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Abstract. We consider quasilinear strongly resonant problems with discontinuous
right hand side. To develop an existence theory we pass to a multivalued problem by,
roughly speaking, filling in the gaps at the discontinuity points. We prove the existence
of at least three nontrivial solutions. Our approach uses the nonsmooth critical point
theory for locally Lipschitz functionals due to Chang and a generalized version of the
Ekeland variational principle. At the end of the paper we also show that the non-
smooth (PS)-condition implies the coercivity of the functional, extending this way a well
known result of the “smooth” case.

1. Introduction.

In two recent papers we studied quasilinear elliptic problems at resonance and
near resonance with discontinuous right hand side (see Kourogenis-Papageorgiou
18], [19]). In the first paper we investigated the resonant problem and using
a variational approach, we proved the existence of a nontrivial solution. In the
second paper [19], we considered problems near resonance with the parameter 1
approaching from the left the first eigenvalue /; of the p-Laplacian. For such
problems we proved the existence of at least three nontrivial solutions. At the
end of that paper we mentioned as an open problem the existence of multiple
nontrivial solutions for the resonant equation. The aim of this work is to give a
solution to this open problem. Contrary to what we had in the first paper, here
we assume that the potential function F(z,x) = [; f(z,r)dr has a finite limit for
almost all z e Z as x — +oo. In this respect our work is similar to that of Thews
[23], Bartolo-Benci-Fortunato and Ward [25]. In Bartolo-Benci-Fortunato
this case was termed ‘‘strongly resonant”. The case where lim,_ 4 ., F(z,x) is
infinite for all z € E; with |E4| > 0 (here by | - | we denote the Lebesgue measure
on R") was considered by Ahmad-Lazer-Paul and Rabinowitz [21] while a
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mixed situation with lim,_,, F(x) =0 and lim,__., F(x) = +o0 was studied by
Costa-Silva [13]. All the aforementioned works deal with semilinear equations
which have a continuous right hand side and prove the existence of one nontrivial
solution. Multiple solutions for semilinear resonant problems with a continuous
f, were proved by Ahmad [2], Goncalves-Miyagaki [14], and Landesman-
Robinson-Rumbos [17]. The first multiplicity result for the quasilinear resonant
problem was obtained recently by Alves-Carriao-Miyagaki [4], who studied an
equation with the p-Laplacian and a continuous right hand side. To our
knowledge, our theorem is the first multiplicity result for strongly resonant
quasilinear problems with discontinuities. We hope that our work here will
motivate further research on the problem which will improve our result by
relaxing some of our hypotheses and by obtaining new multiplicity results.
Our approach combines the critical point theory for nonsmooth locally
Lipschitz functionals due to Chang with a recently obtained extension of the
Ekeland variational principle due to Zhong [26]. We make use of a weak form
of the nonsmooth Palais-Smale condition, originally due to (for smooth
problems) which has been exploited by Bartolo-Benci-Fortunato (again in
the context of smooth problems). We show that the quasilinear discontinuous
resonant problem has at least three nontrivial solutions. Concerning the usual
nonsmooth Palais-Smale condition, introduced by Chang [I1], at the end of the
paper we show that it implies the coercivity of the functionals, extending this way
to the present nonsmooth setting a result well-known in the “smooth” context.

2. Preliminaries.

Let X be a Banach space and X* its topological dual. A function
f: X — R i1s said to be “locally Lipschitz”’, if for every x € X there exists a
neighbourhood U of x and a constant k >0 depending on U such that
|f(z) = f(y)] <kl|z—y| for all z,y e U. From convex analysis we know that
a proper, convex and lower semicontinuous function ¢g:X — R= RU{+x}
is locally Lipschitz in the interior of its effective domain domg =
{xe X :g(x) <+o0}. For a locally Lipschitz f, we define the “generalized
directional derivative” at x € X in the direction 7€ X by

Py i L) S )

x'—x A
A10

It is easy to check that i — f°(x;h) is sublinear, continuous (in fact
|/%(x; h)| < k|||, hence f°(x;-) is Lipschitz continuous). So from the Hahn-
Banach theorem, we know that f°(x;-) is the support function of a nonempty,
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convex and w*-compact set defined by
Of(x) ={x* e X*: (x*,h) < f°(x;h) for all he X}.

The set 0f(x) is called the “generalized (or Clarke) subdifferential” of f(-) at
x. If f,g: X — R are locally Lipschitz functions, then d(f + g)(x) < df(x) +
dg(x) and d(Af)(x) = Adf(x) for all 1e R. Moreover, if f: X — R is also
convex, then the generalized subdifferential and the subdifferential in the sense of
convex analysis coincide. If f is strictly differentiable at x (in particular if f is
continuously Gateaux differentiable at x), then df(x) = {/'(x)}. A point xe X
is a “critical point” of fif 0 € 0f(x). It is easy to see that if x e X is a local
minimum or maximum, then 0 € df(x). For details we refer to Clarke [12].

It is well-known that the classical critical point theory for smooth functions,
uses a compactness condition known as the “Palais-Smale condition” ((PS)-
condition). In the present nonsmooth context this condition takes the following
form: We say that f satisfies the “nonsmooth (PS)-condition”, if any sequence
{xn},>1 € X along which {f(x,)},.; is bounded and m(x,) = min{||x*|| : x* €
0f (x,)} =50, has a strongly convergent subsequence. If f € C'(X), then since
df(x,) = {f"(x,)}, we see that the above definition coincides with the classical
(PS)-condition (see Rabinowitz [21]).

A weaker form of the Palais-Smale condition was introduced for smooth
functions by Cerami [10]. Cerami’s condition for a locally Lipschitz functional
R: X — R in the present nonsmooth setting has the following form: ‘“Any
sequence {x,},.; € X such that |R(x,)| < M, n > 1, and (1 + ||x,[|)m(x,) == 0,
has a strongly convergent subsequence”. We call this condition “nonsmooth C-
condition”. It was proved in the smooth case by Bartolo-Benci-Fortunato
(theorem 1.3), that this weaker compactness condition suffices in order to have
the deformation theorem and from that derive minimax principles. The same
can be done in the nonsmooth case, where we can obtain the deformation
theorem of Chang (theorem 3.1), by simple modifications of the proof of
Bartolo-Benci-Fortunato |8] based on lemmata 3.1 — 3.4 of Chang and then
have the nonsmooth minimax principles. An alternative approach, avoiding the
deformation theorem, can be based in the recent generalization of the Ekeland
variational principle due to Zhong (see also theorem 2 below). Evidently the
nonsmooth (PS)-condition implies the nonsmooth C-condition. We say that a
locally Lipschitz functional R: X — R satisfies the “nonsmooth C-condition at
level ¢” (resp. the “nonsmooth (PS)-condition at level ¢”), if any sequence
{(Xu},21 € X satisfying  R(x,) == ¢ and (1 + |x)m(x,) =50 (resp.
m(x,) =5 0) has a convergent subsequence. If these are true for every c € R,
then we have the previously introduced “global” definitions.
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The next theorem is due to Chang and extends to a nonsmooth setting
the well-known ‘“Mountain Pass Theorem™ due to Ambrosetti-Rabinowitz [5].

THEOREM 1. If X is a reflexive Banach space, R : X — R is locally Lipschitz,
there exist yeX and r>0 with ||y|>r such that max{R(0),R(y)} <
inf[R(x) : ||x|| = 7], ¢ = infr maxg<,<1 R(y(?)) where I' = {y e C([0,1],X) : y(0) =
0,9(1) =y} and R(-) satisfies the nonsmooth C-condition at level c, then
¢ > Inf[R(x) : ||x|| = r] and there exists x € X such that 0 € 0R(x), R(x) = c.

Let Z< RY be a bounded domain. Consider the following nonlinear
eigenvalue problem

{ —div(||Dx(2)||P2Dx(z)) = Alx(z)["*x(z) a.e. on z} "

X‘FZO.

The least real number for which problem (1) has a nontrivial solution, is the first
eigenvalue of the negative p-Laplacian —4,x = —div(||Dx]|” ~2Dx) with Dirichlet
boundary conditions (i.e. of (—4,, WO1 ?(Z))) and is denoted by A;. This first
eigenvalue /; is positive, isolated and simple (i.e. the associated eigenfunctions are
constant multiples of each other). Moreover, we have the following variational
characterization of 4; > 0 via a Rayleigh quotient, namely

Dx||?
A1 = min | ”p'

L xe Wy (Z),x #0|. (2)
[B

This minimum is realized at the normalized eigenfunction u;. Note that if
u; minimizes the Rayleigh quotient, then so does |u;| and so we infer that the first
eigenfuction u; does not change sign on Z. In fact we can show that u; # 0 a.e.
on Z and so we may assume that u;(z) >0 a.e. on Z (note that when the
boundary of Z is smooth, by nonlinear elliptic regularity theory, u e C,ﬂ’f (Z),
0 < < 1; see Tolksdorf [24]). The first work on the properties of A; when
Z < RV is a bounded domain of Holder class C*¢ was obtained by Anane [6].
His result was extended to general bounded domains by Lindqvist [20].

The Ljusternik-Schnirelmann theory gives, in addition to 4;, a whole strictly
increasing sequence of positive real numbers 0 < 4} < 4p < A3 < -+ < Ax < --- for
which there exist nontrivial solutions of the nonlinear eigenvalue problem (1).
In other words the spectrum a(—4,) of (—4,, WO1 ?(Z)) contains at least these
points {/x};~;. Nothing is known about the possible existence of other points
in o(—4,) € [A1,0) € R;. However, if X = {(u;) = Ru; and V is a topological
complement (i.e. WO1 P(Z)=X @ V), then because 1; >0 is isolated we have
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- . |IDofly
Aoy =Inf |——:veV,v#0

> /11,22 = Sup/izy. (3)
ol %

Concerning J» we have the important recent work of Anane-Tsouli [7], who
proved that 4, is the second eigenvalue of (=4,, W}r(Z)). Finally let us recall
the following generalization of the Ekeland variational principle due to Zhong
which we will need in the sequel.

THEOREM 2. If h: R, — R, is a continuous nondecreasing function such that
Joo /(L4 h(r))dr = 400,(Y,d) is a complete metric space, xg€ Y is fixed, ¢ :
Y - R=RU{+o0} is a lower semicontinuous function not identically +oo which
is bounded from below, then for any given 4 >0, ¢ >0 and ye Y such that
#(y) <infyp+e¢, we can find x€ Y such that

(a) 4(x) < h(»);

(b) ¢(x) < d(u) 4—/1 ‘ d(u,x) for all ueY; and

1+ h(d(x0, ) _
d(y,xo)+7 1

(¢) d(x,xy) <d(y,xo) + 7, where ¥ > 0 is such that Jd(%xo) 500 dr > J.

RemARK. If A(r) =0 and xy =y, then we recover Ekeland’s variational
principle (see for example Hu-Papageorgiou [16]).

Now we are ready to start studying our problem. So let Z < R"Y be a
bounded domain with a C'-boundary I. We consider the following quasilinear
resonant problem:

—div(|Dx(2)||”2Dx(2)) — M |x(2)|"%x(z) = f(z,x(z)) ae. on
{d(D() Dx(z)) = |x(2)[" “x(z) = f(z,x(2)) Z} @

xr=0,2<p<oo.

We do not assume that f(z,-) is continuous and so problem (4) need not
have a solution. To be able to develop a reasonable existence theory, we pass
to a multivalued version of (4) by, roughly speaking, filling in the gaps at the
discontinuity points of f(z,-). More precisely we introduce the following two
functions:

fi(z,x) = lim f(z,x") = lim essinf f(z,x")

o 510 |x/—x|<d
and

f(z,x) = lim f(z,x") = limesssup f(z,x').

x'—=x 010 |x/—x|<0
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Using them we define the multifunction f(z,x) ={yeR: fi(z,x) < y <
f>(z,x)}. Then instead of (4) we study the following quasilinear resonant elliptic
inclusion:

{ —div(||Dx(2)||? 2Dx(z)) — M|x(2)]” x(z) € f(z,x(2)) a.e. on z}

X|r:O,2§p<OO.

(5)

By a solution of (5) we mean a function xe WO1 ’(Z) such that
div(||Dx() "> Dx()) € L(Z) and  —div(|Dx(2)[">Dx(z)) — |x(z) [P x(z) =
u(z) a.e. on Z with ue LY(Z), fi(z,x(z)) <u(z) < f5(z,x(z)) ae. Z. We will
show that (5) has at least three distinct nontrivial solutions. For this purpose we
introduce the following hypotheses on f(z, x).

H(f): f:ZxR— R is a measurable function such that

(i) fy,f, are N-measurable functions (i.e. for every x : Z — R measurable
function, z — f(z,x(z)) and z — f,(z,x(z)) are measurable functions; super-
positional measurability);

a(z) for almost all ze Z, all x <0
ar(z) + eo|x|”" for almost all ze Z, all x > 0,

) 1/ < {

where aj,ay € L*(Z), ¢ >0 and 1 <o < p*, p* = Np/(N — p);

(iii) there exist Fy € L'(Z) such that F(z,x) =—5 F_(z) and F(z,x) —5
F,(z) uniformly for almost all z € Z;

(iv) for almost all ze Z and all xe R, pF(z,x) < (jo — A1)|x|";

(v) there exist constants #,7 >0 such that for almost all ze Z and all
x>75 >0 we have (xu* — pF(z,x))/|u*]"™/" >y > 0 for all u* € f(z, x) and with
1 <r<p*—1. Further if {x,},., WOLI’(Z) is such that |x,(z)] —> oo a.e.
on Z, then [, fi(z,%,(2))x(z) dz =5 0 for i =1,2;

(vi) lx%(pF(Z’ x))/|x|” < —2; uniformly for almost all z € Z;

X—00

(vii) there exist ¢_<0<¢. such that [, F(z,¢ u(z))dz>0 and
|, F(z,¢ u(2))dz > [, Fy (z)dz.

REMARK. Hypothesis H(f)(i) is satisfied if f is independent of ze Z or if
for almost all z € Z, f(z,-) is monotone nondecreasing. Indeed, in the first case
the N-measurability of f; and f, follows from the fact that f; is lower semi-
continuous, while f, is upper semicontinuous. In the second case note that
fi(z,x) =lim,_ f(z,x —1/n) and f,(z,x) =1lim,_ f(z,x+ 1/n), hence both
functions f; and f, are measurable, thus N-measurable too. Hypothesis H(f)(iii)
is the “strong resonance” condition since for almost all ze Z, F, are finite.
Evidently by virtue of hypothesis H(f)(vi), the growth condition imposed in
H(f)(iv) is automatically satisfied in a neighbourhood of zero. Note that hy-
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pothesis H(f)(iv) is analogous to hypothesis H,, of Goncalves-Miyagaki and
hypothesis (gs) of Costa-Silva [13]. The first part of hypothesis H(f)(v) is a
variant of the well-known Ambrosetti-Rabinowitz condition (see Ambrosetti-
Rabinowitz [5] or Rabinowitz [21]). It is consistent with hypotheses H(f)(ii),
(iii) and (iv) and it implies that for x >#n >0, F(x)<0. If for i=1,2,
fi(z, x)xm 0 uniformly for all z € Z, the second part of hypothesis H(f)(v)
is satisfied. Because of hypothesis H(f)(vii), we do not need the second part
of hypothesis H(f)(v) for the proof of the existence of two solutions. Hypothesis
H(f)(vi) is needed in order to be able to apply theorem 1 and have a third
nontrivial solution. Without it we can not guarantee that the third solution

(which in this case is obtained via the Mountain Pass theorem) is nontrivial.

3. Auxiliary results.

Let R: WO1 ?(Z) — R be the energy functional defined by

1 Al
R(x) = = ||Dx||! — = xp—J F(z,x(2)) dz.
() pll [ pll I ; (2,x(2))

Because of hypothesis H(f)(iii) and since WOI’[7 (Z) is embedded continuously
in L?(Z) (Sobolev embedding theorem), from Chang we have that R(-) is
locally Lipschitz. In this section we prove a series of auxiliary results which
determine the properties of R(-).

ProposITION 3. If hypotheses H(f) hold, then R(-) is bounded below.

Proor. Using hypothesis H(f)(iii), we can find M > 0 such that for almost
all ze Z we have

|F(z,x) — F_(z)] <1 for all x< —-M and
|F(z,x) — Fi(x)| <1 for all x> M.
Also by virtue of H(f)(ii), we see that for almost all ze Z and all |x| < M,
|F(z,x)| <a(z) with ae L*(Z). Then for every x e WOI’*”(Z) we have

1 A
R(x) = L [Dxfl? = 2L a2 — J Flz,x(2)) d=
p Poop 7 e emy

F(z,x(z))dz — J F(z,x(z))dz

J {x(z)<—M} {x(z)>M}

> —|a|l, = [|F-|l; = [|1F¢ll, —2|Z].
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Recall that WOL” (Z)=X®V with X =<u;)=Ru; and V a topological
complement. ]

PrROPOSITION 4. If hypotheses H(f) hold, then Ry, > 0.
Proor. Using hypothesis H(f)(iv) and (3), for every ve V' we have

1 A
Rv:—Dvp——vp—JFz,vz dz
(v) p|| I p||||p Z( (2))

1 A | A

> 1;||DU||5 —;HUH,’; —];(/12 —)|oll}
1 i] | ll

> —||Dv||? — =|]v||¥ —=||Dv||Z +=|v||¥ =0 []
p|| Iy ) ] p|| Iy ) 0]l

Recalling that |[Duy]) = Zi[jur]|; (see section 2) and using hypothesis
H(f)(vii), we have:

PROPOSITION 5. If hypotheses H(f) hold, then R({iup) <O.

PROPOSITION 6. If hypotheses H(f) hold, then R(-) satisfies the nonsmooth
C-condition at level ¢ # — [, Fy (z) dz.

ProOF. Let {x,},5; S WO1 ?(Z) be a sequence such that R(x,) —— ¢, ¢ #
—J; Fi(2)dz and (1 + [|xa|ly ,)m(x,) "% 0 where for every x € W, ”(Z), m(x) =
inf{||x*|| : x* € OR(x)} (see section 2). Let x;e dR(x,), n>1, be such that
|x¥|| = m(x,). Its existence follows from the fact that 0R(x,) is weakly compact
in W~14(Z) and from the weak lower semicontinuity of the norm functional.
Since x; € 0R(x,), we have

x, =A(x,) — WJ(xy) —u,, nx>1,

where A: W, ?(Z) — W 4(Z)(1/p+1/g=1) is defined by <(A(x),y)=
I7 I1Dx(z) II” 2(DX( ) Dy( Dy dz,  Ta)() = O () and  uy € (),
where y(x) = [, F( )) dz for all x e W P(Z). Note that by ¢, > we denote
the duallty brackets for the pair (WO1 P (Z), w-14(Z)). From Chang we
know that fi(z,x,(z)) <u)(z) < f5(z,x4(z)) a.e. on Z. Also it is easy to
check that A4 is monotone, demicontinuous, hence maximal monotone (see Hu-

Papageorgiou [16]).
CLAM. {x,},»; € W, (Z) is bounded.

Suppose not. Then by passing to a subsequence if necessary, we may
assume that |x,|| —> oo, ||xu|| #0 for all > 1. From the choice of the
sequence {x,},.;, we have
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PR(x,) = |IDx,||] — Aallxall) — pib(xa) < pMy,  for some M; >0 (6)
and [{x,,x,)| <&, with ¢, | 0. (7)
From (7) we have
A 50>+ 21T (60), %)+ (0 Xn) <

where by (-,-),, we denote the duality brackets for the pair (LY(Z), L?(Z)),
1/p+1/g=1 and by (-,-),., the duality brackets for the pair (L7 (Z),L°(Z)),
1/o+1/c’ =1. Note that by the Sobolev embedding theorem W7’ (Z) is
embedded continuously in L?(Z) and in L°(Z), hence x, € L?(Z) N L°(Z) for all
n>1, while J(x,) € LY(Z) and u* e L° (Z) (see hypothesis H(f)(iii)). So we
have

—_

—~
oo
~—

~IDs g + bl + | @ (e) dz <o
Adding (6) and (8), we obtain
—p(x,) + JZ u,(z)x,(z)dz < pMy 4¢3 for some c3 > 0,
= | ) - pPEmE)
{2 <0}
b EENE PPN E< M e O)
Because of hypothesis H(f)(ii) we have

< caf|xully , for some cq > 0. (10)

j (12 (2)5a(2) — PF (2, 3%:(2))) d
{x,<0}
Using (10) in (9) we obtain

L }(u;‘(z)xn(z) — pF(z,x,(2)))dz < ¢5s + C4||xn||17p (with ¢s = pM, + ¢3).
X, >0

Dividing with ||xn||1+1/ ', we have
u, (2)xn(2) — pF (2, xa(2)) cs ¢4
1+1/r dz < 1+1/r 1/r
(%20} 1%l bl

: . F(z,x,
S e ) (i)
"= ), 20} [l
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Note that in concluding the last equality (and not only the inequality < 0),
we have used hypothesis H(f)(v). Also from the same hypothesis, we see that for
almost all ze Z, if x,(z) ># >0, then u'(z) #0. So we can write that

[ tionl) o pranG) ,
{0<xi}

1+1
Il 5"

_ 4 (2)3n(2) = PF(2,3%(2))
LOSMM [ n||1+1/r

! (2)x,(2) = pF(z,x,(2) | (2)]

+LMM} u (z)] lxall 577

Because of hypothesis H(f)(ii)) we have for some c¢s > 0

Un(z)x (”) ||£I1;;EZ Xn(Z)) dZ < || Cﬁl/’ n—oo O (12)
X

J{OSXn<7]}

Uy (2)%(2) = PF(Z,%0(2)) s (D) e

1+1 1+1
s (2)] Il 5"

jj 0 (from (11) and (12)),
{xn =1}

(@) e .
= FyE dz 0 (see hypothesis H(f)(v)).
foazn} (Xl

Moreover, using once again hypotheses H(f)(ii) and the fact that
fi(z,x0(2)) <ui(z) < f5(z,x4(2)) a.e. on Z, we have

* 1+1/r
J un ()| nen

=z [|xall

Finally since |u)(z)| < a;(z) a.e. on {x, < 0} and a; € L*(Z) (see hypothesis
H(f)(i1)), we have

* 1+1/r 1+1/r
J 45 (2)] W<J a@ e

Z
<0 [lxally 5" [0} lxally 5" ’
N R vA)
xally

If0=1+1/r,then @ =r+1<p*, (1/0+1/0"=1), and so by the Sobolev
embedding theorem we have that WO1 ?(Z) is embedded continuously in LY (Z),
hence LV(Z) = LV (Z) is embedded continuously in W~14(Z) = Wy’(Z)*. So

n— o0

u /]|xn]|1p—>0 in W-14(7).
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Let y, = x,,/HanLP, n>1. Since \|yn||17p =1, n > 1, by passing to a subse-
quence if necessary, we may assume that y, — y in WO1 2Z), y, — yin LP(Z)
(because WO1 (Z) is embedded compactly in L?(Z)), y, — y in L% (Z) (because
Wol’p(Z) is embedded continuously in L? (Z)), y,(z) — y(z) a.e. on Z as n — oo
and |y,(z)| < h(z) a.e. on Z with he L?(Z).

Recall that m(x,) — 0 and so

<A(xn)7yn - y> - il(J(xn)ayn - y)pq - <u:7yn - y> < SI’LHyn - y||1,p7n > 1.

Dividing by [x,[|{,' we obtain

<A(yn)7yny>/11(‘](yn)ayny)pq< ) p2> || ”p 1||yn y”lp

Rl Tl

n— oo

We know that u;/|[x,||; , — 0 in w-! (Z), so Suy /N xully ps (v = »)/
||xn|\ 7p 7% 0. Moreover, (J(»,)s ¥y — y)pq 7% 0. Thus finally we have

But A being maximal monotone, is generalized pseudomonotone (see for
example Hu-Papageorgiou [16], definition II1.6.2 and remark IIL.6.3, p. 365). So
we have

A(y,) = A(y) in W h9(Z) as n —

and CA(yy), yu? = <A), 7 = [ Dyull, — [ Dy]],.
Since Dy, — Dy in L? (Z,RM) and the latter is uniformly convex, from the

Kadec-Klee property we infer that Dy, — Dy in LP(Z,R"), hence y, — y in
wlr(Z) and so I¥ll,, =1; ie. y#0 (an alternative proof of this can be based
on the continuity of A71).
Again from the choice of the sequence {x,},.;, we have that for every
L,p -
ue Wy (Z)

|<A(xn),u> — (I (xn), 1), — JZ u, (2)u(z) dz| < &yl[ul]; ,-
Dividing by Hx,1||57;1 we obtain
u,(z) u(z)
A(y,),u> —21(J(y,),u —J 2
N Pl W o ol o o R e L

= (A(y),uy = M (J(y),u),, for all ue Wy'(Z)

S J 1Dy () |7~ (Dy(z), Du(z)) g dz
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- AIJ y@)P 2 y(@)uz)dz for all ue WP (Z)
Z
= <_le(||Dy||P72Dy)7l/I> = /11(|y|17*2y’u)pq for all ue WOLP(Z)

(note that div(||Dy||” 2Dy) € W14(Z); recall the representation theorem for the
elements in W~"4(Z) = W, ?(Z)*, see example Adams [T], theorem 3.10, p. 50).
So we infer

{ —div(|Dy(2)[|"?Dy(2)) = 4|y(z)/"p(z) ae. on Z }
Yir = 0

=y = tu.

Suppose without any loss of generality that y = u; (the proof for the case
y = —uy is similar).  Since u;(z) > 0 for all z € Z, we have that x,(z) —— o a.e.
on Z. Recall that

|<x;,xn>| <& (See (7))7
= 0 < )Y~ AU )%y~ | N E <
VA4

= —&n < |Dxul] — Aullxall) - L w(z)x,(z) dz < g

By virtue of hypothesis H(f)(v) we have that [, u’(z)x,(z)dz =5 0. So we
infer that || D[]} — Z1][x,|) "2%0. From the choice of the sequence {X,},s E
Wol’p(Z) we have that R(x,,) % ¢. So given & >0 we can find ny = ny(e) >
such that for n > ny we have

c—e¢<R(x,) <c+e
1 p p
= c¢—¢& < —|[Dx, ——|| all, = | Fz,x(2)dz < c+e
4 z
Passing to the limit as n — oo we obtain
c—e< —J Fi(z)dz<c+e.
z

Let ¢ | 0 to conclude that ¢ = —[, F,(z)dz, a contradiction. This proves
the claim.

Because of the claim and by passing to a subsequence if necessary, we may
assume that x, — x in Wol’p(Z) as n— oo. Also since f(z,x,(2)) <u'(z) <
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f>(z,x4(z)) a.e. on Z, by virtue of hypothesis H(f)(ii) we have that {u;},., <
L°(Z) is bounded. Therefore

CA(Xn), X = x) = Xy, X0 = X = (T (Xn), X0 = X) = (U Xn = X) 1
= lim{A4(x,), x, — x> = 0.
But A4 being maximal monotone, is generalized pseudomonotone (see Hu-
Papageorgiou [16], definition II1.6.2 and remark II1.6.3, p. 365). So we have

n—o0 n—oo

CA(Xn), X ) —— {A(x),x) = || Dx,||, — || Dx]| . On the other hand we know
that Dx, — Dx in L?(Z,R") and L?(Z, R") has the Kadec-Klee property (being
uniformly convex). So Dx, —— Dx in L?(Z, R"), hence x, —= x in WOI”’(Z).

[

The next proposition will allow the use of theorem 1 (see also proposition 3
of Kourogenis-Papageorgiou [18]).

PrOPOSITION 7. If hypotheses H(f) hold, then we can find f,[, >0 and
p<v<p* such that R(x) = p||x||{ , — Ballx|ly , for all x e Wyl (Z).

Proor. By virtue of hypothesis H(f)(vi) we can find u < —4; and J >0
such that for almost all ze Z and all |x| <J, we have

1
F(z,x) < —ulx|’.
(z,x) 5 | x]

On the other hand from hypothesis H(f)(ii) we have

|F(z,x)| < a3(2)|x| +%\x|“ a.e. on Z for all xeR,

with a3(z) = max{a,(z),a2(z)} € L*(Z).
Therefore we can find y > 0 large enough and p < v < p* such that the
inequality

1
F(z,x) < —u|x|” +y|x|" a.e. on Z, for all xeR
P

holds.
Then for every x e W, ”(Z) we have

1 A
Rx:—Dxp——xp—JFz,xz dz
(x) p|| I p|| I Z( (2))

1 A 1
> —||Dx||f — = ||x||Z = =pllx||Z2 = || x]l)
D[], pH [ 5 Ix[l, = 7llx
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1 |
> —||Dx||F — = (A1 + w)l|x||? = ylx]l,
p|| I p( )Ixll = vl

1/ wu
> — [ - || Dx]|? - .
> 2 (- £) hoxlf - i

Note that (1/p)(—u/41) =p; >0. From Poincaré’s inequality and since
WO1 P(z) is continuously embedded in L"(Z) (recall that v < p*), we can find
p1,B> >0 such that

b

R(x) > B[l , = B,lIx|l}, for all xe Wy (Z). 0

4. Multiplicity result.

Now we have the necessary tools to state and prove a multiplicity theorem
for problem (5).

THEOREM 8. If hypotheses H(f) hold, then problem (5) has at least three
nontrivial solutions.

ProOF. Let U* ={xe W, "(Z):x=+m +uv,t>0veV}. We will
show that R(-) attains its infimum on both open sets Ut and U~. To this end
let m; =inf[R(x):xe U] =inf[R(x):xe U] (since R(-) is locally Lip-
schitz). Let

R(x) = .
+o00  otherwise.

= {R(x) if xeU"
Evidently R(-) is a lower semicontinuous function which is bounded below
(see proposition 3). Apply theorem 2 with xg = 0, h(r) =r, ¢ = &2, where ¢, | 0
and A =g¢, Then noting propositions 4 and 5, we can produce a sequence
{xn},>; € U" such that R(x,) | m; (minimizing sequence) and

— — &n 1,
R(x}’l) < R(U) + m ”xn — u”Lp fOI‘ all uec WO p(Z)
&n —= —
= — 7 1% —ully, < R(u) — R(xa).

(1 +Ixally, ) by

Let u=x,+tw, with t >0 and w e WOI’*”(Z). Because x, € Ut and U™ is
open, we can find ¢ > 0 such that for 0 <¢<¢J we have x, +twe U". Hence
we have
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n R n t _R n
R T Lot 00) = RO g0 <1 <0
(L4 [Ixally ) t
en 0
= ——|w|; , < R (xy;w).
T Tl My = Ko

Let v, (w) = (1 + ||xn||17p)/en)R0(xn; w). Then ,(+) is sublinear, continuous
with ¢,(0) =0 and —|lwl, , <y,(w) for all we Wol’p(Z). We can apply
lemma 1.3 for Szulkin and obtain y* e W~14(Z), n > 1, such that ||y’]| <1
and (yr,wd <y, (w) for all we Wy?(Z) and all n>1. Then if x* = (s,/
(L4 [Ixully ;) v, we have {x;,w) < R%(x,;w) for all we WOI”’(Z), hence x €
OR(v), n=1. We have (1+ [, m(x) < (1+ Dl < eyl < e
"% 0. Note that because of hypothesis H(f)(vii), m, < — |, Fy(z)dz. So we
can use proposition 6 and assume that x, — y; in WO1 ?(Z) with y, € U*. Then

n—0

R(x,) — R(y;) =m,. If y,edU" =V, by propositions 4 and 5 we have
OSR(J}I) =my < 07

a contradiction. So y, € U*, hence is a local minimum of R(-). This means
that 0 € 0R(y,). Similarly working on U~ we obtain y, e U~ such that 0 ¢

0R(y,). Clearly y, # y,.
By virtue of proposition 7 we can find 0 < p < min{¢,,{_} such that Rpp, >
0 > my. Thus we can apply theorem 1 (with y =&, u; or y = ¢_u;) and obtain

V3 # Vi, V3 # Y2, ¥3 # 0 such that 0e dR(y;).
Finally let y = y,, k={1,2,3}. Since 0 € 0R(y), we have

A() = M|y 2y —u* =0,

for some u* € dy(y) (hence f,(z, y(z)) < u*(z) < f5(z, y(z)) a.e. on Z). Thus for
every ue C;°(Z) we have

<A(y)a Uy — Al (J(y)7 u)pq - (u*v u)aa’ =0
= J IDy(E) | 2(Dy(2), Du(z)) g d= = j (" (2) + | y(@) "2 () ulz) d.
7z Z

Using the definition of the distributional derivative and since

div(||Dy||”>Dy) e W14(Z) (see Adams [T], theorem 3.10, p. 50), we have
(=div((|Dyl|”~*Dy), ud — A (J(y),u),, — (u*,u),, =0 for all ue C*(2).
Since C;°(Z) is dense in Wol”’ (Z), we conclude that

—div(|[Dy(2)|I"Dy(z)) = M|y y(z) = u*(z) ae. on Z
yr=02<p<oo,

(13)
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with u*(z) € f(z, y(z)) a.e. on Z. So y is a solution of (5). Therefore y,, y,, ¥4
are three distinct nonzero solutions of (5). O

REMARK. If we drop hypothesis H(f)(vi), we can still have a third solution
3, via the nonsmooth saddle point theorem (see Chang [11], theorem 3.3, p. 118),
provided ¢, =|&_|. Indeed propositions 4, 5 and 6 allow the use of the
nonsmooth saddle point theorem. However in general we can not guarantee that
V # 0.

We conclude this paper with a result which highlights the difference between
the nonsmooth (PS)-condition and the nonsmooth C-condition and also extends
to the present nonsmooth setting a result well-known for “smooth™ functions.

It has been observed that in the differentiable case, the (PS)-condition implies
coercivity for a functional which is bounded below. This was proved by Costa-
Silva (for a Fréchet differentiable functional) and by Calkovic-Li-Willem [9]
(for a Gateaux differentiable functional which is also lower semicontinuous). In
the next proposition we extend this result to the present nonsmooth case.

ProrosiTION 9. If Y is a Banach space, ¢ : Y — R is locally Lipschitz and
bounded below and ¢ = lim ... ¢(y) is finite, then there exists a sequence
{Xu},s1 €Y such that ||x,|| — o, ¢(x,) — ¢ and m(x,) — 0 as n — oo.

Proor. We can find {y,},-; & Y such that

1
P(y,) < ¢t and ||y,|| > 2n.

Let n=inf[¢(y): ye Y]. Because ¢(-) is bounded below, # is finite.
Apply theorem 2 with A(r)=0, xo=y, ée=¢&=c+(l/n)—n and
A=A, =n. We can find x,€ Y, n>1, such that

P(xn) < B(y,) < C+%7¢(xn) < ¢(u) +%"||xn —ul| for all ueY

and |[x, —y,|| <n for all n>1.

Let u=x,+t with t >0 and ve Y. Then we have

(X + 1) — $(xn)
t

_énHUH < ¢

where &, =¢,/n | 0 as n — oo. Letting | 0 we obtain
—& vl < ¢°(x;v) for all n>1 and all ve Y.

Let v/, (v) = (1/&,)¢°(x,;v). Then (-) is sublinear, continuous with (0) = 0
and —|jv|]| <y, (v) for allve Y. Invoking lemma 1.3 of Szulkin [22], we can find
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y,eY* n>1,such that |y;|| <1 and (y;,v) <y,(v) forall n>1 and all ve

Y.

Then if x,; =¢,y,, we have
(x,v) < ¢°(xp,v) for all n>1 and all ve Y,
= X, € 0p(x,) for all n>1.

n— o0

Hence m(x,) < ||xi|| <&, —— 0. Also
[Xull = |yl = Ixn = pull =20 —n =1 — 400
n— o0

= ¢(x,) — c.

Therefore {x,},.; &Y is the desired sequence. ]

An immediate consequence of this proposition is the following corollary.

CoroLLARY 10. If Y is a Banach space, ¢ : Y — R is locally Lipschitz,

bounded below and satisfies the nonsmooth ( PS)-condition,

then ¢(-) is coercive.
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