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\S 0. Introduction.

We shall discuss a part of a problem of whether the universal model of
Anosov diffeomorphisms exists. Concerning with this problem Manning [Ma2]

proved that every Anosov diffeomorphism of an infra-nil-manifold is topologically
conjugate to a hyperbolic infra-nil-automorphism. From the remarkable proof of
his result and the work of Franks [Fr], Aoki and Hiraide has been studied the
dynamics of covering maps of a torus ([Ao-Hi]).

We shall show in this paper that some of the results stated in [Ao-Hi]

become realistic for infra-nil-manifolds as follows.

THEOREM 1. Let $f:N/\Gammaarrow N/\Gamma$ be a covenng map of an infra-nil-manifold
and denote as $A:N/\Gammaarrow N/\Gamma$ the infra-nil-endomorPhism homotopic to $f$ .

If $f$ is a TA-map, then $A$ is hyperbolic and the inverse limit system of
$(N/\Gamma, f)$ is topologically conjugate to the inverse limit system of $(N/\Gamma, A)$ .

THEOREM 2. Let $f$ and $A$ be as in Theorem 1. Then the following statements
hold:

(1) if $f$ is a TA-homeomorphism, then $A$ is a hyperbolic infra-nil-automorPhism
and $f$ is topologically conjugate to $A$ ,

(2) if $f$ is a topological expanding map, then $A$ is an expanding infra-nil-
endomorPhism and $f$ is topologically conjugate to $A$ .

In the statement of Theorem 2 it notices that (1) is a generalization of
Manning [Ma2].

First we shall explain here the definitions and notations used above. Let
$X$ and $Y$ be compact metric spaces and let $f:Xarrow X$ and $g:Yarrow Y$ be continuous
surjections. Then $f$ is said to be topologically conjugate to $g$ if there exists a
homeomorphism $\varphi:Yarrow X$ such that $f\circ\varphi=\varphi\circ g$ .

Let $X$ be a compact metric space with metric $d$ . For $f:Xarrow X$ a continuous
surjection, we let

$X_{f}=$ { $(x_{i}):x_{i}\in X$ and $f(x_{i})=x_{i+1},$ $i\in Z$} ,

$\sigma_{f}((x_{i}))=(f(x_{i}))$ .
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The map $\sigma_{f}$ : $X_{f}arrow X_{f}$ is called the shift map determined by $f$. We say that
$(X_{f}, \sigma_{f})$ is the inverse limit of (X, $f$). A continuous surjection $f:Xarrow X$ is
called c-expansive if there is a constant $e>0$ (called an expansive constant) such
that for $(x_{i}),$ $(y_{i})\in X_{f}$ if $d(x_{i}, y_{i})\leqq e$ for all $\in Z$ then $(x_{i})=(y_{i})$ . In particular,
if there is a constant $e>0$ such that for $x,$ $y\in X$ if $d(f^{n}(x), f^{n}(y))\leqq e$ for all
$i\in N$ then $x=y$ , we say that $f$ is positively expansive. A sequence of points
$\{x_{i} : a<i<b\}$ of $X$ is called a $\delta$-Pseudo orbit of $f$ if $d(f(x_{i}), x_{i+1})<\delta$ for
$i\in(a, b-1)$ . Given $\epsilon>0$ a $\delta$-pseudo orbit of $\{x_{i}\}$ is called to be $\epsilon$-traced by a
point $x\in X$ if $d(f^{i}(x), x_{i})<\epsilon$ for every $i\in(a, b-1)$ . Here the symbols $a$ and $b$

are taken as $-\infty\leqq a<b\leqq\infty$ if $f$ is bijective and as -1Sa $<b\leqq\infty$ if $f$ is not
bijective. $f$ has the Pseudo orbit tracing ProPerty (abbrev. POTP) if for every
$\epsilon>0$ there is $\delta>0$ such that every $\delta$-pseudo orbit of $f$ can be $\epsilon$ -traced by some
point of $X$ . We say that a continuous surjection $f:Xarrow X$ is a topological
Anosov maP (abbrev. TA-map) if $f$ is $c$ -expansive and has POTP, and say that
$f$ is a topological expanding maP if $f$ is positively expansive and open. We can
check that every toPological expanding map is a TA-map (see [Ao-Hi] Remark
2.3.10).

Let $N$ be a simply connected nilpotent Lie group. Let $C$ be a compact
group of automorphisms of $N$ and let $G=N\cdot C$ be the Lie group obtained by
considering $N$ as acting on itself by left translation and taking the semi-direct
product of $N$ and $C$ in $Diff(N)$ . Let $\Gamma$ be a torsion free uniform discrete
subgroup of $G$ . The space $N/\Gamma$ (the quotient space of $N$ under the action of
$\Gamma)$ is called an infra-nil-manifold. Let $\overline{A}$ : $Narrow N$ be an automorphism of $N$

such that by conjugating $\Gamma$ by $\overline{A}$ in $Diff(N),\overline{A}\circ\Gamma\circ\overline{A}^{-1}\subset\Gamma$ . Then $\overline{A}$ projects
to a covering map $A$ of $N/\Gamma$ . The map $A$ is called an infra-nil-endomorPhism.
If the derivative $d\overline{A}_{e}$ at the identity $e$ of $N$ has no eigenvalues of modulas 1,
we say $A$ is hyperbolic. If $A$ is hyperbolic, then $A$ is a TA-covering map.

REMARK 0.1. A converse statement of Theorem 1 also holds: Let $f:N/\Gamma$

$arrow N/\Gamma$ be a covering map of an infra-nil-manifold and denote as $A:N/\Gammaarrow N/\Gamma$

the infra-nil-endomorphism homotopic to $f$ .
If $A$ is hyperbolic and the inverse limit system of $(N/\Gamma, f)$ is topologically

conjugate to the inverse limit system of $(N/\Gamma, A)$ , then $f$ is an TA-map.

See [Ao-Hi] Theorems 2.2.29 and 2.3.9 for details.
Let $M$ be a closed smooth manifold and let $C^{1}(M, M)$ be the set of all $C^{1}$

maps of $M$ endowed with the $C^{1}$ topology. A map $f\in C^{1}(M, M)$ is called an
Anosov differentiable map if $f$ is a $C^{1}$ regular map and if there exist $C>0$ and
$0<\lambda<1$ such that for every $x=(x_{i})\in M_{f}=$ {$(x_{i}):x_{i}\in M$ and $f(x_{i})=x_{i+1},$ $i\in Z$}
there is a splitting

$T_{X}M= \bigcup_{l}T_{x_{i}}M=\bigcup_{i}(E_{x_{i}}^{s}\oplus E_{x_{i}}^{u})$
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so that for all $i\in Z$

(1) $D_{x_{i}}f(E_{x_{i}}^{\sigma})=E_{x_{i+1}}^{\sigma}$ where $\sigma=s,$ $u$ ,

(2) for all $n\geqq 0$

$||D_{x_{i}}f^{n}(v)||EC\lambda^{n}||v||$ if $v\in E_{x_{i}}^{s}$ ,

$||D_{x_{i}}f^{n}(v)||\geqq C^{-1}\lambda^{-n}||v||$ if $v\in E_{x_{i}}^{u}$ .
If, in particular, $T_{x}M= \bigcup_{i}E_{x_{i}}^{u}$ for all $x=(x_{i})\in M_{f}$ , then $f$ is said to be expand-
ing, and if an Anosov differentiable map $f$ is injective then $f$ is called an
Anosov diffeomorphism. We can check that every Anosov differentiable map is a
TA-map, and that every expanding differentiable map is a topological expanding
map (see [Ao-Hi] Theorem 1.2.1).

A map $f\in C^{1}(M, M)$ is said to be $C^{1}$-structurally stable if there is an open
neighborhood $N(f)$ of $f$ in $C^{1}(M, M)$ such that $g\in N(f)$ implies that $f$ and $g$ are
topologically conjugate. Anosov [An] proved that every Anosov diffeomorphism
is C’-structurally stable, and Shub [Sh] showed the same result for expanding
differentiable maps. However, Anosov differentiable maps which are not diffeo-
morphisms nor expanding do not be $C^{1}$-structurally stable ([Ma-Pu], [Pr]). Then
we have the following.

REMARK 0.2. Under the assumption of Theorem 1 it is not true in general
that $f$ is topologically conjugate to $A$ .

A map $f\in C^{1}(M, M)$ is said to be $C^{1}$-inverse limit stable if there is an open
neighborhood $N(f)$ of $f$ in $C^{1}(M, M)$ such that $g\in N(f)$ implies that the inverse
limit $(M_{f}, \sigma_{f})$ of $(M, f)$ and the inverse limit $(M_{g}, \sigma_{g})$ of $(M, g)$ are topologically
conjugate. Man\’e and Pugh [Ma-Pu] proved that every Anosov differentiable
map is $C^{1}$-inverse limit stable. If the manifold $M$ is an infra-nil-manifold, then
this fact is a corollary of Theorem 1.

REMARK 0.3 $([Su])$ . Let $f:T^{n}arrow T^{n}$ be a covering map of an $n$ -torus and
denote $A:T^{n}arrow T^{n}$ the toral endomorphism homotopic to $f$.

$lff$ is a special TA-map, then $A$ is a hyperbolic toral endomorphism and $f$

is topologically conjugate to $A$ .

We define special TA-maps as follows. Let $f:Xarrow X$ be a continuous
surjection of a compact metric space. Define the stable and unstable sets

$W^{s}(x)= \{y\in X : \lim^{d(f^{n}(x)}, f^{n}(y))=0\}$ ,

$W^{u}((x_{i}))= \{y_{0}\in X:\exists(y_{i})\in X_{f}s.t. \lim_{iarrow\infty}d(x_{-i}, y_{-i})=0\}$

for $x\in X$ and $(x_{i})\in X_{f}$ . A TA-map $f:Xarrow X$ is special if $f$ satisfies the
property that $W^{u}((x_{i}))=W^{u}((y_{i}))$ for every $(x_{i}),$ $(y_{i})\in X_{f}$ with $x_{0}=y_{0}$ . Every
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hyperbolic infra-nil-endomorphism is a special TA-covering map (Remark 3.13).

In [Gr] Gromov showed that every expanding map of an arbitrary closed
smooth manifold is topologically conjugate to an expanding infra-nil-endomor-
phism. After this Hiraide proved in [Hil] a wider result for topological
expanding maps as follows.

REMARK 0.4 $([Hi1])$ . If a continuous map of a compact connected locally
connected semilocally 1-connected metric space is a topological expanding map,
then the space must be homeomorphic to an infra-nil-manifold and the map is
topologically conjugate to an expanding infra-nil-endomorphism.

A topological space $X$ is said to be semilocally 1-connected if for $x\in X$ there
is a neighborhood $U$ of $x$ such that every loop contained in $U$ with a base point
$x$ ( $i.e.$ , continuous map $u:[0,1]arrow U$ satisfying $u(O)=u(1)=x$ ) can be deformed
continuously in $X$ to one point.

A key point in the proof of the main theorem is in the properties of the
inverse limit systems of self covering maps investigated in \S 3.

The outline of the proof of the main theorem can be stated as follows. If
$f:N/\Gammaarrow N/\Gamma$ is a TA-covering map, it is shown (see \S 1) that the infra-nil-
endomorphism $A:N/\Gammaarrow N/\Gamma$ homotopic to $f$ is hyperbolic. Then we shall prove
in \S 2 that there exists a semi-conjugacy map $\overline{h}$ : $Narrow N$ such that $\overline{h}\circ\overline{f}=\overline{A}\circ\overline{h}$ and
$\overline{h}$ is continuous and surjective. Here we denote as $\overline{A}$ the automorphism of $N$

which is a lift of $A$ by $\pi$ , and denote as $\overline{f}$ a suitable lift map of $f$ by $\pi$ . We
find in \S 3 a homeomorphism $I:(N/\Gamma)_{A}arrow(N/\Gamma)_{A}$ which is topologically conjugate
to the inverse limit system of $(N/\Gamma, f)$ and in \S 4 a semi-conjugacy map $\tilde{h}$

between the systems $((N/\Gamma)_{A}, f)$ and $((N/\Gamma)_{A}, \sigma_{A})$ . In \S 5 we shall show
$\Omega(f)=N/\Gamma$. By this fact $\tilde{h}$ is injective (see \S 7), from which Theorem 1 will
be concluded. The proof of Theorem 2(2) will be given in \S 6 and Theorem 2(1)

will be proved in \S 7.

\S 1. Infra-nil-endomorphisms homotopic to TA-covering maps.

The aim of this section is to prepare two lemmas (Lemmas 1.3 and 1.5) that
are used for the proof of Theorem 1.

Let $N$ be a simply connected nilpotent Lie group. Let $C$ be a compact
group of automorphisms of $N$ and let $G=N\cdot C$ be the Lie group defined as
above. If $\Gamma$ is a torsion free uniform discrete subgroup of $G$ , then $N/\Gamma$ is an
infra-nil-manifold. If in particular $\Gamma$ is a uniform discrete subgroup of $N$ , then
$N/\Gamma$ is called a nil-manifold (see [Sm]).

Let $\overline{D}$ be a left invariant Riemannian distance for $N$ and $\rho$ be the restriction
to $\Gamma$ of the natural homomorphism mapping $G=N\cdot C$ to $C$ . Recall that $\rho(\Gamma)$ is
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a finite group of automorphisms on $N$ (see [Au] Theorem 1). We define a metric
$D$ for $N$ by

$D(x, y)= \sum_{c\in\rho(\Gamma)}\overline{D}(c(x), c(y))$

for $x,$ $y\in N$ . Then $D$ is a left-invariant, $\Gamma$-invariant Riemannian distance. Let
$\mathcal{L}(N)$ be the Lie algebra of $N$ , and let $exp:X(N)arrow N$ denote the exponential
map. Since $N$ is simply connected and nilpotent, the exponential map is a
diffeomorphism (see [Va] Theorem 3.6.2). We claim that for any $L>0$ and
$x\in N$ , the closed ball $B_{L}(x)=\{y\in N:D(x, y)\leqq L\}$ of $x$ with radius $L$ is compact.
Indeed, since the exponential map is a diffeomorphism, there exists $r>0$ such
that $B_{r}(e)$ is compact. Here $edenotes:the$ identity of $N$ . Then $B_{2}.(e)=B,(e)\cdot B.(e)$

is compact and thus $B_{nr}(e)$ is compact for $n\in N$ , from which the claim is
concluded.

Let $\pi:Narrow N/\Gamma$ be the natural projection and define a metric for $N/\Gamma$ by

$d( \pi(x), \pi(y))=\inf\{D(\alpha(x), \beta(y)) : \alpha, \beta\in\Gamma\}$ .

Then $d$ is compatible with the quotient topology on $N/\Gamma$ . We can check that
there exists $\lambda>0$ such that $\pi:U_{\lambda}(x)arrow U_{\lambda}(\pi(x))$ is an isometry for $x\in N$ where
$U_{\lambda}(x)=\{y\in N:D(x, y)<\lambda\}$ and $U_{\lambda}(\pi(x))=\{y\in N/\Gamma:d(y, \pi(x))<\lambda\}$ . Indeed, since
$\Gamma$ is discrete, for $x\in N$ there is $\mu=\mu(x)>0$ such that the subset $\{\alpha\in\Gamma:\alpha(U_{\mu}(x))$

$\cap U_{\mu}(x)\neq\emptyset\}$ of $\Gamma$ is finite ([Wo] Lemma 3.1.1). Then we can take $\delta=\delta(x)>0$

such that $\alpha(U_{\delta}(x))\cap U_{\delta}(x)=\emptyset$ for $\alpha\in\Gamma\backslash \{id_{N}\}$ , because $\Gamma$ acts freely on $N$ .
Thus, $\pi:U_{\delta(x)/2}(x)arrow U_{\delta(x)/2}(\pi(x))$ is an isometry. Since $v=\{U_{\delta(x)/2}(\pi(x)):x\in N\}$

is an open cover of $N/\Gamma$, let $\lambda>0$ be Lebesgue number of $q$]. Then, $\alpha(U_{\lambda/z}(x))$

$\cap U_{\lambda/2}(x)=\emptyset$ for $\alpha\in\Gamma\backslash \{id_{N}\}$ and therefore $\pi:U_{\lambda/4}(x)arrow U_{\lambda/4}(\pi(x))$ is an isometry.
By a result of L. Auslander [Au], $\Gamma\cap N$ is a uniform discrete subgroup of

$N$ and $\Gamma\cap N$ has finite index in $\Gamma$. Then $N/(\Gamma\cap N)$ is compact and orientable
($N/(\Gamma\cap N)$ is a nil-manifold), and $N/\Gamma$ is finitely covered by $N/(\Gamma\cap N)$ . Denote
as $\pi_{1}$ : $Narrow N/(\Gamma\cap N)$ and $\pi_{2}$ : $N/(\Gamma\cap N)arrow N/\Gamma$ the natural projections. Then we
have

commutes.

$7r_{2}$

Let $f:N/\Gammaarrow N/\Gamma$ be a self-covering map and $A:N/\Gammaarrow N/\Gamma$ be the infra
nil-endomorphism homotopic to $f$ . We take a homotopy $H:N/\Gamma\cross[0,1]arrow N/\Gamma$

from $A$ to $f$ . Let $\overline{H}:N\cross[0,1]arrow Nbe$ the lift of Hby $\pi$ such that $\overline{A}(x)=\overline{H}(x, 0)$

for $x\in N$ , where $\overline{A}$ : $Narrow N$ is the automorphism which is a lift of $A$ by $\pi$ . Define
the lift map $\overline{f}:Narrow N$ of $f$ by $\pi$ by $\overline{f}(x)=\overline{H}(x, 1)(x\in N)$ . Let $\overline{f}_{*},\overline{A}_{*}:$ $\Gammaarrow\Gamma$

be homomorphisms induced by $\overline{f},\overline{A}$ respectively (cf. [Ao-Hi] \S 6.3 (6.1)).
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LEMMA 1.1. Let $H$ be as above. Then there exzsts a homomorphism $\overline{H}_{*}:$ $\Gammaarrow\Gamma$

such that
$\overline{H}(\alpha(x), t)=\overline{H}_{*}(\alpha)\circ\overline{H}(x, t)$

for $x\in N,$ $t\in[0,1]$ and $\alpha\in\Gamma$.

PROOF. For $t\in[0,1]$ there exists a homomorphism $(\overline{H}_{t})_{*}:$ $\Gammaarrow\Gamma$ such that

$\overline{H}(\alpha(x), t)=(\overline{H}_{t})_{*}(\alpha)\circ\overline{H}(x, t)$

for $x\in N$ and $\alpha\in\Gamma$ (see [Ao-Hi] Lemma 6.3.10). To conclude the lemma, for
$\alpha\in\Gamma$ it suffices to see that $(\overline{H}_{t})_{*}(\alpha)$ is independent of $t\in[0,1]$ . For $\beta\in\Gamma$, the
set $J_{\beta}=\{t\in[0,1]:(\overline{H}_{t})_{*}(\alpha)=\beta\}$ is open. Indeed, by the above claim there exists
$\lambda>0$ such that $\gamma(U_{\lambda}(x))\cap U_{\lambda}(x)=\emptyset$ for $x\in N$ and $\gamma\in\Gamma\backslash \{id_{N}\}$ . For $t\in J_{\beta}$ take
a neighborhood $V_{t}$ of $t$ in $[0,1]$ such that $\overline{H}(e, s)\in U_{\lambda}(\overline{H}(e, t))$ , and $\overline{H}(\alpha(e), s)\in$

$U_{\lambda}(\overline{H}(\alpha(e), t))$ for $s\in V_{t}$ . Here $e$ denotes the identity of $N$ . Then we have that

$\overline{H}(\alpha(e), s)=(\overline{H}_{s})_{*}(\alpha)\circ\overline{H}(e, s)\in(\overline{H}_{s})_{*}(\alpha)(U_{\lambda}(\overline{H}(e, t)))$

and
$\overline{H}(\alpha(e), s)\in U_{\lambda}(\overline{H}(\alpha(e), t))=\beta(U_{\lambda}(\overline{H}(e, t)))$ .

Thus, $(\overline{H}_{l})_{*}(\alpha)(U_{\lambda}(\overline{H}(e, t)))\cap\beta(U_{\lambda}(\overline{H}(e, t)))\neq\emptyset$ and then $(\overline{H}_{s})_{*}(\alpha)=\beta$ . Therefore
$t\in V_{t}\subset J_{\beta}$ . Since $[0,1]$ is connected, we have $J_{\beta}=[0,1]$ for some $\beta\in\Gamma$. $\square$

Since $\Gamma\cap N$ is the maximal normal nilpotent subgroup of $\Gamma$ ([Au] Prop-
osition 2), we have that $\overline{f}_{*}(\Gamma\cap N)\subset\Gamma\cap N$ . Then we can take the lift map
$f:N/(\Gamma\cap N)arrow N/(\Gamma\cap N)$ of $f$ by $\pi_{2}$ satisfying $\hat{f}\circ\pi_{1}=\pi_{1}\circ\overline{f}$ . Since $\overline{f}_{*}=\overline{A}_{*}:$ $\Gammaarrow\Gamma$

by Lemma 1.1, we can define the lift map $\hat{A}$ : $N/(\Gamma\cap N)arrow N/(\Gamma\cap N)$ of $A$ by $\pi_{2}$

satisfying $\hat{A}\circ\pi_{1}=\pi_{1}\circ\overline{A}$ . Thus $\hat{A}$ is the nil-endomorphism homotopic to $\hat{f}$.
LEMMA 1.2 ([Ma 1]). Let $N/\Gamma$ be a nil-manifold and $A$ : $N/\Gammaarrow N/\Gamma$ be a

nil-endomorphism induced by an automorphism $\overline{A}$ : $Narrow N$, then $L(A)=\Pi_{i=1}^{n}(1-\lambda_{i})$ ,
where $\lambda_{i}’ s$ are the eigenvalues of $(d\overline{A})_{e}$ , is the Lefschetz number of $A$ .

The following lemma will play an important role to show our Theorem 1.

LEMMA 1.3. Let $f:N/\Gammaarrow N/\Gamma$ be a self-covenng map of an infra-ml-
manifold and $A:N/\Gammaarrow N/\Gamma$ denote the infra-nil-endomorPhism homotopic to $f$ .
If $f$ is a TA-covenng map, then $A$ is hyperbolic.

PROOF. For the case when $N/\Gamma$ is a nil-manifold, we shall show the
lemma. We know that there is $1>0$ such that for each $m\geqq l$ all fixed points of
$f^{m}$ have the same fixed point index 1 or $-1$ ([Ao-Hi] Proposition 10.7.2, Theo-
rem 10.8.1 and Theorem 10.9.1).

Choose a positive integer $m_{0}$ with $m_{0}\geqq l$ such that $f^{m_{0}}$ is topologically mixing
on each elementary set, and write $g=f^{m_{0}}$ . Obviously $g:N/\Gammaarrow N/\Gamma$ is a
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TA-coverlng map and $g$ is homotopic to $A^{m_{0}}$ . It is enough to show that $A^{m_{0}}$

is hyperbolic. We have for $m\geqq 0$

$N(g^{m})=| \sum_{x\in Fix(g^{m})}I(g^{m}, x)|=|I(g^{m})|$

where $N(g^{m})$ is the number of fixed points of $g^{m},$ $I(g^{m}, x)$ is the fixed point
index of $g^{m}$ at $x$ ; and $I(g^{m})$ is the Pxed point index of $g^{m}$ . Let $\lambda_{i}(1\leqq i\leqq n)$

denote the eigenvalues of $(d\overline{A}^{m_{0}})_{e}$ . Then by Lemma 1.2 it follows that

$N(g^{m})= \prod_{i=1}^{n}|1-\lambda_{i}^{m}$ .

Since $g$ is expansive, we have that there is $k>0$ such that $N(g^{m})\leqq N(g^{m+k})$

for $m\geqq 1$ . Indeed, if $\eta$ is an expansive constant for $g$ , then there is $\epsilon>0$ such
that any $\epsilon$ -pseudo orbit of $g,$ $(x_{i})$ , is $\eta/3$-traced by some point in $(N/\Gamma)_{g}$ . Since
$g$ is top logically mixing on an elementary set $B$ , there is $k>0$ such that
$g^{k}(K)\cap K\neq\emptyset$ for any $K,$ $K$ of a finite cover consisting of $\epsilon/2$-balls in $B$ . Let
$x\in B$ be a fixed point of $g^{m}$ and choose $y\in B$ such that $d(x, y)<\text{\’{e}}$ and
$d(x, g^{k}(y))<\epsilon$ . Then we construct a one side $(m+k)$-periodic $\epsilon$ -pseudo orbit

$(x, g(x),$ $\cdots$ $g^{m-1}(x),$ $y,$ $g(y),$ $\cdots$ $g^{k-1}(y),$ $x,$ $g(x),$ $)$

which coincides with the one sided sequence $(z_{i})_{0}^{\infty}$ of a two side $(m+k)$-periodic
$\epsilon$ -pseudo orbit $(z_{i})$ in $(N/\Gamma)^{Z}$ . Hence there is $(y_{i})\in(N/\Gamma)_{g}$ such that $d(y_{i}, z_{i})$

$<\eta/3$ for all $i\in Z$ . By $c$-expansivity we have $g^{m+k}(y_{0})=y_{0}$ .
Note that each $\lambda_{i}$ is not a root of unity. Indeed, this follows from the fact

that Per$(g)\neq\emptyset$ and $N(g^{m})=\Pi_{t=1}^{n}|1-\lambda_{i}^{m}$ . To see $|\lambda_{i}|\neq 1$ for $1\leqq i\leqq n$ , suppose
$|\lambda|=1(1\leqq i\leqq s),$ $|\lambda_{i}|<1(s+1\leqq i\leqq t)$ and $|\lambda_{i}|>1(t+1\leqq i\leqq n)$ . Since $N(g^{m})\leqq$

$N(g^{m+k})$ for $m\geqq 1$ , we have

(1.1) $- \frac{\Pi_{s+1}^{\iota}|1-\lambda_{i}^{m}|\cdot\Pi n|\lambda_{i}^{-m-k}-}{\Pi_{s+1}^{t}|1-\lambda_{i}^{m+i}|\cdot\Pi_{t+1}^{n}|\lambda_{i}^{-m-}}k\frac{\lambda_{i}^{-k}|}{-1|}\leqq\prod_{-}\Pi^{\frac{|1-\lambda_{i}^{m+k}|}{ 1|1-\lambda_{i}^{m}|}}S1$

Then the left hand side of (1.1) tends to $\Pi_{t+1}^{n}|\lambda_{i}^{-k}|$ as $marrow\infty$ . Since $|\lambda_{i}|=1$

and $\lambda_{i}$ is not a root of unity (l;;$if$\underline{\leq}s$ ), we can find a subsequence $\{m_{j}\}$ such
that $\lambda_{i}^{m_{j}}arrow\lambda_{i}^{-k}$ as $7‘arrow\infty$ . Therefore the right hand side of (1.1) tends to $0$ , thus
contradicting.

For the case when $N/\Gamma$ is an infra-nil-manifold, let $\hat{f},\hat{A}$ be as above. If
$f$ is a TA-covering map, then so is $\hat{f}$ . Hence we have that $\hat{A}$ is hyperbolic
and therefore so is A. $\square$

LEMMA 1.4. Let $\overline{A}$ : $Narrow N$ be an automorphism and take a continuous map
$\psi:Narrow N$ by $\psi(x)=x^{-1}\cdot\overline{A}(x)$ for $x\in N$ , If $\overline{A}$ is hyPerbolic, then $\psi$ is a homeo-
morphism.
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PROOF. Making use of the method of Franks [Fr] we have that $\psi$ is a
homeomorphism on $N$ . Indeed, by the Baker-CamPbell-Hausdorff formula (see

[Va] Theorem 2.15.4),

$d \psi_{e}(v)=\lim_{tarrow 0}\frac{1}{t}\exp^{-1}\{\exp(tv)^{-1}\cdot\overline{A}(\exp(tv))\}$

$= \lim_{tarrow 0}\frac{1}{t}\exp^{-1}\{\exp(-tv)\cdot(\exp(td\overline{A}_{e}v))\}$

$= \lim_{tarrow 0^{\frac{1}{t}}}$ { $-tv+td\overline{A}_{e}v+t^{2}$(higher order terms)}

$=(-I+d\overline{A}_{e})v$

for $v\in X(N)$ . Since $A$ is hyperbolic, by the inverse function theorem we have
that $\psi$ is a local homeomorphism at $0\in \mathcal{L}(N)$ .

Let $N=N^{\iota}\supset N^{\iota-1}\supset...\supset N^{0}=\{e\}$ be the lower central series of $N$ . Since
each $N^{i}$ is connected, a neighborhood of the identity $e$ of $N^{i}$ generates $N^{i}$ .
Assume that $N^{i}\subset{\rm Im}(\psi)=\{\psi(x)|x\in N\}$ for $i\geqq 0$ and take $\psi(x)$ and $\psi(y)\in N^{i+1}\cap$

${\rm Im}(\psi)$ . Then
$\psi(x)\cdot\psi(y)=\psi(x)\cdot y^{-1}\cdot\overline{A}(y)$

$=y^{-1}\cdot\psi(x)\cdot[\psi(x), y^{-1}]\cdot\overline{A}(y)$

$=y^{-1}\cdot x^{-1}\cdot\overline{A}(x)\cdot[\psi(x), y^{-1}]\cdot\overline{A}(y)$ .

Since $[\psi(x), y^{-1}]\in N^{i}$ and $N^{i}$ is normal in $N$ , there exists $w\in N^{i}$ such that
$\overline{A}(x)\cdot[\emptyset(x), y^{-1}]=w\cdot\overline{A}(x)$ . Hence we can take $z\in N$ such that $\psi(z)=w$ , because
of $w\in N^{i}\subset{\rm Im}(\psi)$ , and then

$\psi(x)\cdot\psi(y)=y^{-1}\cdot x^{-1}\cdot w\cdot\overline{A}(x)\cdot\overline{A}(y)$

$=y^{-1}\cdot x^{-1}\cdot z^{-1}\cdot\overline{A}(z)\cdot\overline{A}(x)\cdot\overline{A}(y)$

$=\psi(z\cdot x\cdot y)$

$\in{\rm Im}(\psi)$ ,

from which $N^{i+1}\subset{\rm Im}(\psi)$ and $N={\rm Im}(\emptyset)$ by induction.
If $\psi(x)=\psi(y)(x, y\in N)$ , then $\overline{A}(x\cdot y^{-1})=x\cdot y^{-1}$ , and then

$(d\overline{A})_{e}(\exp^{-1}(x\cdot y^{-1}))=\exp^{-1}(\overline{A}(x\cdot y^{-1}))=\exp^{-1}(x\cdot y^{-1})$ .
Since $A$ is hyperbolic, we have $\exp^{-1}(x\cdot y^{-1})=0$ from which $x\cdot y^{-1}=e$ . Therefore
$\psi$ is injective. Brouwer Theorem ensures that $\psi$ is a homeomorphism. $\square$

LEMMA 1.5. Let $f:N/\Gammaarrow N/\Gamma$ be a self-covering map and let $\overline{g}$ : $Narrow N$ be
a lift of $f$ by the natural projection $\pi:Narrow N/\Gamma$ . If $f$ is a TA-covenng map
then $\overline{g}$ has exactly one fixed point.
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PROOF. For the proof we use that there exists $l>0$ such that for $m\geqq l$

each fixed point of $f^{m}$ : $N/\Gammaarrow N/\Gamma$ has the same fixed point index 1 or $-1$ .
Let $\overline{f},\overline{A}$ , and $\overline{H}$ be as above. Then we can find $\overline{\alpha}\in\Gamma$ such that $\overline{g}=\overline{\alpha}\circ\overline{f}$ , and
then $\overline{\alpha}\circ\overline{H}:N\cross[0,1]arrow N$ is a homotopy from $\overline{\alpha}\circ\overline{A}$ to $\overline{g}=\overline{\alpha}\circ\overline{f}$ .

Let $\rho$ be the restriction to $\Gamma$ of the natural projection mapping $G=N\cdot C$ to
$C$ . Denote as $\phi$ the automorphism on $C$ defined by $\phi(c)=\overline{A}\circ c\circ\overline{A}^{-1}$ for $c\in C$ .
Then the following diagram commutes:

$\Gammaarrow\overline{A}_{*}$

$\Gamma$

$\rho\downarrow$ $\downarrow\rho$

$p(\Gamma)arrow\phi\rho(\Gamma)$

Let $\overline{\alpha}=(\overline{z},\overline{c})\in N\cdot C$ . Then we have

$\overline{g}^{\iota}=(\overline{\alpha}\circ\overline{f})^{\iota}$

$=\overline{\alpha}\circ\overline{f}_{*}(\overline{\alpha})\circ\cdots\circ\overline{f}_{*}^{l-1}(\overline{\alpha})\circ\overline{f}^{\iota}$

$=\overline{\alpha}\circ\overline{A}_{*}(\overline{\alpha})\circ\cdots\circ\overline{A}_{*}^{\iota-1}(\overline{\alpha})\circ\overline{f}^{l}$

$=(\overline{z},\overline{c})\circ(\overline{A}(\overline{z}), \phi(\overline{c}))\circ\cdots\circ(\overline{A}^{t-1}(\overline{z}), \phi^{\iota-1}(\overline{c}))\circ\overline{f}^{\iota}$ ,

$\rho(\overline{\alpha}\circ\overline{A}_{*}(\overline{\alpha})\circ\cdots\circ\overline{A}_{*}^{l-1}(\overline{\alpha}))=\overline{c}\circ\phi(\overline{c})\circ\cdots 0\phi^{\iota-1}(\overline{c})$ .
Since $\rho(\Gamma)$ is a finite group and $\phi$ is a permutation of $\rho(\Gamma)$ , we have

$\rho(\overline{\alpha}\circ\overline{A}_{*}(\overline{\alpha})\circ\cdots\circ\overline{A}_{*}^{\iota-1}(\overline{\alpha}))=id_{N}$

for some $l\in N$ . Hence there exists $l\in N$ such that $\overline{g}^{l}=\gamma\cdot\overline{f}^{\iota}$ for some $\gamma\in\Gamma\cap N$ .
We assume witbout loss of generality that $\overline{g}^{m}=\gamma\cdot\overline{f}^{m}$ . Define a continuous

map $\psi:Narrow N$ by $\psi(x)=x^{-1}\cdot\overline{A}^{m}(x)$ for $x\in N$ . Since $\overline{A}^{m}$ : $Narrow N$ is hyperbolic
by Lemma 1.3, $\psi$ is a homeomorphism (Lemma 1.4), and there is $\overline{\gamma}\in N$ such
that $\psi(\overline{\gamma})=\gamma$ Since $\overline{\alpha}\circ\overline{A}^{m}(x)=\gamma\cdot\overline{A}^{m}(x)=\overline{\gamma}^{-1}\cdot\overline{A}^{m}(\overline{\gamma}\cdot x)(x\in N),\overline{\alpha}\circ\overline{A}^{m}$ is hyperbolic.
Thus $\overline{\alpha}\circ\overline{A}^{m}$ has tbe single fixed point $\overline{\gamma}^{-1}$ and the fixed point index, $I(\overline{\alpha}0\overline{A}^{m},\overline{\gamma}^{-1})$ ,

equals to $\pm 1$ .
For $\acute{\gamma}\in\Gamma\cap N$ , we have that for $x\in N$

$(\overline{f}^{m}(x))^{-1}\cdot\overline{A}^{m}(’\gamma\gamma)\cdot\overline{A}^{m}(x)$

$=(\overline{f}^{m}(x))^{-1}\cdot\overline{A}^{m}(x)$

$\in(\overline{f}^{m}(9))^{-1}\cdot\overline{A}^{m}(9)$

where 9 is a compact covering domain for the natural projection $\pi_{1}$ : $Narrow N/(\Gamma$

$\cap N)$ . Let $x\in Fix(\tilde{g}^{m})$ . Since
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$\psi(\overline{\gamma}\cdot x)=(\overline{\gamma}\cdot\overline{g}^{m}(x))^{-1}\cdot\overline{A}^{m}(\overline{\gamma}\cdot x)$

$=(\overline{\gamma}\cdot\gamma\cdot\overline{f}^{m}(x))^{-1}\cdot\overline{A}^{m}(\overline{\gamma}\cdot x)$

$=(\overline{\gamma}\cdot\overline{\gamma}^{-1}\cdot\overline{A}^{m}(\overline{\gamma})\cdot\overline{f}^{m}(x))^{-1}\cdot\overline{A}^{m}(\overline{\gamma})\cdot\overline{A}^{m}(x)$

$=(\overline{f}^{m}(x))^{-1}\cdot(\overline{A}^{m}(\overline{\gamma}))^{-1}\cdot\overline{A}^{m}(\overline{\gamma})\cdot\overline{A}^{m}(x)$

$\in(\overline{f}^{m}(\ovalbox{\tt\small REJECT})))^{-1}\cdot\overline{A}^{m}(9)$ ,

we have Fix $(\overline{g}^{m})\subset\overline{\gamma}^{-1}\cdot\{\psi^{-1}((\overline{f}^{m}(9))^{-1}\cdot\overline{A}^{m}(9))\}$ and therefore Fix $(\overline{g}^{m})$ is compact.
Since $\overline{g}^{m}$ is expansive, the fixed points must be isolated, and then we have that
Fix $(\overline{g}^{m})$ is finite.

In the same fashion as above we can show that $U_{t\in[0.1]}Fix(\overline{H}^{m}(\cdot, t))$ is
compact. Therefore,

$I( \overline{\alpha}0\overline{A}^{m})=I(\overline{g}^{m})=\sum_{x\in Fix(\overline{g}^{m})}I(\overline{g}^{m}, x)$ .

By the fact that $f^{m}\cdot\pi=\pi\circ\overline{g}^{m}$ , we have $I(\overline{g}^{m}, x)=I(f^{m}, \pi(x))(x\in Fix(\overline{g}^{m}))$ ,

from which each $x\in Fix(\overline{g}^{m})$ has the same index. Hence

$\#Fix(\overline{g}^{m})=|\sum_{x\in Fix(\overline{g}^{m})}I(\overline{g}^{m}, x)|=|I(\overline{g}^{m})|=|I(\overline{\alpha}\circ\overline{A}^{m})|=1$ .

Therefore, $\overline{g}^{m}$ : $Narrow N$ has exactly one fixed point and so does $\overline{g}$ . $\square$

\S 2. Construction of semi-conjugacy maps on the universal covering
spaces.

The aim of this section is to show Lemma 2.3. As before let $N/\Gamma$ be an
infra-nil-manifold and let $\pi:Narrow N/\Gamma$ be the natural projection. For continuous
maps $f$ and $g$ of $N$ we define

$D(f, g)= \sup\{D(f(x), g(x)) : x\in N\}$

where $D$ denotes a left invariant, $\Gamma$-invariant Riemannian distance for $N$ . Notice
that $D(f, g)$ is not necessary finite.

Throughout this section we suppose that $f$ : $N/\Gammaarrow N/\Gamma$ is a TA-covering
map. Let $A:N/\Gammaarrow N/\Gamma$ be the infra-nil-endomorphism homotopic to $f$ , and
let $\overline{A}$ : $Narrow N$ be the automorphism which is a lift of $A$ by $\pi$ . Since $d\overline{A}_{e}$ is
hyperbolic by Lemma 1.3, the Lie algebra $X(N)$ of $N$ splits into the direct sum
$\mathcal{L}(N)=E_{e}^{s}\oplus E_{e}^{u}$ of subspaces $E_{e}^{s}$ and $E_{e}^{u}$ such that $d\overline{A}_{e}(E_{e}^{s})=E_{e}^{s},$ $d\overline{A}_{e}(E_{e}^{u})=E_{e}^{u}$

and there are $c>1,0<\lambda<1$ so that for all $n\geqq 0$

$||d\overline{A}_{e}^{n}(v)||\leqq c\lambda^{n}||v||$ $(v\in E_{e}^{s})$ ,
(2.1)

$||d\overline{A}_{\overline{e}}^{n}(v)||\leqq c\lambda^{n}||v||$ $(v\in E_{e}^{u})$
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where $||\cdot||$ is the Riemannian metric. Let $\overline{L}^{\sigma}(e)=\exp(E_{e}^{\sigma})(\sigma=s, u)$ and let
$\overline{L}^{\sigma}(x)=x\cdot\overline{L}^{\sigma}(e)(\sigma=s, u)$ for $x\in N$ . Since left translations are isometries under
the metric $D$ , it follows that for all $x\in N$

$L^{S}(x)=$ { $y\in N$ : $D(\overline{A}^{\ell}(x),\overline{A}^{i}(y))arrow 0(iarrow$ oo)},

$\overline{L}^{u}(x)=\{y\in N : D(\overline{A}^{i}(x),\overline{A}^{i}(y))arrow 0(iarrow-\infty)\}$ .

LEMMA 2.1 $([Hi2])$ . For $x,$ $y\in N,$ $L^{S}(X)\cap^{L^{u}(y)}con$sists of exactly one point.

PROOF. The proof is similar to that in [Hi2] Lemma 3.2. For completeness
we give here the proof.

Since $L^{S}(e)$ and $\overline{L}^{u}(e)$ intersect transversally, we can find $\delta>0$ such that if
$x,$ $y$ belong to a $\delta$-neighborhood $U_{\delta}(e)$ then $\overline{L}^{s}(x)$ intersects $\overline{L}^{u}(y)$ . Let $x$ belong
to the $\delta$-neighborhood $U_{\delta}(\overline{L}^{u}(e))$ of $\overline{L}^{u}(e)$ then $x\in a\cdot U_{\delta}(e)$ for some $a\in\overline{L}^{u}(e)$ ,
and so $L^{e}(x)$ intersects $\overline{L}^{u}(e)$ . In the same way, $\overline{L}^{s}(x)\cap\overline{L}^{u}(e)\neq\emptyset$ for
$x\in U_{\delta}(U_{\delta}(\overline{L}^{u}(e)))=U_{2\delta}(\overline{L}^{u}(e))$ . By induction, we have the same result for
$x\in U_{n\delta}(\overline{L}^{u}(e))$ and $n>0$ . Since $U_{n\geqq 0}U_{n\delta}(\overline{L}^{u}(e))=N$ , it follows that $\overline{L}^{s}(x)\cap\overline{L}^{u}(e)$

$\neq\emptyset$ for all $x\in N$ , from which $\overline{L}^{s}(x)\cap\overline{L}^{u}(y)\neq\emptyset$ for all $x,$ $y\in N$ . $\square$

For $x,$ $y\in N$ denote as $\beta(x, y)$ the point in $L^{s}(x)\cap L^{u}(y)$ .
LEMMA 2.2 $([Hi2])$ . (1) For $L>0$ and $\epsilon>0$ there exists $J>0$ such that for

$x,$ $y\in N$ if $D(\overline{A}^{i}(x),\overline{A}^{i}(y))\leqq L$ for all $i$ with $|i|\leqq J$ , then $D(x, y)\leqq\epsilon$ .
(2) For given $L>0$ , if $D(\overline{A}^{i}(x),\overline{A}^{i}(y))\leqq L$ for all $i\in Z$ , then $x=y(x, y\in N)$ .
PROOF. This is given in [Hi2] Lemma 3.2 as follows.
For $L>0$ there is $\delta_{L}>0$ such that $diam\{x, y, \beta(x, y)\}<\delta_{L}$ if $D(x, y)<L$ ,

and by (2.1) there exists $c_{L}>0$ satisfying

$D(\overline{A}^{i}(x),\overline{A}^{i}(y))\leqq c_{L}\lambda^{i}D(x, y)$ for $y\in L^{S}(x)\cap B_{\delta}(x)$ ,

$D(\overline{A}^{-i}(x),\overline{A}^{-i}(y))\leqq c_{L}\lambda^{i}D(x, y)$ for $y\in\overline{L}^{u}(x)\cap B_{\delta_{L}}(x)$ .

For given $\epsilon>0$ choose $J>0$ such that $\delta_{L}c_{L}\lambda^{J}<\epsilon$ . Suppose $D(\overline{A}^{i}(x),\overline{A}^{i}(y))\leqq L$

for $-J\leqq i\leqq J$ and let $z_{i}=\beta(\overline{A}^{i}(x),\overline{A}^{t}(y))$ . Then $D(z_{J},\overline{A}^{J}(y))<\delta_{L}$ . Since
$z_{J}\in\overline{L}^{u}(\overline{A}^{J}(y))$ , we have $D(z_{0}, y)=D(\overline{A}^{-J}(z_{J}),\overline{A}^{-J}\circ\overline{A}^{J}(y))\leqq\delta_{L}c_{L}\lambda^{J}<\epsilon$ . Similarly,
$D(z_{0}, x)<\epsilon$ . Therefore $D(x, y)<2\epsilon$ . Since $\epsilon$ is arbitrary, (2) holds. $\square$

If $\overline{f}$ denote the lift of $f$ by $\pi$ satisfying $\overline{f}_{*}=\overline{A}_{*}:$ $\Gammaarrow\Gamma$, then it is checked
that $D(\overline{f},\overline{A})$ is finite. Since there exists $\overline{f}(b_{0})=b_{0}$ for some $b_{0}\in N$ by Lemma
1.5, we can take a homeomorphism $\overline{\phi}:Narrow N$ such that $\overline{\phi}(\alpha(x))=\alpha 0\overline{\phi}(x)$ for
$x\in N$ and $\alpha\in\Gamma,\overline{\emptyset}(b_{0})=e$ . Thus, $\overline{\phi}^{\circ}\overline{f}0\overline{\phi}^{-1}(e)=e$ , from which we may assume
that $\overline{f}(e)=e$ .
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LEMMA 2.3. Under the assumPtions and notations as above, there is a unique
maP $\overline{h}$ : $Narrow N$ such that

(1) $\overline{A}\circ\overline{h}=\overline{h}\circ\overline{f}$ ,

(2) $D(\overline{h}, id_{N})$ is finite,

where $id_{N}$ : $Narrow N$ is the identity map of $N$ .
Furthermore $\overline{h}$ is surjective, uniformly continuous under $D$ .

PROOF. For the proof we need the technique of Theorem 2.2 of Franks
$([Fr])$ .

Let $Q=\{h\in C^{0}(N):D(h, e)<\infty, h(e)=e\}$ , where $C^{0}(N)$ is the space of con-
tinuous maps of $N$ and $e:Narrow N$ is the map defined by $e(x)=e$ for any $x\in N$ .
We define a multiplication in $Q$ by $h_{1}h_{2}(x)=h_{1}(x)\cdot h_{2}(x)$ . Note that

$D(h_{1}(x)\cdot h_{2}(x), e)\leqq D(h_{1}(x)\cdot h_{2}(x), h_{1}(x))+D(h_{1}(x), e)$

$=D(h_{2}(x), e)+D(h_{1}(x), e)$ ,

$D((h(x))^{-1}, e)=D(e, h(x))$ $(x\in N)$ .

Then we can easily check that $Q$ is a nilpotent group. Define a homomorphism
$F_{0}:Qarrow Q$ by $F_{0}(h)=\overline{A}^{-1}\circ h\circ\overline{f}$ . This map is a homeomorphism because $\overline{A}$ is
$D$-biuniformly continuous. Let $T:Qarrow Q$ be a map defined by $T(h)=F_{0}(h)(h)^{-1}$ .

Let $\Delta=\{k\in C^{0}(N, \mathcal{L}(N)):||k||<\infty, k(e)=0\}$ , where $C^{0}(N, X(N))$ is the space
of continuous maps from $N$ into the Lie algebra $X(N)$ of $N$ . Since the expo-
nential map is a diffeomorphism, we can define a homeomorphism $Log:Qarrow\Delta$

by ${\rm Log}(k)=\exp^{-1}\circ k$ . We write $Exp={\rm Log}^{-1}$ . Define $F:\Deltaarrow\Delta$ by $F={\rm Log}\circ F_{0}\circ$

${\rm Log}^{-1}$ , then since $\exp\circ d\overline{A}_{e}=\overline{A}\circ exp$ , it follows that $F(k)=d\overline{A}_{e}^{-1}\circ k\circ\overline{f}$ . Hence $F$

is a linear map. Let $T’$ : $\Deltaarrow\Delta$ be a map defined by $T’={\rm Log}\circ T\circ{\rm Log}^{-1}$ .

CLAIM 1. We have that $T’$ is a $C^{\infty}$-map and that $T’$ is a local homeomor-
phism at the constant map $0:Narrow \mathcal{L}(N)$ by $0(x)=0(x\in N)$ .

Indeed, since
$T’(k)={\rm Log}\circ T\circ{\rm Log}^{-1}(k)$

$={\rm Log}(F_{0}(\exp\circ k)(\exp\circ k)^{-1})$

$={\rm Log}((\overline{A}^{-1}\circ\exp\circ k\circ\overline{f})(\exp\circ(-k)))$

$={\rm Log}((\exp\circ F(k))(\exp\circ(-k)))$

$={\rm Log}(Exp(F(k))Exp(-k))$ ,

$T’$ is a $C^{\infty}$-map. We now compute the derivative of $T’$ at $0$ . For $k\in\Delta$ we have

$\lim_{tarrow 0}\frac{1}{t}T’(tk)=\lim_{tarrow 0}\frac{1}{t}{\rm Log}(Exp(F(tk))Exp(-tk))$
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$= \lim_{tarrow 0}\frac{1}{t}$ { $F(tk)-tk+t^{2}(higher$ order terms)}

$=F(k)-k$ .

Thus tbe derivative $dT_{0}’=F-I$ where $I:\Deltaarrow\Delta$ is the identity.
We now show that $F-I$ is an isomorphism. Let $\Delta^{s}=\{k\in\Delta:k(N)\subset E_{e}^{u}\}$ and

define $\Delta^{u}$ similarly. Clearly $\Delta^{\sigma}(\sigma=s, u)$ are invariant under $F$. It is easily
seen that $\Delta=\Delta^{u}\oplus\Delta^{s}$ and that $||F^{i}(k)||\leqq c\lambda^{i}||k||$ for $i\geqq 0$ and $k\in A^{S}$ . Moreover $F$

restricted to $\Delta^{u}$ is invertible and $||F^{-i}(k)||\leqq c\lambda^{i}||k||$ for $i\geqq 0$ and $k\in\Delta^{u}$ . On $\Delta^{s}$

we have $(F-I)^{-1}=-\Sigma_{i=0}^{\infty}F^{i}$ . The right side converges because $||F^{i}||\leqq c\lambda^{i}$ for
$i\geqq 0$ . Similarly in $\Delta^{u}$ we have $(I-F^{-1})^{-1}=\Sigma_{i=0}^{\infty}F^{-i}$ , so $(F-I)^{-1}=F^{-1}(I-F^{-1})^{-1}$

exists. Hence $F-I$ is an isomorphism of $\Delta$ . From this it follows by the inverse
function theorem that $T’$ is a local homeomorphism at $0$ . By Claim 1, $T$ is a
local homeomorphism at $e$ .

CLAIM 2. We can show that $T:Qarrow Q$ is a surjection.

Indeed, let $Q-Q^{t}\supset Q^{t-1}\supset\cdots\supset Q^{0}=\{e\}$ be the lower central series of $Q$ . Since
$\exp(t\exp^{-1}\circ h)(t\in[0,1])$ is a path between $h\in Q$ and $e,$ $Q$ is (path) connected.
Then $Q^{1-x}=[Q, Q^{l}]$ is connected. Inductively so is $Q^{i}(0\leqq i\leqq l)$ , and therefore a
neighborhood of the identity $e$ of $Q^{i}$ generates $Q^{i}$ . Assume that $Q^{i}\subset{\rm Im}(T)$ for
$i\geqq 0$ and take $T(h_{1})$ and $T(h_{2})\in Q^{i+1}\cap{\rm Im}(T)$ . Then

$T(h_{1})T(h_{2})=F_{0}(h_{1})h_{1}^{-1}T(h_{2})$

$=F_{0}(h_{1})[h_{1}, T(h_{2})^{-1}]T(h_{2})h_{1}^{-1}$

$=F_{0}(h_{1})[h_{1}, T(h_{2})^{-1}]F_{0}(h_{2})h_{2}^{-1}h_{1}^{-1}$ .
Since $[h_{1}, T(h_{2})^{-1}]\in Q^{i}$ and $Q^{i}$ is normal in $Q$ , there exists $h’\in Q^{i}$ such that
$[h_{1}, T(h_{2})^{-1}]F_{0}(h_{2})=F_{0}(h_{2})h’$ . Hence we can take $h_{3}\in Q$ such that $T(h_{3})=h’$ ,

because of $h’\in Q^{i}\subset{\rm Im}(T)$ , and then

$T(h_{1})T(h_{2})=F_{0}(h_{1})F_{0}(h_{2})h’h_{2}^{-1}h_{1}^{-1}$

$=F_{0}(h_{1})F_{0}(h_{2})F_{0}(h_{3})h_{3}^{-1}h_{2}^{-1}h_{1}^{-1}$

$=T(h_{1}h_{2}h_{3})$

from which $Q^{i+1}\subset{\rm Im}(T)$ because we have that $e\in int_{Q^{i+1}}\{{\rm Im}(T)\}$ by Claim 1, and
$Q={\rm Im}(T)$ by induction.

CLAIM 3. We clalm that $T$ is a bijection.

Since $F-I$ is an isomorphism, $F$ fixes only $0\in\Delta$ and hence $F_{0}$ has only the
fixed point $e\in Q$ . Thus if $T(h_{1})=T(h_{2})(h_{1}, h_{2}\in Q)$ , then $T(h_{1}h_{2}^{-1})=e$ so $h_{1}=h_{2}$ .
Therefore $T$ is bijective from Claim 2.

Let $\tilde{h}=F_{0}((id_{N})^{-1})(id_{N})$ . By the definition of $\tilde{h}$ , we have
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$\sup\{D(\tilde{h}(x), e):x\in N\}=\sup\{D((\overline{A}^{-1}(\overline{f}(x))^{-1})\cdot x, e):x\in N\}$

$= \sup\{D(x,\overline{A}^{-1}\circ\overline{f}(x)):x\in N\}$ .

Since $\overline{A}^{-1}\circ\overline{f}\circ\alpha(x)=\alpha\circ\overline{A}^{-1}\circ\overline{f}(x)$ for any $\alpha\in\Gamma$, we have $D(\tilde{h}, e)<\infty$ . Therefore
$h\in Q$ .

Let $h=T^{-1}(h)$ and define $\overline{h}=id_{N}\hat{h}$ . Thus we have

$T(\overline{h})=F_{0}(id_{N}\hat{h})\hat{h}^{-1}(id_{N})^{-1}=F_{0}(id_{N})\tilde{h}(id_{N})^{-1}$

$=F_{0}(id_{N})F_{0}((id_{N})^{-1})(id_{N})(id_{N})^{-1}=e$ ,

and so $\overline{A}^{-1}\circ\overline{h}\circ f=\overline{h}$ , from which (1) is obtained.
Since $\hat{h}\in Q$ and $\overline{h}=id_{N}\hat{h}$ , we have $D(\overline{h}, id_{N})=D(\hat{h}, e)<\infty$ . Hence (2) holds.
The uniqueness of $\overline{h}$ is easily checked as follows. If a map $\overline{k}:Narrow N$ satisfies

(1) and (2), then for $x\in N$ and $i\in Z$

$D( \overline{A}^{i}\circ\overline{h}(x),\overline{A}^{i}\circ\overline{k}(x))\leqq\sup\{D(\overline{A}^{i}\circ\overline{h}(x),\overline{A}^{i}\circ\overline{k}(x)):x\in N\}$

$= \sup\{D(h\circ A^{i}(x), k\circ A^{l}(x)) : x\in N\}$

$= \sup\{D(\overline{h}(x),\overline{k}(x)):x\in N\}<\infty$ .
Thus $\overline{h}(x)=\overline{k}(x)$ by Lemma 2.2(2).

By (2) the map $\phi=\exp^{-1}\circ\overline{h}\circ\exp$ is extended to a continuous map di on
$S^{n}=R^{n}\cup$ {oo} by $\tilde{\phi}(v)=\phi(v)$ for $v\in R^{n}$ and $\tilde{\phi}(\infty)=\infty$ , and a homotopy $h_{l}$ between

6 and the identity map is defined by

$h_{l}(v)=t\phi(v)+(1-t)v(v\in R^{n})$ and $h_{t}(\infty)=\infty$ .
Hence $\phi:S^{n}arrow S^{n}$ is surjective and so $\overline{h}:Narrow N$ is surjective.

TO show uniform continuity of $\overline{h}$ , we take $K>0$ such that $D(\overline{h}, id_{N})\leqq K$.
For given $s>0$ , by Lemma 2.2(1) there is $L>0$ such that if $D(\overline{A}^{i}(x),\overline{A}^{i}(y))<3K$

for $i$ with $|i|\leqq L$ , then $D(x, y)<\epsilon$ . Since $\overline{A}$ is uniformly continuous, we can
take $\gamma>0$ satisfying the property that $D(\overline{A}^{i}(x),\overline{A}^{i}(y))<K(-L\leqq i\leqq L)$ whenever
$D(x, y)<\gamma$ If $D(x, y)<\gamma$ , then we have for $i$ with $|i|\leqq L$

$D(\overline{A}^{i}\circ\overline{h}(x),\overline{A}^{i}\circ\overline{h}(y))=D(\overline{h}\circ\overline{A}^{i}(x),\overline{h}\circ\overline{A}^{i}(y))$

$<D(\overline{h}\circ\overline{A}^{i}(x),\overline{A}^{i}(x))+D(\overline{A}^{i}(x),\overline{A}^{i}(y))$

$+D(\overline{A}^{i}(y), h\circ\overline{A}^{l}(y))$

$<K+K+K=3K$ ,

which implies $D(\overline{h}(x),\overline{h}(y))<\epsilon$ . $\square$

Hereafter, let $\overline{h}:Narrow N$ be the semi-conjugacy map obtained in Lemma 2.3.
In the remainder of this section we mention some properties of $\overline{h}$ that suffice
for our needs.
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LEMMA 2.4. (1) There exists $K>0$ such that $D(h\circ\alpha(x), \alpha\circ h(x))<K$ for
$x\in N$ and $\alpha\in\Gamma$.

(2) For any $\lambda>0$ , there exists $L\in N$ such that $D(h\circ a(x), \alpha\circ h(x))<\lambda$ for
$x\in N$ and $\alpha\in\overline{A}_{*}^{L}(\Gamma)$ .

(3) For $x\in N$ and $\alpha\in\bigcap_{i=0}^{\infty}\overline{A}_{*}^{i}(\Gamma)$ , we have $h\circ a(x)=a\circ h(x)$ .
(4) For $x\in N$ and $\alpha\in\Gamma$, we have $h_{\circ}a(x)\in L^{S}(a\circ h(x))$ .
PROOF. (1): By Lemma 2.3(2), there is $K’>0$ such that $D(\overline{h}(x), x)<K’$ for

$x\in N$. Then

$D(\overline{h}\circ\alpha(x), \alpha\circ\overline{h}(x))\leqq D(\overline{h}\circ\alpha(x), \alpha(x))+D(\alpha(x), \alpha\circ\overline{h}(x))$

$\leqq 2K’$

for $\alpha\in\Gamma$.
(2): Let $K’>0$ be as above. For given $\lambda>0$ , by Lemma 2.2(1) we can find

$L>0$ such that for $x,$ $y\in N$

(2.2) $D(\overline{A}^{j}(x),\overline{A}^{j}(y))\leqq 2K’(|j|\leqq L)\Rightarrow D(x, y)<\lambda$ .
For $x\in N$ and $\alpha\in\overline{A}_{*}^{L}(\Gamma)$ , we have

$D(\overline{A}^{i}\circ\overline{h}\circ\alpha(x),\overline{A}^{i}\circ\alpha\circ\overline{h}(x))=D(\overline{h}\circ\overline{f}^{i}\circ\alpha(x),\overline{A}_{*}^{i}(\alpha)\circ\overline{A}^{i}\circ\overline{h}(x))$

$\leqq D(\overline{h}\circ\overline{A}_{*}^{i}(\alpha)\circ\overline{f}^{i}(x),\overline{A}_{*}^{l}(\alpha)\circ\overline{f}^{i}(x))$

$+D(\overline{A}_{*}^{i}(\alpha)\circ\overline{f}^{i}(x),\overline{A}_{*}^{i}(\alpha)\circ\overline{h}\circ\overline{f}^{i}(x))$

$\leqq 2K’$

for $|j|\leqq L$ , and hence $D(\overline{h}\circ\alpha(x), \alpha\circ\overline{h}(x))<\lambda$ by (2.2). (2) was proved.
(3): Noticing that $\lambda$ is arbitrary, (3) is concluded.
(4): By (2), we have

$D(\overline{A}^{i}\circ\overline{h}\circ\alpha(x),\overline{A}^{i}\circ\alpha\circ\overline{h}(x))=D(\overline{h}\circ\overline{f}^{i}\circ\alpha(x),\overline{A}_{*}^{i}(\alpha)\circ\overline{A}^{i}\circ\overline{h}(x))$

$=D(\overline{h}\circ\overline{A}_{*}^{i}(\alpha)\circ\overline{f}^{i}(x),\overline{A}_{*(\alpha)Q}^{i}\overline{h}\circ\overline{f}^{i}(x))$

$arrow 0$ as $iarrow\infty$ .
Therefore $\overline{h}\circ\alpha(x)\in\overline{L}^{s}(\alpha\circ\overline{h}(x))$ . $\square$

\S 3. Inverse limit system of self-covering maps on infra-nil-manifolds.

In this section we prepare Lemma 3.10 that needs for the proof of Theorem 1.
Let $N$ be a simply connected nilpotent Lie group with left invariant,

$\Gamma$-invariant Riemannian distance $D$ and let $N/\Gamma$ be an infra-nil-manifold with
metric $d$ induced by $D$ . Remark that the natural projection $\pi:Narrow N/\Gamma$ is a
local isometry.
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Let $f:N/\Gammaarrow N/\Gamma$ be a continuous surjection of an infra-nil-manifold and
$\sigma$ : $(N/\Gamma)_{f}arrow(N/\Gamma)_{f}$ be the inverse limit system constructed by $(N/\Gamma, f)$ . We
denote as $p_{0}$ : $(N/\Gamma)_{f}arrow N/\Gamma$ the natural projection to the zero-th coordinate.
Define a metric $\tilde{d}_{f}$ for $(N/\Gamma)_{f}$ by

$d_{f}((x_{i}), (y_{i}))= \sum_{i\in Z}\frac{1}{2^{i|}}d(x_{i}, y_{i})$

for $(x_{i}),$ $(y_{i})\in(N/\Gamma)_{f}$ . For simplicity we write $d_{f}=d$ in subsequent.

LEMMA 3.1 ([Ao-Hi] Theorem 6.5.1). If $f:N/\Gammaarrow N/\Gamma$ is a self-covering
map of an infra-nil-manifold and the covering degree is greater than one, then
$((N/\Gamma)_{f}, N/\Gamma, C, p_{0})$ is a fiber bundle where $C$ denotes the Cantor set.

Let $f:N/\Gammaarrow N/\Gamma$ be a self-covering map of an infra-nil-manifold. We denote
as $\Theta(f)$ the family of all lift of $f$ by $\pi$ .

LEMMA 3.2 ([Ao-Hi] Lemma 6.5.4). For $\epsilon>0$ there is $\delta>0$ such that for all
$\overline{g}\in\Theta(f)$ and for all $x,$ $y\in N$ with $D(x, y)<\delta$

$\max\{D(\overline{g}(x),\overline{g}(y)), D(\overline{g}^{-1}(x),\overline{g}^{-1}(y))\}<\epsilon$ .

Define a product set $N^{Z}=\{(u_{i}):u_{i}\in N, i\in Z\}$ and a shift map $\overline{\sigma}$ : $N^{Z}arrow N^{Z}$

as usual by $\overline{\sigma}((u_{i}))=(u_{i+1})$ . Then it is clear that $\overline{\sigma}(N_{f})=N_{f}$ where $N_{f}=$

$\{(x_{i})\in N^{Z} : f(\pi(x_{i}))=\pi(x_{i+1}), i\in Z\}$ . Let $u=(u_{i})\in N_{f}$ . For each $i\in Z$ denote as
$\overline{f}_{u_{i}.u_{i+1}}$ the element $\overline{f}$ in $\Theta(f)$ such that $\overline{f}(u_{i})=u_{i+1}$ and define

$-$

$\overline{f}_{u}^{i}=\{$

$f_{u_{i-1}.u_{i^{o}}}\ldots\circ f_{u_{0}.u_{1}}$ if $i>0$

$(\overline{f}_{u_{i}.u_{i+1}})^{-1_{O}}\ldots o(\overline{f}_{u_{-1}.u_{0}})^{-1}$ if $i<0$

$id_{N}$ if $i=0$ .
We define a map $\tau_{u}^{f}$ : $Narrow(N/\Gamma)_{f}$ by

$\tau_{u}^{f}(x)=(\pi\circ\overline{f}_{u}^{\ell}(x))_{i=-\infty}^{\infty}$ $(x\in N)$ .
For simplicity we write $\tau_{u}=\tau_{u}^{f}$ in subsequent.

LEMMA 3.3 ([Ao-Hi] Lemma 6.5.5). For $u=(u_{i})\in N_{f}$ the following hold:
(1) $\tau_{u}$ : $Narrow(N/\Gamma)_{f}$ is continuous,
(2) $\tau_{u}(N)$ is dense in $(N/\Gamma)_{f}$ ,
(3) $\tau_{u}(N)$ is the Path connected component of $\tau_{u}(u_{0})$ in $(N/\Gamma)_{f}$ .

LEMMA 3.4. For $x\in(N/\Gamma)_{f}$ there is $u\in N_{f}$ such that $x\in\tau_{u}(N)$ .

PROOF. Since $x\in(N/\Gamma)_{f}$ , we choose $u_{i}\in N(i\in Z)$ such that $x=(\pi(u_{i}))_{i\in Z}$

$\in(N/\Gamma)_{f}$ . Clearly $f(\pi(u_{i}))=\pi(u_{i+1})$ . By the definition of $N_{f}$ , we have that
$u=(\cdots, u_{-1}, u_{0}, u_{1}, )\in N_{f}$ , and by the definition of $\overline{f}_{u}$
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$x=(\pi(u_{i}))_{i\in z}=(\pi\circ\overline{f}_{u}^{i}(u_{0}))_{i\in z}=\tau_{u}(u_{0})$ . $\square$

Suppose that the covering degree of $f$ is greater than one. From Lemma
3.1 it follows that $((N/\Gamma)_{f}, N/\Gamma, C, p_{0})$ is a fiber bundle where $C$ is the Cantor
set. We note that a coordinate function $\varphi:U\cross Carrow p_{0}^{-1}(U)$ for $((N/\Gamma)_{f},$ $N/\Gamma$,
$C,$ $p_{0})$ exists whenever $U$ is a connected open set of $N$ with small diameter.

Let $u\in N_{j}$ . We define a family $q_{u}$ of subsets of $\tau_{u}(N)$ as follows : $V\in S$ .
if and only if there is a connected open set $U$ of $X$ such tbat $V$ is expressed
as $V=\varphi(U\cross\{a\})$ by a coordinate function $\varphi:U\cross Carrow p_{0}^{-1}(U)$ for $((N/\Gamma)_{f},$ $N/\Gamma$,
$C,$ $p_{0})$ , where $a$ is a point in $C$ . It is easily checked that

(1) any point in $\tau_{u}(N)$ belongs to some $V\in\sigma\tau_{u}$ ,
(2) if $V_{1},$ $V_{2}\in g$ . and $x\in V_{1}\cap V_{2}$ , then there is $V_{3}\in S$ . such that $x\in V_{3}\subset$

$V_{1}\cap V_{2}$ .
Hence the family $\sigma\tau_{u}$ generates a topology of $\tau_{u}(N)$ , which is called the

intrinsic topology of $\tau_{u}(N)$ . If $f:N/\Gammaarrow N/\Gamma$ is a homeomorphism, then we have
$\tau_{u}(N)=(N/\Gamma)_{A}$ for $u\in N_{A}$ . For this case define the intrinsic topology of $\tau_{u}(N)$

by the topology of $(N/\Gamma)_{A}$ .

LEMMA 3.5 ([Ao-Hi] Lemma 6.5.6). For $u\in N_{f}$ the map $\tau_{u}(N):Narrow\tau_{u}(N)$

and the restriction $p_{0}$ : $\tau_{u}(N)arrow N/\Gamma$ are both covenng maPs under the intrinstc
toPology of $\tau_{u}(N)$ , and the following diagram commutes:

$\tau_{u}$

$Narrow\tau_{u}(N)$

$p\backslash /p_{a}N/\Gamma$

LEMMA 3.6 ([Ao-Hi] Lemma 6.5.9). For $u\in N_{f},$ $\sigma(\tau_{u}(N))=\tau_{\overline{\sigma}(u)}(N)$ and the
restnction a: $\tau_{u}(N)arrow\tau_{\partial(u})(N)$ is a homeomorphism under the intrinsic $topolog\tau es$ .

Furthermore the following diagram commutes:
$\overline{f}_{u}$

$N$ $arrow$ $N$

$\tau_{r}\downarrow$ $\downarrow\tau_{\overline{\sigma}(u})$

$\sigma$

$\tau_{u}(N)arrow\tau_{\overline{\sigma}(_{u})}(N)$

$p_{0}\downarrow$ $\downarrow p_{0}$

$f$

$N/\Gammaarrow N/\Gamma$

LEMMA 3.7. (1) For $\epsilon>0$ and $L\in N$ , there exists $\delta=\delta(\epsilon, L)>0$ such that if
$d(\tau_{u}(x), \tau_{u}(y))<\delta(x, y\in N)$ , then $y\in\alpha(U_{\epsilon}(x))$ for some $\alpha\in(\overline{f}_{\partial}^{L_{-L_{(u)}}})_{*}(\Gamma)$ .

(2) Conversely, for $\epsilon>0$ there are $L=L(\epsilon)\in N$ and $\delta=\delta(\epsilon)>0$ such that if
$y\in\alpha(U_{\delta}(x))(x, y\in N)$ for some $\alpha\in(f^{L_{-L_{(_{u})}}})_{*}(\Gamma)$ , then $\tilde{d}(\tau_{u}(x), \tau_{u}(y))<\epsilon$ .
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PROOF. AS we saw in \S 1, there is $\lambda>0$ such that $\alpha(U_{\lambda}(x))\cap U_{\lambda}(x)=\emptyset$ for
$a\in\Gamma\backslash \{id_{N}\}$ and $x\in N$ . For given $\epsilon>0$ and $L\in N$ , by Lemma 3.2 we can find
$0< \mu<\min\{\lambda, \epsilon\}$ such that

(3.1) $D(x, y)<\mu(x, y\in N)\Rightarrow D(f_{\overline{\sigma}}^{L_{-L_{(u}}})(x),$ $f_{\overline{\sigma}}^{L_{-L_{(_{u})}}}(y))<\lambda$ .

Let $\delta<\mu/2^{L}$ . If $d(\tau_{u}(x), \tau_{u}(y))<\delta$ , by the definition of $\tau_{u}$

$d( \tau_{u}(x), \tau_{u}(y))=\sum_{i\in Z}\frac{1}{2^{|i|}}d(\pi\circ f_{u}^{i}(x), \pi\circ f_{u}^{i}(y))<\delta$ ,

from which $d(\pi\circ f_{u}^{i}(x), \pi\circ f_{u}^{i}(y))<\mu$ for $|i|\leqq L$ .
By the definition of d, $wehavef_{u}^{i}(y)\in a_{\ell}(U_{\mu}(f_{u}^{i}(x)))forsome\alpha_{i}\in\Gamma(|i|\leqq L)$ ,

and in particular

$y\in a_{0}(U_{\mu}(x))(\subset\alpha_{0}(U_{\epsilon}(x)))$ ,

$y\in(\overline{f}_{u}^{-L})^{-1}\circ a_{-L}(U_{\mu}(f_{u}^{-L}(x)))$

$=(f_{\overline{\sigma}}^{L}-L_{(u)})_{*}(\alpha_{-L})\circ(f_{\overline{\sigma}}^{L}-L_{(_{u})})(U_{\mu}(f_{u}^{-L}(x)))$

$\subset(f_{\overline{\sigma}^{-L_{(u)}}}^{L})_{*}(\alpha_{-L})(U_{\lambda}(n_{1}))$ (by (3.1)).

Remark that $(f_{u}^{-L})^{-1}=f_{\overline{\sigma}^{-L_{(_{u})}}}^{L}$ . Then

$\alpha_{0}(U_{\lambda}(x))\cap(f_{\overline{\sigma}}^{L_{-L_{(_{u})}}})_{*}(\alpha_{-L})(U_{\lambda}(x))\neq$ SZS,

and $a_{0}=(f \frac{L}{\sigma}-L_{\{)}u)_{*}(\alpha_{-L})\in(f_{\overline{\sigma}}^{L}-L_{(u)})_{*}(\Gamma)$ . Therefore the proof of (1) is completed.
For $\epsilon>0$ , we choose $L\in N$ such that

$\sum_{|i|\geqq L+1}\frac{1}{2^{|i|}}d(\pi\circ f_{u}^{i}(x), \pi\circ f_{u}^{i}(y))<\frac{\epsilon}{2}$ $(x, y\in N)$ .

Let $\lambda>0$ be as above and let $\mu=min\{\lambda, \epsilon/6\}$ . By Lemma 3.2 there is $\delta>0$ such
that $\sup_{|i|\leq L}\{D(f_{\overline{\sigma}^{-i_{(u)}}}^{i}(x), f_{\overline{\sigma}}^{i}i_{(u)}(y))\}<\mu$ whenever $D(x, y)<\delta$ for $x,$ $y\in N$ . If
$y\in\alpha(U_{\delta}(x))(\alpha\in(f_{\overline{\sigma}}^{L_{-L_{(_{u})}}})_{*}(\Gamma))$ , then we have

$f_{u}^{i}(y)\in f_{u}^{i}(\alpha(U_{\delta}(x)))$

$=(f_{u}^{i})_{*}(a)\circ f_{u}^{i}(U_{\delta}(x))$

$\subset(f_{u}^{i})_{*}(\alpha)(U_{\mu}(f_{u}^{i}(x)))$

for $|i|\leqq L$ . Since $\pi:U_{\lambda}(f_{u}^{i}(x))arrow U_{\lambda}(\pi\circ f_{u}^{i}(x))$ is an isometry, we have

$d( \pi\circ f_{u}^{i}(x), \pi\circ f_{u}^{i}(y))<\frac{\epsilon}{6}$ for $|i|\leqq L$ ,

and so
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$d( \tau_{u}(x), \tau_{u}(y))=\sum_{|i|\subseteq L}\frac{1}{2^{|i_{1}}}d(\pi\circ f_{u}^{i}(x), \pi\circ f_{u}^{i}(y))$

$+ \sum_{|i|\geq L+1}\frac{1}{2^{I^{i}1}}d(\pi\circ f_{u}^{i}(x), \pi\circ f_{u}^{i}(y))$

$< \sum_{|i|\leq L}\frac{1}{2^{|i|}}\cdot\frac{\epsilon}{6}+\frac{\epsilon}{2}$

$<\epsilon$ .
(2) was proved. $\square$

The following result is easily checked by Lemma 3.7.

LEMMA 3.8. For $x,$ $y\in N$, $y=\alpha(x)$ for some $a \in\bigcap_{i\approx 0}^{\infty}(f_{\overline{\sigma}^{-i_{(u)}}}^{i})_{*}(\Gamma)$ if and
only if $\tau_{u}(x)=\tau_{u}(y)$ .

Let $f:N/\Gammaarrow N/\Gamma$ be a self-covering map of an infra-nil-manifold, and let
$A:N/\Gammaarrow N/\Gamma$ be an infra-nil-endomorphism homotopic to $f$ . Let $\overline{A}$ : $Narrow N$ be
the automorphism which is a lift of $A$ by $\pi$ . Choose a lift map $f:Narrow N$ of $f$

by $\pi$ satisfying $f_{*}=\overline{A}_{*}:$ $\Gammaarrow\Gamma$ .
For $e=(\cdots, e, e, e, )\in N_{A}$ , we have that $\overline{A}_{e}^{i}=\overline{A}^{i}(i\in Z)$ and

$\tau_{\epsilon}^{A}(x)=(\pi\circ\overline{A}^{i}(x))_{i=-\infty}^{\infty}$ $(x\in N)$ .
If $\tau_{\epsilon}^{A}(x)=\tau_{e}^{A}(y)$ , by Lemma 3.8 we have that $x=\alpha(y)$ for some $\alpha\in\bigcap_{\dot{t}=0}^{\infty}\overline{A}_{*}^{i}(\Gamma)$ .
Since $f(x)=f_{*}( \alpha)\circ f(y)=\overline{A}_{*}(a)\circ f(y)(\overline{A}_{*}(\alpha)\in\bigcap_{i=0}^{\infty}\overline{A}_{*}^{i}(\Gamma))$ , it follows that $\tau_{e}^{A}(f(x))$

$=\tau_{e}^{A}(f(y))$ . Therefore we can define a map $f:\tau_{*}^{A}(N)arrow\tau_{e}^{A}(N)$ by

$\tilde{f}(\tau_{e}^{A}(x))=\tau_{e}^{A}(f(x))$

for $x\in N$ .

LEMMA 3.9. 7 is $d$-biuniformly continuous.

PROOF. For given $\epsilon>0$ , by Lemma 3.7(2) there exist $L\in N$ and $\lambda>0$ such
that if $y\in\alpha(U_{\lambda}(x))$ for some $\alpha\in\overline{A}_{*}^{L}(\Gamma)$ , then $d(\tau_{e}^{A}(x), \tau_{\epsilon}^{A}(y))<\epsilon$ . Let $\mu>0$ be a
number at satisfying

$D(x, y)<\mu(x, y\in N)\Rightarrow D(f(x), f(y))<\lambda$ .
Lemma 3.7(1) ensures the existence of $\delta>0$ satisfying

$\tilde{d}(\tau_{e}^{A}(x), \tau^{A}(y))<\delta=y\in a(U_{\mu}(x))$ for some $\alpha\in f_{*}^{L}(\Gamma)$ .

Since $f(y)\in f(a(U_{\mu}(x)))=f_{*}(\alpha)f(U_{\mu}(x))\subset f_{*}(\alpha)U_{\lambda}(f(x))$ and $f_{*}(a)\in f_{*}^{L}(\Gamma)$ , we
have $d(\tilde{f}(\tau_{e}^{A}(x)),\tilde{f}(\tau_{\epsilon}^{A}(y)))=d(\tau_{\epsilon}^{A}(f(x)), \tau^{A}(f(y)))<\epsilon$ .

Similarly the $d$-uniform continuity of $\tilde{f}^{-1}$ is proved. $\square$

Since $\tau_{e}^{A}(N)$ is dense in $(N/\Gamma)_{A}$ by Lemma 3.3(2), it follows from Lemma 3.9
that $\tilde{f}$ is extended to a homeomorphism of $(N/\Gamma)_{A}$ , which is denoted as the
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same symbol. It is checked that $f\circ p_{0}=p_{0^{\circ}}7$ on $(N/\Gamma)_{A}$ . Indeed, by the defini-
tion of $\tilde{f}$ we have that

$f\circ p_{0}\circ\tau_{e}=f\circ\pi=\pi\circ f=P_{0}\circ\tau_{e}\circ f=P_{0}\circ\tilde{f}\circ\tau_{e}$ .

Since $\tau_{e}(N)$ is dense in $(N/\Gamma)_{A}$, we obtain the assertion. Let $a_{f}$ : $(N/\Gamma)_{f}arrow$

$(N/\Gamma)_{f}$ be a shift map constructed by $f$ .
LEMMA 3.10. $((N/\Gamma)_{A},\tilde{f})$ is topologically conjugate to $((N/\Gamma)_{f}, \sigma_{f})$ .
PROOF. For $u=(\cdots, f^{-1}(e),$ $e,$ $f(e),$ $\cdots)\in N_{f}$ , we have $f_{u}^{i}=f^{i}$ $(i\in Z)$ and

$\tau_{u}^{f}(x)=(\pi\circ f^{i}(x))_{i=-\infty}^{\infty}(x\in N)$ . Lemma 3.8 ensures that

$y=a(x)$ for some $\alpha\in\bigcap_{i=0}^{\infty}\overline{A}_{*}^{i}(\Gamma)$ if and only if $\tau_{e}^{A}(x)=\tau_{e}^{A}(y)$ ,

$y=\alpha(x)$ for some $\alpha\in\bigcap_{i=0}^{\infty}f_{*}^{i}(\Gamma)$ if and only if $\tau_{u}^{f}(x)=\tau_{u}^{f}(y)$ .
Thus we have that $\tau_{e}^{A}(x)=\tau_{e}^{A}(y)$ if and only if $\tau_{u}^{f}(x)=\tau_{u}^{f}(y)$ . Therefore a bijec-
tion $\varphi:\tau_{e}^{A}(N)arrow\tau_{u}^{f}(N)$ is defined by

$\varphi(\tau_{e}^{A}(x))=\tau_{u}^{f}(x)$ $(x\in N)$ ,

and we have that $\sigma_{f}\circ\varphi=\varphi\circ\tilde{f}$ on $\tau_{e}^{A}(N)$ . This is easily checked as follows. By
the definition of 7 and Lemma 3.6, $f\circ\tau_{e}^{A}=\tau_{e}^{A}\circ f$ and $\sigma_{f}\circ\tau_{u}^{f}=\tau_{\sigma(_{u})}^{f,}\circ f=\tau_{u}^{f}\circ f$ on $N$ ,

from which
a $f^{\circ}\varphi\circ\tau_{e}^{A}=\sigma_{f}\circ\tau_{u}^{f}=\tau_{u}^{f}\circ f=\varphi\circ\tau_{e}^{A}\circ f=\varphi\circ f\circ\tau_{\epsilon}^{A}$ .

It is checked that $\varphi$ is $d$-biuniformly continuous. Indeed, for given $e>0$ , by
Lemma 3.7(2) there are $L=L(\epsilon)\in N$ and $\lambda=\lambda(\epsilon)>0$ such that if $y\in\alpha(U_{\lambda}(x))$

$(x, y\in N)$ for some $\alpha\in f_{*}^{L}(\Gamma)$ , then $d_{f}(\tau_{u}^{f}(x), \tau_{u}^{f}(y))<\epsilon$ . By Lemma 3.7(1) we
can take $\delta>0$ satisfying $y\in\alpha(U_{\lambda}(x))$ for some $\alpha\in\overline{A}_{*}^{L}(\Gamma)=f_{*}^{L}(\Gamma)$ whenever
$d_{A}(\tau_{e}^{A}(x), \tau_{e}^{A}(y))<\delta$ . This implies that $\varphi$ is $\tilde{d}$-uniformly continuous. Analogously
we can prove that $\varphi^{-1}$ is $\tilde{d}$-uniformly continuous.

Since $\tau_{e}^{A}(N)$ and $\tau_{u}^{f}(N)$ are dense in $(N/\Gamma)_{A}$ and $(N/\Gamma)_{f}$ respectively by
Lemma 3.3(2), $\varphi$ is extended to a homeomorphism between $(N/\Gamma)_{A}$ and $(N/\Gamma)_{f}$ ,

which is denoted as the same symbol. Therefore, $\sigma_{f}\circ\varphi=\varphi\circ f$ on $(N/\Gamma)_{A}$ . $\square$

REMARK 3.11. Suppose that $N/\Gamma$ is a torus. Then for any covering trans-
formation $\alpha\in\Gamma$, there exists a homeomorphism $\tilde{\alpha}$ : $(N/\Gamma)_{A}arrow(N/\Gamma)_{A}$ satisfying
$\tilde{\alpha}\circ\tau_{e}^{A}=\tau_{e}^{A}\circ a$ (see [Ao-Hi] Theorem 6.5.3). However if $\Gamma$ is not abelian, then it
is not true in general.

Indeed, we can find the following counter-example $([Sh])$ . Let $N$ be the
simply connected nilpotent Lie group defined by
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$N=\{(\begin{array}{lll}1 x z0 1 y0 0 1\end{array})$ : $x,$ $y,$ $z\in R\}$ ,

and let $\Gamma$ be tbe discrete uniform subgroup of $N$ obtained by

$\Gamma=\{(\begin{array}{lll}1 \alpha \gamma 0 1 \beta 0 0 1\end{array})$ : $\alpha,$ $\beta,$ $\gamma\in Z\}$ .

Then $N/\Gamma$ is a nil-manifold. Define the nil-endomorphism $A:N/\Gammaarrow N/\Gamma$ induced
by the automorphism $\overline{A}$ : $Narrow N$ represented as

$\overline{A}(\begin{array}{lll}1 x z0 1 y0 0 1\end{array})=(\begin{array}{ll}1 2x6z0 1 3y0 0 1\end{array})$ .

Let

$\alpha=(\begin{array}{lll}1 5 00 1 00 0 1\end{array})$ and $\beta_{i}=(\begin{array}{lll}1 2^{i} 6^{i}0 1 3^{i}0 0 1\end{array})$ $(i\geqq 0)\in\Gamma$ .

Then

$\overline{A}^{i}(\Gamma)=\{(\begin{array}{lll}1 2^{i}a 6^{i}\gamma 0 1 3^{i}\beta 0 0 1\end{array})$ : $a,$ $\beta,$ $\gamma\in Z\}$ .

We can take the map $\tilde{a}$ of $\tau_{e}^{A}(N)$ satisfying $\tilde{\alpha}\circ\tau_{e}^{A}=\tau_{e}^{A}\circ\alpha$ because $\tau_{\epsilon}^{A}$ is bijective.
Then $\tilde{d}(\tau_{e}^{A}(e), \tau_{e}^{A}(\beta_{i}(e)))arrow 0(iarrow\infty)$ by Lemma 3.7. On the other hand, we have

$d$( $\tilde{a}\circ\tau_{e}^{A}(e)$ , a $\circ\tau_{e}^{A}(\beta_{i}(e))$ ) $=d(\tau_{\epsilon}^{A}\circ\alpha(e), \tau_{e}^{A}\circ a\circ\beta_{i}(e))$

does not converge to $0$ as $iarrow\infty$ . Indeed, for $i\geqq 0$

$\alpha\circ\beta_{i}(e)=\alpha\circ\beta_{i}\circ a^{-1}(\alpha(e)),$ $\alpha\circ\beta_{i}\circ\alpha^{-1}\in\Gamma\backslash \overline{A}(\Gamma)$ .
By Lemma 3.7, $\tilde{a}$ is not continuous under the metric $d$ for $(N/\Gamma)_{A}$ .

$R+MARK3.12$ . Furthermore in the case when $N/\Gamma$ is a torus, we can show
that the inverse limit space $(N/\Gamma)_{A}$ has a structure of compact connected finite
dimensional abelian group, which is called the solenoidal group.

See $[Ao\cdot Hi]$ Theorem 7.2.4 for the proof.

REMARK 3.13. Every hyperbolic infra-nil-endomorphism $A:N/\Gammaarrow N/\Gamma$ is a
special TA-covering map.

PROOF. Since $A$ is an Anosov differentiable map, we have $A$ is a TA-
covering map ([Ao-Hi] Theorem 1.2.1).
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Let $u=(\cdots, u_{-1}, u_{0}, u_{1}, )\in N_{A}$ . By the definition of $N_{A}$ , we can take $a_{i}\in\Gamma$

such that $\overline{A}_{u_{-i}.u_{-i+1}}=\alpha_{i}\circ\overline{A}(i\geqq 0)$ . Let $a_{i}^{-1}=(z_{i}, c_{i})\in N\cdot C$ , and let $\rho,$
$\phi$ be as in

Lemma 1.5. Then we have that

$\overline{A}_{u}^{-i}=(\overline{A}_{u_{-i},u_{-i+1}})^{-1}\circ(\overline{A}_{u_{-i+I}.u_{-i+2}})^{-1_{o}}\ldots\circ(\overline{A}_{u_{-1},u_{0}})^{-1}$

$=(\alpha_{i}\circ\overline{A})^{-1}\circ(\alpha_{i-1}\circ\overline{A})^{-1_{o}}\cdots\circ(\alpha_{1}\circ\overline{A})^{-1}$

$=\overline{A}^{-1}\circ(z_{i}, c_{i})\circ\overline{A}^{-1}\circ(z_{i-1}, c_{i-1})\circ\cdots\circ\overline{A}^{-1}\circ(z_{1}, c_{1})$

$=(\overline{A}^{-1}(z_{i}), \phi^{-1}(c_{i}))\circ(\overline{A}^{-2}(z_{i-1}), \phi^{-2}(c_{i-1}))\circ\cdots\circ(\overline{A}^{-i}(z_{1}), \phi^{-i}(c_{1}))\circ\overline{A}^{-i}$ .

Since $D$ is left invariant and $\Gamma$-invariant, for $x,$ $y\in N$ and $i\geqq 0$,

$D(\overline{A}_{u}^{-i}(x),\overline{A}_{u}^{-i}(y))=D(\overline{A}^{-i}(x),\overline{A}^{-i}(y))$ .

Therefore $\overline{L}_{u}^{u}(x)=\overline{L}^{u}(x)$ where $\overline{L}_{u}^{u}(x)=\{y\in N:D(\overline{A}_{u}^{-i}(x),\overline{A}_{u}^{-i}(y))arrow 0(iarrow\infty)\}$ .
For $u\in N_{A}$ , we have

$L^{u}(\tau_{u}(x))=\pi(L_{u}^{u}(x))=\pi(\overline{L}^{u}(x))$

where $L^{u}( \tau_{u}(x))=\{y_{0}\in N/\Gamma:\exists(y_{i})\in(N/\Gamma)_{A}s.t. \lim_{iarrow\infty}d(\pi\circ\overline{A}_{u}^{-i}(x), y_{-i})arrow 0\}$

([Ao-Hi] Lemma 6.6.8), and then $A$ is a special TA-covering map. $\square$

\S 4. Construction of semi-conjugacy maps on the inverse limit systems.

Suppose $f:N/\Gammaarrow N/\Gamma$ is a TA-covering map, and let $A:N/\Gammaarrow N/\Gamma$ be the
infra-nil-endomorphism homotopic to $f$ . Let $\overline{A}$ : $Narrow N$ be the automorphism
which is a lift of $A$ by $\pi$ . By Lemma 1.3, $A$ is hyperbolic. Let $f:Narrow N$ be
a lift of $f$ by $\pi$ satisfying $f_{*}=\overline{A}_{*}:$ $\Gammaarrow\Gamma$ . We may assume that $f(e)=e$ , and
let $\overline{h}:Narrow N$ denote the semi-conjugacy map obtained in Lemma 2.3.

Let $\sigma_{A}$ : $(N/\Gamma)_{A}arrow(N/\Gamma)_{A}$ be the inverse limit system of $(N/\Gamma, A)$ , and let
$\tau_{e}$ : $Narrow(N/\Gamma)_{A}$ be the continuous map defined by $\tau_{\epsilon}(x)=(\pi\circ\overline{A}^{i}(x))_{i=-\infty}^{\infty}$ for $x\in N$ .
AS saw in \S 3 a homeomorphism 7: $(N/\Gamma)_{A}arrow(N/\Gamma)_{A}$ is constructed by $f$ .

LEMMA 4.1. Under the assumptions and notations as above, there is a contin-
uous surjection $\tilde{h}:(N/\Gamma)_{A}arrow(N/\Gamma)_{A}$ such that

(1) $h_{\circ}\tau_{e}=\tau_{e^{\circ}}h$ on $N$ ,
(2) $\sigma_{A^{\circ}}\tilde{h}=\tilde{h}\circ f$ on $(N/\Gamma)_{A}$ .

PROOF. By Lemma 3.8 and Lemma 2.4(3) we define a map $\tilde{h}$ : $\tau_{e}(N)arrow\tau_{e}(N)$

by
$h(\tau_{e}(x))=\tau_{e^{\circ}}h(x)$ $(x\in N)$ .

Then $\sigma_{A}\circ\tilde{h}=\tilde{h}\circ\tilde{f}$ on $\tau_{e}(N)$ . This follows from Lemma 3.6 and Lemma 2.3;
$i.e.$ ,

$\sigma_{A}\circ\tilde{h}\circ\tau_{e}=\sigma_{A}\circ\tau_{e}\circ h=\tau_{e}\circ\overline{A}\circ\overline{h}=\tau_{\epsilon}\circ\overline{h}\circ f=\tilde{h}\circ\tau_{e}\circ f=\tilde{h}\circ\tilde{f}\circ\tau_{e}$ .
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TO show that $\tilde{h}$ is $\tilde{d}$-uniformly continuous, for $\epsilon>0$ there are $L\in N$ and $\delta>0$

such that if $y\in a(U_{\delta}(x))(x, y\in N)$ for some $a\in\overline{A}_{*}^{L}(\Gamma)$ , then $d(\tau_{e}(x), \tau_{e}(y))<\epsilon$ .
Since $h$ is $D$-uniformly continuous by Lemma 2.3, we can take $\lambda>0$ such that if
$D(x, y)<\lambda(x, y\in N)$ then $D(h(x), h(y))<\delta/2$ . By Lemma 2.4(2), there exists
$J\in N$ with $J\geqq L$ such that $D(h\circ\alpha(x), a\circ\overline{h}(x))<\delta/2$ for $\alpha\in f_{*}^{J}(\Gamma)$ , and by Lemma
3.7(1) we can take $\mu>0$ satisfying $y\in a(U_{\lambda}(x))$ for some a $\in f_{*}^{J}(\Gamma)$ whenever
$d(\tau_{e}(x), \tau_{e}(y))<\mu$ Thus

$d(\tau_{e}(x), \tau_{e}(y))<\mu\Rightarrow y\in a(U_{\lambda}(x))$ for some $\alpha\in\overline{A}_{*}^{J}(\Gamma)$

$\supset\overline{h}(y)\in\overline{h}\circ a(U_{\lambda}(x))=h(U_{\lambda}(\alpha(x)))$

$\subset U_{\delta/2}(h\circ\alpha(x))\subset U_{\delta}(\alpha(h(x)))$

$=\alpha(U_{\delta}(h(x)))$ for some $\alpha\in\overline{A}_{*}^{L}(\Gamma)$

$=d(\tilde{h}(\tau_{*}(x)),\tilde{h}(\tau_{e}(y)))=d(\tau_{e}\circ\overline{h}(x), \tau_{e}\circ\overline{h}(y))$

$<\epsilon$ .

This shows that $\tilde{h}$ is $d$-uniformly continuous.
Since $\tau_{e}(N)$ is dense in $(N/\Gamma)_{A}$ by Lemma 3.3, it follows that $\tilde{h}$ is extended

to a continuous map on $(N/\Gamma)_{A}$ , which is denoted as the same symbol. There-
fore (2) holds.

Since $h$ is surjective, we have $h(\tau.(N))=\tau.(N)$ . Hence $\tilde{h}((N/I^{7})_{A})\supset\tau_{e}(N)$ .
Since $\tau_{e}(N)$ is dense in $(N/\Gamma)_{A}$ , we have $\tilde{h}((N/\Gamma)_{A})=(N/\Gamma)_{A}$ . Therefore $\tilde{h}$ is
surjective. $\square$

For $u=(\cdots, u_{-1}, u_{0}, u_{1}, \cdots)\in N_{\Lambda}$ define

$u(])=(\cdots,\overline{A}^{-3}(u_{-j}),\overline{A}^{-2}(u_{-j}),\overline{A}^{-1}(u_{-j}),$
$u_{-j},$ $u_{-j+1}$ ,

$\ldots$ $u_{-1},$ $u_{0},$ $u_{1},$ $)\in N_{4\wedge}$

for $i\in N$ . By the definition of $\overline{A}_{u(j)}$ we have

(4.1) $\overline{A}_{u(j)}^{i}=\{-$

$A_{u}^{i}$ if $i\geqq-j$

$\overline{A}^{i+j}\circ\overline{A}_{u}^{-j}$ if $i<-j$ .

For $j\in N$ we have $(\overline{A}_{u}^{-j})^{-1}=\alpha_{u(j)}^{-1}\circ\overline{A}^{j}$ for some $\alpha_{u(j)}\in\Gamma$ (see [Ao-Hi] Theorem
6.3.9). Then

(4.2) $\overline{A}^{f}\circ\overline{A}_{u}^{-j}=\overline{A}^{j}\circ\overline{A}^{-j}\circ\alpha_{u(j)}=\alpha_{u(f)}$ .

We define $h_{u(j)}$ : $Narrow N$ by

$h_{u(j)}=a_{utf)}^{-1}\circ h\circ\alpha_{utj)}$ on $N$ .

LEMMA 4.2. (1) $\tilde{d}(\tau_{u}, \tau_{u(j)})=\sup\{d(\tau_{u}(x), \tau_{u(j)}(x)):x\in N\}arrow 0$ as $jarrow\infty$ .
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(2) For $j\in N\tau_{u(J)}=\tau_{e}\circ\alpha_{u(J)}$ on $N$ .
(3) The following diagram commutes;

$N$
$\overline{h}_{u(_{J}) ,arrow}$

$N$

$\tau_{u(_{J})\downarrow\downarrow\tau_{u(_{J}}}\tau_{u(J)}(N)arrow\tau_{u(_{J})}(N)\tilde{h}$

PROOF. (1): Since $N/\Gamma$ is compact, there exists $M>0$ such that $d(x, y)$

$\leqq M(x, y\in N/\Gamma)$ . By the definition of $\tau_{u}$ and $\tau_{u(!)}$ , we have

$d( \tau_{u}(x), \tau_{u(g)}(x))=\sum_{\iota\in Z}\frac{1}{2^{t^{\iota}t}}d(\pi\circ\overline{A}_{u}^{l}(x), \pi\circ\overline{A}_{u(_{J})}^{l}(x))$

$= \sum_{\iota<^{-j}}\frac{1}{2^{|l|}}d(\pi\circ\overline{A}_{u}^{i}(x), \pi\circ\overline{A}_{u(_{J})}^{l}(x))$ (by (4.1))

$\leqq\sum_{\iota<^{-j}}\frac{M}{2^{|l|}}\leqq\frac{M}{2^{J}}$

for $x\in N$ and $j\in N$ . This shows (1).

(2): By (4.1) and (4.2), we have that if $i<-$ ]

$\overline{A}_{u(_{j})}^{l}=\overline{A}^{\iota+j}\circ\overline{A}_{u}^{-g}=\overline{A}^{\iota+_{J_{\circ}}}\overline{A}^{-f}\circ\alpha_{u(j)}=\overline{A}^{\iota}\circ\alpha_{u(_{j})}$ ,

and that if $i\geqq-j$

$\overline{A}_{u(_{J})}^{\iota}=\overline{A}^{\iota}=\overline{A}_{\frac{l}{\sigma}-J(u)}^{+J_{o}}\overline{A}_{u}^{-J}=\beta_{\iota}\circ\overline{A}^{\iota+_{j}}\circ\overline{A}^{-J}\circ\alpha_{u(_{J})}=\beta_{\iota}\circ\overline{A}^{\iota}\circ\alpha_{u(_{J})}$

for some $\beta_{\iota}\in\Gamma$ (see [Ao-Hi] Theorem 6.3.9). Hence

$\tau_{u(J)}(x)=(\pi\circ\overline{A}_{u(J)}^{i}(x))_{\iota\in z}=(\pi\circ\overline{A}^{\iota}\circ a_{u(J)}(x))_{\iota\in z}=\tau_{e}\circ\alpha_{u(_{J})}(x)$

for $x\in N$ and $j\in N$ .
(3): By (2), we have that for $j\in N$

$h\circ\tau_{u(_{J})}=h_{\circ}\tau_{e^{\circ}}a_{u(_{J})}=\tau_{e}\circ h\circ a_{u(_{J})}$

$=\tau_{e}\circ\alpha_{u(_{j})}\circ\alpha_{u(J)}^{-1}\circ\overline{h}\circ\alpha_{u(_{J})}=\tau_{u(_{J})}\circ\overline{h}_{u(j)}$

on $N$ . $\square$

LEMMA 4.3. For $u\in N_{A}$ , there exists a surjective map $\overline{k}_{u}$ : $Narrow N$ such that
(1) $\tilde{h}\circ\tau_{u}=\tau_{u}\circ\overline{k}_{u}$ on $N$ ,

(2) $D(\overline{k}_{u}, id_{N})<\infty$ ,

(3) $k_{u}$ is $D$-uniformly continuous,
(4) $(\overline{k}_{u})_{*}:$ $\bigcap_{\iota=0}^{\infty}(\overline{A}_{\partial^{-\iota}(u)}^{l})_{*}(\Gamma)arrow\bigcap_{\iota=0}^{\infty}(\overline{A}_{\overline{a}^{-\iota_{(u)}}}^{l})_{*}(\Gamma)$ is the identity map.
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PROOF. Let $u(j)\in N_{A}$ and $a_{u(j)}\in\Gamma$ be as above. By Lemma 2.4(4) we have
that for $x\in N$ and $j\in N$

$\overline{h}_{u(J)}(x)=\alpha_{u(J)}^{-1}\circ\overline{h}\circ\alpha_{u(J)}(x)$

$\in\overline{L}^{s}(\alpha_{u(j)}^{-1}\circ\alpha_{ut_{J})}\circ\overline{h}(x))=L^{s}(\overline{h}(x))$ ,

and by Lemma 2.4(1) there exists $K>0$ such that for $x\in N$ and $j\in N$

(4.3) $D(\overline{h}_{u(_{J})}(x),\overline{h}(x))=D(\alpha_{u(J)}^{-1}\circ\overline{h}\circ\alpha_{u(_{j})}(x),\overline{h}(x))$

$=D(\overline{h}\circ\alpha_{u(_{J})}(x), \alpha_{u(_{J})}\circ\overline{h}(x))$

$<K$ .
Then we can take $X\in L^{S}(h(x))$ and a subsequence $\{](n)\}_{n\in N}\subset N$ with $j(n)\nearrow\infty$

$(n\nearrow\infty)$ such that $D(\overline{h}_{u(_{J}(n))}(x),\overline{x})arrow 0(jarrow\infty)$ . Remark that the above sequence
$\{j(n)\}_{n\in N}\subset N$ depends on $x\in N$ . By Lemma 4.2(1), (3)

$d(\tau_{u}(\overline{x}),\tilde{h}\circ\tau_{u}(x))\leqq d(\tau_{u}(\overline{x}),$ $\tau_{u}\circ\overline{h}_{u(J^{(n))(X))}}$

$+\tilde{d}(\tau_{u}\circ\overline{h}_{u(_{J}(n))}(x), \tau_{u(_{J}(n))}\circ\overline{h}_{u(_{J}(n))}(x))$

$+d(T_{u(_{j}(n))}\circ h_{u(_{f}(n))(x)},\tilde{h}\circ\tau_{u}(x))$

$\leqq d(\tau_{u}(\overline{x}), \tau_{u}\circ\overline{h}_{u(J^{(n))(x))+d(T_{u}}}, \tau_{u(J^{(n))}})$

$+d(h\circ\tau_{u(J^{(n))(X)}}, h\circ\tau_{u}(x))$

$arrow 0$ $(narrow\infty)$ ,

from which

(4.4) $\tau_{u}(\overline{x})=\tilde{h}\circ\tau_{u}(x)$ .

We claim that $\{h_{u(J)}(x)\}_{J}\in N$ is a Cauchy sequence in $\overline{L}^{s}(\overline{h}(x))$ . Indeed, assume
that there exist $\overline{x}^{\iota}\in-s(h(x))(i=1,2)$ and subsequences $\{]{}^{t}(n)\}_{n\in N}(i=1,2)$ with
$j^{\iota}(n)\nearrow\infty(n\nearrow\infty)$ such that $D(\overline{h}_{u(J^{\iota_{(n))}}}(x),\overline{x}^{\iota})arrow 0$ as $narrow\infty(i=1,2)$ . Then by
(4.4) $\tau_{u}(\overline{x}^{1})=\tilde{h}\circ\tau_{u}(x)=\tau_{u}(\overline{x}^{2})$ . Hence $\overline{x}^{2}=\overline{\alpha}(\overline{x}^{1})$ for some $\overline{\alpha}\in\bigcap_{i=0}^{\infty}\overline{A}_{*}^{l}(\Gamma)$ (Lemma
3.8). Since $\pi:\overline{L}^{s}(h(x))arrow\pi(\overline{L}^{s}(\overline{h}(x)))$ is bijective by [Ao-Hi] Lemma 6.6.8(2), we
have $\overline{\alpha}=id_{v-}$ . This implies the claim.

If $h_{u(_{J})}(x)arrow\overline{k}_{u}(x)(J^{arrow\infty})$ for $x\in N$ , then $\overline{k}_{u}$ : $Narrow N$ is a map. By (4.4) we
have that $\tau_{u}\circ\overline{k}_{u}=h\circ\tau_{u}$ on $N$ . Since

$D(\overline{h}_{u(_{j})}(x), x)\leqq D(h_{u(g)}(x),\overline{h}(x))+D(h(x), x)$ $(x\in N)$ ,

by (4.3) we have that $D(\overline{k}_{u}, id_{N})<\infty$ . By uniform continuity of $\overline{h}$ , we can take
$\delta>0$ such that $D(\overline{h}(x),\overline{h}(y))<\epsilon$ whenever $D(x, y)<\delta$ . If $D(x, y)<\delta$ , then we
have that for $j\in N$
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$D(h_{u(_{j})}(x), h_{u(_{J})}(y))=D(a_{u(J)}^{-1}\circ\overline{h}\circ a_{u(J)}(x), \alpha_{u(j)}^{-1}\circ\overline{h}\circ\alpha_{u(J)}(y))$

$=D(^{-}\circ\alpha_{u(_{f})}(x), h\circ\alpha_{u(_{J})}(y))$

$<\epsilon$ .

Hence $D(\overline{k}_{u}(x),\overline{k}_{u}(y))\leqq\epsilon$ and so le. is uniformly continuous under $D$ . By (2) we
can prove that $\overline{k}_{u}$ is surjective.

Since $k.(x)\in L^{s}(h(x))(x\in N)$ , we have that for $a \in\bigcap_{l=0}^{\infty}(\overline{A}_{\partial^{-\iota_{(u)}}}^{l})_{*}(\Gamma)$

$(\overline{k}_{u})_{*}(a)\circ\overline{k}_{u}(e)=\overline{k}_{u}(a(e))\in L^{S}(\overline{h}(\alpha(e)))=\overline{L}^{s}(\alpha\circ h(e))=\alpha\circ\overline{L}^{s}(e)$ .

Hence $a^{-1}\circ(\overline{k}_{u})_{*}(\alpha)\circ\overline{k}_{u}(e)\in L^{s}(e)$ . Since $\pi:\overline{L}^{s}(h(x))arrow\pi(\overline{L}^{s}(h(x)))$ is bijective, we
have that

$\alpha^{-1}\circ(\overline{k}_{u})_{*}(a)\circ\overline{k}_{u}(e)=\overline{k}_{u}(e)\in\overline{L}^{s}(e)$ .

Therefore $(\overline{k}_{u})_{*}(\alpha)=\alpha$ . $\square$

LEMMA 4.4. Each path connected component in $(N/\Gamma)_{A}$ is h-invariant.

PROOF. This is clear from Lemma 3.4 and Lemma 4.3(1). $r$

\S 5. Nonwandering set.

The purpose of this section is to show Lemma 5.4.

LEMMA 5.1. If $x_{0}\in Per(\sigma_{A})$ , then $\tilde{h}^{-1}(x_{0})$ is the set of one Point.
PROOF. Without loss of generality we may suppose that $\sigma_{A}(x_{0})=x_{0}$ is

satisfied. Since $\sigma_{A}\circ h=h\circ\tilde{f}$ , we have $\tilde{f}(h^{-1}(x_{0}))=h^{-1}(x_{0})$ .
Since $f|_{\overline{h}^{-1}(x_{0})}$ is expansive and has POTP, $\tilde{h}^{-1}(x_{0})$ contains a periodic point

$y_{0}$ of $\tilde{f}$ . We can check POTP of $f|_{\overline{h}^{-1}(x_{0})}$ as follows. Since $f:N/\Gammaarrow N/\Gamma$ has
POTP, for $\epsilon>0$ there is $\delta>0$ such that every $\delta$-pseudo orbit of $\tilde{f}$ is $\epsilon$ -traced by
some point of $(N/\Gamma)_{A}$ . If $\{v_{t}\}\subset h^{-1}(x_{0})$ is a $\delta$-Pseudo orbit of $\tilde{f}$ , then an $\epsilon$ -tracing
point $v$ for $\{v_{t}\}$ exists in $(N/\Gamma)_{A}$ . Since $h(v_{\iota})=x_{0}$ for all $i$ , each of $\sigma_{A}\circ h(v)$ is
near to $x_{0}$ in $(N/\Gamma)_{A}$ , and hence $h(v)=x_{0}$ by expansivity of $\sigma_{\Lambda}$ , i.e., $v\in h^{-1}(x_{0})$ .
Therefore 7 $|_{\overline{h}}-1_{(x_{0})}$ has POTP. To avoid complication, suppose $\tilde{f}(y_{0})=y_{0}$ .

By $\sigma_{A}(x_{0})=x_{0}$ , there exists $u_{0}\in N$ such that $x_{0}=(\pi(u_{0}))_{t\in Z}\in(N/\Gamma)_{A}$ . By the
definition of $(N/\Gamma)_{A}$ we have that $\overline{\alpha}\circ\overline{A}(u_{0})=u_{0}$ for some $\overline{\alpha}\in\Gamma$ . Let $\hat{A}=\overline{\alpha}\circ\overline{A}$ and
take $u=(\cdots, u_{0}, u_{0}, u_{0}, \cdots)\in N_{A}$ . By the definition of $\tau_{u}$ we have $x_{0}=\tau_{u}(u_{0})\in$

$(N/\Gamma)_{A}$ . Since $h$ preserves each path connected component of $(N/\Gamma)_{A}$ (Lemma

4.4), by Lemma 3.3 there exists $v_{0}\in N$ such that $y_{0}=\tau_{u}(v_{0})\in\tau_{u}(N)$ .
By Lemma 3.6, $\sigma_{A^{\circ}}\tau.=\tau_{u}\circ\text{\^{A}}$ on $N$ . Since $f(x_{0})=x_{0}$ , we have $f(\tau_{u}(N))=$

$\tau_{u}(N)$ . By Lemmas 3.6 and 3.10, $\tilde{f}|_{\tau_{u}(N)}$ : $\tau_{u}(N)arrow\tau_{u}(N)$ is a homeomorphism
under the intrinsic topology of $\tau_{u}(N)$ . Therefore there is the lift map $\hat{f}:Narrow N$

of $\tilde{f}|_{\tau_{u}(N)}$ such that $\hat{f}(u_{0})=u_{0}$ by Lemma 3.5. Since
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$\pi\circ f=p_{0}\circ\tau_{u}\circ f=p_{0}\circ f\circ\tau_{u}=f\circ p_{0}\circ\tau_{u}=f\circ\pi$

on $N$ , we have that $\hat{f}$ is the lift map of $f$ by $\pi$ , and then $f$ is expansive and
has POTP.

By Lemmas 3.5 and 4.3, $h|_{\tau_{u}(N)}$ : $\tau_{u}(N)arrow\tau_{u}(N)$ is continuous surjection under
the intrinsic topology of $\tau_{u}(N)$ . Take the lift map $\hat{h}:Narrow N$ of $\tilde{h}|_{r_{u}(N)}$ satisfying
$h(v_{0})=u_{0}$ by Lemma 3.5. Let $\overline{k}_{u}$ be the lift of $h|_{\tau_{u}(N)}$ obtained in Lemma 4.3.
Then there exists $\beta\in\bigcap_{i=0}^{\infty}\hat{A}_{*}^{i}(\Gamma)$ such that

$\hat{h}=\beta\circ\overline{k}_{u}$ on $N$ .

Therefore we have that $\hat{h}$ is proper ( $i.e.$ , the inverse image by $\hat{h}$ of any compact
subset is compact) by Lemma 4.3(2).

By the definition of $\hat{f}$ and $\hat{h}$ , we have
$\tau_{u}\circ\hat{A}\circ\hat{h}=\sigma_{A}\circ\tau_{u}\circ h=\sigma_{\Lambda}\circ\tilde{h}\circ\tau_{u}=\tilde{h}\circ\tilde{f}\circ\tau_{u}$

$=\tilde{h}\circ\tau_{u}\circ\hat{f}=\tau_{u}\circ\hat{h}\circ\hat{f}$ on $N$ ,

$\hat{A}\circ h_{(v_{0})}=A(u_{0})=u_{0}=\hat{h}(v_{0})=h\circ f(v_{0})$ ,

and then $\hat{A}\circ h=h\circ\hat{f}$ on $N$ . Therefore $\hat{f}(h_{(}^{-1}u_{0}))=\hat{h}^{-1}(u_{0})$ . Since $\grave{\acute{h}}$ is proper,
$\hat{h}^{-1}(u_{0})$ is compact. It is not difficult to see that $\hat{f}:\hat{h}^{-1}(u_{0})arrow\hat{h}^{-1}(u_{0})$ has POTP.
Therefore $\hat{f}|\hslash-1_{(u_{0})}$ is TA-homeomorphism of a compact metric space.

Denote as $\Omega$ the nonwandering set of $\hat{f}|\hslash-1_{(u_{0})}$ . Then the set of all periodic
points of $\hat{f}|\hslash-1_{(u_{0})}$ is dense in $\Omega$ . Since $\hat{f}:Narrow N$ has exactly one fixed point
by Lemma 1.5, $\Omega$ consists of one point. This implies $h_{(u_{0})=\Omega}^{-1}$ . Therefore
$\hat{h}^{-1}(u_{0})=v_{0}$ .

Since $(\overline{k}_{u})_{*}:$ $\bigcap_{i=0}^{\infty}\hat{A}_{*}^{i}(\Gamma)arrow\bigcap_{i=0}^{\infty}\hat{A}_{*}^{i}(\Gamma)$ is the identity map by Lemma 4.3(4),

we have that for $\alpha\in\bigcap_{i=0}^{\infty}\hat{A}_{*}^{i}(\Gamma)$

$\hat{h}\circ\alpha=\beta\circ\overline{k}_{u}\circ\alpha=\beta\circ a\circ\overline{k}_{u}=\beta\circ\alpha\circ\beta^{-1}\circ\beta\circ\overline{k}_{u}=\beta\circ\alpha\circ\beta^{-1}\circ\hat{h}$

on $N$ . Hence $h_{*(}\alpha$ ) $=\beta^{\circ}\alpha\circ\beta^{-1}$ for $\alpha\in\bigcap_{i=0}^{\infty}\hat{A}_{*}^{i}(\Gamma)$ and $h_{*}:$ $\bigcap_{i=0}^{\infty}\hat{A}_{*}^{i}(\Gamma)arrow\bigcap_{i=0}^{\infty}\hat{A}_{*}^{i}(1’)$

is bijective.
Let $z\in\tilde{h}^{-1}(x_{0})$ . Since $\tilde{h}$ preserves each path connected component of $(N/\Gamma)_{A}$

and $x_{0}\in\tau_{u}(N)$ , there exists $w\in N$ such that $z=\tau_{u}(w)$ . Hence

$\tau_{u}\circ\hat{h}(w)=h\circ\tau_{u}(w)=\tilde{h}(z)=x_{0}=\tau_{u}(u_{0})$ ,

and then $\hat{h}(w)=\alpha(u_{0})$ for some $\alpha\in\bigcap_{i=0}^{\infty}\hat{A}_{*}^{i}(\Gamma)$ . Since $\hat{h}_{*}:\bigcap_{i=0}^{\infty}\hat{A}_{*}^{\ell}(\Gamma)arrow$

$\bigcap_{i=0}^{\infty}\hat{A}_{*}^{i}(\Gamma)$ is bijective, we have $w=\hat{h}_{*}^{-1}(\alpha)(h_{(}^{-1}u_{0}))=h_{*(\alpha)(v_{0})}^{-1}$ and so
$z=\tau_{u}(w)\square$

$=\tau_{u}(v_{0})=y_{0}$ . Therefore $\tilde{h}^{-1}(x_{0})=\{y_{0}\}$ .

Let $N\supset N^{1}\supset\cdots\supset N^{k}\supseteqq N^{k+1}=e$ be the lower central series where $N^{i+1}=$

$[N, N^{i}],$ $N^{1}=[N, N]$ . $N_{e},$ $N_{e}^{i}$ will denote the tangent spaces of $N,$ $N^{i}$ at the
identity.
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LEMMA 5.2 $([Pa])$ . If $d\overline{A}_{e}$ : $N_{e}/N_{e}^{1}arrow N_{e}/N_{e}^{1}$ has no root of unity as eigen-
values, then $A:N/\Gammaarrow N/\Gamma$ is ergodic with respect to Haar measure.

PROOF. See [Pa] Corollary 2. $\square$

LEMMA 5.3. $\sigma_{A}$ : $(N/\Gamma)_{A}arrow(N/\Gamma)_{A}$ is transitive.

PROOF. Let $\hat{A}$ : $N/(\Gamma\cap N)arrow N/(\Gamma\cap N)$ be a nil-endomorphism induced by
$A:Narrow N$ (\S 1). By Lemma 5.2 and the hyperbolicity of $A,\hat{A}$ is ergodic with
respect to Haar measure. Thus $\hat{A}$ is transitive, from which $A$ is transitive.
Therefore $\sigma_{A}$ : $(N/\Gamma)_{A}arrow(N/\Gamma)_{A}$ is transitive. $\square$

LEMMA 5.4. Let $N/\Gamma$ be an infra-nil-manifold. If $f:N/\Gammaarrow N/\Gamma$ is a
TA-covering map, then the nonwandering set $\Omega(f)$ coincides with the entire space
$N/\Gamma$.

PROOF. By Lemma 5.3 the periodic points of $\sigma_{A}$ are dense in $(N/\Gamma)_{A}$ and
then we have that $h(\Omega(\tilde{f}))=(N/\Gamma)_{A}$ . Indeed, if $h(\Omega(\tilde{f}))\neq(N/\Gamma)_{A}$ then $h(\Omega(\tilde{f}))$

is a proper compact subset of $(N/\Gamma)_{A}$ . Hence we can find $z\in(N/\Gamma)_{A}$ such that
$\sigma_{A}^{r}(z)=z$ for some $r$ and $z\not\in h(\Omega(\tilde{f}))$ . Then $U_{i=1}^{r}h^{-1}(\sigma_{A}^{i}(z))$ is a non-empty compact
$\tilde{f}$-invariant subset of $(N/\Gamma)_{A}$ that disjoints from $\Omega(\tilde{f})$ , which is impossible.

Let $z$ be a point in $(N/\Gamma)_{A}$ such that the orbit $\{\sigma_{A}^{i}(z):i\in Z\}$ is dense in
$(N/\Gamma)_{A}$ . By the above fact there is $x\in\Omega(\tilde{f})$ such that $h(x)=z$ . If $\Omega_{1}$ is the
basic set in which $x$ belongs, then we have that $h(\Omega_{1})=(N/\Gamma)_{A}$ .

By Lemma 5.1, $\tilde{h}:\tilde{h}^{-\iota}(Per(\sigma_{A}))arrow Per(\sigma_{A})$ is bijective and so $\Omega(\tilde{f})$ itself a
basic set. Thus $\tilde{f}|_{\Omega(^{-})}$ is topologically transitive, in which case we have $\Omega(\tilde{f})$

$=(N/\Gamma)_{A}$ because $f|\Omega(\overline{f})$ is a TA-homeomorphism. $\square$

\S 6. Injectivity of semi-conjugacy maps 1.

The purpose of this section is to show Theorem 2(2). For the proof we
need the following Lemmas.

LEMMA 6.1 $([{\rm Re}])$ . If $X$ is a compact metnc space and $f:Xarrow X$ is a posi-
tively expansrve map, then there exist a compatible metric $p$ and constants $\delta’>0$ ,
$\lambda>1$ such that for $x,$ $y\in X$, if $\rho(x, y)\leqq\delta’$ then $p(f(x), f(y))\geqq\lambda\rho(x, y)$ .

PROOF. See [Ao-Hi] Theorem 2.2.10. $\square$

LEMMA 6.2. Let $X$ be a compact metric space with metric $\rho$ and let $X$ be a
topological space. Let $p:\overline{X}arrow X$ be a covenng map. If $X$ is locally connected,
then there are a compatible metric $\overline{\rho}$ for $\overline{X}$ and a constant $\delta_{0}>0$ such that

(1) for $0<\delta\leqq\delta_{0}$ and $x\in\overline{X}$

$p:U_{\delta}(x)arrow U_{\delta}(p(x))$
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is an isometry where $U_{\delta}(x)=\{y\in\overline{X}:\overline{\rho}(x, y)<\delta\}$ and $U_{\delta}(p(x))=\{y\in X:p(p(x), y)$

$<\delta\}$ ,
(2) all covering transformations for $p$ are isometnes,
(3) $\overline{X}$ is a complete metric space with respect to $\overline{\rho}$ .

PROOF. See [Ao-Hi] Theorem 6.4.1. $\square$

Let $(N, D)$ and $(N/\Gamma, d)$ be as in \S 1. Suppose $f:N/\Gammaarrow N/\Gamma$ is an expanding
map, and let $A:N/\Gammaarrow N/\Gamma$ be the infra-nil-endomorphism homotopic to $f$ . Then
$A$ is hyperbolic by Lemma 1.3. As before we denote as $\overline{A}$ : $Narrow N$ a lift of $A$

by $\pi$ , and as the lift map $f:Narrow N$ of $f$ by $\pi$ satisfying that $f_{*}=\overline{A}_{*}:$ $\Gammaarrow\Gamma$ .
LEMMA 6.3 $([ C\frac{o}{}{\rm Re}])$ . If $f:N/\Gammaarrow N/\Gamma$ is topological expanding, then there

exist a constant $\lambda>1$ and a compatible metric $\overline{D}$ for $N$ such that
(1) $\overline{D}$ is complete,
(2) all covering transformations for $\pi$ are isometries under $\overline{D}$ ,

(3) $D(7(x), f(y))>\lambda D(x, y)$ for $x,$ $y\in N$ .

PROOF. Since $f$ is positively expansive, by Lemma 6.1 there exist a com-
patible metric $p$ for $N/\Gamma$ and constants $\delta’>0$ and $\lambda>1$ such that $p(x, y)\leqq\delta’$

implies $\rho(f(x), f(y))>\lambda\rho(x, y)$ . Since $\pi$ : $Narrow N/\Gamma$ is a covering map, there
exist a metric $\overline{\rho}$ for $N$ and a constant $\delta_{0}>0$ satisfying the properties in Lemma
6.2. For $\delta=\min\{\delta’, \delta_{0}\}$ , Lemma 3.2 ensures the existence of $0<\delta_{1}<\delta$ such that
$p(f(x), f(y))<\delta_{1}$ implies $\overline{\rho}(x, y)<\delta$ . Note that $\overline{\rho}(x, y)=p(\pi(x), \pi(y))$ since
$\delta\leqq\delta_{0}$ . From these facts we have that $\overline{\rho}(x, y)<\delta_{1}/\lambda$ if $\overline{\rho}(f(x), f(y))<\delta_{1}$ .

For $x,$ $y\in N$ let $\{x_{i} : 0\leqq i\leqq l+1\}$ be a $\delta_{1}$-chain from $x$ to $y(i.e.,\overline{\rho}(x_{i}, x_{i+1})<\delta_{1}$

for $OSi\leqq l$) and define $\overline{D}$ by

$\overline{D}(x, y)=\inf\{\sum_{i=0}^{l}\overline{\rho}(x_{i}, x_{i+1})\}$

where the infimum is taken over all finite $\delta_{1}$-chains from $x$ to $y$ . By the triangle
inequality of $\overline{\rho}$ we have $\overline{D}(x, y)\geqq\overline{\rho}(x, y)$ , from $\overline{D}$ is a metric for $N$ . Clearly
$\overline{\rho}(x, y)=\overline{D}(x, y)$ if $\overline{p}(x, y)\leqq\delta_{1}$ . Thus $\overline{D}$ is compatible and by Lemma 6.2(3),
(1) holds. (2) is clear from the construction of $\overline{D}$ together with Lemma 6.2(2).

It remains to show only (3).

Let { $x_{i}$ : O$i\leqq l} be a finite sequence from $\overline{f}(x)$ to $f(y)$ with $\overline{\rho}(x_{i}, x_{i+1})<\delta_{1}$

for O$if$\underline{\leq}\ovalbox{\tt\small REJECT} 1-1$ . Then $\{f^{-1}(x_{0}), \cdots f^{-1}(x_{l})\}$ is a finite sequence from $x$ to $y$ such
that

$\overline{\rho}(f^{-1}(x_{i}), f^{-1}(x_{i+1}))<\delta_{1}/\lambda$

for $0\leqq i\leqq l-1$ and thus the sequence is a $\delta_{1}$ -chain. Thus we have
$\overline{\rho}(x_{i}, x_{i+1})=\overline{\rho}(f\circ f^{-1}(x_{i}), f\circ f^{-1}(x_{i+1}))\geqq\lambda\overline{\rho}(f^{-1}(x_{i}), f^{-1}(x_{i+1}))$

and therefore $\sum\overline{\rho}(x_{i}, x_{i+1})\geqq\lambda\overline{D}(x, y)$ , from which $\overline{D}(f(x), f(y))\geqq\lambda\overline{D}(x, y)$ . $\square$
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LEMMA 6.4. Under the assumptions and notations of Lemma 6.3, given $K>0$

there exists $\delta_{K}>0$ such that for any K-pseudo orbit $\{x_{i} : i\geqq 0\}$ of $f$ there is a
unique $x\in N$ so that $\overline{D}(f^{i}(x), x_{i})\leqq\delta_{K}$ for $i\geqq 0$ .

PROOF. The proof is similar to that in $[Ao\cdot Hi]$ Lemma 8.2.6. For complete-
ness we give here the proof.

Put $x_{i}^{0}=f^{-i}(x_{i})$ for $i\geqq 0$ . By Lemma 6.3(3) we have

$\overline{D}(x_{i-1}^{0}, x_{i}^{0})=\overline{D}(f^{-i}\circ f(x_{i-1}), f^{-i}(x_{i}))$

$\leqq\frac{1}{\lambda^{i}}\overline{D}(f(x_{i-1}), x_{i})\leqq\frac{K}{\lambda^{i}}$ $(i\geqq 0)$ .

Thus $\{x_{i}^{0}\}$ is a Cauchy sequence and so there is a point $x$ in $N$ such that $x_{i}^{0}arrow x$

as $iarrow\infty$ . Fix $i>0$ and let $0\leqq j<i$, then we have

$\overline{D}(x_{j},\overline{f}^{f}(x_{i}^{0}))=\overline{D}(x_{j},\overline{f}^{j-i}(x_{i}))$

$\leqq\overline{D}(x_{j}, f^{-1}(x_{j+1}))+\cdots+\overline{D}(\overline{f}^{j-i+1}(x_{i-1}),\overline{f}^{j-i}(x_{i}))$

$\leqq K(\lambda^{-1}+\cdots+\lambda^{-(i-j)})<\delta_{K}$

where $\delta_{K}=K/(\lambda-1)$ . Therefore $\overline{D}(x_{j},\overline{f}^{j}(x))<\delta_{K}$ for $j\geqq 0$ . $\square$

LEMMA 6.5. Under the assumptions and notations of Lemma 6.3, there exists
a unique continuous surjection $\overline{k}:Narrow N$ such that

(1) $f\circ\overline{k}=\overline{k}\circ\overline{A}$ ,
(2) $\sup\{\overline{D}(\overline{k}(x), x):x\in N\}$ is finite,
(3) $\overline{k}$ is uniformly continuous under $\overline{D}$ .
PROOF. Since $f_{*}=\overline{A}_{*}$ , we can take $K>0$ such that $\overline{D}(\overline{A}(x), f(x))<K$ for all

$x\in N$ . Let $\delta_{K}>0$ be as in Lemma 6.4. For any $x\in N$ the sequence $\{\overline{A}^{j}(x):j\in Z\}$

is a $K$-pseudo orbit of $f$ . Hence there is a unique $y\in N$ such that

$\overline{D}(\overline{A}^{j}(x),\overline{f}^{j}(y))\leqq\delta_{K}$ for $j\in Z$ .
We define a map $\overline{k}:Narrow N$ by $\overline{k}(x)=y$ . Since $\overline{D}(x, y)\leqq\delta_{K}$ , obviously
$\sup\{\overline{D}(\overline{k}(x), x):x\in N\}\leqq\delta_{K}$ . Hence (2) holds. Since $\{\overline{A}^{j}(\overline{A}(x)):j\in Z\}$ is $\delta_{K}$-traced
by a point $f(y)$ , we have $f(\overline{k}(x))=f(y)=\overline{k}(\overline{A}(x))$ , from which (1) is obtained.
The proof of (3) and the uniqueness of le is similar to that of Lemma 2.3. $\square$

LEMMA 6.6. Let $f:N/\Gammaarrow N/\Gamma$ be toPological expanding and let $h:Narrow N$

be the semi-conjugacy maP obtained in Lemma 2.3. Then $h$ is a homeomorphism
and satisfies $h\circ\alpha(x)=\alpha\circ h(x)$ for $x\in N$ and $a\in\Gamma$ .

PROOF. This is given in [Ao-Hi] Proposition 8.4.1 as follows. We already

know that there exists a metric $\overline{D}$ for $N$ such that $f$ has the property of
Lemma 6.5 and, further, a tracing property in Lemma 6.4. Let $\overline{k}:Narrow N$ be a



ToPological Anosov maps of infra-nil-manifolds 637

semi-conjugacy map as in Lemma 6.5. In the similar way as the proof of
Lemma 2.4(3), we have $\overline{k}\circ a(x)=\alpha\circ\overline{k}(x)$ for $x\in N$ and $\alpha\in\Gamma$ . Thus, $\sup\{D(\overline{k}(x), x)$ :
$x\in N\}$ is finite, i.e., there is $K’>0$ such that $D(\overline{k}(x), x)<K’$ for $x\in N$ . From
Lemma 2.3(1) and Lemma 6.5(1) it follows that

$(\overline{h}\circ\overline{k})\circ\overline{A}=\overline{A}\circ(\overline{h}\circ\overline{k})$ , $(\overline{k}\circ\overline{h})\circ f=f\circ(\overline{k}\circ h)$ .
Since $D(h(x), x)<K$ for $x\in N$ , we have for all $x\in N$

$D(h\circ k(x), x)<L$ , $D(k\circ h(x), x)<L$

where $L=K’+K$. Lemma 6.3 implies $\overline{D}(\overline{f}^{j}\circ(\overline{k}\circ h)(x),\overline{f}^{j}(x))arrow\infty$ as $jarrow\infty$ when
$\overline{k}\circ\overline{h}(x)\neq x$ . But $D(\overline{f}^{j}\circ(\overline{k}\circ h)(x),\overline{f}^{j}(x))<L$ for $j\geqq 0$ . This is impossible since $D$

and $\overline{D}$ are uniformly equivalent. Therefore, $\overline{k}\circ\overline{h}(x)=x$ , and so $\overline{k}\circ\overline{h}$ is the
identity map. Similarly, $h\circ\overline{k}$ is the identity map. $\square$

By Lemma 6.6 $\overline{h}$ lnduces a homeomorphism $h:N/\Gammaarrow N/\Gamma$ and $A\circ h=h\circ f$

holds on $N/\Gamma$ . Therefore, Theorem 2(2) was concluded.

\S 7. Injectivity of semi-conjugacy maps 2.

The purpose of this section is to show Theorems 1 and 2(1).

Let $(N, D)$ and $(N/\Gamma, d)$ be as in \S 1. Suppose $f:N/\Gammaarrow N/\Gamma$ is a TA-
covering map, and let $A:N/\Gammaarrow N/\Gamma$ be the infra-nil-endomorphism homotoPic
to $f$ . Them $A$ is hyperbolic by Lemma 1.3. As before we denote as $\overline{A}$ : $Narrow N$

a lift of $A$ by $\pi$ , and as the lift map $f:Narrow N$ of $f$ by $\pi$ satisfying that
$f_{*}=\overline{A}_{*}:$ $\Gammaarrow\Gamma$ . We may assume that $f(e)=e$ . Let $\overline{h}$ : $Narrow N$ the semi-conjugacy
map obtained in Lemma 2.3.

Fix $u\in N_{f}=\{(x_{i})\in N^{Z} : f(\pi(x_{i}))=\pi(x_{i+1}), i\in Z\}$ . For $x\in N$ we define a local
stable and a local unstable sets by

$\overline{W}_{\epsilon}^{s}(x ; u)=\{y\in N : D(f_{u}^{i}(x), f_{u}^{i}(y)) \epsilon, i\geqq 0\}$ ,

$\overline{W}_{\epsilon}^{u}(x ; u)=\{y\in N : D(_{u}^{-}i(x), f_{u}^{i}(y))\leqq\epsilon, i 0\}$ .
Hence $D(f_{u}^{i}(x), f_{u}^{i}(y))=D(f^{i}(x), f^{i}(y))$ for $i\geqq 0$ , from which the local stable set
$\overline{W}^{s}(x;u)$ does not depend on the choice of $u$ . For simplicity we write

$\overline{W}_{\epsilon}^{l}(x)=\overline{W}_{\epsilon}^{s}(x;u)$ ( $x\in N$ and $u\in N_{f}$ ).

For $x\in N$ define a stable and unstable sets as follows:

$\overline{W}^{s}(x ; u)=\{y\in N : D(f_{u}^{i}(x), f_{u}^{i}(y))arrow 0(iarrow\infty)\}$ ,

$\overline{W}^{u}(x ; u)=\{y\in N : D(f_{u}^{i}(x), f_{u}^{i}(y))arrow 0(iarrow-\infty)\}$ .
Since $W^{S}(x ; u)$ is independent of $u$ , we write $W^{s}(x)=W^{S}(x ; u)$ .
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LEMMA 7.1. Let $\epsilon>0$ be an enough small number and let $\overline{\sigma}$ : $N_{f}arrow N_{f}$ be a
shift map defined by $\overline{\sigma}((x_{\ell}))=(x_{\iota+1})$ . Then the following hold.

(1) For $\gamma>0$ there exists $n_{\gamma}>0$ such that for $u\in N_{f}$ and $x\in N$

$f_{u}^{n}(\overline{W}_{\epsilon}^{s}(x))\subset\overline{W}_{\gamma}^{s}(f_{u}^{n}(x))$ ,

$f_{u}^{-n}(\overline{W}_{\epsilon}^{u}(x ; u))\subset\overline{W}_{\gamma}^{u}(f_{u}^{n}(x) ; \overline{\sigma}^{-n}(u))$

for all $n\geqq n_{\gamma}$ .
(2)

$\overline{W}^{s}=_{\iota\geqq}$ ,

$\overline{W}^{u}(x ; u)=U_{0}f_{\frac{l}{\sigma}l_{(u)}}(\overline{W}_{\epsilon}^{u}(f_{u}^{-\iota}(x) ;\iota\geqq \overline{\sigma}^{-\iota}(u)))$ .

PROOF. See [Ao-Hi] Lemma 6.6.3 and 6.6.4. $\square$

Let $f:N/\Gammaarrow N/\Gamma$ be a TA-covering map which is not a topological expand-
ing map, we have the following lemma.

LEMMA 7.2 (Lifting of local product structure). Let $u\in N_{f}$ , $\epsilon>0$ be an
enough small number and $x\in N$ . Then there are a connected open neighborhood
$\overline{N}(x ; u)$ of $x$ in $N$ and a continuous map $\overline{\alpha}_{u}$ : $\overline{N}(x ; u)\cross\overline{N}(x;u)arrow\overline{N}(x ; u)$ such
that

(1) $\{\overline{\alpha}_{u}(y, z)\}=\overline{W}_{\epsilon}^{u}(y;u)\cap\overline{W}_{\epsilon}^{s}(z)$ for $y,$ $z\in\overline{N}(x;u)$ ,
(2) for $y,$ $z,$

$w\in\overline{N}(x;u)$

$\overline{\alpha}_{u}(y, y)=y$ ,

$\overline{\alpha}_{u}(y,\overline{\alpha}_{u}(z, w))=\overline{\alpha}_{u}(y, w)=\overline{\alpha}_{u}(\overline{\alpha}_{u}(y, z),$ $w)$ ,

(3) the restriction $\overline{\alpha}_{u}$ : $\overline{D}^{s}(x)\cross\overline{D}^{u}(x;u)arrow\overline{N}(x;u)$ is a homeomorphism where
$\overline{D}^{s}(x)=\overline{W}_{\epsilon}^{s}(x)\cap\overline{N}(x;u)$ and $\overline{D}^{u}(x;u)=\overline{W}_{\epsilon}^{u}(x;u)\cross\overline{N}(x;u)$ ,

(4) there is a constant $\rho>0$ independent of $x\in N$ and $u\in N_{f}$ such that
$\overline{N}(x\cdot u)\supset\overline{B}_{\rho}(x)$ where $\overline{B}_{\rho}(x)=\{y\in N:D(x, y)\leqq p\}$ ,

(5) $f_{u}(\overline{D}^{s}(x))\subset\overline{D}^{s}(f_{u}(x))$ and $f_{u}(\overline{D}^{u}(x;u))\supset\overline{D}^{u}(f_{u}(x);\overline{\sigma}(u))$ ,
(6) $\overline{D}^{s}(x)\supseteqq\{x\}$ and $\overline{D}^{u}(x;u)\supseteqq\{x\}$ .

PROOF. See [Ao-Hi] Theorem 6.6.5. $\square$

Let $M$ be a connected topological manifold without boundary and let $\mathscr{F}$ be
a family of subsets of $M$ . We say that $\mathscr{F}$ is a generalized foliation on $M$ if the
following holds;

(1) $\mathscr{F}$ is a decomposition of $M$,

(2) each $L\in \mathscr{F}$ , called a leaf, is path connected,
(3) if $x\in M$ then there exist non-trivial connected subsets $D_{x},$ $K_{x}$ with

$\{x\}=D_{x}\cap K_{x}$ , a connected open neighborhood $N_{x}$ of $x$ , and a homeomorphism
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$\varphi_{x}$ : $D_{x}\cross K_{x}arrow N_{x}$ , called a local coordinate at $x$ , such that
(a) $\varphi_{x}(x, x)=x$ ,
(b) $\varphi_{x}(y, x)=y(y\in D_{x})$ and $\varphi_{x}(x, z)=z(z\in K_{x})$ ,
(c) for each $L\in \mathscr{F}$ there is an at most countable set $B\subset K_{x}$ such that

$N_{x}\cap L=\varphi_{x}(D_{x}\cross B)$ .

LEMMA 7.3. Let $\mathscr{F}$ be a generalized foliation on $M$ and let $U$ be an oPen
subset of M. Denote by $L(x)$ the leaf through $x$ of $\mathscr{F}$ and put

$V=\{x\in M:L(x)\cap U\neq\emptyset\}$ .
Then $V$ is open in $M$.

PROOF. See [Ao-Hi] Remark 6.7.2. $\square$

Let $\mathscr{F}$ and $\mathscr{F}’$ be generalized foliations on $M$. We say that $\mathscr{F}$ is transverse
to $\mathscr{F}’$ if, for $x\in M$, there exist non-trivial connected subsets $D_{x},$ $D_{x}’$ with
$\{x\}=D_{x}\cap D_{x}’$ , a connected open neighborhood $N_{x}$ of $x$ in $M$ (such a neighbor-
hood $N_{x}$ is called a coordinate domain at $x$), and a homeomorphism $\psi_{x}$ : $D_{x}xD_{x}’$

$arrow N_{x}$ (in particular called a canonical coordinate at $x$ ) such that
(a) $\psi_{x}(x, x)=x$ ,

(b) $\psi_{x}(y, x)=y(y\in D_{x})$ and $\psi_{x}(x, z)=z(z\in D_{x}’)$ ,

(c) for any $L\in \mathscr{F}$ there is an at most countable set $B’\subset D_{x}’$ such that
$N_{x}\cap L=\psi_{x}(D_{x}\cross B’)$ ,

(d) for any $L’\in \mathscr{F}’$ there is an at most countable set $B\subset D_{x}$ such that
$N_{x}\cap L’=\psi_{x}(B\cross D_{x}’)$ .

It is clear that if $\mathscr{F}$ is transverse to $\mathscr{F}’$ then $\mathscr{F}’$ is transverse to $\mathscr{F}$ .

LEMMA 7.4. Let $f$ be as above. For $u\in N_{f}$ the families $\overline{\mathscr{F}}^{S}=\{\overline{W}^{s}(x) : x\in N\}$

and $\overline{\mathscr{F}}_{u}^{u}=\{\overline{W}^{u}(x;u):x\in N\}$ are transverse generalized foliations on $N$ .
PROOF. See [Ao-Hi] Theorem 6.7.4. $\square$

For $e=(\cdots, e, e, e, )\in N_{f}$ we write

$\overline{W}_{\epsilon}^{u}(x)=\overline{W}_{\epsilon}^{u}(x;e)$ and $\overline{W}^{u}(x)=\overline{W}^{u}(x;e)$ .

Since $\overline{A}\circ\overline{h}=\overline{h}\circ f$ holds and $\overline{h}$ : $Narrow N$ is a $D$-uniformly continuous surjection,
we have

(7.1) $h(W^{S}(x))cL^{s}(h(x))$ , $h(W^{u}(x))cL^{u}(h(x))$ for all $x\in N$ .

Under the above assumption we can prove the following lemma.

LEMMA 7.5. Let $f$ and $\overline{W}^{\sigma}(x)(x\in N, \sigma=s, u)$ be as above. Then $\overline{W}^{u}(x)\cap$

$W^{S}(y)$ is at most one point for $x,$ $y\in N$ .
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PROOF. The proof is similar to that in [Ao-Hi] Lemma 8.4.4. However,
for completeness we give here tbe proof.

Let $a,$
$b\in\overline{W}^{s}(x)\cap\overline{W}^{u}(y)$ and suppose $a\neq b$ . Then there is $m>0$ such that

$D(f^{-m}(a), f^{-m}(b))<p$ where $p$ is as in Lemma 7.2(4). Put $a’=f^{-m}(a)$ and $b’=$

$f^{-m}(b)$ , and let $\epsilon>0$ be as in Lemma 7.2. For sufficiently large $m$ we have

(7.2) $b’\not\in\overline{W}_{\epsilon}^{*}(a’)$ .
It is clear that $b’\in\overline{W}^{\epsilon}(a’)$ since $a,$

$b\in\overline{W}^{S}(x)$ , and that $b’\in\overline{B}_{\rho}(a’)\subset\overline{N}(a’ ; e)$ since
$D(a’, b’)<\rho$ . Hence there is $(b_{1}, b_{2})\in\overline{D}^{S}(a’)\cross\overline{D}^{u}(a’ ; e)$ such that $b’=\overline{\alpha}_{e}(b_{1}, b_{2})\in$

$\overline{W}_{e}^{s}(b_{2})$ . Then we obtain $b_{2}\neq a’$ . For, if $b_{2}=a’$ then $\overline{W}_{\epsilon}^{s}(a’)=\overline{W}_{\epsilon}^{s}(b_{2})\ni b’$ , which
is inconsistent with (7.2).

Let $U_{a’}$ and $U_{b_{2}}$ be open neighborhoods of $a’$ and $b_{2}$ in $\overline{D}^{u}(a’ ; e)$ , respec-
tively, such that $U_{a’}\cap U_{b_{2}}=\emptyset$ , and put

$N_{a’}=\overline{\alpha}_{e}(\overline{D}^{s}(a’)\cross U_{a’})$ , $N_{b’}=\overline{\alpha}_{e}(\overline{D}^{s}(a’)\cross U_{b_{8}})$ .
Obviously $N_{a’}$ and $N_{b_{2}}$ are open neighborhoods of $a’$ and $b’$ in $N$ respectively.
Since $N_{a’}\cap N_{b’}=\emptyset$ , we have

(7.3) $\overline{W}_{\epsilon}^{s}(v)\cap\overline{W}_{\text{\’{e}}}^{s}(w)=\emptyset$ for $v\in N_{a’}$ and $w\in N_{b^{t}}$ .

If $V_{s}=\{z\in N:\overline{W}^{s}(z)\cap N_{b’}\neq\emptyset\}$ , then $V_{s}$ is open in $N$ since $\overline{\mathscr{F}}^{s}$ is a general-
ized foliation on $N$ , and $a’\in V_{s}$ since $b’\in\overline{W}^{s}(a’)$ . Since Per $(f)$ is dense in $N/\Gamma$

by Lemma 5.4, there is $p\in V_{*}\cap N_{a’}$ such that $\pi(P)\in Per(f)$ . Let $k$ be a period
of $\pi(p)$ and let $u=(u_{i})\in N_{f}$ be a $k$ -periodic sequence with $p=u_{0}$ . Write $\overline{g}=f_{u}^{k}$

for simplicity. Then $\overline{g}(p)=P$ . Since $p\in V_{S}$ , we can choose $w\in\overline{W}^{s}(p)\cap N_{b’}$ .
Since $p,$ $w\in\overline{N}(a’ ; e)$ , we have $\overline{W}_{\epsilon}^{u}(p;u)\cap\overline{W}_{\epsilon}^{s}(w)=\{q\}$ for some $q\in\overline{N}(a’ ; u)$ .
Hence $\lim_{iarrow\infty}\overline{g}^{i}(q)=p$ since $\overline{W}^{s}(w)=\overline{W}^{s}(p)$ , and $\lim_{iarrow-\infty}\overline{g}^{i}(q)=p$ . Using (7.3), we
have $p\neq q$ because $p\in N_{a’},$ $q\in\overline{W}_{\epsilon}^{\epsilon}(w)$ and $w\in N_{b’}$ . Let $\mu=\min\{D(p, q), \epsilon’\}/4$

where $\epsilon’$ is an expansive constant for $\overline{g}$ . Then there is $0<\delta<2\mu$ such that
every $\delta$-pseudo orbit of $\overline{g}$ is $\mu$-traced by some point of $N$ . Choose $1>0$ such
that $D(\overline{g}^{\iota+\iota}(q), p)<\delta/2$ and $D(\overline{g}^{-\iota}(q), p)<\delta/2$ . Then the sequence

$\{\cdots,\overline{g}^{-\iota}(q), \cdots,\overline{g}^{-1}(q), q,\overline{g}(q), \cdots \overline{g}^{\iota}(q), \}$

is a $(21+1)$-periodic $\delta$-pseudo orbit of $\overline{g}$ . By using POTP and expansivity we
can find $q_{0}\in N$ such that $\overline{g}^{2l+1}(q_{0})=q_{0}$ and $D(q, q_{0})<\mu$ It is cbecked that
$\overline{g}^{\iota+1}(q_{0})\neq q_{0}$ . Indeed, if $\overline{g}^{\iota+1}(q_{0})=q_{0}$ then

$D(p,\overline{g}^{\iota+1}(q_{0}))$ $ $D(p, \overline{g}^{\iota+1}(q))+D(\overline{g}^{\iota+1}(q),\overline{g}^{\iota+1}(q_{0}))<\frac{\delta}{2}+\mu<2\mu$ .

Thus we have $D(p, q)<3\mu$ which is impossible since $4\mu\leqq D(p, q)$ . Therefore
$\overline{g}^{2l+1}$ has at least two distinct fixed points, which contradicts Lemma 1.5. $\square$
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LEMMA 7.6 $([Fr])$ . Let $f$ and $\overline{W}^{\sigma}(x)(x\in N, \sigma=s, u)$ be as in Lemma 7.5.
Then $W^{u}(x)\cap W^{S}(y)$ is the set of one point for $x,$ $y\in N$ .

PROOF. The proof is described in [Ao-Hi] Lemma 8.4.5. But we give
here the proof for completeness.

Let $y_{0}\in N$ and put $s=\overline{W}^{s}(y_{0})$ . It is enough to show that $\overline{W}^{u}(x)\cap s\neq\emptyset$ for
all $x\in N$ . Let us put

$Q=\{x\in N : \overline{W}^{u}(x)\cap s\neq\emptyset\}$ ,

then we have
$Q=\{x\in N : \overline{W}^{u}(x)\cap U(s)\neq\emptyset\}$

where $U(s)=U_{z\in s}N(z;e)$ . Indeed, choose $x$ from the right hand set of the
above equality. Then $z\in\overline{W}^{u}(x)\cap U(s)$ and hence $z\in\overline{W}^{u}(x)\cap\overline{N}(z’ ; e)$ for some
$z’\in s$ . Since $\overline{N}(z’ ; e)=\overline{\alpha}_{e}(\overline{D}^{s}(z’)\cross\overline{D}^{u}(z’ ; e))$ , there is $(y_{1}, y_{2})\in\overline{D}^{s}(z’)\cross\overline{D}^{u}(z’ ; e)$

such that $z=\overline{\alpha}_{e}(y_{1}, y_{2})\in\overline{W}_{\text{\’{e}}}^{u}(y_{1} ; e)$ . Hence $y_{1}\in\overline{W}_{\text{\’{e}}}^{u}(z;e)\subset\overline{W}^{u}(z;e)$ and on the
other hand, $y_{1}\in\overline{D}^{s}(z’)\subset s$ . Therefore, $\overline{W}_{\epsilon}^{u}(z;e)\cap s\neq\emptyset$ which implies $x\in Q$ .

Hence $Q$ is open in $N$ . If $Q=N$ then the Lemma holds. Thus we suppose
$Q\subsetneqq N$ and then derive a contradiction. Let $w\in Q$ . If $\overline{N}(w ; e)\not\subset Q$ , then $Q$ does
not contain $\overline{D}^{s}(w)$ . For $x\in\overline{N}(w ; e)$ , then there is

$(x’, x’’)\in\overline{D}^{\}(w)\cross\overline{D}^{u}(w ; e)$

such that $x=\overline{\alpha}_{e}(x’, x’’)\in\overline{W}_{e}^{u}(x’ ; e)$ . If $D^{S}(w)CQ$ then $\overline{W}^{u}(x’ ; e)\cap s\neq\emptyset$ since
$x’\in\overline{D}^{s}(w)\subset Q$ . Since $\overline{W}^{u}(x ; e)=\overline{W}^{u}(x’ ; e)$ , we have $\overline{W}^{u}(x ; e)\cap s\neq\emptyset$ and there-
fore $x\in Q,$ $i.e.,$ $N(w;e)\subset Q$ , thus contradicting.

Choose and fix $a\in\overline{D}^{s}(w)\backslash Q$ . Let $\gamma:[0,1]arrow\overline{D}^{s}(w)$ be a path such that
$\gamma(0)=w$ and $7(1)=a$ , and $\rho$ : $[0,1]arrow\overline{W}^{u}(w;e)$ be a path such that $\rho(0)=w$ and
$\rho(1)\in\overline{W}^{u}(w;e)\cap s$ . We set

$R=\{(r, t)\in[0,1]\cross[0,1] : \overline{W}^{u}(\gamma(r) ; e)\cap\overline{W}^{\epsilon}(\rho(t))\neq\emptyset\}$ ,

then $R$ is not empty since $([0,1]\cross\{0\})\cup(\{0\}\cross[0,1])\subset R$ and by transversality
of $\overline{\mathscr{F}}^{s}$ and $\overline{\mathscr{F}}_{e}^{u},$ $R$ is open in $[0,1]\cross[0,1]$ . Note that $RC[0,1]\cross[0,1]$ . Since
$\overline{W}^{u}(\gamma(r);e)\cap\overline{W}^{s}(p(t))$ is a single point for $(r, t)\in R$ (Lemma 7.5), we can define
a map $\theta$ : $Rarrow N$ by

$\theta(r, t)=\overline{W}^{u}(\gamma(r) ; e)\cap\overline{W}^{\theta}(p(t))$ $((r, t)\in R)$ .
Then $\theta$ is continuous. By (7.1) we have

$\overline{h}(\overline{W}^{u}(\gamma(r);e))\subset\overline{L}^{u}(\overline{h}\circ\gamma(r))$ and $h(\overline{W}^{s}(p(t)))\subset\overline{L}^{s}(h\circ p(t))$ .

Then it follows that
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$\overline{h}(\theta(R))=h\{\overline{W}^{u}(\gamma(r) ; e)\cap\overline{W}^{s}(p(t)) : (r, t)\in R\}$

$\subset\{\overline{h}(\overline{W}^{u}(\gamma(r) : e))\cap\overline{h}(\overline{W}^{\}(p(t))) : (r, t)\in R\}$

$\subset\{\overline{L}^{u}(\overline{h}\circ\gamma(r))\cap\overline{L}^{s}(h\circ p(t)) : (r, t)\in R\}$

$\subset\{L^{u}(h_{7^{(r))\cap}}\circ L^{S}(h\circ p(t)) : (r, t)\in[0,1]\cross[0,1]\}$ .
Notice that the last part of the above relation is compact. Since $\overline{h}$ is proper
by Lemma 2.3, we obtain that $\theta(R)$ is bounded.

Let us put

$t_{0}= \sup$ { $\hat{t}:\overline{W}^{u}(\gamma(r);e)\cap\overline{W}^{s}(\rho(t))\neq\emptyset$ , $0$ $ $r$ $ 1 and $0$ $ $t\leqq\hat{t}$ },

$r_{0}= \sup\{\hat{r} : \overline{W}^{u}(\gamma(r) ; e)\cap\overline{W}^{s}(p(t_{0}))\neq\emptyset, 0\leqq r\leqq\hat{r}\}$ .

Then $(r_{0}, t_{0})\not\in R$ . Since $\theta(R)$ is bounded, we can choose a sequence

$\{(r_{n}, t_{n}) : r_{n}<r_{n+1}, t_{n}<t_{n+1}\}\subset R$

converging to $(r_{0}, t_{0})$ , such that $\theta(r_{n}, t_{n})$ converges in $N$ . Let $\lim\theta(r_{n}, t_{n})=v$ .
Take a compact neighborhoods $C^{s}$ and $C^{u}$ of $v$ in $\overline{D}^{s}(v)$ and $\overline{D}^{u}(v;e)$ respectively,
and let $C=\overline{\alpha}_{e}(C^{s}\cross C^{u})$ . Then $C$ is a compact neighborhood of $v$ in $N$ . Since
$\lim_{arrow\infty}\theta(r_{n}, t_{n})=v$ , we may assume $\theta(r_{n}, t_{n})\in C$ for $n\geqq 1$ . Then for $n\geqq 1$ there
is $(u_{n}, v_{n})\in C^{S}\cross C^{u}$ such that

$\theta(r_{n}, t_{n})=\overline{\alpha}_{e}(u_{n}, v_{n})$

and hence
$\overline{W}^{u}(\gamma(r_{n}) ; e)\cap\overline{W}^{s}(p(t_{n}))=\{\theta(r_{n}, t_{n})\}=\{\overline{\alpha}_{e}(u_{n}, v_{n})\}$

$\subset\overline{W}^{u}(u_{n} ; e)\cap\overline{W}^{s}(v_{n})$ ,

from which
$\overline{W}^{u}(\gamma(r_{n});e)=\overline{W}^{u}(u_{n};e)$ , $\overline{W}^{s}(p(t_{n}))=\overline{W}^{s}(v_{n})$ .

Thus we have
$\{\theta(r_{1}, t_{n})\}=\overline{W}^{u}(\gamma(r_{1});e)\cap\overline{W}^{s}(p(t_{n}))$

$=\overline{W}^{u}(u_{1} ; e)\cap\overline{W}^{s}(v_{n})$

$\ni\overline{\alpha}_{e}(u_{1}, v_{n})$ ,

and so $\theta(r_{1}, t_{n})=\overline{\alpha}.(u_{1}, v_{n})\in C$ . In the similar way, $\theta(r_{n}, t_{1})=\overline{\alpha}_{e}(u_{n}, v_{1})\in C$ .
Since $\theta$ is continuous on $R$ and $(r_{1}, t_{n}),$ $(r_{0}, t_{1})\in R$ , we have $\theta(r_{1}, t_{n})arrow\theta(r_{1}, t_{0})$

and $\theta(r_{n}, t_{1})arrow\theta(r_{0}, t_{1})(narrow\infty)$ . Thus $\theta(r_{1}, t_{0}),$ $\theta(r_{0}, t_{1})\in C$ , from which there
are $(w, z),$ $(\acute{w},\acute{z})\in C^{s}\cross C^{u}$ such that

$\theta(r_{1}, t_{0})=\overline{\alpha}_{e}(w, z),$ $\theta(r_{0}, t_{1})=\overline{\alpha}_{e}(\acute{w},\acute{z})$ .
In the same fashion we have
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$\overline{W}^{s}(\rho(t_{0}))=\overline{W}^{s}(z)$ , $\overline{W}^{u}(\gamma_{0});e)=\overline{W}^{u}(’$

and hence
$W^{u}(\gamma(r_{0}) ; e)\cap\overline{W}^{s}(\rho(r_{0}))=\overline{W}^{u}(\dot{w} ; e)\cap\overline{W}^{S}(z)\ni\overline{\alpha}_{e}(w’, z)$ .

Therefore $(r_{0}, t_{0})\in R$ , thus contradicting. $\square$

By using Lemma 7.6, define $\overline{i}:N\cross Narrow N$ by

$\{\overline{i}(x, y)\}=\overline{W}^{u}(x)\cap\overline{W}^{\epsilon}(y)$ for $(x, y)\in N\cross N$ ,

then $i$ satisfies the following properties; for $x,$ $y,$ $z\in N$

$\overline{i}(x, x)=x$ ,

(7.4) $i$( $x,$ \’i(y, $z)$) $=i(x, z)$ ,

$\overline{i}(\overline{i}(x, y),$ $z)=\overline{i}(x, z)$ .
Define for $y\in h^{-1}(x)$

$I_{x.y}^{s}=\overline{h}^{-1}(x)\cap\overline{W}^{s}(y)$ , $I_{x.y}^{u}=\overline{h}^{-1}(x)\cap\overline{W}^{u}(y)$ .

LEMMA 7.7. $\overline{i}(I_{x}^{s}. , \cross I_{x.y}^{u})=\overline{h}^{-1}(x)$ .
PROOF. For $v,$

$w\in\overline{h}^{-1}(x)$

$h_{\circ}i(v, w)=h(W^{u}(v;e)\cap W^{S}(w))$

$\subset\overline{L}^{u}(h(v))\cap\overline{L}^{s}(\overline{h}(w))$ (by (7.1))

$=\{x\}$

and so $\overline{i}(v, w)\in\overline{h}^{-1}(x)$ . Since $I_{x.y}^{\sigma}\subset\overline{h}^{-1}(x)$ for $\sigma=s,$ $u$ , we have $\overline{i}(I_{x.y}^{s}\cross I_{x,y}^{u})\subset$

$\overline{h}^{-1}(x)$ . Conversely, let $y\in h^{-1}(x)$ . Then for any $z\in h^{-1}(x)$

$\iota(z7y)\in h^{-1}(x)$ , $\overline{i}(z, y)\in\overline{W}^{s}(y)$

from which $i(z, y)\in IX,$
$y$ . Similarly $\overline{i}(y, z)\in I_{x.y}^{u}$ . Therefore

$z=\overline{i}(\overline{i}(z, y),\overline{i}(y, z))\in\overline{i}(I_{x,y}^{s}\cross I_{x.y}^{u})$ . $\square$

By Lemma 2.3, we have $D(h(x), x)<K(x\in N)$ for some $K>0$ and so
diam $(h^{-1}(x))\leqq 2K,$ $i.e.,\overline{h}^{-1}(x)\subset\overline{B}_{2K}(y)$ for $y\in h^{-1}(x)$ where $\overline{B}_{K}(y)=\{z\in N:D(z, y)$

$\leqq K\}$ .

LEMMA 7.8. $I_{x.y}^{s}\subset\overline{i}(\overline{B}_{2K}(y), y),$ $I_{x.y}^{u}\subset\overline{i}(y,\overline{B}_{2K}(y))$ .

PROOF. By Lemma 7.7 we have

$I_{x.y}^{s}=\overline{i}(I_{x}^{s}.,, y)=\overline{i}(\overline{i}(I_{x.y}^{s}\cross I_{x.y}^{u}), y)$

$=\overline{i}(\overline{h}^{-1}(x), y)\subset\overline{i}(\overline{B}_{fK}(y), y)$ .
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Also we obtain the same result for $\sigma=u$ . $\square$

Let us put $R_{L}(x)=i(\overline{B}_{L}(x)\cross\overline{B}_{L}(x))$ for $x\in N$ and $L>0$ .

LEMMA 7.9. For $L>0$ there is $L_{0}>0$ such that $R_{L}(x)\subset\overline{B}_{L_{0}}(x)$ for all $x\in N$ .

PROOF. Since $\overline{W}^{s}(x)\subset h^{-1}(\overline{L}^{S}(\overline{h}(x)))$ , and $\overline{W}^{u}(x)\subset\overline{h}^{-1}(\overline{L}^{u}(\overline{h}(x)))$ by (7.1), we
have

$R_{L}(x)=\overline{i}(\overline{B}_{L}(x)\cross\overline{B}_{L}(x))$

$=U_{v.w\in\overline{B}_{L^{(x)}}}\overline{W}^{u}(v)\cap\overline{W}^{s}(w)$

$\subset U_{v.w\in\overline{B}_{L}(x)}\overline{h}^{-1}(\overline{L}^{u}(\overline{h}(v)))\cap^{h^{-1}(\overline{L}^{S}(\overline{h}(w)))}$

$= \overline{h}^{-1}\{\bigcup_{v.w\in\overline{B}_{L^{(x)}}}\overline{L}^{u}(\overline{h}(v))\cap\overline{L}^{s}(\overline{h}(w))\}$

$\subset\overline{h}^{-1}\{\bigcup_{v.w\in\overline{B}_{L+K^{(x)}}}\overline{L}^{u}(v)\cap\overline{L}^{\iota}(w)\}$

$= \overline{h}^{-1}\{\bigcup_{v,w\in\overline{B}_{L+K^{(e)}}}\overline{L}^{u}(x\cdot v)\cap^{L^{s}(X\cdot w)\}}$

$=h^{-1}\{x\cdot(U_{v.w\in\overline{B}_{L+K^{(e)}}}\overline{L}^{u}(v)\cap\overline{L}^{s}(w))\}$ .

Since $U_{v,w\in B_{L+K^{(e)}}}L^{u}(v)\cap^{L^{S}}(w)$ is compact, there exists $L’>0$ such that

$R_{L}(x)\subset h^{-1}(x\cdot\overline{B}_{L’}(e))=h^{-1}(B_{L’}(x))\subset\overline{B}_{L’+K}(x)$

Therefore $L_{0}=L’+K$ satisfies the above condition. $\square$

Let $\epsilon>0$ be an enough small number and let $x\in N$ . We define for $y\in W^{S}(x)$

$D(x, y ; \overline{W}^{s}(x))=\min\{m\geqq 0:f^{m}(y)\in\overline{W}_{\epsilon}^{s}(\overline{f}^{m}(x))\}$ ,

and for $y\in\overline{W}^{u}(x)$

$D(x, y ; \overline{W}^{u}(x))=\min\{m\geqq 0:f^{-m}(y)\in\overline{W}_{\epsilon}^{u}(f^{-m}(x))\}$ .

Note that these are well defined by Lemma 7.1(2).

LEMMA 7.10. For $L>0$ there exists $K_{0}\in N$ such that for $x\in N$

(1) if $v\in R_{L}(x)$ and $w\in R_{L}(w)\cap\overline{W}^{s}(v)$ , then $D(v, w;\overline{W}^{s}(v))\leqq K_{0}$ ,

(2) if $v\in R_{L}(x)$ and $w\in R_{L}(x)\cap\overline{W}^{u}(v)$ , then $D(v, w;\overline{W}^{u}(v))\leqq K_{0}$ .

PROOF. The proof is given by the technique described in \S 8.4 Claim 4 of
$[Ao\cdot Hi]$ .

Let $p$ be as in Lemma 7.2(4) and $L_{0}$ be as in Lemma 7.9. Then there are
$1>0$ and a sequence $\{x_{1}, \cdots , x_{l}\}\subset N$ such that $\overline{B}_{L_{\theta}}(x)\subset U_{1}^{t}\overline{B}_{\rho}(x_{l})$ . Hence $R_{L}(x)$

$\subset\bigcup_{1}^{\iota}\overline{N}(x_{\iota} ; e)$ by Lemma 7.9. Let $v\in R_{L}(x)$ and define

$D=R_{L}(x)\cap\overline{W}^{s}(v)$ .

Then we have $D=\overline{i}(\overline{B}_{L}(x), v)$ and hence $D$ is connected. Indeed, if
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$z\in\overline{i}(\overline{B}_{L}(x), v)\subset\overline{W}^{\iota}(v)$

then $z=\overline{i}(x_{1}, v)$ for some $x_{1}\in\overline{B}_{L}(x)$ . Since $v\in R_{L}(x)$ , there is $(v_{1}, v_{2})\in\overline{B}_{L}(x)\cross$

$\overline{B}_{L}(x)$ such that $v=\overline{i}(v_{1}, v_{2})$ . Hence

$z=i(x_{1},\overline{i}(v_{1}, v_{2}))=\overline{i}(x_{1}, v_{2})\in\overline{i}(\overline{B}_{L}(x)\cross\overline{B}_{L}(x))=R_{L}(x)$

and so $z\in D$ . Conversely, let $z\in D$ . Then $z=\overline{i}(w_{1}, w_{2})$ for some $(w_{1}, w_{2})\in$

$\overline{B}_{L}(x)\cross\overline{B}_{L}(x)$ . Since $z=\overline{i}(z, v)$ , we have

$z=\overline{i}(\iota(w_{1}-, w_{2}),$ $v)\in\overline{i}(\overline{B}_{L}(x), v)$

and therefore $D\subset\overline{\iota}(\overline{B}_{L}(x), v)$ .
Since $R_{L}(x)\subset U_{1}^{t}\overline{N}(x_{\iota};e)$ , we have $D=U_{1}^{\iota}\overline{N}(x_{\iota};e)\cap D$ . To avoid com-

plication, we may suppose that each $\overline{N}(x_{\iota} ; e)\cap D$ is non-empty. Choose $y_{\iota}\in$

$D\cap\overline{N}(x_{\iota} ; e)$ for $1\leqq i\leqq l$ .
$D\cap\overline{N}(x_{\iota} ; e)\subset\overline{W}_{2\epsilon}^{s}(y_{l})$ $(1\leqq i\leqq l)$ .

This is checked as follows. Since $y_{t}\in\overline{N}(x_{l} ; e)$ , there is $z_{l}\in\overline{D}^{u}(x_{\iota} ; e)$ such that
$y_{\iota}\in\overline{W}^{s}(z_{\iota})$ . If $y’\in D\cap\overline{N}(x_{\iota} ; e)$ then we have also $y’\in\overline{W}_{\epsilon}^{s}(z)$ for some $z\in\overline{D}^{u}(x_{\iota} ; e)$ .
Since $y$ ., $y’\in D\subset\overline{W}^{s}(v)$ , clearly $z_{\iota},$

$z\in\overline{W}^{s}(v)$ and so

$z_{\iota},$
$z\in\overline{D}^{u}(x_{\iota} ; e)\gamma\overline{W}^{s}(v)\subset\overline{W}^{u}(x_{\iota} ; e)\cap\overline{W}^{s}(\iota’)$

which shows $z=z_{\iota}$ . Therefore $y’\in\overline{W}_{2\epsilon}^{s}(y_{l})$ , from which

$D\subset U_{1}^{\iota}\overline{W}_{2\epsilon}^{s}(y_{\iota})$ .

By Lemma 7.1 there is $K_{0}>0$ such that

$f^{K_{0}}(\overline{W}_{2\epsilon}^{s}(z))\subset\overline{W}_{\epsilon/4l}^{s}(f^{K_{0}}(z))$

for $z\in N$ . Hence we have

$f^{K_{0}}(O)\subset$ Ui $f^{K_{0}}(\overline{W}_{2\epsilon}^{s}(y_{t}))\subset U_{1}^{t}\overline{W}_{\epsilon/4l}^{s}(f^{K_{0}}(y_{\iota}))$ .

Since $D$ is connected, for $i_{1},$ $i_{2}$ with $1_{=}i_{1},$ $i_{2}\leqq l$ we can find a sequence $J1^{=}$

$i_{1},$ $j_{2},$
$\cdots,$

$j_{m}=i_{2}$ such that

$\overline{W}_{2\text{\’{e}}}^{s}(y_{J_{t}})\cap\overline{W}_{2\epsilon}^{s}(y_{J_{l+_{1}}})\neq\emptyset$ $(1\leqq i\leqq m-1)$ .
By using this fact we have

$f^{K_{0}}(D)\subset\overline{W}_{\text{\’{e}}/2}^{\iota}(f^{K_{0}}(y_{\iota}))$

and therefore $D(v, w;\overline{W}^{s}(v))\leqq K_{0}$ for any $w\in D$ . The analogous result holds
for $\overline{W}^{u}(v;e)$ . $\square$

LEMMA 7.11. Let $\overline{h}$ : $Narrow N$ be as above. Then $\overline{h}$ is bijective.
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PROOF. Let $v,$ $w\in I_{x.y}^{*}$ . If $v\neq w$ then there is $n_{0}>0$ such that $f^{-n}(v)\not\in$

$\overline{W}_{\epsilon}^{l}(f^{-n}(w))$ for $n\geqq n_{0}$ (since $f$ is expansive) and hence

$D(f^{-n}(v), f^{-n}(w);\overline{W}^{s}(f^{-n}(v)))\geqq n-n_{0}$ .

Let $K_{0}$ be as in Lemma 7.10 for $L=2K$, and write

$n_{1}=n_{0}+K_{0}+1$ , $v’=f^{-n_{l}}(v)$ and $w’=f^{-n_{1}}(w)$ .
Then we have $D(v^{f}, w’ ; \overline{W}^{\iota}(v’))\geqq K_{0}+1$ . Since $\overline{A}\circ h=\overline{h}\circ f$ on $N$ , it follows that

$f^{-n_{1}}(I_{x,y}^{s})=f^{-n_{1}}(\overline{h}^{-1}(x)\cap\overline{W}^{\iota}(y))$

$=\overline{h}^{-1}\circ\overline{A}^{-n_{1}}(x)\cap\overline{W}^{s}(f^{-n_{1}}(y))$

$=I_{x,y^{t}}$

where $x’=\overline{A}^{-n_{1}}(x)$ and $y’=f^{-n_{1}}(y)$ . Therefore, $v’,$ $w’\in I_{x.y’}^{s}\subset\overline{i}(\overline{B}_{2K}(y’), y’)\subset$

$R_{2K}(y’)\cap\overline{W}^{S}(y’)$ (Lemma 7.8). Using Lemma 7.10, we have $D(v’, w’ ; \overline{W}^{s}(v’))\leqq K_{0}$ ,

thus contradicting. This shows that $I_{x.y}^{s}$ is a set consisting of one point. In
the same fashion we have that $I_{x.y}^{u}$ is a single point set. Since $i(IX, yxIXu_{y})==$

$h^{-1}(x)$ by Lemma 7.7, we obtain that $\overline{h}^{-1}(x)$ is a one point set. $\square$

LEMMA 7.12. Let $f$ be as above, and let $K>0$ be the number satisfying that
$D(\overline{h}, id_{N})<K$. Then for $\lambda>0$ there is $L>0$ such that if

$D(f^{-L}(x), f^{-L}(y))\leqq 3K$

and
$D\sigma^{L}(x),$ $f^{L}(y))\leqq 3K$ ,

then $D(x, y)<\lambda$ .

PROOF. By Lemma 7.10 we have that there exists $K_{0}>0$ such that for all
$x\in N$

$D(v, w;\overline{W}^{s}(v))\leqq K_{0}$ if $v\in R_{3K}(x)$ and $w\in R_{3K}(x)\cap\overline{W}^{s}(v)$ ,

$D(v, w;\overline{W}^{u}(v))\leqq K_{0}$ if $v\in R_{3K}(x)$ and $w\in R_{3K}(x)\cap\overline{W}^{u}(v)$ .

By Lemma 7.1(1) it follows that for $\lambda>0$ there exists $m>0$ such that

$f^{m}(\overline{W}_{\epsilon}^{s}(z))\subset\overline{W}_{\lambda/s}^{s}(f^{m}(z))$ ,

$f^{-m}(\overline{W}_{\epsilon}^{u}(z))\subset\overline{W}_{\lambda/3}^{u}(f^{-m}(z))$ .

TO see that $L=m+K_{0}$ is our requirement, suppose $D(\overline{f}^{J}(x), f^{j}(y))\leqq 3K$ for
$j=L$ and $j=-L$ . For the case $j=-L$ we have

$\overline{i}(f^{-L}(x), f^{-L}(y))\in R_{3K}(f^{-L}(x))\cap\overline{W}^{s}(f^{-L}(y))$

and thus
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$D(f^{-L}(y),\overline{i}(f^{-L}(x), f^{-L}(y))$ ; $\overline{W}^{s}(f^{-L}(y)))\leqq K_{0}$ .
This implies that

$\overline{i}(\overline{f}^{-m}(x), f^{-m}(y))=f^{K_{0}}(\iota\urcorner(f^{-L}(x), f^{-L}(y)))\in\overline{W}_{\epsilon}^{s}(f^{-l}(y))$ ,

from which
$\overline{i}(x, y)=f^{m}(\overline{i}(\overline{f}^{-\tau n}(x), f^{-m}(y)))\in\overline{W}_{\lambda/\epsilon}^{1}(x)$ .

Therefore $D(\overline{i}(x, y),$ $x)<\lambda/2$ . For the case $j=L$ we have $D(i(x, y),$ $y)<\lambda/2$ in
the same argument. $\square$

LEMMA 7.13. Let $\overline{h}$ be as in Lemma 7.11. Then $\overline{h}^{-1}$ is $D$-uniformly contin-
uous.

PROOF. For given $\lambda>0$, we have $L>0$ as in Lemma 7.12. Then by uniform
continuity of $\overline{A}$ , we can find $\delta>0$ such that $D(x, y)<\delta$ implies $D(\overline{A}^{j}(x),\overline{A}^{j}(y))<K$

for $j=L$ and $j=-L$ . Since $\overline{h}^{-1}$ : $Narrow N$ is bijective by Lemma 7.11, using the
fact that $h^{-1}\circ\overline{A}=f\circ\overline{h}^{-1}$ and $D(\overline{h}^{-1}(x), x)<K(x\in N)$ , we have that for $j=L$ and
$j=-L$

$D(\overline{f}^{j}\circ\overline{h}^{-1}(x),\overline{f}^{i}\circ\overline{h}^{-1}(y))$

$\leqq D(\overline{h}^{-1_{Q}}\overline{A}^{j}(x),\overline{A}^{f}(x))+D(\overline{A}^{j}(x),\overline{A}^{j}(y))+D(\overline{A}^{j}(y),\overline{h}^{-1}\circ\overline{A}^{j}(y))$

$\leqq 3K$

and so $D(h^{-1}(x), h^{-1}(y))<\lambda$ . Therefore $h^{-1}$ is $D$-uniformly continuous. $\square$

By Lemma 7.13, $\overline{h}^{-1}$ satisfies all condition of Lemma 2.4(1)(2)(3). Thus we
can define a map $h^{-1}$ : $\tau_{e}(N)arrow\tau_{e}(N)$ by

$\tilde{h}^{-1}(\tau_{e}(x))=\tau_{e}\circ\overline{h}^{-1}(x)$ $(x\in N)$ .

Then $h^{-1}$ is surjective (by Lemma 4.1) and it is an inverse map of $h$ . Thus $\tilde{h}$

is a conjugacy map from $((N/\Gamma)_{A},\tilde{f})$ to $((N/\Gamma)_{A}, \sigma_{A})$ . Therefore Theorem 1 is
obtained by Lemma 3.10.

For the case when $f$ is a TA-homeomorphism, we have that

$h(\alpha(x))=\alpha\circ\overline{h}(x)$

for $a\in\Gamma$ by Lemma 2.4, which shows that $\overline{h}$ induces a homeomorphism $h:N/\Gamma$

$arrow N/\Gamma$. Since $\overline{A}\circ\overline{h}=\overline{h}\circ f$ on $N$ , we have $A\circ h=h\circ f$ on $N/\Gamma$. Theorem 2(1) was
proved.
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