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Estimates of Oseen kernels in weighted Lp spaces

By Stanislav KracÏmar��, AntonõÂn NovotnyÂ and Milan PokornyÂ���

(Received Sept. 3, 1999)

Abstract. We study convolutions with Oseen kernels (weakly singular and singular)

in both two- and three-dimensional space. We give a detailed weighted L p theory for

p A �1;y� for anisotropic weights.

0. Introduction and basic notation.

This paper concerns convolution integrals whose kernels are given by the

Oseen fundamental tensor O�� ; l� and its ®rst or second gradients `O�� ; l�,

`2
O�� ; l� as well as by the `E�x� and `2

E�x�, E�x� being the fundamental

solution to the Laplace equation, which play the role of the fundamental

pressure. We derive estimates of these weakly and strongly singular integral

operators in anisotropically weighted L p spaces. Such estimates can be applied

to the investigation of qualitative properties of solutions of the stationary

compressible Navier±Stokes equations in exterior domains using the method of

decomposition, see e.g. [10]. They can also be applied with some modi®cations

to the case of stationary ¯ows of certain non-Newtonian ¯uids, see e.g. [13] or

[11], [12].

It is well known that the Oseen tensor exhibits various decay properties in

various directions in R
N , this is the mathematical reason for dealing with aniso-

tropically weighted L p spaces. Our work is based on the technique proposed by

Farwig in [2], [3], where the volume potentials `k
O � f , k � 0; 1; 2 are studied in

anisotropically weighted L2 spaces with the weight function given by the formula

ha
b �x� � �1� jxj�a�1� s�x��b, s�x� � jxj ÿ x1. Similar results as those presented

in [3] were obtained also by Kobayashi and Shibata by slightly di¨erent tech-

nique, see [7]. We also used the results of Kurtz and Wheeden concerning

singular integrals in L p weight spaces, see [9]. The aim of our work was to

generalize Farwig's results on the case of L p, p A �1;y� with the weight function
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ha
b , and with the weight function nab �x� � jxja�1� s�x��b and also to the two-

dimensional case. In order to study the dependence of estimates on Reynolds

number Re, the weight functions nab �x; l� � jxja�1� s�lx��b, ha
b �x; l� � ha

b �lx; 1� �

�1� ljxj�a�1� s�lx��b, l � 2Re are also used.

Our paper is organized as follows. We ®rst introduce the fundamental

Oseen solution in both two- and three-dimensional cases and show their asymptotic

properties. In Section 2 we calculate Ly-weighted estimates of a certain con-

volution which plays an essential role in the next section where the Ly-estimates

of convolutions with Oseen kernels are studied. Applying this results we get,

in Sections 4 and 5, the L p-weighted theory of Oseen potentials (both weakly

singular and singular kernels).

In this paper, we use the following notation

c; c0; c1; . . . ;C;C0;C1; . . .Ðpositive constants

s�x� � jxj ÿ x1, jxj � �x21 � x22 � � � � � x2N�
1=2, x A R

N

E�x�Ðfundamental solution of the Laplace equation

�O�x; l�;P�x��Ðfundamental solution of the Oseen problem

�S�x�;P�x��Ðfundamental solution of the Stokes problem

ha
b �x� � �1� jxj�a�1� s�x��b, sa

b �x� � jxjas�x�b,

nab �x� � jxja�1� s�x��b, m
a; g
b �x� � h

aÿg
b �x�ng0�x�

nab �x; l� � jxja�1� s�lx��b, ha
b �x; l� � �1� jlxj�a�1� s�lx��b

L p�W;w� � f f ; k f kp

p; �w�;W �
�
W
j f jpw dx < �yg, p > 1, w > 0 (usually w � ha

b ,

sa
b , nab ), WJR

N , N � 2; 3

Br�a� � fx A R
N ; jxÿ aj < rg, B r�a� � fx A R

N ; jxÿ aj > rg, qBr�a� � fx A R
N ;

jxÿ aj � rg, r A R
1, a A R

N , j � jÐnorm in R
N

1. Oseen fundamental solution.

In this section we recall some basic facts about the fundamental solution to

the Oseen problem. Denote by O�� ; l� � �Oij�� ; l��, P � �Pi� its fundamental

solution; it satis®es the identities

qjOij � 0

DOij � qjPi ÿ lq1Oij � dijd
�1:1�

in the sense of distributions, where dij denotes the Kronecker delta, while d

S. KracÏmar, A. NovotnyÂ and M. PokornyÂ60



denotes the Dirac delta-distribution. The latter is equivalent to

ÿhi�x� � �qkOij�� ; l� � qkhj �Pi � qjhj ÿ lOij�� ; l� � q1hj ��x�

Eh A Cy

0 �RN�:

In particular, it holds,

DOij�x; l� ÿ lq1Oij�x; l� � qjPi�x� � 0

pointwise in R
Nnf0g.

Now we shall study separately the three- and two-dimensional situations.

In three space dimensions we can easily verify (see e.g. [6]) that the fun-

damental solution can be written as

Pi�x� � qiE�x� �
1

4p

xi

jxj3
�1:2�

Oij�x; l� � �dijDÿ qiqj�jO�x; l�; �1:3�

where

jO�x; l� �
ÿ1

4pl
c

ls�x�

2

� �

�1:4�

with

c�z� �

� z

0

1ÿ eÿt

t
dt �

X

y

i�1

�ÿ1� i�1

i!i
z i �1:5�

and

s�x� � jxj ÿ x1: �1:6�

The formulas (1.4)±(1.6) yield useful rescaling property

lO�lx; 1� � O�x; l�: �1:7�

The integral representation (1.5) implies

c 0�t� � �1ÿ eÿt�=t; c00�t� � �ÿ1� eÿt � teÿt�=t2;

c 000�t� � �2ÿ 2eÿt ÿ 2teÿt ÿ t2eÿt�=t3;

c�iv��t� � �ÿ6� 6eÿt � 6teÿt � 3t2eÿt � t3eÿt�=t4:

The representation by the sum in (1.5) yields,

c�k��t� �
�ÿ1�k�1

k
�O�t� as t ! 0; k � 1; 2; . . . : �1:8�
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When di¨erentiating (1.6), we obtain

qs�x�
qxi

� xi

jxj ÿ d1i: �1:9�

From here we get the estimates

qs�x�
qxk

�

�

�

�

�

�

�

�

U

s�x�
jxj �k � 1�

���

2
p

���������

s�x�
jxj

s

�k0 1�

8

>

>

>

>

<

>

>

>

>

:

jDa
s�x�jU c�a�

jxjjajÿ1
: �1:10�

From (1.4)±(1.6) and (1.10) it is seen that O�� ; �� A Cy��R3nf0g� � R� and

for ®xed x0 0, O�x; �� is an analytic function.

Now we calculate the derivatives of j
O
��; l� in order to establish the

asymptotic behaviour of O��; l� and of its ®rst and second derivatives near zero

and at in®nity.

ÿqijO�x; l� � �l=8p�c 0�ls�x�=2�qis�x�

ÿqrqijO�x; l� � �1=16p�c00�ls�x�=2�qrs�x�qis�x� � �1=8p�c 0�ls�x�=2�qrqis�x�

ÿqkqrqijO�x; l� � �l2=32p�c 000�ls�x�=2�qks�x�qrs�x�qis�x�

� �l=16p�c00�ls�x�=2��qkqrs�x�qis�x� � qkqis�x�qrs�x�

� qrqis�x�qks�x�� � �1=8p�c 0�ls�x�=2�qkqrqis�x�

ÿqlqkqrqijO�x; l� � �l3=64p�c�iv��ls�x�=2�qls�x�qks�x�qrs�x�qis�x�

� �l2=32p�c 000�ls�x�=2��qlqks�x�qrs�x�qis�x�

� qlqrs�x�qks�x�qis�x� � qlqis�x�qks�x�qrs�x�

� qkqrs�x�qis�x�qls�x� � qkqis�x�qrs�x�qls�x�

� qrqis�x�qks�x�qls�x�� � �l=16p�c00�ls�x�=2�

� �qlqkqrs�x�qis�x� � qlqkqis�x�qrs�x�

� qlqrqis�x�qks�x� � qkqrqis�x�qls�x�

� qiqks�x�qrqls�x� � qrqks�x�qiqls�x�

� qiqrs�x�qkqls�x�� � �1=8p�c 0�ls�x�=2�qlqkqrqis�x�

These formulas, together with (1.8), (1.10) and (1.3) yield
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O�x; l� � S�x� � lO�1� as ljxj ! 0

`O�x; l� � `S�x� � l
2O�1=ljxj� as ljxj ! 0

`
2
O�x; l� � `

2
S�x� � l

3O�1=l2jxj2� as ljxj ! 0;

�1:11�

where �S;P� is the Stokes fundamental solution (see e.g. [6]),

Sij�x� �
ÿ1

8p

dij

jxj
�
xixj

jxj3

" #

: �1:12�

It can be shown (see e.g. [6] and also Section 5) that both the second derivative of

S and `P represent CalderoÂn±Zygmund singular integral kernels.

In particular, for l A �0; l0�, R > 0 and jlxjUR

j`k
O�x; l�jU

c�R; l0; k�

jxjk�1
: �1:13�

For any x0 0 formulas (1.3) and (1.10) together with the properties of the

function s�x� give

jO�x; l�jU
c

l

1ÿ eÿls�x�=2

s�x�jxj

j`O�x; l�jU
c

l

1ÿ eÿls�x�=2

s�x�jxj2
�
1ÿ eÿls�x�=2 ÿ �ls�x�=2�eÿls�x�=2

s3=2�x�jxj3=2

" #

j`2
O�x; l�jU

c

l

1ÿ eÿls�x�=2

s�x�jxj3
�
1ÿ eÿls�x�=2 ÿ �ls�x�=2�eÿls�x�=2

s2�x�jxj2

" #

:

�1:14�

This yields for jlxjVR and any k > 0

jO�x; l�jU
c�k;R�

jxj�k� s�lx��

j`O�x; l�jU
c�k;R�l1=2

jxj3=2�k� s�lx��3=2

j`2
O�x; l�jU

c�k;R�l

jxj2�k� s�lx��2
:

�1:15�

Formulas (1.12) and (1.15) give us in particular that O and `O are analogous

to P weakly singular kernels while the second derivative of O can be written as a

sum of a singular kernel (S) and a weakly singular part.
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With �O;P� at hand, we can write explicitly a Cy-solution of the problem

ÿDui � lq1ui � qiP � fi

` � u � g

with f ; g A Cy

0 �R3�. Namely

ui � ÿOij�� ; l� � fj �Pi � g

P � Pj � fj � gÿ lq1�E � g� � Pj � fj � gÿ lP1 � g:

In the case of f � divF we have

ui � ÿqsOij �Fjs �Pi � g

P � qsPj �Fjs � gÿ lP1 � g� cjsFjs;

where cjs, j; s � 1; . . . ;N are constants.

The two-dimensional case is a bit more complicated. Therefore, we shall

study this case in more detail. Let K0�z� be the modi®ed Bessel function, i.e.

K0�z� solves the modi®ed Bessel equation

z2K 00
0 �z� � zK 0

0�z� ÿ z2K0�z� � 0 �1:16�

for z0 0 and it is singular at 0, i.e.

K0�z� � ÿln �z� � ln 2ÿ gÿ ln
z

2

� �

X

y

k�1

1

k!

z

2

� �2k

�
X

y

k�1

1

�k!�2

X

k

j�1

1

j
ÿ g

 !

z

2

� �2k

�1:17�

for z0 0 su½ciently small (see e.g. [8]); here g is the Euler constant. We put

F�x� �
1

4pl

�ÿx1

y

flog
���������������

t2 � x2
2

q

� K0�l
���������������

t2 � x2
2

q

�eÿltg dt: �1:18�

The problem consists in the right choice of the constants which in turn

corresponds to the right choice of lower bound for the integral in (1.18). The

lower bound is, at least formally, required to be equal to y. Unfortunately,

then the integral in (1.18) does not converge, as K0 behaves regularly at in®nity

(see (1.27)). We calculate formally the derivatives of (1.18) and put

G�x; 2l� �
1

4pl
�log

����������������

x2
1 � x2

2

q

� K0�l
����������������

x2
1 � x2

2

q

�elx1�; �1:19�
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H�x; 2l� �
1

4pl

�ÿx1

y

�

t2 ÿ x2
2

�t2 � x2
2�

2
�

�

K 00
0 �l

���������������

t2 � x2
2

q

�
l
2x2

2

t2 � x2
2

� K 0
0�l

���������������

t2 � x2
2

q

�
lt2

�t2 � x2
2�

3=2

�

eÿlt

�

dt; �1:20�

i.e. G is formally taken derivative of (1.18) with respect to x1 multiplied by ÿ1, H

the second derivative of (1.18) with respect to x2
2 . First we express (1.20) in a

more appropriate way (without the integrals).

We formally calculate

q
2
F�x�

qx2
2

�
1

4pl

�ÿx1

y

�

t2 ÿ x2
2

�t2 � x2
2�

2
�

�

K 00
0 �l

���������������

t2 � x2
2

q

�
l
2x2

2

t2 � x2
2

� K 0
0�l

���������������

t2 � x2
2

q

�
lt2

�t2 � x2
2�

3=2

�

eÿlt

�

dt

�
1

4pl

8

>

<

>

:

x1

x2
1 � x2

2

� K 0
0�l

����������������

x2
1 � x2

2

q

�
lx1
����������������

x2
1 � x2

2

q ÿ K0�l
����������������

x2
1 � x2

2

q

�l

2

6

4

3

7

5
elx1

9

>

=

>

;

:

Following [6] it can be veri®ed that Oij�x; l� � �dijDÿ qiqj�F�x�, where the

derivative are calculated formallyÐthe integral in (1.18) is not ®nite.

Nevertheless we shall verify that the formally deduced function is really the

fundamental solution being sought. We put �r �
����������������

x2
1 � x2

2

q

�

O11�x; 2l� � H�x; 2l� �
1

4pl

x1

r2
� K 0

0�lr�
lx1

r
ÿ K0�lr�l

� �

elx1
� �

O12�x; 2l� � O21�x; 2l� �
q

qx2
G�x; 2l� �

1

4pl

x2

r2
� K 0

0�lr�
lx2

r
elx1

� �

O22�x; 2l� � ÿ
q

qx1
G�x; 2l� � ÿ

1

4pl

x1

r2
� K 0

0�lr�
lx1

r
� K0�lr�l

� �

elx1
� �

�1:21�

Pi�x� �
1

2p

xi

r2
� qE�x�: �1:22�

From (1.21) and (1.17) we get for small ljxj

Oii�x; 2l� � Sii�x� ÿ �1=4p� log�1=l� �O�1�

Oij�x; 2l� � Sij�x� �O�lr log�lr�� i0 j

`Oij�x; 2l� � `Sij�x� � lO�log�lr��

`
2
Oij�x; 2l� � `

2
Sij�x� � l

2O�1=lr�;

�1:23�

Oseen kernels in weighted Lp spaces 65



where Sij�x� � ÿ�1=4p��dij log�1=r� � xixj=r
2� is the fundamental Stokes tensor

(see [6]).

The explicit formulas (1.21) also imply the following homogeneity property

Oij�x; 2l� � Oij�2lx; 1�: �1:24�

We are going to verify that O;P solve (1.1) in the sense of distributions.

Let us observe that

O11�x; 2l� � �1=2l��qE=qx1��x� ÿ �1=2l��qF1=qx1��x; 2l� �F1�x; 2l�

O12�x; 2l� � O21�x; 2l� � �1=2l��qE=qx2��x� ÿ �1=2l��qF1=qx2��x; 2l�

O22�x; 2l� � ÿ�1=2l��qE=qx1��x� � �1=2l��qF1=qx1��x; 2l�;

�1:25�

where F1�x� � ÿ�1=2p�K0�ljxj�e
lx1 . We therefore easily see that Oij ;Pj solves

�1:1�1 for x0 0. Moreover

qO21

qx1
�
qO22

qx2
� 0 for x0 0

and

qO11

qx1
�
qO12

qx2
�

ÿ1

4pl
K 00

0 �lr�l
2 � K 0

0�lr�
l

r
ÿ l

2K0�lr�

� �

elx1 � 0

for x0 0. Moreover from (1.23) we have that j`O�x; 1�jUC=jxj for jxj small

and therefore

qOij

qxj
� 0 in D

0�R2�:

It remains to verify that

�Dÿ lq1�Oij � qjPi � dijd:

Due to the asymptotic behaviour of O and due to the fact that

lim
e!0�

�

qB e�x�

Pi�xÿ y�nj�y�Fj�y� dyS �
1

2
Fj�x�dij

it is enough to verify that

lim
e!0�

�

qB e�x�

qOij�xÿ y�

qn
Fj�y� dyS �

1

2
Fj�x�dij : �1:26�

Namely, then we easily get (n is the outer normal to B e�x�, i.e. the inner normal

to Be�x�)
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�

R
2
Oij�xÿ y; l� Dÿ l

q

qy1

� �

Fj�y�

� �

�Pi�xÿ y�
qFj

qyj
�y�

� �

dy

� v:p:

�

R
2

Dÿ l
q

qx1

� �

Oij�xÿ y; l� �
qPi

qxj
�xÿ y�

� �

Fj�y� dy

� lim
e!0�

�
�

qB e�x�

qOij�xÿ y; l�

qn
Fj�y� dyS ÿ l

�

qB e�x�

Oij�xÿ y; l�ni�y�Fj�y� dyS

�

�

qB e�x�

Pi�xÿ y�nj�y�Fj�y� dyS

�

� lim
e!0�

�

qB e�x�

qOij

qn
�xÿ y; l� �Pi�xÿ y�nj�y�

� �

Fj�y� dyS � Fj�x�dij:

From (1.22) and (1.17) we ®nd after a bit tedious but straightforward calculations

that

qO11

qn
� ÿ

1

4p

1

r
�O�ln r�

qO12

qn
�

qO21

qn
� O�ln r�

qO22

qn
� ÿ

1

4p

1

r
�O�ln r�

and therefore (1.26) follows.

The next part is devoted to the asymptotic properties when lr ! y. Unlike

the Stokes fundamental tensor we get anisotropic structure. First, let us recall

that for z ! y (see e.g. [8]):

K0�z� � �p=�2z��1=2eÿz�1ÿ 1=�8z� � 9=�2!�8z�2� �O�zÿ3��

K 0
0�z� � �p=�2z��1=2eÿz�ÿ1ÿ 3=�8z� � 15=�128z2� �O�zÿ3��

K 00
0 �z� � �p=�2z��1=2eÿz�1� 7=�8z� � 57=�128z2� �O�zÿ3��

K 000
0 �z� � �p=�2z��1=2eÿz�ÿ1ÿ 11=�8z� ÿ 225=�128z2� �O�zÿ3��:

�1:27�

Using the polar coordinates x1 � r cos j, x2 � r sin j we get from (1.6)

s�x� � �rÿ x1� � r�1ÿ cos j�

and (1.21) yields the following asymptotic expansion of O:
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O11�x; 2l� � �1=4plr� cos jÿ �1=4
����������

2plr
p

�eÿls�cos j� 1

� �1=lr���3=8� cos jÿ 1=8� � n�lr��

O12�x; 2l� � �1=4plr� sin jÿ �1=4
����������

2plr
p

�eÿls sin j�1� 3=�8lr� � n�lr��

O22�x; 2l� � ÿ�1=4plr� cos j� �1=4
����������

2plr
p

�eÿls��cos jÿ 1�

� �1=lr���3=8� cos j� 1=8� � n�lr��:

�1:28�

Using several straightforward properties of the function s�x�

qs

qx1
� ÿs

r
;

qs

qx2
� x2

r
� sin j; �1:29�

qj

qx2
� cos j

r
;

qj

qx1
� ÿ sin j

r
�1:30�

s@ r for x1 U 0 but s@
�x2�2
r

for x1 > 0; �1:31�

e
ÿ2ls sin2 jlr � lseÿ2ls�1� cos j�U e

ÿ1; �1:32�

we get the following uniform behaviour

jO12�x; 2l�j; jO22�x; 2l�jUC=�lr�

jO11�x; 2l�jUC=
�����

lr
p as lr ! y: �1:33�

Moreover, from �1:28�1 we may deduce the following anisotropic structure

jO11�x; 2l�jU
C

�����

lr
p

�
�������������

1� ls
p : �1:34�

Now we could calculate all the derivatives and get the asymptotic expansions of

them. But we are interested only in the estimates of the type (1.33)±(1.34).

The formulas (1.29)±(1.32) yield

jq2O11�x; 2l�jUC=�r�1� ls��

jq2O12�x; 2l�j; jq1O11�x; 2l�jUC=�r
���������������������

lr�1� ls�
p

�

jq1O12�x; 2l�j; jq1O22�x; 2l�j; jq2O22�x; 2l�jUC=�lr2�:

�1:35�

For higher derivatives we do not need such precise estimates. We therefore

only observe that

jq2q2O11�x; 2l�jUC

���

l
p

=�r3=2�1� ls�3=2�; �1:36�
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while for the other terms we have the following uniform estimate

j ~D2
O�x; 2l�jU

C

r2
; �1:37�

where ~D2
O contains the second gradient of O except of q2q2O11. For higher

derivatives we get analogously

j`k
O�x; 2l�jU

Clk=2ÿ1=2

rk=2�1=2
for kV 3: �1:38�

The formulas (1.33)±(1.38) are valid for lr > 1.

Let us summarize the asymptotic behaviour of O and its derivatives using the

weights nab , m
a; g
b and ha

b , introduced in Section 0. Moreover, we assume l � 1

and for l0 1 we may use the homogeneity properties (1.7) and (1.24). Then we

have for N � 3 and x A R
3nf0g

jO�x; 1�jUCnÿ1
ÿ1�x�

j`O�x; 1�jUCm
ÿ3=2;ÿ2
ÿ3=2 �x�

jq1O�x; 1�jUCnÿ2
ÿ1�x�

j`2
O�x; 1� ÿ `2

S�x�jUCnÿ2
ÿ1�x�

�1:39�

and for N � 2 and x A R
3nf0g

jO11�x; 1�jUCh
ÿ1=2
ÿ1=2�x� log�2� 1=jxj�

jOij�x; 1�jUChÿ1
0 �x� log�2� 1=jxj� i; j > 1

jq2O11�x; 1�jUCnÿ1
ÿ1�x�

jq1O11�x; 1�j

jq2O12�x; 1�j

jq2q2O11�x; 1� ÿ q2q2S11�x�j

9

>

>

>

=

>

>

>

;

UCm
ÿ3=2;ÿ1
ÿ1=2 �x�

jq1O12�x; 1�j

jq1O22�x; 1�j

jq2O22�x; 1�j

jqkqlOmn�x; 1� ÿ qkqlSmn�x�j

�k; l;m; n�0 �2; 2; 1; 1�

9

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

;

UCm
ÿ2;ÿ1
0 �x�:

�1:40�
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2. Ly
-estimates of a convolution in R

N
.

This section is devoted to the study of an auxiliary problemÐthe Ly

estimates of certain convolution which will play a fundamental role in the

following sections. Our aim is to give conditions on a; b; c; d; e; f such that

�hÿa
ÿb � h

ÿc
ÿd��x�UKhÿe

ÿf �x�; x A R
N : �2:1�

We shall calculate the estimates for NV 2. Since we study the physically

interesting cases N � 2; 3, the results will be summarized in Tab. 1±Tab. 4 only

in these situations. Nevertheless, the calculations will be performed for general

dimensions and the results can be easily read from the integrals I0 ÿ I15.

Before calculating estimates of the type (2.1), we shall ®rst study the

asymptotic behaviour of the function

s�x� � jxj ÿ x1:

In what follows, by f �x�@ g�x� as jxj ! A we mean the following: there exist

C1, C2 > 0 and U�A�, a neighbourhood of A, such that

C1 f �x�U g�x�UC2 f �x� �2:2�

for all x such that jxj is from U�A�. If we write f �x�@ g�x�, x A MJR
N then

the inequality (2.2) holds for any x A M with constants independent of x.

Let us denote by x 0 the vector of the last N ÿ 1 components of x, i.e. x �

�x1; x
0�. We have

Lemma 2.1. If x1 > 0 then s�x�@ jx 0j2=jxj; otherwise s�x�@ jxj.

Proof. Introducing the generalized spherical coordinates �NV 3�

x1 � R cos y1

x2 � R sin y1 cos y2

� � �

xNÿ1 � R sin y1 � � � sin yNÿ2 cos yNÿ1

xN � R sin y1 � � � sin yNÿ2 sin yNÿ1;

�2:3�

where y1; . . . ; yNÿ2 A �0; p�, yNÿ1 A �0; 2p�, we have

s � R�1ÿ cos y1� � 2
�R sin y1�

2

R

sin�y1=2�

sin y1

� �2

:

For x1 > 0 we have

S. KracÏmar, A. NovotnyÂ and M. PokornyÂ70



y1 A �0; p=2�; i:e: 2
sin�y1=2�
sin y1

� �2

A �1=2; 1�

which implies
1

2

jx 0j2
R

U s�x�U jx 0j2
R

:

Analogously we proceed for x1 U 0 where y1 A �p=2; p� and jxjU s�x�U 2jxj. If

N � 2 we use the polar coordinates and the only change consists in the fact that

j � y1 A �ÿp=2; p=2� for x1 > 0 and j A �p=2; 3=2p� for x1 U 0. r

Next we study the integral of hÿa
ÿb�x� over the sphere for su½ciently large

R � jxj.

Lemma 2.2. Let NV 2. Then for the exponents a; b A R we have
�

qBR

hÿa
ÿb�x� dS@RNÿ1ÿaÿmin��Nÿ1�=2;b� � �lnR if b � �N ÿ 1�=2� �2:4�

as R ! y. Consequently,
�

R
N hÿa

ÿb�x� dx < y , a�min��N ÿ 1�=2; b� > N.

Proof. Using the generalized spherical coordinates (if NV 3Ðsee (2.3)) or

the polar ones (N � 2) we get
�

qBR

hÿa
ÿb�x� dS � C

� p

0

�1� R�ÿa�1� s�ÿb
RNÿ1�sin y1�Nÿ2 dy1

� C

� p

0

�1� R�ÿa�1� R�1ÿ cos y1��ÿb
RNÿ1sin yNÿ2

1 dy1:

Changing the variables s � R�1ÿ cos y1� we estimate the last integral by

C�1� R�1ÿa

�2R

0

�1� s�ÿb�
������������������

2sRÿ s2
p

�Nÿ3 ds: �2:5�

We estimate the integral (2.5) over three subintervals. Let us also note that

for N � 3 it can be calculated explicitly. We have

�1

0

�1� s�ÿb�2sRÿ s2��Nÿ3�=2 ds@R�Nÿ3�=2
�1

0

s�Nÿ3�=2 ds@R�Nÿ3�=2;

�R

1

�1� s�ÿb�2sRÿ s2��Nÿ3�=2 ds@R�Nÿ3�=2
�R

1

sÿb��Nÿ3�=2 ds

@RNÿ2ÿmin�b; �Nÿ1�=2� � �lnR if b � �N ÿ 1�=2�;
�2R

R

�1� s�ÿb�2sRÿ s2��Nÿ3�=2 ds@RNÿ2ÿb
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which implies (2.4). As h
ÿa
ÿb��� A C�RN�, the condition implying global integr-

ability follows trivially. r

We can start to deal with the convolution (2.1). Recall that similar esti-

mates were for the ®rst time studied by Finn (see [4], [5]) in the three-dimensional

case (but only for special values of c, d ) and by Smith (see [14]) in the two-

dimensional case. A generalization of their approach due to Farwig (see [2]) for

the three-dimensional case was adapted to the two-dimensional case by Dutto (see

[1]). We shall repeat their calculation in N dimensions where NV 2, arbitrary.

Finally note that the estimate (2.1) remains true if we replace the kernel

h
ÿa
ÿb�xÿ y� by

K�z�@ m
ÿc;ÿg

ÿd �z�; g < N; z A R
N �2:6�

(see also I1 below).

In the sequel we shall use the following notation

x � �x1; x 0� y � �y1; y 0�

R � jxj r � jyj ~r � jxÿ yj

s � s�x� t � y1 ~t � x1 ÿ y1

% � jy 0j ~% � jx 0 ÿ y 0j:

�2:7�

In order to capture the anisotropic structure of the function h
ÿa
ÿb��� we shall

study the convolution (2.1) in four di¨erent situations:

A) RUR0

B) x1 > 0, jx 0jU �����

x1
p

, R > R0

C) x1 > 0, jx 0j � �1=2�R1=2�s, R > R0, s A �0; 1=2�
D) x1 > 0, jx 0jVR=2, R > R0 or x1 < 0, R > R0.

Using Lemma 2.1 we easily verify that

h
ÿa
ÿb�y�@

1; rU 1

rÿa; r > 1; t > 0; % <
��

t
p

rÿa�b%ÿ2b; r > 1; t > 0; %V
��

t
p

rÿaÿb; r > 1; tU 0

8

>

>

>

>

<

>

>

>

>

:

h
ÿc
ÿd�xÿ y�@

1; ~rU 1

~rÿc; ~r > 1; ~t > 0; ~% <
��

~t
p

~rÿc�d ~%ÿ2d ; ~r > 1; ~t > 0; ~%V
��

~t
p

~rÿcÿd ; ~r > 1; ~tU 0 .

8

>

>

>

>

<

>

>

>

>

:

�2:8�
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For notational convenience we denote n � s� 1=2 and b� � min��N ÿ 1�=

2; b�; analogously d � � min��N ÿ 1�=2; d�.

We start with the case A). Applying Lemma 2.2 to the halfspaces y1 > 0

and y1 < 0 we ®nd that the convolution is uniformly bounded if

a� b� � c� d > N a� b� c� d � > N: �2:9�

Next we continue with the most complicated case C). We follow Farwig

(see [2]) and divide R
N into 16 subdomains as shown in Fig. 1. If N � 2 the

subdomains are plane, otherwise they are cylindrical.

We calculate the convolutions separately on each subdomain. For the

reader's convenience, the results are summarized in Tab. 1, Tab. 2 (for N � 3)

and Tab. 3, Tab. 4 (for N � 2). We denote by Ik the corresponding part of the

integral (2.1) over Wk, k � 0; 1; . . . ; 15. We shall get

Ii�x�UKRÿeiÿ2sfi @ h
ÿei
ÿfi

�x�:

Unfortunately in many cases additional logarithmic terms will appear which

will cause some losses in the weighted estimates later on.

Fig. 1.
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Remark 2.1. Let A be a positive function. We denote

ln� A � max�lnA; 1�:

We start by estimating the convolutions over the sixteen subdomains.

I0 We have W0 � fy A RN : jtjU�1=8�Rn; %U�1=8�Rng and therefore hÿa
ÿb�y�

@ rÿa�1� s�y��ÿb, hÿa
ÿb�xÿ y�@Rÿcÿ2ds. Applying Lemma 2.2 we get

I0 @Rÿcÿ2sd

�R n

0

�1� r�Nÿ1ÿaÿb� � �ln� r; if b � �N ÿ 1�=2� dr

@Rÿ�c��1=2�min�0;a�b�ÿN��ÿ2s�d�min�0;a�b�ÿN��

�
lnR if a� b� � N; b0 �N ÿ 1�=2

or a� b� < N; b � �N ÿ 1�=2
ln2 R if a� b� � N; b � �N ÿ 1�=2.

8

>

<

>

:

The results are summarized in Tab. 1±Tab. 4.

I1 The integral can be estimated in the same way by exchanging a, b for c,

d. Assuming the kernel (2.6) instead of hÿc
ÿd we have

~I1�x� �
�

B1�0�
K�xÿ y�hÿa

ÿb�x� dx@Rÿaÿ2sb

since g < N. Again, the summarized results can be found in Tab. 1±

Tab. 4.

I2 We have in W2 that r@ t A �Rn;R�. So hÿa
ÿb�y�@ rÿa for % <

��

t
p

and

hÿa
ÿb�y�@ rÿa�b%ÿ2b for % >

��

t
p

. Further ~%@Rn and ~r@R� Rn ÿ r;

therefore hÿc
ÿd�xÿ y�@ ~rÿc�dRÿ2nd . Thus

I2 @Rÿ2dn
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R n
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p %Nÿ2ÿ2b d%
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if b � �N ÿ 1�=2�1 J:
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In order to verify the last equivalence it is enough to consider ®rst bV

�N ÿ 1�=2, i.e. b� � �N ÿ 1�=2, and then b < �N ÿ 1�=2, i.e. b� � b, and

estimate the integrals.

Let us divide J into two partsÐthe integral over �Rn;R=2� and the

integral over �R=2;R�. We estimate these two parts separately.

Rÿc�dÿ2n�b �ÿ�Nÿ1�=2�d�
�R=2

R n

drrb
�ÿa � �lnRn=

��

r
p

if b � �N ÿ 1�=2�
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� �ln� R=�1� s� if b0 �N ÿ 1�=2; a � b� � 1�

� ��ln� s; a < �N � 1�=2� � �lnR; a > �N � 1�=2�

� �lnR ln� R=�1� s�; a � �N � 1�=2� if b � �N ÿ 1�=2�:

We used the fact that s�x�@ jx 0j2
jxj @R2s and ln� R=Rn �

�1=2� ln� R=R2s
@ ln� R=�1� s�. Analogously
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�R
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� �ln� R=�1� s� if c � d � 1� � �ln� s if b � �N ÿ 1�=2�:

The results may again be found in Tab. 1±Tab. 4.

I3 We proceed analogously as for I2 exchanging a, b for c, d.

I4 W4 can be considered as a subset of W2 and W3. Therefore I4 can be

estimated by I2 and I3.

I5 We have in W5 t@ r@R, so hÿa
ÿb�y�@Rÿa �% <

��

t
p

� or hÿa
ÿb�y�@

Rÿa�b%ÿ2b �% >
��

t
p

� where % varies between 0 and Rn. Further ~r@

j~tj A �Rn;R�. As ~t < 0 we have hÿc
ÿd�xÿ y�@ j~tjÿcÿd

.

I5 @

�R

R n

dttÿcÿd Rÿa

�

���

R
p

0

%Nÿ2 d%� Rbÿa

�R n

���

R
p %Nÿ2ÿ2b d%

 !

@R1ÿcÿd��sÿ1=2�min�0;1ÿcÿd��R�Nÿ1�=2ÿa � �R�Nÿ2ÿ2b�n ÿ R�Nÿ2ÿ2b�=2�

� Rbÿa�ln� s; if b � �N ÿ 1�=2�� � �lnR=Rn if c� d � 1�

@R1ÿcÿd��Nÿ1�=2ÿa��sÿ1=2�min�0;1ÿcÿd��2s��Nÿ1�=2ÿb ��

� �ln� s if b � �N ÿ 1�=2� � �ln� R=�1� s� if c� d � 1�:

Oseen kernels in weighted Lp spaces 79



I6 It is su½cient to interchange a, b by c, d and use the result for W5.

I7 Denoting t � j~tj A �Rn;R� we have in W7 that t@ r@R, %@ ~%@ ~r A

�t;R�. Therefore hÿa
ÿb�y�@Rÿa�brÿ2b, hÿc

ÿd�xÿ y�@ rÿcÿd and

I7 @Rÿa�b

�R

R n

dt

�R

t

%Nÿ2ÿdÿcÿ2b d%

� �

@Rbÿa

�R

R n

dt�RNÿ1ÿcÿdÿ2b ÿ tNÿ1ÿcÿdÿ2b�

� �lnR=t if c� d � 2b � N ÿ 1�

@RNÿaÿbÿcÿd � RNÿaÿbÿcÿd��sÿ1=2�min�0;Nÿcÿdÿ2b�

� �lnR=�1� s� if c� d � 2b � N�

@RNÿaÿbÿcÿd��sÿ1=2�min�0;Nÿcÿdÿ2b� � �lnR=�1� s� if c� d � 2b � N�:

I8 We get the result by interchanging a, b by c, d and using the result for

W7.

I9 Analogously as in W7 we have t@ r@R, %@ ~% A �Rn; t�, ~r@ t � j~tj A

�Rn;R�; so hÿa
ÿb�y�@Rÿa�brÿ2b, hÿc

ÿd�xÿ y�@ rÿcÿd and

I9 @Rÿa�b

�R

R n

dttÿdÿc

� t

R n

%Nÿ2ÿ2b d%

� �

:

If b > �N ÿ 1�=2 the signi®cant term in the inner integral will be the

lower bound and we can use I5. If b < �N ÿ 1�=2 the signi®cant term

in the inner integral will be the upper bound and we can use I7. If b �

�N ÿ 1�=2 then

I9 @Rÿa��Nÿ1�=2

�R

R n

tÿdÿc ln
t

Rn
dt:

In comparison with I5 we get some additional logarithmic factors

b � �N ÿ 1�=2 : �ln� R=�1� s� if c� d < 1�

� �ln2
� R=�1� s� if c� d � 1�:

I10 As in I9, we may use I6 for d > �N ÿ 1�=2, I8 for d > �N ÿ 1�=2 and

get some additional logarithmic factors to I8 for d � �N ÿ 1�=2.

I11 The domain W11 is unbounded. We have ~r@ r A �R;y�. Therefore

hÿc
ÿd�xÿ y�@ rÿcÿd , hÿa

ÿb�y�@ rÿa�1� s�y��ÿb
and applying Lemma 2.2

under the assumption a� b� � c� d > N we get
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I11 @

�

y

R

drrNÿ1ÿaÿb �ÿcÿd � �ln r if b � �N ÿ 1�=2�

@RNÿaÿb�ÿcÿd � �lnR if b � �N ÿ 1�=2�:

I12 We proceed as in the previous case and under the assumption a� b�

c� d � > N we get

I12 @RNÿaÿbÿcÿd �

� �lnR if d � �N ÿ 1�=2�:

I13 The domain W13 can be considered as a subset of W11 and

W12. Therefore I13 can be bounded by I11 and I12.

I14 In this subdomain we have r@R, %@ ~% A �Rn;R�. Moreover ~r@ j~tj �

~% where ~t A ��ÿ1=8�Rn;R=2�. Then hÿa
ÿb�y�@Rÿa�b%ÿ2b, hÿc

ÿd�xÿ y�@

�~t� ~%�ÿc�d%ÿ2d if ~t > 0 and hÿc
ÿd�xÿ y�@ ~%ÿcÿd if ~t < 0. Let us note

that the strip ~t A ��ÿ1=8�R; 0� has no in¯uence on the asymptotic be-

haviour since ~% > j~tj there.

I14 @Rbÿa

�R

R n

d%%Nÿ2ÿ2bÿ2d

�R=2

0

�~t� r�dÿc d~t

@Rbÿa

�R

R n

d%%Nÿ2ÿ2bÿ2d �

R1�dÿc 1� d ÿ c > 0

%1�dÿc 1� d ÿ c < 0

lnR=% 1� d ÿ c � 0.

8

>

<

>

:

Now we distinguish three cases.

a) 1� d ÿ c > 0

If b� dU �N ÿ 1�=2 then

I14 @RNÿaÿbÿcÿd � �ln� R=�1� s� if b� d � �N ÿ 1�=2�;

while for b� d > �N ÿ 1�=2 we have

I14 @Rÿaÿc��N�1�=2�2s��Nÿ1�=2ÿbÿd� �see I2; I3�:

b) 1� d ÿ c < 0

I14 @Rbÿa

�R

R n

%ÿ2bÿcÿd�Nÿ1 d%

and the integral can be estimated by I7.

c) 1� d ÿ c � 0

I14 @Rbÿa

�R

R n

%Nÿ2ÿ2bÿ2d ln �R=%� d%

� RNÿaÿbÿcÿd

�R1ÿn

1

z2b�2dÿN ln z dz:
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Now for b� dU �N ÿ 1�=2

I14 @RNÿaÿbÿcÿd � �ln2
� R=�1� s� if b� d � �N ÿ 1�=2�

and for b� d > �N ÿ 1�=2

I14 @R�N�1�=2ÿaÿcÿ2s�b�dÿ�Nÿ1�=2� ln� R=�1� s�

which can be estimated by I2.

I15 Interchanging a, b by c, d we can use the results from I14.

We have now completed investigation of the situation C). The results are

summarized in Tab. 1, 2 (N � 3) and Tab. 3, 4 (N � 2).

The situation D) is almost trivial since we are left with subdomains of

the type W1, W2, W11, W12 and W13. The integrals can be estimated by the

corresponding integrals in C) taking s � 1=2, i.e. n � 1.

Finally in the case B) we proceed as in case C) but the subdomains W2, W3

and W4 coincide. The other integrals can again be estimated by the corre-

sponding ones from the part C) taking s � 0, i.e. n � 1=2.

The study of the convolution (2.1) is therefore completed. In the next

section, we shall apply the results in the study of Ly-estimates of convolutions

with the Oseen kernels.

3. Ly-estimates for weakly singular Oseen kernels.

Now we intend to get estimates for the functions nab , m
a; g
b by analogy with the

preceding section,

nab �x� � nab �x; 1� � jxja�1� s�x��b; m
a; g
b �x� � h

aÿg
b �x�ng0�x�:

This is the aim of Lemma 3.1 and Lemma 3.2. We will formulate these

lemmas in the case of R
N , N A N , NV 2. Afterward, we apply the lemmas in

the study of Ly-estimates of convolutions with Oseen kernels. Let Ia; g�x� denote

the following integral

I �N�
a; g �x� �

�
B1�0�

nÿa
0 �y�nÿg

0 �xÿ y� dy �

�
B1�x�

nÿa
0 �xÿ y 0�nÿg

0 �y 0� dy 0;

where x; y; y 0
A R

N . For the notational convenience we also denote

lnÿjxj :� max�1;ÿln jxj�

for x0 0.

Lemma 3.1. For a < N, g < N there exists a positive constant C1 such that

for x A B2�0�nf0gHR
N
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I �N�
a; g �x�UC1

n
ÿ�a�gÿN�
0 �x�; if a� g > N

lnÿjxj; if a� g � N

1; if a� g < N:

8

>

<

>

:

Morerover, there exists a positive constant C2 such that for x A B2�0�HR
N

I �N�
a; g �x�UC2n

ÿg

0 �x�:

Proof. We divide the proof into two parts:

a) First we assume jxjU 2. We will estimate integrals over sets, whose

union contains unit ball B1�0�.

B1�0�HBjxj=2�0�UBjxj=2�x�U fB2jxj�0�n�Bjxj=2�0�UBjxj=2�x��gU

fB4�0�nB2jxj�0�g1M1 UM2 UM3 UM4

�

M1

1

jyja
1

jxÿ yjg
dyU

c1

jxjg

�jxj=2

0

1

ra
rNÿ1 drU

c2

jxja�gÿN
; a < N

�

M2

1

jyja
1

jxÿ yjg
dyU

c3

jxja

�jxj=2

0

1

rg
rNÿ1 drU

c4

jxja�gÿN
; g < N

�

M3

1

jyja
1

jxÿ yjg
dyU

c5

jxja�g

� 2jxj

0

rNÿ1 drU
c6

jxja�gÿN

�

M4

1

jyja
1

jxÿ yjg
dyU c7

�4

2jxj

rÿarNÿ1

jrÿ jxj jg
dr

U c8

�4

2jxj

r

jrÿ jxj j

� �

g

rÿaÿg�Nÿ1 drU c9

�4

2jxj

rÿaÿg�Nÿ1 dr;

here we use the inequality r=jrÿ jxj jU 2.

The last integral can be estimated by c10jxj
ÿaÿg�N if a� g > N, by c11 lnÿjxj

if a� g � N and by some constant if a� g < N.

b) Now we assume jxjV 2.

�

B1�0�

1

jyja
1

jxÿ yjg
dyU

c11

jxjg

�

B1�0�

1

jyja
dyU

c12

jxjg
:

The assertion of Lemma 3.1 follows from these ®ve estimates of convolution

integrals. r

We de®ne for pairs of real numbers �a; b�U �c; d� : aU c and a� bU c� d.

It is evident that h
a
b �x�U 2cÿa

h
c
d�x�, x A R

N if �a; b�U �c; d �.
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In the formulation of Lemma 3.2 we use functions m
a; g
b �x� � h

aÿg
b �x�ng0�x�.

Let us note that ma;a
b �x� � h0b�x�n

a
0 �x� � nab �x�, m

a; g
b �x�@ ha

b �x�, x A B1�0�, ma; g
b �x�@

n
g
b�x�@ n

g
0�x�, x A B1�0�nf0g.

Lemma 3.2. Let a; b; c; d; e; f A R and positive constant C be such that for all

x A R
N
:

�

R
N hÿc

ÿd�xÿ y�hÿa
ÿb�y� dyUChÿe

ÿf �x�, N A N , NV 2.

Let g < N, h < N, �e; f �U �a; b�, �e; f �U �c; d �. Then there exists a positive

constant C 0 such that the following inequality is satis®ed for x A R
Nnf0g:

�

R
N

m
ÿc;ÿh
ÿd �xÿ y�mÿa;ÿg

ÿb �y� dyUC 0

m
ÿe;ÿgÿh�N
ÿf �x� g� h > N

m
ÿe;ÿd
ÿf �x�; d > 0 g� h � N

m
ÿe;0
ÿf �x�1 hÿe

ÿf �x� g� h < N.

8

>

>

<

>

>

:

Proof. Evidently, for a, b A R
1 there exist positive constants c1, c2, c3 and

c4 such that

a) c1h
a
b �x�U nab �x�U c2h

a
b �x� for all x A B1�0�

b) c3h
a
b �x�U ha

b �y�U c4h
a
b �x� for all x A R

N
; y A B1�x�.

Now we will prove the assertion of the Lemma 3.2:

�mÿc;ÿh
ÿd � mÿa;ÿg

ÿb ��x� �

�

R
N

m
ÿc;ÿh
ÿd �xÿ y�mÿa;ÿg

ÿb �y� dy

UC1

�

B1�x�

nÿh
0 �xÿ y�mÿa;ÿg

ÿb �y� dy

� C2

�

B1�x�

hÿc
ÿd�xÿ y�mÿa;ÿg

ÿb �y� dy:

We will study these two integrals separately. By using Lemma 3.1 we get the

estimate of
�

B1�x�
nÿh
0 �xÿ y�mÿa;ÿg

ÿb �y� dy �
�

B1�0�
m
ÿa;ÿg
ÿb �xÿ y�nÿh

0 �y� dy.
�

B1�0�

m
ÿa;ÿg
ÿb �xÿ y�nÿh

0 �y� dy

U max
y AB1�x�

h
ÿa�g
ÿb �y�

�

B1�0�

n
ÿg
0 �xÿ y�nÿh

0 �y� dy

UC3h
ÿa�g
ÿb �x�

n
ÿgÿh�N
0 �x�; g� h > N

lnÿjxj; g� h � N

1; g� h < N

9

>

>

>

=

>

>

>

;

x A B1nf0g

h
ÿg
0 �x� x A B1

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:
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UC5

m
ÿa;ÿgÿh�N
ÿb �x�; g� h > N

m
ÿa;ÿd
ÿb �x�; d > 0; g� h � N

m
ÿa;0
ÿb �x�; g� h < N

8

>

>

<

>

>

:

UC6

m
ÿe;ÿgÿh�N
ÿf �x�; g� h > N

m
ÿe;ÿd
ÿf �x�; d > 0; g� h � N

m
ÿe;0
ÿf �x�1 hÿe

ÿf �x�; g� h < N.

8

>

>

>

<

>

>

>

:

In the second inequality we use Lemma 3.1 and the relation b). In the last

inequality we take into account the assumption �e; f �U �a; b�.

We estimate the remaining integral
�

B1�x� h
ÿc
ÿd�xÿ y�mÿa;ÿg

ÿb �y� dy for x A

R
Nnf0g in the following way:

�

B1�x�

hÿc
ÿd�xÿ y�mÿa;ÿg

ÿb �y� dyU

�

R
N

hÿc
ÿd�xÿ y�mÿa;ÿg

ÿb �y� dy

�

�

B1

hÿc
ÿd�xÿ y�nÿg

0 �y� dy�

�

B1

hÿc
ÿd�xÿ y�hÿa

ÿb�y� dy

UC5 max
y AB1�x�

hÿc
ÿd�y�

�

B1�0�

n
ÿg
0 �y� dy� C6h

ÿe
ÿf �x�UC7h

ÿe
ÿf �x�:

The proof of Lemma 3.2 follows from these estimates. r

We now formulate main results of this section. We will use the following

notation

hE
F �x; l� � hE

F �x; l� if no logarithmic factor appears; and

hE
F �x; l� � hE

F �x; l� �
P�lnÿ1

� jlxj�

P�lnÿ1
� s�lx��

(

if there are logarithmic factors;

where function P��� is a polynomial of the ®rst or the second order, see also

Remark 3.1. Similarly we de®ne nEF �� ; l�. Then we have

Theorem 3.1. Let A� B� > 1. Let f A Ly�R3; hA
B �� ; l��. Then we have

jOj � f A Ly�R3; hE
F �� ; l��, where

E �

Aÿ 1 for AUB� � 1

�A� B� ÿ 1�=2 for AVB� 1;A� BU 3

1 for A� B�
V 3

8

<

:

�i�

E � F �
A� B� ÿ 1 for A� B�

U 3

2 for A� B�
V 3

�

�ii�

with logarithmic factors
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ln��ljxj� for
A� B� � 3

A � B� 1; 0UBU 1

�

�iii�

ln��ls�x�� for A� B < 3;BU 1; �iv�

(see Remark 3.1). Moreover we have

k jO�� ; l�j � f k
y; �hE

F
�� ;l��;R3 UClÿ2k f k

y; �hA
B
�� ;l��;R3 : �3:1�

Let in addition for A, B the following conditions be satis®ed

1UA < 3; B > 0; or AUB� 5; 1 < A� BU 3; BU 0: �v�

Then for f A Ly�R3; nAB �� ; l�� we have jO�� ; l�j � f A Ly�R3; nEF �� ; l�� and

k jO�� ; l�j � f k
y; �nE

F
�� ;l��;R3 UClÿ2�AÿEk f k

y; �nA
B
�� ;l��;R3 : �3:2�

Remark 3.1. The inequalities (3.1), (3.2) must be understood in the fol-

lowing sense. If no logarithmic terms appear then

k jO�� ; l�j � f k
y; �hE

F
�� ;l��;R3 UClÿ2k f k

y; �hA
B
�� ;l��;R3 :

Analogously for the weight nEF �� ; l�. But for A� B� � 3 or A � B� 1, 0UBU

1 we have

k jO�� ; l�j � f k
y; �hE

F
�� ;l�P�lnÿ1

� �lj�j���;R3 UClÿ2k f k
y; �hA

B
�� ;l��;R3 �3:3�

and for A� B < 3, BU 1

k jO�� ; l�j � f k
y; �hE

F
�� ;l�P�lnÿ1

� �s�l�����;R3 UClÿ2k f k
y; �hA

B
�� ;l��;R3 ; �3:4�

where P��� is a polynomial. The order of the polynomial can be traced out from

the proof of Theorem 3.1 using Tab. 1,2. Analogously for the weights nEF �� ; l�.

We can use instead of (3.3), (3.4) for e > 0

k jO�� ; l�j � f k
y; �hEÿe

F
�� ;l��;R3 UClÿ2k f k

y; �hA
B
�� ;l��;R3 ; �3:3 0�

k jO�� ; l�j � f k
y; �hE

Fÿe
�� ;l��;R3 UClÿ2k f k

y; �hA
B
�� ;l��;R3 ; �3:4 0�

respectively.

Finally, in the case of f � 0 in B1=2�0� (this is usually the case for WHR
N ,

exterior domain) we can get for the weight nAB �� ; l�

k jO�� ; l�j � f k
y; �nEÿe

F
�� ;l��;R3 UClÿ2�AÿE�ek f k

y; �nA
B
�� ;l��;R3 :
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The proof of Theorem 3.1 is similar to the proof of the other theorems

in this section. We therefore give only the proof of Theorem 3.2 which is in

applications the most often used one. The other theorems in both two- and

three-dimensional cases can be shown by analogy with this proof.

Theorem 3.2. Let A� B > 1=2, A > ÿ1. Then for f A Ly�R3; hA
B �� ; l�� we

have j`Oj � f A Ly�R3; hE
F �� ; l��, where

E �

Aÿ 1=2 for AU 2;AUB� 1;BV 0

3=2 for A� B�
V 3

A� Bÿ 1=2 for B < 0;A� BU 1

�A� B�=2 for BUAÿ 1; 1UA� BU 3

8

>

>

>

<

>

>

>

:

�i�

E � F �

A� B� for AU 2;BV 3=2

A� Bÿ 1=2 for A� BU 7=2

3 for A� BV 7=2;AV 2

8

<

:

�ii�

with logarithmic factors

ln��ljxj� for

A� B� � 3

A � B� 1; 0UBU 1

A� B � 1;BU 0

B � ÿ1=2; 3=4UAU 5=4:

8

>

>

<

>

>

:

�iii�

Moreover we have

k j`O�� ; l�j � f k
y; �hE

F
�� ;l��;R3 UClÿ1k f k

y; �hA
B
�� ;l��;R3 : �3:5�

Let in addition for A, B the following conditions be satis®ed

1

2
UAU

5

2
; BVÿ

1

2
; AUB� 2: �iv�

Then for f A Ly�R3; nAB �� ; l�� we have j`O�� ; l�j � f A Ly�R3; nEF �� ; l�� and

k j`O�� ; l�j � f k
y; �nE

F
�� ;l��;R3 UClÿ1�AÿEk f k

y; �nA
B
�� ;l��;R3 : �3:6�

Theorem 3.3. Let A� B� > 0. Let R � j`2
Oÿ `2

Sj or R � jq1Oj. Then

for f A Ly�R3; hA
B �� ; l�� we have R � f A Ly�R3; hE

F �� ; l��, where

E �

A for ÿ1 < AU 2;AUB� 1;BV 0

2 for A� B�
V 3

A� B for BU 0; 0 < A� B < 1

�A� B� 1�=2 for BUAÿ 1; 1UA� BU 3

8

>

>

<

>

>

:

�i�
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E � F �
A� B� for A� B�

U 3

3 for A� B�
V 3

�

�ii�

with logarithmic factors

ln��ljxj� for A� B�
U 3: �iii�

Moreover we have

k j`2
O�� ; l� ÿ `2

S���j � f k
y; �hE

F
�� ;l��;R3 UCk f k

y; �hA
B
�� ;l��;R3 ; �3:7�

k jq1O�� ; l�j � f ky; �hE
F
�� ;l��;R3 UClÿ1k f k

y; �hA
B
�� ;l��;R3 : �3:8�

Let in addition for A, B the following conditions be satis®ed

0UA < 3; BVÿ1; A < B� 3: �iv�

Then for f A Ly�R3; nAB �� ; l�� we have R � f A Ly�R3; nEF �� ; l�� and

k j`2
O�� ; l� ÿ `2

S���j � f k
y; �nE

F
�� ;l��;R3 UClAÿEk f k

y; �nA
B
�� ;l��;R3 ; �3:9�

k jq1O�� ; l�j � f ky; �nE
F
�� ;l��;R3 UClÿ1�AÿEk f k

y; �nA
B
�� ;l��;R3 : �3:10�

Theorem 3.4. Let A� B� > 1. Then for f A Ly�R3; hA
B �� ; l�� we have jPj �

f A Ly�R3; hE
F �� ; l��, where

E �

2 for A� B�
V 3;AV 5=2

Aÿ 1=2 for AU 5=2;BV 1=2

A� B� ÿ 1 for BU 1=2;A� B�
U 3

8

<

:

�i�

E � F �
2 for A� B�

V 3

A� B� ÿ 1 for A� B�
U 3

�

�ii�

with logarithmic factors

ln��ljxj� for

B � 1=2; 1=2 < A < 5=2

B � 1; 2UAU 5=2

A� B� � 3;AV 5=2

8

<

:

�iii�

ln��ls�x�� for
A� B� � 3; 2UA < 5=2

B � 1; 0 < A < 2:

�

�iv�

Moreover we have

k jPj � f k
y; �hE

F
�� ;l��;R3 UClÿ1k f k

y; �hA
B
�� ;l��;R3 : �3:11�
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Let in addition for A, B the following conditions be satis®ed

1

2
UA < 3; BV 0: �v�

Then for f A Ly�R3; nAB �� ; l�� we have jPj � f A Ly�R3; nEF �� ; l�� and

k jPj � f k
y; �nE

F
�� ;l��;R3 UClÿ1�AÿEk f k

y; �nA
B
�� ;l��;R3 : �3:12�

In the next part of this section we give formulations of the theorems in the

two-dimensional case:

Theorem 3.5. Let A� B� > 1. Then for f A Ly�R2; hA
B �� ; l�� we have

jO11j � f A Ly�R2; hE
F �� ; l��, where

E �

Aÿ 1 for AUB� � 1

�1=2��A� Bÿ 1� for AVB� 1; A� BU 2

1=2 for A� B�
V 2

8

<

:

�i�

E � F �
1 for A� B�

V 2

A� B� ÿ 1 for A� B�
U 2

�

�ii�

with logarithmic factors

ln��ljxj� for
A� B� � 2

A � B� 1; 0 < BU 1=2

�

�iii�

ln��ls�x�� for fA� B < 2;BU 1=2: �iv�

Moreover we have

k jO11�� ; l�j � f ky; �hE
F
�� ;l��;R2 UClÿ2k f k

y; �hA
B
�� ;l��;R2 : �3:13�

Let in addition for A the following conditions be satis®ed

1UA < 2: �v�

Then for f A Ly�R2; nAB �� ; l�� we have jO11�� ; l�j � f A Ly�R2; nEF �� ; l�� and

k jO11�� ; l�j � f ky; �nE
F
�� ;l��;R2 UClÿ2�AÿEk f k

y; �nA
B
�� ;l��;R2 : �3:14�

Theorem 3.6. Let A� B� > 1, i; j � 1; 2, i � j0 1, R � jOij j or R � jPj.

Then for f A Ly�R2; hA
B �� ; l�� we have R � f A Ly�R2; hE

F �� ; l��, where

E � E � F �
1 for A� B�

V 2

A� B� ÿ 1 for A� B�
U 2

�

�i�

with logarithmic factors
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ln��ljxj� for
A� B� � 2

A� B�
U 2;BV 1=2:

�

�ii�

Moreover, we have

k jOij�� ; l�j � f ky; �hE
F
�� ;l��;R2 UClÿ2k f k

y; �hA
B
�� ;l��;R2 ; �3:15�

k jPj � f k
y; �hE

F
�� ;l��;R2 UClÿ1k f k

y; �hA
B
�� ;l��;R2 : �3:16�

Let in addition for A, B the following conditions be satis®ed

A < 2; B�
V 0 �if R � jPj� or A < 2; �if R � jOijj�: �iii�

Then for f A Ly�R2; nAB �� ; l�� we have R � f A Ly�R2; nEF �� ; l�� and

k jOij�� ; l�j � f ky; �nE
F
�� ;l��;R2 UClÿ2�AÿEk f k

y; �nA
B
�� ;l��;R2 ; �3:17�

k jPj � f k
y; �nE

F
�� ;l��;R2 UClÿ1�AÿEk f k

y; �nA
B
�� ;l��;R2 : �3:18�

Theorem 3.7. Let A� B� > 0 and A� B > 1=2. Then for f A

Ly�R2; hA
B �� ; l�� we have jq2O11�� ; l�j � f A Ly�R2; hE

F �� ; l��, where

E �

1 for A� B�
V 2

Aÿ 1=2 for ÿ1=2 < AU 3=2;BV 0;AUB� 1

�A� B��=2 for 1UA� BU 2;AVB� 1

A� Bÿ 1=2 for BU 0;A� BU 1

8

>

>

<

>

>

:

�i�

E � F �

2 for A� BV 5=2;AV 3=2

A� B� forÿ 1=2 < AU 3=2;BV 1

A� Bÿ 1=2 for A� BU 5=2;BU 1

8

<

:

�ii�

with logarithmic factors

ln��ljxj� for

A� B� � 2

B � Aÿ 1; 0UBU 1=2

A� B � 1;BU 0

8

<

:

�iii�

ln��ls�x�� for A� B � 1; 0 < BU 1: �iv�

Moreover, we have

k jq2O11�� ; l�j � f ky; �hE
F
�� ;l��;R2 UClÿ1k f k

y; �hA
B
�� ;l��;R2 : �3:19�

Let in addition for A, B the following conditions be satis®ed

1

2
< A < 2; BVÿ

1

2
; BVAÿ 2: �v�
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Then for f A Ly�R2; nAB �� ; l�� we have jq2O11�� ; l�j � f A Ly�R2; nEF �� ; l�� and

k jq2O11�� ; l�j � f ky; �nE
F
�� ;l��;R2 UClÿ1�AÿEk f k

y; �nA
B
�� ;l��;R2 : �3:20�

Theorem 3.8. Let A� B� > 0 and R � j`2
Oÿ `2

Sj or R � jqkOij j, i; j;

k � 1; 2, except jq2O11j. Then for f A Ly�R2; hA
B �� ; l�� we have R � f A

Ly�R2; hE
F �� ; l��, where

E �

3=2 for A� B�
V 2

A for AU 3=2;BV 0;AUB� 1

�A� B� 1�=2 for 1UA� BU 2;AVB� 1

A� B for BU 0;A� BU 1

8

>

>

<

>

>

:

�i�

E � F �
2 for A� B�

V 2

A� B� for A� B�
U 2,

�

�ii�

with logarithmic factors

ln��ljxj� for A� B�
U 2: �iii�

Moreover, we have

k j`2
O�� ; l� ÿ `2

S���j � f k
y; �hE

F
�� ;l��;R2 UCk f k

y; �hA
B
�� ;l��;R2 ; �3:21�

k jqkOij�� ; l�j � f ky; �hE
F
�� ;l��;R2 UClÿ1k f k

y; �hA
B
�� ;l��;R2 : �3:22�

Let in addition for A, B the following conditions be satis®ed

0UA < 2; BVÿ1: �iv�

Then for f A Ly�R2; nAB �� ; l�� we have R � f A Ly�R2; nEF �� ; l�� and

k j`2
O�� ; l� ÿ `2

S���j � f k
y; �nE

F
�� ;l��;R2 UClAÿEk f k

y; �nA
B
�� ;l��;R2 ; �3:23�

k jqkOij�� ; l�j � f ky; �nE
F
�� ;l��;R2 UClÿ1�AÿEk f k

y; �nA
B
�� ;l��;R2 : �3:24�

Proof of Theorem 3.2. Let f A Ly�R3; hA
B �� ; 1��. Recalling that

j`O�xÿ y; 1�jUC0m
ÿ3=2;ÿ2
ÿ3=2 �xÿ y; 1� we have

j j`O�� ; 1�j � f �x�jUC1m
ÿ3=2;ÿ2
ÿ3=2 �� ; 1� � hÿA

ÿB�� ; 1��x�

UC2h
ÿ3=2
ÿ3=2�� ; 1� � h

ÿA
ÿB�� ; 1��x�: �3:25�

We have therefore to study the convolution (3.25); we apply Tab. 1 and Tab. 2

with c � d � 3=2, a � A, b � B and we get, under the condition A� B� > 1, that

(we skip the logarithmic factors, for the moment)
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�h
ÿ3=2
ÿ3=2�� ; 1� � h

ÿA

ÿB
�� ; 1���x�UCh

ÿE

ÿF
�x; 1�

with

EUmin�3=2; �A� B
��=2;Aÿ 1=4;Aÿ 1=2;A� Bÿ 1=2; �A� B�=2;A� B

��

� min�3=2; �A� B
��=2;Aÿ 1=2;A� Bÿ 1=2� �3:26�

E � F Umin 3;A� B
�;A� Bÿ

1

2

� �

:

We therefore easily get (i) and (ii), see Fig. 2 and Fig. 3 below:

Fig. 2

Fig. 3
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Let us now regard the logarithmic factors. From W0 we have ln��ljxj� whenever

B � 1, AU 2 or A� B� � 3 and e0 � 3=2� �1=2�min�0;A� B� ÿ 3�, e0 � f0 �

3�min�0;A� B� ÿ 3�. Therefore, if A� B� � 3 the factor ln��ljxj� must be

taken into account. But for B � 1, ÿ1 < A < 2 we have e0 � �A� 1�=2 >

Aÿ 1=2, e0 � f0 � A� B� > A� Bÿ 1=2 and therefore, there are in fact no

logarithmic factors.

Next in W3 we have ln� �ljxj=�1� ls�x��� for A � 1� B. But if BV 0

then e3 � Aÿ 1=2 and e3 � f3 � A� Bÿ 1=2 and then for 0UBU 1 the factor

ln��ljxj� must be taken into account. But for B < 0 we have e3 > A� Bÿ 1=2

and for B > 1 we have e3 > 3=2. Thus (as if s�x�@ jxj then ljxj=�1� ls�x��@ 1)

we can disregard the logarithmic factors in these situations.

Analogously we proceed in other sub-domains and get (iii). The estimate

(3.5) for l � 1 is therefore shown. In order to show (3.5) for l0 1, let us

recall the homogeneity property of Oij�xÿ y; l�. Namely, for N � 3 we have

Oij�xÿ y; l� � lOij�l�xÿ y�; 1� and therefore

�

R
3
j`O�xÿ y; l�j f �y� dy

�

�

�

�

�

�

�

�

� lÿ1

�

R
3
j`O�lxÿ z; 1�j f

z

l

� �

dz

�

�

�

�

�

�

�

�

U lÿ1 sup
y AR3

j f �y�hA
B �ly; 1�jh

ÿE
ÿF �lx; 1�P1�ln��ljxj��P2�ln� s�lx��

and so, as hA
B �lx; 1� � hA

B �x; l�, we have (3.5).

Let us study the weight nAB �x; l�. From Lemma 3.2 we have the following

conditions EVmax�0;Aÿ 1� and A < 3 and therefore we get on D1 that AV

1=2, on D2 that A� Bÿ 1=2VAÿ 1, i.e. BVÿ1=2, on D3 that �A� B�=2V

Aÿ 1, i.e. AUB� 2 and on D4 that AU 5=2.

Finally, to show (3.6) we proceed as in the case of the estimate (3.5).

Evidently, (3.6) holds for l � 1. Therefore

�

R
3
j`O�xÿ y; l�j f �y� dy

�

�

�

�

�

�

�

�

U lÿ1 sup
y AR3

j f �y�nAB �ly; 1�jn
ÿE
ÿF �lx; 1�P1�ln��ljxj��P2�ln� s�lx��

� lÿ1�AÿEk f k
y; �nA

B
�� ;l��;R3nÿE

ÿF �x; l�P1�ln��ljxj��P2�ln� s�lx��: r

4. Lp-estimates for weakly singular Oseen kernels.

This section is devoted to the L p-estimates of convolutions with Oseen

kernels. Here we shall use the results from the previous section, i.e. the Ly-

theory. The proofs are again similar each to other and we give it at the end of
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this section only for Theorem 4.3 for R � j`2
Oÿ `2

Sj which is in application

the most often used case.

Theorem 4.1. Let T be an integral operator with the kernel jOj, T : f 7!

jOj � f and let 1 < p < y. Then T is a well de®ned continuous operator:

L p�R3
; h

a�p=2
b �� ; l�� 7! L p�R3

; h
aÿp=2ÿe

b �� ; l��a�

for ÿe�pÿ 1�=p < b < pÿ 1� e�pÿ 1�=p, p=2ÿ 1ÿ e=p < a� b < 5p=2ÿ 3� e,

aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, ÿp=2ÿ e=p < a < 3p=2ÿ 2� e, 0 < eU p

L p�R3
; n

a�p=2
b �� ; l�� 7! L p�R3

; n
aÿp=2ÿe

b �� ; l��b�

for ÿe�pÿ 1�=p < b < pÿ 1� e�pÿ 1�=p, p=2ÿ 1ÿ e=p < a� b < 5p=2ÿ 3� e,

aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, maxfÿp=2ÿ e=p; p=2ÿ 3� eg < a < minf3p=2

ÿ 2� e; 5p=2ÿ 3g, 0 < eU p.

Moreover we have for a, b speci®ed in a) and b), respectively

a)

k jO�� ; l�j � f k
p; �h

aÿp=2ÿe

b
�� ;l��;R3 UClÿ2k f k

p; �h
a�p=2

b
�� ;l��;R3 ; �4:1�

b)

k jO�� ; l�j � f k
p; �n

aÿp=2ÿe

b
�� ;l��;R3 UCle=pÿ1k f k

p; �n
a�p=2

b
�� ;l��;R3 : �4:2�

Theorem 4.2. Let T be an integral operator with the kernel j`Oj, T : f 7!

j`Oj � f , and let 1 < p < y. Then T is a well de®ned continuous operator:

L p�R3
; h

a�p=2
b �� ; l�� 7! L p�R3

; ha
b �� ; l��a�

for 0 < b < 3p=2ÿ 3=2, ÿ1 < a� b, a < 3p=2ÿ 2, aÿ b < p=2ÿ 1

L p�R3
; n

a�p=2
b �� ; l�� 7! L p�R3

; nab �� ; l��b�

for 0 < b < 3p=2ÿ 3=2, ÿ1 < a� b, ÿ3 < a < 3p=2ÿ 2, aÿ b < p=2ÿ 1.

Moreover we have for a, b speci®ed in a) and b), respectively

a)

k j`O�� ; l�j � f kp; �h a
b
�� ;l��;R3 UClÿ1k f k

p; �h
a�p=2

b
�� ;l��;R3 ; �4:3�

b)

k j`O�� ; l�j � f kp; �n a
b
�� ;l��;R3 UClÿ1=2k f k

p; �n
a�p=2

b
�� ;l��;R3 : �4:4�
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Theorem 4.3. Let R � j`2
Oÿ `2

Sj or R � jq1Oj. Let T be an integral

operator with the kernel R, T : f 7! R � f , and let 1 < p < y. Then T is a well

de®ned continuous operator:

L p�R3
; h

a�p=2
b �� ; l�� 7! L p�R3

; h
a�p=2ÿe

b �� ; l��a�

for ÿe�pÿ 1�=p < b < pÿ 1� e�pÿ 1�=p, ÿp=2ÿ 1ÿ e=p < a� b < 5p=2ÿ 3�

e, aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, ÿ3p=2ÿ e=p < a < 3p=2ÿ 2� e, 0 < eU p

L p�R3
; n

a�p=2
b �� ; l�� 7! L p�R3

; n
a�p=2ÿe

b �� ; l��b�

for ÿe�pÿ1�=p < b < pÿ 1� e�pÿ 1�=p, ÿp=2ÿ 1ÿ e=p < a� b < 5p=2ÿ

3� e, aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, maxfÿ3p=2ÿ e=p;ÿp=2ÿ 3� eg < a <

minf3p=2ÿ 2� e; 5p=2ÿ 3g, 0 < eU p.

Moreover we have for a, b speci®ed in a) and b) respectively

a)

k j`2
O�� ; l� ÿ `2

S���j � f k
p; �h

a�p=2ÿe

b
�� ;l��;R3 UCk f k

p; �h
a�p=2

b
�� ;l��;R3 ; �4:5�

k jq1O�� ; l�j � f kp; �h a�p=2ÿe

b
�� ;l��;R3 UClÿ1k f k

p; �h
a�p=2

b
�� ;l��;R3 ; �4:6�

b)

k j`2
O�� ; l� ÿ `2

S���j � f k
p; �n

a�p=2ÿe

b
�� ;l��;R3 UCle=pk f k

p; �n
a�p=2

b
�� ;l��;R3 �4:7�

k jq1O�� ; l�j � f kp; �n a�p=2ÿe

b
�� ;l��;R3 UCle=pÿ1k f k

p; �n
a�p=2

b
�� ;l��;R3 : �4:8�

Theorem 4.4. Let T be an integral operator with the kernel jPj, T :

f 7! jPj � f , i � 1; 2; 3, and let 1 < p < y. Then T is a well de®ned continuous

operator:

L p�R3
; h

a�p=2
b �� ; l�� 7! L p�R3

; h
aÿp=2
b �� ; l��a�

for 0 < b < pÿ 1, p=2ÿ 3 < a� b < 5p=2ÿ 3

L p�R3
; n

a�p=2
b �� ; l�� 7! L p�R3

; h
aÿp=2
b �� ; l��b�

for 0 < b < pÿ 1, p=2ÿ 3 < a� b < 5p=2ÿ 3, p=2ÿ 3 < a < 5p=2ÿ 3.

Moreover we have for a, b speci®ed in a) and b), respectively

a)

k jPj � f k
p; �h

aÿp=2

b
�� ;l��;R3 UClÿ1k f k

p; �h
a�p=2

b
�� ;l��;R3 ; �4:9�
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b)

k jPj � f k
p; �n

aÿp=2

b
�� ;l��;R3 UCk f k

p; �n
a�p=2

b
�� ;l��;R3 : �4:10�

Next we formulate analogous results also in the two-dimensional case.

Theorem 4.5. Let T be an integral operator with the kernel jO11jT : f 7!

jO11j � f , and let 1 < p < y. Then T is a well de®ned continuous operator:

L p�R2
; h

a�p=2
b �� ; l�� 7! L p�R2

; h
aÿp=2ÿe

b �� ; l��a�

for ÿe�pÿ 1�=p < b < p=2ÿ 1=2� e�pÿ 1�=p, p=2ÿ 1ÿ e=p < a� b < 3p=2ÿ

2� e, aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, ÿ1=2ÿ e=p < a < pÿ 3=2� e, 0 < eU

p=2

L p�R2
; n

a�p=2
b �� ; l�� 7! L p�R2

; n
aÿp=2ÿe

b �� ; l��b�

for ÿe�pÿ 1�=p < b < p=2ÿ 1=2� e�pÿ 1�=p, p=2ÿ 1ÿ e=p < a� b < 3p=2ÿ

2� e, aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, maxfÿ1=2ÿ e=p; p=2ÿ 2� eg < a <

minfpÿ 3=2� e; 3p=2ÿ 2g, 0 < eU p=2.

Moreover we have for a, b speci®ed in a) and b), respectively

a)

k jO11�� ; l�j � f kp; �h aÿp=2ÿe

b
�� ;l��;R2 UClÿ2k f k

p; �h
a�p=2

b
�� ;l��;R2 ; �4:11�

b)

k jO11�� ; l�j � f kp; �n aÿp=2ÿe

b
�� ;l��;R2 UCle=pÿ1k f k

p; �n
a�p=2

b
�� ;l��;R2 : �4:12�

Theorem 4.6. Let T be an integral operator with the kernel R � jOij j, i; j �

1; 2, i � j0 1 or R � jPj; T : f 7! R � f , and let 1 < p < y. Then T is a well

de®ned continuous operator:

L p�R2
; h

a�p=2
b �� ; l�� 7! L p�R2

; h
aÿp=2
b �� ; l��a�

for 0 < b < p=2ÿ 1=2, p=2ÿ 2 < a� b < 3p=2ÿ 2

L p�R2
; n

a�p=2
b �� ; l�� 7! L p�R2

; n
aÿp=2
b �� ; l��b�

for 0 < b < p=2ÿ 1=2, p=2ÿ 2 < a� b < 3p=2ÿ 2, p=2ÿ 2 < a < 3p=2ÿ 2.

Moreover we have for a, b speci®ed in a) and b), respectively

a)

k jOij�� ; l�j � f kp; �h aÿp=2

b
�� ;l��;R2 UClÿ2k f k

p; �h
a�p=2

b
�� ;l��;R2 ; �4:13�

k jPj � f k
p; �h

aÿp=2

b
�� ;l��;R2 UClÿ1k f k

p; �h
a�p=2

b
�� ;l��;R2 ; �4:14�
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b)

k jOij�� ; l�j � f kp; �n aÿp=2

b
�� ;l��;R2 UClÿ1k f k

p; �n
a�p=2

b
�� ;l��;R2 ; �4:15�

k jPj � f k
p; �n

aÿp=2

b
�� ;l��;R2 UCk f k

p; �n
a�p=2

b
�� ;l��;R2 : �4:16�

Theorem 4.7. Let T be an integral operator with the kernel jq2O11j, T : f 7!

jq2O11j � f , and let 1 < p < y. Then T is a well de®ned continuous operator:

L p�R2
; h

a�p=2
b �� ; l�� 7! L p�R2

; ha
b �� ; l��a�

for 0 < b < pÿ 1, ÿ1 < a� b, a < pÿ 3=2, aÿ b < p=2ÿ 1

L p�R2
; n

a�p=2
b �� ; l�� 7! L p�R2

; n
aÿp=2
b �� ; l��b�

for 0 < b < pÿ 1, ÿ1 < a� b, ÿ2 < a < pÿ 3=2, aÿ b < p=2ÿ 1.

Moreover we have for a, b speci®ed in a) and b), respectively

a)

k jq2O11�� ; l�j � f kp; �h a
b
�� ;l��;R2 UClÿ1k f k

p; �h
a�p=2

b
�� ;l��;R2 ; �4:17�

b)

k jq2O11�� ; l�j � f kp; �n a
b
�� ;l��;R2 UClÿ1=2k f k

p; �n
a�p=2

b
�� ;l��;R2 : �4:18�

Theorem 4.8. Let T be an integral operator with the kernel R �

j`2
Oÿ `2

Sj, or R � jqkOij j, i; j; k � 1; 2, except jq2O11j; T : f 7! R � f , and let

1 < p < y. Then T is a well de®ned continuous operator:

L p�R2
; h

a�p=2
b �� ; l�� 7! L p�R2

; h
a�p=2ÿe

b �� ; l��a�

for ÿe�pÿ 1�=p < b < p=2ÿ 1=2� e�pÿ 1�=p, ÿp=2ÿ 1ÿ e=p < a� b < 3p=2ÿ

2� e, aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, ÿpÿ 1=2ÿ e=p < a < pÿ 3=2� e, 0 <

eU p=2

L p�R2
; n

a�p=2
b �� ; l�� 7! L p�R2

; n
a�p=2ÿe

b �� ; l��b�

for ÿe�pÿ 1�=p < b < p=2ÿ 1=2� e�pÿ 1�=p, ÿp=2ÿ 1ÿ e=p < a� b < 3p=2ÿ

2� e, aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, maxfÿpÿ 1=2ÿ e=p;ÿp=2ÿ 2� eg <

a < minfpÿ 3=2� e; 3p=2ÿ 2g, 0 < eU p=2.

Moreover we have for a, b speci®ed in a) and b), respectively

a)

k j`2
O�� ; l� ÿ `2

S���j � f k
p; �h

a�p=2ÿe

b
�� ;l��;R2 UCk f k

p; �h
a�p=2

b
�� ;l��;R2 ; �4:19�

k jqkOij�� ; l�j � f kp; �h a�p=2ÿe

b
�� ;l��;R2 UClÿ1k f k

p; �h
a�p=2

b
�� ;l��;R2 ; �4:20�
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b)

k j`2
O�� ; l� ÿ `2

S���j � f k
p; �n

a�p=2ÿe

b
�� ;l��;R2 UCle=pk f k

p; �n
a�p=2

b
�� ;l��;R2 ; �4:21�

k jqkOij�� ; l�j � f kp; �n a�p=2ÿe

b
�� ;l��;R2 UCle=pÿ1k f k

p; �n
a�p=2

b
�� ;l��;R2 : �4:22�

Proof of Theorem 4.3. We show only the case R � j`2
Oÿ `2

Sj; the other

case di¨ers only very slightly. We proceed similarly as in the case of Ly-

weighted estimates. Studying ®rst hab�� ; l� weights we show (4.5) for l � 1.

Applying the homogeneity properties of Oij�� ; l� we get (4.5) in the general

situation l0 1. Next, using the results from a) together with Lemma 3.2 we

show (4.7).

Let us denote

K�x; y� � R�xÿ y��h
a�p=2ÿe

b �x��1=p�h
a�p=2
b �y��ÿ1=p;

F �y� � f �y��h
a�p=2
b �y��1=p:

We easily observe that, in order to verify (4.5) with l � 1, it is su½cient to show

that there exists C > 0, independent of f, such that
�

R
3
K�� ; y�F �y� dy

















p

UCkFkp: �4:23�

Let L��� and M��� be non-negative functions de®ned on R
3 such that for all

x, y A R
3

J0�x� �

�

R
3
jK�x; y�jL�y�q dyUC qM�x�q; �4:24�

J1�y� :�

�

R
3
jK�x; y�jM�x�p dxUC pL�y�p; �4:25�

where C > 0, 1 < p < y and pÿ1 � qÿ1 � 1. Then relation (4.23) is satis®ed.

Indeed,
�

R
3
K�� ; y�F�y� dy

















p

p

U

�

R
3

�

R
3
jK�x; y�j jF�y�jpL�y�ÿp dy

� �1=p

J0�x�
1=q

( )p

dx

UC p

�

R
3
M�x�p

�

R
3
jK�x; y�j jF�y�jpL�y�ÿp dydx

� C p

�

R
3
jF �y�jpJ1�y�L�y�

ÿp dyUC 2pkFkp
p ;
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i.e. we get (4.23). We shall suppose the functions L���, M��� in the form L�x� �

M�x� � hÿA
ÿb=p2�x�, A A R

1. Denoting

a0 � qA� a=p� 1=2 a1 � pAÿ a=pÿ 1=2� e=p

b0 � b=�pÿ 1� b1 � 0
�4:26�

we get that in order to verify (4.24) we have to ®nd such a0 b0 that
�

R
3
R�xÿ y�hÿa0

ÿb0
�y� dyUCh

ÿa0�e=p
ÿb0

�x�

for all x A R
3 and in order to verify (4.25) we have to ®nd a1 such that

�

R
3
R�ÿxÿ y�hÿa1

0 �ÿx� dxUCh
ÿa1�e=p
0 �y�

for all y A R
3.

Applying Theorem 3.3 with f � hÿa0
ÿb0

��� we get for the ®rst inequality the

following set of conditions

ÿe=p < b0 < 1� e=p; a0 < b0 � 1� 2e=p; a0 � b�
0 > 0;

a0 � b0 < 3� e=p; a0 < 2� e=p;
�4:27�

while for the second inequality we directly apply Tab. 1 and Tab. 2 and get1

0 < a1 < 1� 2e=p; �4:28�

ai, bi de®ned in (4.26). The conditions on ai, bi can be satis®ed for some A A R
1

if we have for 0 < eU p: ÿe�pÿ 1�=p < b < pÿ 1� e�pÿ 1�=p, ÿp=2ÿ 1ÿ

e=p < a� b < 5p=2ÿ 3� e, aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, ÿ3p=2ÿ e=p <

a < 3p=2ÿ 2� e. Thus (4.5) is proved for l � 1.

Next let l0 1. As j`2
O�xÿ y; l� ÿ `2

S�x�j � l3j`2
O�l�xÿ y�; 1�ÿ

`2
S�lx�j we easily have

�

R
3

�

R
3
R�xÿ y; l� f �y� dy

�

�

�

�

�

�

�

�

p

h
a�p=2ÿe

b �x; l� dx

�

�

R
3

�

R
3
R�lxÿ z; 1� f �z=l� dz

�

�

�

�

�

�

�

�

p

h
a�p=2ÿe

b �lx; 1� dx

UClÿ3

�

R
3
f

z

l

� ��

�

�

�

�

�

�

�

p

h
a�p=2
b �z; 1� dz

� Clÿ2p

�

R
3
j f �y�jph

a�p=2
b �y; l� dy

and we have (4.5) with l0 1.

1The convolution on the left-hand side of (4.25) is again the same convolution as treated in

Section 3, but at the point ÿy.

Oseen kernels in weighted Lp spaces 99



In order to prove (4.7) we rede®ne functions K�� ; �� and F���:

K�x; y� � R�xÿ y��n
a�p=2ÿe

b �x��1=p�n
a�p=2
b �y��ÿ1=p;

F�y� � f �y��n
a�p=2
b �y��1=p:

We will now proceed as in the ®rst part of the proof, but now we search the

functions L���, M��� in the form L�x� � m
ÿA;ÿG

ÿb=p2
�x�, M�x� � m

ÿA;ÿH

ÿb=p2
�x�. De-

noting

c0 � qG � a=p� 1=2 c1 � pH ÿ a=pÿ 1=2� e=p

d0 � qH � a=p� 1=2ÿ e=p d1 � pG ÿ a=pÿ 1=2
�4:29�

we see that in order to verify (4.24) and (4.25) we have to ®nd such ai, bi see

(4.26), (4.27) and ci, di such that

�

R
3
R�xÿ y�mÿa0;ÿc0

ÿb0
�y� dyUCm

ÿa0�e=p;ÿd0
ÿb0

�x�; x A R
3nf0g

�

R
3
R�ÿxÿ y�mÿa1;ÿc1

0 �ÿx� dxUCm
ÿa1�e=p;ÿd1
0 �y�; y A R

3nf0g:

Recalling that jR�xÿ y�jUC0n
ÿ2
ÿ1�xÿ y; 1� we get from Lemma 3.2 the following

two possible sets of conditions for ci, di:

�i�

ci < 3

ci � 2 > 3

di V ci ÿ 1

�ii�
ci < 1

di V 0;

where in both cases i � 0; 1. Conditions for ai, bi are the same as in the ®rst

part of this proof. From the conditions �i� we get the following additional

condition

ÿp=2ÿ 3� e < a < 5p=2ÿ 3:

Case �ii� gives more restrictive conditions on a, no extension of the result. So,

(4.7) is proved in the case l � 1.

Finally to get (4.7) with l0 1 we proceed as in the case of the weights

hA
B �� ; l�. We have

�

R
3

�

R
3
R�xÿ y; l� f �y� dy

�

�

�

�

�

�

�

�

p

n
a�p=2ÿe

b �x; l� dx

� lÿaÿp=2�e

�

R
3

�

R
3
R�lxÿ z; 1� f �z=l� dz

�

�

�

�

�

�

�

�

p

n
a�p=2ÿe

b �lx; 1� dx
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UClÿaÿp=2�eÿ3

�

R
3
j f �z=l�jpn

a�p=2
b �z; 1� dz

� Cle

�

R
3
j f �y�jpn

a�p=2
b �y; l� dy

and we have (4.7) with l0 1. This completes our proof. r

5. Singular integrals.

The aim of this section is to present some results concerning L p-estimates of

certain singular operators and ®nally to apply them on the convolutions (de®ned

in the sense of principal value) of the type `P � f , `2
S � f and `2

O � f .

We shall use the idea of Farwig (see [2]). Before formulating the result from

[9] we need to de®ne some notation.

Definition 5.1. The weight w;wV 0 belongs to the Muckenhoupt class Ap,

1U p < �y if there is a constant C such that

sup
Q

�1=jQj�

�

Q

w�x� dx

� �

�1=jQj�

�

Q

w�x�ÿ1=�pÿ1�
dx

� �pÿ1
" #

UC < �y

sup
Q

�1=jQj�

�

Q

w�x� dxUCw�x0�; Ex0 A R
N

�5:1�

for p A �1;y� and p � 1, respectively. In the ®rst case, the supremum is taken

over all cubes Q in R
N , in the second case only over those cubes which contain x0;

jQj denotes the Lebesgue measure of Q. The constant does not depend on x0.

Remark 5.1. a) For p � 1, the condition �5:1�2 can be replaced by

Mw�x�UCw�x� for a:a: x A R
N �5:2�

where Mg�x� is the Hardy-Littlewood maximal function which is de®ned by the

left hand side in �5:1�2.

b) In (5.1) it is enough to take the supremum over all cubes with edges

parallel to an arbitrary chosen Cartesian system X.

To show this, let X be a Cartesian system in R
N and X 0 another one arising from

X by any rotation. Then we have

1

NN=2

1

jQ1j

�

Q1

w�x� dxU
1

jQ 0j

�

Q 0

w�x� dxU
NN=2

jQ2j

�

Q2

w�x� dx �5:3�

for any locally integrable function wV 0. In (5.3) Q 0 is a cube with edges

parallel to the axes of X 0, Q1 is the greatest cube with edges parallel to the axes
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of X such that Q1 HQ 0, and Q2 is the smallest cube with edges parallel to the

axes of X such that Q 0 HQ2.

Next part is devoted to the investigation under what condition the weights

de®ned in Section 1 belong to Ap for some 1U p < �y. First we recall several

general results:

Lemma 5.1. a) If w1;w2 A A1 then for any 1U p < �y the weight w1

w1w
1ÿp
2 A Ap.

b) If w1;w2 A Ap for some 1U p < �y then for any p A �0; 1�, wp 1wp
1w

1ÿp
2 A

Ap.

c) If w A Ap for some 1U p < �y then for any p A �0; 1�, wp A Ap.

Proof. It follows directly from the de®nition of Ap and in case b) from the

HoÈlder inequality. r

Definition 5.2. Let m be a non-negative Borel measure. We de®ne the

maximal function

Mm�x� � sup
Q

1

jQj

�
Q

dm�y� �5:4�

where the supremum is taken over all cubes Q such that x A Q. Analogously we

de®ne Mf �x� for f A L1
loc�R

N�, replacing dm�y� by j f j dy. (See also Remark 5.1

a) and b)).

The proof of the following lemma can be found in [15] (Theorems IX.5.5

and IX.3.4).

Lemma 5.2. a) If Mm is ®nite for a.a. x A R
N then, for any p A �0; 1�,

�Mm�p A A1.

b) Let w A A1. Then there exists a function f A L1
loc�R

N� such that w@

�Mf �p for some p A �0; 1�.

Using Lemma 5.2 we can easily show

Lemma 5.3. The weights jxjÿa
and �1� jxj�ÿa

satisfy the A1-condition on R
N

for each a A �0;N�.

Proof. We have that for m � d0 the maximal function Mm�x�@ jxjÿN

and so jxjÿNp
A A1, Ep A �0; 1�. Further, if we de®ne m�A� � jAVB1�0�j then

Mm�x�@ �1� jxj�ÿN and again Lemma 5.2 a) furnishes the result. r

Now we shall concentrate on the two-dimensional case. We have

Lemma 5.4. For b A �ÿ1; 1� and p A �0; 1� the function w
�2�
0 �x� �

�jxjbÿ1=2=�s�x�1=2��p, x A R
2 is a weight of the class A1 in R

2.
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Proof. Let b A �ÿ1; 1�. We de®ne the measure m by

m�A�1

�

A�

xb
1 dx1

where A� � fx1 A R; x1 > 0 : �x1; 0� A Ag for AHR
2, measurable. Evidently m is

a non-negative Borel measure on R
2. We shall show that Mm@ rbÿ1=2=s1=2; then

the assertion of the lemma follows from Lemma 5.2 a).

Let Qa be a closed square containing x with sides parallel to the axes (see

Remark 5.1 b)) with the side length a > jx2j, q�a� � m�Qa�=jQaj and jxj denoting

the maximum norm of x � �x1; x2� A R
2. We have to distinguish several cases:

A) Let x1 > 0, jx2jU x1 and b A �ÿ1; 0�. We ®rst consider squares Qa with

jx2jU aU x1 and Q�
a � �x1 ÿ a; x1�. Then we have

q�a� �
1

b� 1

xb�1
1 ÿ �x1 ÿ a�b�1

a2
�

1

b� 1
xbÿ1
1 j

a

x1

� �

with

j�y� �
1ÿ �1ÿ y�b�1

y2
jx2j

x1
U yU 1:

Let b < 0. Then j�0�� � �y, j�1� � 1, j
0�1ÿ� � y. It is possible to show

that the function j has exactly one local minimum on �0; 1� with a value less than

1. Therefore, there exists exactly one point yb A �0; 1� such that j�yb� � 1. If

jx2jU yb � x1 then j achieves its maximum on �jx2j=x1; 1� at the point jx2j=x1 and

maxfq�a�; jx2jU aU x1g � q�jx2j�@
xb
1

jx2j
@

rbÿ1=2

s1=2
:

If jx2j > yb � x1 then j is maximal at the point 1 what yields

maxfq�a�; jx2jU aU x1g � q�x1�@ xbÿ1
1 @

rb

jx2j
as x1 @ jx2j:

Now let us consider squares Qa with aV x1 and Q�
a � �0; a�. Then

q�a� �
abÿ1

b� 1

is strictly decreasing in aV x1. Therefore

maxfq�a�; x1 U ag �
xbÿ1
1

b� 1
U c

rb

jx2j
:

Combining this with the fact that s�x�@ jx2j
2=r we get
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Mm@
rbÿ1=2

s1=2
:

The case b � 0 is trivial.

B) Let x1 > 0, jx2j > x1, and b A �ÿ1; 0�. It su½ces to consider squares Qa

with aV jx 0j and Q�
a � �0; a�. But then obviously

maxfq�a�; aV jx2jg@ q�jx2j�@ jx2j
bÿ1

@
rbÿ1=2

s1=2
as s�x�@ jx2j@ r:

C) Let x1 > 0 and b A �0; 1�. It su½ces to consider only squares Qa such

that aV jx2j and Q�
a � �x1; x1 � a�. Therefore

q�a� �
1

b� 1

�x1 � a�b�1 ÿ xb�1
1

a2

and since q�a� is evidently decreasing, we get maxfq�a�; aV jx2jg � q�jx2j�.

Now, if jx2j < x1 then q�jx2j�@ xb
1=jx2j@ rbÿ1=2=s1=2. On the other side, if jx2j >

x1 then q�jx2j�@ jx2j
bÿ1

@ rbÿ1=2=s1=2.

D) Let x1 < 0. It su½ces to consider only squares Qa with aV

max�jx2j; jx1j� and Q�
a � �0; aÿ jx1j�. Then

q�a� �
jx1j

bÿ1

b� 1
j

a

jx1j

� �

with j�y� �
�yÿ 1�b�1

y2
:

The function j�y� vanishes at the point 1 and, if b < 1, at in®nity. Thus for

b < 1 there is a point yb > 1 such that j is maximal in yb for yV 1. If jx2jU

yb � jx1j then

maxfq�a� : aV jx2jg � q�yb � jx1j�@ xbÿ1
1 @

rbÿ1=2

s1=2
as s@ r for x1 < 0:

But if jx2j > yb � jx1j then

maxfq�a�; aV jx2jgF q�jx2j�@ jx2j
bÿ1

@
rbÿ1=2

s1=2
:

The case b � 1 is trivial since q is maximal for a ! y yielding

maxfq�a�; aV jx2jg@ 1@
r1=2

s1=2
: r

Using this result we can now show the following

Lemma 5.5. For b A �ÿ1; 1=2� and p A �0; 1� the function w
�2�
1 � �n

bÿ1=2
ÿ1=2 �p is a

weight of class A1 in R
2.
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Proof. We have to verify that �Mw
�2�
1 ��x�UCw

�2�
1 �x� a.e. in R

2. Let Qa

denotes, similarly as in the previous lemma, a closed square with sides parallel to

the axes, and with the side length a; R will be a su½ciently large constant. We

again distinguish several cases:

A) s�x�U 1, r � jxjVR

a) aU �1=2�r1=2

Then for all y A Qa we have that w
�2�
1 �y�@w

�2�
1 �x� and

�

Qa

w
�2�
1 �y� dyUCjQajw

�2�
1 �x�:

b) a � �1=2�r1=2�s, s A �0; 1=2�

Now Qa H fy A R
2
; j jyj ÿ rjU cr1=2�s

; s�y�U cr2sg and we may use

�

Qa

w
�2�
1 �y� dyUC

� r�cr1=2�s

rÿcr1=2�s

d%%1=2��bÿ1=2�p

�Cr2s

0

ds

s1=2�1� s�p

UCjQajr
�bÿ1=2�pÿsp

UCjQajw
�2�
1 �x�

as r � jxjVRg 1; s�x�U 1:

g� aV r=2

In this case Qa is contained in the ball B3a. We use the following
�

qBR

nÿa
ÿb dS@R1ÿa�R� 1�ÿmin�b;1=2� lnR; b � 1=2

1; b0 1=2

�

; R A �0;�y�:

So we get
�

St

w
�2�
1 dS@ t1��bÿ1=2�p�t� 1�ÿp=2; t A �0;�y�: �5:5�

This implies for ÿ1 < bU 1, RU rU 2a

�

B3a

w
�2�
1 �y� dS�y�UCjQaja

�bÿ1�p
UCjQajr

�bÿ1�p
UCjQajr

�bÿ1=2�p:

B) s�x�V 1, rVR

Because pV 0 we have

w
�2�
1 �x� �

rbÿ1=2

�1� s�1=2

 !p

U
rbÿ1=2

s1=2

� �p

� w
�2�
0 �x�:

Since w
�2�
0 A A1, we have

�

Qa

w
�2�
1 �y� dyUC

�

Qa

w
�2�
0 �y� dyUCjQajw

�2�
0 �x�:
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As s�x�V 1, we have w
�2�
0 �x�UCw

�2�
1 �x�.

C) rUR

a� If a=2UR then easily

�

Qa

w
�2�
1 �y� dyUCjQajw

�2�
1 �x�:

Here we use the condition bU 1=2 so w
�2�
1 V c 0 > 0.

b� If a=2 > R then Qa HB3a; using (5.5) we have

�

B3a

w
�2�
1 �y� dyUCjQaja

�bÿ1=2�p�1� a��ÿ1=2�p

UC1jQajr
�bÿ1=2�p�1� 2R��ÿ1=2�p

UC1jQajr
�bÿ1=2�p�1� s��ÿ1=2�p:

In the last two inequalities we used the conditions bU 1=2, a=2 >

RV r. r

Lemma 5.6. For b A �ÿ1; 1� and p A �0; 1� the function w
�2�
2 � �h

bÿ1=2
ÿ1=2 �p is a

weight of class A1 in R
2.

Proof. We proceed as in Lemma 5.5. The part A) remains the same. In

the part B) we use that for some C > 0

1�
1

r

� �bÿ1=2

U 1�
1

r

� �1=2

UC 1�
1

s

� �1=2

for all y A R
2 such that s�y�V 1, r�y�VR, if bU 1. In the part Ca) the condi-

tion w
�2�
2 VC > 0 for jxjUR is satis®ed without the necessity of the additional

condition bU 1=2 unlike in Lemma 5.5. In the part Cb) we proceed similarly as

in Lemma 5.5 but we use
�

St

w
�2�
2 dS@ t�t� 1�1��bÿ1�p; t A �0;�y�

instead of (5.5). Also here we do not need the condition bU 1=2. This is

why we get the Lemma 5.6 under less restrictive condition on b than in Lemma

5.5. r

Combining Lemmas 5.4, 5.5 and 5.6 with the properties of Muckenhoupt

classes Ap we can show the following

Theorem 5.1. Let ÿ1=2 < b < �1=2��pÿ 1�, ÿ2 < a� b < 2�pÿ 1�. Then

the weights ha
b �x� and sa

b �x� are Ap-weights in R
2 for p A �1;y�.
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Let ÿ1=2 < b < �1=2��pÿ 1�, ÿ2 < a� b < 2�pÿ 1�, ÿ2 < a < 2�pÿ 1�.

Then the weight nab �x� is Ap-weight in R
2 for p A �1;y�.

Now we shall concentrate on the three-dimensional case.

Lemma 5.7. For b A �ÿ1; 2� and p A �0; 1� the function w
�3�
0 �x� � �jxjbÿ1=

�s�x���p, x A R
3 is a weight of the class A1 in R

3.

The proof is analogous to the proof of Lemma 5.4. For the proof see

also [2].

Lemma 5.8. For b A �ÿ1; 1� and p A �0; 1� the function w
�3�
1 � �nbÿ1

ÿ1 �p is a

weight of class A1 in R
3.

The proof of the lemma is analogous to the proof of Lemma 5.6. But in

the part Ab) and Cb) the estimates are slightly less technical than in Lemma 5.6.

Lemma 5.9. For b A �ÿ1; 2� and p A �0; 1� the function w
�3�
2 � �hbÿ1

ÿ1 �p is a

weight of class A1 in R
3.

Proof. We proceed as in Lemma 5.5. Part A) remains the same. In part

B) we use the fact that for some C > 0

1�
1

r

� �bÿ1

U 1�
1

r

� �

UC 1�
1

s

� �

for all y A R
3 such that s�y�V 1, r�y�VR, if bU 2. In part Ca) the condition

w
�3�
2 VC > 0 for jxjUR is satis®ed without the necessity of any additional

condition on b. In part Cb) we proceed as in Lemma 5.5 but we use
�

St

w
�3�
2 dS@ t2�t� 1�1��bÿ2�p: r

Combining Lemmas 5.7, 5.8 and 5.9 with the properties of Muckenhoupt

classes Ap we can show the following

Theorem 5.2. Let ÿ1 < b < pÿ 1, ÿ3 < a� b < 3�pÿ 1�. Then the

weights ha
b �x� and sa

b �x� are Ap-weights in R
3 for p A �1;y�.

Let ÿ1 < b < pÿ 1, ÿ3 < a� b < 3�pÿ 1�, ÿ3 < a < 3�pÿ 1�. Then the

weight nab �x� is Ap-weight in R
3 for p A �1;y�.

In order to formulate the fundamental theorem used in this section we need

to de®ne the so called Ly-Dini condition. We will use the following notation in

the de®nition:

r-rotation of qB1�0� with magnitude jrj � supx A qB1�0�jrxÿ xj.

Definition 5.3. Let W be a function de®ned on qB1�0�, W A Ly�qB1�0��.

We say that function W satis®es the Ly-Dini condition (W A Ly-Dini) if
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�1

0

yy�d�
1

d
dd < �y; where yy�d� :� sup

jrj<d

kW�rx� ÿW�x�kLy�qB1�0��
:

Theorem 5.3. Let N A N , NV 2, W A Ly�qB1�0��, W A Ly-Dini,
�
qB1�0�

W dS

� 0, W is a positively homogeneous function of degree zero, R�x� :� W�x 0�=jxjN ,

x 0 � x=jxj. Let T be an operator with the kernel R, i.e. Tf �x� � �R � f ��x� in the

principal-value sense and w A Ap in R
N , p > 1. Then T is a continuous operator

Lp�RN
;w� 7! L p�RN

;w�.

For a proof of the theorem see [9].

Remark 5.2. The fact that R��� satis®es the conditions formulated in

Theorem 5.3 means that R��� represents a CalderoÂn-Zygmund singular integral

kernel. We will write in this case R��� A CZ. It is known that `2
S, `P A CZ

in both the two- and three-dimensional cases. The operator T in Theorem 5.3 is

in fact de®ned on Cy

0 �RN�; but the closure of Cy

0 �RN� in the L p�RN
;w� norm

coincides with L p�RN
;w� if w A Ap, see e.g. [16].

As the corollary of Theorem 5.3 we get

Corollary 5.1. Let N � 2; 3, R be either qiqjSrs or qiPr, i; j; r; s �

1; 2; . . .N and f A Lp�RN
;w�, where w stands for ha

b , s
a
b or nab with 1 < p < y and

let a; b be such that the corresponding weights are Ap-weights. Then v.p.

�R � f � A L p�RN
;w� and

kv:p:�R � f �kp; �w�;RN UCk f kp; �w�;RN :

We will now formulate two theorems about `P both of which follow from

Theorem 5.3.

Theorem 5.4. `P : f 7! `P � f de®nes continuous operators:

L p�R3
; h

a�p=2
b � 7! L p�R3

; h
a�p=2
b �a�

for 1 < p < y, ÿ1 < b < pÿ 1, ÿ3ÿ p=2 < a� b < 5p=2ÿ 3

Lp�R3
; n

a�p=2
b �� ; l�� 7! L p�R3

; n
a�p=2
b �b�

for 1 < p < y, ÿ1 < b < pÿ 1, ÿ3ÿ p=2 < a < 5p=2ÿ 3, ÿ3ÿ p=2 < a� b <

5p=2ÿ 3.

Theorem 5.5. `P : f 7! `P � f de®nes continuous operators:
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a)

L p�R2
; h

a�p=2
b � 7! L p�R2

; h
a�p=2
b � �5:6�

for 1 < p < y, ÿ1=2 < b < �1=2��pÿ 1�, ÿ2ÿ p=2 < a� b < 3p=2ÿ 2

b)

Lp�R2
; n

a�p=2
b �� ; l�� 7! L p�R2

; n
a�p=2
b � �5:7�

for 1 < p < y, ÿ1=2 < b < �1=2��pÿ 1�, ÿ2ÿ p=2 < a < 3p=2ÿ 2, ÿ2ÿ p=2 <

a� b < 3p=2ÿ 2.

The next two theorems follow from Theorems 4.3, 4.8, 5.1, 5.2 and

Corollary 5.1.

Theorem 5.6. Let T be an integral operator in the principal-value sense with

the kernel qkqlOij�� ; l�, i; j; k; l � 1; 2; 3, T : f 7! R � f and let 1 < p < y. Then

T is a well de®ned continuous operator:

L p�R3
; h

a�p=2
b �� ; l�� 7! L p�R3

; h
a�p=2ÿe

b �� ; l��a�

for maxfÿ1;ÿe�pÿ 1�=pg < b < pÿ 1, ÿp=2ÿ 1ÿ e=p < a� b < 5p=2ÿ 3,

aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, ÿ3p=2ÿ e=p < a < 3p=2ÿ 2� e, 0 < eU p

Lp�R3
; n

a�p=2
b �� ; l�� 7! L p�R3

; m
a�p=2ÿe;a�p=2
b �� ; l��b�

L p�R3nW; n
a�p=2
b �� ; l�� 7! L p�R3

; n
a�p=2ÿe

b �� ; l��

for maxfÿ1;ÿe�pÿ 1�=pg < b < pÿ 1, ÿp=2ÿ 1ÿ e=p < a� b < 5p=2ÿ 3, aÿ

b < p=2ÿ 1� e� e�pÿ 1�=p, maxfÿp=2ÿ 3;ÿ3p=2ÿ e=pg < a < minf5p=2ÿ 3;

3p=2ÿ 2� eg, 0 < eU p, WHR
3Ðan arbitrary domain, 0 A W.

Moreover, we have for a, b speci®ed in a) and b), respectively

a)

kv:p:�qkqlOij�� ; l� � f �kp; �h a�p=2ÿe

b
�� ;l��;R3 UCk f k

p; �h
a�p=2

b
�� ;l��;R3 ; �5:8�

b)

kv:p:�qkqlOij�� ; l� � f �kp; �n a�p=2ÿe

b
�� ;l��;R3 UCk f k

p; �m
a�p=2ÿe; a�p=2

b
�� ;l��;R3 �5:9�

kv:p:�qkqlOij�� ; l� � f �kp; �n a�p=2ÿe

b
�� ;l��;R3nW

UCle=pk f k
p; �n

a�p=2

b
�� ;l��;R3 : �5:10�

Theorem 5.7. Let T be an integral operator in the value-principal sense with

the kernel qkqlOij�� ; l�, i; j; k; l � 1; 2, T : f 7! R � f , and let 1 < p < y. Then T

is a well de®ned continuous operator:
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L p�R2
; h

a�p=2
b �� ; l�� 7! L p�R2

; h
a�p=2ÿe

b �� ; l��a�

for maxfÿ1=2;ÿe�pÿ 1�=pg < b < p=2ÿ 1=2, ÿp=2ÿ 1ÿ e=p < a� b < 3p=2ÿ

2, aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, ÿpÿ 1=2ÿ e=p < a < pÿ 3=2� e, 0 < eU

p=2

Lp�R2
; n

a�p=2
b �� ; l�� 7! L p�R2

; m
a�p=2ÿe;a�p=2
b �� ; l��b�

L p�R2nW; n
a�p=2
b �� ; l�� 7! L p�R2

; n
a�p=2ÿe

b �� ; l��

for maxfÿ1=2;ÿe�pÿ 1�=pg < b < p=2ÿ 1=2, ÿp=2ÿ 1ÿ e=p < a� b < 3p=2ÿ

2, aÿ b < p=2ÿ 1� e� e�pÿ 1�=p, maxfÿp=2ÿ 2;ÿpÿ 1=2ÿ e=pg < a <

minf3p=2ÿ 2; pÿ 3=2� eg, 0 < eU p=2, WHR
2Ðan arbitrary domain, 0 A W.

Moreover, we have for a, b speci®ed in a) and b), respectively

a)

kv:p:�qkqlOij�� ; l� � f �kp; �h a�p=2ÿe

b
�� ;l��;R2 UCk f k

p; �h
a�p=2

b
�� ;l��;R2 ; �5:11�

b)

kv:p:�qkqlOij�� ; l� � f �kp; �n a�p=2ÿe

b
�� ;l��;R2 UCk f k

p; �m
a�p=2ÿe; a�p=2

b
�� ;l��;R2 ; �5:12�

kv:p:�qkqlOij�� ; l� � f �kp; �n a�p=2ÿe

b
�� ;l��;R2nW

UCle=pk f k
p; �n

a�p=2

b
�� ;l��;R2 : �5:13�
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