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1. Introduction.

Let D be an NTA domain in RY(N=2) with Green function G(x, v). Without
loss of generality we may assume that D contains the origin 0. It is proved
that the Martin compactification of D is homeomorphic to the Euclidean closure
of D and that every boundary point is minimal ([15]). Thus the ratio
_ Glx, »)

Koo ="y
has a continuous extension on DxD. By the same symbol we denote the con-
tinuous extension. If y=o0D, then K(-, y) is a minimal harmonic function on
D. Sometimes we write K, for K(-, y). By definition K,(0)=1. For every
nonnegative superharmonic function x on D which is harmonic near the origin,
there is a unique measure g, on D such that

with g(y) = G(y, 0)

u= Ky, = SD\JBD1{<.’ Ydpu(y).

This measure p, is called the representing measure of u. For every nonnega-
tive harmonic function 2 on D there is a unique measure g, concentrated on
oD such that h=Kpu, and |u,||=h(0). Here, we say, in general, that a mea-
sure p is concentrated on A if any Borel set outside A has g measure zero.

Following Beurling [4] and Dahlberg [7], we introduce the notion of de-
termination of a point measure.

DEFINITION A. A set FCD is said to determine the point measure at ye
oD if for all positive harmonic functions i with representing measure p, we
have p({y})=inf{A(x)/K(x, y): xS E}.

Let B(x, ) be the open ball with center at x and radius ». We write d(x)
for the distance hetween x and dD. For 0<p<1 let

E,= IkejEB(x, 00(x)).

For a smooth domain the following characterization of sets determining a point
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measure was given by Dahlberg (see also [1, 2], [4], [9] and [20]).

THEOREM A. Let D be a Liapunov-Dini domain. Suppose ECD and y=aD.
Then the following are equivalent :

(i) E determines the point measure at y;

(ii) there is p, 0<p<1, such that

(1) [, 15—y ¥dx = o
]

(iii) (1) holds for all p, 0<p<1.

A set FCD is said to be minimally thin at y=aD if the regularized reduced
function ]?’;}y is a Green potential. The minimal thinness is closely related to
the notion of determination of a point measure. In fact, the essential part of
Theorem A is based on the following theorem.

THEOREM B. Let D be a Liapunov-Dini domain. Suppose y=oD. If E is
a measurable subset of D such that

—y N —
(2) [ lr—ytdx = co,
then E is not minimally thin at y.

Using Theorems A and B, Gardiner [11] extended some results of [5, 6]
and to functions on balls. Essén and Dudeley-Ward also used
Theorems A and B and gave generalizations. They dealt with smooth domains.

The aim of this paper is to consider a generalization to NTA domains.
Hereafter we let D be an NTA domain. Since a general NTA domain may
have wedges, Theorems A and B do not hold for an NTA domain. In [2, Sec-
tion 4] we characterized minimal thinness and obtained integral characteriza-
tions corresponding to (1) and (2). For a Lipschitz domain, see Ancona [3,
Theorem 7.4] and Zhang [21]. However, they are rather complicated (they
depend on the boundary point y). In this paper, we generalize some results of
and without using integral characterizations like (1) and (2).

It is not hard to see that £ D is minimally thin at yedD if and only if
there is a finite measure g on D such that p({y})=0 and K,<Kp on E (see
[5], and [19]). From this observation, we introduce sets “minimally thin
for harmonic functions” as follows.

DEFINITION 1. A set EC D is said to be winimally thin at y € oD for

harmonic functions if there is a finite measure p concentrated on 0D such that
p{y})=0 and K,<Kp on E.

REMARK. In view of Definitions 1 and A, it follows that E is minimally
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thin at y for harmonic functions if and only if E does not determine the point
measure at y. Let us remark that Hayman [12, p. 481 and Theorem 7.37]
defined sets “rarefied for harmonic functions”, which correspond to rarefied sets
given first by Lelong-Ferrand [17].

By definition if E is minimally thin at y for harmonic functions, then E is
minimally thin at y. In view of the Harnack principle, more is true. If £ is
minimally thin at y for harmonic functions, then E,, 0<p<1, is minimally thin
at y for harmonic functions, and hence minimally thin at y. Let us prove that
the converse is true. This is the key theorem for the succeeding argument.

THEOREM 1. Let y=dD and ECD. Then the following are equivalent:
(i) E is minimally thin at y for harmonic functions.

(ii) E, is minimally thin at y for some p, 0<p<l.

(ii) E, is minimally thin at y for all p, 0<p<1.

The following theorem is well-known as the minimal fine limit theorem

(see [5], and [19]).

THEOREM C. Let h=Ky, and H=Kuy be positive harmonic functions on D.
Let u be a Green potential. Then, for p, almost every boundary point y, there
are sets £ and I which are munimally thin at v such that

lim OO0 G ) angtim 1) =,
seplE () o LEDNE (x)

improves the first assertion of Theorem C.

COROLLARY 1. Let h=Ku, and H=Kuy be positive harmonic functions on
D. Then, for p, almost every boundary point y, there exists a set E minimally
thin at y for harmonic functions such that

. H(x) _ dpu
Llfrs h(x) — du o

TED\E

For two measures ¢ and v on 9D we say v=p if w(A)=u(A) for every
Borel subset A of dD. It is easy to see that v=g if and only if du/dv=1 for
v almost every point on dD. Since D is not minimally thin at any point y<aD,
it follows from Theorem C (or Corollary 1) that v=p if and only if Kv=Kp
on D.

DEFINITION 2. Let v be a finite measure on 00D. A set ECD is said to
determine the measure v if for every finite measure p concentrated on 9D, the
inequality Kv=<Kp on £ implies that v=u, or equivalently Kv=Kp on D.

The following theorem is a generalization of [11, Theorem 27.



302 H. Aikawa

THEOREM 2. Let v be a finite measure on 0D and ECD. Then the follow-
g are equivalent:

(i) E determines the measure v.

(ii) FE determines the point measure at y for v almost every boundary point y.

(ili) E is not minimally thin at y for harmonic functions for v almost every
boundary point y.

(iv) E, is not minimally thin at y for v almost every boundary point y and
for some (or all) p, 0<p<1.

(v) inf,ep(H(x)/Kv(x))=inf,ep(H(x)/Kv(x)) for all positive harmonic func-
tions H.

Let w(x, A) be the harmonic measure at x&D of ACdD. We write simply
o for the harmonic measure at the origin 0. We observe that Kw=1 on D. In
case vy is the harmonic measure w we can give further equivalent condition to
[Theorem 2. Let a>0. For each ycdD we associate the nontangential region
I',(y)={xeD: |x—y|<(I+a)d(x)}. We say that {x,;} is a nontangential se-
quence converging to y if x;—y and x;&l",(y) for some a>0.

COROLLARY 2. Let ECD. Then each statement with y=w in Theorem 2 is
equivalent to

(vi) E includes a nontangential sequence converging to y for w almost every
boundary point yoD.

The above corollary as well as further equivalent conditions are given by
Gardiner [11, Corollary 2] for the unit ball. We observe that the harmonic
measure @ can be replaced by the surface measure if D is a Lipschitz domain.

DEFINITION 3. Let A be a closed subset of 90D. A set ECD is said to
determine the closed set A if £ determines the measure v for all measures v
concentrated on A.

Bonsall and Walsh defined the notion of positive Poisson basic (P.P.B.). In
our situation their definition is generalized as follows.

DEFINITION 4. Let A be a closed subset of dD. A set ECD is said to be
a positive Martin basic (abbreviated to P.M.B.) set for A if, for every positive
continuous function f on A, there exist sequences {4;} and {x;} with 4; positive
and x; in E such that f(y)=3;4;K(x;, y) for yA.

Let #(D, A) be the class of functions h=h,—h,, where h;=Kp, is a
positive harmonic function with measure tr; concentrated on A. Then [6,
Theorem 10] becomes the following form.

THEOREM D. Let A be a closed subset of 0D and ECD. Then the follow-
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ing are equivalent:
(i) supzezh(x)=supzeph(x) for all he (D, A).
(ii) E is a P.M.B. set for A.
(iii) For each x&D there is a measure A, concentrated on E such that ||A.]

=1 and K(x, y>=§EK<s, )dAE) for yEA.

It is easy to see that if E determines A, then E is a P.M.B. set for A.
The converse is not true in general. In fact, let A be a singleton {y} with y
€0D. Then any nonempty set E (even a compact subset of D) is a P.M.B.
set for A. The following theorem shows that this is rather an exceptional case.
For the unit disk the theorem was proved by Essén [10, Theorem 2].

THEOREM 3. Let A be a closed subset of dD and assume that A contains at
least two points. Suppose EC\J,eal o(y) for some a>0. Then the following are
equivalent :

(1) supzeeh(x)=supeph(x) for all he (D, A).

(ii) E is a P.M.B. set for A.

(iliy E determines A.

(iv) E determines the point measure at y for every ysA.

(v) FE is not mimimally thin at any yEA for harmonic functions.

(vi) E, is not minimally thin at any y=A for some (or all) p, 0<p<1.

Let us consider the case when A=dD. Since \U,espl «(y) includes a neigh-
borhood of 0D, we readily obtain a generalization of [11, Theorem 1].

COROLLARY 3. The following are equivalent :

(i) supzerh(x)=sup.eph(x) for all he (D, oD).

(ii) E is a P.M.B. set for oD.

(iliy E determines the boundary oD.

(iv) E determines the point measure at y for every y<aoD.

(v) E is not minimally thin at any yadD for harmonic functions.

(vi) E, is not minimally thin at any y=adD for some (or all) p, 0<p<1.

Finally we add below a further equivalent condition to [Theorem 1.

THEOREM 4. Let y=dD and ECD. Then E is mimimally thin at y for
harmonic functions if and only if there is a positive harmonic function H such
that

timint 2% < lim int 2.
2y 800 Tz a)
If D is the unit ball B(0, 1), then it is easy to see that g(x)/(1—|x|) has a
positive limit as x—y for every boundary point y. Hence, for the unit ball,
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is the same result given by Gardiner [11, Theorem 3].
So far, we have observed that many results of [5, 6, 10, 11, 13] can be ex-
tended to an NTA domain without Theorems A and B. Therefore We raise

QUESTION. Can one extend these result to a geneval Martin space?

Our argument here depends on the estimates of the Martin kernel and the
boundary Harnack principle, so it is not applicable to a general Martin space.

I would like to thank Professor Matts Essén and Professor Stephen Gardiner
for showing their preprints. Professor Gardiner also brought the papers of
Ancona and Zhang to my attention.

2. Proof of Theorem 1 and Corollary 1.

By the symbol M we denote an absolute positive constant whose value is
unimportant and may change from line to line. We shall say that two positive
functions f, and f, are comparable, written f;=f,, if and only if there exists a
constant M=1 such that M7'f,<f,<Mf,. The constant M will be called the
constant of comparison. First we recall the well-known Harnack inequality.

LEMMA 1. For 0<p<1 there exists a positive constant M(p) with the follow-
ing properties:

(i) M(p)l0as pl0.

(ii) Suppose x=D and x'=B(x, pd(x)). Then for any positive harmonic
functions h and H on D

H(x") -

(1—Mp))- H(x')

H H
A < 7o T < SR
h(x’) = B pdan b ™ B(zs,’%)(zn h — (1+M(p)) h(x")

For the proof of we use the following estimate of the Martin
kernel, whose proof will be given in Section 5.

LEMMA 2. Let 0<p<1<y. Suppose x, yeD. If |x—vy|=pd(x), then
K(x, v) < MK(x, z) for all z & B(y, 76(y)MoD
with M depending only on D, p and 7.

The following lemma includes the crucial part of the proof of [Theorem 1.
For the lemma we are motivated by the argument of Sjégren [20, Proof of

Theorem Z[].

LEMMA 3. Let h be a positive harmonic function on D. Suppose ECD,
0<p<1 and there is a Green potential u such that u=h on E,. Suppose F is a
subset of 0D and there is p>1 such that

(3) B(x, no(x)NF # @ for xe k.
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Then there exists a finite measure p concentrated on a countable subset of I
such that Kp=h on E,.

REMARK. Let F be a dense subset of 0. Then (3) holds for any ECD
and »>1.

PROOF OF LEMMA 3. By the covering lemma ([16, Lemma 3.27 and [22,
Theorem 1.3.5]) we can find sequences {x!}; C E,7=1, ---, N, such that N
depends only on the dimension, {B(x}, 0d(x})},; is mutually disjoint and

N ) )
(4) EC U\ Blx) pd(x}).

Obviously, the right hand side is included in £, and hence the Green potential
u majorizes h on FEl=\J;B(x}, pd(x}). Therefore 1?},’;5 is a Green potential,
which is represented as Ky, with finite measure v, concentrated on 0E}ND.
Note that

(5) Kvi=h on Ej}.
Since {B(x}, pd(x)}; do not accumulate in D for each /=1, ---, n, it follows
that

AEIND = \J dB(x}, 0d(x1)).
J

Thus the measure v, is concentrated on the union of spheres aB(x%, po(x?).

By (3) we can take a point zjeFN\B(x}, pd(x}). Define the measure g,
by the summation of point masses at z; of magnitude v;(@B(x}, pd(x%)). Then
lpl=llv;|<oo, and hence Ky, is a positive harmonic function. Let x be one
of {x¥}, say xi. If y=dB(x} pd(x}), then |x—y|=pd(x) and

gl = Iy ] = obpae) = a0,
Hence with 7=(p+7)/(1—p)>1 yields
K(x, v) < MK(x, zj)

with M >0 independent of x, y and zi. By the definition of the integration
we have Ky;(x)<MKp;(x). Therefore (5) and show that

Ky, >Mh on EL.
Hence, by (4), the finite measure py=M"'3¥, pu; satisfies
Kp=h on E.

Moreover g is concentrated on \; ;{zj}, which is a countable subset of 7. The
lemma is proved.
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PrROOF OF THEOREM 1. We have only to prove (ii)=)(i). Suppose E, is
minimally thin at y, in other words there is a Green potential which majorizes
the harmonic function K, on E,. Observe that F=0D\{y} is a dense subset
of aD. Hence, it follows from and its remark that there is a finite
measure yg concentrated on F such that Kpy=K, on E,. This implies that E,
is minimally thin at y for harmonic functions. Thus (i) follows.

The following lemma follows easily from (cf. [5, Theorem II,
9 and Theorem XV, 9]).

LEMMA 4. Let y=dD. Suppose E;CD are minimally thin at y for harmonic
functions for j=1, ---. Then there is a sequence of positive numbers r; such that
E=\U;E;N\B(y, r;) is minimally thin at y for harmonic functions.

PROOF OF COROLLARY 1. By Theorem C, it is sufficient to show that if
limxgby\FH(x)/h(x):a with a set F minimally thin at y, then there is a set E
minimally thin at y for harmonic functions such that lim ED,,\EH(x)/h(x):a.

For 0<p<1 we let F(p)={x&F: B(x, po(x))CF}. We observe that if x&
D~F(p), then there is a point x’& B(x, pd(x))\F. Hence yields

a(l1—M(p)) < lim inf Hx) < lim supﬂ)—c—)ﬂ§ a(1+M(p)).

E%-{y h(x) =Y h(x)

x F(p) TED\F(p)
Since Urero B(x, 00(x))CF, it follows from that F(p) is minimally
thin at y for harmonic functions. From we can find »,—0 such that

E= KJJF(%)/\B(y, 75)

is minimally thin at y for harmonic functions. By the construction of E we
see that lim x_byLH(x)/h(x):a. The corollary is proved.
TED\E

3. Proof of Theorem 2 and Corollary 2.

We shall show The essential part will be (i)=(iii). For the
proof we shall invoke Cemma 3.

PrROOF OF THEOREM 2. The equivalence (ii) & (iii) & (iv) follows from
[Theorem 1. Let us prove (ili)= (i), (i) (v) and (i) = (iii).

(iii) = (i): Suppose (iii) holds, i.e., E is not minimally thin at y for har-
monic functions for v almost every y=adD. Let g be a finite measure on 9D

and suppose Kv=Kyp on E. Then [Corollary 1 yields

—@-g 1 v-a.e. on dD.
dy

Thus v<g and (i) follows.
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(i)e(v): Suppose (i) holds. Take a positive harmonic function H=Kpg
on D and let a=infgH/Kyv. Then aKv=Kuy on E. Since E determines the
measure v, it follows that aKv<Kuy on D, which implies that a=inf,H/Kv.
Thus (v) follows.

Next suppose (v) holds. Take a finite measure g on 0D such that Kv< Kp
on E. Theorem C says that the ratio Ky/Kv has minimal fine limit du/dv for
y-almost every boundary point. This limit is greater than or equal to 1 since

. Kp .
< i .
L= infoprm=infp ™

Hence y<y and (i) follows.

(i)=(iii): Suppose (iii) does not hold, i.e., there is ACadD with v(A)>0
such that E is minimally thin at any ye A for harmonic functions, or equiv-
alently E, is minimally thin at any y<A.

Suppose first that there is ye A with v({y})>0. Since E is not minimally
thin at y for harmonic functions, we can find a measure g, on dD such that
#,({y})=0 and Kp,=K, on E. Observe that the measure

2= v]apvi +¥( {y})l—‘y

satisfies v£yp and Ky=Kyv on E. Thus E does not determine the measure v.

Suppose next that v({y})=0 for any y&A. Let v'=v|,. Then RZs is a
Green potential ([5, Corollary to Theorem XV, 11]); in other words there is a
Green potential which majorizes the harmonic function Ky’ on E,. By Lemma
3 we can find a finite measure v* concentrated on a countable subset A* of oD
such that Ky*=Ky’ on E. Then the measure p=y*+v|sp\4 satisfies Ku=Ky
on E. Observe that

y(ANA*) = u(A) >0,
p(ANA*) = y*¥(ANA*) = 0.

This implies y£y. Thus E does not determine the measure v. Therefore (i)
does not hold. Thus (i) = (iii) follows.

In view of [2, Theorem 4], we obtain the following lemma. Actually, this
lemma is not so difficult. For a Lipschitz domain, Hunt and Wheeden used
this fact as the property of n.t. @ sets.

LEMMA 5. Let y=0D. Then a nontangential sequence converging to y is
not minimally thin at y for harmonic functions.

PROOF OF COROLLARY 2. By we readily have (vi)= (iii). We
prove the corollary by showing (v) = (vi). Suppose (vi) does not hold. Then
there is a>0 and >0 such that w(A)>0 with A={y€dD: I',(y)"\B(y, rYNE
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—@}. Let
H(x) = a(x, dD~A) = SaD\AK(x, yyda(y).

We observe from the minimal fine limit theorem (Theorem C) that for w a.e.

ye A there is a set F minimally thin at y such that lim Q)VFH(;C):O. Since
x \

w(A)>0, it follows, in particular, that

1InEfDH(x) =0,

Hence, it is sufficient to show that inf.czH(x)>0.

For x&D we let P (x)={yeadD: xl"(y)}. Let Dy={x&D:d(x)<r/(1+a)}.
By definition if x& END,, then P,(x)CdD~A. Hence H(x)=w(x, P,(x)). On the
other hand, in view of the definition of I",(v), P,(x)=B(x, 14+a)d(x))"NaD, and
hence one of the Carleson estimates reads

o(x, P(x)) =M for x € D,,

where M is a positive constant independent of x (cf. [15, Lemma 4.2]).
Therefore,

inf H(x) = min{ inf H(x), inf H(x)} = min{M, inf H(x)} > 0.

reE reENDy xeD\Dy reD\Dy

Thus the corollary is proved.

REMARK. Let ECD and ACdD. Then E determines the point measure
at y for w a.e. ye A if and only if E includes a nontangential sequence con-
verging to y for w a.e. yeA.

4. Proof of Theorem 3.

Let us prove [Theorem 3. The essential part will be (i)= (v). For the
proof we shall invoke and the assumption that EC\U,csl (¥).

PROOF OF THEOREM 3. We have observed in Theorem D that (i) e (ii).
By definition (iii) = (iv) and by (iv) = (iii). In view of
and the remark after we have (iv) & (v) & (vi). Let us prove (iii)
= (i) and (i)= (V).

(ili)= (i): Let ® be the harmonic measure at the origin as before
2. We observe that Kw=1on D. Take h=Kp,—Kp,c 4(D, A) with measures
¢y and p, concentrated on A. Put a=supgh. Then

Ky, < K(gs+aw) on E.

Since E determines A, it follows from the discussion before that
the same inequality holds on D ; in other words



Sets of determination for harmonic functions in an NTA domain 309

h- - K{ll""Kﬂg é aKw: a on D.

Hence supph<a. Thus (i) follows.

(i)=(v): Let us prove the implication by contradiction. Suppose (v) does
not holds, i.e., £ is minimally thin at some point y& A for harmonic functions.
It is sufficient to show that there is a measure g concentrated on A\{y} such
that K,<Kp on E since h=K,—Kp<=J4((D, A) satisfies supgh <0 and yet, by
Theorem C,

. h(x)
I K,

TED\F

1 with F being minimally thin at y,

which in particular implies that supp 2 >0.

Suppose first y is an isolated point of A. Since E is minimally thin at y
for harmonic functions, it follows from that £ does not contain a
nontangential sequence converging to y. From the assumption that EC\J,e4
I'.(y) it follows that dist(E, y)>0. Therefore there is »>0 such that B(y, )"
(AN{y})=¢@ and B(y, »"E=¢. Let yY=A-~{y}. By the boundary Harnack
principle (see LLemma 6 below) we can show

K,(x) < MK, (x) for x & DmaB<y, %)

with M depending on y, v’ and » but not on x. Hence the maximum principle
vields the same inequality for x& D \B(y, r/2). Thus K,<Kp on E with the
point mass p at y’ of magnitude M.

Suppose next y is not an isolated point of A. Then we can find a sequence
vy} in A converging to y. We observe that

I.(y)C kj) I (v7).

Hence
Ec U (),

y'eANY})
which implies (3) with F=A\{y} and »p=1+2a. Let 0<p<l. By
E, is minimally thin at y, and hence we find a Green potential which majorizes

K, on E,. Therefore yields a measure ¢ on A\{y} such that Ku=
K, on E,DE. The theorem is proved.

5. Proof of Lemma 2.

In this section we prove Lemma 2. Let us recall the definition of an NTA
domain. A bounded domain is called NTA when there exist positive constants
M and r, such that

(a) Corkscrew condition. For any z€dD, r<r, there exists a point A.(z)E
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D such that M~r<|A(z)—z|<r and 0(A.(2))>M'r.

(b) The complement of D satisfies the corkscrew condition.

(¢c) Harnack chain condition. If ¢>0 and x;, and x, belong to D, d(x;)>¢
and |x,—x,|<Ce, then there exists a Harnack chain from x;, and x, whose
length depends on C, but not e.

Without loss of generality we may assume that r,=1 and B(0, 2)CD. The
boundary Harnack principle ([15, Lemma 4.10]) is crucial.

LEMMA 6. Let z€dD and let 0<r<1. Suppose u and v are positive harmonic
functions on B(z, 2r)N\D and that u and v vanish continuously on B(z, 2r)NaD.
Then

u ~ v
u(A2) ~ v(A(2)

with constant of comparison independent of z, r, u and v.

on Bz, Y N\D

The boundary Harnack principle is a powerful tool and produces many
results. The following is an easy corollary.

LEMMA 7. Let 2€0D and let 0<r<1. Suppose u is a positive harmonic
function on B(z, 2r)N\D and that w vanishes continuously on B(z, 2r)NoD. Then

=~ u(A,
2 50p u u(A-(2))
with constant of comparison independent of z, r and u.

Applying to g=G(-, 0), we obtain

LEMMA 8. Let z€0D and let 0<r<R<1. Then g(A(2))<Mg(Agr(2)).

Let O(x, y)=K(x, v)/g(x). It is known that ©&(x, y) has a continuous
extension on DXxD. By the same symbol we denote the continuous extension.
The kernel © is referred to as the Naim’s ® kernel for D. By definition &
is symmetric.

LEMMA 9. For zEdD we let 0,(r)=0(Az), ). Then
0. (R) < M8,r) for 0<r<R<I1,
where M depends only on D. Moreover, if x, yeD and 2|y—z|< |x—z| <1, then
O(x, y) = O(x, 2) = 0,(|x—z|)
with constant of comparison depending only on D.
PROOF. Let 0<r<R<1. The maximum principle yields

. < .
sup K(-,2) Dnggg.r) K(-, 2).

DN3B(z. R)
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By we have
K(Agr(z), z) £ MK(A(2), 2)

with M independent of z, » and R. This, together with yields

K(Ag(2), 2) K(An2), z) _
T =M ey T MO

Suppose ¥, yeD and 2|y—z|<|x—z|<1. By the continuity we may as-
sume that x, yeD. Let r=|x—z|. Observe that K(-, y) and g are harmonic
on DN\B(z, 2r)\B(z, (1/2)r) and vanish on 0DN\B(z, 2r)\B(z, (1/2)r). By an
elementary geometrical observation and the Lemma 6 we have

K('; y) — g

K(A(2), )~ g(A(2)

0R) =

on DNAB(z, r). Hence

_ K(x, 3) _ K(A.(2), z)
O N="0 = @&

The above comparison holds particularly for y=z, whence the lemma follows.

= O(Ax(2), z) = 0.,(r).

LEMMA 10. Let 29D, x€D and y<D.

(i) If 2|y—z|<|x—2zI<], then K(x,y) = K(x, z) with constant of com-
parison independent of z, x and y.

(ii) If 2|x—z|<|y—z| <1, then K(x, y)SMK(x, z) with M independent of
z, x and y.

Proor. The first assertion readily follows from and the defini-
tions of K and 6. Suppose 2|x—z|<|y—z|<1l. Changing the roles of x and
v, we obtain from Lemma 9 that

O(x, y) = 6(y, 2) = 0.(J]y—2z|) = MO,(Ix—2z]) = B(x, 2).
Hence K(x, y)<MK(x, z). The lemma follows.
PrROOF OF LEMMA 2. Let x, y&D and z€dD. Suppose
lx—y| = pd(x),
ly—z] =1d(y).

(6)

Without loss of generality we may assume that |x—z|<land |y—z|<1. Sup-
pose first 2|y—z|<|x—z|. Then (i) vyields K(x, y)=K(x, z). In
particular we have the required estimate. Suppose next 2|x—z|<|y—z|. Then
(ii) yields K(x, y) < MK(x, z). Thus we have again the required
estimate. Finally suppose (1/2)|y—z| < |x—z| £ 2]y—2z|. In view of (6), we
have
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(7) lx—yl = M|y—=z|.

Let r=4M|y—z| and y,=A,(z). Then 4|y—z|=M"r=<|y,—z|=r =4M|y—2z|
by the Corkscrew condition. Hence (6) and (7) yield

(8) |y=yol = (AM+1)|y—2z| < M'min{|x—y], 6(3)}.

Observe that G(x, -) and g are positive and harmonic in D’=D\{x, 0}. In view
of (8) and the Harnack chain condition, we can find a Harnack chain from y
to y, in D’ with length independent of x, y and y,. Hence it follows from
the Harnack principle that K(x, v)=K(x, y,). Since 2|x—z|<4|y—z|<|yo—2z],
it follows from (ii) that

K(x, y) = K(x, o) = MK(x, z).

The lemma is proved.

6. Proof of Theorem 4.

First we note the following characterization of minimal thinness which
readily follows from [5, Theorem XV.6, Theorem XV.8 and Theorem XV.9].

THEOREM E. Let yedD and ECD. Then the following are equivalent:
(i) E is minimally thin at y.
(ii) There is a nonnegative superharmonic function w on D such that

lim inf ux )-<l 1nf——(~?—

z2y 8(x) z2y 8(x )’

(iili) There is a Green potential p on D such that

lim infﬁ(fz‘ < lim 1nf~p—(~)-.
g2y 8 Tz &)

(iv) There is a Green potential p on D such that

px) p(x) _
hl}},;nf e ) < lim 1.,lynf o(x y =

PROOF OF THEOREM 4 (SUFFICIENCY). Suppose there is a positive harmonic
function H such that

lim inf-—-¢ H(x) < 11m in H(xl‘

z2y 8(x ) g(x)
Then by there is p, 0<p<1, such that the above inequality with E,
replacing E holds. Hence, Theorem E, (ii)=(i), implies that E, is minimally
thin at y. By E is minimally thin at y for harmonic functions.
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For the necessity of we need to consider a version of the above
theorem in the context of harmonic functions. To this end we give a refine-
ment of We extend the notation E,=\.cz B(x, pd(x)) for p=1.

LEMMA 11. Let h, E, p, u, F and 7 be as in Lemma 3. Then the measure
p given in Lemma 3 satisfies Ku=Myu on D\Ey, ...

PROOF. Let x&D\Ejs,.,,. Let x} and zj be as in the proof of Lemma 3
We observe that

|x—zf| = |x—xj| = |xj—2z}| = Bp+20—9)0(x}) = 2(n+0)d(x}) > 2| y—7;.

Hence, (i) with z=2z} yields K(x, y)=K(x, z}). Let v;, p; and g be
the measures as in the proof of Lemma 3 The above inequality implies that
Kui(x)=Ky;(x). Hence

Kp(x) = MZKm(x) MZR';?”(x) Mou(x).
The lemma follows.

PROOF OF THEOREM 4 (NECESSITY). Suppose E is minimally thin at y for
harmonic functions. Let 0<p<1<%n. We take a>6y+4p and let B=
(a—6n—4p)/(14+39p+20). By we may assume that ECD~I,(y). We
observe that

(9) E37]+2pmrﬁ(y) =@.

In fact, if z&FE,,,,,, then by an elementary calculation |z—y|=(1+a—3n—2p)
-(14-39+2p)'0(z)=(1+p)d(z). This means that z¢&'s(y). Thus (9) follows.
Since E, is minimally thin at y by [Theorem 1, it follows from Theorem E,
(1)=(v), that there is a Green potential p such that

(10) lim 1nf——~( %) < lim 1nf—pf<-—)~ = co,

2y G(X) 22y, 8%

By the nontangential region Fﬁ(:}’) is not minimally thin at y. Hence
it follows from Theorem E, (iii)=(i), that

p(x) p(x)

lim inf——_(}j = llm lnf;”(T < oo
xea}_;ggéy) g ;é% E\x

Let
¢ > M, lim inf p(—;—

17'"’[/ (
zerlg(y)
where M, is the constant in Lemma T1. By [I0] we can choose >0 such that
p=cg on E,N\B(y, d). By Lemmas 3 and 11 with u=p and (9) we find a

positive harmonic function H such that H=cg on E,NB(y, ) and H<M,p on
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I's(y). Hence
11m 1nfﬁ<‘» < M, lim inf- p(x). < ¢ < lim inf- j_l < lim in fH(x),_
( ) x-»y ( ) x-»Ely g(x) z_,g g( )
zel 0
Thus m is proved.
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