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1. Introduction

The subject of our study is quadruple of von Neumann algebras with inclusion

Q0 < K
relations as indicated in the diagram U U. In addition, we assume that
S < R

R¢ Qand Q ¢ R. When the von Neumann algebra K is equipped with a finite trace 7
and EX, EX, and EX are t-preserving conditional expectations of K onto Q, R and S,
respectively, then a special situation may occur:

K
ESER = EREj = E§.

Q0 < K
Then the diagram U U 1is called a commuting square. In the special case,
S < R

when S = C, the subalgebras Q and R were called orthogonal by S. Popa ([P1]). This
case, in the classical probability theory, corresponds to the condition of independence of
two o-fields.

Such diagrams were first introduced and investigated by S. Popa (cf. [P1], [P2]) and,
at present, this concept is linked in a natural way with numerous problems of subfactor
theory. See, for example, [GHD], [K|, [P3], [P4], [P5], [PP1], [We], [S], [Su], [SW],
[WW], [Wil.

Everywhere in this work, the von Neumann algebras, which form such a diagram
are type Il; factors. This situation was studied by S. Popa in [P3] and by T. Sano and
Y. Watatani in [SW].

In Sections 3 and 4 we discuss sufficient conditions for the commutativity of a
diagram. It may seem a little surprising that for certain inclusions, say S < Q, the

Q0 < K
diagram U U of type I, factors with [K:S] < oo and $'NK = C must be a
S < R

commuting square. We will show several results of this kind.
The notion of commuting square of type Il; factors is strictly connected to the
concept of so called co-commuting square of type IT; factors, which will be described in
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0 < K
Section 2. There are plenty of diagrams U U, which are completely irregular
S < R

in the sense that Qv R=K, QNR =S and they are neither commuting nor co-
commuting squares. We can construct them by “tensoring’ degenerate (in the sense of
S. Popa’s [P5]) diagrams. However, when the index [Q:.S] is “small” or the second
relative commutant of the inclusion “S < Q” is only 2-dimensional, then the situation is
different. For example, we can prove such a result: (See Section 4)

0 < K
Let 9= U U be a diagram of type Il factors with S'NK =C and
S < R

K:S)<oo. If [Q:S]=4cos*(n/n), for a prime number n, then the diagram 9 is a
commuting square.

To our knowledge this is the first attempt of using primeness of n in the sequence
(of index values) {cos’(n/n)},.s;. We believe that behind this there must be some
interesting connections to the algebraic number theory.

Also, imposing some conditions on the second relative commutant gives the same
effect. (See Section 3)

Q < K
Let 9= U U be a diagram of type I factors with S'NK =C and
S < R

[K : S] < 0. If the second relative commutant of the inclusion S < Q is two dimensional
and [Q:S] > [R: S|, then the diagram 2 is a commuting square.

A. Ocneanu’s Fourier transform seems to be a very interesting subject to study for
its own sake. In this work, however, we use it only as a tool or a language helpful in
investigation of the commutativity of a diagram. The crucial observation, stated in
Theorem 2.9, is that Ocneanu’s convolution EJ x EX is a scalar multiple of a pro-
jection. Then, we can use results from [SW] or [P3] to show that having the “right
angle” between two subfactors is not so special in certain situations. T. Sano and
Y. Watatani ([SW]) showed that the commutativity of a diagram is equivalent to the
co-commutativity of another related diagram. Therefore, sufficient conditions for a
diagram to be, for example, a co-commuting square can immediately be reformulated in
terms of a commuting square. We will try then not to repeat ourselves and we will
keep rather to the co-commuting square terminology.

Consequences of the commutativity of a diagram of type Il; factors were discussed
in such papers as [P3], [K], [WW] or [Wi]. In Section 5 we will decompose certain von
Neumann algebras, which are naturally associated with a commuting square of type IT;
factors.
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2. Fourier transform and convolution

We recall here Ocneanu’s Fourier transform and convolution in the third relative
commutant. We prove also a few properties which will be useful later. We believe
that most of them are known to other persons working in this area.

If 7 is a faithful normal finite trace on a von Neumann algebra B and A4 is its von
Neumann subalgebra 4 = B, then “EZ will be the t-preserving normal conditional
expectation of B onto 4. When there is no ambiguity about the trace we will write it
simply E5 or E4. It is convenient to keep in mind a lemma which is an immediate
consequence of [P2, Lemma 1.2.2.] and [PP1, Corollary 4.5].

LemMma 2.1. Let K <« A < B < L be all type 1) factors and let the inclusion K < L
be extremal with [L: K| < co. If T and t' are the traces on L and on K', respectively,
then for any x e K' N B,

' 'NB
TEg(x) = ’Eﬁ,ﬂﬁ(x) =" xna(X)

and for any xe A'NL,
7 lr" 1
"Ejp (x) = "Epnr (%) = EpnL(%).
We will often use this lemma without referring to it.

Let S < K be an irreducible inclusion of type IT; factors with [K: S| =7y7! < o0.
Consider the corresponding Jones tower

ScKc®L c¥[,.

From [PP2] the inclusion S < L, is extremal, and so Lemma 2.1 can be applied to any
intermediate subfactors between S and L;.

DEerINITION 2.2. The mapping & : K'NL; — S'NL given by
F(x) = y*?EL(xesex) = y**Esnr(xesex)
will be called the Fourier transform of K'NL; into S’NL. By the inverse Fourier
transform we mean the mapping #*: S'NL — K'N L, defined by
F*(y) = v *ExnL (vexes).

We will show that the name “inverse Fourier transform” is justified. The algebra
S’NL; has the canonical Hilbert space structure determined by the trace 7, =
TginL,- Let us consider S'NL and K'NL; as its Hilbert subspaces.

PROPOSITION 2.3. The mappings & and &* are Hilbert space isomorphisms between
S'NL and K'NL,. Moreover,

FF* = IdIS’ﬂL and F*F = Id|K’ﬂL1-

In [W] was shown a property of a Pimsner-Popa basis, which is very useful in proof
of the above proposition.
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LEMMA 2.4. Let N ¢ M be a finite index extremal inclusion of type Ily factors. If
{m;}, is a Pimsner-Popa basis of N' over M, then the trace preserving conditional
expectation EM of M onto N is expressed as follows:

EM(x)=[M: N]"! Z m;xm; .

PROOF OF PrOPOSITION 2.3. First, we show that #%* = Idjgn,. Let {m;}]_, be
a Pimsner-Popa basis of K over § such that my=1. The preceding lemma
gives: E%(y) =y, mym® for the trace preserving conditional expectation Ej..
From this and by Lemma 2.1 we have

“Egng (vexes) = E3.(vexes) =y Y miyexesm},
i

for ye S’NL. Hence

Y FF*(y) =yEL (Z miyexesm?esex> =yEL (Z miyeKEs(m,’-‘mo)eseK)
i i
= yEL(yexesex) = Y’ EL(yex) = 7'y.

We show now that #* is a contraction. For ye S'NL,

|Z* (D)5 = y31(Exnr, (vekes)Exnr, (vexes)®)

=y Z t(m;yexesm; mjesexy*m;)
Lj
R | *_ —1 *_ %
=771 Y t(miyexesexy*m}) + 7 t(myyexpesexy m;),
i<n

where p = Es(mm,) is a projection, cf. [PP1, Proposition 1.3]. Since [p,ex] =0,

IZ* D)5 =D (myexy m}) + t(muyexpexy™m}) < > t(miyexy*m})

i<n i<n
= «(EL(miyexy'm})) =yt (Z miyy*m; )
i<n i<n

= 1(Eg. (")) = (»") = Iyl

Similarly, using a Pimsner-Popa basis of L' over L}, we obtain that & is a contraction
too. So &% and #* are isometries and the standard polarization argument completes
the proof. Q.ED.

We will always use notation (K, S, e), for an algebraic basic construction ([PP2]) of
a finite index inclusion S < K of type Il; factors, where e is the corresponding Jones
projection, i.e. exe = EX(x)e, for x € K and (K, S,e) is generated, as a von Neumann
algebra, by K and e. If (K, S,e) is represented on L?(K,7) and e is just an extension of
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EX, then, as in [J], we will write simply (K,e). Let us consider an intermediate
subfactor Q between S and K, with indices [Q: S] =« and [K: Q] =4"". By [J] we
know that ad =y. Let M = (K,eg) and M, = (L,ep) be Jones’ basic constructions.
We have

ScQcKcMcLc*™M, <L,

where, as before, L= (K,es) and L; = (L,ex). Obviously, ep e S’NL and ey €
K'NL;. Also eges =es and epex = ex.

ProPOSITION 2.5.
F(aVey) ="y and f*(i_l/zeg) = o 2ey.

Proor. (See [B] for another proof of this property.) We will show only the second
equality. First, we remark that egexeg = Aepeg. Indeed, let us represent all these
operators on L?(L,7) and let the vector sign denote the canonical embedding of L in
I*(L,7). Then for any aesh e L[*(L,7), a,b e K we have:

eQeKeQaesl; = eQEK(eQaeSbj = egEk(egaegesb)

= egEg(a)Ek(es)b = yegEg(a)b

= AEQ(a)octe; = AEm(Eg(a)esb) = leMeQal;.

In the last line we used the property E(es) = aeg, cf. [SW, Lemma 7.1].

Now,
F*(eg) = y/*Exnr, (egexes) = y~>/*Exnr, (Aemes)
= y3/*derExnr, (es) = \/% €M,
where we used [PP1, Corollary 4.5]. Q.E.D.

DEerFNITION 2.6. For x,y e S'NL we set
xxy=F(F(x)F(y))-
Similarly, for x,ye K'NL,;
xky =FF(x)F(y))

(] (1342
*

Following [O], we call the operation or “*” convolution. The convolution
K'NL; should not be confused with the convolution “x”’, which we define by building
up another basic construction, say L, = (Lj,er), and putting x x y = F1(F](x)F1(»)),
where %, and #] are the shifted Fourier and inverse Fourier transforms:
F1:K'NL — L'NLy,, F}(x)=y32Ep(xerex) and F1:L'NL, - K'NLy, F1(y) =
y~32E;, (yexer). Similarly, we may define “#” in S'NL.

[13on2]
*

in
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PROPOSITION 2.7.
Forxe S'NL, \/%eg * x = Ep(x).

A
Forye K'N Ly, \/;eM %y = Em(y) = Emnr, (3)-
Proor. Let x=%*(x)e K'NL;. By [PP1, Lemma 1.2] and Proposition 2.5,

EL(erceseK) = y'lEL(eMEL(fceseK)eK) = y’]EL(eMEL(fceseK)eMeK)
=y EL(Em(esex)ex) = Ey(Fesex) = v*/*Ey(F (%)) = y*?Enm(x).

Since S’ = (K',L',es) and Q' = (K', M, ep), proof of the other equality is almost the
same. Q.E.D.

LeMMA 2.8. Let S < Q c K be type I1; factors, [K :S] < o0, M = (K, Q,ep) and
S'’NQ=C. Then

(1) eg is a minimal projection in S'NM.

(2) eq is central in S'NM, iff S'NK =C.

PrOOF. (1) Suppose e <ep for some non-zero projection ee P(S'NM). If
f=1"Ex(e)e S'NK (A=[K:Q]™"), then

e =eeg = A" Ex(eeg)eg = 2™ Ex(e)eg = feo.

Hence [ f,eg] = 0; therefore f € SN Q = C, which implies e = ep.

(2) “=” If ae S'NK, then aep = ega and hence ae S'NQ =C.

“<” Let ¢ = C(eg,S'N M) be the central support of eg in S'NM. For any
projection f € (S'N M), satisfying 7( f) = A, there is a unitary ue S'NM such that
f =uegu*. Hence, by [PP1, Lemma 1.2] and Lemma 2.1

ueg = A 'Ex(ueg)eg = 2 't(ueg)e.

Thus f = i"2|r(ueQ)|2eQ. This implies ¢ = eg. Q.E.D.
From now on, we consider two intermediate subfactors Q, R between S and
Q0 < K
K. U U. We always consider such diagrams that Q ¢ R and R ¢ Q, but we
S < R

do not assume that always K= Qv R and S = QNR. Throughout the rest of the
paper we keep to the notation preceding Proposition 2.5 and we add the following
one: N = (K,er) and N = (L, ey) will be the Jones basic constructions. For brevity
we assume that #=[K:R]™' and f=[R:S]"'. This way we obtain the following
diagram of inclusions:

M]CL]
U U
N < L c N
U U
Q <« K < M
U U
S < R
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Jx (resp. Jr) will be modular conjugation on L?(K,t) (resp. L*(L,t)). We always
assume that the inclusion S < K is irreducible.

THEOREM 2.9. There exists a projection p in R'N\ M such that:
A
(1) eg*er=1(eger)y”*p = \/%EM(BR) = \/%ER'(‘?Q),
A
(2) erxeg=Jk(eg*er)Jx = t(eger)y™/*IxpJx = \/;EQ' (er) = \/%EN(eQ),

(3) p is a minimal and central projection in RN M and p > er V eg,
(4) p=JkpJk is a minimal and central projection in Q' N and p > egV eg.

Proor. Let p= A{f|f=eg feP(RNM)}. Suppose pi, O0#p; <p, is
another projection in R*'N M. By Lemma 2.8, egp; =0 or egp; = eg. This implies ep
<p—-p1<p or eg<p; <p. Hence, p is minimal in RNM. Let Er(eg)=
Y o1<i<n %Pi, @ >0 be the spectral decomposition. Then, by eg < p, it follows that
> a;p; < p and, in consequence, Y p; < p. Therefore, by minimality of p, we see that
n=1 and Er(eg) = Op, for some scalar §. From this and Lemma 2.8 we see that p is
also central in RFN M.

Identically, we obtain Eg (er) = kg for a minimal and central projection g in Q'N N
and a scalar x. It is easy to check that

VxeS'ﬂL, ENnQ/(x) =JKERIQM(JKxJK)JK.

Using this we see that for § = JxgJk,

R o
Kg = JKEQ’ﬂN(eR)JK = EanM(JKeRJK) = EM(BR) = \éeQ * éR.
Also, § is a minimal and central projection in R'NM. Since er <g, we have
er < g. Hence
0#es<egAner <pAg,

which implies p = 3. Computation of coefficients § and x ends the proof. For
example, let us multiply the equality xp = Ep(er) by ep and take the trace:
keg = Ep(ereg), and so x = l_lr(eReQ). Q.E.D.

Let us write [x] for the range projection of an operator x. Similarly as above, we
obtain the following corollary.

COROLLARY 2.10. [epm*en]| is a minimal and central projection in M' NN,
[em * en] = er v en and

n N _ n o
epm ey = JL(eN*eM)JL = t(eMeN)y 1/2[8M *eN] = \/%EM/(eN) = \/’%E]\]l (eM)

ReEMARK. From the above theorem and corollary, it is easy to see the following
property of the “shifted” convolution “x” in K'NL;:ey*ey = ey *xey. Then it is
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natural to ask, whether this relation is satisfied for arbitrary operators in K'NL,.
Right now, it is not clear for us.

For later convenience, we carry out some computations. From [J] we know that
A/B=n/a. We denote this quotient by J.

ProrosiTION 2.11.

t(leg *er]) _ tleger) _ 4
t(lem ¥en]) t(emen)

Proor. From Propositions 2.5 and 2.3 and Theorem 2.9 we have:

2 2 of 2
t(emen) = |lemen|l; = | F (emen)|; = E”"Q * er|l;

_op 2.1 M
= ,{}] r(eQeR) Y ‘L'(EQER)

= 0" "7(eger). Q.ED.

T. Sano and Y. Watatani, cf. [SW], introduced notion of angles between subfactors

Q < K
Q and R. The diagram U U, with K= Qv R and Op-angg(Q,R) = {n/2}
S < R

will be called a co-commuting square. (Cf. [K|, [WW], [Wi].) The following char-
acterization follows directly from [SW, Proposition 4.2, Corollary 4.1 and Lemma 7.2]
and it is valid even if the inclusion S = K (or equivalently K < L) is not irreducible.

ProPOSITION 2.12. The following conditions are equivalent:.

0 < K
(1) Diagram U U of finite factors is a co-commuting square.
S < R R < s
(2) Diagram of their commutants U U forms a commuting square.
K < 0
M < L
(3) Diagram U U is a commuting square.
K < N
M 1 c L]
(4) Diagram U U is a co-commuting square.
L (e N 1

(5) EM(eR) eC.

As an application of Theorem 2.9 we give a few equivalent conditions on the
commutativity. (Remember that K'NL=C and [L:K]=[K:S]=7y"!<o0.)

COROLLARY 2.13. The following conditions are equivalent:

N < L
(1) U U is a co-commuting square.
K << M

2) N'NM, =C.
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(3) t(enem) = ap.
(4) enkep is a scalar.
(5) enkey =ey*ey and NvM = L.

ProoF. “(2) = (1)” follows from [SW, Lemma 7.2].

“(1) = (2)” If (1) is satisfied then, from [SW, Lemma 7.2}, Ep, (ey) € C. Hence by
Theorem 2.9 the identity is minimal in N’ N M.

“(1) & (3)” Since, by computation in 2.11, (3) is equivalent to egegr = eg, this is an
immediate consequence of [SW, Corollary 4.1].

“(2) & (4)” is obvious because, by Corollary 2.10, ey % ey is a scalar multiple of a
minimal projection in M’ N Nj.

“(1) & (5)” is a direct consequence of Proposition 2.5. Q.E.D.

By the remark following Corollary 2.10, we can replace the symbol ““%” by “x”, in
(4) and (5) of the above corollary.

ExaMpPLE. Let u be an outer action of a finite group G on a type II; factor S.
If A and B are subgroups of G with trivial intersection 4N B = {e}, then we

0 < K
can consider the diagram of crossed products U U, where Q=S8X>,4,
S < R
R=S>,B and K=SX,G. The diagram of corresponding basic constructions,
N < L
cf. [SW, Lemma 5.1], can be identified with the following one U U,
K << M

where M = (S® L*(G/A4)) X, G, N=(S®L*(G/B)) %,G, L=(S®L*(G)) X,G.
L*(G/A) (resp. L*(G/B)) consists of functions constant on left cosets of 4 (resp. B)
and the action u is extended in an obvious way, cf. [SW]. If y, denotes the char-
acteristic function of a subset D < G, then

e~ 1@y, er~1Q®yxp and esz1®x{e}.

One can easily verity that R'N M is isomorphic to the subspace of L*(G), which
consists of functions constant on double cosets BgA, ge G. Similarly Q'NN =
L*(A\G/B) and we have

leg xer] = x4 and [er *eg] X Y45

Q0 < K
Also, since U U is a commuting square, [ex*ey] = [em *en| = 1.
S < R

3. Angles for subfactors with ‘“small” second relative commutant

The following lemma may be considered as a generalization of Lemma 5.3 in
[SW]. As always, we assume that S'NK = C and [K : S] < co.
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0 < K
LemMma 3.1. If the diagram U U is not a co-commuting square and
S < R

dim(Q' N M) =2, then the only non-zero element of the spectrum Sp(eymeneny — ex) is
(1/(1 = A))((z(enem)/2) — 4).

Proor. Note that our assumption dim(Q'NM)=2 impliess QVR=NNM
=K. Let us denote Ey=EyENE)y and E = E;— Eg. It is sufficient to show
(see [SW, Corollary 3.1]) that E? = (1/(1 — A))((t(enen)/®) — A)E. Since E has the
bimodule property, by [PP1l, Lemma 1.1] we need only to make sure that
E%(es) = (1/(1 = 1)) ((z(enerr)/a) — A)E(es). By [SW, Lemma 7.1] and Theorem 2.9,
for the projection p = [eg * eg] € Q' N we have

E()(es) = EMEN((ZGQ) = T(%eR) EM@)

Since dim(Q'NM) =2,

T(ﬁeg)e +T(ﬁ(1—eQ))
t(eg) 27 (1 - ep)

(1-eg) =eg+ ’(f’)_;'l (1-eg).

Ey(p) =

Therefore, setting

0 = t(eger)/n and k= % %ﬁ%@l,
we get
Ey(es) = aEy(eg) = afleg + ax(1 — ep).
Hence,

E}(es) = Eo(afleg + ox(1 — eg)) = (6 — k) Ey(es) + ax,
which gives
E*(es) = (Ey — Ex)(Eo — Ex)(es) = (E; — Ex)(es) = (0 — k)Eo(es) + ax — 7
— (0 K)E(es) + (0 — K)y + ax — y = (0 — K)E(es)

_ 1 (t(eger) )\ _ 1 (t(enem)
0——1(?—1__/1( . /1)—1_/1< " i). Q.E.D.

and

By [SW, Corollary 4.1], the theorem stated in introduction is a reformulation of the
following one.

Q0 < K
THEOREM 3.2. Let 9 = U U be a diagram of type 11, factors ([K : S] < oo,
S < R

S'NK=C)andlet [ K:R <[K:Q]. IfdmQ'NM =2 (M= (K,Q,ep)), then D is a
co-commuting square.

PrOOF. Suppose that 2 is not a co-commuting square. From the preceding lemma,
the spectrum Sp(eyenery —ex) — {0} = {a}, where o= (1/(1 — 1))((z(enen)/a) — 4).
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Since
Sp(evemen — ex) — {0} = Sp(evenm — ex)(evem —ex)" — {0}
= Sp(evem — ex)*(envem — ex) — {0} = {a},
it follows that
emeney = ex +0g, eneyen = ek +f,

for some projections g,f € K'NL;. Then, since t(epey) # t(ex) =y (= [K : S]7'), we
have 7(g) = (t(emen) — y)(1/0) = a — y, but

f<eyv—ex and z(f)=1(g),

and so « —y < f —», which gives a contradiction with 1 < 7. Q.E.D.
0 < K

COROLLARY 33. If9= U U,dmQ'NM=dmR NN =2and K : Q] #
S < R

[K : R], then 2 is a co-commuting square.

4. Angles for subfactors with ‘“small” indices

We use here results of S. Popa, cf. [P3], to consider another sufficient conditions
which lead to the same effect. Let us outline some of those results. We assume the
following notations: P,(x) will be Jones’ polynomials,

P_l EP() =1 P,,H(x) :P,,(x)—xP,,_l(x).
If x = (4cos’(n/n))™" (n>3) then

. Pk_l(x) n— N Pk_l(x) _
Ao(x)_{Pk_z(x) 2<k< 2}—{x P 0<k<n 4}
and 4,(x) = . If x<1/4 then
_ ka—l(x) Pry1(x)
o) = {x T o s kfu G o <)
and Ay() = [1——\/21—4x,1+\/21—4x].

Set A(x) = Ap(x)UA;(x) and 4 (x) = A(x)N(x+ A(x)). If Bc A is a finite index
inclusion of type II; factors, then

P(A,B) = {ee P(A)| Eg(e) is a scalar}
and we also denote: A(A4,B) = {t(e)|ee P(4,B)} —{0,1}.

THEOREM 4.1. ([P3, Theorems 5.1 and 5.2]) For a finite index inclusion of type
T, factors B< A, A(A,B) = A([A: B]™"). Moreover, if [A:B] <4, then A(A,B)=
A([A: B™h.
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Next proposition is a slight modification of [P3, Proposition 4.5]. We will set
P (Bc A)={F|Fisfactor,Bc Fc Aand [4: F|"' =s}.

PROPOSITION 4.2. Let D =« B< A be a triple of type 11, factors with [A: D] < oo
and DNB=C. If feP(D'NA) and ©(f) € Ag(t) (t=1[A:B|™"), then there exists
Fe %D < B), s=t*"1/Pi(t)*, where k > 0 is determined by t( f) = tPr_1(t)/Pi(2) or
by ©(f) = Pis1()/Pi(2).

PrOOF. We may assume that 7( f) = tPx_1(t)/Pr(?), for some k > 0. Since evi-
dently f € P(4,B), exactly as in [P3, Lemma 4.3] we consider Jones’ tower

Bc Ac®4) c®2A4,.--- <% A4,

and projections px = (1 —e;) A --- A(l —ex) € BN Ay and pox =f Apk. Then, cf. [P3,
Proposition 4.5], there exists such subfactor F < B that (d4k), = (Bp,, Fp,,pox) and
[B: F]™' = 5= #+1/P()>. We will verify that the additional assumption f € D’ yields
D c F. Take any operator x€ D. Since [x,f]| =0 and [x,pi] =0, it follows that
[x,f Apx] =0, and hence [xpi,pox] =0. This implies xpi € F,,, so that x e F.
Q.E.D.

Let us now come back to diagrams of type Il; factors. We keep to all the
notations from the preceding sections as well as to the assumptions [K : S] < oo and
S'NK = C. In particular, we recall that [K: Rj=7"1, [R:S]=p"", [Q:S] =a"! and
K:Q]=4i""

LEMMA 4.3.

(leg * ex]) € [[A(1) N A(n)] U {1} N3lIA(@) N AB) U {1,

PROOF. Suppose that p = [eg xer] # 1. Since Ex(p) = ExErnm(p) =1(p), p€
P(M,K), and so, by Theorem 4.1, 7(p) e A(M,K) < A(A). By Theorem 2.9, p —ep
is a projection in S'NM and the same argument gives 7(p) — A€ A(1). Hence
7(p) € A(4). Identically, we obtain 7(p) = t(JxpJx) € A(n), but 7(p) = 1(p); therefore,

o(p) € A(2) N A(n).

Again, the projection g = [e) *ey] € P(N1,L) and analogically we obtain:

©(q) € A(2) N A()

or 7(g) = 1. Now, by Proposition 2.11, 7(p) = dz(q), which completes the proof.
Q.E.D.

ExaMPLE. It is easy to see that for A1 < 2+ /5, the set A (A) is finite. Let A be a
transcendental number and # an algebraic number, 1 < A7}, 77! <2+ +/5. Then, by
0 < K
the above lemma, the diagram U U is a co-commuting square.
S < R
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Q0 < K
S. Popa, cf. [P3, Theorem 6.1], proved that if a diagram 2 = U U of type
S < R

IT, factors is a commuting square, then the indices of the inclusions of this diagram
satisfy f € 4(4) and a € A(). Note that the condition 7(p) € A(1) U {1}, which follows
from Lemma 4.3 and, which is satisfied by any diagram 2 (with S'NK=C) is a
generalization (in the case S'NK = C) of Popa’s [P3, Theorem 6.1]. Indeed, if the

0 < K
diagram U U is a commuting square, then t(p) =J. Hence
S < R

P :% e A(A) & Beid(A)~ = 4(2),

where the last equality comes directly from the definition of A(4).

ReMARK. Incidentally, with a little extra effort, we can make Popa’s condition

Q < K
a bit stronger. If the diagram U U 1is a commuting square (which does not
S < R

necessarily satisfy S'NK=C) and B<a then either =1 or BeA;(d) or
B=a=24/(1-2). In the proof we use Proposition 4.2 (or an obvious modification of
it) to obtain a factor in ¥*(N < M) with “too big” index s!.

ExampLE. It is interesting to see, how some of the above results reflect in group
theory. Let u be an outer action of a finite group G on a type Il; factor S. Let, for

example, H and F be non-trivial subgroups of G such that HNF = {1}. We can
SX,H < 8§X,G

consider the diagram U U  and apply [NT], [SW], Proposition 4.2 and
S c SX,F

Theorem 2.9 to obtain the following property. If [G: H] =3 and G # HF, then

|F| = 2 and there is an intermediate subgroup D such that F < D c G, with [G: D] =3

or [G: D] =4.

Q0 < K
THEOREM 4.4. Let 2 = U U be a diagram of type Il factors with
S <« R

S'NK=C and [K:S) <. If [K:Q]=4cos*(n/n), for a prime number n, then the
diagram 2 is a co-commuting square.

PROOF. Let n>5 be a prime number and [K:Q]= A" =4cos’(n/n). By
Lemma 4.3, it is sufficient to prove that the set /f(i) is empty. From its definition, it is
not empty, iff there exist integers k,s, such that
Pi_1(2) _ P,_1(A) vy
Pr_2(A)  Ps_a(A)

From [J, Lemma 4.2.4], the equation is equivalent to the following one:

1 1 1
sin(2n/n) _ tan(kn/n) tan(sm/n)’

(*) n—2>s>k>2 and




36 J. WIERZBICKI

From this we see that if k, s satisfy (%) then k' =n—s, & =n—k also satisfy (x).
Therefore, we are allowed to assume that k + s <n. Directly from the definition of
Jones’ polynomials

Pr_1(A)Ps_3(A) — Ps_1(A)Pr—2(A) = A(Pr—2(A)Ps_3(A) — Ps_2(A)Pr—3(4)).
Then (x) is equivalent to the following equation
(%%)  Pr_2(A)Ps_2(L) — Pr_2(2)Ps_3(4) + Ps_2(4)Pr_3(A) = 0.

By [J, Lemma 4.2.4], the degree of the above polynomial does not exceed
[(k—1)/2] + [(s —1)/2]. We show that the degree of the minimum polynomial of 4 is
(n—1)/2. We use the terminology and results presented in [ST|. If we denote
¢ = exp(2ni/n), then A = (1/4) — (1/4)((1 — ¢)/(1 +¢))* is an element of the cyclotomic
field Q(¢) and { is a zero of the polynomial f(f) = 2+ (2—A"")t+1. By Lemma 3.4
in [ST], f(¢) is the minimum polynomial of { over the field extension Q(4) and the
degrees of field extensions satisfy:

n—1=[0(0): 0l =[0(0) : 2N]Q(A) : 2] =2[Q() : Q.
Now, the inequality [(k —1)/2]+[(s—1)/2] = (n—1)/2 clearly contradicts our

assumption k + s < n. Q.E.D.
Q0 < K

COROLLARY 4.5. Let 9= U U be a diagram of type Il factors with
S < R

S'NK=C and [K:S] <. If[Q:S]=4cos*(n/n), for a prime number n, then the
diagram 9 is a commuting square.

Proor. This is an immediate consequence from [SW, Corollary 4.1] and Theorem
4.4, Q.E.D.

ExampLE. T. Teruya, cf. [Te|, considered characteristic intermediate subfactors. If
Sc@QcK,SNK = C is a triple of type I1; factors then, analogically to group theory,
he called Q a characteristic intermediate subfactors, if for any automorphism o € Aut(X)
such that ¢(S) = .S we have also d(Q) = Q. Also, he showed that, if K is an extension
of S by a finite group G, then this notion coincides with characteristic subgroups. By
Theorem 4.4 we can easily obtain examples of characteristic intermediate sub-
factors. Let n and m,n # m,n,m > 4 be any prime numbers and let K be a hyperfinite
type I1; factor. Let Q < K and S = Q be II; subfactors with [K : Q] = 4 cos?(n/n) and
[Q: S] =4cos?*(n/m). Then, no matter how we pick up S, the subfactor Q is char-
acteristic.

Indeed, from Proposition 4.2 and [J], we get S'NK=C. If for some o€

Q0 < K
Aut(K, S), O # o(Q) = R then, by Theorem 4.4, the diagram U U is a commuting
S < R

and co-commuting square, which, by [SW, Theorem 7.1], contradicts the assumption
n+#m.
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ExamMpLE. Let u be an outer action of the symmetric group S3 on a type II; factor
S. Consider the following diagram:

S>,((1,2)) < S >, .83
U U .
S o 8§>,((2,3))

Clearly, it is not co-commuting square, and so for n = 6 the statement of Theorem 4.4
is not satisfied.

The prime numbers 7 are not the only ones for which the set A(1), A~ = 4cos?(n/n)
is empty. We can easily check that for n =4 or n =9 it is empty too. With a little
digital help, we conjecture that it is empty for all odd numbers (>5). For even
n (n>5) the set A(1) is not empty, because it contains {1 — 4,24}. We were only able
to prove the following

PrOPOSITION 4.6. Let [K:Q|=Ai"'!=4cos’(n/n) and let the diagram @ =

0 < K
U U be not a co-commuting square, where S'NK =C and [K:S] < 0.
S < R

Then n is not a prime number and the following statements hold true:
(1) There exists a factor

Ak+1

Pe |J ZL*(RcK), where s = 5.
0<k<n—4 k(4)

) If 247" #[K:Rl=n'< (A" =1), then n must be even, the inclusion
“R c K” is isomorphic to “Q < K” and

cos(Op-angy (0, R)) = {(1_%)2}

(3) If n=6, then the principal graph of the inclusion “Q < K is As.

Q < K
Proor. (1) If the diagram U U is not a co-commuting square, then the
S < R

projection p = [eg xer] € P(M,K) so, by Proposition 4.2, we obtain a factor
Pe ¥%(R c K), for some integer k € [0,n — 4].

(2) Since (0,(A7' = 1)%)N {s;110 <k <n—4} = {47'}, the only possibility for the
factor P in (1) is [K:P]=A4"'. Since [P:R]=A/n<i(A'=1)><9/4, by [J],
[P:R]=1 or [P:R]=2, with the second possibility eliminated by the assumption
A/n #2. From the construction of the subfactor P (see [P3, Proposition 4.5]), in the
case of k =0 or k = n — 4, we see that it is a downward basic construction for the pair
KcM. Thus M = (K,R,ég), where ég is a minimal and central projection in
R'NM. If pér # 0 then, by Theorem 2.9, p = ég and so ég = eg which is impossible
because the diagram would collapse. Therefore pégr =0, and hence R'NM =
C, @ Cég. Otherwise, there would be another projection, say fe RNM, f+p
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+ér=1, 7(f) = 4, which gives contradiction with A > 1/4. By [PP1, Lemma 1.8],
there is a unitary u € K such that égr =uegu* and R = uQu*, which gives desired
isomorphism.

Since eg + ér is a projection and Ex(eg+ ér) =24 <1, by Theorem 4.1, there
exists an integer k, 2 <k <n—3 such that P;_;(A)/Pir_2(A) =24, hence Pr_;(4)—
APy_5(A) = APy_3, and so Pi(A) = —Pi(4) + Px—1(4) and consequently Py(A)/Pr_1(4) =
1/2. Therefore n can not be odd. Value of the angle is computed in Lemma
3.1.

(3) By [P5] the principal graph of “Q < K” can only be D4 or As. If it is Da,
then Q'NM = Cep @ Cf @ Cyg, for some projections f and g such that 7(f)=
7(9) = A(=1/3). If f; is a projection in S'N M, then, since Ekx(fi) is a scalar,
7( fi) = A. Therefore, if SN M # Q'N M then S'NM = Ceg ® M,(C). Since fand g
are Jones projections (Ex(f) = 4,Ek(g) = A), they are central (see [PP1] or Lemma
2.8). Thus we have S’NM = Q'N M and, in consequence,

RNM=RnNM)NQ@'NM)=RNINM=K'NM=C.
Then, by Corollary 2.13, 2 must be a co-commuting square. Q.E.D.

Almost identically as in (3) above we can prove a little more.

0 < K
CoROLLARY 4.7. If 9= U U is a diagram of type Il factors, Qv R
S < R

=K ([K:S] <o0,8'NK = C) and K is a crossed product of Q by an action pu of a finite
group G, K = Q X, G, then & is a co-commuting square.

ExamPLE. Let S « Q < K be a triple of type II; factors with S'NK =C. Let Q
be a crossed product of S by a finite abelian group and let K be a crossed product of Q
by any finite group. From the above corollary and by [Wi, Theorem 6], we see that if
there is another intermediate subfactor R between S and K such that RNQ =S and
Rv Q =K, then the inclusion S = K has depth two.

If A~ =4cos?(n/n) then we set Q(A) = {Pr(A)?/AF0<k<n—-3}. If A7'>4
then put n = oo in the above notation.

Q0 < K
COROLLARY 4.8. Let 2= U U be a diagram of type Il factors
S < R

(S'NK=C,[K:8] <00,0vR=K) such that [K:Q|<2++5. If for any inter-
mediate subfactor F # Q between S and K (including S), (K : F] ¢ Q(A), then 9 is a
co-commuting square.

PrROOF. Suppose that 2 is not a co-commuting square. Then p = [eg * eg] # 1
and the projections p, p — ep are elements of P(M,K). Hence t(ep) is an element of
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the algebraic difference 4(1) — A(4) (A~ =[K:Q]). Since A~! <2+ +/5 and (in case
A7'>4) A1(4) — 41(4) = [-V1 —44,V/1 — 4], we can write a little more:

A e (40(2) — 40(1)) U (4o(4) — 41(4)) U (41(4) — 40(4)).

In any case t(1 —p)el— Ag(d) = 49(4) or 1(p—eg) € Ap(A) (otherwise A€ A;1(4A)
— A1(4)).

If, for fe{l —p,p—eg}, ©(f)e€ A4o(A) — {4,1 — i}, then, by Proposition 4.2, we
obtain an intermediate subfactor F# Q, S < F < K with index [K:F]e Q(4),
which contradicts our assumption. Therefore, there is f € {1 —p,p —eg} such that
(f)e{A,1—A}. Since 7(1—-p)#1—-41 and 7(p—eg) #1 — 4, we see that for a
projection f € {1 —p,p—ep}, t(f) =4 Hence, there is an intermediate subfactor
F, ScFcK, with [K:F]=1"" and M = (K,F, f). Since, by our assumption
F = Q, we obtain M = (K, Q, f). Note that f 1L eyp. Let A (Q) be the normalizer of
Q in K. Obviously #°(Q)" is a II; factor and Q = #(Q)" = K. By [Sut] and [PP1,
Proposition 1.7] (see also remarks preceding [PP3, Corollary 1.1.6]) and by Jones’
restrictions on the index we see that [K: A(Q)"]=[A4(Q)":Q]=2 or that
K = #(Q)". The second case can be eliminated by. Corollary 4.7, because K is then an
extension of Q by a finite group (cf. [Sut], [PP3]). By [P6], the principal graph of the
inclusion Q = K is DYV (n>4) or Dy,. In any case Q'N M = Ceyp @ Cf @ Cg, where
7(9) =1/2. Since S'NM # Q'NM (otherwise we proceed like in the proof of
Proposition 4.6(3)), it follows that there is a projection g < gand g #g;€ SN M. By
[PP1, Proposition 2.1], 7(g1) = Ex(g1) = (1/4)g1, which gives 7(g;) =1/4 = 1. Now,
there exists an intermediate subfactor F, S ¢ F < K such that M = (K, F,g;). But
[K:F]=4€eQ(A) =2(1/4) and F # Q, because g; ¢ Q' N M. Q.E.D.

5. Associated algebras of a diagram

0 < K
We assume in this section that the diagram U U is a commuting square, or
S < R
N < L
equivalently, that the diagram U U is a co-commuting square. Also, as before,
K < M

the inclusion S < K is irreducible with [K : S] < o0.

PROPOSITION 5.1. There exists a Jones projection f for the inclusion M < L (ie.
feLand Ey(f)=|[L: M]_1 = ) such that

er=erf =leg*er] f.

PROOF. Let p =[eg xer]. Take any Jones’ projection ey € L and the corre-
sponding downward basic construction D, so that L = (M,D,e;). Take a unitary
ue M such that upu* e D. If we set e =u*eou and D; = u*Du, then, by [PPI,
Corollary 1.8], L = (M, Dj,e;) and pe D;. Since t(e;p) = az(p) = n = t(er), there
exists a wunitary ve M, such that egr=v*ejpv. It is easy to check that
f=+1=ple(v+1-p) will do the job. Q.E.D.
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It is natural to ask what the von Neumann algebras 4 = M N{er} and
B = Rv{ep} look like. Obviously, R Bc A c M and if, in addition, the diagram

Q < K K < M
U U is also a co-commuting square then 4 = B is a factor and U U is
S < R R < 4

a commuting and co-commuting square too. (Cf. K], [P5], [Wi].)

Let f be like in the above proposition and let M, be the corresponding downward
basic construction, My = M N{f} and L = (M, My, f). For a projection e and a von
Neumann algebra F we will denote

V(e, F) = \/{ueu* |uis a unitary in F}.

LeMMA 5.2. Let p=[eg*eg|. Then

Ap =B, = (Mo)p = AeQA = BeQB = ReQR
and p=V(eg,R) = V(eg,B) = V(eg, A).

Proor. First, we show that deg4 = RegR. Let xe A. By [PP1, Lemma 1.2],
xeg = yeg, for ye K. Multiplying the equality yeger = eryeg by es we obtain
yes = egr yes = Eg(y)es, which implies y € R. Therefore AepA = RegR = BegB.

Obviously V(eg,R) e RN M, and hence (by Theorem 2.9) V(eg,R) =p. The
equality follows from uegu* < p, which holds for all unitaries u € R. By the first part of
the proof, it follows that also p = V(eg, B) = V(eg,4). Now, it is easy to see that
A, = B, = RegR.

Proposition 5.1 implies (M), = Ap. Indeed, if xe(Mo), then xer—epx=
xpf —pfx=xf —fx=0. Since {er} NM,= ({er}NM),=4,, we see that L,
= (Mp, 4p,eg); therefore [M,:4,]=a"'. On the other hand, [M,:(Mo),]=
[M: Mo]=[L:M]=0o"'. We see then that (M), = 4,. Q.E.D.

REMARK. Let T = RegR be the set characterized above. We remark that T is an
algebraic basic construction for the pair S, = R, and a downward basic construction for
the pair M, < L,. We can write

T = (Rp,Sp,eQ) and Lp = <Mp, T, eR).
Finally, we obtain the following decomposition of the von Neumann algebras A
and B.
COROLLARY 5.3. Let as before p = [eg*egr|. Then
A=T®M,_, and B=T®R,_,.
PrOOF. The elements x = r + >, a;egb;, with r,a;,b; € R form a dense *-subalgebra
of B. By Theorem 2.9 we see that (1 — p)x(1 —p) = (1 — p)r. Since p is central in B,
B=B,®B_,=T®R,_,.

If we apply this equality to the algebra Qv {er}, then, using the modular conjugation
Jk, we obtain the remaining one. Q.E.D.
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