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Abstract. In this paper we give an explicit Fourier expansion of the Eisenstein series on

certain quaternion unitary groups of degree 2 by means of Shimura’s method. Moreover

using an explicit formula of the Fourier coe‰cients of holomorphic Eisenstein series and

Oda’s lifted cusp forms, we give some numerical examples.

0. Introduction.

In this paper, we study Eisenstein series on a quaternion unitary group of degree 2

and give some examples. Automorphic forms of our type were studied by Arakawa

[1]. We shall state an outline of this paper in the simplest case.

Though we treat totally real algebraic number fields as the basic field in this paper,

to give a brief account of this paper, we state only the case of rational number

field. Let B be an indefinite division quaternion algebra over Q and D the discriminant

of B over Q. Denote by a 7! a ða A BÞ the canonical involution and put TrB=QðaÞ ¼

aþ a. We denote by O a maximal order of B. We define an algebraic group G over

Q by

GQ :¼ g A GL2ðBÞ

�

�

�

�

g� 0 1

1 0

� �

g ¼
0 1

1 0

� �� �

;

where g� ¼
a g

b d

� �

for g ¼
a b

g d

� �

A M2ðBÞ. Then the group Gy of R-rational

point, which is isomorphic to Spð2;RÞ, acts transitively on complex domain H which is

isomorphic to the Siegel upper half-plane of degree 2. We define a discrete subgroup G

of Gy by

G :¼ GQ VGL2ðOÞ

(in this paper we treat a more general discrete subgroup defined in (1.2)). We denote by

MlðG Þ [resp. SlðG Þ], for a positive integer l, the space of holomorphic automorphic

forms [resp. cusp forms] on H of weight l. It is known that SlðG Þ is a finite

dimensional vector space over C , and an explicit formula for the dimension of SlðG Þ

was obtained by Hashimoto [4]. For an even positive integer l, let

ElðZ; sÞ :¼ detðImZÞð2sÿ2lþ3Þ=4
X

fC;Dg

detðCZ þDÞÿl jdetðCZ þDÞjÿsþlÿ3=2ð0:1Þ

be the real analytic Eisenstein series for G . Here Z is a variable on H, s is a com-
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plex variable, and
� �

C D

� �

runs over a complete system of representatives of

� �

0 �

� �

A G

� ��

G . The right-hand side of (0.1) converges absolutely and locally

uniformly on

fðZ; sÞ jZ A H;Re s > 3=2g:

Especially for lZ 4

ElðZÞ :¼ ElðZ; l ÿ 3=2Þ

belongs to MlðGÞ.

We have an explicit formula for the Fourier expansion by an application of the

Shimura’s method (cf. [17]).

Theorem 0.1 (Theorem 3.4). For Re s > 3=2 and Z ¼ X þ iY A H, the Eisenstein

series has the following expansion:

ElðZ; sÞ ¼
X

h

alðh;Y ; sÞe½TrB=QðhX Þ�;

alðh;Y ; sÞ ¼ detðYÞð2sÿ2lþ3Þ=4
dðh ¼ 0Þ

þDÿ1 detðY Þð2sÿ2lþ3Þ=4
x2 Jÿ1Y ; hJ;

2sþ 2l þ 3

4
;
2sÿ 2l þ 3

4

� �

afðh; sÞ;

where h runs over the lattice defined in (1.3), dðð�ÞÞ means 1 or 0 according as the

condition ð�Þ is satisfied or not, and put J ¼
0 1

ÿ1 0

� �

. The function x2, which is

defined in (2.8), can be written by the confluent hypergeometric functions defined in

Shimura [16]. af is the singular series and its explicit form is given in Proposition 3.3.

From Theorem 0.1 we prove the analytic continuation and a functional equation

without using Langlands’ theory [9].

Theorem 0.2 (Theorem 3.7). The Eisenstein series ElðZ; sÞ has a meromorphic

continuation to the whole s-plane and

x sþ
3

2

� �

xð2sþ 1Þ
Y

l=2ÿ1

j¼0

2sþ 3

4
þ j

� �

2sþ 1

4
þ j

� �

Y

pjD

ðpsþ1=2 ÿ pÿsÿ1=2ÞElðZ; sÞ

is invariant under s 7! ÿs. Here xðsÞ :¼ pÿs=2Gðs=2ÞzðsÞ ¼ xð1ÿ sÞ.

The right-hand side of (0.1) is no guarantee of the absolute convergence if l ¼ 2 and

s ¼ 1=2. However, as in Shimura [17], we obtain the following result. Since E2ðZ; sÞ is

regular at s ¼ 1=2, we can define E2ðZÞ :¼ E2ðZ; sÞjs¼1=2.

Theorem 0.3 (Theorem 3.8).

E2ðZÞ A M2ðG Þ

We remark that in the case of Siegel modular forms of degree 2 the holomorphic

Eisenstein series of weight 2 can not be constructed in this way (see [8], [12], [17]).
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Moreover we give an explicit formula for the Fourier coe‰cients of the

holomorphic Eisenstein series ElðZÞ to compute numerical examples (cf. Theorem

3.10). By this formula, we verify that Fourier coe‰cients of ElðZÞ are the rational

number whose denominators are bounded (cf. Corollary 3.11) and satisfy the Maass

relation (cf. Corollary 3.12).

In the last section (§4), we consider the case of D ¼ 6. We introduce Oda’s lifting

(cf. [13], [19]), and give some numerical examples of Fourier coe‰cients of the holo-

morphic Eisenstein series and lifted cusp forms. Moreover we construct cusp forms

which are not the lifted cusp form. For lZ 5 we can know the value of dimSlðG Þ by

Hashimoto’s dimension formula (cf. [4]). As an application we prove the following

result.

Theorem 0.4 (Theorem 4.4). If D ¼ 6, we have

dimC S2ðG Þ ¼ 0; dimC S4ðG Þ ¼ 2:

The existence of the holomorphic Eisenstein series of weight 2 (Theorem 0.3) and

the structure of S6ðG Þ (cf. (4.4)) play a basic role in proving the above theorem.

The author would like to express his gratitude to Professor Takashi Sugano who

suggested him these problems and o¤ered valuable advice and warm encouragement.

Notation. We denote by Z, Q, R and C , respectively, the ring of integers, the

rational number field, the real number field, and the complex number field. For an

associative ring R with an identity element, R� denotes the group of all invertible

elements and MmðRÞ the ring of all matrices size m with coe‰cients in R. We put

GLmðRÞ ¼ MmðRÞ
�. If X A MmðRÞ,

tX and TrðXÞ stands for its transpose and

trace. If R is commutative, detðXÞ stands for its determinant, and we denote by

SLmðRÞ the special linear group of degree m. For real symmetric matrices X and Y, we

write X > Y to indicate that X ÿ Y is positive definite. If X > 0, we denote by X 1=2

its positive definite square root. Let k be a number field and o the ring of inte-

gers. For each place v of k, we denote by kv the v-completion of k, and by jxjv the

module of x for an x A k�v : kA [resp. k�A ] means the adele ring of k [resp. the idele group

of k] and for x ¼ ðxvÞ A k�A , put jxjA ¼
Q

v jxvjv. For an algebraic group G defined over

k, we denote by Gk the group of k-rational points of G. We abbreviate Gkv to Gv. We

let y and f denote the sets of archimedean primes and non-archimedean primes of k,

respectively. We denote by GA;Gy, and Gf the adelized group of G, the infinite part of

GA, and the finite part of GA, respectively. Similar notation are used for an algebra or

a vector space. Each prime ideal p of k is identified with the corresponding finite place,

and we denote by op the ring of integer of kp. If there is no fear of confusion, the

maximal ideal pop of op is written as p. We denote by pp a prime element of kp and

put qp ¼ jppjp. When L is an o-module, put Lv ¼ Ln vov. For z A C , put e½z� ¼

expð2pizÞ. For a quaternion algebra B over k, we denote by x 7! x ðx A BÞ the

canonical involution of B over k, and put TrB=kðxÞ ¼ xþ x and NB=kðxÞ ¼ xx. We

denote by Bÿ the set of pure quaternions, and any subset S of B we put

Sÿ ¼ Bÿ VS. The disjoint union of sets Z1; . . . ;Zs is denoted by
‘ s

i¼1 Zi. For a A R,

the symbol [a] denotes the integer not greater than a.
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1. Definition of Eisenstein series.

1.1. Preliminaries.

Let k be a totally real algebraic number field of degree n over Q, and let B be a

division quaternion algebra over k; and denote by D the product of prime ideals of k

such that Bp is division, and we call this the discriminant ideal of B over k. We assume

that B is unramified at any infinite place of k. We denote by y1; . . . ;yn all infinite

places of k. Then by the above assumption on B, Byj
¼ Bnk kyj

is isomorphic to

M2ðRÞ. So we identify Byj
with M2ðRÞ.

Let G be a linear algebraic group over k defined by

Gk :¼ g A GL2ðBÞ

�

�

�

�

g� 0 1

1 0

� �

g ¼
0 1

1 0

� �� �

;ð1:1Þ

where g� ¼
a g

b d

� �

for g ¼
a b

g d

� �

A M2ðBÞ. Then Gyj
is isomorphic to

Spð2;RÞ :¼ g A GL4ðRÞ

�

�

�

�

tg
0 12

ÿ12 0

� �

g ¼
0 12

ÿ12 0

� �� �

:

Put

Hj :¼ fZj A Byj
nR C jTrB=kðZjÞ ¼ 0; ðImZjÞJ

ÿ1 is positive definiteg;

where ImZj means the imaginary part of Zj, and J ¼
0 1

ÿ1 0

� �

. The domain Hj is

isomorphic to the Siegel upper half-plane of degree 2, and Gyj
acts on Hj transitively as

a group of holomorphic automorphisms via the mapping

Zj 7! gjhZji :¼ ðAjZj þ BjÞðCjZj þDjÞ
ÿ1; gj ¼

Aj Bj

Cj Dj

� �

A Gyj
:

Put

Zj;0 :¼ iJ; Cyj
:¼ fgj A Gyj

j gjhZj;0i ¼ Zj;0g:

The group Cyj
, which is a maximal compact subgroup of Gyj

, is isomorphic to the

unitary group of degree 2, and Hj is isomorphic to Gyj
=Cyj

. For gj ¼
Aj Bj

Cj Dj

� �

A Gyj
and Zj A Hj, we define a C-valued holomrophic automorphic factor Jjðgj;ZjÞ on

Gyj
� Hj by

Jjðgj ;ZjÞ :¼ detðCjZj þDjÞ ð1Y jY nÞ:

Let H be the direct product of H1 � � � � � Hn. We put Z0 ¼ ðZ1;0; . . . ;Zn;0Þ and

Cy ¼ Cy1
� � � � � Cyn

. The action of Gy on H is given componentwise, namely,

ghZi :¼ ðg1hZ1i; . . . ; gnhZniÞ;
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and the automorphic factor on Gy � H is given by

Jðg;ZÞ :¼
Y

n

j¼1

Jjðgj ;ZjÞ A C ;

where g ¼ ðg1; . . . ; gnÞ A Gy, Z ¼ ðZ1; . . . ;ZnÞ A H.

Now, we fix a maximal order O of B and a maximal two-sided ideal A. Then it is

well-known that A is uniquely written as

A :¼
Y

pjD

Bep
p ;

where Bp is a maximal ideal of Op, ep ¼ 0 or 1. We denote D0 [resp. D1] the product

of all primes such that pjD and ep ¼ 0 [resp. ep ¼ 1].

For each prime ideal p, put

Cp :¼ g ¼
a b

g d

� �

A Gp

�

�

�

�

a; d A Op; b A Ap; g A Aÿ1
p

� �

;

where Op ¼ Ono op and Ap ¼ Ano op. Then Cp is a maximal compact subgroup of

Gp and Gp ¼ PpCp, where P is a parabolic subgroup of G defined by

Pk :¼ g ¼
a b

g d

� �

A Gk

�

�

�

�

g ¼ 0

� �

:

We abbreviate
Q

p Cp to Cf and CyCf to CA.

Put

GA :¼ Gk VGyCf ¼ g ¼
a b

g d

� �

A Gk

�

�

�

�

a; d 2 O; b A A; g A Aÿ1

� �

:ð1:2Þ

Then GA is a discrete subgroup of Gy such that the volume of GAnGy is finite. We

denote by h the class number of k. Then the following lemma is easily seen (cf. [4],

[17]).

Lemma 1.1. There exist h elements b1; . . . ; bh of Gk such that

Gk ¼
a

h

i¼1

PkbiGA:

For a positive integer l, let MlðGAÞ denote the space of automorphic forms of

weight l with respect to GA;

MlðGAÞ :¼ f ðZÞ

�

�

�

�

�

f ðZÞ is holomorphic on H

f ðghZiÞ ¼ Jðg;ZÞ l f ðZÞ for any g A GA

( )

;

and let SlðGAÞ denote the space of cusp forms of weight l with respect to GA;

SlðGAÞ :¼ f ðZÞ A MlðGAÞ

�

�

�

�

�

j f ðZÞj
Y

v Ay

ðdetðImZvÞÞ
l=2 is bounded on H

( )

:

The following fact is well-known ([2], [14]).
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Proposition 1.2. Let GA be the discrete subgroup of Gy given in (1.2) and let l be a

positive integer. Then f ðZÞ A MlðGAÞ has the following Fourier expansion

f ðZÞ ¼ að0Þ þ
X

h A ðAÿÞ �

hJ>0

aðxÞe½sðhZÞ�;

where s ¼ Trk=Q � TrB=k and hJ > 0 means that hvJ is positive definite for all v A y.

ðAÿÞ� is a lattice defined by

ðAÿÞ� :¼ fx A Bÿ jTrB=kðhxÞ A dÿ1 for all h A Aÿg;ð1:3Þ

where d is the di¤erent of k over Q. In particular, f ðZÞ A SlðGAÞ is equivalent to

að0Þ ¼ 0.

1.2. Eisenstein series.

For an even integer l, and a complex number s we define a function on GA by

flðg; sÞ :¼
Y

v

fl; vðg; sÞ; fl; vðg; sÞ :¼
ApðgÞ

s if v ¼ p A f,

Ayj
ðgÞsJjðwyj

;Z0; jÞ
ÿl if v ¼ yj A y:

(

where AvðgÞ ¼ jNB=kðaÞjv for g ¼
a �

0 aÿ1

� �

w A PAC, w ¼ wywf A CyCf . It can be

easily seen that this is well-defined because l is an even integer. Now our Eisenstein

series (as a function on GA) is defined by

E
gr
l ðg; sÞ :¼

X

g APknGk

flðgg; sþ 3=2Þ:ð1:4Þ

The right-hand side of (1.4) converges absolutely and locally uniformly on

fðg; sÞ A GA � C j g A GA;Re s > 3=2g:

Then we easily see that

E
gr
l ðggw; sÞ ¼ E

gr
l ðg; sÞJðwy;Z0Þ

ÿl for g A Gk; g A GA; w ¼ wywf A CyCf :ð1:5Þ

Notice that

GA ¼ GkGyC

by virtue of the strong approximation theorem for G. Therefore we can define our

Eisenstein series on H by

ElðZ; sÞ :¼ E
gr
l ðgy; sÞJðgy;Z0Þ

l for Z ¼ gyhZ0i:ð1:6Þ

By Lemma 1.1

E
gr
l ðgy; sÞ ¼

X

g APknGk

flðggy; sþ 3=2Þ ¼
X

h

i¼1

X

g APknPkbiGA

flðggy; sþ 3=2Þ

¼
X

h

i¼1

X

g ATi

flðggy; sþ 3=2Þ;
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where Ti ¼ ðPk V biGAb
ÿ1
i ÞnbiGA. Therefore we obtain

ElðZ; sÞ ¼
Y

v Ay

detðImZvÞ
ð2sÿ2lþ3Þ=4

 !

ð1:7Þ

�
X

h

i¼1

Y

v A f

AvðbiÞ
sþ3=2

X

g ATi

Jðg;ZÞÿl jJðg;ZÞjÿsþlÿ3=2:

For l > 3 we define the holomorphic Eisenstein series by

ElðZÞ :¼ ElðZ; l ÿ 3=2Þ:

Then we can easily see ElðZÞ A MlðGAÞ. For a rational prime p, let Qp denote the field

of p-adic numbers. We define a character c of the adele ring kA by c ¼
Q

v cv, where

cvðxÞ ¼
e ½the fractional part of ÿ Trkv=Qp

ðxÞ� for x A kv if vjp,

e½x� for x A kv ¼ R if v A y.

(

ð1:8Þ

We notice that c is trivial on k. Now we fix a Haar measure dmAðxÞ ¼
Q

v dmvðxÞ on

Bÿ
A such that

ð

Aÿ
p

dmpðxÞ ¼ 1;

ð

Bÿ
A
=Bÿ

dmAðxÞ ¼ 1:ð1:9Þ

We put

dmy :¼
Y

v Ay

dmv:

By the Fourier expansion of E
gr
l

1 x

0 1

� �

g; s

� �

as a function of x A Bÿ
A , we have

E
gr
l ðg; sÞ ¼

X

h ABÿ

E
gr
l;hðg; sÞ;

E
gr
l;hðg; sÞ ¼

ð

Bÿ
A
=Bÿ

E
gr
l

1 x

0 1

� �

g; s

� �

cðÿTrB=kðhxÞÞ dmAðxÞ:

ð1:10Þ

By (1.5), we have

E
gr
l

1 xþ u

0 1

� �

g; s

� �

¼ E
gr
l

1 x

0 1

� �

g; s

� �

;

for u A Aÿ
p , g A Gy. Thus E

gr
l;hðg; sÞ 6¼ 0 only when h A ðAÿÞ�. Therefore we have

E
gr
l ðg; sÞ ¼

X

h A ðAÿÞ�
E

gr
l;hðg; sÞ; g A Gy:ð1:11Þ

Since B is division, the following Bruhat decomposition is easily verified.
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Lemma 1.3. We have

Gk ¼ Pk

a

PkwNk; w ¼
0 1

1 0

� �

;

where Nk ¼
1 �

0 1

� �

A Gk

� �

.

By (1.4), (1.10), and Lemma 1.3, we have

E
gr
l;hðg; sÞð1:12Þ

¼

ð

Bÿ
A
=Bÿ

X

g APknGk

fl g
1 x

0 1

� �

g; sþ
3

2

� �

cðÿTrB=kðhxÞÞ dmAðxÞ

¼

ð

Bÿ
A
=Bÿ

�

fl
1 x

0 1

� �

g; sþ
3

2

� �

cðÿTrB=kðhxÞÞ

þ
X

u ABÿ

fl w
1 u

0 1

� �

1 x

0 1

� �

g; sþ
3

2

� �

cðÿTrB=kðhxÞÞ

�

dmAðxÞ

¼ fl g; sþ
3

2

� �

dðh ¼ 0Þ þ

ð

Bÿ
A

fl
0 1

1 x

� �

g; sþ
3

2

� �

cðÿTrB=kðhxÞÞ dmAðxÞ;

where dðð�ÞÞ ¼ 0 or 1 according as the condition ð�Þ is satisfied or not. Therefore we

obtain the following proposition.

Proposition 1.4. Let l be an even integer and s a complex number such that

Re s > 3=2. If g A Gy we have

E
gr
l ðg; sÞ ¼

X

h A ðAÿÞ �
E

gr
l;hðg; sÞ;

E
gr
l;hðg; sÞ ¼ flðg; sþ 3=2Þdðh ¼ 0Þ þ al;yðh; g; sÞafðh; sÞ;

where

al;yðh; gy; sÞ ¼
Y

v Ay

al; vðh; gv; sÞ; afðh; sÞ ¼
Y

v A f

avðh; sÞ;

al; vðh; gv; sÞ ¼

ð

Bÿ
v

fl; v
0 1

1 x

� �

gv; sþ
3

2

� �

cvðÿTrB=kðhxÞÞ dmvðxÞ;

avðh; sÞ ¼

ð

Bÿ
v

Ap

0 1

1 x

� �� �sþ3=2

cvðÿTrB=kðhxÞÞ dmvðxÞ:

2. Local part.

For 0 6¼ h A Bÿ, we put K ¼ kðhÞ and Kp ¼ Knk kp for each prime p, and denote

by p the rational prime divided by p. We denote by whðpÞ the Legendre symbol, i.e. it

equals ÿ1, 0, or 1 according as p remains prime in K, ramifies in K, or splits in K. We

denote by ðAÿ
p Þ

� the dual lattice of Aÿ
p :

ðAÿ
p Þ

� ¼ fx A Bÿ
p jTrB=kðxyÞ A pÿd for any y A Aÿ

p g;
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where pd is the di¤erent of kp over Qp. An element h A Aÿ
p is said to be primitive if

pÿ1
p h is not in Aÿ

p . We denote by ðAÿ
p Þ

�
prim the set of all primitive elements of Aÿ

p . For

0 6¼ h A ðAÿ
p Þ

�, we define integers ap and fp by the condition:

h ¼ p
ap
p h0; ð2pd

ph0Þ
2 ¼ dpp

2fp
p ;ð2:1Þ

where h0 A ðAÿ
p Þ

�
prim and dp is a generator of the discriminant of Kp=kp.

2.1. Ramified primes.

In this subsection p denotes a prime ideal of k dividing D. Let K0 be the unique

unramified quadratic extension field of kp. We realize Bp as a cyclic algebra ðK0; ppÞ

i.e. Bp ¼ K0 þ K0Pp, P
2
p ¼ pp, Pp ¼ ÿPp, and PpXPÿ1

p ¼ X for any X A K0 (Pp is a

prime element of the division quaternion algebra Bp). We denote by O0 the maximal

order of K0: so Op ¼ O0 þO0Pp is the maximal order of Bp and Bp ¼ ppO0 þO0Pp is

the maximal two-sided ideal of Op. Take an element i of O�
0 such that i ¼ ÿi.

Put
ApðnÞ :¼ Bÿ

p VPÿn
p Ap for n A Z:

For ApðnÞ we define the lattice A�
pðnÞ by

A�
pðnÞ :¼ fx A Bÿ

p jTrB=kðxyÞ A pÿd for any y A ApðnÞg:

Then we easily see that

A�
pðnÞ ¼

ði=2Þp
½n=2�ÿd
p op þ p

½ðnþ1Þ=2�ÿd
p Pÿ1

p O0 if ep ¼ 0,

ði=2Þp
½ðnþ1Þ=2�ÿ1ÿd
p op þ p

½n=2�ÿd
p Pÿ1

p O0 if ep ¼ 1.

(

ð2:2Þ

Put
LAp

ðnÞ :¼ A�
pðnÞ ÿA�

pðnþ 1Þ for n A Z:

From (2.2) we obtain the following lemma. (cf. [19])

Lemma 2.1. Let h be an element of LAp
ðnÞ ðn A ZÞ.

(1) When ep ¼ 0, h is written as

h ¼ ði=2Þp½n=2�ÿd
p xþ p½ðnþ1Þ=2�ÿd

p Pÿ1
p X ðx A op;X A O0Þ:

If n is even, then X A O�
0 , whðpÞ ¼ 0, and fp ¼ ÿ1. If n is an odd integer, then x A o�p ,

whðpÞ ¼ ÿ1, and fp ¼ 0. Here, fp is defined in (2.1).

(2) When ep ¼ 1, h is written as

h ¼ ði=2Þp½ðnþ1Þ=2�ÿ1ÿd
p xþ p½n=2�ÿd

p Pÿ1
p X ðx A op;X A O0Þ:

If n is an even integer, then x A o�p , whðpÞ ¼ ÿ1, and fp ¼ ÿ1. If n is an odd integer, then

X A O�
0 , whðpÞ ¼ 0, and fp ¼ ÿ1.

For h A Bÿ and t A Z we put

Vpðh; tÞ :¼

ð

ApðtÞ

cpðTrB=kðhxÞÞ dmpðxÞ ¼ dðh A A�
pðtÞÞ

ð

ApðtÞ

dmpðxÞ:ð2:3Þ

The value of Vpðh; tÞ is given as follows:
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Lemma 2.2. For h A LAp
ðnÞ ðn A ZÞ, we have the following.

(1) Let ep ¼ 0, then

Vpðh; 2tÞ ¼
q3tp if tY ½n=2�,

0 if ½n=2� þ 1Y t,

(

Vpðh; 2tþ 1Þ ¼
q3tþ2
p if tY ½ðnþ 1Þ=2� ÿ 1,

0 if ½ðnþ 1Þ=2�Y t:

(

(2) Let ep ¼ 1, then

Vpðh; 2tÞ ¼
q3tp if tY ½n=2�,

0 if ½n=2� þ 1Y t,

(

Vpðh; 2tþ 1Þ ¼
q3tþ1
p if tY ½ðnþ 1Þ=2� ÿ 1,

0 if ½ðnþ 1Þ=2�Y t:

(

Now we are ready to prove the following theorem:

Theorem 2.3. Let the notation be as above. For pjD and Re s > 3=2, we have the

following.

(1) If h ¼ 0, then

apð0; sÞ ¼
ð1ÿ q

ÿsÿ3=2
p Þð1þ q

ÿsþ1=2
p Þð1ÿ qÿ2s

p Þÿ1
if ep ¼ 0,

q
sþ3=2
p ð1ÿ q

ÿsÿ3=2
p Þð1þ q

ÿsÿ1=2
p Þð1ÿ qÿ2s

p Þÿ1
if ep ¼ 1:

(

(2) If h A ðAÿÞ� satisfies p
ÿap
p h A ðAÿ

p Þ
�
prim, then

apðh; sÞ ¼
ð1ÿ q

ÿsÿ3=2
p Þð1ÿ w

h
ðpÞq

ÿsþ1=2
p Þq

ÿaps
p âapðh; sÞ if ep ¼ 0,

q
sþ3=2
p ð1ÿ q

ÿsÿ3=2
p Þð1þ q

ÿsÿ1=2
p Þð1ÿ w

h
ðpÞq

ÿsÿ1=2
p Þÿ1

q
ÿaps
p âapðh; sÞ if ep ¼ 1,

(

where if ep ¼ 0

âapðh; sÞ :¼
X

ap

t¼0

q
ð2tÿapÞs
p þ ð1þ w

h
ðpÞÞ

X

apÿ1

t¼0

q
ð2tþ1ÿapÞsþ1=2
p ;ð2:4Þ

and if ep ¼ 1

âapðh; sÞ :¼
X

ap

t¼0

q
ð2tÿapÞs
p ÿ w

h
ðpÞ

X

apÿ1

t¼0

q
ð2tþ1ÿapÞsÿ1=2
p :ð2:5Þ

Proof. In this proof we refer to the case ep ¼ 0 [resp. ep ¼ 1] as Case 0 [resp. Case

1]. Put

npðtÞ :¼

Ap

0 1

1 x

� �� �sþ3=2

if x A ApðtÞ; t ¼ 0,

Ap

0 1

1 x

� �� �sþ3=2

if x A ApðtÞ ÿApðtÿ 1Þ; tZ 1.

8

>

>

>

<

>

>

>

:
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Then by

0 1

1 x

� �

¼

1 0

0 1

� �

0 1

1 x

� �

A PpCp if x A Apð0Þ,

xÿ1 ÿ1

0 x

� �

ÿ1 0

xÿ1 ÿ1

� �

A PpCp if x A ApðtÞ; tZ 1,

8

>

>

>

<

>

>

>

:

ðCase 0Þ

0 1

1 x

� �

¼

Pÿ1
p 0

0 Pp

 !

0 Pp

P
ÿ1

p P
ÿ1

p x

 !

A PpCp if x A Apð0Þ,

xÿ1 ÿ1

0 x

� �

ÿ1 0

xÿ1 ÿ1

� �

A PpCp if x A ApðtÞ; tZ 1,

8

>

>

>

>

<

>

>

>

>

:

ðCase 1Þ

we obtain

npðtÞ ¼ qÿtðsþ3=2Þ
p for tZ 0;ðCase 0Þ

npðtÞ ¼ qðÿtþ1Þðsþ3=2Þ
p for tZ 0:ðCase 1Þ

Hence, by (2.3) and Lemma 2.2, for h A LAp
ðnÞ ð0Y n A ZÞ we have

apðh; sÞ ¼ npð0ÞVpðh; 0Þ þ
X

y

t¼0

fnpð2tþ 2ÞVpðh; 2tþ 2Þ ÿ npð2tþ 2ÞVpðh; 2tþ 1Þ

þ npð2tþ 1ÞVpðh; 2tþ 1Þ ÿ npð2tþ 1ÞVpðh; 2tÞg

¼
X

½n=2�

t¼0

fnpð2tÞVpðh; 2tÞ ÿ npð2tþ 1ÞVpðh; 2tÞg

þ
X

½ðnþ1Þ=2�ÿ1

t¼0

fnpð2tþ 1ÞVpðh; 2tþ 1Þ ÿ npð2tþ 2ÞVpðh; 2tþ 1Þg:

Therefore by Lemma 2.1 and Lemma 2.2 we can obtain the following

apðh; sÞ ¼ ð1ÿ qÿsÿ3=2
p Þ

�

ð1ÿ qÿsþ1=2
p Þ

X

½n=2�

t¼0

qÿ2st
p ÿ ð1þ whðpÞÞq

ÿ2½n=2�sÿsþ1=2
p

�

;ðCase 0Þ

apðh; sÞ ¼ qsþ3=2
p ð1ÿ qÿsÿ3=2

p Þ

�

ð1ÿ qÿsÿ1=2
p Þ

X

½n=2�

t¼0

qÿ2st
p þ whðpÞq

ÿ2½n=2�sÿsÿ1=2
p

�

:ðCase 1Þ

Notice that h A LAp
ð2apÞ

‘

LAp
ð2ap þ 1Þ if and only if p

ÿap
p h A ðAÿ

p Þ
�
prim. So we see the

second part of our theorem. The remaining part of our theorem can be proved by the

same way. r

Corollary 2.4. Let the notation be the same as in the above theorem.

(1) For each h A ðAÿ
p Þ

�, apðh; sÞ can be continued as a meromorphic function to the

whole s-plane.

(2) For each 0 6¼ h A ðAÿ
p Þ

�, âapðh; sÞ is an entire function on the whole s-plane, and it

is invariant under s 7! ÿs.
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2.2. Unramified primes.

In this subsection we assume that p is a prime ideal of k not dividing D: so

Bp GM2ðkpÞ, Ap GM2ðopÞ. We denote h A ðAÿ
p Þ

� which satisfies (2.1) by hap; fp . Then

we notice that

fp V 0ð2:6Þ

(cf. [19]). Shimura [17] treated apðh; sÞ in a more general situation. We calculate the

explicit form of apðh; sÞ (cf. [6], [7]).

Theorem 2.5. For paD and Re s > 3=2, we have the following.

(1) If h ¼ 0, then

apð0; sÞ ¼ ð1ÿ qÿsÿ3=2
p Þð1ÿ qÿ2sÿ1

p Þð1ÿ qÿ2s
p Þÿ1ð1ÿ qÿsþ1=2

p Þÿ1:

(2) If hap; fp A ðAÿÞ�, then

apðhap; fp ; sÞ ¼ ð1ÿ qÿsÿ3=2
p Þð1ÿ qÿ2sÿ1

p Þð1ÿ whðpÞq
ÿsÿ1=2
p Þÿ1

q
ðÿapÿ fpÞs
p âapðhap; fp ; sÞ;

where

ð2:7Þ

âapðhap; fp ; sÞ :¼
X

ap

t¼0

�

X

apþ fpÿt

k¼0

q
ðtþ2kÞsþt=2ÿðapþ fpÞs
p ÿ whðpÞ

X

apþ fpÿtÿ1

k¼0

q
ðtþ2kþ1Þsþt=2ÿ1=2ÿðapþ fpÞs
p

�

:

As a corollary we get

Corollary 2.6. The notations being the same as in the above theorem.

(1) For each hap; fp A ðAÿ
p Þ

�, apðhap; fp ; sÞ is continued as a meromorphic function to

the whole s-plane, and saisfies the local Maass relation

apðxap; fp ; sÞ ¼
X

ap

t¼0

qðÿsþ1=2Þt
p apðh0;apþfpÿt; sÞ

(2) For each hap; fp A ðAÿ
p Þ

�, âapðhap; fp ; sÞ is an entire function on the whole s-plane and

it is invariant under s 7! ÿs.

2.3. Archimedean part.

Let Wm be the set of real symmetric matrices of size m and dmðxÞ the ordinary

Lebesgue measure on Wm. Set for 0 < g A Wm, h A Wm

xmðg; h; a; bÞ :¼

ð

Wm

e½ÿTrðhxÞ� detðxþ igÞÿa detðxÿ igÞÿb
dmðxÞ;ð2:8Þ

which is convergent for Reðaþ bÞ > m. This integral was studied by Shimura [16] and

it is known that this can be expressed by generalized hypergeometric functions.

By the uniqueness of the Haar measure on Bÿ
y
, the following relation between dm

y

and dm:

dm
y
ðxÞ ¼

1

ð
ffiffiffiffiffiffiffiffi

jdkj
p

Þ3D0D
2
1

Y

v Ay

dmðxÞv:ð2:9Þ
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Here, dk denotes the discriminant k=Q, and

Di :¼
Y

pjDi

jop=pj ði ¼ 0; 1Þ:

By (2.8) and (2.9), the following proposition is obtained.

Proposition 2.7. Let l be an even integer and s a complex number. Then for Z ¼

ghZ0i ¼ X þ iY A H ðg A GyÞ,

al;yðh; g; sÞJðg;Z0Þ
l ¼

1

ð
ffiffiffiffiffiffiffiffi

jdkj
p

Þ3D0D
2
1

�
Y

v Ay

detðYvÞ
ð2sÿ2lþ3Þ=4

x2 Jÿ1Yv; hvJ;
2sþ 2l þ 3

4
;
2sÿ 2l þ 3

4

� �� �

e½sðhXÞ�;

where s ¼ Trk=Q � TrB=k.

Proof. Put gv ¼
1 Xv

0 1

� �

yv 0

0 yÿ1
v

� �

A Pv.

al; vðh; gv; sÞð2:10Þ

¼

ð

Bÿ
v

fl; v
0 1

1 x

� �

gv; sþ
3

2

� �

cvðÿTrB=kðhvxÞÞ dmvðxÞ

¼ e½TrB=kðhvXvÞ�

ð

Bÿ
v

fl; v
0 1

1 x

� �

yv 0

0 yÿ1
v

� �

; sþ
3

2

� �

e½ÿTrB=kðhvxÞ� dmvðxÞ:

To obtain an explicit description of (2.10), we take a decomposition

0 1

1 xv

� �

yv 0

0 yÿ1
v

� �

¼
1 x1; v

0 1

� �

y1; v 0

0 yÿ1
1; v

� �

ov A PvCv:ð2:11Þ

Comparing the action of both sides of (2.11) for Z0, and automorphic factors, we have

fl; v
0 1

1 xv

� �

yv 0

0 yÿ1
v

� �

; sþ
3

2

� �

¼ jdetðxvy
ÿ1
v Jÿ1 yÿ1

v xv þ yvJyvÞj
ðÿ2sþ2lÿ3Þ=4 detði yvJ þ xvy

ÿ1
v Þÿl

¼ ðdetðyvÞÞ
sþ3=2 detðJÿ1xv þ i tyvyvÞ

ðÿ2sÿ2lÿ3Þ=4 detðJÿ1xv ÿ i tyvyvÞ
ðÿ2sþ2lÿ3Þ=4

Hence, by (2.8) and (2.9), for g ¼
1 X

0 1

� �

y 0

0 yÿ1

� �

w A PyCy ¼ Gy,

al;yðh; g; sÞ ¼
1

ð
ffiffiffiffiffiffiffiffi

jdkj
p

Þ3D0D
2
1

Jðw;Z0Þ
ÿl

�
Y

v Ay

detðyvÞ
sþ3=2

x2
tyvyv; hvJ;

2sþ2lþ3

4
;
2sÿ2lþ3

4

� �� �

e½sðhX Þ�
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On the other hand

gvhZ0i ¼ Xv þ iJ tyvyv:

Therefore we obtain this proposition. r

3. Global part.

3.1. Hypergeometric functions.

In this section, we summarize some properties of hypergeometric functions which

appear in the Fourier coe‰cients of the Eisenstein series. Put

GmðsÞ :¼ pmðmÿ1Þ=4
Y

mÿ1

j¼0

G sÿ
j

2

� �

for s A C ;

where G1ðsÞ ¼ GðsÞ is the ordinary gamma function and we understand as G0ðsÞ ¼ 1.

We put

kðmÞ :¼ ðmþ 1Þ=2 for 0Ym A Z;

Wm :¼ fx A MmðRÞ j
tx ¼ xg; Wþ

m :¼ fx A Wm j x > 0g:

For non-negative integers p, q with pþ q ¼ m, we denote by Wmðp; qÞ the subset of Wm

consisting of the non-singular elements with p positive and q negative eigenvalues. We

put for x A MmðRÞ

dþðxÞ :¼ the product of all positive real eigenvalues of x;

dÿðxÞ :¼ dþðÿxÞ;

tðxÞ :¼ the sum of all absolute values of real eigenvalues of x;

8

>

<

>

:

and denote by mðxÞ [resp. lðxÞ] the smallest [resp. largest] absolute value of non-zero

eigen-values of x. We note that hg has only real eigenvalues, if g A Wþ
m and h A Wm.

For g A Wþ
m , h A Wm, and ða; bÞ A C

2, put

h�
mðg; h; a; bÞð3:1Þ

:¼ detðgÞaþbÿkðmÞ

ð

Wm

xGh>0

expðÿTrðgxÞÞ detðxþ hÞaÿkðmÞ detðxÿ hÞbÿkðmÞ
dmðxÞ;

which is convergent for ReðaÞ > kðmÞ ÿ 1, ReðbÞ > m. By [[16], (1.29), (4.3)]

xmðg; h; a; bÞ ¼ expðpimðb ÿ aÞ=2Þ2mpmkðmÞGmðaÞ
ÿ1
GmðbÞ

ÿ1ð3:2Þ

� detð2gÞÿaÿbþkðmÞ
h�
mð2g; ph; a; bÞ

for ReðaÞ > kðmÞ ÿ 1, ReðbÞ > m, and

h�
mðg; 0; a; bÞ ¼ Gmðaþ b ÿ kðmÞÞ:ð3:3Þ

We also use the following functions introduced by Shimura [[16], (4.6K)]: For g A Wþ
m ,
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h A Wmðp; qÞ, and ða; bÞ A C
2, put

omðg; h; a; bÞ :¼ 2ÿpaÿqbGpðb ÿ q=2Þÿ1
Gqðaÿ p=2Þÿ1ð3:4Þ

� dþðhgÞ
kðmÞÿaÿq=4

dÿðhgÞ
kðmÞÿbÿp=4

h�
mðg; h; a; bÞ;

and put

omðg; 0; a; bÞ :¼ 1ð3:5Þ

The following theorem is one of the main results in [16].

Theorem 3.1 (Shimura). (1) omðg; h; a; 0Þ¼omðg; h; kðmÞ; bÞ¼ 2ÿmkðmÞ expðÿTrðghÞÞ

if h A Wþ
m .

(2) omðg; h; a; bÞ extends to a holomorphic function in ða; bÞ to the whole C
2, and is

real analytic in ðg; a; bÞ A Wþ
m � C

2.

(3) omðg; h; a; bÞ ¼ omðg; h; kðmÞ ÿ b; kðmÞ ÿ aÞ if detðhÞ 6¼ 0.

The following proposition, which is obtained from [16], will be used later (cf. [12]

Proposition 3.4).

Proposition 3.2. (1) For g A Wmðp; qÞ with pþ q ¼ m, the function

Gqðaÿ p=2Þÿ1
Gpðb ÿ q=2Þÿ1

h�
mðg; h; a; bÞ

extends to a holomorphic function in ða; bÞ A C
2 which is real analytic in ðg; a; bÞ A

Wþ
m � C

2.

(2) Let g A Wþ
m , and h A Wmðp; qÞðpþ q ¼ mÞ. Then, given a constant r > 0 and a

compact subset T of C 2, there exist constants C1;C2;C3 > 0 depending only on m; r, and

T such that

jGqðaÿ p=2Þÿ1
Gpðb ÿ q=2Þÿ1

h�
mð2g; ph; a; bÞj

YC1 expðÿtðhgÞÞtðgÞC2ðlðhgÞC3 þ mðhgÞÿC3Þ

for ða; bÞ A T , mðgÞZ r.

3.2. Singular series.

Here we write an explicit formula for the singular series af defined in Proposition

1.4. We denote by zkðsÞ the Dedekind zeta-function, and denote by Lkðs; whÞ the L-

function for a quadratic character wh of kðhÞ=k. For Re s > 3=2 and 0 6¼ h A ðAÿ
p Þ

�, we

put

âafðh; sÞ :¼
Y

p A f

âapðh; sÞ;

where âapðh; sÞ is defined by (2.4), (2.5), and (2.7). The function âafðh; sÞ is an entire

function in s and satisfies

âafðh; sÞ ¼ âafðh;ÿsÞ:ð3:6Þ

Putting our results of Theorem 2.3 and Theorem 2.5 together, we have the following

proposition.
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Proposition 3.3. For Re s > 3=2 we have

afð0; sÞ ¼
zkð2sÞzkðsÿ

1
2
Þ

zkðsþ
3
2Þzkð2sþ 1Þ

Y

pjD0

1ÿ qÿ2sþ1
p

1ÿ qÿ2sÿ1
p

Y

pjD1

q
sþ3=2
p ð1ÿ q

ÿsþ1=2
p Þ

1ÿ q
ÿsÿ1=2
p

if h ¼ 0, and

afðh; sÞ ¼
Lkðsþ

1
2
; whÞ

zkðsþ
3
2
Þzkð2sþ 1Þ

Y

pjD0

ð1ÿ whðpÞq
ÿsÿ1=2
p Þð1ÿ whðpÞq

ÿsþ1=2
p Þ

1ÿ qÿ2sÿ1
p

�
Y

pjD1

q
sþ3=2
p

1ÿ q
ÿsÿ1=2
p

2njdkj
2 jdK j

ÿ1=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jNk=Qðh2Þj
q

Y

pjD0

whðpÞ¼0

qp
Y

pjD1

qp

0

B

B

@

1

C

C

A

ÿs

âafðh; sÞ

if 0 6¼ h A ðAÿÞ�. Here K :¼ kðhÞ is a quadratic number field over k, dk [resp. dK ] is the

discriminant of k [resp. K] over Q.

From above proposition the singular series afðh; sÞ has a meromorphic continuation to

the whole s-plane and we obtain the following facts. For an arbitrary s0 A C , there

exist constants d > 0 and 0Y t A Z depending only on s0 such that the function

ðsÿ s0Þ
t
afðh; sÞ

are holomorphic on Udðs0Þ for all h A ðAÿÞ�. Here Udðs0Þ :¼ fs A C j jsÿ s0j < dg.

Moreover let s0, d, and t be as above. There exist positive constants C1, C2 depending

only on s0, d, and t such that

jðsÿ s0Þ
t
afðh; sÞjYC1jNk=Qðh

2ÞjC2ð3:7Þ

for all s A Udðs0Þ and h A ðAÿÞ�.

3.3. Continuation and functional equation of ElðZ; sÞ

Hereafter we assume l be an even non-negative integer.

Theorem 3.4. (1) For Re s > 3=2 and Z ¼ X þ iY A H, the Eisenstein series ElðZ; sÞ

has the following expansion;

ElðZ; sÞ ¼
X

h A ðAÿÞ�
alðh;Y ; sÞe½sðhX Þ�;ð3:8Þ

where

alð0;Y ; sÞ ¼
Y

v Ay

ðdetðYvÞÞ
ð2sÿ2lþ3Þ=4 þ

1

ð
ffiffiffiffiffiffiffiffi

jdkj
p

Þ3D0D
2
1

Y

v Ay

�

ðdetðYvÞÞ
ðÿ2sÿ2lþ3Þ=4ð3:9Þ

� 2ÿ2sþ2p3G2
2sþ 2l þ 3

4

� �ÿ1

G2
2sÿ 2l þ 3

4

� �ÿ1

G2ðsÞ

�

afð0; sÞ
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if h ¼ 0, and

alðh;Y ; sÞ ¼
1

ð
ffiffiffiffiffiffiffiffi

jdkj
p

Þ3D0D
2
1

Y

v Ay

�

ðdetðYvÞÞ
ðÿ2sÿ2lþ3Þ=42ÿ2sþ2p3G2

2sþ 2l þ 3

4

� �ÿ1

ð3:10Þ

� G2
2sÿ2lþ3

4

� �ÿ1

h�
2 2Jÿ1Yv; phvJ;

2sþ2lþ3

4
;
2sÿ2lþ3

4

� ��

afðh; sÞ

if h 6¼ 0.

(2) For any s0 A C , there exist constants d > 0 and 0Y t A Z depending only on l

and s0 such that

ðsÿ s0Þ
t
alðh;Y ; sÞ

is holomorphic in s on Udðs0Þ for every h A ðAÿÞ�, and the series

X

h A ðAÿÞ�
ðsÿ s0Þ

t
alðh;Y ; sÞe½TrB=kðhXÞ�;ð3:11Þ

converges absolutely and locally uniformly in ðZ; sÞ A H �Udðs0Þ. Thus (3.8)–(3.10) give

the analytic continuation of ElðZ; sÞ to the whole s-plane.

Proof. The first assertion follows from Proposition 1.4, Proposition 2.7, (3.2), and

(3.3). We shall prove the second assertion. By the assertion (1), Proposition 3.2, and

Proposition 3.3, there exist positive constants d > 0 and 0 < t A Z depending only on l

and s0 such that

ðsÿ s0Þ
t
alðh;Y ; sÞ

is holomorphic in s on Udðs0Þ and real analytic in ðY ; sÞ on

Y

v Ay

Wþ
2

 !

�Udðs0Þ:

By Proposition 3.2 and 3.7, for a given r > 0, there exist positive constants C1; . . . ;C6

depending only on r, l, s0, and t such that

jðsÿ s0Þ
t
alð0;Y ; sÞjYC1

Y

v Ay

ðTrB=kðJ
ÿ1YvÞÞ

C2ð3:12Þ

jðsÿ s0Þ
t
alðh;Y ; sÞjYC3 exp ÿ

X

v Ay

tðhvYvÞ

 !

Y

v Ay

TrB=kðJ
ÿ1YvÞ

 !C4

ð3:13Þ

� jNk=Qðh
2ÞjC5

Y

v Ay

lðhvJÞ
C6 þ

Y

v Ay

mðhvJÞ
ÿC6

 !

for mðJÿ1YvÞZ r ðv A yÞ and s A Udðs0Þ. From (3.12) and (3.13), there exist positive

constants C7; . . . ;C10 depending only on d, r, l, s0, and t such that
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X

h A ðAÿÞ �
jðsÿ s0Þ

t
alðh;Y ; sÞe½sðhXÞ�jð3:14Þ

YC7

Y

v Ay

ðTrB=kðJ
ÿ1YvÞÞ

C8

�

1þ
X

h A ðAÿÞ�

h 6¼0

exp

�

ÿ
X

v Ay

tðhvYvÞ

�

jNk=Qðh
2ÞjC9

�

�

Y

v Ay

lðhvJÞ
C10 þ

Y

v Ay

mðhvJÞ
ÿC10

��

for mðJÿ1YvÞZ r ðv A yÞ and s A Udðs0Þ. If mðJÿ1YvÞZ r > 0, then

tðhvYvÞZ 2rjNB=kðhvÞj
1=2ð3:15Þ

tðhvYvÞZ rlðhvJÞð3:16Þ

Hence (3.14), (3.15), (3.16), and the Schwarz’ inequality give

X

h A ðAÿÞ �
jðsÿ s0Þ

t
alðh;Y ; sÞe½sðhXÞ�jYC11

Y

v Ay

TrB=kðJ
ÿ1YvÞ

 !C12

for mðJÿ1YvÞZ r ðv A yÞ, s0 A Udðs0Þ. Here the constants C11, C12 depend only on l, t,

s0, r and d. This completes the proof of the assertion (2) of our theorem. r

In the rest of this section, we present a proof of a functional equation of ElðZ; sÞ by

means of investigations of explicit Fourier coe‰cients given in Theorem 3.4. Put

xkðsÞ :¼ jdkj
s=2

pÿsn=2Gðs=2ÞnzkðsÞ:

Then xkðsÞ is continued as a meromorphic function in s on the whole complex plane

with only simple poles at s ¼ 0; 1 and satisfies the functional equation xkðsÞ ¼ xkð1ÿ sÞ.

For 0 6¼ h A ðAÿÞ�, v A y, we assume that hvJ A W2ðpv; qvÞ ðpv þ qv ¼ 2Þ and put

Lkðs; whÞ :¼ jdkðhÞ=dkj
s=2

pÿsn=2
Y

v Ay

Gððsþ 1ÿ pvqvÞ=2ÞLkðs; whÞ:

Since wh is non-trivial (cf. Lemma 2.1), Lðs; whÞ is continued as an entire function

and is invariant under s 7! 1ÿ s. The following lemma is elementary.

Lemma 3.5. Let l be an even non-negative integer and let p; q be non-negative

integers with pþ q ¼ 2. Then

Gpðð2sþ 2l þ 3Þ=4Þÿ1
Gqðð2sÿ 2l þ 3Þ=4Þÿ1

¼ ðÿ1Þ lpq=22sÿ1=2pÿ1þpq=2e
ð p;qÞ
l ðsÞ

Gðð2sþ 3ÿ 2pqÞ=4Þ

Gðð2sþ 3Þ=4ÞGðð2sþ 1Þ=2Þ
:

Here

e
ð p;qÞ
l ðsÞ :¼

Q l=2ÿ1
j¼0 ðð2sþ 3Þ=4þ jÞÿ1ðð2sþ 1Þ=4þ jÞÿ1

if p ¼ 2; q ¼ 0,
Q l=2ÿ1

j¼0 ððÿ2sþ 3Þ=4þ jÞððÿ2sþ 1Þ=4þ jÞ if p ¼ 0; q ¼ 2,
Q l=2ÿ1

j¼0 ððÿ2sþ 1Þ=4þ jÞðð2sþ 3Þ=4þ jÞÿ1
if p ¼ 1; q ¼ 1.

8

>

>

>

<

>

>

>

:
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Put

QlðsÞ :¼
Y

l=2ÿ1

j¼0

ðð2sþ 3Þ=4þ jÞðð2sþ 1Þ=4þ jÞ:ð3:17Þ

Then we note that QlðsÞe
ð p;qÞ
l ðsÞ is invariant under the substitution s 7! ÿs.

We now introduce the normalized Eisenstein series

E �
l ðZ; sÞ : ¼ xk sþ

3

2

� �

xkð2sþ 1ÞQlðsÞ
n
Y

pjD0

ðqsþ1=2
p ÿ qÿsÿ1=2

p Þð3:18Þ

�
Y

pjD1

ðq2p ÿ qÿsþ3=2
p ÞElðZ; sÞ:

Proposition 3.6. Put

E �
l ðZ; sÞ :¼

X

h A ðAÿÞ�
a�
l ðh;Y ; sÞe½sðhXÞ�;

for Z ¼ X þ iY A H and s A C . Then a�
l ðh;Y ; sÞ extends to a meromorphic function in s

to the whole complex plane, and is invariant under the substitution s 7! ÿs. Precisely, if

h 6¼ 0 or lZ 2, then a�
l ðh;Y ; sÞ is holomorphic in s on the whole complex plane. On the

other hand a�
0 ð0;Y ; sÞ has only simple poles at s ¼ G3=2 in the case of l ¼ 0.

Proof. First we assume h 6¼ 0. By (3.4), (3.10), and Proposition 3.3,

a�
l ðh;Y ; sÞ ¼

ffiffiffiffiffiffi

D3
1

D0

s

jNk=Qðh
2Þjÿ3=4jdK j

ÿ1=4
Y

v Ay

�

detðYvÞ
ÿl=2

dþðhvYvÞ
ð2lþqvÞ=4ð3:19Þ

� dÿðhvYvÞ
ðÿ2lþpvÞ=4o2

�

2Jÿ1Yv; phvJ;
2sþ 2l þ 3

4
;
2sÿ 2l þ 3

4

��

�Ql;hðsÞLk sþ
1

2
; wh

� �

Y

pjD0

whðpÞ¼ÿ1

qÿ1=2
p ð1þ q sþ1=2

p Þð1þ qÿsþ1=2
p Þ

n o

� âafðh; sÞ;

where hvJ A W2ðpv; qvÞ, and we put

Qh;lðsÞ :¼
Y

v Ay

fðÿ1Þ lpvqv=22ð2lðpvÿqvÞþpvqvþ3Þ=2pðlðpvÿqvÞÿ1Þ=2QlðsÞe
ð pv;qvÞ
l ðsÞg:

By Theorem 3.1(3), (3.6), and Lemma 3.5, we obtain results in this case. Secondarily

let h ¼ 0. From (3.9), Proposition 3.3, and (3.3) we obtain the following:

a�
l ð0;Y ; sÞ ¼

Y

v Ay

detðYvÞ

 !ð2sÿ2lþ3Þ=2

xk sþ
3

2

� �

xkð2sþ 1ÞQlðsÞ
nð3:20Þ

�
Y

pjD0

ðqsþ1=2
p ÿ qÿsÿ1=2

p Þ
Y

pjD1

ðq2p ÿ qÿsþ3=2
p Þ
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þ
Y

v Ay

detðYvÞ

 !ðÿ2sÿ2lþ3Þ=2

xk sÿ
1

2

� �

xkð2sÞQlðÿsÞn

�
Y

pjD0

ðqsÿ1=2
p ÿ qÿsþ1=2

p Þ
Y

pjD1

ðqsþ3=2
p ÿ q2pÞ:

Notice that the number of prime ideals dividing D is even, since B is totally indef-

inite. So we get the functional equation. The possible poles are simple poles at s ¼ 0,

G3=2 and double poles at s ¼ G1=2. By virtue of the functional equation, a�
l ð0;Y ; sÞ

is regular at s ¼ 0. Since D0D1 ð¼ DÞ has at least two prime divisors, a�
l ð0;Y ; sÞ is

regular at s ¼ G1=2. Furthermore if lZ 2, Qlðÿ3=2Þ ¼ 0. So a�
l ð0;Y ; sÞ is regular at

s ¼ G3=2. r

From Theorem 3.4(2) and Proposition 3.6, we obtain the following theorem.

Theorem 3.7. For any Z A H, the normalized Eisenstein series E �
l ðZ; sÞ is continued

as a meromorphic function in s on the whole complex plane and is invariant under

s 7! ÿs. Precisely, if lZ 2, then E �
l ðZ; sÞ is the entire function on the whole complex

plane. On the other hand E �
0 ðZ; sÞ has only simple poles at s ¼ G3=2 in the case of

l ¼ 0.

The convergence of (1.7) is not guaranteed if l ¼ 2 and s ¼ 3=2. However, as in

Shimura [17], we can construct the holomorphic Eisenstein series of weight 2 as follows:

Theorem 3.8. We define

E2ðZÞ :¼ E2ðZ; 1=2Þ:

Then E2ðZÞ is a holomorphic function in Z on H.

Proof. Since the second term of (3.20) vanishes at s ¼ 1=2, the constant term of

E �
2 ðZ; 1=2Þ does not depend on Z. By Theorem 3.1(1),

o2ð2J
ÿ1Yv; phvJ; 2; 0Þ ¼ 2ÿ3e½TrðiYvhvÞ� if hv A W2ð2; 0Þ;

and

Q2ð1=2Þe
ð pv;qvÞ
2 ð1=2Þ ¼ 0 if ðpv; qvÞ 6¼ ð2; 0Þ:

Therefore by (3.19) non-constant terms of E �
2 ðZ; 1=2Þ are holomorphic in Z on H. We

notice that the normalizing factor has neither zero nor pole at s ¼ 1=2. Therefore the

Eisenstein series E2ðZ; 1=2Þ is holomorphic in Z on H. r

Remark. In the case of the Siegel modular form of degree 2, we can not construct

the Eisenstein series of weight 2 in this way ([8], [12], [17]).

By Theorem 3.1(1), Theorem 3.4(1), and Theorem 3.8, we obtain the Fourier

expansion of the holomorphic Eisenstein series of weight lZ 2.

Corollary 3.9. Let l be an even positive integer with lZ 2.

Y. Hirai112



ElðZÞ ¼ 1þ
X

h A ðAÿÞ �

hJ>0

alðhÞe½TrB=kðhZÞ�;

alðhÞ ¼ jdkj
ÿ4lþ9=2jdK j

lÿ3=2 22lp2lÿ1

ð2l ÿ 2Þ!

� �n
Y

pjD0

ð1ÿ whðpÞq
lÿ1
p Þð1ÿ whðpÞq

lÿ2
p Þ

q2lÿ2
p ÿ 1

�
Y

pjD1

1

q lÿ1
p ÿ 1

Lkðl ÿ 1; whÞ

zkðlÞzkð2l ÿ 2Þ
Fðh; lÞ;

where K :¼ kðhÞ is a quadratic number field over k, dk [resp. dK ] is the discriminant of k

[resp. K ] over Q, and Fðh; lÞ :¼
Q

p A f Fpðh; lÞ is a product of integers. Here

Fpðh; lÞ :¼
q
apðlÿ3=2Þ
p âapðh; l ÿ 3=2Þ if pjD,

q
ðapþfpÞðlÿ3=2Þ
p âapðh; l ÿ 3=2Þ if paD.

(

3.4. Fourier coe‰cient of ElðZÞ.

In this section, we assume k is the rational number field Q. To calculate numerical

examples by the formula in Corollary 3.9, we shall rewrite this formula in an easier

form.

Theorem 3.10. Let l be an even positive integer.

ElðZÞ ¼ 1þ
X

h A ðAÿÞ �

hJ>0

alðhÞe½TrB=kðhZÞ�;

alðhÞ ¼ ÿ
4lBlÿ1;wh

BlB2lÿ2

Y

pjD0

ð1ÿ whðpÞp
lÿ1Þð1ÿ whðpÞp

lÿ2Þ

p2lÿ2 ÿ 1

Y

pjD1

1

p lÿ1 ÿ 1

Y

p<y

Fpðh; lÞ;

where wh is the Dirichlet character of QðhÞ over Q, Bm [resp. Bm;wh ] is the m-th Bernoulli

[resp. the generalized Bernoulli] number. We take the definition from [11] p. 89 [resp. [11]

p. 94]. We define even positive integers a, f as follows:

aÿ1h A ðAÿÞ�prim; ð2aÿ1hÞ2 ¼ dh f
2 ðdh is discriminant of QðhÞ=QÞ:

Then we have

Fpðh; lÞ ¼
X

ap

t¼0

pð2lÿ3Þt þ ð1þ whðpÞÞ
X

apÿ1

t¼0

pð2lÿ3Þtþlÿ1

if pjD0,

Fpðh; lÞ ¼
X

ap

t¼0

pð2lÿ3Þt ÿ whðpÞ
X

apÿ1

t¼0

pð2lÿ3Þtþlÿ1

if pjD1, and

Fpðh; lÞ ¼
X

ap

t¼0

X

apþfpÿt

k¼0

pð2lÿ3Þkþðlÿ1Þt ÿ whðpÞ
X

apþfpÿtÿ1

k¼0

pð2lÿ3Þkþðlÿ1Þtþlÿ2

( )

if paD, where we put ap ¼ ordpðaÞ, fp ¼ ordpð f Þ.
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Since
Q

p<y
Fpðh; lÞ is the finite product of integers, the following corollary easily

follows from this theorem.

Corollary 3.11. We keep the above notation. Then alðhÞ A Q, precisely there

exists a constant C A Z depending only on D and l such that CalðhÞ A Z for all h.

Put

P :¼ ðd; f Þ

�

�

�

�

�

d is the discriminant of an imaginary quadratic number field

f is a positive rational number satisfying ð3:21Þ

( )

d

p

� �

6¼ 1 for pjD;

ordp f ¼

0 if pjD0; pa d,

ÿ1 if pjD0; pjd,

ÿ1 if pjD1;

8

>

<

>

:

ð3:21Þ

ordp f Z 0 if paD:

Then there exists an h A ðAÿÞ�prim such that hJ > 0 and ð2hÞ2 ¼ df 2 for one ðd; f Þ A P.

Moreover the converse is also valid (cf. Lemma 2.1, (2.6)). We say that a function

F ðZÞ ¼
X

h A ðAÿÞ �
cðhÞe½TrB=kðhxÞ� A MlðGAÞ

satisfies the Maass relation, if there exists a function f0 on Z>0 �P satisfying the

following condition.

1. If 0 < t A Z and h A ðAÿÞ�prim then

cðthÞ ¼ f0ðt; ðd; f ÞÞ;

where ð2hÞ2 ¼ df 2.

2. The function f0 satisfies the following recurrence formula:

f0ðt1t2; ðd; f ÞÞ ¼
X

rjt2

r lÿ1 f0 t1; d;
t2

r
f

� �� �

;

for positive integers t1, t2, where all the prime factor of t1 divides D and t2 is mutually

prime with D.

We denote by M �
l ðGAÞ the space of such functions. The subset M �

l ðGAÞ of

MlðGAÞ is the analogy of the Maass space in the case of the Siegel modular form of

degree 2 (cf. [10]). Put

S �
l ðGAÞ :¼ SlðGAÞVM �

l ðGAÞ:

Then we have the following corollary from Corollary 2.6(1) and Theorem 3.10.

Corollary 3.12. Let l be a positive even integer. Then For 2Y l A Z

ElðZÞ A M �
l ðGAÞ:
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4. Example of the case D0 ¼ 6, D1 ¼ 1.

In this section we give some examples of cusp forms on a quaternion unitary group

of degree 2 over Q by using the Eisenstein series and Oda’s lifting [13].

4.1. Examples by Oda lifting.

Let N be an odd squarefree positive integer and k an odd positive integer. We put

M ¼ 4N. For a positive divisor D of N, we define a Dirichlet character (modulo M) by

wDðmÞ :¼
D

m

� �

:

We denote by w0 the trivial character. Put

G0ðMÞ :¼
a b

c d

� �

A SL2ðZÞ

�

�

�

�

�

c1 0 ðmod:MÞ

( )

For any g ¼
a b

c d

� �

A G0ðMÞ, we put wDðgÞ ¼ wDðdÞ. We denote by MkðM; wDÞ [resp.

SkðM; wDÞ] the space of holomorphic modular [resp. cusp] forms on the complex upper

half-plane h of weight k=2, with respect to G0ðMÞ and with character wD (we use the

same definitions as in [18]). For a rational prime p, the Hecke operator TM
k;wD

ðp2Þ

acting on MkðM; wDÞ is defined in [18].

Let B be an indefinite division quaternion algebra over Q, D its discriminant and O

a maximal order of B. Let G have the same meaning as in (1.1). Let G be the

intersection G and GL2ðOÞ i.e. G :¼ GO in the notation of (1.2). MlðG Þ and SlðG Þ, for

a positive integer l, have the same meaning as in §1 respectively.

For each positive integer m we define Hecke operator TlðmÞ acting on MlðG Þ by

ðTlðmÞ f ÞðZÞ :¼ m2lÿ3
X

g AGnSm

Jðg;ZÞÿl
f ðghZiÞ;

Sm :¼ g A M2ðOÞ

�

�

�

�

g� 0 1

1 0

� �

g ¼ m
0 1

1 0

� �� �

;

where for g ¼
A B

C D

� �

A Sm

ghZi :¼ ðAZ þ BÞðCZ þDÞÿ1; Jðg;ZÞ :¼ NB=QðCZ þDÞ:

For any prime number p there exists an element Pp A O such that NB=QðPpÞ ¼ p, since

B is an indefinite quaternion algebra over Q. Let f be an element MlðG Þ such that

f ðPpZPÿ1
p Þ ¼ Lpð f Þ f ðZÞ ðLpð f Þ A CÞ:ð4:1Þ

Then we notice that Lpð f Þ ¼ ÿ1 or 1, and particularly Lpð f Þ ¼ 1 for f A M �
l ðG Þ. For

pjD and f A MlðG Þ satisfied (4.1), by the detail computation of TlðpÞ, the relation

between the Hecke operator TlðpÞ and Fourier coe‰cients of f is given as follows:
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f ðZÞ ¼
X

h A ðOÿÞ �

hJ>0

aðhÞe½TrB=QðhZÞ�;

ðTlðpÞÞ f ðZÞ ¼
X

h A ðOÿÞ �

hJ>0

bðhÞe½TrB=QðhZÞ�;

where

bðhÞ ¼ p2lÿ3aðpÿ1hÞ þ p lÿ1dpð f ; hÞaðhÞ þ aðphÞ;ð4:2Þ

dpð f ; hÞ ¼
0 if h is p-primitive and whðpÞ ¼ 0,

Lpð f Þ otherwise.

(

If h is p-primitive, we understand that aðpÿ1hÞ ¼ 0.

In the rest of this section we assume D is an even positive integer. Put

D 0
:¼ D=2:

For h A ðOÿÞ�prim we put

mh :¼ ÿD 0ð2hÞ2:

An explicit form of Oda’s lifting S2Dð2l ÿ 1; wD 0Þ 7! SlðG Þ is given as follows (cf. [19] §4):

Proposition 4.1. The notation being as above, let l be an even integer ðlZ 6Þ, f an

element of S2lÿ1ð2D; wD 0Þ and ðT 2D
2lÿ1;wD 0

ðp2ÞÞ f ¼ op f for all prime p. Let the Fourier

expansion of f at iy be

f ðzÞ :¼
X

y

n¼1

aðnÞe½nz�

and put

Jð f ÞðZÞ :¼
X

h A ðOÿÞ �

hJ>0

Cf ðhÞe½TrB=QðhZÞ�:

Here for h A ðOÿÞ�prim

Cf ðhÞ :¼ ~CCf ðmhÞ ¼
Y

pjD

ð1þ fpðmhÞp
lÿ1oÿ1

p ÞaðmhÞ;

where

fpðmhÞ :¼
1 if p 6¼ 2 and pjmh; or p ¼ 2 and mh 1 ÿD 0 ðmod: 4Þ,

0 otherwise.

�

For general h A ðOÿÞ�, we define Cf ðhÞ by the following recurrence formula (1) (2).

(1) For pjD

Cf ðphÞ ¼ ðop þ p lÿ1ð1ÿ dpðhÞÞ þ p2lÿ3oÿ1
p ÞCf ðhÞ ÿ p2lÿ3Cf ðp

ÿ1hÞ;
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where

dpðhÞ ¼
0 if h is p-primitive and whðpÞ ¼ 0,

1 otherwise.

�

(2) For h0 A ðOÿÞ�prim and a positive integer t which is mutually prime with D

Cf ðth0Þ ¼
X

rjt

r lÿ1 ~CCf ððt=rÞ
2
mh0Þ:

Then Jð f Þ A S �
l ðG Þ. Moreover, put F :¼ Jð f Þ then F satisfies the following facts.

TlðpÞF ¼ ðop þ p lÿ1 þ p2lÿ3oÿ1
p ÞF if pjD;

TlðpÞF ¼ ðop þ p lÿ1 þ p lÿ2ÞF if paD:

By [19], we know that op 6¼ 0 if pj2D. Therefore we obtain the following (see [15]).

Proposition 4.2. If D and p divide D=2, the map

T 2D
k;wp

ðpÞ : Skð2D; wDÞ ! Skð2D; wDwpÞ i:e:
X

y

n¼1

aðnÞe½nz� 7!
X

y

n¼1

aðpnÞe½nz�

 !

is an isomorphism and commutative with all Hecke operators.

To obtain Fourier coe‰cients of the lifted cusp form numerically by Proposition 4.1

and Proposition 4.2, we introduce some examples of modular forms with respect to

G0ð4Þ. Notice that G0ð4Þ has three inequivalent cusps iy, 0, and 1=2. Let mZ 4 be

an even integer, we put

EðmÞðzÞ :¼ ÿ
X

y

n¼1

ðÿ1Þn2ðmÿ1Þk
X

djn 0

d>0

dmÿ1e½nz�;

where for n we define the pair of integers ðn 0; kÞ by n ¼ 2kn 0 (n 0 is an odd positive

integer). This is the Eisenstein series of weight m with respect to G0ð4Þ, which only

vanishes at cusps iy and 0. On the other hand the classical theta-function yðzÞ :¼
P

y

n¼ÿy
e½n2z� A S1ð4; w0Þ only vanishes at the cusp 1=2.

The rest of this subsection will be devoted examples of lifted cusp forms in the case

of D ¼ 6.

Example 1 ðl ¼ 6Þ (cf. [20]).

Put D ¼ 6. By [3], we obtain dimS11ð12; w0Þ ¼ 7. Basis of S11ð12; w0Þ are given

as follows:

f1ðzÞ :¼ Eð4ÞðzÞyðzÞ3; f2ðzÞ :¼
1

108
25 f1ðzÞ þ

1

3
T 12
11;w0

ð32Þ f1ðzÞ

� �

;

f3ðzÞ :¼ Eð4Þð3zÞyðzÞyð3zÞ2; f4ðzÞ :¼
1

2
T 12
11;w0

ð22Þ f3ðzÞ; f5ðzÞ :¼ Eð4Þð3zÞyðzÞ3;

f6ðzÞ :¼
1

2
T 12
11;w0

ð22Þ f5ðzÞ; f7ðzÞ :¼ Eð4ÞðzÞyðzÞyð3zÞ2:
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Using these basis, eigenbasis of S11ð12; w0Þ are given as follows:

a : a2 þ 156aþ 39 ¼ 0;

b : b2 ÿ 9b þ 128 ¼ 0;

g : g2 þ 18gþ 128 ¼ 0;

fa :¼ ÿ42 f1 þ ðaþ 75Þ f2; T 12
11;w0

ð22Þ fa ¼ 16 fa; T 12
11;w0

ð32Þ fa ¼ a fa;

fb :¼ ÿ84 f1 þ 192 f2 ÿ 12ð2b þ 79Þ f3 ÿ 3ðb ÿ 28Þ f4 þ 260 f5 þ 20 f6 ÿ 60 f7;

T 12
11;w0

ð22Þ fb ¼ 2b fb; T 12
11;w0

ð32Þ fb ¼ 81 fb;

fg :¼ 168 f1 ÿ 384 f2 þ 24ðgþ 125Þ f3 þ 3ðgÿ 64Þ f4 þ 8ðgÿ 57Þ f5 ÿ ðgþ 48Þ f6 þ 168 f7;

T 12
11;w0

ð22Þ fg ¼ 2g fg; T 12
11;w0

ð32Þ fg ¼ ÿ81 fg;

f :¼ ÿ21 f1 þ 48 f2 ÿ 387 f3 þ 27 f4 þ 65 f5 þ 5 f6 ÿ 15 f7;

T 12
11;w0

ð22Þ f ¼ ÿ16 f ; T 12
11;w0

ð32Þ f ¼ 81 f :

By Proposition 4.1 and Proposition 4.2, we obtain the lifted cusp forms which belong to

S �
6 ðG Þ:

Fa : ¼ J
T 12
11;w0

ð3Þ fa

3ðaþ 243Þ

 !

; Fb :¼ J
ÿT 12

11;w0
ð3Þ fb

9b

 !

;

Fg : ¼ J
ÿT 12

11;w0
ð3Þ fg

36g

 !

; F :¼ J
T 12
11;w0

ð3Þ f

324

 !

:

ð4:3Þ

Their Fourier coe‰cients and eigenvalues with respect to T6ð2Þ and T6ð3Þ are given in

Table I. From Table I eigenvalues of Fa;Fb;Fg, and F are distinct. By Hashimoto’s

dimension formula [4], we know dimS6ðG Þ ¼ 4. Therefore Fa is independent on the

value of a and so are Fb and Fg. So we obtain the following:

S6ðG Þ ¼ JðS11ð12; w3ÞÞ ¼ FalFblFglF :ð4:4Þ

Example 2 ðl ¼ 8Þ (cf. [20]).

Put D ¼ 6. By [3], we obtain dimS15ð12; w0Þ ¼ 11. Basis of S15ð12; w0Þ are given

as follows:

g1ðzÞ :¼ Eð6ÞðzÞyðzÞ3; g2ðzÞ :¼ Eð4ÞðzÞyðzÞ7;

g3ðzÞ :¼
1

972

1

3
T 12
15;w0

ð32Þg1ðzÞ ÿ 655g1ðzÞ

� �

;

g4ðzÞ :¼
ÿ1

324

1

27
T 12
15;w0

ð32Þg2ðzÞ þ 41g2ðzÞ

� �

; g5ðzÞ :¼ Eð4Þð3zÞyðzÞyð3zÞ6;

g6ðzÞ :¼ Eð4Þð3zÞyðzÞ3yð3zÞ4; g7ðzÞ :¼ Eð4Þð3zÞyðzÞ5yð3zÞ2;

g8ðzÞ :¼ Eð4Þð3zÞyðzÞ7; g9ðzÞ :¼ Eð6Þð3zÞyðzÞyð3zÞ2;

g10ðzÞ :¼ Eð6Þð3zÞyðzÞ3; g11ðzÞ :¼ Eð4ÞðzÞyðzÞyð3zÞ6:
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Table I (Fourier coe‰cients of lifted cusp forms)

JðS7ð12; w3ÞÞ JðS11ð12; w3ÞÞ JðS15ð12; w3ÞÞ
mh

Ha H Fa Fb Fg F Ga Gb

1 1 1 2 11 1 0 16 0

2 2 ÿ1 3 ÿ26 5 1 37 7

3 ÿ12 0 ÿ14 108 0 6 346 30

7 ÿ4 ÿ4 ÿ14 28 140 ÿ18 ÿ1246 54

10 20 2 ÿ170 940 ÿ106 18 ÿ1390 2214

11 4 16 114 ÿ1588 ÿ272 ÿ10 ÿ8998 1694

14 ÿ44 ÿ14 294 812 ÿ98 50 ÿ49462 ÿ1906

17 ÿ42 30 ÿ1332 3234 510 0 ÿ71328 0

19 20 ÿ16 274 4012 ÿ1648 ÿ90 107978 ÿ2322

22 ÿ56 16 ÿ388 ÿ3304 ÿ320 ÿ252 79948 ÿ8316

23 56 8 ÿ1788 ÿ4424 1640 28 38452 ÿ4676

25 31 ÿ41 2990 ÿ9955 ÿ689 0 ÿ669200 0

26 52 ÿ26 1014 11372 2698 50 ÿ136798 ÿ16042

30 ÿ48 0 ÿ3080 ÿ41040 0 ÿ696 76120 840

31 ÿ100 44 754 5212 4892 270 ÿ244318 100278

34 68 14 ÿ1946 ÿ6068 ÿ2422 450 12218 17118

Tlð2Þ 2 20 80 50 ÿ4 ÿ16 320 ÿ64

Tlð3Þ 63 ÿ9 87 567 ÿ81 567 3423 351

JðS15ð12; w3ÞÞ
mh

Gg Gy G

1 5 11aþ 1320 2

2 17 ÿ238aÿ 25320 ÿ17

3 0 1620aþ 159408 0

7 1204 ÿ16532aÿ 1824432 1012

10 ÿ4706 ÿ7340aÿ 589200 994

11 5104 81796aþ 8717808 ÿ1168

14 24094 9364aþ 1145712 2

17 22230 ÿ157806aÿ 13462416 ÿ17220

19 ÿ16112 ÿ26828aÿ 4342992 ÿ18032

22 3344 ÿ567160aÿ 58735776 ÿ20368

23 60824 442520a+44608416 17176

25 ÿ72925 188837aþ 28134744 140558

26 ÿ126902 174772a+23078640 ÿ28042

30 0 5947344aþ 648036288 0

31 40708 ÿ160052aÿ 17771568 ÿ29372

34 376498 ÿ1629212aÿ 170719440 ÿ30002

Tlð2Þ 116 ÿaþ 128 320

Tlð3Þ ÿ729 5103 ÿ729
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Using these basis, eigenbasis of S15ð12; w0Þ are given as follows:

a : a2 ÿ 1236aþ 313 ¼ 0;

b : b2 þ 1836b þ 313 ¼ 0;

g : g2 þ 12gþ 213 ¼ 0;

lðaÞ : lðaÞ2 þ alðaÞ þ 213 ¼ 0 for a2 ÿ 54aÿ 16992 ¼ 0:

ga :¼ 1038g1 ÿ ðaÿ 1965Þg3;

T 12
15;w0

ð22Þga ¼ 64ga; T 12
15;w0

ð32Þga ¼ aga;

gb ¼ 90g2 þ ðb þ 1107Þg4;

T 12
15;w0

ð22Þgb ¼ ÿ64gb; T 12
15;w0

ð32Þgb ¼ bgb;

gg :¼ ÿ58g1 ÿ 80g3 ÿ 4tg4 þ 756g5 þ 75tg6 þ 162g7 ÿ 15tg8 ÿ 120tg9 þ 58g10

þ 58g11 here t :¼ ðgþ 38Þ=3;

T 12
15;w0

ð22Þgg ¼ ggg; T 12
15;w0

ð32Þgg ¼ ÿ729gg;

glðaÞ :¼
X

11

i¼1

cigi here :

c1 :¼ 99ð23aþ 2976Þ; c2 :¼ 10ð5alðaÞ þ 541aþ 492lðaÞ þ 58224Þ;

c3 :¼ 3960ðaþ 120Þ; c4 :¼ ÿ60ð5alðaÞ þ 541aþ 492lðaÞ þ 58224Þ;

c5 :¼ ÿ594ð311aþ 34512Þ; c6 :¼ ÿ31185ðaþ 2lðaÞ þ 64Þ; c7 :¼ 297ðaþ 192Þ;

c8 :¼ 4455ðaþ 2lðaÞ þ 64Þ; c9 :¼ 990ðalðaÞ þ 146aþ 174lðaÞ þ 14064Þ;

c10 :¼ ÿ297ðaþ 192Þ; c11 :¼ ÿ1287ðaþ 192Þ;

T 12
15;w0

ð22ÞglðaÞ ¼ lðaÞglðaÞ; T 12
15;w0

ð32ÞglðaÞ ¼ 729glðaÞ;

g :¼ 173g1 þ 180g3 ÿ 9861g5 þ 1038g7 ÿ 173g10 ÿ 173g11;

T 12
15;w0

ð22Þg ¼ 64g; T 12
15;w0

ð32Þg ¼ ÿ729g:

By Proposition 4.1 and Proposition 4.2, we obtain the lifted cusp forms which belong to

S �
8 ðG Þ:

Ga : ¼ J
T 12
15;w0

ð3Þga

3ðaþ 2187Þ

 !

; Gb :¼ J
T 12
15;w0

ð3Þgb

3ðb þ 2187Þ

 !

;

Gg : ¼ J
ÿT 12

15;w0
ð3Þgg

4ðgþ 128Þ

 !

; GlðaÞ :¼ J
T 12
15;w0

ð3ÞglðaÞ

90ðlðaÞ þ 128Þ

 !

;

G : ¼ J
ÿT 12

15;w0
ð3Þg

4320

 !

:

ð4:5Þ
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Their Fourier coe‰cients and eigenvalues with respect to T8ð2Þ and T8ð3Þ are given

in Table I. By the dimension formula [4], we know dimS8ðG Þ ¼ 8. From Table I we

have

dim JðS15ð12; w3ÞÞZ 6:ð4:6Þ

Example 3 ðl ¼ 4Þ.

Put D ¼ 6. Put

j1ðzÞ :¼
yðzÞ5 ÿ yðzÞ3yð3zÞ2

4
; j2ðzÞ :¼

yðzÞ5 ÿ yðzÞyð3zÞ4

8
;

j3ðzÞ :¼ T 12
5;w0

ð22Þ j1ðzÞ; j4ðzÞ :¼ T 12
5;w0

ð22Þ j2ðzÞ;

which belong to M5ð12; w0Þ. From [3], we know that dimS5ð12; w0Þ ¼ 1 and

dimS7ð12; w0Þ ¼ 3. Therefore we can easily check that

jðzÞ :¼
ÿ8 j1ðzÞ þ 24 j2ðzÞ þ j3ðzÞ ÿ 3 j4ðzÞ

4
A S5ð12; w0Þ:ð4:7Þ

So basis of S7ð12; w0Þ can be given as follows:

h1ðzÞ :¼ yðzÞ2 jðzÞ; h2ðzÞ :¼ yð3zÞ2 jðzÞ; h3ðzÞ :¼ T 12
7;w0

ð22Þh1ðzÞ:

Using this, eigenbasis of S7ð12; w0Þ is given as follows:

a : a2 þ 6aþ 32 ¼ 0

ha :¼
ðÿ8þ 4aÞh1 ÿ ð108þ 18aÞh2 þ ð2ÿ aÞh3

72

T 12
7;w0

ð22Þha ¼ aha; T 12
7;w0

ð32Þha ¼ 9ha

h :¼
5h1 þ 9h2 þ h3

36

T 12
7;w0

ð22Þh ¼ 4h; T 12
7;w0

ð32Þh ¼ ÿ9h

By Proposition 4.2 we have

T 12
7;w0

ð3Þha; T 12
7;w0

ð3Þh A S7ð12; w3Þ:ð4:8Þ

Proposition 4.1 does not guarantee of the justification if l ¼ 4. However we formally

apply this formula to 4.8, put

Ha :¼ J
T 12
7;w0

ð3Þha

6

 !

; H :¼ J
T 12
7;w0

ð3Þh

3

 !

;

and calculate Fourier coe‰cients of Ha and H. Their Fourier coe‰cients and eigen-

values with respect to T4ð2Þ and T4ð3Þ are given in Table I.
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4.2. Examples by Eisenstein series.

From Ibukiyama [5] we obtain the following lemma.

Lemma 4.3. Put

B :¼ Q þQaþQbþQab; a2 ¼ 6; b2 ¼ 5; ab ¼ ÿba:

Then B is an indefinite division quaternion algebra over Q with discriminant D ¼ 6. More-

over

O ¼ Z þ Z
1þ b

2
þ Z

að1þ bÞ

2
þ Z

ð1þ aÞb

5

is a maximal order of B.

The dual lattice ðOÿÞ� of O
ÿ defined in (1.3) is given as follows:

ðOÿÞ� ¼ Z
ð1þ aÞb

10
þ Z

ÿ5aÿ 6bÿ ab

60
þ Z

5aÿ 6bÿ ab

60
:

For h ¼ xð1þ aÞb=10þ yðÿ5aÿ 6bÿ abÞ=60þ zð5aÿ 6bÿ abÞ=60 A ðOÿÞ�, we write

h ¼ ðx; y; zÞ, and identify x > 0 and 3x2 ÿ y2 ÿ z2 > 0 with hJ > 0, where we note that

ÿD 0ð2hÞ2 ¼ 3x2 ÿ y2 ÿ z2 ðin this case D 0 ¼ 3Þ:

In the formula of Theorem 3.10, QðhÞ, a, and f is given as follows:

QðhÞ ¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ÿ3ð3x2 ÿ y2 ÿ z2Þ
q

� �

; a ¼ gcdðx; y; zÞ; f ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ÿ3x2 þ y2 þ z2

3a2dh

s

:

By virtue of this we can calculate the value of Fourier coe‰cients of El . Put

rl :¼ ÿ
BlB2lÿ2ð2

2lÿ2 ÿ 1Þð32lÿ2 ÿ 1Þ

4l
:

A few numerical examples of Fourier coe‰cients of rlEl are given in Table II.

4.3. Application.

In this section, using the Fourier expansion of Eisenstein series and lifted cusp forms

in Example I–III, we construct some examples of cusp forms which can not be obtained

by Oda’s lifting. Put

E2;2 :¼
13104ðr2E2Þ

2 ÿ 40r4E4

288
A M4ðG Þ:

From Table II and Proposition 1.2, we know that

E2;2 A S4ðG Þ:ð4:9Þ

We write the main result in this section.

Theorem 4.4. (1)

dimS2ðG Þ ¼ 0

dimS4ðG Þ ¼ 2
ð2Þ
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Table II (Fourier coe‰cients of holomorphic Eisenstein series)

mh r2E2 r4E4 r6E6 r8E8

0 ÿ1=12 91/40 ÿ1144055=252 22854814717/240

1 ÿ2 30 ÿ1870 273910

2 ÿ2 138 ÿ39850 24410722

3 ÿ4 420 ÿ250100 341010740

7 ÿ4 3156 ÿ11186900 83950326404

10 ÿ4 7620 ÿ55668020 852862571540

11 ÿ4 9636 ÿ85463540 1584626701364

14 ÿ4 17556 ÿ252966740 7598121102404

17 ÿ12 36180 ÿ644308500 27260636135460

19 ÿ4 37572 ÿ999666740 55305953899028

22 ÿ8 55416 ÿ1935065800 143427712564024

23 ÿ8 61896 ÿ2363559400 191476975767784

25 ÿ14 94530 ÿ3653514370 334367073086410

26 ÿ4 82212 ÿ4100529140 424815354499508

30 ÿ16 132720 ÿ7907361680 1078359569005040

31 ÿ4 127572 ÿ9048707540 1332675604695428

34 ÿ4 160692 ÿ13712411540 2429329353708068

35 ÿ8 175080 ÿ15629222440 2933066230165960

38 ÿ8 215832 ÿ22634197000 5005851318884248

39 ÿ16 253680 ÿ25741692560 5934577730222960

41 ÿ12 321300 ÿ33831452820 8331092065760100

43 ÿ12 296172 ÿ39482459100 11179712346051228

46 ÿ8 344712 ÿ53447365480 17330075038944808

47 ÿ8 366888 ÿ58908370600 19930611848994952

49 ÿ14 502770 ÿ75456757090 26538836615617690

50 ÿ10 427938 ÿ77807164850 29797863235785722

55 ÿ8 539976 ÿ119463364840 55365154158736744

57 ÿ48 831600 ÿ150969363600 71023313863647600

58 ÿ12 624492 ÿ151780110300 78192944865271068

59 ÿ4 637188 ÿ163791868340 87379893572413652

62 ÿ12 735228 ÿ204883755900 120623130915841932

65 ÿ24 1031400 ÿ269212522920 166552173291995400

66 ÿ16 939120 ÿ274625206160 181344498987181040

67 ÿ12 895212 ÿ290485652700 199697131315230108

70 ÿ8 987816 ÿ353642390440 265470814423644424

71 ÿ8 1018632 ÿ376854027880 291107744410228648

73 ÿ24 1381320 ÿ453967146600 354173917179449640

Tlð2Þ 5 41 545 8321

Tlð3Þ 7 271 19927 1596511
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Eigenbasis of S4ðG Þ is given as follows:

H1 :¼
20E2;2 ÿ T4ð2ÞE2;2

42
;

T4ð2ÞH1 ¼ 2H1; T4ð3ÞH1 ¼ 63H1;

H2 :¼
ÿ2E2;2 þ T4ð2ÞE2;2

156
;

T4ð2ÞH2 ¼ 20H2; T4ð3ÞH2 ¼ ÿ9H2;

which the Fourier coe‰cients are given in Table III. (Note: dimS4ðG Þ ¼ 2 is conjectured

by Hashimoto [4].)

The existence of the Eisenstein series of weight 2 (Theorem 3.8) and the structure of

S6ðG Þ (cf. (4.4)) play a basic role in proving the above theorem.

By (4.4), we can choose the following basis of S6ðG Þ:

e1 :¼ Fg; e2 :¼ F ; e3 :¼
Fa ÿ 2Fg þ 7F

28
; e4 :¼

ÿ297Fa þ 14Fb þ 440Fg ÿ 945F

83160
:

Their Fourier coe‰cients are given as the following table.

Table III

S4ðG Þ S8ðG Þ
h

H1 H2 G1

(1, 1, 1) 1 1 1

(1, 1, 0) 2 ÿ1 ÿ2

(1, 0, 0) ÿ12 0 0

(2, 2, 1) ÿ4 ÿ4 ÿ40

(2, 1, 1) 20 2 1316

(2, 1, 0) 4 16 ÿ1312

(3, 3, 2) ÿ44 ÿ14 1028

(3, 3, 1) ÿ42 30 126

(3, 2, 2) 20 ÿ16 15008

(3, 2, 1) ÿ56 16 ÿ4256

(3, 2, 0) 56 8 ÿ33584

(3, 1, 1) 31 ÿ41 7879

(3, 1, 0) 52 ÿ26 18284

Tlð2Þ 2 20 8

Tlð3Þ 63 ÿ9 ÿ729
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mh e1 e2 e3 e4

1 1 0 0 0

2 0 1 0 0

3 5 6 1 0

7 140 ÿ18 ÿ15 1

Put

E2;2 ¼
X

h A ðOÿÞ�

hJ>0

cðhÞe ½TrB=QðhZÞ�;

T4ð2ÞE2;2 ¼
X

h A ðOÿÞ�

hJ>0

cð2ÞðhÞe ½TrB=QðhZÞ�:

Then

cðð1; 1; 1ÞÞ ¼ 11; cðð1; 1; 0ÞÞ ¼ ÿ4; cðð1; 0; 0ÞÞ ¼ ÿ28;

cðð2; 2; 1ÞÞ ¼ ÿ44; cðð2; 1; 1ÞÞ ¼ 64; cðð2; 1; 0ÞÞ ¼ 148;

(

ð4:10Þ

cð2Þðð1; 1; 1ÞÞ ¼ 178; cð2Þðð1; 1; 0ÞÞ ¼ ÿ164; cð2Þðð1; 0; 0ÞÞ ¼ ÿ56;

cð2Þðð2; 2; 1ÞÞ ¼ ÿ712; cð2Þðð2; 1; 1ÞÞ ¼ 440; cð2Þðð2; 1; 0ÞÞ ¼ 2792:

8

<

:

ð4:11Þ

From (4.10) (4.11) we know that E2;2 and T4ð2ÞE2;2 is linearly independent. Therefore

by virtue of dimS6ðG Þ ¼ 4 and the existence of E2, we have

2Y dimS4ðG ÞY 4ð4:12Þ

For f A S4ðG Þ we put

f ðZÞ :¼
X

h A ðOÿÞ �

hJ>0

cf ðhÞe ½TrB=QðhZÞ�

Lemma 4.5. Let f A S4ðG Þ. If cf ðð1; 1; 1ÞÞ ¼ cf ðð1; 1; 0ÞÞ ¼ cf ðð1; 0; 0ÞÞ ¼ 0, then

f ¼ 0.

Proof. For f A S4ðG Þ we assume f 6¼ 0 and

cf ðð1; 1; 1ÞÞ ¼ cf ðð1; 1; 0ÞÞ ¼ cf ðð1; 0; 0ÞÞ ¼ 0:

Since E2 f A S6ðG Þ and the Fourier coe‰cients which correspond to

h A ðOÿÞ�prim; mh ¼ ÿ3ð2hÞ2 ¼ 1; 2; 3;

are zero, we may put

r2E2 f ¼ e4:

Therefore we can find Fourier coe‰cients of f by the method of undetermined co-
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e‰cients. For each prime number pjD we have Lpð f Þ ¼ 1 since LpðE2Þ ¼ Lpðe4Þ ¼ 1.

So we put

T4ðpÞ f ðZÞ ¼
X

h A ðOÿÞ �

hJ>0

c
ðpÞ
f ðhÞe ½TrB=QðhZÞ�;

we obtain

cf ðð1; 1; 1ÞÞ ¼ 0; cf ðð1; 1; 0ÞÞ ¼ 0; cf ðð1; 0; 0ÞÞ ¼ 0;

cf ðð2; 2; 1ÞÞ ¼ ÿ12; cf ðð2; 1; 1ÞÞ ¼ 0; cf ðð2; 1; 0ÞÞ ¼ 24;

(

ð4:13Þ

c
ð2Þ
f ðð1; 1; 1ÞÞ ¼ 6; c

ð2Þ
f ðð1; 1; 0ÞÞ ¼ 12; c

ð2Þ
f ðð1; 0; 0ÞÞ ¼ ÿ72;

c
ð2Þ
f ðð2; 2; 1ÞÞ ¼ 5352; c

ð2Þ
f ðð2; 1; 1ÞÞ ¼ ÿ18312; c

ð2Þ
f ðð2; 1; 0ÞÞ ¼ 26136;

8

<

:

ð4:14Þ

c
ð3Þ
f ðð1; 1; 1ÞÞ ¼ ÿ144; c

ð3Þ
f ðð1; 1; 0ÞÞ ¼ 432; c

ð3Þ
f ðð1; 0; 0ÞÞ ¼ 1440;

c
ð3Þ
f ðð2; 2; 1ÞÞ ¼ 9449388; c

ð3Þ
f ðð2; 1; 1ÞÞ ¼ ÿ133419168;

c
ð3Þ
f ðð2; 1; 0ÞÞ ¼ 248756616:

8

>

>

>

>

<

>

>

>

>

:

ð4:15Þ

By (4.10), (4.11), (4.13), (4.14), and (4.15), we know that E2;2, T4ð2ÞE2;2, f, T4ð2Þ f , and

T4ð3Þ f are linearly independent. This contradicts (4.12). r

If f A S2ðG Þ, then f E2 A S4ðG Þ satisfies the condition of Lemma 4.5. Therefore we

obtain the first assertion of Theorem 4.4. Moreover by (4.12) and Lemma 4.5 we know

that

2Y dimS4ðG ÞY 3:ð4:16Þ

Lemma 4.6. Let f ðZÞ A S4ðG Þ. If cf ðð1; 1; 1ÞÞ ¼ cf ðð1; 1; 0ÞÞ ¼ 0, then f ¼ 0

Proof. We assume f 6¼ 0 and

cf ðð1; 1; 1ÞÞ ¼ cf ðð1; 1; 0ÞÞ ¼ 0:

By the same trick as we used in the proof of Lemma 4.5, we may put

E2 f ¼ e3 þ te4; t A C :

Therefore we can find Fourier coe‰cients of f by the method of undetermined co-

e‰cients. So we put

T4ð2Þ f ðZÞ ¼
X

h A ðOÿÞ �

hJ>0

c
ð2Þ
f ðhÞe ½TrB=QðhZÞ�;

we obtain

cf ðð1; 1; 1ÞÞ ¼ 0; cf ðð1; 1; 0ÞÞ ¼ 0; cf ðð1; 0; 0ÞÞ ¼ ÿ12;

cf ðð2; 2; 1ÞÞ ¼ 180ÿ 12t; cf ðð2; 1; 1ÞÞ ¼ 216; cf ðð2; 1; 0ÞÞ ¼ 36þ 24t;

(

ð4:17Þ
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c
ð2Þ
f ðð1; 1; 1ÞÞ ¼ ÿ72þ 6t; c

ð2Þ
f ðð1; 1; 0ÞÞ ¼ ÿ72þ 12t;

c
ð2Þ
f ðð1; 0; 0ÞÞ ¼ 1344ÿ 72t; c

ð2Þ
f ðð2; 2; 1ÞÞ ¼ ÿ6624þ 5352t;

c
ð2Þ
f ðð2; 1; 1ÞÞ ¼ 2326032ÿ 18312t; cf ðð2; 1; 0ÞÞ ¼ 4817088þ 26136t:

8

>

>

>

>

<

>

>

>

>

:

ð4:18Þ

By (4.10), (4.11), (4.17), and (4.18), we know that E2;2, T4ð2ÞE2;2, f, and T4ð2Þ f are

linearly independent. This contradicts (4.16). r

(4.16) and Lemma 4.6 mean that dimS4ðG Þ ¼ 2. Hence we have proved the second

assertion of Theorem 4.4.

Remark 1. Comparing the Fourier coe‰cients we conjecture that

H1 ¼ Ha; H2 ¼ H;

and H1, H2 A S �
4 ðG Þ (cf. Table I and III).

Remark 2. From Table I, we conjecture

dim JðS15ð12; w3ÞÞ ¼ 6:

We can obtain another cusp form of S8ðG Þ (dimS8ðG Þ ¼ 8 by Hashimoto [4]):

G1 :¼ ÿ 11791

48440
Ga þ

13

88
Gb ÿ

169

153
Gg þ

45851

27720
G

ð1Þ
l ÿ 1027

2520
G

ð2Þ
l ÿ 1188

2941
G ÿ 13

2
E2Fa;

which Fourier coe‰cients are given in Table III. Here we put

G
ð1Þ
l :¼ GlðaÞ ÿ GlðaÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

17721
p ; G

ð2Þ
l :¼ GlðaÞ þ GlðaÞ

2
;

where GlðaÞ [resp. GlðaÞ] corresponds to a ¼ 27þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

17721
p

[resp. a ¼ 27ÿ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

17721
p

]. It

seems that the cusp form G1 is an eigenfunction for all T8ðpÞ and G1 does not satisfy the

Maass relation. But we could not obtain the last cusp form in S8ðG Þ from lifted cusp

forms and the Eisenstein series.
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[10] H. Maass, Über eine Spezialschar von Moduluformen zweiten Grades, I, II, III, Invent. Math., 52

(1979), 95–124, 53 (1979), 249–253, 53 (1979), 255–265.

[11] T. Miyake, Modular Forms, Springer Verlag Berlin-Heidelberg-New York-Tokyo, 1989.

[12] S. Mizumoto, Eisenstein series for Siegel modular groups, Math. Ann., 297 (1993), 581–625.

[13] T. Oda, On modular forms associated with indefinite quadratic forms of signature (2, nÿ 2), Math.

Ann., 231 (1977), 97–144.
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