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Abstract. We classify locally compact, geodesically complete, 2-dimensional
Hadamard spaces whose Tits ideal boundaries have the minimal diameter z. Further-
more, we classify the universal covering spaces of certain 2-dimensional nonpositively
curved spaces, which is an extension of the result obtained in the polyhedral case by
W. Ballmann, M. Brin, and S. Barré.

§1. Introduction.

In Riemannian geometry, ever since the work of [BGS], many results
regarding the asymptotic rigidity of Hadamard manifolds have been obtained. In
general, the problem is that of obtaining the rigid properties of the global structures of
certain Hadamard manifolds from information about their ideal boundaries.

Since Alexandrov’s original study, the various properties of general metric spaces
with nonpositive curvature have been investigated (cf. [Al], [ABN], [Bal], [Ba2]). In
particular, nonpositively curved 2-polyhedra have been studied in detail (cf. [BaBr],
[Bar]). In [BaBr], W. Ballmann and M. Brin obtain the following result:

THEOREM 1 ([BaBr|, Theorem 6.5). Let (X,I") be a compact 2-dimensional orbi-
hedron without boundary and of nonpositive curvature. Assume that all links of X have
diameter 7w, that all faces of X are Euclidean triangles, and that all edges are geodesics.
Then X is either the product of two trees or a thick Euclidean building of dimension 2 of
type A, By, or G,.

Also, this result has been obtained later and independently by S. Barré in [Bar].
According to [BaBr], this result is also related to the (unpublished) result of B. Kleiner
(1995): if every geodesic of an n-dimensional complete, simply connected space of X of
nonpositive curvature is contained in an n-flat, then X is a Euclidean building or a
product of Euclidean buildings.

The main purpose of this paper is to study the asymptotic rigidity of more general
Hadamard spaces. In such general metric spaces, we must be careful to consider the
possibility of bifurcation of geodesics essentially different from those in the polyhedron
case. Furthermore, it was known by B. Kleiner that there is an example of a locally
compact, geodesically complete Hadamard space which admits no triangulation. We
will construct such an example in the next section (Example 2.7). This construction
yields precise information concerning the ideal boundary.
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A nonpositively curved space is a complete geodesic space with nonpositive curvature
in the sense of Alexandrov. A Hadamard space is a simply connected nonpositively
curved space. A locally compact nonpositively curved 2-space (respectively Hadamard
2-space) is a locally compact nonpositively curved space (respectively Hadamard space)
of dimy X = 2, where dimy is the Hausdorff dimension. We say that a nonpositively
curved space X is geodesically complete if an arbitrary geodesic in X can be extended
to a line. The asymptotic classes of rays in a Hadamard space X define the ideal
boundary X (oo) with the Tits metric 7d, as in the smooth Riemannian case.

We consider the class of locally compact, geodesically complete Hadamard 2-spaces
whose ideal boundaries have the minimal diameter = with respect to the Tits metric.

ExampLE 1. The following are examples whose ideal boundaries possess the
minimal diameter 7.

(a) The product of two trees with interior metrics.

(b) A thick Euclidean building of dimension 2 of type A,, B, or G,. (see [Brol,

Chapter 4], [Broz])

On the other hand, there are many examples in which the ideal boundary has
a diameter greater than n. In Example 2.7, we construct an example of a locally
compact, geodesically complete Hadamard 2-space whose ideal boundary has diameter
n+ ¢ for any ¢ > 0.

One of the main results of this paper is the following:

THEOREM A. Let X be a locally compact, geodesically complete Hadamard 2-space
such that the diameter of (X(o0),Td) is equal to n. Then X is isometric to either the
product of two trees, the Euclidean cone over (X (o), Td), or a thick Euclidean building of
dimension 2 of type A, By, or Gj.

We now introduce a concept corresponding to the rank 2 condition that appears in
and [Bar]. We say that a locally compact, geodesically complete nonpositively
curved 2-space X satisfies the Local Flat Condition—or briefly the LFC—if X satisfies
the following:

(LFC) For any x € X there is a positive number s = s(x) > 0 such that for any unit
speed geodesic o, : R — X with 0,(0) = x there is a totally geodesic isometric
imbedding ¢ : D7 (s) — X satisfying ¢(z1,0) = o,(t;) for t; € (—s,s).

Here D' (s) := {(t1,02)|t2 > 0,47 + 13 < s*} is a local half disk with the standard flat

metric.

ExampLE 2. In the following, each X satisfies the LFC. Let X denote the
universal covering space of X.

(a) We consider two flat rectangles X; and X, isometric to each other. Let
ei,i =1,2, be sides of X; such that e; and e, have the same length. We denote by X/
the torus constructed by gluing the sides of X; in the usual way. We define X :=
X/ Uel:e2 X, identifying e; and e, isometrically. Then X is isometric to the product of
a tree and a line.

(b) Let X be the product of two S' v S!, where S' v S! is the one point union of
two circles with an interior metric. Then X is the product of two trees.
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The other main result of this paper is an extension of [Theorem 1

THEOREM B. Let X be a locally compact, geodesically complete nonpositively curved
2-space satisfying the LFC. Then the universal covering space X of X is isometric to
either the product of two trees, the Euclidean cone over (X (o), Td), or a thick Euclidean
building of dimension 2 of type A, B, or G,.

The basic ideas of the proof of the main results are as follows: Let X be as in
Mheorem Al Then X satisfies the LFC. First, for any x € X, we construct a local flat
(whole) disk around x containing a given geodesic through x. Then, a neighborhood of
x is the union of local flat disks. In order to understand how these flat disks meet each
other, we observe the following assertion (x), which is a key to the proof of Theorem A.

(¥) For any x € X and each direction at x there is a positive number r > 0 such

that the geodesics emanating from x directed by that direction coincide within

distance r from x. Moreover, such a positive number » > 0 can be chosen

independently of the choice of the directions at x.
The existence of local flat disks and () enable us to obtain a global flat plane
containing a given line. Also, we observe that, for any singular point x and an
arbitrary geodesic g, passing through x which is directed by two vertices of the space of
directions at x, every point on oy is also a singular point. By using the local properties
of X, we can determine the global structure of X. In this way, we obtain Theorem A.
Also, we obtain that the diameter of (X(c0),Td) is equal to m. Then, by applying
Theorem A, we conclude [Theorem B. Several ideas in our approach are inspired by
arguments in [BaBr] and [Bar].

This paper is organized as follows: After presenting the basic concepts and
properties of Hadamard spaces in Section 2, we discuss splitting theorems for certain
Hadamard spaces, which are known in the smooth Riemannian case ((BGS], [Oh]) in
Section 3. In Section 4, we discuss the local properties of nonpositively curved 2-spaces
with the LFC. In Section 5, we construct a flat plane in a Hadamard 2-space with the
LFC. We prove Theorems A and B in Section 6.

I would like to express my gratitude to Professor Takao Yamaguchi for his valuable
advice and constant encouragement. I am also grateful to Professors Katsuhiro
Shiohama and Takashi Shioya for their valuable comments.

§2. Preliminaries.

Throughout this paper we use Landau’s symbol in the following sense: For a real-
valued function f:[0,00) — R, we write f(z) =o(¢t) if lim,_, f(¢)/t =0. Also, in a
metric space (X,d), we denote by B(x,r) (respectively B(x,r)) the open (respectively
closed) metric ball centered at x € X with radius r > 0.

In this section we discuss some concepts and basic facts (mainly stated in [ABN],

[Ba2], [Ot], and [OT]) which will be used in the following sections.

2.1. Metric spaces with curvature bounded above.

Let (X,d) be a metric space. For an interval I, a curve ¢ : I — X is a geodesic if
there is a ¢ > 0, called the speed of g, such that any ¢ € I has a neighborhood J < I with
d(o(t1),a0(tr)) = c|t; — o] for all 71, € J. If this equality holds for all #;,#, € I, then ¢



702 K. NaGgano

is called a minimizing geodesic. Furthermore, for a minimizing geodesic o, if I = R,
then o is called a line, and if I =0, 0), then o is called a ray. In this paper, we
assume that all geodesics have unit speed ¢ = 1. X is a geodesic space if for any two
points in X there is a minimizing geodesic joining them.

From now on, we assume that X is a complete geodesic space. A (geodesic)
triangle /\ in X consists of three geodesics in X whose endpoints match in the usual
way. For some x € R, we denote by M?(x) the model surface of constant Gaussian
curvature k. A comparison triangle A for A < X is a triangle in M?(x) whose sides
have the same lengths as those of A. We say that a triangle A in X is CAT (k) if the
lengths of the sides of A satisfy the triangle inequality, and if the perimeter of A is less
than 27/\/x in the case x > 0, and if d(x, y) < |%, 7|, for every two points x, y in the
sides of A and the corresponding points X,7 in A, where |-, —| _is the standard metric
on M?(x). A subset U = X is convex if each geodesic joining y and z is contained in U
for all y,ze U. A convex open subset U c X is a CAT(kx)-domain if for any x, ye U
there is a minimizing geodesic oy, : [0,d(x, y)] — U joining x and y, and if all triangles
in U are CAT (k).

We say that X has curvature bounded above by ik if there is a k € R so that every
point x € X has an open neighborhood U, such that any triangle composed of three
points in U, is CAT(x). Note that if X has curvature bounded above by x, then for
any x € X there is a CAT(x)-domain U of x; in particular, for all y,ze U there is a
unique minimizing geodesic ¢,. in U joining y and z, and ¢,. depends continuously on y
and z in U. In U, we denote by A(x,y,z) the triangle with vertices x, y,z e U.

Let Uc X be a CAT(x)-domain, and let aj,07:[0,¢] — U be geodesics in U
emanating from the same point x =0;(0) e U for ¢ >0. The angle /. (o1,02) (or
Lx(01(80),02(t9)) for some s, 1y € (0,¢]) at x between o) and o, (respectively a;(so) and
02(to)) is defined as lim, .o 0,(51(s),52(1)), where 0,((s),52(¢)) is the corresponding
angle at X in the comparison triangle in M?(x) for A(x,a1(s),02(f)). We have the
triangle inequality of angles and the formula

Also, we have the claim concerning the (semi)continuity of angles:

imsup £y, (v, 20) < Lx(p,2) = M Li(yy, 2n)
n— o0 n—a0

for x, - x, y,— », and z, — z as n — oo with xe U and y,ze U\{x}. Note that
for a triangle A < U the angle at an arbitrary vertex of A is not greater than the
corresponding angle in A.

From this point on, we assume that X is locally compact and geodesically complete.
For x,y,ze U, two minimizing geodesics o, and o, extending from x to y and
from x to z, respectively, are called equivalent if and only if / \(oyy,0,:) =0. Then we
denote by vy, (or briefly v,) the equivalence class representing oy,. Define X :=
{vsy|y € X\{x}}. Then (Zy, L) is a metric space. The space of directions at x € X is
the interior metric space (X, p,), where p. is the interior metric induced from /.. In
general, (X, p,) is not connected. The tangent cone at x € X is the Euclidean cone over
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(2, p,) and is denoted by (X, p.) x [0,00)/_. Note that each connected component of
(2, py) 1s a compact, geodesically complete geodesic space with curvature bounded
above by 1, and that the tangent cone at x is a locally compact, geodesically complete
geodesic space with curvature bounded above by 0. We also remark that, for any
x € U, there is a Lipschitz map

X = U9 .y = (nyud(xa .y)) EZX X [07 OO)/~
(where its image of x is the vertex of the cone).

LEmMMA 2.1. If £ (Oxu,0x0) < 7, where oy, and oy, are geodesics extending from x
directed by u,v € X, then [ (0, 0x) = p(u,v). Moreover, if p.(u,v) < n, then there is
a unique minimizing geodesic in X joining u and v; in other words, X has an injectivity
radius 7.

For a point x € X and a positive number o0 > 0, we say that y e X is a Jd-branch
point of x if the diameter of the subset of X, whose points are distance n from v,, € X,
with respect to /, is not smaller than 6. The following two lemmas are very useful in
the investigation of the local structure of X. For the sake of readers’ convenience, we
give the proofs for them.

Lemma 2.2 (|OT]). Fix xe X and 6 > 0. No sequence (y,) of d-branch points of x
converges to X.

Proor. For the simplicity, we discuss the argument below in a CAT(0)-domain.
Suppose that there is a sequence (y,) of d-branch points of x with y, — x as n — oo.
Set t,:=d(x,y,). Since X is locally compact, if necessary, taking a suitable subse-
quence, we can take z, and w, such that

(1) z, and w, converge to zy and wy, respectively.

(2) d(x,zy)=d(x,y,) +d(y,,z.) =r and d(x,w,) =d(x,y,) +d(y,,w,) =r for

some r > 0.

(3) Ly, (zn,wn) >0/2.

For any ¢ >0, consider z, and w, satisfying d(z,,zo),d(w,,wo) < ¢ for large n.
Let z; (respectively w;) be the point on the geodesic joining x and zy (respectively
joining x and wy) with d(x,zj) =1, (respectively d(x,w}) =1,). Now, /L.(z{,wy) =
0/2. By comparison geometry, we obtain the following inequalities: d(zj, w))/t, >
V2(1—cos(6/2)) and d(y,,z}),d(y,, w)) < tne/r. These inequalities yield a contra-
diction. ]

Lemma 2.3 ([OT]). Let U be a CAT(k)-domain. Choose a point z lying on the
minimizing geodesic joining x and y such that z is not a o-branch point of x. Let we U
be a point with 0 < /.(x,w) <n. Then we have

T < /L(x,w)+ L(w,y) <T+0.

Proor. Let (w,) be a sequence of points on the geodesic joining z and w with
w, —z as n— oo. And let y, be a point such that w, lies on the geodesic extending
from x to y, and d(x, y,) =d(x,y). We assume that y, converges to some point y’ for
a suitable subsequence. Now, lim, . (/.(x,w)+ £.(w,y,)) <n. Since z is not a
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o-branch point of x, /.(w, y) < £.(w, ") +0J. Therefore, we obtain /.(x,w)+ /.(w, y)
<7m+0. U

The following theorem, given in and [OT], is important for observing the
structure of a metric space with curvature bounded above.

THEOREM 2.4 ([Ot], Theorem 3.2, and [OT]). Let X be a locally compact, geo-
desically complete geodesic space with curvature bounded above. Then for any relatively
compact open set O of X there is an n € N such that 0 < #"(0) < oo, where H"(—) is
the n-dimensional Hausdorff measure.

If X is a locally compact, geodesically complete geodesic space of dimy X = 2 with
curvature bounded above, then we define

Sy := {x e X|Z, is isometric to neither S'(1) nor S°(1)}.

We call the points in Sy singular points and the points in X\Sy regular points. We
note that no regular point is a J-branch point of an arbitrary x € X for any ¢ > 0.
Also, note that dimy 2, <1 for any x € X in this case.

2.2. Hadamard spaces and their ideal boundaries.
Let (X,d) be a Hadamard space; that is, a simply connected nonpositively curved
space. We have the Hadamard-Cartan theorem as in the smooth Riemannian case.

THEOREM 2.5 (Hadamard-Cartan theorem) ([Gr|). Assume that X is a Hadamard
space. Then for any x,y € X there is a unique minimizing geodesic oy, : [0,d(x, y)] = X
joining x and y.

and the curvature condition reveal many properties of X.

Let A be a triangle in X. Then the sum of the three angles of A is not greater
than #. This sum is identically = if and only if A is flat; that is, if and only if A
bounds a convex region in X isometric to the triangular region bounded by A in the
flat plane. Also, let g;,02 : I — X be two geodesics. Then d(g|(¢),02(t)) is convex in
tel. From the convexity of the distance function on X, we can define the projection
map pre onto a closed convex subset C — X by requiring prc(x) to be the closest point
to x in C. This is a Lipschitz map with Lipschitz constant 1.

Two rays ai,07 : [0,00) — X are called asymptotic if d(oi(t),02(¢)) is uniformly
bounded in ¢. This yields an equivalence relation on the set of rays in X. We denote
by X(o0) the set of all asymptotic equivalence classes of rays in X. If ¢ is a ray
belonging to ¢ e X (o), we write g(o0) = ¢ and say that ¢ is a ray from ¢(0) to &.
Note that for any x € X and ¢ € X (o0) there is a unique ray o, : [0,00) — X from x
to ¢.

Next we define the interior metric on X (c0). Define £ (&,7) := sup,.y Lx(&,n) for
&neX(oo). Then £ is a metric on X (c0). The Tits metric on X (o0), denoted by
Td(—,—), is the interior metric induced from /. Of course, Td(&,n) > £ (&,n) for any
& ne X(0).

The following statement is often useful for considering the geometry of X (o).
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THEOREM 2.6 ([Ba2], Theorem I1.4.11). Assume that X is a locally compact Ha-
damard space. Then each connected component is a complete geodesic space with
curvature bounded above by 1. Furthermore, for & ne X(o0) the following hold:

(i) If there is no geodesic in X joining & and n, then Td(&,n) = /L (&, n) < 7.

() If L(&,n) <z, then there is no geodesic in X joining & and n and there is a
unique minimizing geodesic in (X(o0), Td) joining & and n; in particular, any triangle in
(X (00),Td) of perimeter < 2m is CAT(1).

(iii) If there is a geodesic o in X joining & and n, then Td(E,n) >, and equality
holds if and only if o bounds a flat half plane.

ExampLE 2.7. We now construct an example of a Hadamard space which admits
no triangulation. This construction is essentially based on an idea of B. Kleiner.

For given ¢e€ (0,n), we prepare a sequence (o) of positive numbers with
Sl (m—oy) <e  Let (I,) be a sequence of positive numbers with >~ 1, < oo.

We first construct a region C in R*. Set xp := (0,0). Let A := A(xo, py,x1)
{(x,y)|x >0,y >0} be the unique equilateral triangle satisfying the following:

(1) The side joining xp and x; lies on the x-axis.

(2)  [xo, prl = |1, xal = 1.

(3) Lp, (x()axl) = o1.

We denote by ¢; the broken line segment joining x¢ and x; through p,. Similarly, let
Ny = Na(x1, py,x2) < {(x,»)[x >0,y >0} be that equilateral triangle such that the
side joining x; and x; lies on the x-axis, |xi, p,| = |py,X2| = h, and £,,(x1,x2) = a.
We denote by ¢, the broken line segment joining x; and x; through p,. By continuing
this procedure inductively, we obtain the sequence of equilateral triangles A, :=
A p(Xn—1, Pys Xn) < {(x,»)]x >0,y > 0} such that the side joining x,_; and x, lies on
the x-axis, |X,—1, p,| = |pp, Xn| = Ly, and £, (x,-1,%,) = 0,  We denote by ¢, the broken
line segment joining x,_; and x, through p,. Define x, :=lim,_, x,. In this way, we
obtain a curve ¢ as the concatenation Ule ¢, extending from xy to x,. Let ¢’ be the
curve of the reflection of ¢ centered on the x-axis. We denote by C the region
surrounded by ¢ and ¢’. And let ¢ be the ray from x, to (+0o0,0) and y the ray from x
to (—0,0).

Next, we construct a region R in a second R?, distinct from that considered
above. First we set Xp := (0,0) and p, := (0,/;). Then, let p, be the point situated at
a distance /; + /, from p,; such that the two components of the vector m are positive
numbers, and that the angle &; between m and the direction parallel to the positive y-
axis at p; is equal to 7 — o;. We denote by X; the point on the line segment joining p,
and p, situated at a distance /; from p;. Let p; be the point situated at a distance
[, + I3 from p, such that the two components of the vector 13—)2133 are positive numbers,
and that the angle a, between 13—21)3) and the direction parallel to the positive y-axis at p,
is equal to Zﬁzl(n —dy,). We denote by X, the point on the line segment joining p,
and p, situated at a distance /, from p,. By continuing this procedure inductively,
we obtain the points Xo,p;, X1,P5, X2, Dy Xn,--.. Now, let ¢, be the broken line
segment joining %,_; and %, through p,. Note that &, = > " ,(m — a,) and |Xy_1,p,,| =
P> Xm| = In.  Then define x, :=lim,_ X,. In this way, we have the curve ¢ as the
concatenation UZO:I ¢, extending from Xy, to X,. Next, let 7 be the ray from X, to



706 K. NaGgano

(0, —c0) and ¢ the ray in {(x, y)|x > 0,y > 0} from x, such that the angle at x, between
¢ and the direction parallel to the positive y-axis is equal to >, (7m — o). We denote
by R the region spanned by the concatenation 7UéUé containing {(0, y)|y > 0}.

We prepare such Cp := ([0, 0))UCUg([0,00)) and R;, 1 <i <4, spanned by 7,
¢, and 6. Now, we obtain the quotient space X of the disjoint union of Cy, Ry, R», Rs,
and fh, where the identification is made by the relations ¢ = ¢ = é;, ¢3 = ¢’ =&, y = 5,
and 0 =6;, | <i<4. Then (X,d) is a Hadamard space, where d is the interior metric
induced from the Euclidean structure of C and R;. Of course, there is no triangulation
around x,. Furthermore, note that the diameter of X(o0) is equal to 7 +e.

2.3. Graphs and Euclidean buildings.

In this paper, a graph G is a l-simplicial complex with an interior metric |—, —|;.
We denote by V(G) the vertex set of G and by E(G) the edge set of G.

Next we introduce the following elementary concept for a complete geodesic space
(X,d) with curvature bounded above by x.

DEerNITION 2.8 (degenerate triangle). We say that a triangle A = A(x, y,z) € X
of perimeter < 2n/+\/k is degenerate if N\ = A(x, y,z) satisfies the following: there is a
point w on the geodesic joining y and z such that d(x, y) = d(x,w) + d(w, y) and d(x, z)
=d(x,w)+d(w,z).

This definition is independent of the configuration of x, y, and z.

LemmA 2.9. Let X be a locally compact, geodesically complete geodesic space of
dimy X =1 with curvature bounded above. Then X has the structure of a graph.

Proor. We discuss the argument below in a CAT (x)-domain U. First, note that
dimyg 2, =0 for any xe X. Hence, /,(y,z) =0 or = for arbitrary distinct points
x,y,zeX.

To prove that any triangle A(x,y,z) of perimeter <27z/\/k is degenerate, it
suffices to consider the case in which /.(y,z) = /,(z,x) = £-(x,y) =0 for some
x,y,ze U. Let py be the closest point to y on the geodesic joining x and z. Note that
y#x and y#z. Then /;(x,y) = /,3(y,z) =n. This implies that A(x,y,z) is de-
generate, in particular, y is a zn-branch point of x, y, and z.

Here, we denote by V' (X) the set of all z-branch points in X. By [Cemma 2.2, for
any y € V(X), B(y,r) contains no n-branch point of y for some r > 0. This implies
that X has the structure of a graph possessing the vertex set V(X). O

COROLLARY 2.10. Let X be a locally compact, geodesically complete geodesic space
with curvature bounded above such that, for given x € X, dimy O, =2 for any neigh-
borhood O, of x. Then each connected component of X\ has the structure of a graph.

The following lemma appears in as a characterization of graphs with certain
properties.

Lemma 2.11 ([BaBr], Lemma 6.1). Let G = (V(G),E(G)) be a connected graph
such that the valencies of all vertices are at least 3, (G,|—,—|;) has diameter n, and the
injectivity radius of (G,|—,—|;) is equal to m (that is, for any &,ne G with |E,n|; <
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there is a unique minimizing geodesic in G joining & and n). Then G satisfies the
following:

() Every geodesic in G of length < m is contained in a closed geodesic of length 2.

(ii) If Ee V(G), then ne V(G) for any ne G with |&,y|; = .

(iii) There is a positive integer k(G) > 1 such that every edge has the same length
n/k(G).

(iv) If & n¢ V(G) with |E,n|; =, then there is a unique closed geodesic of length
2n containing & and 7.

(v) If & neV(G) with |&,n|; =n and ey, e; € E(G) are adjacent to n, then there is
a unique closed geodesic of length 2n containing &,n, e, and e;.

Note that, if k(G) <2, then G is a complete bipartive graph (if necessary, adding
suitable vertices).

We briefly mention the concept of Euclidean buildings. We refer to [Brol] and
as references treating Euclidean buildings and their fundamental structures from a
geometric point of view. A (Tits) building is a simplicial complex % which is the union
of subcomplexes (called apartments) such that the following hold:

(BO) Each apartment is a Coxeter complex.

(B1) For any two simplices 4 and 4’ in % there is an apartment containing both

of them.

(B2) For any two simplices A, and 4’ in % and apartments F and F’ containing

both 4 and A’ there is an isomorphism F — F’ fixing 4 and A’ pointwise.
Note that two apartments are isomorphic; in particular, all apartments have the same
dimension. A chamber is a simplex of maximal dimension. Indeed we can replaced
(B2) by the following:
(B2') if arbitrary apartments F, and F’ have a common chamber C, then there is
an isomorphism F — F' fixing the intersection of F and F’ pointwise.
A chamber complex is thick if each simplex of codimension 1 is adjacent to at least three
chambers.

A building & is called a Euclidean building if & is a building and its apartments
are Euclidean Coxeter complexes. A Euclidean building & has a canonical piecewise
smooth metric dg associated with its Euclidean structure; in particular, (&,ds) is a
Hadamard space. Note that a subset F of & is an apartment if and only if F is convex
and isometric to R? with the standard flat metric. A Euclidean building of dimension
2 has type A, (respectively B, and G) if the chambers have angles (n/3,7/3,7/3)
(respectively (n/2,7/4,7/4) and (n/2,7/3,7/6)).

§3. Splitting theorems for Hadamard spaces.

As shown in [BGS] and [Oh], splitting theorems hold for Hadamard manifolds
satisfying certain conditions. In this section, we will extend these results to more
general Hadamard spaces. Throughout this section, we assume that (X,d) is a locally
compact, geodesically complete Hadamard space.

We say that a closed convex subset 4 — X is geodesically complete if any geodesic
in A can be extended to a line in A.
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DEerINITION 3.1, We say that two lines g1,0; : R — X are parallel if d(o,(t),0,(t))
is uniformly bounded in 7€ R, and that two closed, convex, geodesically complete
subsets Ay, Ay < X are parallel if Hd(A,A>) < oo, where Hd(—,—) is the Hausdorff
distance in X.

Note that, if two lines g; and o, are parallel, then ¢; and o, bound a flat strip
(Ba2).

The next lemma has been proved in the smooth Riemannian case ((BGS]).
Since we can prove the next lemma by using the same argument as that appearing in

[BGS], we omit the proof.

Lemma 3.2 ([BGS]). Let Y|,Y, < X be closed, convex, geodesically complete
subsets which are parallel. Set a:= Hd(Y),Y,) < 4+oo. Then there is an isometric
imbedding ¢ : Y; X [0,a] — X such that p(Y) x {0}) = Y| and ¢(Y; x {a}) = Y2; in par-
ticular, p(Y; x [0,a]) is convex.

The next lemma has also been proved for Hadamard manifolds in [BGS|. When
we prove our lemma, we need to modify the argument in [BGS|.

LemMA 3.3. Let Y < X be a closed, convex, geodesically complete subset and Py
the union of all closed, convex, geodesically complete subsets parallel to Y. Then Py is
isometric to Y X N, where N is a closed, convex subset of X.

PrOOF. Set Py := U/le Y5, where Y; is a closed, convex, geodesically complete
subset parallel to Y. Note that Py is closed and convex by [Cemma 3.2l

Consider x€ Y, < Py and Y1, Y, < Py. Let pr; be the projection map from Py
onto Y;. For some x’ € Y, there are lines ¢ in Y, through x and x’ and o; in Y;
through pri(x) and pri(x’). Note that ¢,0;, and o, are parallel to each other. Set
d(0) = x and ¢;(0) = pri(x). Since

A0 -1 < d(oa( .0 45)) =3+ d (o £5) o) -5,

and ¢ and g; bound a flat strip, we obtain

limsup d(o2(t), pri(x)) —t <0 and limsup d(o2(—1), pri(x)) —t<0.

t—0o0 t—0o0

Hence in the inequality

0 < d(oa2(—1), pri(x)) + d(pri(x),02(t)) — d(o2(—1),02(1)),

the right-hand side tends to 0 as t — c0. Since g; and o, bound a flat strip and since
this argument is independent of the choice of x’ € Yy, it follows that pry(x) is the closest
point to pri(x). Therefore pr,(x’) = prpo pri(x’), and similarly we have pri(x’) =
prio pra(x’) for any x' e Y,.

For given x € Y, define N, := {pr)(x)|A € A}, where pr; is the projection map onto
Y,. We define the map @ from Y x N, to Py as &(y, pri(x)) = pr)(y). The sur-
jectivity of @ is clear from [Lemma 3.2l Also, it follows from the above argument that
@ is an isometry. Moreover, because Py is closed and convex, it is easily seen that N,
is also closed and convex. This completes the proof of [Lemma 3.3. O
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In the smooth case, the next proposition has been proved in [Oh].

PROPOSITION 3.4.  Assume that X is a locally compact, geodesically complete Hada-
mard space. Then X is isometric to a product X' x R if and only if X satisfies the
following:

(1) The diameter of (X (o0),Td) is equal to =.

(i) There exists & € X(o0) such that there is a unique point &' € X (o0) satisfying

Td(&, &) = .

Proor. It suffices to apply arguments similar to those appearing in by using
Theorem 2.6 and [Lemma 3.3. O

The next proposition has also been proved in the smooth Riemannian case ((BGS]).
In our case, we must be careful to consider the possibility of bifurcation of geodesics.

PROPOSITION 3.5.  Assume that X is a locally compact, geodesically complete Hada-
mard space. Then X is isometric to a product X\ x X with Xi(o0) = A; and X,(0) =
Ay if and only if Ay, Ay < X(o0) satisfy the following:

(1) If &edi, i=1,2, then Td(&,&) =n/2.

(i) For any &€ X(o0) there are & € Ay and &) € Ay such that & lies on the
minimizing geodesic in (X (o), Td) joining &, and &,.

Proor. It is clear that if X is isometric to X; x X, with X;(oo) = A4;, then A;
satisfies (i) and (ii).

Assume that there are A;, A4, < X(oo) satisfying (i) and (ii). In this case, the
diameter of X (o0) is equal to n. For x e X, define

Fi(x) := {ox,(R) | i € 4i},

where o, is a line through x with g, (c0) =¢;. Note that o, (—o0) € 4; for any
¢ied,.

First we show that Fj(x) is convex. For y,z e Fj(x), let o, (respectively o,.) be a
ray from x through y (respectively z) with 5 := gy, (c0) € 4; (respectively { := gy.(0) €
A;). Next, let we X be an arbitrary point on the geodesic joining y and z. Suppose
that w ¢ F;(x); that is, for any ray o, from x through w, a,(o0) ¢ 4;. Then by (ii),
there are &; € 4; and & € 4; such that o, (00) lies on the geodesic in X (o) joining &;
and ¢;. Define éjf = 0y, (—00) € 4;, where gy, is a line through x with gy (o0) = ¢;.
It then follows from (i) and that there is a flat half plane spanned by
oy, and oy, (respectively oy.). Let by : X — R (respectively bxfjg) be the Busemann
function based on the ray from x to &; (respectively f}). Then

C = by~ ((—00,0)) by~ ((—00,0])

1s convex; in particular, we C, since y,z€ C. On the other hand, w ¢ C by the as-
sumption regarding w. This is a contradiction, and hence F;(x) must be convex.
Next we show that Fj(x) is closed. Consider a sequence (x,) < Fy(x) with xp :=
lim, . x,. Define &, := 0y (0) € A;, where a,,, is a ray from x through x, with
Oxx,(00) € A;.  Then, suppose that x( ¢ F;(x); that is, for any ray oy, from x through
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X0, &0 = 0xy(0) ¢ 4;. Now we may assume that &, ¢ 4;. By (ii), there are 7, € 4;
and 7; € 4; such that ¢, lies on the geodesic joining #; and 7;. Define 7} := gy, (—0),
where gy, is a line through x with gy, (00) =7;. Then

Loy, E) = lim £a(,%) =3 5
These yield Td(&y,n;) =0, and hence we have a contradiction. Thus we obtain that
Fi(x) is a closed, convex, geodesically complete subset.

We can prove that F;(x) is parallel to F;(y) for arbitrary x, y € X by applying the
same argument as that appearing in the proof of [Lemma 3.3. Hence, for any x e X,
we have X = Pp,), where Pr,, is the set of all closed, convex, geodesically complete
subsets parallel to Fi(x). Also, clearly we have Fj(x) = {prg,,)(x)|y € X}, since

Td(&l‘, f]> = Lx(fﬁ é])

and Lx(rl//;éO) = nlLHolc Lx(l/l]{axn) —

. T
2
for any ¢; € 4; and & € A;, where prg,, is the projection map onto Fj(y). Therefore
we obtain X = Fj(x) x F>(x). Now, the result is clear from the definition of F;(x).
This completes the proof of [Proposition 3.5. ]

§4. The local structure of certain Hadamard spaces.

Throughout this section, we assume that X is a locally compact, geodesically
complete nonpositively curved 2-space with the Local Flat Condition. The argument
below is given in the context of a CAT(0)-domain. Recall the definition of the Local
Flat Condition in Section 1. We denote by /H(x,s;o,) the image of the isometric
imbeddings ¢(D*(s)) = X in the definition of LFC. In this case, for any geodesic g,
through an arbitrary point x € X, there is a local flat half disk /H(x,s;o,) spanned by
ox(—s,s). Hence, X, is a connected finite graph with diameter 7 and injectivity radius
7, and hence it is a circle of length 27 or a connected finite graph with the properties
given in [Lemma 2.11 for any x € X.

In this section, we prove the following proposition corresponding to the assertion
(¥) in Section 1, which plays a key role in investigating of the local structure of X.

PROPOSITION 4.1. Let X be a locally compact, geodesically complete nonpositively
curved 2-space with the Local Flat Condition. Then, for any x € X, there is a positive
number r=r(x) >0 such that for any ue X, there is a unique point y = y(x,u,r) €
0B(x,r) such that u = vy,.

REMARK AND DEFINITION 4.2. Proposition 4.1 implies that for any x € X and some
r >0 we can define the map
2 x[0,7]/. 3 (u,t) — ow(t) € B(x,r) = X,

where o, is a geodesic from x directed by u. We call such a metric ball B(x,r) in X a
regular neighborhood of x.

4.1. Existence of a local flat disk.
Now, for any x € X, B(x,s) is the union of local flat half disks for some s > 0. We
first observe how these local flat half disks meet each other.
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Lemma 4.3. For xe X, let wy< 2y be a closed geodesic of length 2m, let
To1,Tx2 ¢ [0, — @, be geodesics such that t,1((0,7)) N1, 2((0,7)) # &, and let v,
i=1,2, be a geodesic with y;(0) = x directed by 7, ;(0) and . (%) at x. Assume that
there is a local flat half disk [H; = [H;(x,s;y;) € X such that t.; corresponds to IH,.
Then for any direction ue ty1((0,7)) N1y 2((0,7)) there is a positive number r=
r(x,u;o1,02) >0 such that

a1(r) = aa(r)
for the geodesic a;:10,s) — [H;, i = 1,2, directed by u.

PrOOF. Suppose this claim is not true; that is, suppose that g;(¢) # o,(¢) for any
€ (0,s). Note that /.(g1,07) = 0.

For small 0 € (0,7/2), we denote by a;9,0;,:[0,s) — [H; the two geodesics ex-
tending from x satisfying the following:

(1) Lx(aiﬁ,(fi) = LX(O'Z{70,0'1') = 0.

(2)  Lx(oig,0],) = 20.

(3) £x(01,0,02,0) = Lx(0] 4,05 ) = 0.
Also, we denote by A;(0,¢) < [H; the triangular flat region spanned by x, g; 4(t/cos @),
and g; ,(¢/cos0). Then, by replacing u by another & € 7,1((0,7)) N7y 2((0, 7)) \{u} very
close to u, we may assume the following:

(4.3.1) There is a positive number 0y > 0 such that, for any 7 > 0, the relations
01,0(t) # 02,0(t) and o} 4(1) # 75 »(¢) hold for any 0 € (0, 6p].

This follows from the convexity of /H,N[H,.

We write y;(t) :=0;(¢t) e [H;, t > 0. Then, let y,(¢) € [H, be the closest point to
y1(¢). Note that, for any small >0, y,(¢) € Sy and p,(¢) # x. For a sufficiently
small number § > 0, by there is a positive number 7y = fy(x,d) > 0 such
that B(x, 7)) does not contain a d-branch point of x. Now, consider sufficiently small
t€(0,2). Next, let wy(f)elH, be a point such that yp,(¢) lies on the geodesic
extending from x to wy(f). Note that 7/2 < £ (y(x, y; (1)) < 7. Applying Lemma 2.3,
we obtain

L (0, y1(2) + L, (0 (01 (2), wa(2)) <+,

and hence we have

T T
(4.3.2) 5= < Ly, 01(2), Ly, o(r1(2),wa(1)) < 5 +0.

Next, define p;(7) := a;9(t/cos0) and gi(1) := o o(¢/cos0) for 0> 0 satisfying
(4.3.1). Now d(y,(t), y,(2)) = o(2), since the angle between y,(z) and y,(¢) at x is equal
to 0. Hence d(y,(1),31(1)) = o(1), since d(y,(2),y1(2)) < d(y1(2), y2(2)). This implies

that y,(¢) lies in the interior of A,(0,¢) for sufficiently small r > 0. Next, let p(¢) € [H;
(respectively g;(7) € [H>) be the intersection point of 3 ¢([0,s)) (respectively a3 4([0,s5)))
and the geodesic on /H, which is perpendicular to the geodesic extending from x to
wy (1) at p,(1). It follows from and the structure of X () that

(4.3.3) n—0 < Ly (), pa(0), Ly wn(1),q5(1) <.
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Now, d(p,(t), p5(t)) = o(t) by the properties of Euclidean geometry. Let p,(¢) € [H; be
the closest point to p,(#). Then d(p,(t),p,(t)) = o(¢), since d(p,(¢), p»(t)) = o(t) and
d(p,(1), (1)) <d(p,(t), p»(t)). Let p5(¢) e [H; be the closest point to pj(7). Since

d(p(1),p5(1)) < d(py(1),p5(1)) + d(ps(2), p3(1)) < d(py (1), (1)) + d(pa(1), p3(1)),

we have d(p (1), 34(1) = o(1)

We will now find an upper bound for £, (p,(?),7,(f)). For an arbitrary & > 0,
we have £,)(p(1),p3(1)) <& and |Lp)(¥1(2),x) — Lp,y(¥1(2), x)| <& for sufficiently
small £ > 0 by the above argument. Therefore

n/2—0—e< Lyn(n(1),x) <m/2-0+e.

Analogous to (4.3.3), we have £;,(a1(7), py(t)) = n — 9, where ai(¢) is the point on o
such that the geodesic extending from p5(7) to a;(t) is perpendicular to the geodesic from
x to pi(t). Now

T
L0, 1)) =5 = Ly (11 (1),x) <0 +e.

Applying the triangle inequality to angles at pj(¢) and the above relations, we obtain
Loy (1), p3(0) 2w =06 — 0 —e.

Hence, considering the quadrangle consisting of y,(#), (), p5(¢), and pj(¢), we have
Lyt (D3(2),71(2)) <204 0+¢. Thus by applying the triangle inequality to angles at
y,(¢) we obtain

Lyt (p1(8),31(2)) <20+ 0 + 2e.

Following an argument similar to that given above, for £, (q1(¢),7(¢)), we find
the same upper bound 26 + 0 + 2e. Hence we obtain

< Ly (p1(8),91(0) + Ly, (P1 (1), q1(2)) < 40+ 20 + 4e.

Since we may consider J,6, and ¢ to be small, this is a contradiction, proving [Lemmal
4.3. L]

Lemma 4.4, For any x€ X, let ue X be an arbitrary direction at x. Then there
are no three points y;, z;, and w; distinct from x such that
(1) wu is the direction to y; z;, and w; at X.
(2) y; converges to x, and z; and w; converge to zo and wy, respectively.
(3) d(x,z;) =d(x,y,)+d(y;,zi) =s and d(x,w;) = d(x, ;) + d(y;, w;) = s for some
s> 0.
(4) Lyi (Zl', Wl') > 0.

PrOOF. Suppose this claim is not true. We then note that y, € Sy by the structure
of 2,,. Also, note that there is a positive number #y = fy(x,J) > 0 such that B(x, )
contains no J-branch point of x by [Lemma 2.2, In this case, k(X),) — o0 as i — oo,
since lim; o, /y,(z;, w;) = 0.

Let oy, = (2),,p,,) be a closed geodesic of length 27 containing vy,y, vy, € 2,
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Since k(X)) — oo as i — oo, for sufficiently large i there are v;,v] € w,, with v;,v] €
V(Z),) such that p, (v;,v;) = =, and both p, (v;,vy,) and p, (v/,vy,y) are very near m/2.
Then there is a geodesic 7y, : [0,7] — 2, joining v; and v/ such that 7, ([0,7]) Nw,, =
{vi,v{}. Hence we can find a direction ; € X, for which p,, (u;,v),,) is equal to 7, and
Py, (Ui, vy,;) s very near n.  This implies that, for some 6’ >0, y; is a ¢'-branch point of
x for sufficiently large i. This is a contradiction to [Cemma 2.2, which completes the
proof of [Lemma 4.4. O

The following lemma tells us that, for any x € X, there is a local flat (whole) disk
around x containing a given geodesic through x.

Lemma 4.5. For any xe€ X and any geodesic o, with 0.(0) =x directed by
up,uy € X at x there is a positive number s = s(x,oy) >0 such that for any closed
geodesic wy < X, of length 2n containing uy and u) there is a totally geodesic isometric
imbedding ¢ : D(s) — X satisfying

1) ¢o(t1,0) =a(t1) for t; € (—s,s), and

(i) @y corresponds to ¢(D(s)),
where D(s) = {(t1, )|t} + 3 < s*} with the standard flat metric.

Proor. Take a local flat half disk /Hy = IHy(x,so;0,) spanned by ay((—so,S0))-
Let 7,:[0,7] — (Z,p,) be the geodesic corresponding to /Hy. For a given closed
geodesic w, of length 27 in X, containing uy and u; we will construct a local flat
(whole) disk with radius s(w,) > 0 centered at x.

First we assume that ug,u; € V(2) and that 7,((0,7)) New, = &. Let 7. :[0,7] —
o, be a geodesic joining uy and u) with 7,([0,7]) N7.([0,n]) = {uo, u)}, and let w! = X
be the closed geodesic with w; = 7.([0,7]) Uz.([0, n]).

Now, we will verify the following claim:

(4.5.1) For w!, there is a local flat disk with radius s(w!) > 0 centered at x such
that ! corresponds to this local flat disk.

For a point v; € 7,((0,7)) with v ¢ V(Z,), let v{ €7.((0,7)) be the point with
py(v1,0]) = 7. Then there is a geodesic g; with ¢1(0) = x which is directed by v; and v]
at x such that a;((—s0,0]) = [Hy. Since X satisfies the LFC, there is a local flat half
disk /H, = IH\(x, s0;01) spanned by a;((—so,50)). Let 7,1 :[0,7] — 2, be the geodesic
joining v; and v] corresponding to /H;. Note that 7, ([0, 7]) < @) and 7,((0,7)) N
7.1((0,7)) # & by the choice of v;.

In this case, without loss of generality, we may assume that u, € 7, 1 ([0, 7]), and set
u; :==ug. For a sequence (u; ;) with u;; — uy and u; ; € 7,.((0, 7)) N7, 1((0,7)), there is
a positive number ry ; = ry ;(x,u; ;) > 0 such that the geodesics in /H and /H, extending
from x directed by u; ; coincide over a distance ry ;, as seen by [Lemma 4.3. Let 71 ; > 0
be the supremum of r;; satisfying the above. We show the following:

(4.5.2) For u; there is a positive number r; = ri(x,u;) > 0 such that the geodesics
in [Hy and [H, extending from x directed by u; coincide over a distance r;.

Suppose that 7 ; tends to 0 as i — co. Then for u; ;, if necessary, taking a suitable
subsequence, we obtain three points y;,z;, and w; distinct from x satisfying the condition
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listed in the statement in [Lemma 4.4. Hence, by [Lemma 4.4, we obtain a contra-
diction, which completes the proof of (4.5.2).

Let 7, > 0 be the supremum satisfying (4.5.2). In this way, we obtain, for some
0, € (n,2n) and some s; € (0,min{sy, 7 }), a region /R = IR (x,s1,01;0,) = X corre-
sponding to the subarc of w’. of length 6, such that /R; is the union of two local flat half
disks /Hy(x,s1;0y) and [H;(x,s1;01). In particular, /R, contains o.((—s;,s;1)) and is
isometric to the sector in the flat plane with radius s; and possessing inner angle 0; with
respect to the interior metric in themselves.

Next, for a point vy € 7,((0,7)) N7, 1((0,7)) with vy ¢ V(Zy), let v} e 7.((0,7)) be
the point with p (vp,v5) ==n. Then there is a geodesic g, with 0,(0) = x which is
directed by v, and v} at x such that g>((—s1,0]) = /R;. Since X satisfies the LFC, there
is a local flat half disk /H, = [H>(x,s0;02). In this way, continuing this procedure
inductively, for some 0, with 6, / 2rn, we obtain u,, 7,, and a region /R, (x,s,,0,;0,)
X with the same property as in the case of » =1. Note that (s,) is non-increasing.

Suppose that we can not construct a local flat disk using finitely many procedures
and that s, tends to 0; that is, 7, tends to 0. Then for u,—if necessary, taking a
suitable subsequence—we obtain three points y,, z,, and w, distinct from x satisfying the
condition listed in [Lemma 4.4. Hence, by [Lemma 4.4, we obtain a contradiction.
Thus, we have completed the proof of the claim (4.5.1).

Similarly, for w, we obtain a local flat disk with radius s(w,) > 0 centered at x
containing g, ((—s(wy), s(wy))) such that w, corresponds to this local flat disk. Because
there are at most finitely many closed geodesics in X, containing uy and u;, we obtain
Lemma 4.5

If uy and u) are not vertices of X, there is a unique closed geodesic w, < X
containing uy and u;. Similarly to the case in which uy and u; are vertices, we obtain
a local flat disk in the statement in [Lemma 4.3 This completes the proof of
Lemma 4.5, O

Indeed we can consider the condition given in Section 1 to be the LFC in view of
Cemma 4.3. We denote ¢(D(s)) (respectively ¢(D(s))) in the statement of
by IF(x,s;0) = X (respectively [F(x,s;a)).

4.2. Proof of Proposition 4.1.

Lemma 4.6. For any xe X and ue X, let o, and o, be arbitrary geodesics em-
anating from x directed by u. Then there is a positive number r = r(x,u;01,07) > 0 such
that

a1(r) = aa(r).

Proor. We now note that / .(g1,0,) =0. For a u' e (2,,p,) with p (u,u’") ==,
let w, =X, be a closed geodesic of length 27 containing # and u’. Then we may
consider that both ¢ and o, are directed by u and u’. It follows from that
there are two local flat disks /F|(x,s;01) and [F;(x,s;0;). Then, by Lemma 4.3, there is
an r =r(x,u;01,02) > 0 such that o,(r) = g2(r), which proves [Lemma 4.6. O

LEmMMA 4.7. For any x € X and each ue€ X, there is a positive number r = r(x,u)
>0 such that o\(t) = a2(t) for any tel0,r] and for arbitrary geodesics a1,0, in X
emanating from x directed by u.



Asymptotic rigidity of Hadamard 2-spaces 715

PrOOF. Suppose this claim is not true; that is, suppose that there is a point x € X
and a direction u € X, satisfying the following: for any 7, \, 0 there are two geodesics
on,1 and g, > emanating from x directed by u such that g, 1(#,) # 6,2(#,). Now, define
o = Fa(U; 0. 1,00,2) = sup{t > 0|g, 1(t) = 0, 2(t)}. Note that r, >0 by [Lemma 4.6,
and that r, tends to 0 as n — oo. Furthermore, we obtain three points y, := g, 1(r,) =
0n,2(rn), zn = 0n1(r1), and w, :=a,2(r1). Now, y,e Sy and .~ (z,,w,) > 0. Then
we obtain a contradiction to [Lemma 4.4, and hence we have proved
4.7. [l

PROOF OF PROPOSITION 4.1. Define r(u) := sup{z > 0|(xx)}, where (*x) represents
the condition that o, 1(f) = g,,2(¢) for arbitrary geodesics o,,1 and g, emanating from
x directed by u. Note that r(u) >0 by Lemma 4.7. Now, since X, is compact, it
suffices to prove that the function r(u) is lower semicontinuous. We do this by
considering a sequence (u;) < X, with u; — 1. Note that in this case all rays oy, from
x directed by uy coincide over a distance r(u).

Suppose that there is a positive number ¢ > 0 such that r(u;) < r(up) — ¢ for any i.
Then there is a point y; € X' with u; = vy, satisfying r(u;) = d(x, ;). Let z;,w; e X be
the points for which u; = v,., = vy, satistying the following:

(1) Lyi(ziv Wl') > 0.

(2) The distance from each point to x is equal to r(up).

(3) y,; lies on the geodesics joining x and these points.

Note that y; € Sy. Then by the uniqueness of O--WO‘[O,r(uo)] and the choice of y;, we may
assume that there are points y,,zo, and wy on the geodesic ay,, with y;, — y,,z; — 2o,
and w; — wy such that d(x, y) < r(up) — ¢ and d(x,zo) = d(x,wo) = r(up) (if necessary,
taking a suitable subsequence). Then, note that
llin;; LYI(Zi7 Wi) = Lyo(z()? WO) = 0.

This implies that k(X)) — oo as i— oo. Now, applying the similar argument
appearing in the proof of [Lemma 4.4, we obtain that y, is a d-branch point of y, for
some J > 0, which contradicts [Lemma 2.2. We have completed the proof of Prop-
osition 4.1. ]

§5. Existence of a flat plane in certain Hadamard spaces.

Throughout this section, we assume that X is a locally compact, geodesically
complete nonpositively curved 2-spaces with the Local Flat Condition. Note that since
X is locally simply connected, X naturally has the universal covering space X. Then X
is a locally compact, geodesically complete Hadamard 2-space satisfying the LFC,
because X is locally isometric to X.

The next proposition provides a basic construction of a global flat plane in
the universal covering space X spanned by an arbitrary geodesic from the Local
Flat Condition. This proposition has been proved for some nonpositively curved 2-

polyhedra. (Babt], [Bar].

PropPOSITION 5.1. Let X be a locally compact, geodesically complete nonpositively
curved 2-space satisfying the LFC, and let X be the universal covering space of X. For
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any x € X, let 6 = o, : R — X be an arbitrary line with ¢(0) = x directed by u,u’ € X at
x, and let w, = X be a closed geodesic of length 2n containing u and u'. Then there is a
flat plane F = F(o,w,) < X such that a(R) = F and such that w, corresponds to F.

Proor. Fix a positive number b > 0. We will first construct a flat strip of width
2b > 0 containing o([—b,b]) so that w, corresponds to this flat strip.

Let A = [0, o0) be the set of nonnegative numbers a > 0 satisfying the condition that
there is a flat (2b x 2a)-rectangle R spanned by X, j, X4 _p, X4 —», and x_,, such that

(1) a([-b,b]) = R.

(2) o(£b) e R is the midpoint between x, 15 and x_, 1.

(3) The geodesic joining xi,_» and xi,, is parallel to o([—b,b]).

(4) o, corresponds to R at the center x = g(0) of R.

Then A is closed in [0, o0), since X is locally compact. Hence it suffices to show that A4
s open.

Assume that there is a flat (2b x 2a)-rectangle R spanned by x, 5, X4 —p,X_4 —p, and
X_qp for ae A. Let g, and o_, be lines with x1, _, = 04,(—b) and x4, = d14(b).
Then, for ¢ € [-b,b], let y,: [—a,a] — R be the geodesic with y.(+a) = 0o4,(c). Note
that x = y,(0), where y,: [—a,a] — R is the geodesic with y,(+a) = g4,(0).

We will extend the flat (2b x 2a)-rectangle R beyond g, in the following manner.

Write xo := 0,(0) = y5(a). Let 79:[0,7] — X, be the geodesic corresponding to
R, and let wy < Xy, be a closed geodesic of length 27 containing 7(([0,7#]). Then
by [Proposition 4.1 and there exists a positive number sy = so(xo,5,) such
that there is a totally geodesic isometric imbedding ¢, : D(sy) — X (where D(sp) :=
{(t1,0)|} + 13 < s2}) which satisfies the following:

(1) (00(t1,0) = O'a(l‘l) for 1, € [—S(),S()].

() 94(0,~t2) = ppla— 1) for —t € [—50,0].

(3) @o(D(so)) is contained in a regular neighborhood of Xxo.

@) @o(D(s0)) NR = gy({(11, )t < 0,87 + 15 < 55}). L
We next define lF() = lFo(X(),S();Ga,R) = (/)O(D(So)) and lHo = lHo(XQ,S();O'a,R) =
(po({(tl,lz)|lz > 0, 112 + l% < Sg}) Note that RN IH() = Ga([—So,So]).

We extend R beyond o, toward x,, = g,(b) = y,(a).

Now, write xj := g,(s9). Let 7;:[0,7] — 2, be the geodesic corresponding to R
and e € E(X,,) the edge corresponding to the subset of /H, and which satisfies
Uy,xy € €1.  Then there is a unique closed geodesic w; = X, of length 27 containing e;
and 7,([0,7]). It follows from [Proposition 4.1 and that there is a positive
number s; := s1(x1,0,4, R,[Hy) such that there is a totally geodesic isometric imbedding
¢, : D(s;) — X for which we have:

(1) gﬂl(l‘],O) = O’a(S() + ll) for 1 € [—Sl,Sl].

(2) 01 ((E —12) = Vs (a — lz) for —h € [—Sl,O].

(3) @;(D(s1)) is contained in a regular neighborhood of Xx.

@) e1(D(s1)) NR=g({(t1, )| < 0,88 + 15 < s7}).

(5) There is a point z; € [HyNIH; such that d(xj,z;) < s1, z1 ¢ a,([—b,b]), and

the direction to z; at x; is contained in e;.
Here we define [F| = [F|(x1,s1;04, R, [Ho) := ¢,;(D(s1)) and [H| = [H(x1,$1;04, R, [Hy)
= ¢,({(t1,12)|p = 0,13 + 13 < s7}). Then there is a point wy € o,([—b,b]) such that
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A(x1,wi,z1) = IHyNIH; bounds a flat triangular region. This implies that R is ex-
tended by a flat rectangle around a,((—so,50 + 51)). Next, write x, := a,(so + 51). By
continuing this procedure inductively, we obtain /H,, x,,s,, and so on.

Now let us show that we can take (s,) in the above manner such that there is a
finite positive number N € N for which b < Z,f;o sp. Suppose that for any (s,) chosen
in the above manner, .~ 5, < b for any N. Let §, be the supremum of $.° s, such
that (s,) satisfies the above condition, and define p, := g,(s.). Let 7, be the geodesic in
2, corresponding to R. Then there are at most finitely many geodesics 7. ; : [0, 7] —
2, such that 7, and 7,; compose of a closed geodesic of length 27. Let w,; = 2,
be the closed geodesic of length 27 composed by 7, and 7,;. It then follows from
[Proposition 4.1 and [Lemma 4.3 that there is a positive number r, ; = r, ;(p,, 04, 04 ;) > 0
such that B(p,,r.;) is a regular neighborhood and contains the local flat disk with
radius r, ; centered at p, corresponding to w, ;. Next, define r, := min;r, ;. Now for
an arbitrary ¢ > 0 there is a sequence (s,) which can be chosen in the above manner
such that 5, < s, +e¢, where s, := Y7 s, Then there is a sufficiently large number N
such that s, —Z,iio sp <& Let xye€a,([—b,b]) be the point corresponding to the
above N. Hence we may assume that /[Hy < B(p,,r.). Then there is a point y, in
the interior of /Hy such that 0 < £, (xy, yy) < n/k(Z,,). This implies that we can
extend R by a flat rectangle beyond p, in the above manner. This is a contradiction of
the definition of p,.

Considering the above construction, we can extend R beyond o, toward x, _, =
g.(—b) =y_p(a). Also, we can extend R beyond o_,. Thus A is open in [0, o).

In this way, we obtain a flat strip of width 25 > 0 containing o(|—b,b]) so that
w, corresponds to this flat strip at x for any » > 0. Hence, we obtain a flat plane
containing o(R) so that w, corresponds to this flat plane. This completes the proof of
IProposition 5.1I. ]

The following lemma helps us to determine the global structure of X.

LeMMA 5.2, For a singular point x € Sy, let o be a line through x directed by two
vertices u,u’ € V(Xy). Then we have the following:

(1) ox(t) e Sy for any teR.

(i) oy is directed by two vertices of X, at o(t) for any te R.

Proor. By the structure of X, there are (at least three) geodesics 7. 1,7y 2,7y 3 :
[0,7] — X, joining u and u’. Hence it follows from [Proposition 5.1 that there is a
flat half plane H; = Hi(oy,1y,), 1 <i <3, spanned by o, such that 7, ; corresponds to
H;. 1In particular, there are flat planes HanX(R) H,, HZUJX(R) H;, gnd H3UJX(R) H,.
Note that ﬂl <i<3Hi=0x(R). Then for any 7€ R there is a geodesic 7, ), : [0,7] —
241, 1 <i<3, corresponding to H;. This completes the proof of (i) and (ii). [J

Hereafter, we call a geodesic o : I — X for which a(t) e Sy for any t eI a singular
segment in X .

§6. A classification of certain Hadamard spaces.

In this section we prove the following main theorem:
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THEOREM 6.1. Let X be a locally compact, geodesically complete Hadamard 2-space
such that the diameter of (X (o0),Td) is equal to n. Then X is isometric to either

(1) the product of two trees,

(2) the Euclidean cone over (X(o0),Td), or

(3) a thick Euclidean building of dimension 2 of type A, By, or Gy.

If X is as in Theorem 6.1, then X satisfies the Local Flat Condition. Hence, we
can apply the propositions obtained in the previous sections to X.

Assume that for any x € X, x i1s a regular point. In this case, it is not difficult to
show that X is isometric to R? with the standard flat metric. We will consider the case

Of Sxig

THEOREM 6.2. Let X be as in Theorem 6.1. Assume that for any x e Sy,
k(XZy)=1. Then X is the product of a tree and a line.

ProoOF. For x € Sy with k(2,) =1, let g, be a line through x directed by the two
vertices in Xy. By |Proposition 5.1, there is a flat plane F = F(o,) < X satisfying
gy(R) c F. For y¢ F, there is the unique point p = p(y, F) € F closest to y. In fact,
peSy with k(2,) =1. Let w,r <X, be the closed geodesic of length 27 corre-
sponding to F. Then there is a (unique) line o, in F through p directed by the two
vertices in , r. Note that for any re R, 0,(t) and o.(f) are singular points with
k(X)) k(Zs,)) = 1, as seen from [Lemma 5.2 Therefore g, is parallel to o,: if this
were not the case, there would be a (unique) intersection point x’ € Sy of ¢,(R) and
ox(R) with k(X)) > 2.

Now, there is a line o, for which ¢, (0) = p, a,(d(p,»)) =y, and g, ((—c0,0])
< F. By [Proposition 5.1, there is a flat plane F' = F'(g,) such that g, (R) = F'. Let
wy, pr < 2, be the closed geodesic of length 27 corresponding to F’'. Then there is a
line 01’7 in F’ through p directed by the two vertices in w, . In particular, for any
t€R, g,(1) is a singular point with k(25,)) = 1. Indeed we conclude that g, =0, by
IProposition 4.1 and by the assumption in the statement of the present theorem. Hence
we can find the line ¢, in F’ through y parallel to g,. Of course, g, is parallel to g,.
Thus we find that X = P, r), where P, gy is the set of all the images of the lines
parallel to o,. Hence, applying [Lemma 3.3, we obtain X = 7" x R. Moreover, T has
the structure of a tree by [Lemma 2.9 ]

THEOREM 6.3.  Let X be as in Theorem 6.1. Assume that for any z € Sy, k(2.) <2
and that there is a singular point x € Sy with k(X,) =2. Then X is the product of two
trees.

ProoF. Let Vi(x) := Vi(2,) and V,(x) := V»(2) be the vertex subsets of (X, p,)
such that V(x)U V(x) = V(Zy), Vi(x)NVa(x) = &, and p,(v1,v2) = /2 for any v; €
Vi(x), i=1,2. Then p (u;,v;) = n for any u;,v; € Vi(x). We denote by T;(x) < X the
set of the images of all rays from x directed by the directions in V;(x).

We first show that 7;(x) is convex, and in fact that it has the structure of a tree.
In order to prove this, for arbitrary y;,z;, w; € Ti(x), we show that A(y;,z;,w;) < Ti(x)
is degenerate.

Assume that each vy, ,v.;, and vy,, represents a distinct direction. Then all three



Asymptotic rigidity of Hadamard 2-spaces 719

angles at x consisted of y;,z;, and w; are equal to n. Now, assume that vy, v, are the
same and vy, is distinct. Then there are two possible cases. In the one case, y;,z;,
and w; lie on the same geodesic through x. In the other case, y; and z; do not lie on
the same geodesic through x. Then there is a point x’ € X such that x’ lies on the two
geodesics extending from x to y; and from x to z; with k(X)) =2, as follows from
[Proposition 4.1 and and the structure of X\,. In particular, each angle
at x’ consisting of y;,z;, and w; is equal to 7. Next, assume that vy, vy, and vy,
are identical. Then, following arguments similarly to those given above, we find that
N(y;,zi,w;) is degenerate. Thus in each case A(y;, z;,w;) is degenerate, and hence
N (y;yziyw;i) < Ti(x). Therefore T;(x) is convex, and therefore has the structure of a
tree.

Next, consider y e X\{x}. By [Proposition 5.1, there is a flat plane F = F(ay,)
c X containing o,,(R), where oy, is a line through x and y. Let w,r < 2 be the
closed geodesic of length 27 corresponding to F. Then there are singular segments
g1,0, : R — F such that g; and g, are perpendicular to each other at x and directed by
the four vertices in w, r marked correspondingly by Vi(x) and V>(x). Let p,e F be
the foot point on o;(R) to y, and let v, be the direction to p; at y. Now, by the
assumption in the statement of the present theorem we can define, if necessary, adding
suitable vertices, the vertex subsets Vi(y) and Va(y) of (2y,p,) as Vi(y) = Vi(Z)),
Va(p) := V2(2)) so that Vi(y)UVa(y) =V(Zy), Vi(y)NVa(y) = &, and py(v1,02) =
n/2 for any v; € Vi(y), and v,, € V2(y), vy, € Vi(y). Thus we can define 7;(y) similarly
to T;(x).

We now verify the compatibility of the definition of T;(y):

(6.3.1) v, eVi(y') =2y for any y’ e Ti(y), where v, is the direction from )’ to y
in X,

Let F' = F(0yy), pi, and V;(»’) be defined for y’ in analogy to F, p,, and V;(y) defined
for y.

Let g; € T;(x) (respectively ¢; € T;(x)) be the point closest to y (respectively »’).
Suppose that p; # ¢;. Let 6; be a line in Tj(x) through p; and ¢;. By the structure of
2, and the convexity of Tj(x), we have /,(y,q;) =n/2. Also, /,(x,y) =mn/2 by the
assumption in the statement of the present theorem, because we can not find a closed
geodesic of length >2z in X,. Furthermore, /,(y,p;) = n/2, by the choice of g¢;.
These yield a contradiction to the convexity of the function ¢ — d(y,a;(¢)); that is, the
above function in ¢ would have local minima at no fewer than two points. Therefore
p; = qi (respectively p; = ¢/). This implies that p; is also the closest point to y on T;(x)
(respectively, p! is the closest point to y’).

Now, in order to verify (6.3.1) it suffices to show /,/(y,p/) =0 or z. First, note
that £,(»',p;) =0 or = by the choice of y’. Assume that ,(y',p;) =n. Then,
because y lies on the geodesic extending from y’ to p;, we have p; = pjf, as follows from
an argument similar to that above. This implies that y lies on the geodesic in F’
extending from )’ to pj, and hence /,(y,p/)=0.

Next, assume that £,(y’, p;) = 0. Now, three cases are possible. The first case is
that in which )’ lies on a line through y and p;. Then p; = p/, and hence /,/(y,p;)
=0 or . We note that, if y’ does not lies on a line through y and p;, then there is a
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point y, € Sy such that y, lies on the line through y and p; and that ~,,(y’, p;) > 0, by
[Proposition 4.1. Since k(X)) =1 or 2, we have ~,,()',p;) == by considering the
singular segments on F. The second case is that in which y’ does not lie on a line
through y and p; and that )’ lies on the geodesic extending from y to p/’ Then
Ly (y,p;) =m. The third case is that in which y’ does not lie on a line through y and
p; and that y’ does not lie on the geodesic extending from y to pjf . In this case we also
have /,/(y, pj) =0. Hence in each case /,/(y, p/) =0 or n. Thus we have verified the
compatibility of the definition of T;(y).

Considering the structure of T;(y), similarly to the case for 7;(x), we find that
Ti(y) is convex, and thus it has the structure of a tree, by the compatibility of the
definition of T;(y). Furthermore, by the above arguments, the quadrangle spanned
by y,»',p/, and p; is a flat rectangle. Hence d(—,T;(x)) <d(x,y) on T;(y), and
similarly we have d(—, Ti(y)) < d(x,y) on Ti(x). This implies that 7;(y) is parallel to
Ti(x) for any ye X. Applying Lemma 3.3, we find that X = T)(x) x N, where N =
{prr(y»(x)|y € X} and prr,(y) is the projection map onto T7(y). Now, it follows from
the definition of 7)(x) and 7,(x) that N = T>(x). Thus we conclude that X is the
product of two trees. ]

THEOREM 6.4. Let X be as in Theorem 6.1. Assume that there is only one singular
point x € Sy with k(Xy) >2. Then X is the Euclidean cone over (X (), Td).

PROOF. Suppose that there is a direction u € X', such that there are two distinct
rays gy, and ¢, from x directed by u. Then by [Proposition 4.1 there is a point xo( #x)
that lies on g, and o), which satisfies /(o (0),0;,(00)) > 0. This implies that
X0 € Sy. By assumption, k(2,,) = 1. Now, by [Proposition 5.1, there is a flat plane
F(oy,) containing o, (R). Let gy, : R — F(0y,) be the singular segment directed by the
two vertices of 2. Considering the structure of 2, we find that x does not lie on g,.
This implies that we can find a singular point with k(—) > 2 distinct from x. This
contradicts our assumption. Hence for any u € X, there is a unique ray oy, from
x directed by u.

By the above argument, we can define the map ¢, from the tangent cone at x
2y x[0,00)/. to X as ¢, (u,t) = oy(t). The surjectivity of ¢, is clear. Now, consider
(u,s), (v,t) € Xy x [0,00)/_. Since there is a closed geodesic w, < X, of length 2z
containing u and v, there is a flat plane F = F(o,,,®,) containing o,(R) such that w,
corresponds to F by [Lemma 5.2, where o, is a line through x directed by u. Now, by
the uniqueness of rays, for the ray o,, from x directed by v, we have a,(][0, ®0)) < F.
Hence it follows from the geometry on F that ¢, is an isometry.

Furthermore, we can also define the isometry @, from X, to X(o0) as @, (u) =
oxw(00) by the above arguments. Therefore we have shown that X is the Euclidean
cone over X (o). ]

THEOREM 6.5. Let X be as in Theorem 6.1. Assume that there are points x, y € Sy
with k(Xy) >3 and k(2,) > 2. Then X is a thick Euclidean building of dimension 2 of
type A, By, or Gs.

Proor. Recall [Proposition 4.1 implies that for any w e Sy with k(X)) > 2 there
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is a positive number r = r(w) > 0 such that B(w,r) contains no singular point with
k(—) = 2. Hence it follows from [Proposition 4.1 and the local compactness of X that
B(x,r") contains at most finitely many singular points with k(—) >2 for any r’ > 0.
Choose y € Sy with k(X)) > 2 satistying d(x, y) = min{d(x, w)|w € Sxy\{x},k(Z,) = 2}
> 0. Then by [Proposition 5.1|, there is a flat plane F = F(o,,) containing o.,(R), where
oy, 1s a line through x and y.

Let oy r < X, (respectively w,r = X)) be the closed geodesic of length 27 cor-
responding to F, and let vy, v,...,vo(5,) € Wy r be the vertices of X, ordered by the
rotation manner. Then there is a singular segment g;:[0,00) — F, 1 <i <2k(Zy),
emanating from x directed by v;. Let R;(x) = F be the flat sector spanned by two
singular segments ¢;([0, 00)) and o;,([0,00)) (if i = 2k(Z2), then R;(x) is spanned by
oz, ([0, 0)) and a1([0, ))).

We now show that there is a singular segment o; such that y € ¢;([0, c0)). Suppose
that there is a flat sector R;(x) such that the interior of R;(x) contains y. Then there
are two points p; € g;([0,00)) and p;.; € 6;+1([0, 0)) such that v,, and v, are ad-
jacent vertices in w, r; that is, £,(p;, piy1) = n/k(Z),), and that v, is contained in the
edge joining v, and v,, . Note that p;, p;.| € Sy with k(Z),) > 2 and k(2,.,) > 2.
Consider the flat quadrangle in R;(x) spanned by x,p;,p;,;, and y. Then since
L x(p;, Pis1) is not greater than n/3, either d(x, p;) or d(x, p,.,) is smaller than d(x, y).
This contradicts the choice of y.

Now there is a point z € g,41([0, 00)) such that /,(x,z) =n/k(X,). This implies
that o,. : R — F 1s a singular segment through y and z. In particular, z e Sy with
k(X2.) > 2. Then the interior of the flat triangular region spanned by A (x, y,z) does
not contain singular points: if it did, we could find a singular point y’e Sy with
k(Xy) =2 and d(x,)') <d(x,y), since /L. (y,z) <mn/3 and [,(x,z),,L:(x,y) <m/2.
Moreover, by the Gauss-Bonnet formula, the flat triangular region spanned by
A(x,y,z) 1s isometric to that of type A, B>, or G,. Thus we verify that F has a
triangulation of type 4,, B, or G, which satisfies the following:

(1) Every 2-simplex is isometric to the flat triangular region spanned by A(x, y,z).

(2) No interior of any 2-simplex contains a singular point.

(3) Every point in every l-simplex is singular.

(4) Every interior point of every l-simplex has type of k(—) = 1.

For g ¢ F, let p= p(q,F) € F be the closest point to ¢q. Also, let w, r = (2, p,)
be the closed geodesic of length 27 corresponding to F, and let v, € 2, be the direction
to g. Then by the structure of 2, there is a point v, € w, r such that p,(v4, v;) = 7.
Let gy, be a line directed by v, and v, at p with g,,(0) = p, 0,(d(p,q)) = ¢, and
0pq((—0,0]) = F. Then, applying [Proposition 5.1 to 6,, and [Proposition 4.1 to p,
we obtain a flat plane F’ = F'(g,,) = X such that F’ contains a 2-simplex of such a
triangulation of F. Hence F' has a triangulation of the same type as F.

Therefore it follows from the above arguments that X has a triangulation whose 2-
simplices are all isometric. We next verify the axioms for thick Euclidean buildings of
dimension 2 (see Subsection 2.3). First, in order to verify (B1), consider arbitrary 2-
simplices A; and Aj,. Let x;, i = 1,2, be an interior point of A;, and let gy, be a line
through x; and x,. It then follows from Propositions 4.1 and that there is a flat
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plane F(oy,y,) containing o, ,,(R) such that A, A, < F(oy,y,). This implies that X
satisfies (B1). Now, it is also clear that X satisfies (B2’) and the thickness condition by
the above arguments. Thus X is a thick Euclidean building of dimension 2. This

completes the proof of [Theorem 6.3. O
We have thus completed the proof of [Theorem 6.1. O

With the preceding preparation we obtain the following main theorem as a cor-

ollary of Mheorem 6.1, which is a natural extension of stated in Section 1.

THEOREM 6.6. Assume that X is a locally compact, geodesically complete non-
positively curved 2-space satisfying the LFC. Then X is isometric to either the product of

two trees, the Euclidean cone over (X (o), Td), or a thick Euclidean building of dimension
2 of type A», By, or G.

ProOOF. [Proposition 5.1 implies that X is a locally compact, geodesically complete
Hadamard 2-space such that the diameter of (X(o0),Td) is equal to n. Applying
Theorem 6.1, we obtain [Theorem 6.6l OJ

Furthermore we assume that X is compact. Then, because a fundamental domain
of the deck transformation group on X has a finite diameter, we obtain the following
corollary:

COROLLARY 6.7. Let X be a compact, geodesically complete nonpositively curved
2-space satisfying the LFC. Then X is isometric to either the product of two trees or
a thick Euclidean building of dimension 2 of type A, B, or Gj.

REMARK 6.8. Let X be as in [Theorem 6.1. Then, (X(o0),7d) also has the
structure of a graph with the properties listed in [Lemma 2.11. Conversely, it follows
from Propositions B.4 and that, if k(X (o0)) <2, then X is the product of two trees.

Recently Bernhard Leeb has obtained the following result, closely related to
Theorem 6.1: Let X be a locally compact Hadamard space with extendible geodesic
segments and assume that J7; X 1s a connected thick irreducible spherical building.
Then X is a Riemannian symmetric space or a Euclidean building. ([Le]) His result
is discussed in the case of general dimension. Assume that X is 2-dimensional in his
result. Then, actually, the results here intersect with his result in in the case
k(X (o)) >3. However our approach, which is obtained independently, is more
elementary than his approach in [Le].
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