J. Math. Soc. Japan
Vol. 53, No. 2, 2001

Higher torsion in the Morava K-theory of SO(m) and Spin(m)
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Abstract. We determine the module structure of Morava K-theory for the special
orthogonal groups and the spinor groups at the prime 2, using the Atiyah-Hirzebruch
spectral sequence.

1. Introduction.

This paper is a continuation of [HMNS], in which K(n)*(G) for G = G,, Fu,
Eg, Eq, Eg, PE; and PSp(m) at the prime 2, PEg at the prime 3 and PU(m) for
all primes, are calculated. In this paper we compute the Morava K-theory of
SO(m) and Spin(m) at the prime 2 using the Atiyah-Hirzebruch spectral sequence

H*(G;K(n)") = K(n)"(G).

The relation between the Atiyah-Hirzebruch spectral sequence and v, torsion is
described briefly as follows: if it collapses, then the connective Morava K-theory
k(n)*(G) has no v, torsion, and if £57 . ) E** for some r, then k(n)*(G) has
at most v, torsion.

In [Ho], Hodgkin notes that the Atiyah-Hirzebruch spectral sequence of
mod 2 K-theory for Spin(m) has only d3 as a non zero differential for m > 7,
which means that k(1) (Spin(m)) has no higher v; torsion. He also shows that
k(1)*(E7) and k(1)"(Eg) have higher v; torsion at the prime 2. Our calculation
of the Atiyah-Hirzebruch spectral sequence induces that k(n)"(SO(m)) and
k(n)*(Spin(m)) have no higher v, torsion for any m and n. Therefore, for a
simple, simply connected Lie groups G, the connective Morava K-theory k(n)"(G)
has no higher v, torsion at the prime 2 except k(1)*(E7) and k(1)"(Eg).

For SO(m), K-theory is computed by Held and Suter in [HS]. Rao
[Rao] studied the Rothenberg-Steenrod spectral sequence converging to
K(n),(SO(2l+1)). We compute the Atiyah-Hirzebruch spectral sequence for
K(n)*(SO(m)) in Section 2. When m < 2"*! the spectral sequence collapses
(Theorem 2.4). Rao’s result implies that, if m is odd and m > 2"*!, then

+2 =

rank, - K(n)*(SO(m)) =2/,
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where f'= (m—1)/2+2"—1, and we use it to see when rankg,- E;* equals
2/. We show that there is only one non zero differential d.1_; if m is odd
and m > 2", If m is even and m > 2", we see by using the induced homo-
morphism i* that there is also only one non zero differential d..1_;, where
i:SO(m) — SO(m+1) is the natural inclusion.

We compute the Atiyah-Hirzebruch spectral sequence for K (n)"(Spin(m)) in
Section 3. When m < 2"*!, the spectral sequence collapses (Theorem 3.2), and
when m > 2"*! using the induced homomorphism 7*, we see that there is only
one non zero differential dy.1_;, where 7 : Spin(m) — SO(m) is the natural
projection.

The K(n)"-module structures for K(n)*(SO(m)) and K(n)"(Spin(m)) are
determined in Theorems 2.4, .10, B.2 and B.6.

2. Special orthogonal groups.

In this section and Section 3, we use two lemmas which appeared in
the previous paper [HMNS]. Before introducing the lemmas, we recall some
properties of the Atiyah-Hirzebruch spectral sequence for K(n)*(X). First, it is
a spectral sequence of K(n)"-algebra. Secondly, the Morava K-theories enjoy
the Kiinneth isomorphism and so do the E,-terms of their Atiyah-Hirzebruch
spectral sequence. Therefore, if G is a Hopf space, E** have the K(n)"-Hopf
algebra structures. Moreover the Hopf algebra structure on E;* is given by that
on H*(G;K(n)"). The Hopf algebra structure on E** is related to that on
K(n)*(G). One needs to note that, if p =2, the product of K(n)"(G) is not
always commutative, while that of E¥ is always commutative.

The first lemma we need is:

Lemma 2.1. If xe E™° and d,(x') =0, for all x' € E*° with u < m, then
d,(x) is primitive.

If there is no primitive element in E* for s > r 4 2, the lemma implies that
d. = 0.

The second one is due to Yagita | Yag|:

Lemma 2.2, The first non-trivial differential in the Atiyah-Hirzebruch spectral

sequence for K(n)"(X) is dyyn_1)41 and is represented by a unit multiple of
Milnor’s operation Q,.

We now compute the Atiyah-Hirzebruch spectral sequence for
K(n)"(SO(m)). First we recall the mod2 ordinary cohomology for SO(m).
Throughout this paper, suffixes of elements represent their degree.

THEOREM 2.3. We have

H*(SO(m);Fy) = A(x1,X2, ..., Xm_1),
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where |x;| =i. The action of the mod2 Steenrod operation is given by

. i
Sq’x; = ( .>xi+j-
J

The basis of the primitive elements are {x;|1 <i < m}.

For simplicity we consider separately the two cases: (1) m < 2" and (2)
m > 2"+

THEOREM 2.4. The Atiyah-Hirzebruch spectral sequence for K(n)™(SO(m))
collapses whenever m < 2"*! and there is an isomorphism of K(n)*-modules
K(n)"(SO(m)) =~ K(n)" ® H*(SO(m); F).

Proor. The cases where the differential may be non zero are dsjn_1)11
where i is the positive integer. Using [Lemma 2.1, one can see that all dif-

ferentials are zero since there is no primitive element of degree equal or higher
than 21,

L]
NOTATION 2.5.

fi,r) =21 4r+2) - (2" —1),
k(r) =n— [log,(2r + 1)],

h(m, r) = —[~log,(m/(4r +2))].

Next, we consider case (2).

We need to calculate Q,x; for
where 0, = 0,_15¢*>" + S¢*" 0, is the Milnor operation.

Lemma 2.6.  The following equality holds

ani = ixi+2ﬂ+1_1.
Proor. We use induction on n. If n =0, we have
1 .
Qox; = 8q x; = iXjy 1.

Next, suppose that the lemma is true for n = k. Then,

Ori1xi = OkSg* " xi + S Orx;

i . D k+l1
= Qk 2k+l Xjpokt1 + lSL] Xigok+1_1
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A1 (i428
=1 2k+1 Xiyok+2_1 +1 2k—|—1 Xiyok+2_1

= IXjonti_1,

: . k+1 ; . k+1
since <2kl+1) + (l+22k+1 1) = (2;“) + (l—;k%rl > = Imod 2 if i 1s odd.
L]

To calculate the E,...-term, we replace the expression of the algebra
structure of H*(SO(m);F,) by

H*(SO(m),Fz) = A(Xl, ey X2y e ,x[m/z]_l)

h(m,r)
RF, [Xz, ceey Xdpg2, 7x4[(m73)/4]+2]/(x4r+2 )-

We now define differential modules (M,,,:d) for 0 <r <[(m—3)/4] as
follows:
1. If 0<r<2"! then

2/1 m, r)

My = Fo[xar 0]/ (X4ein ) ® AXF(h(r),r)s -3 XF(ir)s - - - > Xf(h(m, 1) —1,17) )

dx4r12 = 0, dxf(i,r) = xi;_z-
2. If 2"V <r <[(m—3)/4], then

2/1n1r

My = Fo[xar 0]/ (X4in ) @ A(X£(0,5) - -+ > Xp(ir)s - - - 5 Xf(h(m, 1) —1,7) )

— 2!
dx4r+2 - 07 de i,r) = X4p_2-

Note that the first generator of the simple system is X/ (), in case 1 but xy( ,) in
case 2.

Therefore, we have the isomorphism of differential modules with respect to
the Milnor operation Q,:

[(m—3)/4]
(H*(SO(m);Fy) : 0,) =
r=0
® (A(x2i1 |[(m—=1)/2] =2"4+1<i<[m/2] —1):0)
as differential modules.

LEMMA 2.7. If 0 <r < 2", then there exist elements ys;, for k(r)+1 <
i < h(m,r) and yspom,r),r Such that

H(My,,  d) = Fz[x4r+2]/(x4r+z) Q AV f k(41,5 -+ Vf(ir)s s Yf(h(m, 1))
and if 2"V <r < [(m — 3)/4), then

H(Mm,r : d) = A(yf(lﬂ’)’ cey yf(i,l‘)’ ‘e yf(h(m,r),r))‘
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PrOOF. We prove the case for 0 <r < 2""!. We rechoose the generators

as follows:
210k

Vi) = Xr(i,r) + Xf(k(r), 1) Xar 2
for k(r) <i < h(m,r). Then

2/1m1

My, = F2[X4r+2]/(x4;+2 )®A(xf k(r),r)s YEtk(r)+1,r)s - == V(i r)s - - wyf(h(m,r)q,r))a

where

k)
AxXp(k(r),r) = =Xi.o, dXarin = dyri,n = 0.

Thus, we have

k(r
H(M,, , :d) = F2[x4r+2]/(x4%r+2) @ AV r(r)+1,r)s - Vi)« + > Vithim,),1))>

h(m,r)—k(r)
where yrm,r),r) = Xf(k(r), ) Xar12

The case for 2"! <r < [(m—3)/4] can be proved similarly. O

In this way we get the E,..i-term of the Atiyah-Hirzebruch spectral sequence
as follows:

[(m—3)/4]
Evn =K(n)'®@ X H(M,, :d)
r=0

® A(x2ip1 | [(m=1)/2] = 2"+ 1 <i < [m/2] - 1).
We use the following result to show that E, = E,u.

THeEOREM 2.8. ([Rao]) K(n),(SO(2l+ 1)) is isomorphic to the following

modules as K (n), -modules:
for [ =21+

[(-1)/2]-2"1 -1 ~
K(n), ® ® A(By) ® ® A(B;)
=21 i=2[(I-1)/2]-2"+2

-1 2=l

®®/10621+1®®Fk (7:);
i=[l/2]

2. for 2" << 2",

iy -1
® ( <>§0 Tiiye1(B;) ® ®1 A(ﬁi))/(ﬁio <i<l-2")

j=2"-

& ® OCZH—I

=2"—1
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where I'y(x) is the truncated divided power algebra of height k which is the dual of
Fa[x]/(x*).

COROLLARY 2.9. [If [ > 2", then we have
rankg(,) K(n),(SO(21+1)) = 2/,
where f =142 "Vk(i)=1+2"—1.

Proor. Recall that k(i) = n — [log,(2i + 1)]. The set {1,2,3,...,2" — 1} is
the disjoint union of

{(2i +1),2(2i +1),...,272i + 1),..., 250712 + 1)}
for 0 <i<?2"!—1. This shows that

2;1—171

> k(i)=2"-1.

i=0
First, we consider the case 1 of Theorem 2.8
log, (rank(,y K(n),(SO(21+1))) = ([(I - 1)/2] = 2" ") =27 +1

+(-1)—-Q2[I-1)/2]-2"+2)+1

211
H(I=1) =1/ + 1+ > k(i)
i=0
211
=21-1-[(1-1)/2] - [1/2] + k(i)
i=0
2;1—1_1
=1+ Y k().
i=0
Next, we consider the case 2 of Theorem 2.8:
21
log, (rankg(, K(n),(SOQ2I+1))) = Z (k(i)+1)
i=0

+(-1=2""r1-(-2"~1
+(-D=-@2"=1+1
2m1-]
=1+ Y k().
i=0

Consequently, we get the required equation. ]
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If m is odd, we have rankg,- Eymi = rankg, K(n),(SO(m)) and hence
Eoo = E2n+1 .

Let i be the natural inclusion i: SO(2]) — SO(2] + 1), where [ =2/(2s+ 1)
and consider the induced map in the E,..-term:

" E2n+l(S0(2l + 1)) — Eyun (SO(ZZ))

The generators which are in the image of i* are clearly permanent cycles. The
generators which are not in the image of i* are x;_,.1,; and the generators of
H(My ) of odd degree. But there is no primitive element with even degree and
higher than 2"*!, and so they are permanent cycles. Hence E,, = E,.1 for all m
and we get the following theorem.

THEOREM 2.10. If m > 2", then K(n)*(SO(m)) is isomorphic to the fol-
lowing module as K(n)*-modules:

k()
Fa[x4r12]/ (xz%r+2)

2l
K(n)"(SO(m)) = K(n)* ® &) ®
r=0
AV r(rr1ry - Vet - Yimn.n)
(m—3)/4)

® & AV Ve Yrhomr,r)

p=2n-1

® A(xaisr | [(m—1)/2] = 2" +1 < i < [m/2] — 1).

3. Spinor groups.

We calculate the Atiyah-Hirzebruch spectral sequence for K (n)”(Spin(m)) in
this section. First we recall the mod2 ordinary cohomology for Spin(m).

THeEOREM 3.1. ([IKT]) There is an isomorphism
H*(Spin(m);Fy) = A(x;,z|3<i<mi#48,...,27"),

where 21 < m < 2!, degx; =i, degz =2'—1. The following equations hold

: I
Sq’x; = ( .>xi+jv
J

Sq'z = Z xyxy and Sq’z=0 for j> 1.
i+j=2""1
i<j
For simplicity we consider separately the two cases: (1) m < 2"*! and (2)
m > 2"l Observe that the proof of the case (1) is similar to that of
2.4.
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THEOREM 3.2. The Atiyah-Hirzebruch spectral sequence for K(n)*(Spin(m))
collapses whenever m < 2" and there is an isomorphism of K(n)*-modules

K(n)" (Spin(m)) =~ K(n)" ® H*(Spin(m);F,).

Next we consider the case (2). It has been shown that Q,x; = ix; ymi_;.
We need some lemmas to calculate Q,z. The following lemma is well known.

LEmMMA 3.3. Let a= Zil:o a2’ and b= Zil:o bi2', where 0<a;b; <1.

Then
1 .
(b> = H(b’) mod 2.
a i—o \ i

The following lemma is necessary to prove |[Proposition 3.3

LeMMA 3.4. Let j be an integer such that 1 <j < 2" and j = 25~ mod 2¥
for some k <n—+1. If n<t—2, then

2i t _9nt+l _n _ n;
( ,l)<2 2n+1 2 2l) =0 mod2.
J 20—

Proor. If 2i= —2,—4,...,—2"mod2*, then we have the expansions
204+ 2" 2= 2i = b2  + - 4 B2N b 2K+ 520,
2 = a2 4 2R 2R
From them it follows that

<2f+2"+1 —2-2i

e iy ) =0 mod2.

We can similarly show that

(%’) =0 mod2,
J

if 2i=0,2,4,...,2%1 —2mod2*. Therefore, we have

2i t _An+l _~n _ s
< _l) <2 2n+1 2 21) =0 mod?2
J 2 =
for all i. L]

ProrosITION 3.5. For n>1 we have

2[—2+211—1_1

QnZ = E X2 Xpiyon+l_9_9j.

i=2"+1
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Proor. We use induction on n. If n =1, we have
Oz = quSqlz
20721

2
=9Sq E X2iX21_2;
i—3

21721

= Z (iX2iX2140-2i + iX2i+2X21-2;)
i=3

21-2_1 212

= Z IX2iX2142-2i + Z(l' — 1)x2iX2042-;
i=3 i=4
2172

= g X2iX2142-2j.
i=3

Suppose that the lemma is true for n = k. Then, we have

k+1
Ok1z = Sq* Qkz

2[72+2k71_] 2k+1 2l. 2[ _|_ 2k+1 _ 2 _ 2l
_ Z Z ; 2kt X2igj X214 2k42-22j—j

i=2k4+1  j=0

207242k 1] .

S 2042k 2 2

= Z Skt X2iXp142kt20—2;
i=2k+1

k1 )x2i+2k“x2’+2"“—2—2i

2r—2 2k7171 .

< 204 2k 0

= Z Dkl X2iXp142k+2 0 2;
i=2k+141]

2t—2+2k+2k—1_1 2l _ 2k+1
+ E 2k+1 XziX21+2k+2,2,2l~,
j=2k+1 41

since Xotyokt2_9_9; = 01if i< 2k+1, and X2i = 01if i= 2k+1. If k>1t— 2, then
Qi+1 = 0 since both 272 + 2% 4 2k=1 _ 1 and 224 2%1 — 1 are smaller than
2k+1 1 1. Therefore, suppose that k <¢—2. We have the expansion

I = Z a121.
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If a, =0, then

2042k 2f 2i — 2k+1
( e+ =0 and ( et =1,

while if a;, =1, then

LI Ll R R 2i — pk+l
( kit =1 and Skt =0.

Consequently, we get the required result

2r—2+2n71 -1

QnZ = E X2iXpiyontl_9_9o;. ]

i=2m+1

Replacing the generator z by

2[—2+211—1_1

w=z-+ E X2i,2n+1+1)€2t+2n+1 T T
i=2"+1

we can represent the cohomology of the spinor group as follows:

H*(Spin(m); F2) = A(x3,.. ., X2it1, - - - y X[m/2)-15 w)

h(m,r)
® Fa[X6, -+, Xar25 -+ o s X[ 3/4+2]/(X4%r+2 )

Since Q,w =0, we have the homology with respect to the Milnor operation Q,:

((m=3)/4
(H"(Spin(m)) : 0n) = C>_§1

® (A(X (141,00 2 X7(0,0)5 - - - > Xf (h(m,0)~1,0) )5 0)
® (A(x2i1,w|[(m—1)/2] = 2"+ 1 <i < [m/2] - 1),0).

Consequently, we get the FE,..i-term of the Atiyah-Hirzebruch spectral
sequence

[(m—=3)/4]
E2n+1 = ® H ®A(Xf(] 0)s X2i+1; W)

where n+1<j<h(m,0) and [(m—1)/2] =2"+1<i<[m/2]—1.
Let = be the natural projection =z : Spin(m) — SO(m) and consider the
induced map in the E,.:i-term

1" By (SO(m)) — Eyui (Spin(m)).
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The generators which are in the image of n* are clearly permanent cycles. The
generators which are not in the image of n* are X712 ) and w. Since there is
no primitive element with even degree and higher than 2"*!, they are permanent
cycles. Therefore, E,, = E,..1 for all m and we get the following.

THEOREM 3.6. If m > 2"*1 then K(n)"(Spin(m)) is isomorphic to the fol-
lowing module as K(n)"*-module

— Falxaral/ (515
K(n)"(Spin(m)) = K(n)’ ® @) ®

AWV s k)10 Vet - Vethomr).n)
® @ Asany s Yriry o Vehimn.n)
p=2n-1
@ A(Xf(112,0)5 - - s XF(0,0)5 - - = » Xf(h(m, 0)—1,0))
® A(XZ[(mfl)/2}72’1+1+37 ey X2jt Ly e e 7x2[m/2]—17 W).
Finally, we have the following remark.

REMARK 3.7. Quite similarly one can calculate the Atiyah-Hirzebruch
spectral sequence for K(n)*(PO(4l+2)), where PO(4l+2) is the projective or-
thogonal group, using the natural projection SO(4l +2) — PO(4l + 2) as follows:

1. If1<2"' then the Atiyah-Hirzebruch spectral sequence collapses and the

K(n)"-module structure is given as follows:

K(n)" ® H*(PO(41 + 2)).
2. If 1 >2"1 then there is only one non zero differential dy.i | and the
K(n)"-module structure is given as follows:

K(n)" @ F2[x2]/ (x3™) @ A(¥r(r(0)12.0) -+ > Y10y - » Ve(hiom.0).0))

7 Falova2]/ (6315)
® & ®
r=1 A(xf(k(")-l-l,r), s Xf (i) e ’xf(h(m,r),r))
[(m=3)/4]
® & AYriays - Vet -+ Vethim.n)

® A(yy, a1 | [(m = 1)/2] = 2" 4+ 1 < < [m/2] - 1),

where m = 41 + 2.
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