)=(ei, ) if

and only if J*?=(—1)1, V2=(—1)*z where ¢,, &, is 0 or 1 mod 2.

(3-2). Nonabelian representations.

Put R¥(G)=R(G)\R,,(G) and X*(G)=X(G)\X,s(G). Note that R*(G) may be
nonempty only when Mg belongs to the cases (2)-(5) where G has the repre-
sentation of the form

G={x, v,z h|x*h = yth = z"h®* = xyz = 1, h is central}

for ¢=2 or 3. We look for the representatives for the elements of X*(G). For
pER*G) put X=p(x), Y=p(y), Z=p(z), H=p(h), and let X, ¥, Z, H be the
lifts in S® of X, Y, Z, H respectively. Up to conjugation we may assume that
HesS'. Since UAU'=+H for any lift I of o(u) for any u=G and p is non-
abelian, either I-NI:il, or H=+i and X, 17, ZeS‘HS‘j. In the second case
since X¥Z=-+1 and since o is non-abelian, two of )?, Y,Z belong to S'; and
the rest belongs to S'. On the other hand u?*=-—1 for any u=S';. Since
X?=+i and Y9=+: for g=2 or 3 this is a contradiction. Therefore only the
first case can occur. Then H=+1 and none of X, ¥, Z is 1 since otherwise
p would be abelian. By the relation Xt=+1 we may assume that X=+i. By
further conjugation by some elements in S' we can assume that }N’———i(u—}—tj)
with ueC, 1R, |u|*+t*=1. On the other hand since Y¢==1, ¥ is conjugate
to Lexp(nil/q) for 1=[<[q/2]. Therefore we must have ?:i(sz’—l—tj) for
s, teR, s*+=1 if ¢=2, and ¥ =+(1/2+si+tj) for s, teR, s*+12=3/4 if q=3.
Since Z=+V"1X"! we have Z=(s+1k) if =2, and Z=-(s+i/2+1k) if g=3.
By conjugation by 7, j, or £ we can replace (s, t) by any of (s, —1), (—s, 1),
and (—s, —1). Moreover Z is conjugate to texp(wil/n) for some [ (1=<IZ[n/2]).
Hence we can assume that s=cos(z//n), and f{=sin(zi/n) if ¢q=2 or ¢=
(3/4—cos*(zl/n))"'? if g=3. Now we can give all the representatives for X*(G)
for each case. In each representation below &; (0<7/<3) is +1 and moreover

H=¢, X—=¢g

(and so only the images of the remaining generators will be written).
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The list of representatives for X*(G).
(3-2-1. Ms={2, 1), 2, 1), (n, b)}.

of 1 ¥ = ey(cos(zl/n)i+sin(nl/n)j), Z = ey(cos(ml/n)+sin(xl/n)k)

for 1<I<[(n—1)/2]. Note that if /=0 or /=n/2 (in this case n is even) pf
would be abelian and so these cases must be removed. p¥ can be lifted to the
SU(2)-representation if and only if we can choose ¢; so that

&y = _1’ Sg' = <—"1)l+b; €18283 = —1.

Thus ws(0¥)+#0 if and only if both n and [ is even (note that b is odd in this
case). In either case Stab(p¥)=Z, (covered by {+1, *Fk}).
(3-2-2). Me={(2, 1), @, 1), 3B, b)}.

of: ¥V =e(1/24i/24+7/NV2), Z = e(1/2+i/24k/N 2).

Putting e,=—1, e,=(—1), &,=1, e,=(—1)*"! we can lift pf to the SU(2)-repre-
sentation and hence w,(p#)=0. Moreover Stab(pi)=1.
(3-2-3). Me={(2, 1), G, 1), 4, b)}.

o 1 ¥V =el/2+i/vV2+7/2), Z=e1/V2+i/2+k/2).
ofv: ¥ =e/24v37/2), Z =e(i/2+~3k/2).

We have the SU(2)-lift of p¥ by putting ¢,=—1, ¢,=1, ¢,6;,=—1 and hence
wo(pfD=0. On the other hand to get the SU(2)-lift for p# we must have
(—1)’=1 from the relation Z*H*—1. But this contradicts the fact that b must
be odd. Hence w,(pf¥y)+#0. Easy computation shows that Stab(pfi)=1 and
Stab(pfir)=2Z; (covered by {+1, £/}).

(3-2-4). Ms={2, 1), (3, 1), 5, b}.

okt ¥ = e(l/24sui+ta)), Z = ey(sati/2+tak) (n=1,2)

=(+/5 —1)/4, t,=+/3/4—cos2n/5=+6+2+/5/4. We have Stab(p¥,l)=1 and
wy(pf,)=0 in either case (put e,=—1, &,=1, &;=(—1)°, &=(—1""" if n=1 and
reverse the signs of ¢, and e, if n=2).

§4. Simple invariants for Xq(p, ¢).

In this section we consider X¢(p, ¢)=Ws#Si(p, q) with gcd(p, ¢)=1. Put
X=X¢(p, q) and S=S¥p, q) for the moment. To get the well defined invariants
for X we define Cx as the set of the elements n& H*(X, Z,) satisfying
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(1) % is a mod 2 reduction of some element cc H*X, Z) whose image in
H*X, Z)/Torsion is not divisible by 2,
@) qx(c)=lx (mod4)

where [y=—3(1+b3(X))/2 as before. Then Cx is preserved by diffeomor-
phisms of X. Moreover H*(X, Z)=H*W¢, Z)PH*(S, Z) whose torsion part is
H:Wg, Z). Note that the class Cg for S is defined as in §2 and [y=[y=-3k.
We denote the set of mod2 reductions of the elements of H*Wg, Z) in
H*W g, Z,) by Im(H* W, Z)—H*Wyg, Z5)).

PROPOSITION 4-1. (1) Let ¢:We—K(G, 1) be the classifying map for the
universal covering p:We—Wgs. Then c* induces the isomorphisms between
H*G, Z,) and Im(H*Wgs, Z)—-H*Wgq, Z,). Moreover np=mn+n. for me<E
H*We, Z,) and n.,=HXS, Z,) belongs to Cx if and only if n€c*HXG, Z,))
and n,&Cs. (2) For any n=1,+1.ECx with ). € H*W¢, Z,) and n.€ H¥(S, Z,),
there is a wunique principal SO(3)-bundle P, over X with w,=v7 and pi=Ilx (up
to equivalence) which is a fiber sum of the flat SO(3) bundle P1:WG><,)SO(3)
over W for some SO(3)-representation p:G—SO(3) with c*w,(p)=n:, and a
principal SO(3) bundle P, over S with wy,=7n, and p=ls=lyx.

Proor. The spectral sequence for the universal covering p: We—W 4 yields
the exact sequence of the form

c* *

p o
0— H¥G, Z) —> H*We¢, Z) —> H*Wq, Z).

Since H?*(Wg, Z) is torsion and HZ(Wg, Z) is torsion-free, c* gives an
isomorphism. Then mod 2 reduction yields the required isomorphism c¢* in (1).
It follows that for any 7, <Im(H*Wg¢, Z)—H*We, Z)) there is a principal flat
SO@3) bundle over Wg with w,=%,. The other claims follows easily from
these results.

PROPOSITION 4-2. For any n&Cx for above X there are no flat connections
on any principal SO(3) bundle P over X with w,(P)=1.

Proor. For any n=17,+%.=Cx represented as above we can assume that
7, is the Poincaré dual mod2 of some primitive element é&H,(Si(p, q), Z)
(since 7.,&Cs). Therefore there is 0= Hx(S¥p, ¢), Z) (which is a spherical
element since Si(p, ¢) is l-connected) with §-0=1 and hence <y, 0 (mod 2)>=1.
It follows that % does not come from H?*(x,X, Z,) and hence there are no flat
connections on P.

Hence for any n&Cy we can define the set Mx(lx, n, g) of g-ASD con-
nections on P, (defined in Proposition 4-1) modulo Aut P, for a generic metric
g on X. Moreover Mx(lx, 5, g) consists of finitely many points with sign +1
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as in § 2 (which is fixed once the integral lift of » and the orientation of H*(X)
is fixed, and does not depend on g since by=0}>1). So we can define yx(n)
for yECx as the number of points in HMx({x, 7, g counted with sign as in
Definition 2-0 so that max{|yx(y)||p<Cx} is a diffeomorphism invariant for
X. In particular the elemerit N0ECs¢p.0 in Corollary 2-5 is also contained
simultaneously in Cy for any X=Xg(p, ¢). We also note that Im(H*Wg, Z)—
H*W e, Z.)=c*(H¥G, Z,)) is given by

0 if G/[G, G] = Z, with r odd
cHHXG, Zy) =3 Z, if G/[G, G] = Z, with r even
Z,pZ, if G/[G, G] = Z;, DZ, with p odd.

According to the result in § 3 the above list covers all the possible cases.

PROPOSITION 4-3. There is a constant c¢g such that |yxgm.o(p|=
calrsym.o(m2)| for any n=n+1.€Cxq.0 with pEIMH We, Z)—H*We, Z,))
and 7:ECsg(p. ) In particular for n, in Corollary 2-5 we have |rxgm.o(n0)|=
pgce. The constant cq depends only on G and is defined as follows.

r if G/[G, G] = Z,. with r odd
ce =1 v/2 if G/[G, Gl = Z, with r even
b if G/[G, Gl = Z.,,BZ, with p odd.

PROOF. Let X,=Wyg, X.=S¥p, q), and X=Xe(p, q). Let D;) be the
geodesic ball in X; with respect to the fixed metric g; on X; of radius » centered
is small. Then identifying the annuli 2,=DN+~ AND;,(N'v1) (=1, 2) by
some map f; Wwe can construct a connected sum X=X #X, as X=
X N\D(N'V AINUy ,(Xo\Do(N"*4/ 1)) with a metric g; on X such that g, is
conformally equivalent to g; over X;\D;4N+/' 1) for j=1, 2 ([2], §7.2.1). We
can choose g, and g; so that they are generic if A4 is sufficiently small. For
any element p=1,+7.SCx with y,€Im(H*X,, Z)—~H*(X,, Z,)) and 7,&Cx, We
have an SO(3)-bundle P, over X with w,(P,)=% and p,(P,)=-—3k. Note that
there are no flat connections on any bundle over X, with w,=2, since 7,#0
and X, is l-connected. Consider a sequence A; with 4,—0 as i—co and A, €
Mx(—3k, n, &2;,). Then by Uhlenbeck criterion and dimension counting argu-
ment we have a flat connection A, on the bundle P, over X, with w,=%, and
p1=0, and a g,-ASD connection A, on the bundle P, over X, with wy(Py)=1;
and p,(P)=—3k, such that (by passing to subsequences) [A;;] converges
smoothly to [A;] over X, \D;(~ 4/2) (=1, 2). Here [A] means the gauge
equivalence class of A. If 2; is small enough, [A,,] has the neighborhood 7.
of the following form ([2], Theorem 7.2.62 and Theorem 7.3.2). For any
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connection A; on P;, let ['4, be the stabilizer of A; in the associated gauge
group and Hj, be the k-th cohomology group of the deformation complex

da, di,
Q%,(AdP;) —> Q%,(AdP;) — 2%, .(AdP)).
Then there is a I74, X[ 4, equivariant map ¥ of the form
U:SO@)XHy xXHy, —> HY XHY,

such that 32 is homeomorphic to ¥~*(0)/1 4, X1 4,. Since HMx(—3k, 7, g1,) con-
sists of finitely many points we can assume that every point in Hx(—3k, 3, g21,)
for small A; belongs to one of 71 of the above form. Conversely every element
in such an 7 corresponds to the unique element in #x(—3k, 5, g1,) ([2], Theo-
rem 7.2.62. The construction of the ASD connections in [2], §7.2.2 is valid
even when 7, X+1). So we will check the contribution of 7 to the moduli
space over X for fixed [A,] and [A,] separately according to the type of A,.
Note that Mx,(—3k, 1., g2) consists of finitely many points and Hj,=0, H%,=0,
and ["4,=1 for any [A,]€Mx,(—3k, 7., g») since g. is generic (and b*(X;)>1).
On the other hand since A, is a flat connection over P,, it corresponds to a
representation p : G—SO(3) with w,(p)=7, (via the isomorphism c* in Proposition
4-1). We denote by X7:1(G) the conjugacy classes of such representations. As
is listed in §3, the stabilizer Stab(p) of p (which corresponds to /'(4,)) is either
1, Z,, Z;XZ,, SO@2), 0(2), or SO(3) (up to conjugacy). For any such p we can
see that H,=H"(G, adp)=0 by direct computation using the list in §3 or by the
method as in [5]. Also we can see that the dimension of H3=H(G, adp) is 3
if Stab(p)=S0(3), 1 if Stab(p)=S0O(2) or O(2) (up to conjugacy), and is 0
otherwise. On the other hand index computation shows that dim H)—dim H-+
dim H}=3 for any p. Hence we have

N1 =¥(0)/Stab(p) for ¥:SOQ3)— H}

where dim H? is 0 if Stab(p)=S0(3), 2 if Stab(p)=S0(2) or O(2), and 3 other-
wise. If p is the trivial connection then Stab(p)=SO(3) and so the contribution
of 71 to the moduli space over X is 1. For any p with Stab(p)=SO(2) or 0(2)
we can assume that Im pCSO(2) (see the list of the SO(3)-representations in § 3)
and AdP, is a sum L&®e of a complex line bundle L (on which SO(2) acts as
rotations) and the trivial bundle ¢ of dimension 1. If Stab(p)=SO(2) we have
H2=H%(X,, L)=C on which Stab(p) acts as rotations. Therefore 7! coincides
with the zero of some section of the bundle SO(3)Xso»C over S? associated
~with the natural bundle SO(3)—S0(3)/SO(2) for each [A,] (cf. [1], Proposition
2.13). Therefore the contribution of such 97 to the moduli space over X is 2.
If Stab(p)=0(2) then also we have H:=H3%(X,, L)=C. In this case SO(2) acts
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0 0 -1
(which is a representative of 0(2)/S0O(2)) acts as the complex conjugation on

them. Hence the contribution of 97 in this case is the same as half of the
euler number of the above bundle SO(3)X g C—S? (which is the same as the
euler number of the twisted bundle over SO(3)/0(2)=RP? and hence equals 1.
If Stab(p)=1, Z,, or Z;X Z, then the contribution of 7 is the same as the euler
class of the bundle over SO(3)/Stab(p) with fiber H,=R? since Stab(p) acts
freely on SO(3). (In fact the lift S’!:—M) in S* of Stab(p) is generated by k= S®
if Stab(p)=Z,, and is generated by i, j, k&S® if Stab(p)=Z.XZ,. So SO(3)/
Stab(p):S3/§tal\b(;)) is SO@3) if Stab(p)=1, the lens space L(4, 1) if Stab(p)=2Z,,
and the quaternionic space if Stab(p)=Z,XZ,.) Since the euler number of the
R*bundle over the 3-manifold is zero, the contribution for this case is zero ([2],
[15]). Note that the orientation of the total moduli space is determined once
the integral lift of » and the orientation of H*(X) are fixed (in fact, only
H*(X)=H*(X,) and the integral lift of 7, is essential since 7, is a torsion [17]).
Moreover the lists (3-1-1)-(3-1-3) in § 3 show that for any 7, we can choose a
common decomposition AdP,=L¢Pe above such that each element of X71(G) with
stabilizer SO(2) or O(2) has a representative p with Im(p)eSO(2) and with
Stab(p)=S0(2) or O(2) which acts on the fiber of the common L (or H%(X,, L))
as defined above. Hence the contributions of X71(G) are of the same sign, and
their total amount for each [A,] is the sum (which we denote by cJi) of the
number of the elements in X7:(G) with stabilizer SO(3) or O(2) and twice the
number of the elements in X71(G) with stabilizer SO(2). It follows that the
number of points in Hx(—3k, 7, g2,) counted with sign is cli-times that of
Mx,(—3k, ns, &2). According to the lists (3-1-1) and (3-1-2) in §3 we can see
that ¢ci=r if G/[G, G]=Z, with r odd and ¢c1=r/2 if G/[G, G]=Z, with r
even for any .. If G/[G, G]=Z,,PZ, then the elements of X7:(G)’s except
for p; with stabilizer Z,X Z, (whose contribution is zero) are divided into the

following groups according to the 4 choices of #, (we use the notation in § 3.
(3-1-3)).

(1) po and p;, with [/ even, 1<I<p-—1,

(2) 1,0 and p;,, with [ odd, 1<I<p—1,

(3) po.1 and p;,, with { even, 1=</<p—1,

4) .1 and p;,; with [ odd, 1<I<p—1.

1 0 0
on the fiber of L (and on H2) as rotations as before, whereas J :(0 —1 O)

‘These facts show that cZ1=p in any case. Consequently in either case ¢t
depends only on G and we can denote it by ¢s. We also deduce that |yx(5)l
=¢¢|ys9m.0(No)| =ccpq by Corollary 2-5. 'This proves Proposition 4-3.
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COROLLARY 4-4. For any G we have infinitely many pairs {p;, ¢;} (EN)
such that the above X¢(p:, qi)’s are non-diffeomorphic to each other. In fact
Xe(p, q) and Xe(p’, ¢') can be diffeomorphic only when pg=p'q’.

PROOF. Proposition 4-3 and Corollary 2-5 show that max {|{7xzw o]
NECxgw.ot =Comax{|rssm,o(N2)|19:ECsqw.0t =Cepg. Since ¢; is nonzero we
obtain the desired resuit.

§5. Proof of Main Theorem.

First we discuss the homeomorphism types of Xa(p, ¢q)=W#Si(p, q) for
k=2 and gcd(p, ¢)=1.

PROPOSITION 5-1. Xg(p, q¢) is homeomorphic to Wel(k/2)K#(k/2—1)S5% X S?
if kis even and both p and q are odd, and is homeomorphic to W82k —1)CP*%
(10 —1)CP"* otherwise.

PRrOOF. First note that there is a homeomorphism from N,(p, ¢) to N,
(resp. to N(2, 1)) which is the identity on the boundaries if both p and ¢ are
odd (resp. one of p and ¢ is even) ([7]). Since N.(p, q) is contained in S§(p, q)
(and hence also in X¢(p, ¢)) such a homeomorphism extends to that from X¢(p, q)
to either We4S¢ (if p and ¢ are odd) or Ws#S%(2, 1) (otherwise) which is the
identity on the complement of N,(p, ¢) in Xg(p, g). On the other hand S§(p, q)
is a l-connected manifold with euler number 12k, with signature —8%k, and it
is spin if and only if % is even and both p and ¢ are odd. Then applying
Freedman’s theorem to S¥(p, ¢) and using the smoothability of 0-handles in
dimension 4 ([25]) we obtain the desired results.

Next we consider the universal covering )?G(p, q) of Xs(p, q). By Proposi-
tion 1-2 Xgz(p, q) is diffeomorphic to (|G| —1)S*XS*#|G|S¥(p, ¢). The following
propositions are essentially contained in [7], [8], [9].

ProprOSITION 5-2 ([7], [8], [9]). (1) Ny(p, q)#S* X S? is diffeomorphic to N:%
S2x S? if both p and q are odd, and is diffeomorphic to N.$CP*$CP? otherwise
by a diffeomorphism which induces the identity on the boundary. (2) Si(p, ¢)§S* X S?
is diffeomorphic to k/2K#k/2(S*X S?) if k is even and both p and q are odd, and
is diffeomorphic to 2kCP*$10kCP? otherwise.

PrOOF. (1) is proved in [9], §23 by applying Mandelbaum’s lemma ([I7])
to a fiber sum of N, and a manifold obtained from T?XS* by performing
logarithmic transforms of multiplicity p and ¢ along two fibers and by the fact
that Ny(p, ¢) is spin if and only if both p and ¢ are odd ([7]. Using the
natural extension of the diffeomorphism in (1) and the diffeomorphism between
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S: and S we see that SUp, ¢)#S*X S? is diffeomorphic to either S,#S*XS® or
S:$CP*$CP®. On the other hand the results in and show that
Sp#S?x S? and S,#CP? are diffeomorphic to either connected sums of copies of
K’s and S%®XS? or connected sums of copies of CP*?’s and CP’’s. Then the
computation of the euler number, the signature, and the type of the intersection
form of SY(p, q¢) show (2).

PROPOSITION 5-3. Xa(p, q) is diffeomorphic to (|G| k/2)K$(|G|k/2—1)S*x S?
if k is even and p and q are odd, and is diffeomorphic to 2k|G|—1)CP*%
(10k |G| —1)CP? otherwise.

PRrROOF. By Proposition 5-2 we can replace one copy of Si(p, ¢)#S*XS* in
Xg(p, Q=G| —1)S*x S*#|G|Sip, ¢) by a connected sum of K’s and S*XS?’s,
or a connected sum of CP?’s and CP ’s to reduce the number of the copies
of Si(p, q) by 1. Note that if Si(p, g) is nonspin then Si(p, )$CP*#CP" can
be replaced by S¥p, ¢)£S*XS* since these two manifolds are diffeomorphic.
Thus we can repeat this process on XG(]), q) |G| times to obtain the desired
result.

PROOF OF MAIN THEOREM. Let X=nK#(n—1)S?*xS?* where n is divided by
|G| with 1<|G|<n. Put £=2n/|G|. Then by Proposition 4-3, Corollary 4-4
we can choose the pair of integers (p;, g;) for each /=N satisfying

(1) ged(ps, ga)=1,

(2) both p; and ¢; are odd,

(3) max{lyx,plInECyx,;} for X;=W#Si(p:, q;) are strictly increasing as
7 tends to oo.

Then X,s are mutually homeomorphic by Proposition 5-1, their universal
coverings X, are diffeomorphic to X by Proposition 5-3, and X,’s are not
diffeomorphic to each other by (3). Therefore the covering translations for
such X’s give the desired G actions. Suppose that X=(2n—1)C P*4(10n—1)CP*
where 7 is divided by |G| with 1<|G|<n. Then put k=n/|G|. If k is odd
choose p;, g; as in the first case. If £ is even we can also choose {p;, ¢:}
satisfying the above conditions (1) and (3) so that p; is even and g¢; is odd by
Proposition 4-3. Then in either case Proposition 5-1, Proposition 5-3, and
Proposition 5-2 show that the covering translations for X, give the desired
action as in the first case. This completes the proof.

REMARK 5-4. Consider X;=Wg#S¥ pi, q;) satisfying (1), (2), (3) in the proof
of Main Theorem equipped with a generic metric g;. Let P; be the SO(3)
bundle over X; with p,=-—3k and w,=y, where 7, is the element in Corollary
2-5. Next consider the pullback ﬁi of P; over the universal covering X’izmg



A remark on the exotic free actions in dimension 4 349

|G|S%ps, qi) of X, with the metric & induced by gi Then wy(P;) is the
Poincaré dual mod 2 of the union of the lifts of X?—%f“ contained in |G|
copies of the complement S° of N.(p, ¢) in S¥p, ¢) and the virtual dimension
of the moduli space of ASD connections on ﬁi is also 0. Moreover applying
Mandelbaum’s lemma on )?,- as in the proof of Proposition 5-2 we have a
diffeomorphism between )?i and )?j which is the identity on the common |G|
copies of S° for any 7 and ;. Hence ﬁi’s are mutually isomorphic. The number
of Z;-ASD connections on 131- which are the pullbacks of g;-ASD connections
tends to oo as 7—oco by Proposition 4-3. On the other hand X, is completely
decomposable (Proposition 5-3) and the support of wo(P) lies in different |G|
copies of S°. So if we choose a metric g on )?i so that )?i has one thin neck
which separates one copy of SY(p;, ¢;) from the other summands of the connected
sum decompositions of )?i, and so that g is generic on both of the separated
regions, then the moduli space of g-ASD connections on ﬁi is empty ([2],
Proposition 9.3.7). This implies that such g cannot be G-invariant. (In fact X,
with G-invariant metric must have at least two neck regions invariant under
the G-action and equivariant transversality theorem for the moduli spaces with
G-actions fails in naive sense [10].)
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