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Abstract. The purpose of this paper is to derive that the square of Fourier coe‰cients

aðnÞ at a square free positive integer n of modular forms f of half integral weight belonging

to Kohnen’s spaces of arbitrary odd level and of arbitrary primitive character is essentially

equal to the critical value of the zeta function attached to the modular form F of integral

weight which is the image of f under the Shimura correspondence. Previously, Kohnen-

Zagier had obtained an analogous result in the case of Kohnen’s spaces of square free

level and of trivial character. Our results give some generalizations of them of Kohnen-

Zagier. Our method of the proof is similar to that of Shimura’s paper concerning

Fourier coe‰cients of Hilbert modular forms of half integral weight over totally real fields.

Introduction.

In [7], Shimura established a correspondence C ¼ C
4N;c0

ð2kþ1Þ=2; t between the space

Sð2kþ1Þ=2ð4N;c0Þ of modular forms of half integral weight ð2k þ 1Þ=2 and the space

S2kð2N;c2
0Þ of those of even weight 2k. Using methods and languages of repre-

sentation theory of adeles of metaplectic groups, Waldspurger [11] proved that the

square of Fourier coe‰cients aðnÞ at a square free integer n of modular forms f ðzÞ ¼
P

y

n¼1 aðnÞe½nz� of half integral weight is essentially proportional to the central value of

the zeta function at a certain integer attached to the modular form F if f corresponds to

F by C and f is an eigen-function of Hecke operators.

On the other hand, Kohnen-Zagier [2] determined explicitly the constant of the

proportionality in the case of modular forms of half integral weight belonging to

Kohnen’s spaces Sð2kþ1Þ=2ðN; wÞ of square free level N and character w which is a

subspace of Sð2kþ1Þ=2ð4N; w1Þ. Kohnen [1] (resp. [3]) treated the case where N ¼ 1 (resp.

N is an odd square free integer and w is the trivial character of level N ) (cf. Kojima [4]

and [5]).

In [10] , Shimura intended to generalize such formulas to the case of Hilbert

modular forms f of half integral weight and succeeded in obtaining many general

interesting formulas. Among these, some explicit and useful formulas about the

proportionality constant were formulated under assumption that f satisfies the multi-

plicity one theorem, but there he did not treat the problem determining whether such
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f satisfies this condition. Therefore it is a question to explore results of Shimura’s

type in the case of modular forms of half integral weight which do not satisfy the

multiplicity one theorem. There are interesting subspaces Sð2kþ1Þ=2ðN; wÞ, called

Kohnen’s subspaces, of Sð2kþ1Þ=2ð4N; w1Þ, whose elements do not satisfy the multiplicity

one theorem general. More precisely, this means that if f A Sð2kþ1Þ=2ðN; wÞ satis-

fies T 4N
ð2kþ1Þ=2;w1

ðp2Þ f ¼ oðpÞf and T 4N
ð2kþ1Þ=2;w1

ðp2Þ f 0 ¼ oðpÞ f 0 for every p ððp;MÞ ¼ 1Þ

with an f 0 A Sð2kþ1Þ=2ð4N; w1Þ, then f is not equal to c f 0 for any constant c, where

T 4N
ð2kþ1Þ=2;w1

ðp2Þ is the Hecke operator of Sð2kþ1Þ=2ð4N; w1Þ given in [7] (cf. [2] and Lemma

1.3). For modular forms belonging to Kohnen’s spaces Sð2kþ1Þ=2ðN; wÞ, Shimura [10]

did not obtain the same explicit formula as that of Kohnen and Zagier [1], [3].

The purpose of this paper is to try to derive such explicit formulas concerning the

proportionality constant in some cases of modular forms f of half integral weight with

multiplicity two by following Shimura’s method and to generalize results of Kohnen and

Zagier in [1], [3] to the modular forms of half integral weight belonging to Kohnen’s

spaces of an arbitrary odd level N and of an arbitrary primitive character w modulo N.

We shall verify an explicit relation between the square of Fourier coe‰cients að4nÞ at

a fundamental discriminant 4n of modular forms f ðzÞ ¼
P

eðÿ1Þkn10;1ð4Þ;n>0 aðnÞe½nz�

belonging to the Kohnen’s space of half integral weight ð2k þ 1Þ=2 and of arbitrary odd

level N with primitive character w and the critical value of the zeta function of the

modular form F which is the image of f under the Shimura correspondence C . The

assumptions on w and fundamental discriminant 4n are technical conditions for

modifications of methods in [10]. Our methods of the proof are the same as those of

Shimura [10]. To obtain our results we need to modify slightly his methods.

Section 0 is a preliminary section. In Section 1, we shall summarize some results

about Kohnen’s spaces, the Shimura correspondence, theta functions and Hecke op-

erators of Kohnen’s spaces. There, using these, we shall determine explicitly the image

of modular forms of half integral weight belonging to Kohnen’s spaces under the

Shimura correspondence. We show that C
4N;w1
ð2kþ1Þ=2; tð f ÞðwÞ coincides with að4tÞgð2wÞ for

every f ðzÞ ¼
P

eðÿ1Þkn10;1ð4Þ;n>0 aðnÞe½nz� A Sð2kþ1Þ=2ðN; wÞ, where t is a positive square

free integer satisfying t1 2; 3ðmod4Þ and gðwÞ is an element of S2kðN; w2Þ. To

overcome di‰culties about multiplicity one property for elements of Kohnen’s space, we

adapt the operator Uð4Þ and we impose the condition (1-13) which is essential for our

arguments. In Section 2, we shall verify an integral formula which indicates that a

modular form f of half integral weight is expressed as the inner product of a theta

function and the image Cð f Þ of f by the Shimura correspondence C . By the

above assumption and a method similar to that of Shimura [10], we shall show

that hYðz;w; zZÞ; gð2wÞi ¼ cLtð f ÞðzÞ þ c 0Ltð f ÞjUð4ÞðzÞ for a modular form f A

Sð2kþ1Þ=2ðN; wÞ with some constants c and c 0, where Yðz;w; zZÞ is a theta function and

Ltð f ÞðzÞ ¼ f ðtzÞtk. Moreover, applying the above formula in Section 1, we obtain

c ¼ að4tÞc 00 and c 0 ¼ að4tÞc 000 with explicit constants c 00 and c 000. These formulas are

keys for our later arguments. In Section 3, using the results of Section 1, Section 2 , the

computation of the image of a product of theta series and Eisenstein series by Shimura

correspondence and the method of the Rankin’s convolution, under some assumptions,

we shall derive an explicit connection between the square of Fourier coe‰cients of a
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modular form f of half integral weight and the central value of zeta functions associated

with the image Cð f Þ of f by the Shimura correspondence C .

We mention that our results give a generalization of some results in Kohnen-Zagier

[1] and [3] and Kojima [4] and [5].

Finally, the author is indebted to the referee for suggesting some revisions of this

paper.

§0. Notation and preliminaries.

We denote by Z, Q, R and C the ring of rational integers, the rational number field,

the real number field and the complex number field, respectively. For z A C , we put

e½z� ¼ expð2pizÞ and we define
ffiffiffi

z
p ¼ z1=2 so that ÿp=2 < arg z1=2 Y p=2. Further, we

set zk=2 ¼ ð ffiffiffi

z
p Þk for every k A Z. Let SLð2;RÞ denote the group of all real matrices of

degree 2 with determinant one and H the complex upper half plane, i.e.,

SLð2;RÞ ¼ a b

c d

� � �

�

�

�

a; b; c and d A R and ad ÿ bc ¼ 1

� �

and

H ¼ fz ¼ xþ iy j x; y A R and y > 0g:

Define an action of SLð2;RÞ on H by

z ! gðzÞ ¼ azþ b

czþ d
for all g ¼ a b

c d

� �

A SLð2;RÞ and for all z A H:

For positive integers M and M 0, put

G0ðMÞ ¼ a b

c d

� �

A SLð2;RÞ
�

�

�

�

a; b; c and d A Z and c1 0ðmodMÞ
� �

and

G ½M;M 0� ¼ a b

c d

� �

A G0ðM 0Þ
�

�

�

�

b1 0ðmodMÞ
� �

:

We introduce an automorphic factor j0ðg; zÞ of G0ð4Þ determined by

j0ðg; zÞ ¼ Q0ðgðzÞÞ=Q0ðzÞ for every ¼ a b

c d

� �

A G0ð4Þ and

for every z A H with Q0ðzÞ ¼
X

y

n¼ÿy

e½n2z� and QðzÞ ¼ Q0ðz=2Þ:

§1. Shimura correspondences of modular forms of half integral weight and theta

functions.

This section is devoted to summarizing several fundamental facts which we need

later. Let k be a positive integer. Let N denote a positive integer and c0 a Dirichlet
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character modulo 4N. We denote by Sð2kþ1Þ=2ð4N;c0Þ the set of all cusp forms f on H

such that

f ðgðzÞÞ ¼ c0ðdÞ j0ðg; zÞ
2kþ1

f ðzÞ for every g ¼
a b

c d

� �

A G0ð4NÞ:ð1-1Þ

Throughout the rest of the paper we assume that N is an odd integer. Let w be a

Dirichlet character modulo N such that wðÿ1Þ ¼ e. Put w1 ¼ ð4e=�Þw. We introduce a

subspace Sð2kþ1Þ=2ðN; wÞ of Sð2kþ1Þ=2ð4N; w1Þ defined by

Sð2kþ1Þ=2ðN; wÞ ¼ f ðzÞ A Sð2kþ1Þ=2ð4N; w1Þ

�

�

�

�

�

�

�

f ðzÞ ¼
X

eðÿ1Þkn10;1ð4Þ;n>0

aðnÞe½nz�

8

>

<

>

:

9

>

=

>

;

:ð1-2Þ

We call Sð2kþ1Þ=2ðN; wÞ the Kohnen’s space of weight ð2k þ 1Þ=2 and of level N with

character w. We denote by S2kðM;oÞ the space of all cusp forms f 0 of weight 2k and

of level M with character o satisfying

f 0ðgðzÞÞ ¼ oðdÞðczþ dÞ2k f 0ðzÞ for every g ¼
a b

c d

� �

A G0ðMÞ:

Here we recall the notation and results in Shimura [10]. Let b and b 0 denote

integral ideals of Q and c a Hecke character of Q whose conductor divides 4bb 0. Let

Mð2kþ1Þ=2ðb; b
0
;cÞ (resp. Sð2kþ1Þ=2ðb; b

0
;cÞÞ be the space of modular forms (resp.

modular cusp forms) of half integral weight ð2k þ 1Þ=2 given in [10, p. 507]. Let c0

be a Dirichlet character modulo 4N such that c0ðÿ1Þ ¼ 1. We choose the Hecke

character c of Q such that

Y

pj4N

cpðaÞ ¼
ÿ1

a

� �k

c0ðaÞ
ÿ1 for every a A ðZ=4NZÞ�;cpðZ

�
p Þ ¼ 1ð1-3Þ

for every pa 4N and caðxÞ ¼ ðsgn xÞk ðx A RÞ.

For f 0
A Sð2kþ1Þ=2ðZ;NZ;cÞ, put Lð f 0ÞðzÞ ¼ f 0ð2zÞ. Then the following mapping is

bijective (cf. [10, p. 523]).

L : Sð2kþ1Þ=2ðZ;NZ;cÞ ! Sð2kþ1Þ=2ð4N;c0Þ:ð1-4Þ

Let t denote a positive square free integer. Define a mapping C
4N;c0

ð2kþ1Þ=2; t of

Sð2kþ1Þ=2ð4N;c0Þ into S2kð2N;c2
0Þ by

C
4N;c0

ð2kþ1Þ=2; tð f ÞðzÞ ¼
X

y

m¼1

X

djm

c0ðdÞ
ÿ1

d

� �k
t

d

� �

d kÿ1aðtðm=dÞ2Þ

0

@

1

Ae½mz�ð1-5Þ

for every f ðzÞ ¼
P

y

n¼1 aðnÞe½nz� A Sð2kþ1Þ=2ð4N;c0Þ. This mapping was first shown by

Shimura [7] and it was reformulated by Niwa [6].

Next we recall the definition of theta functions given in [10]. Put

V ¼ x ¼
a b

c d

� �

A M2ðQÞ

�

�

�

�

tr x ¼ 0

� �

and

SðVÞ ¼ fh : V ! C j h is a locally constant function in the sence of ½10�g:
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Let h be an element of SðVÞ. Define a theta function Yðz;w; hÞ on H � H by

Yðz;w; hÞ ¼ y1=2ðIwÞÿ2k
X

x AV

hðxÞ½x; w�ke½2ÿ1R½x; z;w��ð1-6Þ

for every ðz;wÞ A H � H, where

½x;w� ¼ ½x;w;w�; ½x;w;w 0� ¼ ðcww 0 þ dwÿ aw 0 ÿ bÞ and

R½x; z;w� ¼ ðdet xÞzþ iy

2
Iwÿ2j½x;w�j2 x ¼

a b

c d

� �

A V ; y ¼ Iz

� �

:

Throughout the rest of the paper, we take a Dirichlet character c0 with c0ðÿ1Þ ¼ 1 and

a positive square free integer t such that

The conductor of c0 is N; ðt;NÞ ¼ 1 and t1 2; 3ðmod 4Þ:ð1-7Þ

Put j ¼ cet with the Hecke character et associated with the quadratic field Qð ffiffiffi

t
p Þ.

Observe that the conductor of j is 4Nt. We put e ¼ 2N and

o½eÿ1; e� ¼ x ¼ ax bx

cx dx

� �

A M2ðQÞ
�

�

�

�

ax A Z; bx A eÿ1Z; cx A eZ and dx A Z

� �

:

We consider an element h A SðVÞ determined by

hðxÞ ¼
0 if x B o½eÿ1; e�,
P

t A ð1=2tÞZ=2NZ jaðtÞj�ðð2ttÞÞe½ÿbxt� otherwise,

(

ð1-8Þ

where j� is the ideal character associated with j (cf. [10, p. 505]). Introduce a mapping

Lt of Sð2kþ1Þ=2ðZ;NZ;cÞ into Sð2kþ1Þ=2ðZ;NtZ;cetÞ defined by

Ltð f ÞðzÞ ¼ f ðtzÞtk for every f ðzÞ A Sð2kþ1Þ=2ðZ;NZ;cÞ:ð1-9Þ

We put hðzÞ ¼ Ltð f ÞðzÞ. The following lemma is proved by Shimura [10, Prop. 1.4 and

1.5].

Lemma 1.1. The notation being as above, the mapping Lt gives a bijection of

Sð2kþ1Þ=2ðZ;NZ;cÞ onto the set

hðzÞ ¼
X

y

n¼1

a 0ðnÞe½nz=2� A Sð2kþ1Þ=2ðZ;NtZ;cetÞ
�

�a 0ðnÞ ¼ 0 if ta n

( )

:

Moreover,

h f ; f i ¼ tÿð2kþ1Þ=2thh; hi;

where for given two cusp forms f ; g of weight l with respect to G , their inner product

h f ; gi means

h f ; gi ¼ volðG nHÞÿ1

ð

G nH
f ðzÞgðzÞIz ldHz with dHz ¼

dxdy

y2
ðx ¼ Rz; y ¼ IzÞ:

The following proposition is confirmed by Shimura [8] and [10] (cf. Niwa [6]).

Fourier coe‰cients of modular forms of half integral weight 719



Proposition 1.1. For f ðzÞ ¼
P

y

n¼1 aðnÞe½nz=2� A Sð2kþ1Þ=2ðZ;NZ;cÞ, put hðzÞ ¼

Ltð f ÞðzÞ. Suppose that c0; t and c satisfy the condition (1–7) and h is the function on V

determined by (1–8). Then there exists the element

gtðwÞ ¼
X

y

m¼1

X

djm

c0ðdÞ
ÿ1

d

� �k
t

d

� �

d kÿ1aðtðm=dÞ2Þ

0

@

1

Ae½mw�

belonging to S2kð2N;c2
0Þ such that

C 0gtðwÞ ¼

ð

G ½2;2tN� nH

hðzÞYðz;w; hÞyð2kþ1Þ=2dHz with C 0 ¼ 22þkikt4N:

Next we describe basic results of Hecke operators of the Kohnen’s space. Let w

denote a Dirichlet character modulo N. We denote by T 4N
ð2kþ1Þ=2;w1

ðp2Þ the Hecke

operator on Sð2kþ1Þ=2ð4N; w1Þ given in [7]. For a positive integer m, we define a function

f jUðmÞ on H by

f jUðmÞðzÞ ¼
X

y

n¼0

aðmnÞe½nz�

for every function f ðzÞ ¼
P

y

n¼0 aðnÞe½nz� on H. We denote by Tð2kþ1Þ=2;N;wðpÞ ðpaNÞ

the Hecke operator on Sð2kþ1Þ=2ðN; wÞ defined in [2, p. 42] (see also Remark in [2, p. 46]).

The following lemma was verified by Kohnen [2].

Lemma 1.2. The notation being as above, for f ðzÞ ¼
P

nZ1; eðÿ1Þkn10;1ð4Þ aðnÞe½nz� A

Sð2kþ1Þ=2ðN; wÞ, Fourier expansions of f jTð2kþ1Þ=2;N;wðpÞðzÞ ðpaNÞ and f jUðp2ÞðzÞ ðpjNÞ

are given as follows:

f jTð2kþ1Þ=2;N;wðpÞðzÞ ¼
X

nZ1; eðÿ1Þkn10;1ð4Þ

 

aðp2nÞ þ wðpÞ
eðÿ1Þkn

p

 !

pkÿ1aðnÞ

þ w2ðpÞp2kÿ1aðn=p2Þ

!

e½nz� ðpaNÞ

and

f jUðp2ÞðzÞ ¼
X

nZ1; eðÿ1Þkn10;1ð4Þ

aðp2nÞe½nz� ðpjNÞ;

where aðn=p2Þ means 0 if p2 a n.

Observe that Tð2kþ1Þ=2;N;wðpÞ coincides with the restriction of T 4N
ð2kþ1Þ=2;w1

ðp2Þ to

Sð2kþ1Þ=2ðN; wÞ for every odd prime p ðpaNÞ. Now we impose the following

assumption.

ð1-10Þ e ¼ wðÿ1Þ satisfies ðÿ1Þke > 0; w is a primitive Dirichlet character modulo N,

f A Sð2kþ1Þ=2ðN; wÞ is an eigenfunction of all Hecke operators
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Tð2kþ1Þ=2;N;wðpÞ ðpaNÞ and Uðp2Þ ðpjNÞ; i:e:;

f jTð2kþ1Þ=2;N;wðpÞðzÞ ¼ oðpÞ f ðzÞ ðpaNÞ and f jUðp2ÞðzÞ ¼ oðpÞ f ðzÞ ðpjNÞ

and að4t0Þ0 0 for some square free positive integer t0 such that t0 1 2; 3ðmod4Þ:

Since Sð2kþ1Þ=2ðN; wÞ is contained in Sð2kþ1Þ=2ð4N; ð4e=�ÞwÞ, we have the following

diagram.

Sð2kþ1Þ=2ðN; wÞHSð2kþ1Þ=2ð4N;c0Þ ÿ!
Lÿ1

Sð2kþ1Þ=2ðZ;NZ;cÞ with c0 ¼
4e

�

� �

w:ð1-11Þ

By this relation, we may identify elements f ðzÞ of Sð2kþ1Þ=2ðN; wÞ with those of

Sð2kþ1Þ=2ðZ;NZ;cÞ. Now we may derive the following lemma.

Lemma 1.3. Let f ðzÞ ¼
P

nZ1; eðÿ1Þkn10;1ð4Þ aðnÞe½nz� be an element of Sð2kþ1Þ=2ðN; wÞ

satisfying the condition (1–10) and let t be an integer satisfying (1-7). Then

C
4N;wð4e=�Þ
ð2kþ1Þ=2; tð f ÞðwÞ ¼

X

y

m¼1

X

djm

4t

d

� �

wðdÞd kÿ1aðtðm=dÞ2Þ

0

@

1

Ae½mw�

coincides with an element að4tÞgð2wÞ of S2kð2N; w2Þ, where gðwÞ ¼
P

y

n¼1 cðnÞe½nw�

belongs to S2kðN; w2Þ and

X

y

n¼1

cðnÞnÿs ¼
Y

p

ð1ÿ oðpÞpÿs þ w2ðpÞp2kÿ1ÿ2sÞÿ1:

Proof. Putting F ðwÞ ¼ C
4N;wð4e=�Þ
ð2kþ1Þ=2; tð f ÞðwÞ ¼

P

y

n¼1 bðnÞe½nw�, by (1.4) and (1.5), we

see that FðwÞ is an element of S2kð2N; w2Þ. Put lðwÞ ¼ Fðw=2Þ. Since bðmÞ ¼ 0 if m is

odd, lðwþ 1Þ ¼ lðwÞ. Using the fact that
1 0

0 2

� �

G ½2;N�
1 0

0 2

� �ÿ1

¼ G0ð2NÞ and FðwÞ

belongs to S2kð2N; w2Þ, we can easily check that

lðgðwÞÞ ¼ w2ðdÞðcwþ dÞ2klðwÞ for every g ¼
� �

c d

� �

A G ½2;N�:

Observing that G0ðNÞ is generated by elements of two groups G½2;N� and

G
1 n

0 1

� � �

�

�

�

n A Z

� �

, lðwÞ is contained in S2kðN; w2Þ. Now

lðwÞ ¼
X

y

n¼1

bð2nÞe½nw� and bð2nÞ ¼
X

dj2n

4t

d

� �

wðdÞd kÿ1að4tðn=dÞ2Þ

¼
X

djn

4t

d

� �

wðdÞd kÿ1að4tðn=dÞ2Þ:

Hence, we have

X

y

n¼1

bð2nÞnÿs ¼ L sÿ k þ 1;
4t

�

� �

w

� �

X

y

n¼1

að4tn2Þnÿs:
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By Lemma 1.2, we see that

L sÿ k þ 1;
4t

�

� �

w

� �

X

y

n¼1

að4tn2Þnÿs ¼ að4tÞ
Y

p

ð1ÿ oðpÞpÿs þ w2ðpÞp2kÿ1ÿ2sÞÿ1

(cf. [7, p. 452 and p. 453] and [2, p. 69]). This completes the proof.

It is well known that f jUð4ÞðzÞ belongs to Sð2kþ1Þ=2ð4N; wð4e=�ÞÞ for every f ðzÞ A

Sð2kþ1Þ=2ð4N; wð4e=�ÞÞ. Here we impose the further condition on f in (1-10).

If f 0
A Sð2kþ1Þ=2 4N; w

4e

�

� �� �

and f 0jT 4N
ð2kþ1Þ=2;wð4e=�Þðp

2Þ ¼ oðpÞ f 0ð1-12Þ

for every prime p ðpa 4tNÞ, then f 0ðzÞ equals

c f ðzÞ þ c 0 f jUð4ÞðzÞ

for some constants c and c 0, where oðpÞ is the eigenvalue given in Lemma 1.3.

Moreover, we impose the condition that

gðwÞ is a primitive form of S2kðN; w2Þ and f jUð4ÞðzÞð1-13Þ

is not a constant times f ðzÞ;

where f ðzÞ and gðwÞ are the same elements given in Lemma 1.3. Furthermore, we

consider the condition that

if 2jt; then the conductor of j is 4Nt andð1-14Þ

j2ð1þ 4xÞ ¼ j2ð1þ 4x2Þ for every x A Z2;

where j2 is the restriction of j to Q�
2 and Z2 ðresp: Q2Þ means the ring of all 2-adic

integers (numbers).

§2. Some formulas of theta integrals.

This section is devoted to confirming a key proposition concerning theta integrals.

Let zZ and zZ denote two elements in SðVÞ determined by

zZðxÞ ¼
jaðbxÞj

�ððbxeÞÞ if x A o½eÿ1; e�,

0 otherwise

(

ð2-1Þ

and

zZðxÞ ¼
jaðbxÞj

�ððbxeÞÞ if x A o½eÿ1; e� and ðbxe; 4NtÞ ¼ 1,

0 otherwise.

(

By the same method as that of Shimura [10, Lemma 5.7], we may derive the following

lemma (cf. [9]).

Lemma 2.1. Suppose that N is odd, t is a positive square free integer satisfying

t1 2; 3ðmod 4Þ, the conductor of cet is 4Nt with c in (1-11) and the conditions (1-7),
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(1-10), (1-12), (1-13) and (1-14) are satisfied. Then there are constants M and M 0 such

that

hYðz;w; zZÞ; gð2wÞi ¼ MhðzÞ þM 0hjUð4ÞðzÞ with hðzÞ ¼ Ltð f ÞðzÞ;

where gðwÞ is the same function given in Lemma 1.3.

By virtue of Proposition 1.1, Lemma 1.3 and Lemma 2.1, we may conclude the

following proposition.

Proposition 2.1. Suppose that the assumption in Lemma 2.1 is satisfied. Then we

have

AhðzÞ þ BhjUð4ÞðzÞ ¼ hYðz;w; hÞ; gð2wÞi

and

ChðzÞ þDhjUð4ÞðzÞ ¼ hYðz;w; zZÞ; gð2wÞi

with

A ¼ að4tÞC 0 volðG ½2; 2Nt�nHÞÿ1 hgð2wÞ; gð2wÞihh
0; h 0iÿ hgðwÞ; gð2wÞihh; h 0i

hh; hihh 0; h 0iÿ hh; h 0ihh 0; hi
;

B ¼ að4tÞC 0 volðG ½2; 2Nt�nHÞÿ1 hgðwÞ; gð2wÞihh; hiÿ hgð2wÞ; gð2wÞihh 0; hi

hh; hihh 0; h 0iÿ hh; h 0ihh 0; hi
;

A ¼ jaðÿ1ÞgðjÞC; B ¼ jaðÿ1ÞgðjÞD;

where h is the same element given in (1-8), h 0ðzÞ ¼ hjUð4ÞðzÞ and gðjÞ means the Gauss

sum of j.

Proof. By Shimura [10, p. 539], we see that

hYðz;w; hÞ; gð2wÞi ¼ jaðÿ1ÞgðjÞhYðz;w; zZÞ; gð2wÞið2-2Þ

and

hYðz;w; zZÞ; gð2wÞi ¼ hYðz;w; zZÞ; gð2wÞi:

Hence, by Lemma 2.1, we have

hYðz;w; hÞ; gð2wÞi ¼ jaðÿ1ÞgðjÞðMhðzÞ þM 0h 0ðzÞÞ;ð2-3Þ

which deduces that

hhðzÞ; hYðz;w; hÞ; gð2wÞiið2-4Þ

¼ jaðÿ1ÞgðjÞðMhh; hiþM 0hh; h 0iÞ

¼ volðG½2t; 4N�nHÞÿ1volðG ½2; 2tN�nHÞÿ1

�

ð

G ½2;2tN� nH

hðzÞ

ð

G ½2t;4N� nH

Yðz;w; hÞgð2wÞIw2kdHw

( )

Izð2kþ1Þ=2dHz
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¼ volðG ½2t; 4N�nHÞÿ1volðG½2; 2tN�nHÞÿ1

�

ð

G ½2t;4N� nH

�
ð

G ½2;2tN� nH

hðzÞYðz;w; hÞIzð2kþ1Þ=2dHz

�

gð2wÞIw2kdHw:

On the other hand, by Lemma 1.2 and Lemma 1.3, we can easily check

X

y

m¼1

X

djm

c0ðdÞ
4te

d

� �

d kÿ1aðtðm=dÞ2Þ

0

@

1

Ae½mw�ð2-5Þ

¼
X

y

m¼1

X

dj2m

c0ðdÞ
4te

d

� �

d kÿ1að4tðm=dÞ2Þ

0

@

1

Ae½2mw�

¼ að4tÞgð2wÞ:

Similarly we may justify

X

y

m¼1

X

djm

c0ðdÞ
4te

d

� �

d kÿ1að4tðm=dÞ2Þ

0

@

1

Ae½mw� ¼ að4tÞgðwÞ:ð2-6Þ

Combining Proposition 1.1 with (2-4), (2-5) and (2-6), we have

ðMhh; hiþM 0hh; h 0iÞjaðÿ1ÞgðjÞð2-7Þ

¼ volðG ½2t; 4N�nHÞÿ1volðG ½2; 2tN�nHÞÿ1

�

ð

G ½2t;4N� nH

að4tÞgð2wÞC 0gð2wÞIw2kdHw

¼ volðG ½2; 2tN�nHÞÿ1
að4tÞC 0hgð2wÞ; gð2wÞi:

Also we may deduce

hh 0ðzÞ; hYðz;w; hÞ; gð2wÞii ¼ jaðÿ1ÞgðjÞðMhh 0; hiþM 0hh 0; h 0iÞð2-8Þ

¼ að4tÞC 0volðG ½2; 2tN�nHÞÿ1
hgðwÞ; gð2wÞi:

The assumption (1-13) shows that

hh; hihh 0; h 0iÿ hh; h 0ihh 0; hi ¼ jjhjj2jjh 0jj2 ÿ jhh; h 0ij2 > 0:

Consequently, by (2-7) and (2-8), we conclude that

M ¼ að4tÞC 0
volðG½2; 2Nt�nHÞÿ1

jaðÿ1ÞgðjÞ

hgð2wÞ; gð2wÞihh 0; h 0iÿ hgðwÞ; gð2wÞihh; h 0i

hh; hihh 0; h 0iÿ hh; h 0ihh 0; hi
;

M 0 ¼ að4tÞC 0
volðG½2; 2Nt�nHÞÿ1

jaðÿ1ÞgðjÞ

hgðwÞ; gð2wÞihh; hiÿ hgð2wÞ; gð2wÞihh 0; hi

hh; hihh 0; h 0iÿ hh; h 0ihh 0; hi
:

By (2-2), we can prove the remainders of the assertions, which completes our proof.
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§3. Rankin’s convolution of theta series, Eisenstein series and final calculation.

Put

QðzÞ ¼
X

y

n¼ÿy

e½n2z=2� and LMðs;oÞ ¼
X

y

n¼1

o�ðnZÞnÿs

for each Hecke character o of Q and for each positive integer M, where n runs over all

positive integers such that ðn;MÞ ¼ 1 and o� is the ideal character associated with o (cf.

[10, p. 505]). Let gðwÞ and hðzÞ be the same functions in Lemma 2.1.

We consider an integral
ð

G nH

hðzÞQðzÞCðz; sþ 1=2 : k; j;GÞyð2kþ1Þ=2dHz ðz ¼ xþ iyÞ;ð3-1Þ

where G ¼ G ½2; 2tN�, Cðz; s : k; j;GÞ ¼ L4Ntð2s; jÞEðz; s : k; j;GÞ, Cðz; s : k; j;GÞ and

Eðz; s : k; j;GÞ means functions given in [10, (4-6) and (4-11)]. By the same method as

that of Shimura [10, p. 542], we may reduced (3-1) to the form

L4Ntð2sþ 1; jÞ

ð

G nH

hðzÞQðzÞEðz; sþ 1=2 : k; j;GÞyð2kþ1Þ=2dHzð3-2Þ

¼ L4Ntð2sþ 1; jÞ

ð

C

hðzÞQðzÞy sþ1þk=2dHz

with C ¼
a b

c d

� �

A G½2; 2tN�

�

�

�

�

c ¼ 0

� �

nH, which implies that

L4Ntð2sþ 1; jÞtk
ð2

0

ð

y

0

X

y

m¼1

aðmÞexpð2p im tðxþ i yÞ=2Þð3-3Þ

�
X

y

n¼ÿy

expð2pin2ðxþ iyÞ=2Þysþ1þk=2dHz

¼ 4tk
Gðsþ k=2Þ

ð2pt2Þsþk=2
L4Ntðð2sþ kÞ ÿ k þ 1; jÞ

X

y

l¼1

aðtl2Þlÿð2sþkÞ:

Therefore, the integral (3-1) is equal to

4að4tÞtk
Gðsþ k=2Þ

ð2pt2Þsþk=2
2ÿð2sþkÞLð2sþ k; gÞð3-4Þ

with

Lðs; gÞ ¼
X

y

n¼1

cðnÞnÿs and gðwÞ ¼
X

y

n¼1

cðnÞe½nw�:

As we did for (3-2), (3-3) and (3-4), we obtain
ð

G ½2;2tN� nH

h 0ðzÞQðzÞCðz; sþ 1=2 : k; j;GÞyð2kþ1Þ=2dHzð3-5Þ

¼ 4að4tÞtk
Gðsþ k=2Þ

ð2pt2Þsþk=2
Lð2sþ k; gÞ:
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Next we calculate an integral
ð

G ½2t;4N� nH

gð2wÞCðw; sþ 1=2 : jÞEðw; tþ 1=2 : jÞIw2kdHw;ð3-6Þ

where Cðw; s : jÞ ¼ Cðw; s : k; j;G ½2t; 4N�Þ and Eðw; t : jÞ ¼ Eðw; t : k; j;G ½2t; 4N�Þ are

given in [10, (4-6) and (4-11)]. By a method similar to that of [10, p. 550], the integral

(3-6) may be reduced to the form:
ð

f
a b

c d

� �

AG ½2t;4N�jc¼0gnH

gð2wÞCðw; sþ 1=2 : jÞIw tþðð1þ3kÞ=2ÞdHwð3-7Þ

¼

ð2t

0

ð

y

0

gð2wÞCðw; sþ 1=2 : jÞIw tþðð1þ3kÞ=2ÞdHw:

We recall the following formula (cf. [10, p. 531]).

vÿsþk=2Cðw; s : jÞð3-8Þ

¼ L8Ntð2s; jÞ þ gðjÞð4NtÞÿ1
X

h 0
AZ; c 0 AZðc 0>0Þ

ð4Nc 0Þ1ÿ2s
j�ððh 0ÞÞ

� jaðh
0=4NtÞe½ðc 0h 0=tÞu�xðv; h 0c 0=t; sþ k=2; sÿ k=2Þ;

where w ¼ uþ iv and

xðy; h; a; bÞ ¼ ibÿað2pÞaþb
GðaÞÿ1

GðbÞÿ1
haþbÿ1eÿ2phy

ð

y

0

eÿ4phytðtþ 1Þaÿ1
tbÿ1dt

ðy > 0; h > 0; ða; bÞ A C
2;RðbÞ > 0Þ. Hence, the above integral (3-7) can be rewritten as

follows:

2t

ð

y

0

gðjÞð4NtÞÿ1
X

h 0
AZ; c 0 AZðc 0>0Þ

ð4Nc 0Þÿ2s
jaðh

0Þj�ððh 0ÞÞ
X

y

n¼1

cðnÞð3-9Þ

� expðÿ4pnvÞxðv; h 0c 0=t; sþ ð1þ kÞ=2; sþ ð1ÿ kÞ=2Þ

� v tþðð1þ3kÞ=2Þvðsþð1=2ÞÞÿðk=2Þÿ2dv

with gðwÞ ¼
P

y

n¼1 cðnÞe½nw�. Observe that
ð

y

0

expðÿ4pnvÞxðv; h 0c 0=t; sþ ð1þ kÞ=2; sþ ð1ÿ kÞ=2Þv tþsþkÿ1dvð3-10Þ

¼ iÿk2ÿðtþsþkÞð2pÞsÿtÿkþ1ðh 0c 0=tÞsÿtÿk Gðtþ sþ kÞGðtÿ sþ kÞ

Gðsþ ððk þ 1Þ=2ÞÞGðtþ ððk þ 1Þ=2ÞÞ
;

if n ¼ c 0h 0=2t. We can check that

X

y

h 0¼1

X

y

c 0¼1;2tjc 0h 0

ðc 0Þÿ2s
jaðh

0Þj�ððh 0ÞÞcðc 0h 0=2tÞðh 0c 0=tÞsÿtÿkð3-11Þ

¼ ðtÞÿ2s2ÿsÿtÿk
X

y

h 0¼1

X

y

c 00¼1

j�ððh 0ÞÞcðh 0c 00Þðc 00Þÿsÿtÿkðh 0Þÿtþsÿk:
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Putting s ¼ t, the sum (3-11) equals

ð2tÞÿ2s2ÿk
X

y

m¼1

X

y

n¼1

j�ððmÞÞcðmnÞmÿknÿ2sÿkð3-12Þ

¼ ð2tÞÿ2s2ÿkL4Nð2sþ 1; jÞÿ1
Lð2sþ k; gÞLðk; g; jÞ;

where

Lðs; g; jÞ ¼
X

y

n¼1

j�ððnÞÞcðnÞnÿs and gðwÞ ¼
X

y

n¼1

cðnÞe½nw�:

Employing (3-9), (3-10) and (3-12), we find that

ð

G ½2t;4N� nH

gð2wÞCðw; sþ 1=2 : jÞEðw; sþ 1=2; jÞIw2kdHwð3-13Þ

¼ AðsÞL4Nð2sþ 1; jÞÿ1
Lð2sþ k; gÞLðk; g; jÞ;

where

AðsÞ ¼ 2tgðjÞð4NtÞÿ1ð4NÞÿ2s
iÿk2ÿð2sþkÞð2pÞÿkþ1

� ð2pÞÿð1=2Þ22sþkÿð1=2Þð2tÞÿ2s2ÿk Gðsþ ðk=2ÞÞGðkÞ

Gðsþ ðk=2Þ þ ð1=2ÞÞ
:

Exchanging the order of integration, we have

ð

G ½2;2tN� nH

hYðz;w; zZÞ; gð2wÞiQðzÞCðz; sþ 1=2 : k; j;G ½2; 2tN�Þyð2kþ1Þ=2dHzð3-14Þ

¼

ð

G ½2;2tN� nH

volðG ½2t; 4N�nHÞÿ1

ð

G ½2t;4N� nH

Yðz;w; zZÞgð2wÞIw
2kdHw

( )

� QðzÞCðz; sþ 1=2 : k; j;G½2; 2tN�Þyð2kþ1Þ=2dHz

¼ volðG ½2t; 4N�nHÞÿ1

ð

G ½2t;4N� nH

�
ð

G ½2;2tN� nH

QðzÞYðz;w; zZÞ

� Cðz; sþ 1=2 : k; jÞyð2kþ1Þ=2dHz

�

gð2wÞIw2kdHw

¼ hM 0ðw; sÞ; gð2wÞi;

where

M 0ðw; sÞ ¼

ð

G ½2;2tN� nH

QðzÞYðz;w; zZÞCðz; sþ 1=2 : k; j;G ½2; 2tN�Þyð2kþ1Þ=2dHz:

For a function pðzÞ on H and an a ¼
a b

c d

� �

A SLð2;RÞ, pjjl aðzÞ means
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pðaðzÞÞðczþ dÞÿl . Observing that

Cðz; s : k; j;G ½2; 2tN�Þð3-15Þ

¼ L4tNð2s; jÞ
X

a AG ½2;2tN�y nG ½2;2tN�

jaðdÞj
�ððdÞÞIzsÿðk=2ÞjjkaðzÞ;

we obtain

M 0ðw; sÞ ¼ L4Ntð2sþ 1; jÞ

ð

a AG ½2;2tN�y nH

QðzÞYðz;w; zZÞy
sþ1þðk=2ÞdHzð3-16Þ

¼ BðsÞL4Ntð2sþ 1; jÞS 0ðw; sÞ;

where

G ½2; 2tN�y ¼ a ¼
a b

c d

� �

A G ½2; 2tN�

�

�

�

�

c ¼ 0

� �

;

BðsÞ ¼ 2
2sþðk=2Þþð1=2Þ

p sþðk=2Þþð1=2Þ
Gðsþ ðk þ 1Þ=2Þ;

S 0ðw; sÞ ¼
X

ða;bÞ A X

zZðaÞmðbÞ½a;w�
ÿk

�

�

�

�

½a;w�

Iw

�

�

�

�

2kÿ2t 0

;

X ¼ ða; bÞ A V �Q

�

�

�

�

a0 0;ÿdet a ¼ b2
� �

;

mðbÞ ¼
1 if b A Z,

0 if b A Q ÿ Z

(

and t 0 ¼ sþ ð1þ kÞ=2.

Combining Proposition 2.1 with (3-4), (3-5), (3-14) and (3-16), we may derive that

ð

G ½2;2tN� nH

ChðzÞQðzÞCðz; sþ 1=2 : k; j;G ½2; 2tN�Þyð2kþ1Þ=2dHzð3-17Þ

þ

ð

G ½2;2tN� nH

Dh 0ðzÞQðzÞCðz; sþ 1=2 : k; j;G ½2; 2tN�Þyð2kþ1Þ=2dHz

¼ 4að4tÞtk
Gðsþ k=2Þ

ð2pt2Þsþk=2
ðC2ÿð2sþkÞ þDÞLð2sþ k; gÞ

¼

ð

G ½2;2tN� nH

hYðz;w; zZÞ; gð2wÞiQðzÞCðz; sþ 1=2 : k; j;G ½2; 2tN�Þyð2kþ1Þ=2dHz

¼ BðsÞL4Ntð2sþ 1; jÞhS 0ðw; sÞ; gð2wÞi:

For further computation, we need the following formula in [10, (7.9a) and (7.13)]
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S 0ðw; sÞ ¼ ðÿ1Þk
X

q A 2NZ=4NZ

T 0ðw; sÞjj2ktq andð3-18Þ

T 0 w; sÿ
1

2

� �

¼ ð2NÞ2sCðw; s;jÞEðw; s; jÞ with tq ¼
1 0

q 1

� �

:

Employing (3-13) and (3-18), we obtain

hM 0ðw; sÞ; gð2wÞi ¼ BðsÞL4Ntð2sþ 1; jÞðÿ1Þkð2NÞ2sþ1ð3-19Þ

�

*

X

q A 2NZ=4NZ

Cðw; sþ 1=2; jÞEðw; sþ 1=2; jÞjj2ktq; gð2wÞ

+

¼ ðÿ1ÞkBðsÞL4Ntð2sþ 1; jÞ2ð2NÞ2sþ1

� hCðw; sþ 1=2; jÞEðw; sþ 1=2; jÞ; gð2wÞi

¼ ðÿ1ÞkBðsÞ2ð2NÞ2sþ1
AðsÞvolðG ½2t; 4N�nHÞÿ1

� Lð2sþ k; gÞLðk; g; jÞ:

Combining this with (3-17), we have

4að4tÞtk
Gðsþ k=2Þ

ð2pt2Þsþðk=2Þ
ðC2ÿð2sþkÞ þDÞLð2sþ k; gÞð3-20Þ

¼ ðÿ1Þk2ð2NÞ2sþ12tgðjÞð4NtÞÿ1ð4NÞÿ2s
iÿk2ÿð2sþkÞ

� ð2pÞÿkþ1ð2pÞÿð1=2Þ22sþkÿð1=2Þð2tÞÿ2s2ÿk Gðsþ k=2ÞGðkÞ

Gðsþ ðk þ 1Þ=2Þ

� 2
2sþðkþ1Þ=2

psþðkþ1Þ=2

� �

Gðsþ ðk þ 1Þ=2ÞvolðG ½2t; 4N�nHÞÿ1

� Lð2sþ k; gÞLðk; g;jÞ;

which yields that

að4tÞ4tk
1

ð2pt2Þsþk=2
ðC2ÿð2sþkÞ þDÞð3-21Þ

¼ ðÿ1Þk2ð2NÞ2sþ12tgðjÞð4NtÞÿ1ð4NÞÿ2s
iÿk

� 2ÿð2sþkÞð2pÞÿkþ1ð2pÞÿð1=2Þ22sþkÿð1=2Þð2tÞÿ2s2ÿkGðkÞ

� 2
2sþðkþ1Þ=2

psþðkþ1Þ=2

� �

volðG ½2t; 4N�nHÞÿ1
Lðk; g; jÞ:

Putting 2sþ k ¼ 0, we may deduce that

að4tÞðC þDÞ ¼ ikgðjÞ21=2pÿkðk ÿ 1Þ!volðG½2t; 4N�nHÞÿ1
Lðk; g; jÞ:ð3-22Þ
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By Proposition 2.1, we see that

C þD ¼ að4tÞ
volðG½2; 2Nt�nHÞÿ1

jaðÿ1ÞgðjÞ
C 0Etÿðð2kþ1Þ=2Þþ1ð3-23Þ

with

E ¼
hgð2wÞ; gð2wÞiðh f 0; f 0iÿ h f 0; f iÞ þ hgðwÞ; gð2wÞiðh f ; f iÿ h f ; f 0iÞ

h f ; f ih f 0; f 0iÿ h f ; f 0ih f 0; f i
;

where f 0ðzÞ ¼ f jUð4ÞðzÞ.

Consequently, by (3-22) and (3-23), we conclude the following theorem.

Theorem. Let the notation be as above. Suppose the assumption in Lemma 2.1.

Then

jað4tÞj2E ¼ 2ÿð5=2Þÿkpÿkðk ÿ 1Þ!gðjÞgðjÞð4NtÞÿ1
tðð2kþ1Þ=2Þÿ1ðÿ1Þkjaðÿ1ÞLðk; g; jÞ:
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