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Abstract. We consider a see-saw pair consisting of a Hermitian symmetric pair
(Gr, Kr) and a compact symmetric pair (Mg, Hr), where (Gr, Hr) and (Kr, MR)
form a real reductive dual pair in a large symplectic group. In this setting, we
get Capelli identities which explicitly represent certain Kc-invariant elements in
U(ge) in terms of He-invariant elements in U(me ). The corresponding H-invariant
elements are called Capelli elements.

We also give a decomposition of the intersection of O2y,-harmonics and Sp,,, -
harmonics as a module of GL, = O2, N Spy,,, and construct a basis for the GLn,
highest weight vectors. This intersection is in the kernel of our Capelli elements.

Introduction.

Consider a see-saw pair of real reductive Lie groups in the real symplectic
group Spyy (R),

Go My
U X U
Ko Hoy,

where both (G, Hy) and (Ko, My) are dual pairs (see [How89b, (5.1)] and
[How83, Section 3]). Recall that the pair (Go, Hp) is called a dual pair if Gy
and Hy are the mutual commutants of each other in Sp,x(R). Let go be the Lie
algebra of Gy and g its complexification. We use the same notation for the other
Lie groups.
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The symplectic group Sp,y(R) has the unique non-trivial double cover
Mps,n (R), which is called the metaplectic group. It has a unique unitary rep-
resentation w called the Weil representation (or the oscillator representation; see
[How89b] or [KV78], for example). We use the same symbol w to denote the dif-
ferentiated action on the Harish-Chandra module of w. Thus w is a representation
of the complexified Lie algebra sp,y of Spyy(R). The Harish-Chandra module
can be explicitly realized as the polynomial ring on the N-dimensional vector
space V ~ CV (see [How89b, p.537]). In this realization, elements of sp,y act
by polynomial coefficient differential operators on V. According to the result of
Howe ([How89a]), we have the following equation of the algebras of differential
operators:

w(U(9)") = w(U(m)™), (0.1)

where K and H denote the complexifications of K and Hy respectively, and U (g)%
denotes the set of K-invariants in the universal enveloping algebra U(g).

Let g = €& p be the complexified Cartan decomposition. The subalgebra
S(p)¥ of the K-invariants in the symmetric algebra S(p) is isomorphic to a poly-
nomial ring (see [KR69]), and let X1, Xs,..., X, be a set of homogeneous gen-
erators of S(p)X. If v : S(p) — U(g) is a K-linear pseudo-symmetrization map
(for the definition, see Section 1.1), then the image ¢(Xy) is K-invariant and hence
w(1(X4)) can be expressed in terms of w(U(m)*) thanks to (0.1):

w(t(Xq)) =w(Cq) (Cq € Um)™).

We call this formula a Capelli identity for a symmetric pair and Cy the Capelli ele-
ment corresponding to X4. In fact, the identity gives a relation between differential
operators in various kind of determinantal form, which is similar to the original
Capelli identity ([Cap90]). However, our Capelli elements are not central in the
enveloping algebra, and they depend on the choice of the pseudo-symmetrization
map ¢. Despite this, the Capelli elements in this paper resemble the original Capelli
element ([Cap90]) or its variants (see [HU91], [Ito04], [Naz00], [MN99],
[Osh96] and [Wac06], for example).

We give explicit forms of the Capelli elements for the see-saw pair, where
Go/Kyp is an irreducible Hermitian symmetric space, and My is compact. The
main results are summarized in Theorems 2.1, 2.6 and 2.7 respectively.

Our Capelli identities are closely related to the (pluri-)Harmonic polynomials
for compact classical Lie groups. In fact, if we consider the orthogonal group
02, (R) and the unitary symplectic group USp,,, in Us,, it turns out that the
harmonic polynomials are annihilated by Capelli elements (Section 3.5). Thus the
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joint harmonics for Os, and USps,,, are in the kernel of different kinds of Capelli
elements, which are written as an element of the enveloping algebra of U, in
determinantal form.

We are interested in the kernel of the Capelli elements. However, we have not
found a good characterization via representation theory. Instead, we study the
intersection of harmonics for Os, and Sp,,,. Note that the joint harmonics carries
a representation of GL, = Oy N Sp,y,,. In Theorem 3.1, we give a decomposition
of the joint harmonics as a GL,-module in terms of the Littlewood-Richardson
coefficients. We also indicate how a basis for the space of GL, highest weight
vectors can be obtained in Section 4. This is related to the tensor product algebras
constructed in [HTWO5] (see also [HLOT]).

As a result of our study of joint harmonics, we can answer the following
problem, which is of independent interest. Let p3,, be an irreducible finite dimen-
sional representation of GLs, with the highest weight A = (A1, Aa, ..., Ak, 0,...,0)
(k <n/2). Let us consider the subrepresentation of O, (respectively Sp,,,) gen-
erated by the highest weight vector of p3,, and denote it by o2, (respectively
by 73),). Then we can identify the intersection o3, N 75, as a subspace of joint
harmonics, and we get a decomposition as a representation of GL,, = Oay, N Spy,,:

A Ao A neOv
Oan n Ton = @# vePy Cu,y Pn~ s

A
where ¢, ,

with length < k, and p®wv is given in (0.3) below. From this, we conclude that the
intersection is in the kernel of Capelli elements, which is not easy to see a priori.

is the Littlewood-Richardson coefficients, &7, is the set of partitions

ACKNOWLEDGMENTS. We thank the referee for comments on the references.
The first named author expresses his sincere gratitude to Kyoto University for
warm hospitality during his visit in the summer of 2005.

NOTATION FOR FINITE DIMENSIONAL IRREDUCIBLE REPRESENTATIONS.
Let us fix the notation for irreducible finite dimensional representations of the
complex matrix groups GL,,, Oz, and Sp,,,.

Let A= (\1,...,\n) € Z™ be a dominant integral weight for GL,, i.e., Ay >
A2 > -+ > \,. We denote by p} the irreducible finite dimensional representation
of GL, with highest weight \. Similarly, if A, > 0, we denote by 03, (respectively
74,,) the irreducible finite dimensional representation of Oy, (respectively Sp,,)
with highest weight A. We define \* = —(\,, An—1,..., A1), which is the highest
weight for the contragredient representation (p))*. Let
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be the set of partitions of length < n. We denote the length of a partition A by
£(X). Take two partitions p € &, and v € &, (p+ ¢ < n). Then we denote

wov=_(u0,...,0,0%)
= (W1, 2oy fpy 0,0, 0, =1y, Vg1, ..., —11) € Z", (0.3)

which is a dominant integral weight for GL,,.

1. Capelli identities for symmetric pairs.

1.1. Pseudo-symmetrization map.

Let G be a real reductive Lie group, and K its maximal compact subgroup.
We denote by g and £ the complexifications of the Lie algebras of Gy and K
respectively.

Let U(g) be the enveloping algebra of g, and denote by F;U(g) the standard
filtration of U(g). For the symmetric algebra S(g), we have a direct sum decompo-
sition by the standard grading S(g) = €, Si(g). Then there is a natural grading
map gr; : F;U(g) — Si(g) with the kernel F;_,U(g).

Let g = €& p be the complexified Cartan decomposition. If a K-linear map
t: S(p) — U(g) brings S;(g) into F;U(g) and satisfies gr;(¢c(u)) = u for every
homogeneous element u € S;(p), we call ¢ a pseudo-symmetrization map.

There are two basic examples of pseudo-symmetrization maps. First, the full
symmetrization map

1
io - Yy <d'> Z Yo)Yo2) - Yo(a) (Y; €p).
ceGy

Second, when (g, £) is of Hermitian symmetric type, we have the irreducible de-
composition p = pT @ p~ as K-modules. In this case,

L:S — U
(p) (9) (L.1)
Uils — U U (up € U(pT),uz € U(p7))
is a pseudo-symmetrization map, since both p* and p~ are K-stable abelian Lie
algebras.

1.2. Abstract Capelli identity for see-saw pairs.
As in the introduction, consider a see-saw pair of real reductive Lie groups in
the ambient real symplectic group So = Sp,n (R),
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Go My
U X U
Ky Hy,

where both (G, Hy) and (Ko, My) are dual pairs (see [How83, Section 3]). Let w
be the Harish-Chandra module of the Weil representation, realized in the space of
all polynomial coefficient differential operators on the N-dimensional vector space
V ~ C¥N. Thus w is a (s, Up)-module, where s = sp,,(C) is the complexification
of the Lie algebra of Sy = Spyn (R), and Uy denotes a maximal compact subgroup
of Sy, which is isomorphic to the unitary group Uy.

Let H be the complexification of the subgroup Hy. Then, due to Howe
[How89a, Theorem 7|, H-invariants in the algebra of representation operators
w(U(s)) coincides with w(U(g)). Similarly the space of K-invariants w(U(s))¥
is an algebra w(U(m)) generated by the representation image of m = Lie (My)c.
Thus we have the following identity of algebras of polynomial differential operators.

w(U()") = w(U(s) " = w(U(m)") (1.2)

Let g = €@ p be the complexified Cartan decomposition. The subalgebra
S(p)¥ of the K-invariants in the symmetric algebra S(p) is isomorphic to a poly-
nomial ring, and let X7, Xo, ..., X, be a set of homogeneous generators of S(p).
Choose a K-equivariant pseudo-symmetrization map ¢ : S(p) — U(g). Then
the image ¢(Xy4) is K-invariant and hence w(¢(X,)) can be expressed in terms of
w(U(m)H) thanks to Equation (1.2):

w(Xq) =w(Cq)  (Cq e Um)H). (1.3)

We call this formula a Capelli identity for a symmetric pair and Cy the Capelli
element corresponding to Xy4. Note that our Capelli elements are not central and
they depend on the choice of the pseudo-symmetrization map ¢. Even if we fix the
map ¢, the Capelli element Cy is not uniquely determined in general because the
Weil representation w has a non-trivial kernel. However, if M is relatively small
by comparison with K, it is uniquely determined.

2. Capelli identities for symmetric pairs of Hermitian type.

Let us assume that (g, £) is of Hermitian symmetric type, and take a pseudo-
symmetrization map ¢ as in (1.1). There are three of such (irreducible) see-saw
pairs given in Table 1 (see [How89b, Eq.(5.2) & Table (5.3)]). Note that (Mo, Hp)
is also a symmetric pair in all the three cases.
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Table 1. see-saw pairs with Go Hermitian type, My compact.

Spon (R) Gy Ky My Hy
Case R Spop,(R)  Spoyr(R) Uk Un On
Case C Spopign(B)  Upgq  Upx Uy Upx U, Uy,
Case H = Spy,(R) O;,, Uy Uz, USp,,

In the subsequent subsections, we will give explicit form of the Capelli ele-
ments for these three cases. Thus we have identities of differential operators in
the expression of various minor determinants, which is of independent interest.

We note that we can give the Capelli identities also for the cases where M,
is non-compact by using the Fourier transform, although we do not describe them

in this note. We thank Hiroyuki Ochiai and Jiro Sekiguchi for pointing out it to
us.

2.1. Case R.

In this subsection, we give the Capelli identity for the symmetric pair of Case
R. We first fix the notation and describe the generators of S(p)X to state the
main theorem. For Case R, the complex Lie algebra g and its subalgebras ¢ and
pT are explicitly given as follows.

e = (H G ‘Heg[k,
g= p?k_ F _tH G,FESymk )

S (G ) (D))

Hij=FE;j—FE1ji+i €8 Gij=FEij+j+Ejpi€p", Fj=Eptij+Epiii€p,

where E;; denotes the matrix unit with 1 at its (4, j)-th position and 0 elsewhere,
and Sym;, = Sym,(C) the set of the complex symmetric k x k matrices. The
complex Lie algebra m and its subalgebra h are given by

m=gl,, h=o0,={Xe€gl,; X+X=0,}

Let V = M, (C) be the space of n x k matrices and denote the linear coordinate
functions on V' and the corresponding differential operators by

Tsiy Osi = (1<s<n, 1<i<k).
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Let s = spyy,, be the complex symplectic Lie algebra, in which both (g,b)
and (¢, m) form dual pairs. We have (the Harish-Chandra module of) the Weil
representation w of s on the space C[V] of polynomial functions on V. The explicit
representation operators of g and m are given as follows (for this, see [NOTO1,
Section 4] for example):

w(Giy) =v—-1 szﬂ?sp w(Fi;) =v-1 Z 05055,
s=1 s=1 (21>
n k
n k
W(Hij) =) weidej + 50 wlEa) = > @it + 5 0st-

s=1 i=1

We now recall the structure of S(p)¥. Since gy is of Hermitian type,
K ~ GLg(C) acts multiplicity-freely both on the symmetric algebra S(p™) and
on S(p7).

+) = - — L ~
S(p )_@uemw“’ S(p )—@ME%WM, W, =~ pl.

Thus we have the expression of S(p)¥,
K K o K
S(p)" = (S(p") ®c S(p7))" = EBNG% (Wi @c Wi)™,

which is isomorphic to a polynomial ring with k£ algebraically independent gen-
erators. For d = 1,2,...,k, the d-th generator is the basis vector of the one-
dimensional vector space (W, ®c W;)* for p = (2,...,2,0,...,0) = (2¢,0F~%).
The explicit form of the generators are

XF= > detGry-detFjreS(p)* (d=1,2,... .k k=r), (22
I,jesk

where .#} is the index set defined by
IE={ICc{1,2,... .k} | #I = d}, (2.3)

and Gy denotes the d x d submatrix of the k x k matrix (G;;) with the rows and
the columns chosen from I and J respectively. Note that the generators above
belong to the symmetric algebra S(p), and that G;; and Fj ;s appearing in the
generators commute with each other in this context.
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We use ¢ defined by (1.1) for the pseudo-symmetrization map. The images
L(XR) of the generators (2.2) of S(p)¥X look the same as X themselves, ex-
cept that the images are in U(g). In the following theorem, we use the column-
determinant for the determinant of a matrix with non-commutative entries, defined

by

det(Zij) = Z sgn(o) ZU(1)1ZO'(2)2 s Za(d)d-
ceSy

THEOREM 2.1.  For 1 < d < min(k,n), we have the Capelli identities for the
symmetric pair of Case R:

(X)) = (). (24)

where CR € Um)® (d =1,2,...,n) are the Capelli elements defined by sums of
products of two d x d minors with entries in U(m):

k
Cf = (*1)d Z det (Esmtb + <d —b—-1- 2>65a7tb)
a,b

S,Tesn ;
k
x det ESa,tb +({d—-b— = 5Sa1tb y (25)
2 a,b
where s, denotes an element of the index set S with s1 < so < -+- < sq, and the
similar rule applies to t,. Note that the identity is trivial when n < d < k since
the right hand side becomes an empty sum. O

Note that (2.4) is in fact an identity of differential operators expressed explic-
itly by the formula (2.1).

To prove Theorem 2.1, we demonstrate the computation for the commutative
principal symbols. We first recall a basic lemma.

LEMMA 2.2 (Cauchy-Binet). Let R be a commutative ring and d < N. For a
dx N matriz A € Mg n(R) with coefficients in R and N x d matrizc B € My 4(R),
we have

det AB = Z det A, g det Bg,
SesN

where Aq 5 is the d X d submatriz of A in which all the rows are chosen and the
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columns are chosen by S. (]

For the proof of this lemma, see [Sat75, Section 5, Theorem 9] for example.
See also [IOW96, Corollary 2.2].
Define n x k matrices X and 0 by

X = (Zsi)1<s<n, 1<i<k, 0 = (0si)1<s<n, 1<i<k-

In the following computation we take the principal symbols, and we write the
principal symbol of d,; by the same letter d,;. For I,J € fd’“ , the lemma above
yields

w(det(GIJ)) = det (\/ -1 Z?:l xsviaxsvjb)lga,bgd
= (\/—1)ddet(t(X.71)X.,J) = (\/—l)d Z det t(XSI) det Xg;.
Sesp

Similarly we have

w(det(Fyp)) = (V=1)* > det (9r,)det dry,

Tesy

and the equation of matrices
w(Bsr) = (X0)sr (ST €97),

where Egp = (Es, t,)1<a,b<d 1S & matrix with coefficients in m. Note that the
diagonal shift appearing in (2.1) vanishes here, since we are considering only the
principal symbols. Note also that elements in the expressions above commute with
each other for the same reason, and we have

Z w(det G]J - det FJ])
1,Jes}

= (—1)d Z Z det t(XS[) det XSJ det t(aTJ) det 8T1
I1,J S,Tesy}
(;) (71)d Z det t(XS[) det(X ta)ST det 8T]
1,8,T
(—1)? ST det(X ) det (Xsr) det Dy
1,8,
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@ (-1)? Z det(X '0) s det(X 0) st

S, T
= (—1)*)  w(det Esy det Esr). (2.6)
S, T

This is nothing but our desired formula in Theorem 2.1 except that there are no
diagonal shifts in the last expression. The equalities with (%) and (*x) do not
hold when we do not take the principal symbols. We prove the non-commutative
analogue of these two equalities with diagonal shifts in the following two lemmas.
So from now on, d denotes the usual differential operator.

LEMMA 2.3.  We have the following equation:

k
> det X, - det dry = det (w (Et + (d —b- )5t>) .
2 1<a,b<d

Jesk
PROOF. Since the right-hand side equals det(ZLl Ts,,i04,i + (d — b)
054ty )1<a,b<d, this lemma reduces to the original Capelli identity ([Cap90]). O

LEMMA 2.4.  We have the following formula for ui,us,...,uq € C:

k
det XSI . det (Zi:l xsmiatb)i + ub(sS“’“’)lSa,bSd

k
= det (Zi:l Zs, 0, + (up — 1)5Sa’tb)1ga,b§d -det Xg7.
PROOF. For s € S, it is easy to see the commutator [Zf:l T ;O , det XSI}

is equal to g det Xgy. Since the determinant is multi-linear (in its column), we
have the lemma. O

PROOF OF THEOREM 2.1.  From the first equality of (2.6), we have

Z w(detGU - det FJI)
I,Jes}

= (71)dz Z det t(XSI) dethjdet t(aTJ) det@TI.
I.J 5, Tes2n

It follows from Lemma 2.3 that this is equal to
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(—1)d Z det (X sr) det (w <E3a7tb + (d —b— S)‘Ssmtb)) det Ory.
1<a,b<d

1,8,T

By Lemma 2.4, it turns out that the expression above equals

(—1)d Z det (w (Esaytb + <d -b—-1-— g)&sa’t») - det t(XS[) det Ory.
1<a,b<d

1,8,T

By using Lemma 2.3 again, this is equal to

k
(—1)4 3" det <w (Emb + <d —b—1- 2>5mb)>
S, T 1<a,b<d

k
x det (W(Esa,tb + (d —b-— )65(1’%)) .
2 1<a,b<d

We have thus proved Theorem 2.1. O

We conclude this subsection by proving the H-invariance of the Capelli ele-
ment C defined in (2.5).

ProrosiTiION 2.5.  The Capelli element is H-invariant, that is, C’f €
Um), where H = O, is the complex orthogonal group.

Proor. Consider an algebra of tensor products W = A C™ ¢ A C" ®c
U(m), which has a natural M-module structure; M = GL, acts on the both C"
by the dual of the natural representation (hence on its exterior product), and acts
on U(m) by the adjoint action. Denote the standard basis of C™ in the first and
the second factor by {e;},; and {e}}; respectively. Define 7, (u) and nj(u) in W by

77t (u) = Z::l €s (ESt + U5St)7 nl/f(u) = Z::l e/S (ESt + uéSt)'

Note that we have for u,v € C and T € £,

nr(u) = Y esdet BEsp(u),  np(v) = Y esdet Egr(v),
sesy Sesp

where

nT(u) = Nty (u - 1)7]162(“ - 2) o '77td<u - d)’ €5 = €5,€55 """ €sy
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(the product is taken in the exterior power) and Fgr(u) denotes the d x d matrix
whose (a,b)-entry is Es, ¢, + (u — b)ds, +,- Let Wy be the GL,-submodule of W
spanned by {eref, | T,T" € Z'}. Then it is easy to check that the mapping

AWy — W, erelr — nr(u)np(v) (T, T € 7})

is a GLj-homomorphism for u,v € C, hence an O,-homomorphism in particular.
Since the element Y ,erel, € Wy is Op-invariant, > . nr(u)nf(v) is also O,-
invariant.

We define the contraction map ¢ on Wy by e(erel,) = ér 7+, which is naturally
extended to Wy ®c U(m). Note that € is O,-equivariant. Now we conclude that

e( ZT:UT(U)U'T(U)> :e( 3 esdet Egp(u)es det ES,T(U)>

T,8,8

= Z det Egr (U) det EST(U)
S, T

is O,-invariant. O

2.2. Case C.
In this subsection, we treat Case C. We realize Lie algebras g, £ and pT as

given below, and define elements Hff ), Hl(jy ), Fjj,G;j of these algebras by

ol { (H(w) G ) ’ H® € gl,, G € M,yy(C) }
g F HW HW ¢ gl,, FeM,(C) ,

H® 0
B:{( 0 HW €gp~gl,®gl,

6D Y

HY =E; et (1<i,j
(1<i,j

IN

p), Gii=FEipjept (1<i<p1<j<q),
q

H = Bpyipe; € ¥ i,j<q), Fiyj=Epj€ep- (1<i<ql<j<p).
The Lie algebra m, its subalgebra h, and elements of m are given by

m = gl, & gl,, h={(X,-'X)em}~gl,

EW = (Ey,00em, EW =(0,Ey)em (1<s,t<n).
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Set V = M, ,(C) ® M, (C) and denote the linear coordinate functions on each
component of V' by x4, ys; (1 <s<n, 1 <i<p, 1< 5 < q), respectively.
Put § = spy(,4¢)n, in which both (g,h) and (¢, m) form dual pairs. The Weil
representation w of s is realized on C[V], and its explicit forms are given as follows
(cf. [NOTO1, Section 3]):

szz i zgy Zy8ja - 2 Zj?

w(Gij) = v—1 Z Tsilsjs w(Fji) = V- Z 6:c 8y (2.7)
s—1 st sg
p
(@) 9 . p ) D . q
(Est ) - ; 8Iti 55253 (Est ) - ; s8] 8 5 + 25515

In the similar notation to Case R, we have the decomposition of S(p)&
SO =@, _, Wuwc W) . W.=pep

where 7 = min(p,q). In fact, S(p)¥ is isomorphic to a polynomial ring with r
algebraically independent generators, and their explicit forms are

X§¢ = Z detGry-det Fyr (d=1,2...,r; » =min(p,q)). (2.8)
Iesy, jes]

THEOREM 2.6. For 1 < d < min(p,q,n), we have the Capelli identities for
the symmetric pair of Case C.

w(uXF)) = w(CT),

where C§ € Um)H (d =1,2,...,n) are the Capelli elements defined by sums of
products of two d x d minors with entries in U(m):

“1)7 S det <E§j?tb + <d— b— é’)&Sa,tb)
S, Tes} a,b

x det (ngtb + (d - g)(st) . (2.9)
a,b
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Note that the Capelli identity is trivial when n < d < min(p, q).

PROOF. Asin Case R, we define the matrices

83N, 131 SN, 1T

) BRI Crd B
Osi ) 1<s<ni<i<p 0ys; 1<s<n,1<5<q

and we thus have

w(det(Gry)) = (V=1)* Y det (Xgr) - det Ysy,
Sesp

w(det(Fyp)) = (V=1) Y det (0},) - det 03},

Tesy

for I € .77, J € #]. Using these formulas, we can prove the identity as follows:

Z w(detG1J~detFJ1)
Ies),Jes]

= (—l)dz Z det(Xsr) det Y det t(a%ﬁ det 8%(1
1,J STesy

= (—l)d Z det Xg7 deta%(] -det Yg s det 3%7
1,J,5,T

S w(det (E(Ef?tb + <d - ’2’)58@%)
a,b

5. Tesy :

% det (ng?tb + (d —b— g)%a,tb) )
a,b

The last equality follows from Lemma 2.3 by replacing k& with p or ¢q. The H-
invariance of the Capelli element can be proved similarly to Proposition 2.5 of
Case R. O

2.3. Case H.

For Case H, we need Lemma 2.8 on the identity of minor Pfaffians due to
Ishikawa-Wakayama [IW00]. Define complex Lie algebras g, € and p* and ele-
F

ments H;j;, Fy;, Gi; of these algebras by

7
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g = og) = { (;f _§H> ‘HEQIk,G,FeAItk},

O (A BN 1 B (B

Hij = Eij — Epyjk+i €8

Gij = Eikij — Ejpei €97, Fij = Epyij — Eryji €97 (14,5 < k),

where Alt;, = Alt,(C) denotes the set of the complex alternating k x k matrices.
The complex Lie algebra m and its subalgebra h are given by

= al h_{(H G)\Heglm }Nsp
glon, F —'H G,FESymn - 2n*

We put V = Ma, 1(C) and denote the linear coordinate functions on V and the
corresponding differential operators by

Ti, Osi (1<s<2n,1<i<k),

respectively. Let s = sp,;,, in which both (g,b) and (¢, m) form dual pairs. The
explicit representation operators of the Weil representation w are given as follows.

2n n
W(Hij) = Z Isiasj + Tléij, w(G,-j) =v-1 Z(Isill}gj — xg,-xsj),
s=1 s=1

n k
k
w(Fj)=+v—-1 E (05i05;5 — O5i0s5), w(Eg)= E T5i0; + §5st7
s=1

i=1

(2.10)
where § = s+ n. For these formulas, we refer to [NOTO01, Section 3] for example.

The structure of S(p)¥ is completely similar to Cases R and C; we have the
decomposition of S(p)%X,

SO =D, M ce WS, Wil

where p runs over the set of all the partitions of the form (py, g1, p2, 2, - ..) € P.
The polynomial ring S(p)X has r = |k/2] algebraically independent generators
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sz Z Pf Gy - Pf Fy;p (d:1,2,...,r; TZEJ), (2-11)

Iesy,

where Pf denotes the Pfaffian of an alternating matrix.

THEOREM 2.7.  For 1 < d < min(|k/2],n), we have the Capelli identities
for the symmetric pair of Case H:

w(u(X3") = w(Cd),

where CH € Um)H (d =1,2,...,n) are the Capelli elements defined by sums of
2d x 2d minors with entries in U(m):

k
cil= ) det (Esa,tb + (2d —b— 2)5%%) , (2.12)
S0, ToE L]} 1<a,b<2d
where S € I3 is defined as S = {s1, S2,...,84;n+81,n+Sa,...,n+8q} in terms

of So = {s1,82,...,84} € F}. Note that the identity is trivial when n < d <

Lk/2].
To prove the theorem, we use the following lemma to compute Pfaffians.

LEMMA 2.8 (Ishikawa-Wakayama [IWO00]). Let R be a commutative ring
and d <n. For A,B € M, 24(R), X € Sym,,(R), we have

t ot _ 0 X A
Pf('AXB - 'BXA)= Y  Pf <_ X o) det(m) -
Seffdn SS S,e

s

In particular, when X = I, we have

: ¢ o d(dz—l) A
Pf('AB — 'BA) = (=1)" 7 > det <B> ,
S()Eﬂ:’ S,e

where S € I is determined by Sy as in Theorem 2.7.

PROOF. The first formula is due to Ishikawa-Wakayama [IWO00, Corollary

2.1]. For the second formula we use two facts. The condition Pf ( f}n In ) 55 70

implies sq4; = n+s; (1 <i < d), and that Pf(_OId Iod) = (~1)%d=1/2 Thege

facts give the second formula. 0
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PROOF OF THEOREM 2.7. Define matrices by

X = (Tsi)1<s<n,1<i<k; X = (@51)1<s<n1<i<k,
5 p—

0 = (0si)1<s<n1<i<k (0si)1<s<n1<i<k-

Then we have the equations of matrices

w(Grr) = V-1((Xe)Xes — Xa1)Xe 1),

s

w(Frr) = —V—=1("0,1)00,1 — (0)e,100,1),

for I € f2kd. Using these equations we prove the identity as follows:

Z w(PfG[[ PfF]])

Iesy,
= Z Pt (t(Xo,I)Yo,I - t(yo,I>Xo,I) - Pf (t(ao,l)go,l - t(go,l)ao,l)
Iesy,
=3 X 0 e () 3 et e (5
I Soegp 1/ 50 Toesy 1/ 1.

(by Lemma 2.8)

Z det (f() - det <g>
1,50,To ST TI
Z w<det (Esu,tb + (Qd —b— k)ésa,tb> ) (by Lemma 2.3)
2 1<a,b<2d

So,To€SI}

The H-invariance of Cf can be shown similarly as in the proof of Proposition 2.5,
which we omit. O

3. The intersection of harmonics.

3.1. Diamond pair.
The three see-saw pairs considered above is a part of the diamond pair listed
below (cf. [How89b, Eq.(3.3)]).
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Usp, = 7 Uk
e RN
USpay, O2n(R) <—>SP21<(R) Ogy, (3.1)
NS NS
U, - o Uy

All the groups which appear in the diagram are subgroups of the ambient sym-
plectic group Sy = Spu,;(R), and four pairs (Usp, Uk), (O2.(R), Spy(R)),
(USpay,, Os,.) and (U, Uy i) connected by arrows (solid or dotted) are dual pairs
in Sp. Lines connecting two subgroups represents inclusions. Note that every pair
connected by a line is a symmetric pair.

We give an explicit realization of each group here because the realization itself
is important in the sequel.

Uzn = {9 € GL2n(C) | t§ = g_l}

0o -1,
USpan = {g € oy | thng = Jn}a In = (1 0 )

O(R) ={g € GLo,(R) | 'g =g '} = Uy N GLon(R)

Note that the unitary group U, above is not realized in the standard way.

Uik = {9 € GLok(C) | "9l kg = Ix s},  Inp = diag (1g, — 1)
Spor(R) = {9 € Uri | '9Jrg = Ji}
Oy ={9€ Uks|'g=9""}
Uk = Spoi,(R) N O3y

These are almost standard realizations except Uy in the bottom. For Sp,(R),
see [Kna02, Section VIIL.10, Problem 30]. In the book [Kna02, Section 1.17,
Eq.(1.141)], O3, is defined precisely as here. Also refer [Kna02, Section VII.10,
Problems 32 & 35| for U.

In the following, we complexified the compact subgroups (the left hand side
of the diamond pair) and consider the complex groups GLa,, Sps,,, O2, and GL,,.

3.2. A problem.
Consider an irreducible finite dimensional representation p3, of GLa, with
the highest weight \ € &5,,. Let By, = As, Na, be the standard Borel subgroup
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of upper triangular matrices in GLs,, where Ay, is the diagonal torus and Ns,
is the maximal unipotent subgroup consisting of all the upper triangular matrices
with 1’s on the diagonal. We take a nonzero highest weight vector vy in p3, with
respect to Ba,. Let Os, (respectively Sp,,,) be the orthogonal group (respectively
symplectic group) realized as a subgroup of GLs,, as above. Let us consider

{UA = irreducible O, submodule in p3, generated by vy, (3.2)
3.2

Vy = irreducible Sp,,, submodule in p3, generated by vy.

Here, if A is a partition of length < n, we have isomorphisms U, = 03, and
Vi & 7'2)‘”.

Note that Oz, N Sps,, =2 GL, (see Equation (3.3) below). We shall denote
this explicitly realized subgroup of GLs, again by GL,. Note that the intersection

Uy NV, is a GL, module. We shall study the following problems.

(i) What is the GL,, module structure of Uy N V,?
(ii) What are the GL, highest weight vectors in Uy N V)\?
(iii) How to characterize the subspace Uy NV}, inside the representation of GLa,?

The problems (i) and (ii) are closely related to the theory of joint harmonics, and
we will give a satisfactory answer to these problems. On the other hand, the
problem (iii) seems to be related to the Capelli elements for symmetric pairs. For
this, we do not have a complete answer yet, but we will prove that the subspace
U, NV, is in a joint eigenspace of the Capelli elements.

3.3. The intersection of harmonics.

From now on, we assume n > k throughout the rest of this section.

Choose a joint complete polarization of C?" with respect to the standard
symmetric and symplectic bilinear forms. So we have C?** = Lt @ L, where L*
is a maximal totally isotropic space for the both bilinear forms. If we choose a
basis of LT and then L~, then they together form a basis for C?". We can assume
that Oa, is a subgroup of GLs, which preserves the symmetric bilinear form

n

((xlw--amnvyla---ayn)v(xllv'-wx{myiw-')y;)) = Z (x]y; +ij;)
j=1

in the coordinate of C?" with respect to the basis specified above. Also Sp,,, is
an isometry group of the symplectic form (.,.) on C?" given by

n

<(x17~"7xn7y1a~"7yn)7(mllv'“vxfnayiv"'vy;m)> = Z (xjy; _ij;)
j=1
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with respect to the same coordinate of C?". In the following, we fix this spe-
cific basis and use the coordinate expression freely. Then, in matrix form, the
intersection of Os, and Sp,,, is given by

0
Osn N Spsy,, = {( g gt ) g€ GLn}, (3.3)

which we will denote simply by GL,,. Let Ma, j, = May, 1(C) be the space of 2n x k
complex matrices, and let

X
(;;) € Mani; X = (ijhicicni<i<h, Y = (Yij)1<i<n,1<j<k

be the system of standard coordinates on Ma,, ;. For 1 <14,7 <n, put

A = Ay + Aji,

Bij = o 3.4
J ; 8xa18yaj {Aip — A'L’j _ Aji~ ( )

Notice that the Laplace operators above coincide with w(F;;)’s in Equations (2.1),
(2.7) and (2.10) up to constant multiple. We now define the following spaces of
harmonic polynomials:

H(GLy) = {f € C[Many]: Aij(f) =0V1<1i,j <n},
H(O2) = {f € C[Manys] : AQ(f)=0V1<i,j<n},
H(Spyn) = {f € ClMany] : AJP(f) =0V1<i,j <n}.

It is clear from the definitions that J#(GL,) = J(Osy,) N I (Sps,,)-
Let GLay, x GLyj act on May, by

(gah)T = tg_l T h_l 5 (gah’) S GLQn X GLk:a T e M2n,k:~

This action induces an action of GLay, X GLj, on the algebra C[May, 1] of polynomial
functions on May, ;. By the (GLg,, GLi)-duality, we have

ClMani) =D, 0, ® i

AE P,
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Let By = ANy be the standard Borel subgroup of upper triangular matrices in
GLy, similarly defined as By, C GLy,. By taking Ny-invariants, we obtain

C Moy ] = @,\egzk Pan @ (pﬁ)Nk~

Note that C[Ma, x]V* is a module for GLg, X Aj. Let Wy denote the the sub-
module p3, @ (pp)Vr of C[May, x])V*. We denote by 7 the character of Ay defined
by

Yr(a) =a* =at - -apk (a = diag (aq,...,ax) € Ag).

Then Wy is the w,;\—eigenspace for Ay in C[May, x]V*. Since dim(,og)N’c =1, if we
ignore the action of A; and consider only the action of GLs, on W), then W) is
a copy of the representation p3,.

We now let &y be a GLa, X GLj joint highest weight vector in C[May, ;] of
weight 93, x 17 (which is unique up to scalar multiples). Then &, is a GLa,
highest weight vector in Wy. Now Os, and Sp,,, act on C[My, i] as subgroups of
GLs,. In this realization, we can identify the subspaces Uy and V) in Equation
(3.2) with

{U » = irreducible Oy, submodule in p3, generated by &y,

Vy = irreducible Sp,,, submodule in p3, generated by &y.

The space .7 (Oay,) of Os, harmonic polynomials is a module for Os,, x GLy
with its structure given by

‘%ﬂ(OQn) = ®M€5”k Jgn ® pg

In addition, the joint O, x GLj highest weight vector in o, ® p} coincides with
the GLa, x GLj highest weight vector in ph, ® pl. By taking N}, invariants, we
obtain

ah, @ (o)™

H(020)" = (P

HE Pk,

which is now a module for O, x Ag. From here, we see that the subspace U,

coincides with the submodule 03, ® (pf )% of 5#(0s,), and it is precisely the

YR -eigenspace (%”(0271)% of Ay in #(0s,)N*. On the other hand, the space
k

H(Sp,y,) is a module for Sp,,, x GLj with its structure given by
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~ H H
%(SPQn) - @Me-@k Ton ® pk

In a similar way as the O, harmonics, the subspace V) is the w,i‘—eigenspace
%(Sp%)gg of Ay, in S (Sp,,,)N*. Consequently,

Ux Vi = H(Ozn) jk 0 A (5psy) k- (3.5)

Next we consider the space 77 (GL,,) of GL, harmonics. It is a GL,, x GL; module.

Let %(GLn)fo denotes the v-eigenspace of Ay, in the space S#(GL,)N* of Nj
k

invariants in J#(GL,,). Then since 5 (GL,,) = 5 (02,) N (Sps,,),

H(GLy) ok = A (Ozn) ot 0 H(5py) -

vi
It follows from this and Equation (3.5),

UxNVy = %(GLn)fXS. (3.6)

3.4. Decomposition of Uy NV, as a GL,-module.
We now determine the GL, module structure of (%”(GLn)gf. Put Py n) =
k

{(1,v) € P x Py | £(p) + £(v) < n}. Then, under the action of GL, x GLg, the
G L,, harmonics decomposes as follows.

~ HOV M v
H#(GLy) = @(#71/)69(1@,7» P @ (e @ pi)
~ o4 n 7
B ®(H’V)€g"(k,n) P ® {@Ueg”k v pk}

~ ul M@V} 7
o c & pr..
EBne% {@(u,meﬁam v P Pi

In the above formula, we use the Littlewood-Richardson rule and ¢}, denotes
the Littlewood-Richardson coefficient which counts the number of the Littlewood-
Richardson tableaux of shape 7/u and content v (see [Ful97, Section 5.2, Propo-
sition 3]). By taking N} invariants, we obtain

Ny~ n OV 7\ N,
%(GLR) - ®7]€=@k {@(#,V)Gﬁz(k,n) Cuw P ® (pk) ' (37)
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It follows that under GL,,

(6L = D) Ch A"

(1,V)EP (1 m)

Thus we have proved:

THEOREM 3.1. Assume that k < n, and take \ € P;. We define the
subspaces Uy ~ 03, and Vy ~ 13\, in p3, as in Equation (3.2). Then we have a
decomposition under the action of GLy,,

Uxnva= P e, i
A A Py u,,l/pn y

where the summation is taken over the pair (u,v) such that £(p) + £(v) < n.

3.5. Annihilator of Capelli elements.

In this subsection, we clarify the relation between the intersection of harmon-
ics and Capelli elements which we have constructed in Section 2.

Since the harmonics is by definition annihilated by the (generalized) Laplace
operators (3.4), and those Laplace operators are precisely those w(Fj;)’s, we con-
clude that they are annihilated by the Capelli elements w(:(X X)) = w(CXK). Here,
the symbol K stands for R, C or H respectively. Note that CX’s (K = R,C, H)
all belong to the enveloping algebra U(gl,,). Thus, the intersection of the har-
monics ' (GL,) = H(Oap) N H(Spy,) are annihilated by all the operators
{CK|1<d<rg; K=R,C,H},whererg = kfor K = R,C and rgr = |k/2].

However, note that w(CX) does not coincide with the above action of GLa,
on C[Ma, ;] given by the left multiplication. Instead, it differs by a character (of
the two fold covering group) of GLs, which originates from the definition of the
WEeil representation. In the present situation, the character is x = det’/? whose
highest weight is dx, = (k/2) (1,1,...,1).

PrRoOPOSITION 3.2.  Assume that k < n, and let Uy and V) be as in Theorem
3.1. Then the Capelli elements annihilate Uy NV up to the shift of the central
character xi. Namely we have

CE(U\VY) =0, where CX =d(p3,@x1)(CK) (1<d<rk; K=R,C,H).

Here, dp stands for the differentiated representation of gls,,.

It is interesting to study the kernel (1), , Ker 55( in the representation space
of p3,,. However, up to now, no complete characterization is known.
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4. The GLj tensor product algebra.

In this section, we assume that 2k < n, which is stronger than the one in
Section 3. Under the assumption, we shall prove that the space #(GL,)N»*Nk
of N,, X Ng-invariants in 2 (GL,) is an algebra isomorphic to the GLj tensor
product algebra constructed in [HTWO05]. Using their results, one can obtain a
basis for S (GL,,)Nr*Ne.

By taking N,-invariants in Equation (3.7), we obtain

Ny XNg o~ A OV\N,, AN
AGLY M@ A e ()] (@)
Let J{,,),x be the hOY x Y-eigenspace for A,, x Ay in H#(GLy)N»*Ne. Then

%(GLn)NnXNk = @ %u,v),)ﬂ (42)

A\, vE Py,

and by Equation (4.1), dim 777, ,) » = cﬁﬁy.

For convenience, we shall replace the coordinates Y = (y;;) by Y = (4i),
where

Uij = Yn—iv1,, (1 <i<n, 1<5<Ek).

We now let Ax, Ay and A be the subalgebras of C[May, | generated by the
following coordinates:

Ax = Clry: 1 <4,j < k] = C[My]
Ry =Clgi;: 1<1,j < k| = C[My]
A = C[.”L'ij, @ij 1<, < k/’} HAx R Ay = C[Mk} ®C[Mk],
where M, = My (C) is the space of k X k complex matrices. By examining the
definition of J#(GL,), we note that

OBSERVATION 4.1.  The algebra 2 is contained in the space 7 (GLy,) of GLy,
harmonics.

Now two copies of GLj are acting on Mj: one by left multiplication and the
other by right multiplication. Specifically, for (g,h) € GL; x GL; and T € My,

(g.h)-T="g"- T -n".
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We shall distinguish these two copies of GLj by writing them as L(GLy) and
R(GLy) respectively. More generally, if H is a subgroup of GLj, we shall write the
corresponding subgroups of L(GLy) and R(GLy) as L(H) and R(H) respectively.
In particular, L(Ny) is the maximal unipotent subgroup of L(GLy).

LEMMA 4.2.  We have the isomorphism
~ o L(Ny, L(Ng
H(GL,)Nm 22 g5 NE) g (LINE),

In particular, 7 (GL,)N" is a subalgebra of C[Ma, 1]

In fact,

AGL) = (ph) ™" @ pf @ i (4.3)

v

as an A,, x GLj x GL; module. In particular, the isotypic component (p£®")Nn @
Pl @ p¥ can be characterized as the 1#®-eigenspace for A, in J#(GL,)N». We
shall first describe a spanning set for this isotypic component.

For 1§j§kand1:{i1,...,ij}€fj” where 1 <4y < -+ < i; <n, let

v (I) = det X7, where J ={1,2,...,5} and X = (2s1)1<s<n.1<t<ks

n;(I) = det Y1, where J = {1,2,...,j} and Y = (Us.t)1<s<n,1<t<k-
We also write
vi=%0{L2....7}), and o =n;({1,2,....5}).
For p= (p1,..., k) € Py and v = (v1,...,v;) € Py, define

aj; = Mj—1 — My, b] =Vj_1—Vj for 1 < j < k— 1, (44)
ap = [k, by = vy
A1 02 ag, by, ba br . .
Then &, =175 - Yerny' 0y - - - m" is the unique (up to scalar multiple) GL;, x
GLy, x GLj, highest weight vector in #(GL,,) of weight £ x il x 1y

LEMMA 4.3.  For u,v € Py, the set of polynomials of the form
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k

k
H[%‘(Ij)]‘” [ (T )] (4.5)

m=1

spans the isotypic component (ph®")Nr @ pl ® p¥ in #(GLy,). Here I; € fjk and
Jm € IF are subsets of {1,2,...,k} with j and m elements respectively, and a;
and by, are given in Equation (4.4).

PROOF. First we note that all elements of the form (4.5) are GL,, highest
weight vectors of weight ¥ ®”. Let W be the subspace of ##(GL,) spanned by
them. Then W is contained in the isotypic component (pt®")Nn Pl @ py in
H(GLy,).

On the other hand, we note that the operators which arise from the infinites-
imal action of GL; x GLj are derivations and affect only the second index j
of the variables z;; and y;;. Thus W is invariant under GL; x GL;. Since
the space (ptO")Ne @ Pl @ p{ is an irreducible GL, x GLj module, we have
W = ()N @ pj @ py. O

COROLLARY 4.4.  Assume that 2k < n. Then the space S (GL, )™ is the
subalgebra of C[May, 1] generated by all polynomials of the form v;(I;) and npm(Jm),
where 1 < j,m < k and I; and J,, are subsets of {1,2,...,k} with j and m
elements respectively.

PROOF OF LEMMA 4.2. By similar reasonings as Lemma 4.3 (see [How95,
p.83)), the algebra Qlf((N"") is generated by the polynomials 7;(I;) where 1 < j <k
and I; C {1,...,k} has j elements. Similarly Qlé(Nk) is generated by 0y (Jm)
where 1 < m < k and J,, C {1,...,k} has m elements. It follows that the
algebra QI)L;N’“ ) ® QIf,(N’“) and 7 (GL,)N" have the same generators. Hence they

are isomorphic. O
The GLj tensor product algebra is defined as

TA, := [C[M) N @ €M) RV AH D

in [HTWO5]. A basis for this algebra was also given in the same paper.

COROLLARY 4.5.  Under the assumption 2k < n, we have the isomorphism

%(GLTL)NTI,XN)@ o [mg{(Nk) ® Qlé(Nk)]A(R(Nk))

In particular, (GL,)N"*Nr s isomorphic to the GLy tensor product algebra
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Note that by switching the roles of L(GLy) and R(GLy) in TAg, we obtain the
algebra in 2 ( GLy, )N+ >Nk Tt follows that to construct a basis for S (GL,, )N >N,
we only need to take the basis constructed in [HTWO05] and replace their coordi-
nates by ours. We leave the details to the interested readers.
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