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Abstract. In this paper, the blow-up of solutions of ordinary differential equations,
which are deduced from the equation of equivariant harmonic maps, is studied. Its
direct consequence is the non-existence or existence result of equivariant harmonic maps
between warped product manifolds. As another application we prove the non-existence
of a harmonic map from an Euclidean space to a Hadamard manifold with a certain
nondegeneracy condition at infinity, provided sectional curvatures of the Hadamard
manifold are bounded from above by a slowly decaying negative function of the distance
from a fixed point.

1. Introduction.

Let R, x,S™ " be a warped product manifold (R.,ds?) x ("', d0?)
equipped with the metric dr? + g(1)*d6>. R™ and H" are typical examples of
such manifolds:

R™ =R, x; S™' where f(f)=1t,
H" =R, x;, S™" where h(r) = sinhr.

We call a map U: M =[0,T) x; S™ ! — N=R, x;, S"! equivariant if it can
be written as

U(t,0) = (r(1),p(0)) € Ry x; S

for some function r:[0,7) — R, and a map ¢:S” ! — S"!.  An equivariant
map U = (r,¢) is harmonic if and only if ¢ is a harmonic map with the constant
energy density e(p) as a map from S”! to S"°! and r is a solution to
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(1.1) O DS@ . ph(r)h'(r)

J(@) f3(1)
r(0) =0,
with u = +/2e(p). Here "~ and ' mean d/dt and d/dr respectively. h(r) is a

nonnegative function behaving like r near r =0 (for precise statement see §2).
The existence of such ¢, called the eigenmap, is shown by Ueno for some

pairs of m and n. The equations like were treated in [7], [12], in the

context of rotationally symmetric harmonic maps. Moreover, as mentioned in
[17], in order to consider equivariant harmonic maps between complex manifolds,
it is necessary to treat a more general equation

(12) mo+<pﬁuf+qﬁm>ﬂn

=0,

H(0) A0

(@) (r(@) | ha(r(0)hy(r(0)\ _
(1 (O )=¢
for ¢ > 0 with the initial condition

(1.3) r(0) = 0.

The above problem was considered by several authors in [17], [16], [9]. In
particular Nagasawa-Ueno [9] investigated the equation under the condition

1 1
In this paper we supply the case

o0 12 2 B
(1.5) J \/fl(t)z—l_fz(t)z dt = oo,

which has not been considered in [9] yet. Such a case includes the one that the
source manifold is R™. Let

[ max{h(r),h(r)} if v#0,
M”_{mu) if v =0.

Then, under the condition [1.5), we shall show that if & satisfies

Jw££<w
h(r) =

then the solutions r(z) blows up in finite # = T except zero solution. Moreover
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for given T > 0, there uniquely exists the solution r(¢#) which blows up at t =T
Theorem 3.1). In contrast with the above case, if / satisfies

then all solutions are global solutions which tend to infinity as ¢t — oo except zero
solution (Theorem 3.7). As a direct application of these theorems we can show
the non-existence or existence of equivariant harmonic maps between warped
product manifolds (Corollaries 3.1, 3.2).

As a further application of the analysis on the equation [1.2), using the blow-
up (super-)solutions of [1.2), we can also deduce non-existence results for entire
harmonic maps between Hadamard manifolds under some conditions on the
curvatures and a kind of nondegeneracy condition. For example, in [I3],
Tachikawa proved that if N is a Hadamard n-manifold whose sectional cur-
vatures are bounded from above by a negative constant, then there exists no
entire harmonic map U : R™ — N whose expression u with respect to a normal
coordinate system centered at U(0) satisfies

nom iN2
(1.6) ZZ(D“%> > % for all xeR"

|x

for some constant ¢ > 0. Here | -| denotes the standard Euclidean norms. Let
us call such a condition the rotationally nondegeneracy condition (for its etymology
see Remark 4.1). Note that equivariant harmonic maps satisfy (1.6). In [14],
the above result was extended for the case that the source manifold is a simple
manifold M with a pole py, under the condition

(1.7) —r*min{ky(p),0} <const. as r=dist(py,p) — ©,

where ky/(p) is the minimum of the sectional curvature of M at p. Here, a
Riemannian manifold is said to be simple if it is diffeomorphic to the Euclidean
m-space R™ and furnished with a metric for which associated Laplace-Beltrami
operator is uniformly elliptic, and poe M is said to be a pole of M if the
exponential map at po € M gives a diffeomorphism between M and the Euclidean
space. The non-existence results of this type can be found in also.

Moreover, in [2], Akutagawa-Tachikawa showed non-existence of harmonic
maps satisfying the rotationally nondegeneracy condition (1.6) at infinity.

Note that in the results mentioned above it is assumed that the sectional
curvature of the target manifold N bounded from above by a negative constant.
Theorem 3.1 enables us to treat more general cases of target manifold N
Theorem 4.1)).
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2. A comparison theorem.

In the following we are always assuming the condition on f; and
f>. From geometrical point of view, we impose the following condition. The
constants p and ¢ are related to the dimension of source manifold. Hence they
are originally positive integers, but we do not necessarily assume that. They are
always assumed

p>1 and g¢g=>1,
(2.1) or
p+¢q =1 provided fi(¢) = cf>(t) for some constant ¢ > 0.

The functions f; and A; are warping functions, which are smooth functions defined
on [0, 00) satisfying

(2.2) fi(t) >0 for t>0,

(2.3) fi(ty=0 for >0,

(2.4) fil) =ait+0() as t|0 for some g >0,
(2.5) ! Spl‘?g; + qzﬁgg for 1> 0,

(2.6) (hih))'(r) =0 for r >0,

(2.7) hi(r) = bir+ O(r*) as r |0 for some b; > 0.

If u4+v=0, then r(r) =0 is unique solution to [1.2), under the above
conditions. Therefore without loss of generality we may assume

(2.8) u>0.

In this section we show a comparison theorem for two solutions to {1.2).

THEOREM 2.1. We assume (2.1)—(2.8). Let ry and ry be two solutions to
(1.2) on some interval [a,b). If

lim NP L) (n (1) = ra(2)) (71 (1) — 72() 2 0,
then it holds that

(11 (2) = () = (r1(a) — ra2(a))*  for te€la,b).
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Proor. We denote r; —r, by R, which satisfies

R+ (pfl-I—qu>R

T 5
/l2 y?
=7 (l (r1)hy (r1) = hi(ra)hy(r2)) + 7 (ha(r))hy(r1) — ha(r2)h5(r2)).

We multiply both sides by f{f,/R. It follows from (2.6) that
ST/ R x the right-hand side > 0.

Therefore we obtain

d . :
SULHRR) ~ S 1R =0,

in particular

d :
—(f{'/y'RR) 2 0.
dt
By the assumption we get
fLARR>0 for tea,b).

We obtain from (2.2) that

%(RZ) >0 for te(a,b),

and

R(1)* > R(a)* for t€a,b). ]
3. Structure of solutions.
We define A(r) by

_ [max{hi(r),h(r)} if v#0,
M”_{mu) if v=0.

ProposiTiON 3.1. We assume (2.1)—(2.8) and

(3.1) Jw%< 0.

Then there exists a solution to (1.2), (1.3) blowing up at t =T < o0.
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ProorF. We take 7p > 0 and fixed. Let r be a solution to [1.2}, with
r(ty) = ro > 0, which uniquely exists (see [16]). Put r'(z9) = B(t9,r0), and

¢““’”::J%{ﬂ“mfw2+yﬂ~0%hmw2—hmno%+w@awzuuo»2—hxmo%}”zme

where
_ M __V
7)1([0) - ﬁ(t()) ) yZ(tO) ](‘z(to) .

We have already shown that ¢(ro,#9) is well-defined, and

T
(3.2) ¢(ro, o) Zfl(to)pfz(to)qJ W [16, Lemma 3.5],
(3.3) rlln}f P(ro,t0) =0 [9, Lemma 4.1].

Here [0, T) is a life span of r. By (3.3) (ro,?o) satisfies

¢(ro, t0) < fi(t0)” fa(t0)? ch W

for sufficiently large ry, and the life span must be a finite interval by (3.2). []

THEOREM 3.1. We assume (2.1)—(2.8) and (3.1). Then the following facts
hold.
1. All solutions to (1.2), (1.3) blow up in finite time except zero solution.

2. Forany T € (0,00) there exists a solution to (1.2), (1.3) which blows up at
t=T.

ProoOF. For a positive number 4 > 0 put

fi(Z7 ) = Fi(0).

We consider the problem

o (o )
(34) ;(Mm@mmgm+ﬂmmm%@m>Q
1,4(2) P (1)
| 70) = 0.
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Since F; ; satisfies (2.2)-(2.5), there exists a solution 7 to which blows up at
finite T by [Proposition 3.1. Put 7;(f) = F(4f). Then reduces to

o)+ (ﬁ;gg + qﬁgg)am
. (lﬂhl(m(z))h; ), m(m(z))h;z(a(r))) o
A £

\\

| 7,(0) = 0.
The life span of 7 is [0,4' 7). Let r be a non-trivial solution to [T.2], with
r(to) =ro. If >0 is sufficiently small, then
to <A7'T, r(ty) = ro > F(At) = F3(to),

dr

i(tg) > A—

e = IL';V(Z()).

T=Al)

Here we use #(0) =0 and the fact

F(At) = o (iito)

which is reduced from [16, Theorem 2.1]. yields
(r(6) = 7)) = (r(t0) = F2(10))* > 0
for ¢t > ty. Since both r and 7, are continuous, we have
r(t) > 1,(t) for t> t.

Therefore the life span of r is shorter than that of 7;.
Since we have already obtained the assertion (1), the proof of (2) is in the
same way as the argument in [9, §4]. ]

COROLLARY 3.1. Let m>2,n>2, and M =R, x; S™ !, N=R, x;, S"!
be warped product manifolds with warping functions f and h. Assume that f and h
satisfy (2.2)—(2.7) and

ij%zw, Jw%< 0.

Then the following facts hold.
1. There do not exist equivariant harmonic maps from M to N except
constant maps.
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2. We assume that the eigenmap ¢ : S~ — S" exists for the pair (m,n).
Then the domain of equivariant harmonic maps is controllable in
the following sense. Let Br =[0,T) x; S™" ' = M. There exists an
equivariant harmonic map from Br onto N which is unique among
equivariant harmonic maps up to the eigenmap.

(f(2),h(r)) = (t,sinhr) is a typical example of |Corollary 3.1, which corre-
sponds to M =R" and N = H".
Next we assume [~ (dr/h(r)) = oo.

ProposiTION 3.2, We assume (2.1)—(2.8) and

- dr

(3.5) j i

Then there exist no solution to (1.2), (1.3) which blows up at t =T < o0.

PrOOF. We know the inequality

) gy t 12 2
J —sj 5+ sdt on 121
To h(l”) to I(T) fZ(T)

for a solution r to [1.2}, with r(tg) =ro > 0 ([9, Lemma 2.3ff]). If r blows
up at T < oo, then letting ¢ T T in the inequality, we have

A L
o= J W) = Lo \/ AT EA A

This is contradiction. ]

THEOREM 3.2. We assume (2.1)—(2.8) and (3.5). Then all solutions to (1.2),
(1.3) are global solutions, and their limit value as t — oo are infinite except zero
solution.

Proor. It follows from [16, Lemma 3.1] that all solutions are non-
decreasing. By |Proposition 3.2 it is enough to show that there exists no global
solution whose limit value as # — oo is finite except zero solution. Let r be a

global solution satisfying

r(to) =ro >0, lim r(t) =7€ (0, 0).

— 0
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Put smooth functions /;(r) satisfying (2.6) and
hi(r) = hi(r) for r <3¢,
hi(r) > hi(r) for r> 3/,

Jwﬁﬁ(l:) =

Here A(r) is

= (max{hy(r),hy(r)} if v#0,
hir) = { (1) if v =0.

Consider the problem

70)=0, #(tp) =ro>0.
By it holds that r(¢) = 7(t) as long as 7(t) < 3/. yields
the existence of #; such that
i) =2
Since r is strictly increasing [16, Lemma 3.1], we get contradiction

/= lim r() > r(t)) = i(ty) = 2/ 0

1— o0

COROLLARY 3.2. Let m>2,n>2, and M =R, x; S™ !, N=R, x; S"!
be warped product manifolds with warping functions f and h. Assume that f and h

satisfy (2.2)-(2.7) and
Jooi: . Jmi: .
f@ ) h()

We also assume that the eigenmap ¢ : S"™ ' — S"~1 exists for the pair (m,n).
Then there exist equivariant harmonic maps from M to N. Moreover if ¢ is an
onto map, then the map U = (r,¢) is also an onto map unless r is constant.

When fi(t) =t¢, the following structure holds regardless of finiteness or
infiniteness of [ (dr/h(r)).
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THEOREM 3.3.  The set of all solutions to (1.2), (1.3) is a one parameter family
{ri(t) = r(21)};20-

Proor. It is easy to see r;(t) is a solution if so is r(¢). The assertion yields
from the uniqueness theorem by Ueno [16, Corollary 3.4]. ]

4. Harmonic maps from R to Hadamard manifolds.

In this section we generalize (Corollary 3.1 in some aspect. That is, we
prove non-existence of a harmonic map with a rotational nondegeneracy at
infinity, from R” to an Hadamard manifold N whose sectional curvature K(p)
at p e N possibly tends to 0 as (dist(py,p)) > for some fixed point poe N. A
Riemannian manifold N is said to be an Hadamard manifold if it is a complete
simply connected Riemannian manifold with nonpositive sectional curvature.
Recently, existence and non-existence of harmonic maps from complete non-
compact manifolds to Hadamard manifolds are studied by several authors.
About “existence” see, for example, [1], [3], [8]-

In the following (-,-) and |- | stand for the standard Euclidean inner product
and norm respectively. For a Riemannian manifold N = (N",g), (-,-),(, stands
for the inner product on the tangent space 7,N with respect to the metric g and

[ XNy = /(X X)y- If N has a pole po, let a(py,p)(7) be the geodesic curve

such that a(py,p)(0) =po and a(py,p)(1) =p. Let ky(p;m) be the sectional
curvature of N at p with respect to the plane section 7 and Ky, n(p;po) the
maximum of the radial curvature of N at p, i.e.

(41) Krad,N(pQPO) = max{kN(p; TE) | T3 O-/(pOMD)(l)}'

Moreover, using a normal coordinate system defined by the exponential map at
the pole po, we define Ay(p;po) by

2
e

¢eR" with (¢,0'(pg,p)(1))y,) O}.

Now, we can state our main result of this section.
THEOREM 4.1. Let N = (N",g) be a Hadamard n-manifold. ~For some fixed

point py € N, assume that

(4.3) liminf {dist(pg, p)}*|Keaa, v (3 po)| > 0.
dist( py,p)— 0

Then there exists no harmonic map U : R"™ — N which satisfies the following
condition.
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.. 2 1
gy it ()€U - el >0

where
p(x) = dist(U(x),po),

and
AU)) =3 S IDU) s elp)x) =3 D 1Dap(o)

REMARK 4.1. Let u(x) be an expression of U with respect to a normal
coordinate system on N centered at po. Then the condition can be written
as

(4.5) lim inf |x|? Z Zm: (D%

o0 i—1 a=1

() >2> 0.

ui
ju(x)|

Compare with (1.6). Moreover, for the case that M = R, x; S™"! and
N =R, x; S"7!, the condition can be replaced by a simpler condition: If
we write a map U: M = R, x; Sl 5 N=R, x, 8" as

U(1,0) = (r(1,0),p(1,0)) € Ry x; S™,
then the condition

li¥ninf | Dog(t,0)| > 0

implies [4.4).

REMARK 4.2. As mentioned in Section 1, in the former non-existence results
of [2], [13], [14], it is assumed that the sectional curvature of the target manifold
N bounded from above by a negative constant. In [Theorem 4.1, we prove a
similar non-existence result as in (2| for the case that the target manifold N has
sectional curvatures possibly decaying at infinity, using [Theorem 3.1.

Before we give the proof of [Theorem 4.1, we prepare some differential
geometric estimates which are based on [6, Lemma 6.

LemMA 4.1.  Let N be a Riemannian n-manifold with a pole po, (y',...,y") a
normal coordinate system centered at py, (g;j(y)) the metric tensor with respect to
the normal coordinate system. Let p be a function of class C*(Ry,Ry) which
satisfies

p(1)

(4.6) lir% = 1, p(t) >0 for any te(0,00).
1—
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Assume that

(4.7) Kraan(7,0) < -2 0

where t =|y|. Then we have the following estimates

48 aOIOXT RN > K S
2
49 S G GREACIEE

for all y, X € R", where { =t(X,y)y and ¢ =X — (.

ProOF. We can proceed as in the proof of [13, Lemma 1], [14, Lemmas 2.1,
2.2] or [2, Lemma 2.1], because we can apply Rauch’s comparison theorem under
the assumption (4.7) on the radial curvatures only. O

Lemma 4.2. Let N be as in Theorem 4.1. Then there exists a positive
constant k, co, ¢ >0 and a > 1 such that for

1
2 (1) = Esinhkt for 0 <t<1
(1) =

co+ cit* for t>1

the following estimates hold.

(410)  ggXXT+ LX) = | + Iy\ZiE:iBg”(y)w’
2
(4.11) gi(NX'X > [ +p"|(y||§|) 4k

for all y and X € R", where t =1|y|, { =t72(X,y)y and é =X — (.

Proor. Since N has negative sectional curvature and satisfies (4.3), there
exists a constant x > 0 such that

(4.12)
—k? > max{sup{Krd,n(1;0)|y € N,|y| < 1},5up{|y|*Kraa, v (35 0)[y € N, [y| = 1}}.

For a positive constant k, put ¢, (¢) = ¢y + 12, and choose the positive constants
co, ¢; and a so that

(4.13) 0. (1) = % sinhk, ¢, (1) =coshk, ¢;(1)=ksinhk.
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Then we have

ksinh k + coshk
a=a; = cosh & >1, N 1ask]O,
(4.14) 5 ,
cosh” k —k +sinhkcoshk

T ksinhk +coshk’ 7 k(ksinhk + coshk)’

Moreover it is easy to see that
" /
(4.15) (—tz (p"(t)) <0.

Now put

1

—sinhkt for0<t<1,

pe(t) =4 k
o (1) fort > 1.

Then, by (4.13) p, is of class C2. By direct calculations, we can see that p,(7)
satisfies (4.6) and that

/i
(4.16) A e <<t
Prlt

~—

Moreover, noting (4.15) and (4.14), we obtain

BT (AR () S
(4.17) 1tr>111°{ Zpk(z)}_}g?c{ tpk(t)} (@a—1) /0 as k0.

Now, by (4.12), (4.16) and (4.17), if we take k > 0 sufficiently small, we get

pi(y])
Krad,N(y; O) < - .
Pi([y])
Thus (4.7) is also fulfilled by p = p,. Now, we can apply with p = p,
and get (4.10). [
Let u = (u'(x),...,u"(x)) be the expression of a harmonic map U : R" — N

in terms of a normal coordinate system centered at any fixed point gy in N.
Then u satisfies the following equation of weak form

(4.18) J > " gy(Dau' Doy’ + 9" I D’ D) dx = 0
R

m
oa=1

for all p e C*(R™,R").
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PropoOSITION 4.1.  Let N be as in Theorem 4.1, p, be the function defined in
Lemma 4.2 and u be the expression of a harmonic map U : R™ — N with respect
to a normal coordinate system on N centered at an arbitrary fixed point gy € N.
Then we have the following differential inequality

(4.19) Aulx) - ) et o) el 0} > 0.

where e(u) = (1/2) 3231 9 () Dau' Do/ and e(|ul) = (1/2) 27, (Dalul)*.
Moreover, if u satisfies (4.4), then we get
&

0 m
(4.20) AIMI—WPMQ(IMI) >0 on R™\Bg,(0)

for some &y >0 and Ry > 0.

Proor. Replacing x~!'sinh(xf) in the proof of [13, Proposition 1], [14,
[Proposition 3.1] or [2, Proposition 2.1] by p,.(¢), and using [Lemma 4.2, we get
the assertion. [l

Now we are in a position to prove [Iheorem 4.1.

PrOOF OF THEOREM 4.1. Let u(x) be the expression of a harmonic map U :
R™ — N with respect a normal coordinate system y = (y!,...,y") on N centered
at arbitrary fixed point go € N. Take R, as in [Proposition 4.1 and put &=
supBR0(0)|u|. Assume that U is not a constant map. Then |u| can not remain
bounded because of a Liouville-type theorem due to [5]. Thus, there exists a
compact set Dy = R"\Bg,(0) on which |u| > &+ 1. Let fi(1) = f2(t) =1t, hi(r)
= hy(r) = p(r) of Lemma 4.2 and x> +v* = ¢ in then it is easy to see that
the conditions (2.6), (2.7) and (3.1) are satisfied. Thus, by and
Theorem 3.3, there exist a one-parameter family of solutions r;(¢) to

o /
o (m z 1)r-_80/7k(2Pk(V) —0,

or equivalently to the equation

€0
Ar;(|x[) — W/)k/);i(m(lﬂ)) =0,

which satisfy r,(0) =0 and blow up at |x|=T/4 for some T > 0. Since
r,(0) =0, we can take 49 > 0 sufficiently small so that Dy = By, (0) and

(4.21) r,(]x]) <1 on Dy.

Let
Y(x) =ry([x]) + ¢,
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then (x) satisfies

Ap(x) = S pepi(W(x) <O in R,

Y(x) =& on 0Bg,(0) and | |1inTl/) W(x) = o0.

Now, using comparison theorem for elliptic equations, we can see that

u(x)l < ¥(x) on Br;;(0)\Bg,(0).

On the other hand (4.21) implies that |u(x)| > ¥(x) on Dy. This is a
contradiction. W
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