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Abstract. We investigate the distribution of length of closed geodesics on geodesic
spheres and tubes around complex hyperplane in a non-flat complex space form. The
feature of the length spectrum of a geodesic sphere of radius r in a complex projec-
tive space of holomorphic sectional curvature 4 is quite different according as tan’r
is rational or irrational. Each length spectrum is simple when tan?r is irrational, but
when tan? r is rational, it is not necessarily simple and moreover the multiplicity is not
uniformly bounded.

Introduction.

The aim of this paper is to study geodesics of geodesic spheres in a non-flat
complex space form and investigate their length spectrum in detail. It is well-
known that these spheres are typical examples of homogeneous spaces which are
diffeomorphic to standard spheres. For a compact Riemannian symmetric space
M, geodesics are well-understood: If it is of rank one, all geodesics are simple
closed curves with the same length and they are congruent each other under the
action of isometries of M, and if it is of rank greater than one, each geodesic
lies on a totally geodesic flat submanifold of M. We are hence interested in
geodesics of a compact non-symmetric Riemannian homogeneous space.

In this paper we restrict ourselves on geodesics of geodesic spheres in non-
flat complex space forms, which are a complex projective space and a complex
hyperbolic space. Geodesic spheres in non-flat complex space forms are nice
objects in intrinsic geometry as well as extrinsic geometry (that is, submanifold
theory).

From the viewpoint of intrinsic geometry, Weinstein pointed out that
geodesic spheres of sufficiently large radius in a complex projective space are
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examples of Berger spheres, so that these spheres are homogeneous Riemannian
manifolds which are diffeomorphic to a sphere, whose sectional curvatures lie in
the interval [0K, K] for some J € (0,1/9), and which have closed geodesics of
length less than 27/+v/K. These tell us that odd-dimensional version of Klin-
genberg’s lemma does not hold.

From the viewpoint of submanifold theory, they are the simplest real hy-
persurfaces in non-flat complex space forms. In a complex projective space, geo-
desic spheres are the only examples of real hypersurfaces with at most two dis-
tinct principal curvatures at each point (see [CR]). In a complex n-dimensional
complex hyperbolic space, horospheres, geodesic spheres and tubes around totally
geodesic complex (7 — 1)-dimensional complex hyperbolic space are the examples
of such hypersurfaces. It is well-known that there exist no totally umbilic real
hypersurfaces in non-flat complex space forms.

In this context it is natural to study geodesics of these hypersurfaces. We
are interested in properties on lengths of all closed geodesics on these hyper-
surfaces. Our technique comes from submanifold theory. We study the extrin-
sic shape of geodesics on geodesic spheres by standing on the ambient non-flat
complex space form. This gives us information about length of closed geodesics
of such hypersurfaces. Once we obtain this information, our results come from
classical number theory.

One of the most remarkable results for us is that for a geodesic sphere of
radius r with irrational tan’r in a complex projective space of constant holo-
morphic sectional curvature 4, the length spectrum is simple (cf. MTheorem 2.9).
This means that two closed geodesics on this geodesic sphere M are congruent
each other with respect to some isometry of M if and only if they have the same
length. On the contrary, for a geodesic sphere of radius r with rational tan’r in
a complex projective space, the multiplicity of length spectrum is not uniformly
bounded. We also get similar results for length spectrum of geodesic spheres and
tubes around complex hyperplane in a complex hyperbolic space (cf.
3.6).

Throughout this paper we suppose that a complex projective space CP" is
furnished with the standard metric of constant holomorphic sectional curvature
4 and a complex hyperbolic space CH" is furnished with the standard metric of
constant holomorphic sectional curvature —4.

1. Hypersurfaces with two distinct principal curvatures.

We summarize in this section some basic results which are useful in the fol-
lowing sections.

Let M, denote either a complex n-dimensional complex projective space CP”
or a complex n-dimensional complex hyperbolic space CH". Let M*~! be an
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orientable real hypersurface of M, and ./} a unit normal vector field on M in
M,. The Riemannian connections V of M, and V of M are related by

(1.1) VY =VyY +{AX, YD Ny and VyAy = —AX,

for vector fields X and Y tangent to M, where {,) denotes the Riemannian
metric on M induced from the standard metric on M,, and A4 is the shape
operator of M in M,. Eigenvalues and eigenvectors of the shape operator A
are called principal curvatures and principal curvature vectors, respectively. It is
known that M admits an almost contact metric structure (¢, &, #,<,») induced
from the Kaéhler structure J of ]\Zln, which satisfies

pP=-I+n®¢E nE) =1, and (PX,9Y) =X, Yy —n(X)n(Y),

where I denotes the identity map of the tangent bundle TM of M. It follows
from the equalities that

(1.2) (V@)Y =n(Y)AX — {AX, Y )¢
and
(1.3) V& =¢AX.
The condition that the structure vector &= —J.A}, is principal is quite

natural. As was shown in [NR], for a real hypersurface M>"~! in M, (n>2), if
A& = o holds with some function « on M then o is locally constant. In CP”,
each real hypersurface M lying on a tube of constant radius r (> 0) around a
complex submanifold of CP” satisfies this condition on ¢ (cf. [CR]). In CH",
each real hypersurface M lying on a tube around a complex submanifold or
around a totally real submanifold of CH" satisfies that condition (cf. [M]).
In this paper we study the following real hypersurfaces in non-flat complex
space forms:
(I) geodesic spheres of radius r (0 <r < #/2) in CP",
(II) a) horospheres in CH",
b) geodesic spheres of radius r (0 <r < o) in CH",
c) tubes of radius r (0 <r < oo) around totally geodesic complex
hyperplane CH"~! in CH",
which are typical examples of real hypersurfaces with the condition that & is
a principal curvature vector. It is known that each geodesic sphere of radius
r (0 <r<m/2) in CP" is congruent to a tube of radius z/2 — r around a totally
geodesic complex hyperplane CP"~! in CP".
These hypersurfaces have two distinct constant principal curvatures. For a
geodesic sphere M of radius r in CP", we have

A& = (2cot2r)é, and Au = (cotr)u,
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for every tangent vector u € TM orthogonal to £.  For real hypersurfaces in CH”
listed in (II), we have the following table for each tangent vector u orthogonal to

&

horosphere | geodesic sphere of radius » | tube of radius r around
CHn—l
A¢ 2¢ (2coth 2r)& (2coth 2r)&
Au u (cothr)u (tanh r)u

These hypersurfaces listed in (I) and (II) are characterized as totally #-umbilic
hypersurfaces in a non-flat complex space form. A real hypersurface M of
M, (n>3) is called totally #-umbilic if its shape operator A4 is of the form
A=ol +fy®¢ for some functions o and f on M. When M, is a complex
projective space, a totally x-umbilic hypersurface is locally congruent to a
geodesic sphere, and when M, is a complex hyperbolic space, it is locally con-
gruent to one of hypersurfaces listed in (II) (see [M], [T2]).

Moreover, if a real hypersurface M of M, (n>2) is locally congruent to
one of these hypersurfaces in (I) and (II), it satisfies the following ([NR]).

1) The structure tensor ¢ and the shape operator 4 of M in M, are com-

mutative: ¢4 = Ag.
2) The covariant derivative of the shape operator A satisfies

(1.4) (VeA)Y = F{GX, YO +n(Y)pX},

where the double sign depends on the case that either M, is a complex
projective space or a complex hyperbolic space.
We here make mention of the sectional curvature of hypersurfaces M of M,
listed in (I) and (II). For orthonormal vectors u,v e Ty M, the sectional curva-
ture Riem(u,v) of the plane spanned by these vectors is calculated by

Riem(u,v) = +(1 4 3{¢u, v)?) + (Au, ud{Av, vy — {Au, v)*.

Here the double sign also depends on the case that either M, is a complex pro-
jective space or a complex hyperbolic space. Therefore the sectional curvature
of a geodesic sphere of radius r in CP" lies in the interval [cot’r, (4 + cot®r)].
For hypersurfaces in CH" listed in (II), the sectional curvature lies in the inter-
val [—(4 — coth?r),coth? 1] in the case of a geodesic sphere of radius r, lies in the
interval [—(4 — tanh”r), tanh? 7] in the case of a tube around CH"!  and lies in
the interval [—3,1] in the case of a horosphere.

We devote the rest of this section to study the isometry group of real hy-
persurfaces in (I) and (II). For a non-zero tangent vector ve 7,M we denote
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by (v) the 1-dimensional linear subspace of T\ .M spanned by v, and by (v>* the
orthogonal complement of {(v) in T, M.

Lemma 1.1. Let M be a geodesic sphere in CP". For any unit tangent
vectors ue (N, ve <§y>L of M orthogonal to & at arbitrary points x,y, there
exist isometries ¢, ¢~ of CP" with

i) ¢"(M)=9"(M)=M and ¢*(x) =g~ (x) =

i) dgi(u) =dg;(u) =v and dpy (&) = f dg,. (fx) = =G

Proor. Let IT:S*+! — CP" denote the Hopf fibration of a unit sphere
§2+1 in €™ and M a hypersurface given by

{w=(wo,wi,...,wy) € C"™ | |wo| = cosr, |wi|> + - + |w,|* = sin’ r}.

We see that J77'(M) is isometric to M.

For simplicity we only treat the case n=2and M = II(M). At a point
w = (cosr, JeV=10 ,ue‘/_‘/’) e M, /% + u> =sin’r, the tangent space of M is rep-
resented as

T M = {(w,v) € {w} x C*|Re(woTy) = Re(w,F] + wr3) = 0}

= {(W7 ( v —161, V —lble‘/__w — 'uo(e_‘/__hp’ \/_lblue\/—_llp + ;LOCG_\/__IQ))
la,be R, ae C},

where Re(a) denotes the real part of a complex number «. Let T,,S° =
H,, @ 7, denote the horizontal and vertical decomposition of the tangent space
of S at w with respect to the Hopf fibration. We denote by (T, M )L the
orthogonal complement of 7,,M in T,S°. We find that the horizontal lift
Ny € (Tl,VM)Lﬂ.%V of the unit normal A}, at II(w) is of the form

7 : V=10 \/—_11//))

Ny = (w, (—sinr, Acotre¥ ™" ucotre

We set fw — —J./,, and denote by <fw> the real linear subspace spanned by fw.
Here we denote the complex structure of C° also by J. The horizontal part
<f,,,>Lﬂy(ﬁ,v of the orthogonal complement subspace <fw>L in T,,S° is repre-
sented as {(w, (0, —poe™= Jge=V=10))

Put z = (cosr,sinr,0) (€ M). For o e C with |a] =1 the unitary matrix

1 0 0
0 (4/sin r)e‘/__“’ (—por/sin r)e_‘/__l‘/’
0 (u/sin r)em‘/’ (Aor/sin r)e‘me

induces an isometry ¢, of S° such that
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A~

i) ¢,(z) =w and ¢,(M) =M,
i) (df,).(A7) = A, and (d§,).(KEYTNA) = NN A,
ii) (dg,).((z,(0,0,1))) = (w, (0, —,ufxe‘\/__l‘/’/sin r )boce‘\/‘_m/sin r)).

This guarantees the existence of an isometry ¢+ of CP" with desirable condi-
tions. We can similarly construct an isometry ¢~ and get the conclusion. []

Such a result also holds in a complex hyperbolic space.

LemMMmA 1.2. Let M be one of a horosphere, a geodesic sphere, and a tube
around totally geodesic CH"™' in CH". For any unit tangent vectors u € (& )",
ve <fy>L of M orthogonal to ¢ at arbitrary points x,y, there exist isometries
¢T,¢- of CH" with

) Gt (M) = G (M) = M and §*(x) = 5 (x) = 1,
) dpt(u) = dis; () = v and dFHE) = & di(E) = —&,.

Proor. Let II: Hf”“ — CH" denote the Hopf fibration of an anti-de
Sitter space

HP = {w = (wg,wi,...,w,) € C"! |— >4 2—I—-"—I-\Wnlzz—l}

Wo Wy

in C"*!'. We denote by M a hypersurface given by one of the following;

{w = (Wo, Wi,...,w,) € C"

—[wol* 4+ wa* 4o o ] = =1, }

lwop —wi| =1

24 4 |wy? = sinh?r},

{W’ = (‘/V()? Wiy oony w7") € C”+1 ‘ ‘W,O‘ = cosh s Wi

{w = (Wo, Wi,...,w,) € C"

—\wo|2 + \wl|2 +eo 4 ]wn_l\z — —cosh?r, }

lwy| = sinhr

Then IT-!(M) is isometric to M according as M is a horosphere, a geodesic
sphere of radius r or a tube of radius r around a complex hyperplane in CH",
respectively.

For the cases that M is a geodesic sphere or a tube around a complex
hyperplane, our proof is just the same as of Lemma I.I. So we here make
mention of the case that M is a horosphere. For simplicity we only treat the
case n =2 and M = II(M). At a point w = (wy,w;,w,) € M the tangent space
is represented as

- 3 Re(—woTg + w101 + walz) =0
ToM = {<W’ vjew)x € Re((wo — wi)g — (wo — w1)01) =0 }’
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and the horizontal lift 4, € (TWM )L N A, of the unit normal A}, at IT(w) is of
the form A, = (w, (—wi, wo — 2w, —Wa, ..., —Wy)).
Put z=(1,0,0) (¢ M). For ae C with |¢| =1 the matrix

Wo —wy oaws /(W — Wr)
wi wo— 2wy owy/(Wy — W)
11%) —W> o

induces an isometry ¢, of H; such that

A

i) ¢,(z)=w and ¢,(M) =M,
11) (déa):(J AZ) = JV;'V and <d¢a>z(<éz>J— N jf:) = <éw>J— NAy,
111) (d(ﬁx):((za (07 0: 1)) - (W? (“W/(‘TO - m)a OCW/(W - m)a “) € <£w>J_ NA-.

Hence we obtain the conclusion in this case. ]

2. Geodesics on geodesic spheres in a complex projective space.

In this section we study geodesics on geodesic spheres in a complex projec-
tive space. A smooth curve ¢ is said to be closed if there exists 7, (# 0) with
a(t+ ty) = o(t) for all . The minimum positive #, with this property is called
the length of a closed curve ¢ and is denoted by length(s). Two smooth curves
01,0, on a Riemannian manifold N are said to be congruent if there exist an
isometry ¢ of N and a constant T with 0,(¢) = poa|(t+ T) for every t. One of
our goal in this section is to show that on each geodesic sphere in a complex
projective space there exist infinitely many congruency classes of closed geodesics
and the set of lengths is an unbounded discrete subset of the real line R.

In order to investigate geodesics on geodesic spheres in CP”" we study their
extrinsic shape in CP". We start with recalling some terminology for helices on
a Kdhler manifold. A smooth curve y = y(¢) parametrized by its arclength ¢z on
a Riemannian manifold N with Riemannian connection V is called a helix of

proper order d if there exist an orthonormal frame {X; = 7, X5,...,X;} along y
and positive constants «y,...,xs;_; which satisfy the system of ordinary differ-
ential equations

(21) V}/Yl(t) = —Kj_lA/i_l([)+KiA/}+1(l), i=1,....d,

where Xy, X411 are null vector fields, and V; denotes the covariant differen-
tiation along y. The constants x; (1 <i<d—1) and the orthonormal frame
{X1,..., Xy} are called the curvatures and the Frenet frame of y, respectively. A
curve is called a helix of order d if it is a helix of proper order & (< d). For
a helix of order d which is of proper order /& (< d), we use the convention in
[21)that x;, =0 (h<i<d-1)and X;=0 (h+1<i<d). A helix of order 1
1s nothing but a geodesic and a helix of order 2 is called a circle.
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When N is a Kéhler manifold with complex structure J and Riemannian
metric {, ), we define complex torsions t; of a helix y on N of order d by

7(t) = {Xi(1), JX;(t)) for 1 <i< j<d,

where {X),...,X;} is the associated Frenet frame for . We call a helix y holo-
morphic when all its complex torsions are constant. One can casily find that
every circle on a Kédhler manifold is holomorphic. In the study of helices in a
Kéhler manifold their complex torsions play an important role. In their paper
{MOh|, Ohnita and the second-named author proved that a smooth curve on a
complete simply connected Kéhler manifold M, of non-zero constant holomor-
phic sectional curvature (that is, M, = CP” or CH") is a holomorphic helix if
and only if it is generated by a holomorphic Killing vector field. They also
proved that two holomorphic helices 7,7, in M, are congruent with respect to
an isometry of M, if and only if the following three conditions hold;

1) they have same proper order d,

2) they have same curvatures,

3) either

(complex torsion 7; of y,) = (complex torsion 7; of y,)
for every 1 <i< j<d, or
(complex torsion 7;; of ) = —(complex torsion ; of y,)

for every 1 <i< j<d.
Here, in the condition 3), the former holds if y,,y, are congruent with respect to
a holomorphic isomery, and the latter holds if they are congruent with respect to
an anti-holomorphic isometry.

Now let M denote a geodesic sphere of radius r (0 <r < z/2) and 1 an
isometric embedding of M into CP". We shall show that for every geodesic y on
a geodesic sphere M the curve 1oy in CP" is a helix of order 4. By using
and the equality 4¢ = ¢4 we observe that {y(¢),&) is constant along y:

(2.2) Vii(1),8) = (1), 9Ay) = <, Ady) = —={pAj,7) = 0.

We shall call this constant the structure torsion of y and denote by sinf with
00 £7/2.

PROPOSITION 2.1.  Let M be a geodesic sphere of radius r (0 <r < m/2) in
CP" of holomorphic sectional curvature 4. We denote by 1 an isometric embedding
of M into CP". Then the extrinsic shape 10y of a geodesic y on M is as follows:

(1)  Suppose the radius r satisfies /4 < r < n/2. If the structure torsion of y

is tcotr, then the curve 10y is a geodesic.

(2) When r #n/4, if the structure torsion of y is +1 (ie. y=+¢&), then

the curve 10y is a circle of curvature 2|cot2r| and of complex torsion
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Fsgn(cot2r) -1 in CP", where sgn(a) denotes the signature of a real
number a. This circle lies on a totally geodesic CP'.

(3) If y has null structure torsion (i.e. y is orthogonal to &), then the curve
1oy is circle of curvature cotr and of null complex torsion in CP". This
circle lies on a totally geodesic RP?.

(4) Generally, if the structure torsion of y is of the form sin0 (0 < |0] < /2,
sin @ # +cotr), then the curve 10y is a holomorphic helix of proper order
4 whose curvatures are described as

K1 = |cotr —tanr-sin® 0|, w, =tanr-|sin0|cos0, K3 = cotr.
Its complex torsions are described as

. { —sin0, if cotr—tanr-sin’0 >0
2=19 . _ .
sind,  if cotr—tanr-sin®@ <0,

. { —sgn(sin0) cos 0, if cotr—tanr-sin®0 >0
14 = . . .
sgn(sin0) cos0, if cotr—tanr-sin>0 < 0,

723 = sgn(sinf) cosf, 7134 =sinf, 7113 =10 =0.
This helix 10y lies on a totally geodesic CP?.

We call a smooth curve simple if it does not have self-intersection points.
More precisely, an open curve ¢ is called simple if a(¢)) # a(t2) for every ¢t
(t) # t2), and a closed curve o is called simple if o(t,) # o(f2) for every ¢,
(0 £t <t <length(s)). This proposition guarantees that every geodesic on a
geodesic sphere in CP”" is generated by some Killing vector field on CP” as a
curve in CP". Thus we have

COROLLARY 2.2. Every geodesic on a geodesic sphere in a complex projective
space is a simple curve.

PROOF OF PrOPOSITION 2.1. Let V and V denote the Riemannian connec-
tions of CP" and M, respectively. Let y be a geodesic with structure torsion
sinf on M. For simplicity we also denote the curve 10y by y. For the first
step, by use of (1.1) we have

Vip = Vip + CAD 7D N = KA, 5N
Therefore when {A47,7> = cotr — tanr - sin? @ = 0, which is the case of the first
assertion, the curve 1oy is a geodesic in CP". 1If it is not this case, we set as

K1 = [<A9,7)| = |cotr — tanr - sin® 6],

{JVM if {47, >0,

X, =
T =My if AP, < 0.
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Since we have
Vi = —Ay = —{47,707 + ({47,707 — 47),
and ||47|* = cot?r + (tan?r — 2) sin> 0 is constant along 7, we obtain

ViXo = —k1) + K2 X,
where

Ky = \/HA;'/Hz — (A},7>* = tanr|sin 0| cos 0,
v { (1/m2)(CA7. 25 = A7) (455> >0,
—(1/12)(<A4p, 73y — Aj) if {Aj,7) <O0.

Thus, when 6 =0 or § = +7/2, we have x, = 0 and observe that the curve 710y
is a circle of curvature cotr or 2|cot2r|, respectively.

We continue the calculations for general case. It follows from the formula
on the covariant derivative of the shape operator that

Vi(<Ap, 757 — A7) = =153 N + <9, E9(7).
Since we see that ||¢p[|* =1 — <j,&)> = 1 —sin® 0 is constant along y, we obtain
ViXs = —10Xs + 13Xy,
with

1
K3:K_2‘<yé>‘ 1—<)'/,£>2:COtI",

(1/ - G, é>2)¢(y') (eosOg(), i ARy e > 0,
Xy =<

(—1/ -G, c’>2>¢(a>) — (<1feosO)g(i). i (AP F>- GrED < 0.

\
Finally we have
Vip(5) = <3, EDAD — (AP, YE.
As we find
’<<y7 6>Aj/ - <Ay> y>f7 X3>| = K3 COS 07

1<p, E> Ay — <Ay, j>>f\|2 = cot’r - cos” 0 = «3 cos? 0,
we get
V;Xs = 13X,

and know that 10y is a helix of proper order 4 when sin¢ # 0, +£1, +cotr. By
direct computation one can easily obtain the assertion on complex torsions. []

IProposition 2.1l also tells congruency of two geodesics on a geodesic sphere.
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PROPOSITION 2.3.  On a geodesic sphere M in a complex projective space, two
geodesics are congruent if and only if the absolute values of their structure torsion
coincide.

Proor. Let y; and p, be geodesics on M. By [Proposition 2.1 and Maeda-
Ohnita’s result on congruency of helices on a complex projective space, we find
that two holomorphic helices 10y, and 10y, are not congruent as curves in
CP" if the absolute values of their structure torsion do not coincide; [{},&)| #
<9,,&>].  We here note that the isometric immersion 7 is equivariant, so that
for each isometry ¢ on M there is an isometry ¢ on CP" with poir=10¢.
Therefore in this case y; and y, are not congruent.

Conversely, we suppose that they have the same absolute value of structure
torsion. When {j,(0),&> = {,(0),&), we can set ,(0) = (cosO)u + (sin 0)E,, o)
and 7,(0) = (cosO)v + (sin0)&,, ) with unit tangent vectors u,v orthogonal to
¢. Then we can choose by an isometry ¢ of M with dp, o (u) =0
and dp,, 9)(S),0) = &0 Hence, do, )(7,(0)) = 7,(0), so that g oy (1) = p,(7)
for any r. When {(p;(0),&> = —<{9,(0),&>, we also obtain the desired isometry
by and get the conclusion. O

We are now in a position to study length of closed geodesics on a geo-
desic sphere in a complex projective space. Let IT:S**t! — CP" denote the
Hopf fibration of a unit sphere. For a smooth curve y on CP" a smooth curve
7 is called a horizontal lift of y if 7(7) is a horizontal vector and dIT(3()) = 7(¢)
for all . Our idea lies on considering a horizontal lift of a holomorphic helix
10y for every geodesic y on a geodesic sphere. The following elementary lemma
is useful in our argument.

LEMMA 2.4. Let o be a smooth simple curve on CP". Suppose a horizontal
lift 6 of o on a standard unit sphere S*"*' is represented as

5’(1‘) :Ae\/—_laz_l_Be\/—_lbt_I_ Ce\/—_lct_|_De\/—_1u/z7

which is a curve on C™' with non-zero vectors A,B,C,D e C"™™' and mutually
distinct real numbers a,b,c,d which satisfy a+b+c+d=0and a#0. Then o
is closed if and only if all the ratios b/a,c/a,d/a are rational. In this case, its
length is

1 1 1
1 h =2 L.CM. .
ength(e) = 2m x L.C {rb—a|’\c—a|’d—a|}

Here for positive numbers oy, oy, 03, we denote by L.C.M.{oy, 00,03} the minimum
value of the set {joi|j=1,2,..}0{jon|j=1,2,...} N{jos|j=1,2,...}.

PrOOF. Suppose o is a closed curve with length 7. There is a number ¥

with &(#) = e‘/‘_l‘/’5(0). Without loss of generality, we may suppose aty = .
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Since ¢ is simple we find that %) (7)) = e‘/‘_l‘”é(")(O) for every £k =0,1,2,....
Generally, if non-zero vectors vy, vs,v3 € C"™™' and complex numbers 4,1, /3
satisfy

Av1 + 2a02 + J303 = 0,
J1aivy + Jaarvs + Azazvy = 0,
Aagoy + Aazvy + Azazvs =0,

for some relatively distinct real numbers a;,a>,a3, then Ay =4, =23 =0.
Therefore we find that (b —a)ty/(2n), (c — a)ty/(2n) and (d — a)ty/(2%) are in-
tegers, hence (¢ —a)/(b —a) and (d —a)/(b — a) are rational. Since a +b + ¢+
d = 0, this tells us that b/a is rational. By the same argument as above we can
see that ¢/a and d/a are rational.

Conversely, we suppose that b/a,c/a and d/a are rational. Then one can
easily find that ¢ is closed by considering the reverse of this argument. Its length
tp is the smallest number with satisfying that all (b — a)ty/(27), (¢ — a)ty/(2%) and
(d —a)ty/(2n) are integers. Thus we get the conclusion. ]

THEOREM 2.5. Let y be a geodesic on a geodesic sphere M of radius
r (0 <r<mn/2) in CP" of holomorphic sectional curvature 4.

(1) If the structure torsion of y is +1, then vy is closed and its length is
7 sin 2r.

(2) If y has null structure torsion, then y is also closed and its length is
2nsinr.

(3) When the structure torsion of y is of the form sin0 (0 < |0| < =/2), it
is closed if and only if

*q

sinry/p? tan’r 4 g2

with some relatively prime positive integers p and q with ¢ < ptan’r. In
this case, its length is

sinf =

Zn\/p2 sin® r + g2 cosr, if pq is even
length(y) =

n\/pz sin?r 4 ¢>cos?r, if pq is odd.

Proor. The assertions of (1) and (2) are direct consequences of Proposi-
tion 1 and Theorem of [AMU, p. 718]. We here show (3). If we denote the
Riemannian connection on a standard unit sphere S¥*! by V, then it satisfies
VoV =VyV + U, JV I Ngun for each vector field U, V on CP". Here N
denotes the outward unit normal vector field on $?*! in C™*! and vector fields
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on CP" are regarded as horizontal vector fields on S?"*! with respect to the Hopf
fibration. By use of this relation and [Proposition 2.1, we can easily check that
every horizontal lift § of 10y onto §**! is a helix of proper order 3:

A

= 4,
ﬁ}ffg = —/1)5+ /2?3,
%)23 = - /2)22,

where

4 = |cotr —tanr-sin® 0|, 4 = \sin0|\/tan2rc0529—|— 1,

¥ { Ny, if cotr—tanr-sin®0 > 0,
2= . ;
— Ny, if cotr—tanr-sin®0 < 0,

. { (1/62)({Ap, 9> — AY — sin O Nsmn),  if cotr—tanr-sin®6 > 0,
(=1/6)((A7, 759 — Ap — sin 0J N1 ), if cotr —tanr-sin® 0 < 0,

with the shape operator 4 of M in CP" and the complex structure J on C"*'.
Regarding 7 as a curve in C™!, we find that it satisfies the following ordinary
differential equation:

7 + (cot? r + cos? 0 + tan? rsin® 0)7” + sin® O(tan® rcos> 0 + 1)j = 0.
Thus we can see that 7 is of the form
7(1) = Aexp(V—1rtanrsin 0) + Bexp(—v—1ttan rsin 0)
+ Cexp(V=1tv/cot? r + cos2 0) + Dexp(—v—11v/cot? r + cos2 6)

with some non-zero vectors 4, B, C, D € C"! which span the complex 3-space C*
which is also spanned by $(0) and horizontal lifts of y(0) and ¢,q.

Put o,(0) = \/ (cot?r +cos2 ) cot? rsin™2 6. Since y is simple, we know by
that y is closed if and only if o,(6) is rational. In this case, its length
is

1 1

2tanr{sin 6|’ |v/cot®r + cos? 0 — tanr|sin ||’

length(y) = 27 x L.C.M.{

1
Vot r 4 cos? 0 + tan r|sin 0| }

When «,(0) is rational, denoting «,(0) = p/q by relatively prime positive in-
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tegers p and ¢, we see that sin @ = +¢(sinr/p?tan®r + qz)_l. As sin’0 < 1, we
get ¢ < ptan’r. By direct calculation we find

1 1 1
length(y) = 27\/ p?sin r + g2 cos r x L.C.M.{—, , }
\/ 29" lp—ql p+q

For relatively prime positive integers p, g we see that 2¢, |p — ¢|, p + ¢ are relatively
prime if pq is even, and that ¢q,|p —q|/2,(p + q)/2 are relatively prime if pgq is
odd. We hence obtain the expression of length(y). Conversely, if sin @ is of that
form then «,(0) is rational. Therefore we get the conclusion. O

REMARK. When the structure torsion is not equal to +1, every horizontal
lift  of 10y for a geodesic y on M is closed if and only if y is closed.

When we study the length spectrum of geodesics on a Riemannian manifold
N, in order to avoid the influence of the action of the isometry group of N,
we consider the moduli space of geodesics under the action of isometries. The
moduli space Geod(N) of geodesics on N is the quotient space of the set of all
geodesics on N under the congruency relation. We call a smooth curve o open
if it is not closed. For convenience we set length(s) = co for an open curve
o. We define the length spectrum ¥y : Geod(N) — RU {0} of N by Zn([y]) =
length(y), where [y] denotes the congruency class containing a geodesic y. We
also call the image Lspec(N) = ¥y(Geod(N))NR the length spectrum of N.
For example, the length spectrum of a standard unit sphere is Lspec(S™) = {2x}.

As a direct consequence of [Theorem 2.3, for a geodesic sphere M of radius r
in CP", we can sce that

Lspec(M) = {nsin2r} U {2z sinr}

p and ¢ are relatively prime
U Zn\/ p2sin’ r + g% cos? r | positive integers which satisfy
pq is even and ¢ < ptan’r

p and ¢ are relatively prime
U n\/ p2sin’r + g2 cosr | positive integers which satisfy
pq is odd and ¢ < ptan’r

Therefore we obtain the following.

THEOREM 2.6. On a geodesic sphere M in CP", there exist infinitely many
congruency classes of closed geodesics. Moreover the length spectrum Lspec(M)
of M is a discrete unbounded subset in the real line R.

For a length spectrum /e Lspec(N) we call the cardinality my(4) of the
set % 1(1) the multiplicity of .. When the multiplicity of a length spectrum is 1
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we say it is simple. Clearly for a geodesic sphere M in a complex projective
space, we see by the expression of Lspec(M) that my, (1) < co at each 4. We
here study the first, the second and the third length spectrum, that is, the
minimum, the second minimum and the third minimum of the length spectrum.

PROPOSITION 2.7. Let M be a geodesic sphere of radius r (0 <r < m/2) in
CP" of holomorphic sectional curvature 4.

(1) The first length spectrum of M is msin2r, which is the length of geodesics
with structure torsion +1. It is simple.

(2) The second length spectrum of M is also simple. When 0 <r < n/4,
it is 2msinr, which is the length of geodesics with null structure torsion.
When nt/4 < r < m/2, it is m, which is the length of geodesics with struc-
ture torsion tcotr.

(3) The third length spectrum is also simple. When n/4 <r<m/2, it is
2rsinr, which is the length of geodesics with null structure torsion.
When vV2m —1 <cotr <+2m+1 (m=1,2,...), in particular, 0 < r <

n/4, it is n\/ dm(m + 1) sin® r + 1, which is the length of geodesics with
structure torsion +1/ (sin r\/ (2m + 1)2 tan? r + 1>.

Proor. (1) We compare 7 sin 2r, Zn\/ p2sin’ r + g2 cos? r for relatively prime

positive integers p,q with even pg and ptan’r > ¢, and n\/ p2sin’ r + g2 cos?r
for relatively prime positive integers p,q with odd pg and ptan’r >g¢. When
r<m/4, as tanr < 1, we have

{\/m> V4 +cot?r > /5> cosr if pq is even,
VP2 + ¢ cot?r > V9 + cot?r > V10 > 2cosr if pq is odd,

and when r > n/4, as tanr > 1, we have

{ Vpitan’r+¢% > 1 >sinr if pq is even,

Vp2tanlr+¢2 > Vtan?r+1 > 2sinr if pg is odd.

In any case we obtain zsin2r = 2zsinrcosr is the minimum length spectrum.

(2) Tt is trivial that 2z sinr < 27msinry/p? + g2 cot? r for positive integers p, q.
When r > n/4, we have 2zsinr > v/2n > 7 and n\/p2 sin’ r + g2 cos? r > 7, where
equality holds if and only if (p,q) = (1,1). When r < z/4, for relatively prime

positive integers p,q with odd pg and ptan’r > ¢, we have /p? +¢?cot’r >
V9 4 cotZr > V10 > 2.

(3) We can obtain similarly this assertion. ]




388 T. ApAcHI, S. MAEDA and M. YAMAGISHI

Since the sectional curvature of a geodesic sphere M of radius r in CP”" lies
in the interval [cot®r,4 + cot?r], the first length spectrum of M is smaller than
27/v/4 + cot?r if tan?r > 2. Hence M is an example of a Berger sphere, as was
pointed out in [W]. But for other length spectrum we find the following lemma
of Klingenberg’s type holds, which is well-known for some geometers.

COROLLARY 2.8. Let M be a geodesic sphere of radius r in CP" of holo-
morphic sectional curvature 4. Except geodesics with structure torsion +1, every

geodesic y on M satisfies length(y) > 2rn/v4 + cot’r.

Length spectrum is of course not necessarily simple. For example when M
is a geodesic sphere of radius n/4 in CP", we have

>

Lspec(M) = {x, V27, V57,V 10, V137, V177, 57, v/ 267, /297,
V34r, V372,V 417,V 50%, V537, V587, V617, V657,V 37, . . N

and the multiplicity of /657 is two; it is the common length of geodesics
of structure torsions 3/v/65 and 7/+/65. Every spectrum which is smaller than
V657 is simple.

THEOREM 2.9. Let M be a geodesic sphere of radius r (0 <r < x/2) in CP"
of holomorphic sectional curvature 4.
(1) If tan’r is irrational, then every length spectrum of M is simple.
(2) If tan’r is rational, then the multiplicity of each length spectrum of
M is finite. But it is not uniformly bounded; limsup,_, . my(A) = o0.
In this case, the growth order of my; is not so rapid. It satisfies
lim;_ /l_de(}v) = 0 for arbitrary positive 0.

This theorem guarantees that on a geodesic sphere of radius » with irrational
tan’r in a complex projective space, two closed geodesics are congruent if and
only if they have the same length. On the other hand, if tan’r is rational, this
theorem shows that we can not classify congruency classes of geodesics only by
their length.

ProoF OF THEOREM 2.9. (1) If two distinct pairs of positive integers (p,q)
and (p,q) satisfy p?sin’r+ g% cos®r = psin’r + §> cos’r, we see that tan’r =
(%> — q*)/(p* — p?) is rational. Since nsin2r and 2zsinr are simple by Propo-
sition 2.7, we get the assertion.

(2) The assertion is a direct consequence of the following Lemmas
and 2.I1. We apply these lemmas by putting tan>r = a/b with relatively prime
positive integers a,b and & =0, & = tan’r. ]
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In order to complete the proof of MTheorem 2.9, we need to make a study
of integers. For relatively prime positive integers a,b and a positive integer A,
we define a set ¥(a,b;A) of pairs of integers as

S(a,b;)) = {(p,q) cZx 7 | p and ¢ are relatively prime integers which }

satisfy pg is even and ap’ + bg> = A
For relatively prime positive integers A,v we introduce a map
F(a,b; 1) x L (1,ab;v) — F(a,b; Lv)
by
(P, q),(P.9)) = (p,q)  (P.q) = (pP — baq, pq + apg).

Since 4 and v are relatively prime, it is well-defined; pp — bqq # 0, pq + apg # 0.
It satisfies the following properties.
P1) If we denote as (P,Q) = (p,q) x(p,q) we have

VaP +v=bQ = (Vap + V—bq)(p + V—abg).
In particular,
arg(vaP + v —bQ) = arg(vap + vV —bq) + arg(p + v —abq),
where arg(z) denotes the argument of a complex number z with
larg(z)| < m/2.
P2) 1If we define the conjugate (p,q) of (p,q)e S(a,b;A) by (p,q) =
(p,—q), we have

(p,q)* (P, q) = (p,q) * (D, q)-
P3) For fixed (p,q) the correspondence (p,q) — (p,q) * (p,§) is injective,
and the correspondence (p,q) — (p,q) x (p,q) is also injective for fixed
(P, 9)-
P4) When a =1, the operation * is commutative; (p,q)*(p,q) =
(P.q)* (p,q) for every (p.q) € #(1,b;2) and (p,q) € S(1,b;v).
We here note that (p,q) # (p,q) for every (p,q) € ¥(a,b; 1), because ¢ # 0.

Lemma 2.10.  For arbitrary real numbers ¢€),e, with & >¢e >0, the cardi-

nality m p.q, ) (4) of the set {(p,q) e S (a,b;1)|e1p < g <ep} satisfies
lim sup 1y p.g,, ) (4) = 0.
A—o0

Proor. Take an arbitrary pair of relatively prime positive integers ( po, qo)
which satisfies & py < qo < &2po and poqo is even. We put g = api +bg;. For a
small positive real number ¢ we inductively choose odd integers p; (i=1,2,...) as

i) 2vabcotd <py <pr<p3<---,

i) p;# +p; (mod/) for all j < i and for all prime divisors ¢ of pf + 4ab.
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We set 4;=p?+4ab. It is easy to see that any two of 1j,42,43,... are
relatively prime. Thus, omitting finite number of p;’s if necessary, we obtain
(pi,2) € #(1,ab; ;) (i = 1) such that any two of g, 41, Ao, ... are relatively prime

and that |arg(p; +2vV—ab)| <o (i =1).
Now consider the subset

fk:{(PO:QO)*(Pl;Ql)*"'*(Pk:Qk)’%:izﬂ': 1727"'7k}

of S(a,b;lolidy--- ). We find the cardinality of this set is 2k by the following
argument. Suppose

(Po,q0) * (P1.q1) * - -+ % (Pr, qk) = (Pos o) * (P1,q1) * - * (Pks q.)-

If ¢; # q! we have (p;,q]) = (pi,q;). As any element of ¥ (1,ab; A, --- /) is not
equal to its conjugate, properties P2) and P3) guarantee that ¢;, = ¢; for some iy
(ip > 1). We can then cancel (p,,,q;,) by properties P4) and P3), and conclude
by induction that ¢; = ¢/ for all i. Since every (p,q) € J satisfies

larg(vap + V' —bq) — arg(vapo + vV —bqy))
< larg(p1 + 2V —ab)| + - - + |arg(px + 2V —ab)| < kJ,

by taking ¢ so that it satisfies

0 (=0dr) < l min{tan1 (\/B q()> — tan™! (\/581> ,
k a po a
tan™! (\/Eeg> — tan™! (\/§ @> }
a a po

we find that #; is contained in {(p,q) € ¥(a,b;1)|e1p < g < &p} and get the
conclusion. ]

For positive integers a,b and 4 we denote by i, ,(4) the cardinality of the
set {(p,q) € Z x Z|ap* + bq*> =/}, and by d(/) the number of positive divisors
of A. Trivially we have m, 4.5 o) (4) < Mg p(4) for every & and e.

Lemma 2.11. (1) We have my, p(1) < wypmin{d(a),d(b)}d()), where wyy is
the number of roots of unity in the quadratic field Q(v/—ab) (i.e. wgp =4 if ab =1,
wap =6 if ab =3, and wy, =2, otherwise).

(2) In particular, we have limsup, ., 2, 5(1) =0 for all positive 6.

Proor. The second assertion follows from the first assertion and the well-
known result lim;_,, 2°d(1) = 0 (see [HW, Theorem 315]). We show the first
assertion (cf. [HW, §18.7] for the case a =b =1).
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First we treat the case @ = 1. Let 2= [[,/"“* be the factorization of 1.
Here 7 runs over all primes and n(/; ) is a non-negative integer with n(/;4) =0
for almost all /. We denote by ¢ the ring of integers of the imaginary qua-
dratic field Q(v/—b), which is either Z[v/—b] or Z[(1++/—b)/2]. (Concerning
basic facts on quadratic fields, see for example (IR, §13.1]). For a prime ¢ there
are three possibilities for the prime ideal decomposition of 7 in ¢:

i) ¢ ramifies: /0 = p?,

i) 7 decomposes: /0 =p,p; (p; # Ps),

i) / remains prime: /0 =yp,,
where p, 1s a prime ideal of ¢ and ~: ¢ — (@ denotes the automorphism of ¢
induced by v—b — —v/—b. We denote by P, P4, %, the set of primes / which
ramify, decompose, remain prime in (/, respectively. When there is a pair (p, q)
of integers with p> +bg> = 2, we put a = (p++/—bq)@. It follows from 0 = ad
that the prime ideal decomposition of a must be of the form

n(t; 2 i(£) =n{/; A)—i({ (45 4))2
a = H p/( ) H p;( )p;( )—i(?) p}( ) :
[eP, /ey {eP,

with some integer i(/) with 0 <i(/) <n(/;/) for ¢/ € #;. Hence for this /, the
possibility for a is at most [, (n(¢;2) +1). If two pairs (p,q) and (p,q) give
the same a, which means that (p + v—bq)0 = (p +V—b§)0, then (p + v/ —bq)/
(p++/—bg) is a unit of €. As @ has no unit other than roots of unity, we have
my () < wp [[sep,(n(452) +1). Since d(4) = [[,(n(/;2) +1), we complete the
proof for the case a = 1.

In general case, if a pair (p,q) of integers satisfies ap® 4 bg?> = /, then the
pair (P,Q) = (ap,q) of integers satisfies P> +abQ? = ai. Therefore we have
My p(L) < wep d(al) < wypd(a)d(X). Changing the role of a and b, we also have

Mg p(A) < wap d(b)d(2), so that we get the conclusion. ]
REMARK. In (2), even if we give a restriction on structure

torsion of geodesics on M, we obtain the same assertion; the multiplicity of length
spectrum of geodesics with restricted structure torsion is not uniformly bounded.
For arbitrary o, with 0 <« <f <1, we denote by Geod, s (M) the set of
congruency classes of geodesics on M whose structure torsion lies in the interval
(o, ). Restrict the length spectrum %) onto this set and denote by %, p).
Then the multiplicity m, g (4) of the restricted length spectrum %, s also
satisfies limsup, ,, m, p)(4) = 0.

Finally we make mention of the growth of the number of congruency
classes of geodesics with respect to their length spectrum for a geodesic sphere in
a complex projective space. For a Riemannian manifold N we denote by ny(4)
the cardinality of the set {[y] € Geod(N) | Zn([y]) < A}.
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THEOREM 2.12.  For a geodesic sphere M of radius r (0 <r < x/2) in CP" of
holomorphic sectional curvature 4 we have

Proor. For positive real numbers «,f, A and a positive integer d, we put
ny,p(A) and k, p(%;d) the cardinality of the sets

p and ¢ are relatively prime integers with
VA YA
{(p,q)e X | op?+ Pg* < 2> and ap > fg >0
K(%d) ={(p.q) edZ x dZ |op® + pq* < 7*,0p > g > 0},

respectively. Here dZ denotes the set {dj|je Z}. Since the correspondence
(p,q) — (dp,dq) of K(J./d;1) to K(A;d) is bijective, we find the following re-
lation between n, (1) and k, g(4;1) by using the Mobius function g;

(2.3) mp(l) =Y u(dk,p(id) = Y uld)ky,p(2/d;1),
dz1 1<d<[}/\/2+P]

where [0] denotes the integer part of a real number 0.
We first study the growth of n, z(A) by estimating k, g(4;1). Consider the
following three sets in a plane R?;

E; ={(x,y) e R*|ax? 4+ By> < 2%, ax > By > 0},
Ef ={(x,») eR*|x=0,y=0,a(x = 1) >+ By - 1)* < 22, ax = f(y - 1)},
E7 ={(x, ) eR*|x>0,y>1,ax* + fy* < 2%, a(x — 1) > fy}.

Since k, p(2;1) coincides with the area of the union of quadrates

R, = U {(Xay)€R2|P£x£p—|—1,q§ygq_|_1}’
(p.g)eK(4;1)

and E; < R, c E;f, we have Area(E;) < ky p(2;1) < Area(E]). Put

1 [
tan —.

2y/of i

As E; c E; c E; and Area(E;) = C, A%, there exist positive constants Cy, Cs
with

Cop=

(2.4) ko p(251) = G p27| < Area(E;) — Area(E;) < Ci2 + Ca,
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for every A. By using and (2.4) we get

s d| 1 i
e pl4) - Cup Z Iuc(l'z) < (Cl -+ CZ)
1 <d<[i/\/atf] C1=d<[i/\/a+p)

G

C
< 7(1 +log(A/\/a+ f)) +Z\/OC—Tﬁ

— 0 (2 — o).

We hence obtain

.1y () Zm ©(d) H 1 Cop 6Cup
lim ' = (C, — = (, 1—— 1) = =P
T 2 Cop d? Cut ; ?) (2 w2

Ao d=1

where in the product / runs over all prime positive integers and { denotes the
Riemann zeta function.
We now put nj 4(4) and n; 5(4) the cardinalities of the sets

p and ¢ are relatively prime integers
(p,q) € Z x Z | which satisfy pq is odd,ap > g > 0 and ;,
oap® + fg* < i’

p and ¢ are relatively prime integers
(p,q) € Z x Z | which satisfy pq is even,ap > fg >0 and ;,
oap? + fg* < J?

respectively. In order to study the growth of n7 ﬁ(}t) we estimate the cardinality
ky g(4;d) of the set

p and ¢ are positive integers with
2

Ko(id) =4 (2p+1,2g+ ) edZxdZ| oa2p+1)>+p2q+1)* <%
a2p+1)>p2qg+1)>0
Clearly we have k ﬁ(}v;d) =0 for even d, so that
”g,ﬁ()v) = Zﬂ(d)k;,/;m d) = Z ﬂ(d)k;,/f()v/d; 1).

d>1 1<d<[}/\/a+B]
d is odd

If 2p+1,2¢+1)eK°(4;1), then the pair of integer (p,q) satisfies
oap® + fg* < 1?4 and ap+ (0 —B)/2 > g > 0.
On the other hand if a pair of positive integers (p,q) satisfies
a(p+ 1) +Blg+1)*<22/4 and op+ (a—p)/2> fq,
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then (2p+1,2¢+1)e K°(A;1). Hence we find by similar argument on
k,p(2/d;1) that

0 C%
ka,/f()”; 1) - ﬂ

1 < ClA+ G

for every 4 with some positive constants C{,C;. Thus we obtain

. ny (4) _ Cup Z w(d)  Cup H(l B i) 4 Cp 2Cp

—o )2 4 > 4 2] 34R2) w2

I<d<oo,
d is odd

where in the product / runs over all prime positive integers with / # 2. This
also leads us to

comy (A, p(A) m (AN 4G,
lim 2/ :11m< LA 7}/tz )— Ly

12 12

A= ) A— o0 s n?
Coming back to our situation, we see by use of that
. y) i ; .
ny(A) =2+ng costr (ﬂ) +n2 cos’r (;), for 4 > 2nsinr,
hence we obtain the conclusion. ]

3. Geodesics on geodesic spheres and tubes around complex hyperplanes
in a complex hyperbolic space.

In this section we study geodesics on horospheres, geodesic spheres and tubes
around complex hyperplanes in a complex hyperbolic space.

Let M be a real hypersurface in CH" which is congruent to either one of
a horosphere, a geodesic sphere of radius r (0 < r < o), or a tube of radius r
(0 < r < o) around a totally geodesic complex hyperplane CH"!, and : be an
isometric embedding of M into CH". For every geodesic y on M we see by
that <y,¢> is constant along y. We call this constant the structure torsion of 7.
By just the same calculation as in the proof of [Proposition 2.1, we find that 10y
is a helix of order 4 in CH":

( ~

Vyy - Klea
(31) Y}"X2 — _Klj) + K2X37
ViXs = —10Xo + Kk3Xy,
\ V}'VX4 == - K}A/g,7

where

k1= ARy g =\ AT = (A7 7>,

Z—KV O =<5,
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1 C o .
XZ - VV}VI) X3 = K_2(<Ay7y>y - Ay)*

< / 1 - <y> >¢(y)7 if <ya é> < 07
with a unit normal vector field ./}, and the shape operator 4 of M in CH".
Thus we get the following result on the extrinsic shape of geodesics on those real
hypersurfaces in CH".

ProposITION 3.1. Let M be a real hypersurface in CH" of holomorphic
sectional curvature —4 which is congruent to one of a horosphere, a geodesic sphere
of radius r (0 <r < o), and a tube of radius r (0 <r < o) around complex hy-
perplane CH"™'.  We denote by 1 an isometric embedding of M into CH". Then
the extrinsic shape 10y of a geodesic y on M is as follows:

(1) If the structure torsion of y is +1, then the curve 10y is a circle of
complex torsion F1 in CH". Its curvature is 2 if M is congruent to a
horosphere, 2 coth2r if M is congruent to a geodesic sphere of radius r or
a tube of radius r around a complex hyperplane.

(2) If y has null structure torsion, then the curve 1oy is a circle of null
complex torsion in CH". Its curvature is 1 if M is a horosphere, cothr
if M is congruent to a geodesic sphere of radius r, and tanhr if M is
congruent to a tube of radius r around a complex hyperplane.

(3) Generally, if the structure torsion of y is of the form sin@ (0 < |0| < n/2),
then the curve 10y is a holomorphic helix of proper order 4 whose com-
plex torsions are described as;

T2 = — T34 = —sin 0, T4 = — T3 = —sgn(sin 6) COS 9, T13 = T4 = 0.

Its curvatures are as the following table:

horosphere | geodesic sphere of radius r | tube of radius r around CH" !
ki | 1+sin®6 cothr + tanh rsin” 6 tanh r + coth rsin’ 6
K> | |sin 0] cos 0 tanh r|sin 0| cos 0 coth r|sin 0| cos 0
K3 1 cothr tanh r

Each of these holomorphic helices lies on some totally geodesic complex
plane CH? in CH".

This proposition and guarantee the following.
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COROLLARY 3.2. Let M be one of a horosphere, a geodesic sphere, and a tube
around a complex hyperplane in a complex hyperbolic space. Then two geodesics
on M are congruent if and only if the absolute values of their structure torsion
coincide.

COROLLARY 3.3. Every geodesic on a horosphere, a geodesic sphere and a
tube around complex hyperplane in a complex hyperbolic space is a simple curve.

Let Hf”“ denote an anti-de Sitter space in C"*!. In order to obtain in-
formation on length of closed geodesics on geodesic spheres and tubes around
complex hyperplanes, we study their horizontal lifts. Denoting the connection
on le”“ by V, for vector fields U,V on CH" we have

(3.2) VoV =VyV — (U, TV I N ynss,

2n+1 in

where A e denotes the time-like outward unit normal vector field on H;
C™! and 'in the left-hand side U,V are regarded as horizontal vector ﬁelds on
H]ZI’H—I.

When M is a geodesic sphere of radius » in CH", each horizontal lift §
of 10y for a geodesic y on M is a helix of order 3 in general sense: In fact,

denoting by sinf (0 < |0 < n/2) the structure torsion of y, we find

}*' = 41X,
V.Xo = —47 + 6K,
W? 6 X5,

where

4 = cothr +tanhr-sin’0, ¢4 = |sin 0|\/1 — tanh? rcos2 0,
. N 1 )
Xo= Mo X =2 (AR 7)) — A +sin 0N ),

/)

with the shape operator 4 of M in CH” and the complex structure J on C"™'
Regarding 5 as a curve in C"!, we find that it satisfies the following ordinary
differential equation;

74 + (coth® r — cos? 0 + tanh? rsin® 0)7” + sin” 0(1 — tanh? rcos” 0)j = 0.
Then § is of the form

9(t) = Aexp(V —1ttanhrsin 0) + Bexp(—v —1ztanhrsin 0)

+ Cexp(V “ 1tV coth? r — cos? 0) + Dexp(—V “1tVcoth? r — cos? 0)
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with some non-zero vectors A, B, C, D € C""! which span the complex 3-space C>
which is also spanned by §(0) and horizontal lifts of 7(0) and &, ). With the aid
of we get the following.

THEOREM 3.4. Let y be a geodesic on a geodesic sphere M of radius r
(0 <r< o) in CH" of holomorphic sectional curvature —4.
(1) If the structure torsion of y is +1, then it is closed with length 7 sinh2r.
(2) If y has null structure torsion, then it is also closed and its length is
2rsinhr.
(3) When the structure torsion of y is of the form sin€@ (0 < |0| < n/2), it is
closed if and only if

Tq

sin () =
sinh r\/p2 tanh® r — ¢

with some relatively prime positive integers p and q with ¢ < ptanh’r.
In this case, its length is

27z\/p2 sinh”? r — g2 cosh®r, if pq is even
length(y) =

n\/p2 sinh?r — g2cosh®r,  if pq is odd.

REMARK. When the structure torsion is not equal to +1, every horizontal
lift 9 of 10y for a geodesic ¥y on M is closed if and only if y is closed.

Next we study geodesics on a tube M of radius r around a complex hyper-
plane CH"™!'. Let y be a geodesic on M of structure torsion sin (0 < |0] < 7/2).
When cos 0 > tanhr, by use of [3.1) and (3.2) we find that each horizontal lift
of 10y on 1’:112”+l is a helix of proper order 3:

A;; =  4Xs,
W}AXV_ = —/1):)—|— /2?3,
%)23 = —HXs,

where

/i = |tanhr + cothrsin® 0], ¢ = |sin 0|\/00ch rcos>0—1,
. " 1
o= Mg, Ko = (CAP DY = A7+ 5in 0N,

with the shape operator 4 of M in CH” and the complex structure J on C"*'.



398 T. ApacHI, S. MAEDA and M. YAMAGISHI

When cos@ < tanhr, we see that each horizontal lift § of 10y onto H| 2+l s a

helix of proper order 3 in general sense: When cosf < tanhr, it satlsﬁes

Vi=  4X,
%/\}2 = —4) + L)X,
%)23 = {2Y27

and when cos0 = tanhr, it satisfies

A} ) = f1X27
ViXy = =417 + {<47,7)7 — 4j + sin 0J N gy},
{ (AP, Yy — Ay + sin OJN, zn+1} = 0.

Here fl,X’z and X; are the same as in the case cos® > tanh r, and

{, = |sin 19]\/1 — coth? rcos2 0.

In any case, regarding 7 as a curve in C"™!, we find that it satisfies the following
ordinary differential equation;

7@ + (tanh? r — cos® 0 4 coth? rsin? 0)7” + sin” 0(1 — coth? rcos? 0)7 = 0.
Solving this equation, we have

[ Aexp(V —1tcothrsinf) + Bexp(—v —1tcothrsin6)

+ Cexp(t\/cos2 0 — tanh*r) + Dexp(—t\/cos2 0 — tanh?r),

if cosf > tanhr,
()= A+ Bt+ Cexp(v—1rtan0), if cos® = tanhr,
A exp(\/—_lt cothrsin () + Bexp(—\/—_lt coth rsin 0)

+ Cexp(V —1¢V/tanh? r — cos? 0)

L + Dexp(—V “1tV/tanh?r — cos? 0), if cos@ < tanhr,

with some non-zero vectors 4, B, C, D € C"! which span the complex 3-space C*
which is also spanned by $(0) and horizontal lifts of 7(0) and &,). For example,
when cos( = tanhr we have

4 1 f cosH\/—é B

sin’ 0 sin’ 0

—1cot Ox,

0 R
C = —cot? 0% — C.0S2 v—=1¢,
sin” 0



Length spectrum of geodesic spheres 399

where & = $(0) e C"! and #1,¢ € C"' =~ T:C™" are horizontal lifts of u, o) €
TyoyM < T,0)CH" with 7(0) = (cos O)u + (sin0)&, ) and u e <fy(0)>i.

We call a smooth curve ¢ on a complex hyperbolic space CH" un-
bounded in both directions if both ¢([0, o)) and o((—oc0,0]) are unbounded sets.
Considering the ideal boundary 0CH" of CH" as a Hadamard manifold, we can
define its limit points

ag(o0) = tlin; a(t), o(—ow)= tggl% a(t) e 0OCH",
at infinity if they exist. We shall call a smooth curve ¢ on CH" horocyclic if the
following conditions hold.

i) It has single point at infinity; o(o) = o(—o0).

ii) If a geodesic p on CH" with p(o0) = g(o0) crosses o, then they cross

orthogonally at their crossing point.
These conditions are equivalent to the condition that ¢ is unbounded in both
directions and lies on a horosphere. As a consequence of the expressions of
horizontal lifts of geodesics on a tube around a complex hyperplane, we obtain
the following.

THEOREM 3.5. Let y be a geodesic of structure torsion sinf (0 < |0] < n/2)
on a tube M of radius r (0 < r < o) around a complex hyperplane CH"™' in CH"
of holomorphic sectional curvature —4.

(1) If the structure torsion of y is +1, then it is closed and its length is

nsinh 2r.

(2) If cosO > tanhr, then it is unbounded in both directions, and has two

distinct points at infinity as a curve on CH".

(3) If cos = tanhr, then it is horocyclic as a curve on CH".

(4) If 0<cosO< tanhr, then it is bounded. Under this situation, it is

closed if and only if

+p

sinf) =
cosh r\/p2 — g% coth?r

with some relatively prime positive integers p and q with ptanh’r > q.
In this case, its length is

2n\/p2 sinh?r — g2 cosh®r, if pq is even

length(y) =
n\/p2 sinh?r — g>cosh®r,  if pq is odd.

REMARK. When the structure torsion is not equal to +1, every horizontal
lift 7 of 10y for a geodesic y on M is closed if and only if y is closed.
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assures that the length spectrum of a geodesic sphere M of
radius r in CH” is of the following form;

Lspec(M) = {2z sinhr} U {zsinh 2r}
p and ¢ are relatively prime

U 271\/ p2sinh? r — g2 cosh? r | positive integers which satisfy
pq is even and ¢ < ptanh’r

p and ¢ are relatively prime
U n\/ p2sinh® r — g2 cosh? r | positive integers which satisfy b,
pq is odd and ¢ < ptanh’r

and assures that the length spectrum of a tube M of radius r around
a complex hyperplane CH"~! in CH" is of the following form;

Lspec(M) = {nsinh 2r}

p and ¢ are relatively prime

U 27:\/ p2sinh? r — g2 cosh? r | positive integers which satisfy
pq is even and ¢ < ptanh’r

p and ¢ are relatively prime
U n\/ p2sinh® r — g2 cosh? r | positive integers which satisfy
pq is odd and ¢ < ptanh?®r

We obtain the following on the multiplicity of the length spectrum.

THEOREM 3.6. Let M be either a geodesic sphere of radius r or a tube of
radius v around a complex hyperplane CH"™' in CH" of holomorphic sectional

curvature —4.
(1)  The length spectrum Lspec(M) is a discrete unbounded subset of the real

line R. In particular, there exist infinitely many congruency classes of

closed geodesics.
(2) If coth®r is irrational of the form either

se{ -0 - - )

for some relatively prime positive integers p,q with even pq and
p=q+3, or

{7+ =0 -1 - -2 - 42

for some relatively prime positive integers p,q with odd pq and p > q + 4,
then the multiplicity of the spectrum msinh2r is two and other length

spectrum of M is simple.
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(3) If coth®r is irrational and is not of the form in (2), then every length
spectrum of M is simple.

(4) If coth’r is rational, the multiplicity of each length spectrum is finite.
But it is not uniformly bounded; limsup;_, . my (L) = oco. The growth
order of my(2) is not so rapid. It satisfies lim;_ . A °my(A) =0 for
arbitrary positive 0.

Proor. (1) Let A be an arbitrary positive number. If positive integers p
and ¢ satisfy p?tanh®r — ¢> < 4 and ptanh®r > ¢, then p>(1 — tanh? r) tanh? r <
A, so that the number of such pairs of integers is finite. Thus we know that
Lspec(M) is unbounded and discrete.

(2), (3) By the same argument as in the proof of (1) we only

need to check the multiplicity of msinh2r. If relatively prime positive integers

p,q with even pq satisfy sinh2r = 2\/ p2sinh® r — g cosh?r, then one finds that
coth? r is of the first form in the assertion by noticing p > gcoth? r and coth? r is

irrational. Similarly, the equality sinh 2r = \/ p? sinh? r — > cosh? r for relatively
prime positive integers p, ¢ with odd pq leads us to the second form of coth?r in
the assertion. Conversely, if coth? r is one of these forms then the multiplicity of
nsinh2r is two. We get the assertions (2) and (3).

(4) This assertion follows from the following Lemmas 3.7 and B.§. We
apply these lemmas by putting tanh? r = a/b with relatively prime positive inte-
gers a,b (a < b) and g =0,¢ = ¢ = tanh’r. O

REMARK. In (4), the multiplicity of length spectrum of geodesics with re-
stricted structure torsion is not uniformly bounded; limsup, ., m, 3 (4) = oo, for
o,f with 0 <o < ff <1 in the case M 1s a geodesic sphere and for o,f with
1/coshr < < f <1 in the case M is a tube of radius r around a complex hy-
perplane.

LEMMA 3.7.  For relatively prime positive integers a,b and a positive integer A,
we define a set I (a,b; ) of pairs of integers as

T(a, b 1) = {(p q) e Z x Z| p and g are relatively prime integers which}

satisfy pq is even and ap®> — bq®> = J.

For arbitrary real numbers ¢,& with & >¢ >0 and & < \/a/b, the cardinality
Mg ey, 0)(2) of the set {(p,q) € T(a,b;l)|e1p < q<ep} satisfies

lim sup mg pg,, ) (4) = 0.
A—00

Proor. For relatively prime positive integers 4,v we define a map

T (a,b; 1) x T(1,ab;v) — T (a,b; lv)
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by
((p.q), (P,q)) — (p,q) * (P, q) = (pP + bqq, pq + apq).

Since A and v are relatively prime, it is well-defined; pp + bgg # 0, pg + apg # 0.
It satisfies the following properties.

1) VaP+vbQ = (Vap +Vbq)(p + Vabg) for (P,Q) = (p,q) * (p,q).

2) (p.q)*(p.q) = (p,q) * (P.q), where (p.q) f]) (P, —9)-
3) For fixed (p,q) the correspondence (p,q) — (p,q)*(p,q) is injective,
* (P,

and the correspondence (p,q) — (p,q) g) is also injective for fixed
(7,9)-
4) When a=1, the operation x is commutative; (p,q)*(p,q) =
(p,q) * (p,q) for every (p,q) e 7(1,b;4) and (p,q) € 7(1,b;v).
The property 1) guarantees that

(Vb 1 Vbg _y [ Vabg
tanh](\/aP>tanh <\fp>+t nh ( 5 )
Here one should note that (v/bq)/(v/ap) < 1 for (p,q)e T (a,b;1). We can prove

the assertion by replacing the role of arg(y/ap + v/—bq) by tanh™ ((v/bq)/(v/ap))
in the proof of Lemma 2.10 H

For positive integers a,b, 4 and a positive real number ¢ with & < \/%,
we denote by 7, 5..(4) the cardinality of the set {(p,q) € Z x Z |ap* — bq* = ),
ep>q>0}. It is clear that my,p., .)(4) < ap(4) for every & and e with
g <& <L e

LemMmA 3.8. (1) There exists a constant Cg .. depending only on a,b and &
such that my p..(A) < Cyp..d(2) holds for arbmary positive .
(2) In particular, we have lim;_. )0 Mg p:e(A) = 0 for arbitrary positive 0.

Proor. If a pair (p,q) of integers satisfies ap? —bg> =/ and 0 < g <
ep, then the pair (P, Q) = (ap,q) of integers satisfies P> —abQ* = al and 0 <
O < (¢/a)P. Since ¢/a < 1/Vab if ¢ < \/a/b, we have i, p.;(2) < ity gp.e/a(ah).
Hence we may assume a =1 because d(al) < d(a)d(/).

When b is a square, we can associate a pair of positive integers (p,q) sat-
isfying p?> — bq*> = / with a positive divisor p + v/bg of A which is greater than
V. This shows that 7 p..(4) < d(4)/2. When b is not a square, our proof
goes through almost similarly as that of [Lemma 2.11], except the following mod-
ification. We denote by ¢ the ring of integers of the real quadratic field Q(v/b),
and define the “hyperbolic argument” of p ++v/bg e O by

argh(p + Vbg) = tanh™' @
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This is well-defined because b is not a square. If there are distinct two pairs
(p.q) and (p,§) of integers with 0 < g<ep, 0 <§<ej and (p+Vbq)0 =
(p+Vb§)0, we find that u = (p++vbq)/(p+ Vbg) is a unit of @ such that
i) 0 < |argh(u)| < tanh™" (ev/D),
i) w,i>0 (ie. u is totally positive).
We here note that ev/b < 1 and that the unit u~' = (p +vb§)/(p +Vbq) (= i)
satisfies argh(u~!) = —argh(u). As the multiplicative group of totally positive
units of (0 is an infinite cyclic group, we choose its generator u, with minimum
positive hyperbolic argument. We then obtain the number of totally positive
units u of ¢ with 0 < argh(u) < tanh™'(ev/h) is not greater than Cj ., =
tanh™! (ev/B) x {argh(u)} ", because argh(uf) = kargh(up). This completes the
proof with the aid of the argument in the proof of [Lemma 2.11. O

REMARK. When a < b, we can put ¢ = a/b in Lemma 3.8. Hence in this
case, the cardinality 771,,5(2) of the set {(p,q) € Z x Z|ap®> —bq*> = ), ap > bq > 0}
satisfies lim;_., /l_()nﬁa, »(4) =0 for arbitrary positive 9.

We here study the first and the second length spectrum of geodesic spheres
and tubes around complex hyperplanes in a complex hyperbolic space.

PROPOSITION 3.9. Let M be a geodesic sphere of radius v in CH" of hol-
omorphic sectional curvature —4.

(1) The first length spectrum is 2rsinhr, which is the length of geodesics with
null structure torsion. It is simple.

(2) The second length spectrum is also simple. When r > (1/2)log(2 ++/3)
(ie. coth?r < 3), it is 7V 8sinh>r — 1, which is the length of geo-
desics with structure torsion +1/(sinhrv/9tanh®r —1). When r <
(1/2)log(2 ++/3), it is msinh2r, which is the length of geodesics with
structure torsion +1.

ProOF. We prove this proposition by reductive absurdity.
(1) If we suppose that relatively prime integers p,q with odd pg and
p > gcoth? r satisfy

2rsinhr > n\/p2 sinh? r — g2 cosh? r,
then 3 < p < 2coshr, so that coth’r < p>/(p?> —4). Since p—2 is an odd in-
teger and satisfies p > (p — 2)coth’r, we have ¢ < p — 2, hence
4sinh” r > p®sinh®r — ¢* cosh® r > 4(p — 1) sinh?r — (p — 2)*.
Thus we obtain p> —4 < 4sinh?r < p — 2, which is a contradiction.

Next, if we suppose that relatively prime integers p,q with even pg and
p > gcoth? r satisfy

2z sinhr > 271\/1)2 sinh? r — g2 cosh? r,
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then 2 < p < coshr, so that coth?r < p?/(p> —1). Since p > (p — 1) coth?r, we
have ¢ < p — 1, hence

2

sinh? r sz sinh? r — q2 cosh?r > (2p-1) sinh? r — (p—1)

Thus we obtain 2(p* — 1) < 2sinh? < p — 2, which is also a contradiction. We
therefore obtain the assertion as 2z sinhr < msinh 2r.

(2) Repeating the same argument as above, one can easily get the assertion.

[l

ReMARK. The sectional curvature of a geodesic sphere M of radius r in CH”
lies in the interval [—(4 — coth®r),coth? 7], so that it has positive sectional cur-
vature if cothr > 2. However for this geodesic sphere M, every geodesic y on M
satisfies length(y) > 27/ coth? . Hence it is not an example of a Berger sphere.

PrOPOSITION 3.10. Let M be a tube of radius r around a complex hyperplane
CH"™™' in CH" of holomorphic sectional curvature —4.
(1) The first length spectrum is simple. It is

{n\/ 8sinh”r—1, when cothr <+/3 (i.e. r> (1/2)log(2++/3)),
msinh 2r, when cothr>+/3 (i.e. r<(1/2)log(2 + v/3)).

It is the length of geodesics with structure torsion +3/(coshrv'9 —coth? r)
and +1, respectively.

(2) The second length spectrum is also simple. It is

(27/3sinh2r — 1, when cothr < V2 (ie. r> log(1 + v2)),
nsinh 2r, when /2 < cothr < V3
(ie. (1/2)log(2 +V3) <r <log(l + Vv?2)),
n\/4m(m +1)sinh?r — 1,
when v/2m —1 <cothr <2m+1, (m=2,3,...)
(ie. (1/2){log(v2m+1+1) —log(v2m+1-1)} <r
\ <(1/2){log(vZm =1+ 1) —log(v2m — 1 — 1)})

7\

It is the length of geodesics of structure torsion +2/(coshrv/'4—coth?r),
+1 and +(2m + 1)/<Cosh r\/(2m +1)? = coth? r), respectively.

We now make mention of the growth of the number of congruency classes of
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geodesics with respect to their length. Since for positive real numbers «, f with
f > o, the area Area(E)) of the set

E; ={(x,y) e R* |ax? — py* < A*,ox > By > 0}

is (1%/2+/ap){log(v/o + VB) — (1/2)log(B — a)}, we obtain the following by just
the same way as in the proof of [Theorem 2.12.

THEOREM 3.11. Let M be either a geodesic sphere of radius r or a tube of
radius v around a complex hyperplane CH"' in CH" of holomorphic sectional
curvature —4. Then the number ny (L) of congruency classes of geodesics with
length not greater than J satisfies

ny ()») 3r

lim = - )
i—o )2 74 sinh 2r

Finally we study geodesics on a horosphere M. We shall show that every
geodesic on a horosphere is an unbounded open curve. Every horizontal lift j of
10y for a geodesic y on M is a helix of order 3 in general sense: If we denote by
sin0 (0 < |0| <n/2) the structure torsion of y, we have

A;. = 4X,
V.Xo = —47 + HX;,
W X;s=  bLXs,

where
4 = 1+ sin’ 0, (= sin’ 0,

) N . ,
o=, K=o (<A, 957 = A + sin 0T A;n ),

with the shape operator 4 of M in CH" and the complex structure J on C"*'.
Regarding 7 as a curve in C""!, we find that it satisfies the ordinary differential
equation

7 4 2sin? 05" +sin* 09 = 0
Then we know that j is of the form

7(t) = (A + Bt) exp(v/—1tsin 0) + (C + Dt) exp(—v/'—1¢sin 0)

with some non-zero vectors 4, B, C, D € C"! which span the complex 3-space C*
which is also spanned by j(0) and horizontal lifts of j(0) and &,g). Therefore we
get the following.

ProPOSITION 3.12.  Every geodesic on a horosphere in a complex hyper-
bolic space is unbounded in both directions, hence it is horocyclic as a curve on a
complex hyperbolic space.
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4. Some characterizations.

It is well-known that a hypersurface M" in a Euclidean space R""! is lo-
cally congruent to a standard sphere if and only if all geodesics on M are circles
of positive curvature in R"*'. On the contrary, there do not exist real hyper-
surfaces in a non-flat complex space form M, all of whose geodesics are circles
in M,. This fact shows that the condition “all geodesics on M are circles in the
ambient space M,” is too strong for real hypersurfaces M in a non-flat complex
space form. So we shall consider a weaker condition.

In this section we give some characterizations of geodesic spheres, tubes
around complex hyperplanes and horospheres in a non-flat complex space form
in connection with Propositions 2.1 and B.1.

PROPOSITION 4.1. A real hypersurface M*"~' in a non-flat complex space
form M,, n>3 (that is, M, = CP" or CH") is locally congruent to one of a
geodesic sphere, a tube around complex hyperplane, and a horosphere if and only if
at each point x € M there exist orthonormal tangent vectors vy, va,...,02-2 € TxM
orthogonal to the structure vector &, such that all geodesics on M emanating x in
the direction v; +v; (1 <i< j<2n—2) are circles of positive curvatures in M,.

Proor. The “if” part is a consequence of Propositions 2.1 and B.1. So we
show the “only if” part. Lety, (1 <i<2n—2) be geodesics on M with y,(0) = x
and §;(0) = v; which satisfy V; (V; 7;) = —«?; with some positive constants x;. It
follows from that

Vi, (Vi) = (V)i 3> Nr — <AGy >4,

Comparing the tangential components of these equations on V;, (V; 7;), we find
(A, Py AP = K1, so that at =0

(4.1) (Avi, vy Av; = K,.zvi.
Since x; #0 (1 <i<2n—2), this implies
(4.2) Av; = kv; or Av; = —kv; for i=1,...,2n—2.

This guarantees that ¢ is principal and that
(Avj,vj> =0 for 1 <i<j<2n-2.

Let y; (1<i<j<2n-2) be geodesics on M with y,j(O) =x and j/l-,.(O) =
(v; +v;)/v2. We similarly find from that

CA(vi + 1), (07 4 0) YA (v + 07) = 2 (v + 1))
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for some positive x;. Thus we have {(A(v;+v;),vi—v;> =0 for 1 <i<j<
2n — 2, so that

(43) {Avj,v;) = <A1Jj, Uj> for 1 < i,j<2n-2.

It follows from (4.2) and that Av =xv holds for each tangent vector
ve TyM orthogonal to &, with some x. This implies that M is x-umbilic at
x. Since x is arbitrary, we get that M is totally #-umbilic in M, which leads us

to the conclusion (see, [M], [T2]). O

Finally we give a characterization of a horosphere in a complex hyperbolic
space.

PROPOSITION 4.2. A real hypersurface M*"~' in CH" n > 2 of holomorphic
sectional curvature —4 is locally congruent to a horosphere if and only if at each
point x € M there exist orthonormal tangent vectors vy,vs,...,0y,_2 € T M orthog-
onal to the structure vector &, such that all geodesics on M emanating x and with
the initial vector v; (1 <i<2n—2) are circles of curvature 1 on CH".

Proor. The “if” part follows from [Proposition 3.1. We show the “only
if” part. By the discussion in the proof of [Proposition 4.1 we find that Av; =
+v; and so that ¢ is principal. Therefore M has constant principal curvatures «
and +1, where 4 =af. From the well-known classification theorem on Hopf
hypersurfaces with constant principal curvatures in CH”,n > 2 we can see that M
is locally congruent to a horosphere (for details, see [B]). ]

Added in proof. After this paper having been accepted for publication the
authors ([AM2], [A]) obtained corresponding results on length spectrum of
geodesic spheres in other symmetric spaces of rank one.
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