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1. Introduction.

In A. Heller introduced a class of stochastic processes called finitary
processes (F-processes). He proved that every Markov chain and every func-
tional of a Markov chain is finitary. J.B. Robertson ([9]) investigated mixing
properties of F-processes. He has shown that every mixing Z-process is a
Kolmogoroff one. This result has been sharpened by M. Binkowska in [2]. It
is proved in that every weakly mixing &-process is weak Bernoulli. An
example of a weak Bernoulli process which is not finitary is given in [3].

A concept of a finitary shift (Z-shift), i.e., a measure preserving automor-
phism of a Lebesgue space which has a finite generator forming together with
this automorphism an -process, is introduced in [4]. It follows at once from
the above remark that Markov shifts are F-shifts.

An extension of the well known Adler-Shields-Smorodinsky classification of
irreducible Markov shifts has been proved in [4]. Namely, it has been shown
that two ergodic &-shifts are isomorphic iff they have the same number of
eigenvalues and the same entropy.

It would be interesting to extend the classification results of Kubo, Murata
and Totoki (cf. [6]) to one-sided finitary shifts.

The main purpose of this paper is to give a probabilistic description of
F-processes and to show that the class of ¢-shifts is closed under factors,
products and roots. A characterization of the inverse limits of F-shifts which
are F-shifts is also given.

Section 2 contains the definitions and results used in the next sections.

In Section 3 using the Robertson spectral representation we give a prob-
abilistic characterization of &-processes and we discuss it on the class of
Bernoulli and Markov processes.

In Section 4 we show that sums and products of Z-processes are again
F-processes.
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In Section 5 using results of Section 4 we prove that the class of &-shifts
is closed under taking sums, products, roots and factors. We give an example
showing that in general the class of F-shifts is not closed under taking inverse
limits. We also give a necessary and sufficient condition for an inverse limit
of Z-shifts to be an F-shift.

2. Preliminaries.

Let (X, 3, ) be a Lebesgue probability space, T be a measure preserving
automorphism of (X, 8, ¢) and U, be the unitary operator defined on L*(X, p)
by the formula

Urf=fT, fel¥X p.

We denote by ¢(7T) the set of eigenvalues of Ur.

Let P={P,, i=l} be a finite measurable partition of X. The pair (T, P)
will be called a process.

Considering the problem of functionals of Markov chains, Heller introduced
in a class of processes, called finitary processes, defined as follows.

A triple (L, q, l,) is said to be an algebraic representation of a process
(T, P), P={P;, icl} if

(H) L is an A;-module where A; is the free associative algebra over the
field R of real numbers generated by I,

(Hy) LEL,

(Hy) ¢: L— R is a linear functional with ¢(/,)=1,

(H) qle—@)0)=0, E€A;, 0=]e,%, ¢ is the empty word,

(Hs) q(y, -, tal)=p(P;y NT* Py - NT7"P; ), 4o, -+, i€, n=0.

An algebraic representation (L, ¢, /,) is said to be reduced if

(Hs) Allo:L,
(H;) L does not contain a nonzero submodule L’ such that ¢(x)=0, x&L".

The process (T, P) is said to be finitary (F-process) if dimg L <<co where
(L, q, ly) is a reduced algebraic representation of (T, P).

The automorphism 7 is said to be an -shift if there exists a finite
generator P such that the process (T, P) is an & -process.

In the sequel we shall also use a spectral representation of a process
introduced by Robertson in [8].

A triple (H, e, {W,, icI}) is said to be a spectral representation of (T, P) if

(R,) H is a complex Hilbert space,
(Ry) e€H, |e|=1,
(R;) for every JCI the operator > ;c; W, is a contraction on H,
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(R)) Wyre=W%e=e where Wp=ic: W,

(Rs) Wae, e)=pu(PyyN\ - \T"P;) where a=(ly, =, iz), Wa=W; Wi,
A spectral representation (H, ¢, {W,, il}) is called reduced if

(R H=Sp{W,e, acI®}=Sp{Wke, acI}.

In the sequel we shall make use of the following results (cf. [4])

LEMMA A. The following conditions are equivalent

(i) (T, P) is an F-process,

(ii) for every reduced spectral representation (H, e, {W;}ier) of (T, P) we
have dim H<co,

(iii) there exists a spectral representation (H, e, {(W.}icr) of (T, P) with
dim H< o,

Let Y& be a T-invariant set with a positive measure. We consider the
measure space (¥, By, py) where By={ANY ; A€ 3} and py is the conditional
measure on Y determined by p. Let Ty=Tly and Py={P,N\Y ; i€l} where
P={P,, i=l} is a partition of X.

LEMMA B. If (T, P) is an F-process, then (Ty, Py) is an F-process (in Y').

LEMMA C. [f T is an ergodic automorphism and the set o(T) is finite, then
there exists a natural number n such that

(1) T admits an n-tower {A, TA, ---, T" 'A}, i.e. the sets T'A, 0=<i<n—1
are pairwise disjoint and \Jio T*A=X,
(ii) the automorphism T™|riy, 0Zi<n—1 is totally ergodic.

LEMMA D. If T is an F-shift, then the set a(T) is finite.
LEMMA E. If T is an F-shift, then T", n=1 is also an F-shift.

LEMMA F. FEvery totally ergodic F-shift is isomorphic to a Bernoulli shift.

3. Probabilistic characterization of F-processes.

Let (X, @, p) be a Lebesgue probability space, P={P;}.c; a finite measurable
partition of X and T a measure preserving automorphism of (X, 3, p).
For given natural numbers m, n, m<n we put

Plm, n] =\ T*P.

THEOREM 1. A process (T, P) is an F-process if there exists a natural
number n such that for every q=1 and B€P[—q, —1] there exist numbers A¢(B),



490 M. Binkowska and B. KAMINsSKI

CeP[—n, —1] with the following property
(1) V2oV aepro, papt(B | A) = > UZC(B))U(C | A).

EP[-n, —

PrROOF. Let (T, P) be an F-process and let (H, e, {V}ics) be its reduced
spectral representation. It follows from A that dim H< co.

Let {Vae, -+, V.e} be a basis of H and let n=n(T, P) be the smallest
natural number such that a;&I™, =1, ---, s. The existence of such n follows
at once from the equality
(2) Vaie = Vai"V?e = 2 Vaijl.-"‘jmer 1= 1; 2; S, m = L.

jl‘...,jmel

Let ¢ be an arbitrary natural number and let BeP[—q, —1], B=T'P; N
f\T'quq.

Let a=(, ---, jo and let a,, ---, a;ER be such that

(3) Vee=a,Vye+ - +a;V,e.

Let p be an arbitrary natural number and let A€ P[0, p], A=P,NTP; ;N
mTPPip.

It follows from (2) that
(4) t(ANB) = p(T~?(ANB))

= p(Pi N\T P, N NT PP, N\T PP N - NTP79P; )
= (Vi pignig@ € = (Vi i)V ee, @) :ig ai(VipigVase, @).

Let a;=(ky,i, ++, kn, )€™, 1<i<s. Introducing the notation
Ci:T-lpklxim"'mT-nPkn,i; Z:1, s
we may write (3) in the form

p(ANB) = 2icy a,pu(TP(ANCy)

= 2Haa;u(ANCy).
Putting
a;, f C=C;,1<£i<s

2e(B) ={ ,
0, if CNUC;=¢@

we get
HANB)=__ 3 1o(B)- s(ANC)

which proves the necessity.
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In order to prove the sufficiency let us suppose that there exists a number
n for which the property (1) is satisfied.

Let (H, e, {W,;}ic;) be a reduced representation of the process (T, P). We
shall show that dim H<co,

Let I"={a, ---, a;}. We shall prove that the vectors W,e, -+, W,.e form
a basis of H.

Let a, BI*, B=(j, -, jo be arbitrary and a=(,, ---, ip)€I?*}, p=1. We
put

A=P,NTP,N - NT?P;

p)

B = T"leﬂT'szzﬂ f\T‘quq.
(5) W W ge, ¢) = p(ANB) = gziﬂmnca

= AW W e, 0)

where C;=T Py, ;N\ NT Py, , if as=(ky,4, =+, ko) and 4;=2¢(B), i=1, 2,
-, S.
We may rewrite (5) in the form

W, Whe) = ( D AW aie, Whe), a eI
Since our spectral representation is reduced we have
W ge :éliwaie, eI~
Using again the reducity of the representation we see that the vectors form a

basis of H, i.e. dim H< oo, O

COROLLARY 1. A process (T, P) is an F-process iff there exist natural
numbers n, q, such that for every q=qo,, BE€P[—q, —1] there exist numbers
Ac(B), CeP[—n, —1] with the following property:

(6) V20V aepro. p1pt(B | A) :Cept§ _ulc(B)ﬂ(C | 4)

PRrROOF. It is enough to show the sufficiency. Let n and ¢, satisfy (6) and
let ¢<gq,. For every BeP[—¢q, —1] there exist sets B,&P[—q, —1], 1=j<s
such that B=\\j., B;.

Let p=0 and A=P[0, p] be arbitrary. It follows from (6) that

UANBy) = 3 Ac(Bpu(ANC).
CeP -1]

Putting
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2e(B) = 3} 4c(B))
we get
t(ANB) = 21 2c(B)p(ANC),
CepPr-n. -1]

i.e. the number n satisfies (1). O

ExaMPLE 1. Let (T, P) be a Bernoulli process on (X, 3, p), n=n(P, T)=
go=1 and A¢(B)=p(B), BeP[—q, —1], CeT™'P, g=1. Since every A= P[0, p],
p=0 is independent of B, the condition (1) is of course satisfied, i.e. (7, P) is
an Z-process.

ExaMPLE 2. Let (T, P) be an r-fold Markov process »=1 on (X, 8, p), i.e.
(7) wA| B)= p(A | B),
Ae P[0, m], Be P[—I—r, —1], Be P[—r, —1],

Bc B, m=0, 1=0.

We put n(P, T)=¢g,=r. For BeP[—q, —1], g=r we fix C,&P[—r, —1]
with BC C, and we define

w(B)
; C=0C,,
Ao(B)=1{ #(Co °
0 ; C # Co.

The condition (1) easily follows from (7).

4. Algebraic properties of finitary processes.

In this section we shall show that sums and products of S -processes are
F -processes.

Let (T, P) and (S, Q), P={P,, -, Pn}, Q=1{Q,, ---, @} be processes on
Lebesgue probability spaces (X, 4, p) and (Y, @, v) respectively, where XNY
=@. Let s, t<(0, 1) be such that s+¢=1.

We denote by (Z, C, A) the sum of (X, 4, ) and (¥, 3, v), i.e. Z=XUY,
Aec iff AnNXed, ANY €3 and A=sp+ty.

We equip Z with the automorphism U defined by U| =T, U|y=S and the
partition R={P,, -+, Pn, Q1, -+, Qa}.

The process (U, R) is called the sum of processes (7, P) and (Q, S), and is
denoted by (P, T)P(Q, S).

THEOREM 2. The process (P, T)P(Q, S) is an F-process iff (P, T) and (Q, S)
are F-processes.
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ProoF. The necessity follows at once from B.

In order to prove the sufficiency we consider spectral representations
(H,, ey, (Wi}isism) and (Hy, es, {(Wiisisn) of (P, T) and (Q, S) respectively such
that dim H; <o, =1, 2.

In the view of Lemmal A it is enough to construct a spectral representation
(H, e, W hisismen) Of (P, TYP(Q, S) with dim H< oo,

Let (H, (-, -)) be the product of spaces (H, (-, -);) where (-, +); denotes the
inner product in H;, i=1, 2, i.e. H=H, X H,,

(h, E) = s-(h, ﬁl)l_*'t'(hb ﬁz)z;

h=(hy, hs), h=(hy, hs).
It is clear that the dimension of the Hilbert space H is finite,
We put e=(e,, ¢,) and we define W,: H— H as follows

Wi(h) = Wihy), 0), -+, Wa(h) = Wa(hy), 0),
Wnsi(h) = (0, Wihe), -+, Wman(h) = (0, Wi(hs).

It follows at once from the definition of the inner product in H that |e]=1.
For every set IC {1, 2, ---, n+m} the operator X;c; W, is a contraction because
the operators W} and W% 1<i<m, 1<7<n have, by the assumption, the same

property.
Since Whte,=e,, Wke,—e, we get

Wye =" Wie = 3 Wiew, 0+ 2 (0, Wiex)
= Wtey, 0)+0, Wie,) = e

Similarly We=e.
Now, let a=(,, 71, -, i;)=I1* Let us observe that

Wae = WiOWil e Wise

is equal to
Wi Wi, - Wie, 0) if all i, € {1, -+, m},
O, wiwi - wio) if all i, € {m+1, -, n}, 1<k <s,
0, O otherwise.

Similarly

AR NUTR, N -+ NUR,)

is equal to
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sy NT Py - NT7°P) if all iy € {1, -+, m},
Qi N\S7TIQ, N - NST0Qy,) it all i, € {m+1, -, m+n}isks,,
0 otherwise.

Therefore we get
W e, €) = AR;,\U'R; N - NUR,).

i.e. the triple (H, e, {Wi}isisnom) 1S a spectral representation of (P, T)P(Q, S)
with dim H< oo, which completes the proof. O

One can easily extend to the case of an arbitrary finite number
of processes.

In order to consider other operations on &-processes we introduce the con-
cept of an euclidean representation of a process.

Let (T, P), P={P,, i€l} be a process on a Lebesgue space (X, B, p).

DEFINITION. An euclidean representation of (T, P) is a triple (7, ¢, {4:}.cy)
where ¢=R®, v: R°— R, A;: R*— R*® are linear transformations, s=1, /=7 such
that

(i) r()=1,

(ii) ,u(PiomT—IPi]n v mT-kPik) = T(AioAil e Aike>1 ZISEIJ 0§S§k, kgo.

PROPOSITION. A process (T, P) is finitary iff it has an euclidean represen-
tation.

Proor. If (T, P) is finitary it has a Heller algebraic representation (L, q, /,)
with dimg L<oo, Let dimgL=s and let ¢: L — R* be a linear isomorphism.
We put

r=gqp", e=o¢ly), Aix=0¢@px), i€l xER.

It is clear that the triple (r, ¢, {A;}ie;) is an euclidean representation.
Conversely, let (r, ¢, {A;}:c;) be an euclidean representation of (T, P). Let
L=R:, l,=e¢ and g(x)=r(x), xL. For every i;&I, 0<s<k we define

Z‘ol.l"'l‘],x:AioAikx, x € R,
It is easy to see that (L, g, [,) is an algebraic representation of (7, P). 0

Let (T, P), P={Pi}icr and (S, @), @=1{Q;} s be processes on Lebesgue
spaces (X, A, p) and (Y, B, v) respectively.
We consider the partition R={R;;} of XXY defined as follows

R,;jZPiXQj, ZEI, JEJ.
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The process (R, TXS) is called the product of the processes (7, P) and
(S, @) and is denoted by (T, P)X(S, Q).

THEOREM 3. If (T, P)and (S, Q) are F-processes then their product (T, P)
X(S, Q) is also an F-process.

PROOF. Let (7, ¢, {A;}ic;) and (7, &, {4} jes) be euclidean representations of
(T, P) and (S, Q), respectively, and let B and R™ be the corresponding euclidean

spaces.

We denote by {e,, -+, ¢,} and {&,, ---, &,} the standard basis of R" and R™,
respectively. Let {e;, e, -+, €im, €21, =+, @om, ***, €n1, **, €xm} be the standard
basis in R" ™,

Let

n m
e=2ae; and @ =2 Bse;
i=1 Jj=1
We put

Next we define linear transformations
F7:R"™ —> R and A;:R™—>R", icl, j&]

by the formulas

(8) Ples) =r(e? (@), s€l, te]
( 9) Zij(eat) = p:l qé Tps,Bqtepq
where

Ailes) = p‘é} TpsCp Zj(ét) :qa Bauey, €1, jE].

We shall prove that the triple (, e, {Aij}icr.;es) IS an n-m-dimensional
euclidean representation of (T, P)X(S, @).
It is clear that
F@=1.

It follows from (9), by induction, that if

Ail.”Aise:éaiei aIld 171]-1 --Ajéziﬁj-él

then

- = _ m
Ay gy e Aiggge) = E aBjei;.

n
i=1
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Hence, by the assumption

Py - Auo®) = 5 S afir(e) 7@) = r(ds, - Ave) Ay, A0)
= u(PyNT Py - AT P ) u(Q5NS7 Qi -+ NS™Q,)
= (X (Riy; \(TXS)Riyy N -+ N(TXS) Ry

This means that (, ¢, {A7U} «er.jer) 18 an euclidean representation of (T, F )X

S, Q. a

5. Applications to finitary shifts.

We have proved in that the class of &-shifts is closed under taking
powers and passing to subsystems. In this section we shall show that this
class is closed under taking sums, products, roots and factors. We also consider
inverse limits of &-shifts.

An immediate consequence of Theorems 2 and 3 is the following

REMARK. The class of F-shifts is closed under taking sums and products.
Let T be an automorphism on a Lebesgue space (X, B, p).

THEOREM 4. If T", nz=l1 is an F-shift, then T is also an F-shift.

PrROOF. First suppose T is ergodic. It follows from Lemma C that T
admits a k-tower {A, TA, ---, T*'A} such that T%|pi4 is totally ergodic,
0<i<k—1. Hence the automorphism 7"*|;i, is also totally ergodic. Since T™
is an “-shift Lemmas E and B imply T"*|;i, is also an & shift, 0</<k—1.
By Lemma F the automorphism 77"%|,;i, is isomorphic to a Bernoulli shift,
0<i<k—1. It follows from Corollary to Theorem 13 ([7]) that the automor-
phism T*|ri, as a root of T"*|y i, is also isomorphic to a Bernoulli shift.

Now, arguing similarly as in the proof of Theorem ([1]) we may show that
T is isomorphic to an automorphism which is a product of a rotation on the
group Z, and a Bernoulli shift. By Remark the automorphism 7 is an F-shift,

Let us now suppose 7 is an arbitrary automorphism of (X, &, p). Since
T™ is an “-shift the set ¢(T") is finite. Hence the set o(T) is also finite.
Therefore the partition of X on ergodic components with respect to T is finite.
We denote it by {X,, .-, Xs}.

It follows from the first part of the proof that the automorphisms Ty,
1<i<s are F-shifts. Applying Theorem 2 we see that T is an F-shift, which
finishes the proof. |

LEMMA. If T is an F-shift, {X,, .-+, Xa} is a partition of X on ergodic
components with respect to T and S is an ergodic factor of T, then S is also a
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factor of T|x,, 1<i<m.

PROOF. Suppose S acts on a Lebesgue space (¥, C, v). Let ¢: X—Y be a
measure preserving transformation such that @<7T'=S-¢.
Let 1=<7<m be fixed. We define a measure v; on C by the formula

w(B) = plp™'(B) | X)), Bec.

Since TX;=X; the measure y; is S-invariant. The obvious equality
m
v =3 pXavs

implies v;€y. The ergodicity of S implies that y,=y, 1<:/<m. This means
that S is a factor of 7|y, 1<i<m.

THEOREM 5. The class of F-shifts is closed under taking factors.

PrOOF. Let T be an F-shift and let S be a factor of 7 acting on Lebesgue
spaces (X, @, p) and (Y, C, v), respectively.

Let {Y,, ---, Y.} be the partition of ¥ on ergodic components with respect
to S and let ¢: X—Y be a measure preserving transformation such that ¢-T
=S.q.

For 1</<k we put X;=¢ '(Y;). It is clear that the elements of the parti-
tion {X,, ---, X} are T-invariant sets.

Equipping X; and Y; with the conditional measures g, and y;, respectively,
one easily verifies that the automorphism S;=S|y, is a factor of T,=T|x, given
by the transformation ¢;=¢|x,;, 1<i<k.

Let 1<:<Pk be fixed. It follows from the assumption and Lemmal B that T,
is an F-shift. Let {X,, ---, X;;;} be the partition of X; on ergodic components
with respect to T;.

Let u;; be the conditional measure on X;; defined by g; and let T;;=T;|x »

It follows from that for every 1<7</; the automorphism S; is a
factor of T;;. Applying C to T;; and S; we see that there exists a
measurable set BCY,; and a natural number m=m,; such that the sets B,
S:B, .-+, ST !B form a partition of Y,; and the automorphism S;’”]Sg’g is totally
ergodic, 0 p=m—1.

It follows from Corollary 4 ([4]) that Si"|sPp is a Bernoulli shift and so is
an F-shift, 0<p<m—1. Using [Theorem 4| and [Theorem 2 we see that S is an
F-shift. O

The well known Ornstein theorem says that the class of Bernoulli shifts is
closed under taking inverse limits. It is a natural question whether this prop-
erty holds for &-shifts.
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The following example shows that this question has a negative answer.

ExaMPLE 3. Let X, be the group of 2-adic numbers, 8, the ¢-algebra of
Borel sets of X, equipped with the Haar measure p, and let T,: X,— X, be the
adding machine, i.e.

Tix =x+e, xe X,

where ¢=(, 0, --).
It is well known that T, is ergodic and has a discrete spectrum.
For a fixed natural number £ and 4, 7, ---, i< {0, 1} we put

Cloy, =+, tr) = {xEX; xo=1y, -, X2=14}.

Let C. be the algebra generated by the partition

{C(Z'Or il: Ty Zk); iO, Z.ly Tty ikE{O, 1}}-
We have

(10) TIC],"—‘—'-C/;, kgl, Ck/.gl.

Let (X;, B3, s, T») be a Bernoulli shift and let (X, 8, g, T) be the direct
product of (X;, B, ps, Ty), i=1, 2. It is clear that T is ergodic and has a
positive entropy.

Let A,=C,QB,, k=1. It follows at once from that

TJ[},:JZk, kgl, Jlk/'.@.

It is easy to see that for every k=1 the factor automorphism T, is
isomorphic to the product of the rotation on the group Z,:,, and the Bernoulli
shift. Therefore, by Remark, it is an &-shift.

On the other hand the set ¢(T) is infinite because it contains the set ¢(T,)
which is infinite. In view of D T is not an &-shift.

Let now T be an automorphism of a Lebesgue space (X, B, p).

THEOREM 6. Let (A,) be a sequence of a-algebras such that T A,=, and
let every factor automorphism T, be an F-shift, n=1 and A, /3.

T is an F-shift iff the set ¢(7) is finite and every A<o¢(T) has a finite
multiplicity.

Proor. In view of D it is enough to prove the sufficiency.
First we consider the case when T is ergodic. Since ¢(7) is finite there
exists a natural number n, such that

0(Tu,) = 0(Ta,), n=n,.
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Let n=n, be fixed. In view of C there exists a natural number k
and a set A=A, such that the sets T¢A, =0, 1, ---, k—1 are pairwise disjoint,
Ui T'A=X and T*|pi4, i=0, 1, ---, k—1 is totally ergodic.

Let us observe that due to the ergodicity of T all towers {4, T A, ---, T¥ 14}
are the same (mody). Hence for every set 7°A4, 0<i<k—1 the automorphism
T*|ziy is an inverse limit of T% |ris, n=1 and T% |ris is a totally ergodic
F-shift. It follows from that T%, |ri4 is Bernoulli and so T*|ri, is Bernoulli
by [7]

Adapting some arguments from the proof of in we see that
T is isomorphic to the product of a rotation on the group Z, and a Bernoulli
shift. Therefore, by Remark, T is an Z-shift.

Now, let us suppose T is an arbitrary ZF-shift. It follows from D
that the partition of X on ergodic components with respect to 7T is finite.
Hence our assumption implies that there exists 7z, such that for all n>=n, the
partition of X on ergodic components with respect to the factor automorphism
T., is the same as this for T,,.Qno. We denote it by {X,, X, ---, Xz}. It is
clear that for every 1<i<Fk the automorphism 7|y, is an inverse limit of
Tu,lx;. Since Ty4,|x, is ergodic for n=n,, T|y, is also ergodic. It follows
from the first part of the proof that T'|y, is an F-shift and so im-
plies T is an &-shift, a
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