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Abstract. Let f : N ! P be a smooth map between n-dimensional oriented

manifolds which has only folding singularities. Such a map is called a folding map.

We prove that a folding map f : N ! P canonically determines the homotopy class of

a bundle map of TNl yN to TPl yP, where yN and yP are the trivial line bundles over

N and P respectively. When P is a closed manifold in addition, we de®ne the set

Wfold�P� of all cobordism classes of folding maps of closed manifolds into P of degree 1

under a certain cobordism equivalence. Let SG denote the space limk!y SGk , where

SGk denotes the space of all homotopy equivalences of S kÿ1 of degree 1. We prove

that there exists an important map of Wfold�P� to the set of homotopy classes �P;SG �.

We relate Wfold�P� with the set of smooth structures on P by applying the surgery

theory.

Introduction.

Let N and P denote oriented smooth manifolds of dimension n in this paper.

We shall say that a smooth map germ of �N; x� into �P; y� has a singularity of

folding type at x if it is written as �x1; x2; . . . ; xn� 7! �x2
1 ; x2; . . . ; xn� under suitable

local coordinate systems of N and P near x and y respectively. A smooth map

f : N ! P is called a folding map if it has only folding singularities.

It follows from Eliashberg [E] that given a smooth map f : N ! P, in many

cases there exists a folding map of N into P homotopic to f if and only if the

vector bundles TN and f ��TP� are stably equivalent. In this paper we shall

clarify the reason why this phenomenon occurs by using the results of [An] and it

will lead us to prove by the surgery theory due to [K-M ], [B2] and [Su] that if

nV 5, P is a closed oriented and simply connected manifold and if the surgery

obstruction of Kervaire invariant vanishes for P, then a given folding map of

degree 1 determines, up to a certain equivalence, a smooth manifold P 0 and a

homotopy equivalence of P 0 into P of degree 1.
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In the 2-jet space J 2�n; n� we shall consider the subspace W
10 consisting of

all jets of either regular germs or germs with folding singularities at the origin.

In [An] we have proved that there exists a topological embedding in of SO�n� 1�

into W
10 giving a homotopy equivalence. The rotation group SO�n� acts on

J 2�n; n� through the source space R
n and the target space R

n and also does on

SO�n� 1� from the left-hand and the right-hand sides through SO�n� � SO�1�.

We shall show in §2 that in is equivariant with respect to these actions of

SO�n� � SO�n�.

In the 2-jet bundle J 2�N;P�, let W
10�N;P� be its subbundle associated

with W
10. If we provide N and P with Riemannian metrics, then we can

reduce the structure groups of J 2�N;P� and W
10�N;P� to SO�n� � SO�n�. Let

SO�TNl yN ;TPl yP� be the subbundle of Hom�TNl yN ;TPl yP�

associated with SO�n� 1�, where yN and yP are the trivial line bundles over

N and P respectively. Then we obtain a topological embedding i�N;P� :

SO�TNl yN ;TPl yP� ! W
10�N;P�, which is a ®bre map over N � P asso-

ciated with in.

Theorem 1. Let N and P be oriented smooth manifolds with Riemannian

metrics of dimension n. Then the embedding i�N;P� : SO�TNl yN ;TPl yP� !

W
10�N;P� covering the identity of N � P gives a homotopy equivalence of ®bre

bundles.

This theorem together with Proposition 3.1 will yield the following, where

bundle maps are ®berwise linear.

Corollary 2. The homotopy classes of orientation preserving bundle maps of

TNl yN into TPl yP correspond bijectively to the homotopy classes of continuous

sections of W10�N;P� over N. This correspondence does not depend on the choice

of Riemannian metrics of N and P. In particular, the jet-extension j 2f of a folding

map f : N ! P determines the homotopy class of an orientation preserving bundle

map of TNl yN into TPl yP.

The proofs will be given in §3. These results should be compared with

[E, 3.9 and Theorem 3.10] and [Sa, Lemma 3.1].

Let fi : Ni ! P �i � 0; 1� be two folding maps of degree 1. We shall say

that they are fold-cobordant when there exists a folding map F of �W ; qW� into

�P� �0; 1�;P� 0UP� 1� of degree 1 such that

(i) W is oriented with qW � N0 U �ÿN1� and the collar of qW is identi®ed

with N0 � �0; e�UN1 � �1ÿ e; 1�,

(ii) F jN0 � �0; e� � f0 � id�0; e� and F jN1 � �1ÿ e; 1� � f1 � id�1ÿe;1�,

where e is a su½ciently small positive real number. Let Wfold�P� denote the set

of all fold-cobordism classes of folding maps to P of degree 1.
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Let Gk (resp. SGk) denote the space of all homotopy equivalences (resp. of

degree 1) of S kÿ1 with compact-open topology. The suspension of a homotopy

equivalence yields the inclusion of Gk into Gk�1 (resp. SGk into SGk�1). We set

G� limk!yGk and SG� limk!ySGk respectively. Similarly set O� limk!yO�k�.

By considering the quotient space Gk=O�k� by the acton of O�k� on Gk, set

G=O � limk!y Gk=O�k�.

In §4 we shall prove by using Corollary 2 and the results about spherical

®bre spaces ([At1], [B2], [W1] and [W2]) that there exists an important map o

of Wfold�P� to �P;SG � (Theorem 4.2 and 5.5). This enables us to de®ne new

invariants of Wfold�P� (Corollary 4.7).

A homotopy equivalence f : N ! P of degree 1 is called a smooth structure

on P. We will say that two smooth structures on P, fi : Ni ! P �i � 0; 1�, are

equivalent if there is a di¨eomorphism d : N0 ! N1 such that f0 is homotopic to

f1 � d. Let S�P� denote the set of all equivalence classes of smooth structures on

P. Let Stang�P� denote its subset of all equivalence classes of smooth structures

f : P 0 ! P such that TP 0 and f ��TP� are stably equivalent. Then the group

bPn�1 of homotopy n-spheres bounding parallelizable manifolds acts on S
tang�P�

as usual. Let iS : S ! S n be a map of degree 1 for a homotopy n-sphere

S A bPn�1. The action of S on f is de®ned by the connected sum of maps,

f ]iS : P 0]S ! P]S n � P. The quotient set of Stang�P� by this action of bPn�1 is

denoted by S
tang�P�=bPn�1.

In §5 we shall prove the following theorem by applying Sullivan's exact

sequence in the surgery theory ([Su]) and [E, Theorem 3.10] to the map o

projected to �P;G=O�.

Theorem 3. Let P be a closed oriented and simply connected smooth

manifold of dimension nV 5. We assume that if n1 2 �mod 4�, then the surgery

obstruction of Kervaire invariant vanishes for P. Then there exists a surjection

of Wfold�P� onto S
tang�P�=bPn�1 such that a smooth structure f : P 0 ! P of class

Cy with only folding singularities in Wfold�P� is mapped to the equivalence class

of f modulo bPn�1.

All manifolds are of class Cy. Maps are basically continuous, but may be

smooth (of class Cy) if so stated.

The author would like to thank the refree for his careful reading of the

manuscript of the paper and kind comments.

§1. Notations.

The space of all homomorphisms of a vector space V into a vector space W

will be denoted by Hom�V ;W�. Let J 2�N;P� be the 2-jet space of manifolds N

and P. Let pN and pP be the projections mapping a jet to its source and target
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respectively. Let L2�n� be the group of 2-jets of all di¨eomorphisms of �Rn
; 0�.

J 2�N;P� has the structure group L2�n� � L2�n�. Let Hom�TNlS2�TN�;TP�

be the vector bundle over N � P with structure group GL�n� � GL�n�HL2�n��

L2�n�, which is the union of all spaces Hom�TxNlS2�TxN�;TyP� for �x; y� of

N � P, where S2�TxN� denotes the 2-fold symmetric product of TxN. If we

provide N and P with Riemannian metrics and Riemannian connections, then we

have the exponential maps (see, for example, [N ]) de®ned on neighbourhoods of

the zero vectors of TxN and TyP,

expN;x : �TxN; 0� ! �N; x� and

expP;y : �TyP; 0� ! �P; y�

respectively. An orthonormal basis of TxN (resp. TyP) gives its local

coordinate system of �N; x� (resp. �P; y�) compatible with the di¨erentiable

structure of N (resp. P). By using them we can de®ne the map J : J 2�N;P� !

Hom�TNlS2�TN�;TP� as follows.

Let z � j 2x f with y � f �x� be a 2-jet in J 2
x;y�N;P�, which is the subset of

J 2�N;P� consisting of all 2-jets of smooth map germs of �N; x� into �P; y�.

Then de®ne J�z� to be the 2-jet of �expP;y�
ÿ1 � f � expN;x at 0, which becomes

a linear map of TxNlS2�TxN� into TyP. It is shown by the properties of

exponential maps that J is a bundle map between bundles with structure group

L2�n� � L2�n�. The Riemannian metrics of TN and TP reduce the structure

group of Hom�TNlS2�TN�;TP� to SO�n� � SO�n�. We note that J depends

on metrics and Riemannian connections of N and P. However, any two

Riemannian metrics are homotopic ([Ste, 12.12]) and so all J 's are homotopic.

This kind of observation can be found in [P]. Another homotopy theoretic

approach to this fact can be found in [D].

Set D � p
�
N�TN� and P � p

�
P�TP�. Then there is a homomorphism d1 :

D ! P de®ned as follows. Let z � j 2x f with y � f �x� be a jet of J 2
x;y�N;P�. Let

Dz and Pz be the ®bres of D and P over z respectively. Then d1; z : Dz ! Pz

refers to df : TNx ! TPy. We de®ne S
i�N;P� (resp. S i

x;y�N;P�) to be the set of

all jets z in J 2�N;P� (resp. J 2
x;y�N;P�) with dim�Ker�d1; z�� � i. Then we have

the subbundle K � Ker�d1� and the cokernel bundle Q � Cok�d1� over S
i�N;P�.

In [L] the second intrinsic derivative d2 : K ! Hom�K ;Q� is de®ned using the

second derivatives of z. We de®ne S
10�N;P� (resp. S10

x;y�N;P�) to be the set of

all jets z in J 2�N;P� (resp. J 2
x;y�N;P�) such that dim�Ker�d1; z�� � 1 and d2; z :

K z ! Hom�Kz;Qz� is an isomorphism. Let W
10�N;P� denote the union of all

regular jets and S
10�N;P�, which becomes an open subbundle of J 2�N;P�.

Let J k�n; n� refer to J k
0;0�R

n
;Rn�. We shall identify J 1�n; n� with

Hom�Rn
;Rn� as usual. Let S

i be its subspace consisting of all homomor-

phisms a : Rn ! Rn with dim�Ker�a�� � i. Next J 2�n; n� is identi®ed with
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Hom�Rn lS2
R

n;Rn�. We usually denote its element as �a; b� with a : R
n ! R

n

and b : S2
R

n ! R
n. Consider the composition of the restriction bjS2�Ker�a��

and the natural projection of R
n onto Cok�a�. It induces a new

homomorphism of Ker�a� into Hom�Ker�a�;Cok�a�� denoted by b. Let S10 be

the subspace of J 2�n; n� consisting of all elements �a; b� such that

dim�Ker�a�� � 1 and dim�Ker�b�� � 0. The notation S i is often used for

S i �Hom�S2
R

n;Rn� if there is no confusion. The space W10�n; n� means

S0 US10 in J 2�n; n�. It is an open subspace. We say that a 2-jet of S10 and

also its singularity at the origin are of folding type.

The two constructions above of S i
0;0�Rn;Rn�, S10

0;0�Rn;Rn� and S i;S10

correspond to each other by J. Let W10�N;P� 0 denote the subbundle of

Hom�TNlS2�TN�;TP� associated with W10. It is clear that J gives a bundle

map of W10�N;P� to W10�N;P� 0.

For two square matrices A and B, let A�: B denote the matrix
A 0

0 B

� �

.

Let ej be the j-th unit vector. Let Ij be the unit matrix of rank j. Let Iÿ be the

matrix Inÿ1I�ÿ1�. Let D�d� with d � �d1; . . . ; dn� be the diagonal matrix with

diagonal components d. Let SO�n� � SO�1� be the set consisting of all matrices

TI�1� with T A SO�n�.
Let pi : xi ! Xi �i � 0; 1� be ®bre bundles or spherical ®bre spaces. In this

paper a continuous map ~c : x0 ! x1 is called a ®bre map over c : X0 ! X1 if

p1 � ~c � c � p0.
An equivalence class with representative x in a set will be denoted by �x� and

it is often abbreviated as x if there is no confusion.

§2. Homotopy type of W10�n; n�.

First we brie¯y review the result of [An]. There has been constructed an

embedding in of SO�n� 1� into W10�n; n�, which has its image as a deformation

retract. For M A SO�n� 1�, let Men�1 be written as x � t�x1; . . . ; xn; b�. If b is

not equal to ÿ1 (resp. 1), let r�x� (resp. r�x�) be the matrix of the rotation which

is the identity on the subspace orthogonal to x and en�1 and rotates the great

circle through x and en�1 so as to carry en�1 (resp. ÿen�1) to x. Note that

r�en�1� � r�ÿen�1� � In�1. Then the matrices r�x�ÿ1
M and r�x�ÿ1

M have the

forms U�M�I�1� and IÿU�M� 0I�ÿ1� with some n-matrices U�M� and U�M� 0
in SO�n� respectively.

Let s�M� be the vector t�s1; . . . ; sn� such that si � xi=�1ÿ b2�1=2 for b0G1

and that s�M� can be any vector of length 1 for b �G1.

For nV 2, let d ab denote the n-vector �a=
�����������

nÿ 1
p

; . . . ; a=
�����������

nÿ 1
p

; b=
���

n
p �,

where a and b are real numbers with a2 � �b2=n� � 1 and aV 0. Let S be any

matrix of SO�n� with Sen � s�M�. An elementary observation in linear algebra

Folding maps and the surgery theory 361



shows the following relations in which G�s�M�� � SIÿ tS and b0G1:

SIÿ
tS � �dij ÿ 2sisj�; r�x�ÿ1 � r�x� � G�s�M��I�ÿ1� and

U�M� 0 � IÿG�s�M��U�M�:

Consider the homomorphism a�M� : Rn ! Rn de®ned as follows:

for nV 2; a�M� � SD�d ab� tSU�M� for bV 0

SD�d ab�Iÿ tSIÿU�M� 0 for bU 0

�

and

for n � 1; a�M� � b:

This de®nition does not depend on the choice of S for s�M�. In particular, if

b � 1, then a�M� � �1= ���

n
p �U�M� and if b � ÿ1, then a�M� � �1= ���

n
p �IÿU�M� 0.

Note that if n � 1, then U�M� � U�M� 0 � �1�.
For a vector s A Rn of length 1, U A SO�n� and u with 0U uU 1, we let

qu�s;U��x; y� denote the quadratic form tx tUSD�0; . . . ; 0; u� tSUy and de®ne the

homomorphism bu�s;U� : S2Rn ! Rn by bu�s;U��x; y� � qu�s;U��x; y�s. Now

we de®ne the homomorphism b�M� : S2Rn ! Rn as follows:

for nV 2; b�M� � b1ÿb�s�M�;U�M�� for bV 0

b1�b�s�M�;G�s�M��IÿU�M� 0� for bU 0

�

and

for n � 1; b�M� � �1ÿ b�s�M� for bV 0

�1� b�s�M� for bU 0.

�

In particular, if b �G1, then b�M� is the null homomorphism.

Then the topological embedding giving a homotopy equivalence

in : SO�n� 1� ! W10�n; n�

is de®ned by in�M� � �a�M�; b�M�� (this is denoted by h � h 0 in [An, §5]).

Remark 2.1. We give two remarks concerning in�M�.
(i) Let us explain how M is constructed from a folding map germ asso-

ciated to in�M�. The Jacobian matrix of this germ is a�M�, from which we

obtain the number b and the matrices U�M� and U�M� 0 by [An, §3]. The vector

s�M� is constructed to be a vector of length 1 on Cok�a�M�� and to have the

inward direction with respect to the image of this folding map germ. By

de®nition, M is determined from b, s�M�;U�M� and U�M� 0.
(ii) In the de®nition of b�M� it does not matter to replace 1� b and 1ÿ b

by �1ÿ b2�1=2.

Here we consider the actions of SO�n� � SO�n� on SO�n� 1� and on J 2�n; n�
as follows. An element �O 0; tO� of SO�n� � SO�n� acts on each element M of
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SO�n� 1� and �a; b� of J 2�n; n� as

�O 0; tO� �M � �O 0
I�1��M�OI�1�� and

�O 0; tO� � �a; b� � �a 0; b 0�;

where a 0�x� � O 0a�Ox� and b 0�x; y� � O 0b�Ox;Oy� respectively. Note that

W10�n; n� is invariant with respect to this action.

We shall prove that in is equivariant with respect to the actions of SO�n��

SO�n�. Its proof needs a complicated observation about the embedding in.

First we shall prepare two lemmas. According to [Ste, (23.3)], the matrix

representations of r�x� and r�x� are given by

r�x� �
dij ÿ

xixj

1� b

.

.

.

x1
.

.

.

.

.

.

.

.

.

xn� � � � � � � � � � � � � � �
ÿx1 . . . . . .ÿxn b

0

B

B

B

@

1

C

C

C

A

and

r�x� �
dij ÿ

xixj

1ÿ b

.

.

.

ÿx1
.

.

.

.

.

.

.

.

.

ÿxn� � � � � � � � � � � � � � �
x1 . . . . . . xn ÿb

0

B

B

B

@

1

C

C

C

A

respectively:

Lemma 2.2. Let x � t�x1; . . . ; xn; b� be Men�1 as above. Let y �
t�y1; . . . ; yn; b� be �O 0I�1��x for an O 0 in SO�n�. Then we have

r�y�ÿ1�O 0
I�1�� � �O 0

I�1��r�x�ÿ1
and

r�y�ÿ1�O 0
I�1�� � �O 0

I�1��r�x�ÿ1:

Proof. Since r�x� is equal to the matrix

�InI�ÿ1�� ÿ �1=�1� b�� t�x1; . . . ; xn; 1� b��x1; . . . ; xn;ÿ�1� b��

and t�y1; . . . ; yn� � O 0 t�x1; . . . ; xn�, it follows from a direct calculation that r�y� �

�O 0I�1��r�x� t�O 0I�1��. The second formula follows similarly. r

Lemma 2.3. Let M 0 � �O 0I�1��M�OI�1�� for O and O 0 in SO�n�. Then

we have

�i� U�M 0� � O 0U�M�O for bV 0

�ii� U�M 0� 0 � IÿO
0IÿU�M� 0O for bU 0 and

�iii� G�s�M 0��IÿU�M 0� 0 � O 0G�s�M��IÿU�M� 0O:

Folding maps and the surgery theory 363



Proof. It follows from Lemma 2.2 that

r�y�ÿ1
M 0 � r�y�ÿ1�O 0

I�1��M�OI�1��

� �O 0
I�1��r�x�ÿ1

M�OI�1��

� �O 0
I�1���U�M�I�1���OI�1��

� O 0U�M�OI�1� and

r�y�ÿ1
M 0 � r�y�ÿ1�O 0

I�1��M�OI�1��

� �O 0
I�1��r�x�ÿ1

M�OI�1��

� �O 0
I�1���IÿU�M� 0I�ÿ1���OI�1��

� O 0IÿU�M� 0OI�ÿ1�

� Iÿ�IÿO
0IÿU�M� 0O�I�ÿ1�:

Thus (i) and (ii) follow from the de®nition of U�M 0� and U�M 0� 0. From (ii), it

follows that

G�s�M 0��IÿU�M 0� 0 � G�O 0s�M��IÿU�M 0� 0

� O 0SIÿ
tS tO 0Iÿ�IÿO

0IÿU�M� 0O�

� O 0SIÿ
tSIÿU�M� 0O

� O 0G�s�M��IÿU�M� 0O: r

We are ready to prove the following.

Proposition 2.4. The embedding in is equivariant with respect to the actions

of SO�n� � SO�n� on SO�n� 1� and on J 2�n; n�.

Proof. The assertion for n � 1 is trivial, since the actions are trivial.

Hence we assume nV 2 in the following. Let M;O 0
;O and M 0 be as in Lemma

2.3 and set x 0 � M 0en�1 � �O 0I�1��x. We use the notations given in the

de®nition of in. We have that s�M 0� � O 0s�M�. Using Lemma 2.3 we obtain

the following.

If bV 0, then

a�M 0� � O 0SD�d ab�
tS tO 0U�M 0�

� O 0SD�d ab�
tS tO 0O 0U�M�O

� O 0SD�d ab�
tSU�M�O

� O 0
a�M�O and
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b�M 0��x; y� � q1ÿb�s�M
0�;U�M 0���x; y�s�M 0�

� tx tU�M 0�O 0SD�0; . . . ; 0; 1ÿ b� tS tO 0U�M 0�ys�M 0�

� tx t�O 0U�M�O�O 0SD�0; . . . ; 0; 1ÿ b� tS tO 0

� �O 0U�M�O�yO 0s�M�

� tx tO tU�M�SD�0; . . . ; 0; 1ÿ b� tSU�M�OyO 0s�M�

� O 0b�M��Ox;Oy�:

If bU 0, then

a�M 0� � O 0SD�dab�Iÿ
tS tO 0IÿU�M 0� 0

� O 0SD�dab�Iÿ
tS tO 0Iÿ�IÿO

0IÿU�M� 0O�

� O 0SD�dab�Iÿ
tSIÿU�M� 0O

� O 0a�M�O and

b�M 0��x; y� � q1�b�s�M
0�;G�s�M 0��IÿU�M 0� 0��x; y�s�M 0�

� tx t�O 0G�s�M��IÿU�M� 0O�O 0SD�0; . . . ; 0; 1� b�

� tS tO 0�O 0G�s�M��IÿU�M� 0O�yO 0s�M�

� tx tO t�G�s�M��IÿU�M� 0�SD�0; . . . ; 0; 1� b�

� tS�G�s�M��IÿU�M� 0�OyO 0s�M�

� q1�b�s�M�;G�s�M��IÿU�M� 0��Ox;Oy�O 0s�M�

� O 0b�M��Ox;Oy�:

This proves that in is equivariant with respect to the actions of SO�n��

SO�n�. r

§3. Associated ®bre bundles.

First we shall give the precise de®nition of the embedding i�N;P� and prove

Theorem 1 and Corollary 2.

By providing N and P with Riemannian metrics, we have the bundle

map J : J 2�N;P� ! Hom�TNlS2�TN�;TP� over N � P as de®ned in §1.

The last bundle has the structure group SO�n� � SO�n� through TN and

TP. The map J induces a di¨eomorphism between ®bers J 2
x;y�N;P� and

Hom�TxNlS2�TxN�;TyP�. We shall apply the embedding in : SO�n� 1� !
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W
10�n; n��HHom�Rn

lS2
R

n
;R

n�� to Hom�TNlS2�TN�;TP�. Then we ob-

tain the subspace homeomorphic to SO�n� 1� denoted by SOx;y�N;P� in

Hom�TxNlS2�TxN�;TyP�. This space is well de®ned by Proposition 2.4. The

space SO�N;P� is de®ned to be the union of all spaces SOx;y�N;P� in W
10�N;P� 0,

where �x; y� varies all over N � P. It becomes a subbundle with structure group

SO�n� � SO�n� coming from those of TN and TP.

By the Riemannian metrics of N and P we have the subbundle

SO�TNl yN ;TPl yP� of Hom�TNl yN ;TPl yP� associated with SO�n� 1�.

Let i�N;P� 0 be the map of SO�TNl yN ;TPl yP� to W
10�N;P� 0 associated with

in. It is clear that its image coincides with SO�N;P� and is homotopy equivalent

to W
10�N;P� 0 by [An, §5] and Proposition 2.4. Then i�N;P� in Introduction is

de®ned to be �Jÿ1� � i�N;P� 0.

Proof of Theorem 1. The assertion follows from the fact that i�N;P� 0 is a

homotopy equivalence of ®bre bundles. r

Let GL�
n�1�TNl yN ;TPl yP� be the subbundle of Hom�TNl yN ,

TPl yP� associated with GL��n� 1�. Let iSO : SO�TNl yN ;TPl yP� !

GL�
n�1�TNl yN ;TPl yP� be the inclusion, which becomes a homotopy

equivalence of ®bre bundles covering idN�P. Let �i�N;P� 0�ÿ1
: W

10�N;P� 0 !

SO�TNl yN ;TPl yP� be the homotopy inverse of i�N;P� 0. Then we consider

the ®bre map

iSO � �i�N;P� 0�ÿ1 � JjW10�N;P� :

W
10�N;P� ! W

10�N;P� 0 ! SO�TNl yN ;TPl yP�

! GL�
n�1�TNl yN ;TPl yP�

giving a homotopy equivalence of ®bre bundles. Then the following proposition

follows from the fact that all of the maps J 's are homotopic to each other as

explained in §1.

Proposition 3.1. The homotopy class of the ®bre map iSO �

�i�N;P� 0�ÿ1 � JjW10�N;P� covering idN�P does not depend on the choice of

Riemannian metrics of N and P.

Proof of Corollary 2. The set of all continuous sections of

GL�
n�1�TNl yN ;TPl yP� over N corresponds bijectively to that of all

bundle maps of TNl yN to TPl yP preserving orientations. For a folding

map f : N ! P, the section j 2f determines the homotopy class of a section

of GL�
n�1�TNl yN ;TPl yP� by Proposition 3.1. It gives a bundle map

f : TNl yN ! TPl yP determined up to homotopy. r
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The notation f always refers to the bundle map in the proof above.

Let x and h (resp. x 0 and h 0) be vector bundles over a topological space X

(resp. Y ). For bundle maps b : x ! x 0 and b 0
: h ! h 0 covering the same map

of X into Y, de®ne the sum bl b 0
: xl h ! x 0

l h 0 by �bl b 0��vlw� �

b�v�l b 0�w�. In the rest of the paper, k denotes an integer greater than n� 2.

Let xX and hX be vector bundles of dimension k over the same manifold X of

dimension n. Let y l

X denote the trivial bundle X � R
l �lV 1�. Then the set

of homotopy classes of bundle maps of xX to hX corresponds bijectively to that

of bundle maps of xX l y l

X to hX l y l

X by the correspondence de®ned by

mapping h to hl id�y l

X �. In fact, this can be proved by using the fact that

pi�O�k � l�;O�k��G f0g for i < k. When two bundle maps h0 and h1 are

homotopic, we write h0 F h1. All vector bundles of dimension not less than k

over X will be called stable. For the tangent bundle TX of X, we will denote

TX l y l

X �l > 2� by the symbol tX without specifying the number l, which is

called the stable tangent bundle of X. When N and P are embedded in R
n�k, nN

and nP refer to the stable normal bundles of N and P of dimension k respectively.

Then we have the following by virtue of Proposition 3.3 below.

Proposition 3.2. Let N and P be oriented manifolds of dimension n with

®xed trivializations tN : tN l nN ! y2k
N and tP : tP l nP ! y2k

P . Then a folding

map f : N ! P determines the homotopy class of a bundle map n� f � : nN ! nP
over f such that f l n� f � satis®es the property described in Proposition 3.3.

Let xN and hN (resp. xP and hP) be vector bundles over N (resp. P) of

dimension k > n� 2. Suppose that we have the trivializations tN : xN l hN !

y2k
N and tP : xP l hP ! y2k

P . A bundle map b : y2k
N ! y2k

P over a map f : N ! P

is canonically identi®ed with the pair � f ; a�, where the continuous map a : N !

GL�2k� satis®es b�x; v� � � f �x�; a�x��v�� for any v in R
2k and x in N. Hence b is

often denoted as a by neglecting f when there is no confusion. Let aÿ1
: N !

GL�2k� be the map de®ned by aÿ1�x� � a�x�ÿ1. Let im : N ! GL�m� be the map

such that im�x� is always the unit matrix Im. Let b : N ! GL�2k� be another

map. Then the following is easy to prove (see, for example, [At2, p. 76]):

(i) aF b if and only if al im F bl im for mV 1,

(ii) al aÿ1 is homotopic to i4k,

(iii) al b is homotopic to bl a.

Then we have the following proposition.

Proposition 3.3. Under the notations above, a homotopy class of a bundle

map ~f : xN ! xP over f determines the unique homotopy class of a bundle map

~g : hN ! hP over f such that tP � � ~f l ~g� � �tN�
ÿ1

is homotopic to the bundle map

� f ; i2k�.
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Proof. By considering the induced bundles f �xP and f �hP, it is enough to

consider the case where N � P and f is the identity of N. But we use the given

notations except for f . Since xN and xP are equivalent, there is an isomorphism

of hN into hP, say b. So we have the isomorphism tP � � ~f l b� � tÿ1
N , which we

identify with a : N ! GL�2k� as above. Then we consider the isomorphism

bl �aÿ1� : hN l y2k
N ! hP l y2k

P :

Let us denote by i2k the identity of y2k
N or y2k

P . Then by the dimensional reason,

there exists a unique homotopy class of a bundle map ~g : hN ! hP such that

bl �aÿ1�F ~gl i2k.

We shall show that ~g is the required bundle map. We have

�tP � � ~f l ~g� � tÿ1
N �l i2k � �tP l i2k� � � ~f l ~gl i2k� � �t

ÿ1
N l i2k�

F �tP l i2k� � � ~f l bl �aÿ1�� � �tÿ1
N l i2k�

� �tP � � ~f l b� � tÿ1
N �l aÿ1

� al aÿ1

F i4k:

Therefore, it follows from (i) that ~g satis®es the ®rst required property.

Next we show the uniqueness of ~g. Let t 0N : hN l xN ! y2k
N (resp. t 0P :

hP l xP ! y2k
P � denote the trivialization de®ned by t 0N�v1 l v0� � tN�v0 l v1�

(resp. t 0P�w1 lw0� � tP�w0 lw1��, where v0 A xN and v1 A hN (resp. w0 A xP and

w1 A hP). Then it follows that t 0P � �~gl ~f � � t 0ÿ1
N � tP � � ~f l ~g� � tÿ1

N . In fact, if

tN�v0 l v1� � t 0N�v1 l v0� � xl y with x; y A Rk, then we have

t 0P � �~gl ~f � � t 0ÿ1
N �xl y� � t 0P � �~gl ~f ��v1 l v0�

� t 0P � �~g�v1�l ~f �v0��

� tP� ~f �v0�l ~g�v1��

� tP � � ~f l ~g��v0 l v1�

� tP � � ~f l ~g� � tÿ1
N �xl y�:

Suppose that there exists another bundle map ~g 0
: hN ! hP such that tP �

� ~f l ~g 0� � tÿ1
N F i2k. Since ~f l ~gF ~f l ~g 0, we have ~gl ~f l ~gF ~gl ~f l ~g 0.
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On the other hand, we have

�t 0P l ik� � �~gl ~f l ~g� � �t 0ÿ1
N l ik� � �t 0P � �~gl ~f � � t 0ÿ1

N �l ~g

� �tP � � ~f l ~g� � tÿ1
N �l ~g

F i2k l ~g and

�t 0P l ik� � �~gl ~f l ~g 0� � �t 0ÿ1
N l ik� � �t 0P � �~gl ~f � � t 0ÿ1

N �l ~g 0

� �tP � � ~f l ~g� � tÿ1
N �l ~g 0

F i2k l ~g 0:

Consequently, we have i2k l ~gF i2k l ~g 0. Therefore we obtain ~gF ~g 0. r

Example 3.4. If TNl yN and TPl yP are trivial bundles with ®xed

trivializations, then the bundle map f : TNl yN ! TPl yP in the proof of

Corollary 2 induces a map M� f � : N ! SO�n� 1�. However, in order for the

map M� f � to inherit the intuitive geometric properties of f , we must select the

trivializations very naturally, even though they do not exist on the whole spaces

of N and P. Otherwise M� f � can often be homotopic to a constant map. This

actually occurs in the case where P � R
n, N is the unit sphere of Rn�1 and TS n l

yS n GTR
n�1jS n with canonical trivialization and f is the canonical projection of

S n into R
n � 0 � R

n.

We shall give two examples of M� f �. Let R�x� denote the matrix

cos x ÿsin x

sin x cos x

� �

.

(1) Let S1 be parametrized by x 7! e ix �0U xU 2p� inducing the trivial-

ization of T�S1�. Then the folding map f : S1 ! R
1 de®ned by f �x� � cos x

induces the map M� f � � R�x� p=2�.

(2) Let S1�S1 be parametrized by �x; y� 7! �e ix; e iy� �0Ux; yU2p� inducing

the trivialization of T�S1 � S1�. Consider the folding map f : S1 � S1 !

R
2 de®ned by � f1�x; y�; f2�x; y�� � ��3� cos y� cos x; �3� cos y� sin x�. Then

M� f � is homotopic to the map P : S1 � S1 ! SO�3� de®ned by P�x; y� �

��1�IR�y���R�x�I�1��. We give a sketch of the proof.

The Jacobian matrix J�x; y� of f is equal to

J�x; y� �
ÿ�3� cos y� sin x ÿsin y cos x

�3� cos y� cos x ÿsin y sin x

� �

� R�x� p=2�D�3� cos y; sin y�

� R�x� p=2�D�3� cos y; sin y� tR�x� p=2�R�x� p=2�:
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Here recall the de®nition of in�M� in §2 and Remark 2.1. Set sx �
t�ÿcos x;ÿsin x�, a � �1ÿ sin2 y=2�1=2 and b � sin y for D�dab� and de®ne J 0

:

S1 � S1 ! Hom�R2;R2� by J 0�x; y� � R�x� p=2�D�dab�
tR�x� p=2�R�x� p=2�.

The Hessians H� f1� and H� f2� are equal to

H� f1��x; y� �
ÿ�3� cos y� cos x sin y sin x

sin y sin x ÿcos y cos x

� �

;

H� f2��x; y� �
ÿ�3� cos y� sin x ÿsin y cos x

ÿsin y cos x ÿcos y sin x

� �

respectively. We de®ne H : S1 � S1 ! Hom�S2R2;R2� by H�x; y� �

�H1� f ��x; y�;H2� f ��x; y��. We obtain the two maps �J;H� and �J 0;H� of

S1 � S1 to W10�2; 2��HHom�R2;R2�lHom�S2R2;R2��, which are homotopic

to each other.

We note that �J 0�x; y�;H�x; y�� is a fold jet when sin y � 0 and

cos y �G1. At these folding singularities, Ker�J 0�x; y�� is generated by e2 and

Cok�J 0�x; y�� is generated by sx. Furthermore, H� f1��x; y��e2; e2� � ÿcos y cos x

and H� f2��x; y��e2; e2� � ÿcos y sin x. Hence the quadratic form q of S2K

to Q induced from H�x; y� has the property q�e2; e2� � cos y sx. We shall

construct M� f � from �J 0;H� by using these observations and the de®ntion

of in with the notation in�M� � �a�M�; b�M�� given in §2. First we take

J 0�x; y� as a�M�. Then we have R�x� p=2� as U�M� for sin yV 0 and

IÿG�sx�R�x� p=2� as U�M� 0 for sin yU 0. Then by Remark 2.1, we need to

consider the vector x�x; y� � t�ÿcos x cos y;ÿsin x cos y; sin y� and obtain the

matrices M��x; y� � r�x�x; y���R�x� p=2�I�1�� for sin yV 0 and Mÿ�x; y� �

r�x�x; y���G�sx�R�x� p=2�I�ÿ1�� for sin yU 0, where by the formulas in §2,

r�x�x; y�� or r�x�x; y�� is equal to the matrix

1ÿ cos2 x�1ÿ d sin y� ÿsin x cos x�1ÿ d sin y� ÿd cos x cos y

ÿsin x cos x�1ÿ d sin y� 1ÿ sin2 x�1ÿ d sin y� ÿd sin x cos y

d cos x cos y d sin x cos y d sin y

0

B

@

1

C

A
:

Here d is equal to 1 for M��x; y� and equal to ÿ1 for Mÿ�x; y� respec-

tively. Then it is elementary to prove that we can take the map ~M : S1 � S1 !

SO�3� de®ned by ~M�x; y� � M��x; y� for sin yV 0 and ~M�x; y� � Mÿ�x; y�

for sin yU 0 for M� f �. We note that ~M�3p=2; y� � �1�IR�yÿ p=2� and
~M�x; p=2� � R�x� p=2�I�1�. De®ne the new map P 0

: S1 � S1 ! SO�3�

by P 0�x; y� � ~M�3p=2; y� ~M�x; p=2�. Since P 0�3p=2; y� � ~M�3p=2; y� and

P 0�x; p=2� � ~M�x; p=2�, ~M coincides with P 0 on �3p=2� � S1 US1 � �p=2�.

Since p2�SO�3��G f0g, it follows that ~M is homotopic to P 0. Thus the as-

sertion follows from the fact that P is homotopic to P 0.
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§4. Map of Wfold�P� to �P;SG �.

First we shall recall the results about spherical ®bre spaces (see, for example,

[B1], [B2], [W1] and [W2]). In the rest of the paper sphere bundles associated

with oriented vector bundles x of dimension k > n� 2 over manifolds X of

dimension n will be denoted by S�x�. A ®bre map h : S�x� ! S�x� is called an

automorphism if h is a homotopy equivalence, that is, if it gives a homotopy

equivalence on each ®bre. In this paper an automorphism of an oriented

spherical ®bre space is always assumed to be an orientation preserving one.

Let End�x� denote the group of the homotopy classes of automorphisms of

S�x�. Note that h is extended to a self-®bre map of x (denoted by the same

letter h) by ®brewise cone construction (this is not necessarily ®brewise linear).

Let h 0
: S�h� ! S�h� be an automorphism of another vector bundle h over X.

Then we can de®ne the Whitney sum h� h 0
: xl h ! xl h of the ®bre maps

h and h 0 similarly as in the case of bundle maps between vector bundles and

it yields an automorphism denoted by h� h 0
: S�xl h� ! S�xl h�. There is

an isomorphism of End�x� to End�xl y l� �y l � y l

X ; lV 1�, which maps h to

h� idy l . This is proved by using the following fact. Let Gk and G be the

spaces given in Introduction. Then it is known that pi�Gk�1;Gk� � f0g for iU

k ÿ 2 (see [B2, I.4.10 Proposition]). Set E�x� � liml!y End�xl y l�. Then it

follows that E�x�GE�xl y l�. Suppose that xl h is trivial and has its trivi-

alization t : xl h ! y2k. Let a homomorphism E�t� : End�x� ! End�y2k� be

de®ned by E�t��h� � �t � �h� idh� � t
ÿ1�, where the bracket is often abbreviated.

Then it induces an isomorphism (see [B2, p. 22] and [W1, Proof of Theorem 3.5])

E�t� : E�x� ! E�y2k�:

Lemma 4.1. The map E�t� does not depend on the choice of a trivialization t.

Proof. If t 0 : xl h ! y2k is another trivialization, then t 0 � tÿ1
: y2k ! y2k

gives a continuous map of X into GL�2k�. Then the following is proved by

using the properties (i), (ii) and (iii) described just before Proposition 3.3.

E�t��h� � idy 2k � �t � �t 0�ÿ1 � E�t 0��h� � t 0 � tÿ1� � idy 2k

� �t � �t 0�ÿ1 � idy 2k � � �E�t 0��h� � idy 2k � � �t 0 � tÿ1 � idy 2k �

F �idy 2k � t � �t 0�ÿ1� � �E�t 0��h� � idy 2k � � �t 0 � tÿ1 � idy 2k �

� �E�t 0��h� � t � �t 0�ÿ1� � �t 0 � tÿ1 � idy 2k �

F �E�t 0��h� � t � �t 0�ÿ1� � �idy 2k � t 0 � tÿ1�

� E�t 0��h� � idy 2k :

Hence we have E�t� � E�t 0�. r
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In the following E�t� will be denoted simply by E. Since SG is a homotopy

commutative H-space (Remark 4.6), the set of homotopy classes �X ;SG � has a

structure of an abelian group. We obtain a canonical isomorphism of End�yk�

onto �X ;SGk� by mapping h : S�yk� ! S�yk� to the continuous map f : X ! SGk

de®ned by f�x� � h j x� S kÿ1. It also induces an isomorphism of E�yk� onto

�X ;SG �. By composing it with E, we obtain the isomorphism

cSG : E�x� ! �X ;SG �:

Now we take and ®x an embedding e of P into R
n�k for a while. Consider

n 0P � T�Rn�k�je�P�=T�e�P�� and nP � e��n 0P� with bundle map e : nP ! n 0P. Then

the usual metric of Rn�k induces a splitting of the sequence 0 ! T�P� ! y n�k
P !

nP ! 0 by orthogonality, which yields a trivialization tP : tP l nP ! y2k with

dimension of tP being equal to k. Take an embedding of N into R
n�k, which

yields a trivialization tN : tN l nN ! y2k similarly. Given a folding map f :

N ! P, there is a bundle map f : tN ! tP determined up to homotopy by

Corollary 2. By tP and tN , we obtain a bundle map n� f � : nN ! nP determined

up to homotopy by Proposition 3.2. Let T�n� f �� : T�nN� ! T�nP� be the

Thom map associated with n� f �. Let f : S n�k ! T�n 0P� be the Pontrjagin-Thom

construction for the ®xed embedding e of P. Then we have a homotopy class

aP � �T�eÿ1� � f� in pn�k�T�nP��, where ��� refers to the homotopy class. In the

rest of the paper we also call aP the homotopy class obtained by the Pontrjagin-

Thom construction for the embedding e of P into R
n�k. Similarly we obtain the

class aN A pn�k�T�nN��.

Consider two homotopy classes aP and T�n� f ����aN� of pn�k�T�nP��. Then

it follows from [B2, I.4.19 Theorem] that they determine an automorphism h� f � :

S�nP� ! S�nP� up to homotopy such that T�h� f ����aP� � T�n� f ����aN�. Thus

we obtain an element cSG�h� f �� of �P;SG � by applying cSG for x � nP.

Theorem 4.2. There exists a well de®ned map

o : Wfold�P� ! �P;SG �

such that a fold-cobordism class of f is mapped to cSG�h� f ��.

For the proof we need the following two lemmas.

Lemma 4.3. Fix the embedding e of P into R
n�k. Then the element

cSG�h� f �� de®ned for a folding map f of degree 1 is a fold-cobordism invariant.

Proof. Set I � �0; 1�. Let fi : Ni ! P �i � 0; 1� be folding maps with fold-

cobordism F : W ! P� I as described in Introduction. Take an embedding E

of W into R
n�k � I by the Whitney embedding theorem (see [G-G, II, §5]) such

that for a su½ciently small positive real number e,
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�i� E�N0 � u�HR
n�k � u and E�N1 � u�HR

n�k � u

for u A �0; e�U �1ÿ e; 1�;

�ii� EjN0 � �0; e� � �EjN0 � 0� � id�0; e� and

�iii� EjN1 � �1ÿ e; 1� � �EjN1 � 1� � id�1ÿe;1�:

We note that tW jN0 � tN0
l y1N0

, tW jN1 � tN1
l y1N1

. Then we obtain a trivi-

alization tW : tW l nW ! y2k�1
W such that tW jNi

F tNi
l id with id denoting the

identity of y1Ni
�i � 0; 1�. Since F is a folding map, we have the bundle map

F : tW ! tP�I by Corollary 2. Using tW , we obtain a bundle map n�F � :

nW ! nP�I � nP � I from Propositon 3.2 such that n�F �jNi
� n� f i� � i. By the

Pontrjagin-Thom construction for the embedding E and T�n�F �� : T�nW � !

T�nP � I�, we obtain a homotopy to prove T�n� f0����aN0
� � T�n� f1����aN1

�.

This yields E�h� f0�� � E�h� f1��. r

By this lemma we can de®ne the map o if the embedding e is ®xed.

Theorem 4.2 follows from the following.

Lemma 4.4. The map o does not depend on the choice of an embedding e.

Proof. Let e0 and e1 be two embeddings of P into R
n�k. Then there exists

an embedding E : P� I ! R
n�k � I such that E�P� u�HR

n�k � u for all u A I

and that E�x; i� � �ei�x�; i� �i � 0; 1�. In fact, if e0�P�V e1�P� is not empty, then

there is a smooth isotopy eu �0U uU 1=2� of parallel translations such that

e1=2�P�V e1�P� � f. Next we can take an embedding E 0
: P� �1=2; 1� ! R

n�k

such that E 0jP� u � eu for u � 1=2 and 1 by the Whitney embedding theorem.

Then we can construct a level preserving embedding of P� I into R
n�k � I by

E�x; u� �
�eu�x�; u�; 0U uU 1=2

�E 0�x; u�; u�; 1=2U uU 1.

�

Set eu�x� � E�x; u� and let n 0u be the normal bundle of the embedded

manifold eu�P�. Set nu � e�u �n
0
u� with bundle map eu : nu ! n 0u over eu. We have

a trivialization tu : tP l nu ! y2k
P . Let n be the normal bundle over P� I to the

embedding E with the property njP�u � nu. Then there is a bundle map B : n0 �

I ! n covering idP�I with Bjn0�0 � idn0 . Set bu � Bjn0�u. Then tu � �idtP l bu�F

t0. The composition map

sn�k
���!

fu
T�n 0u� ���!

T�eÿ1
u �

T�nu� ���!
T�bÿ1

u �
T�n0�

gives a homotopy between T�eÿ1
0 � � f0 and T�bÿ1

1 � � T�eÿ1
1 � � f1, where fu de-

notes the Pontrjagin-Thom construction for eu. Set au � T�eÿ1
u ���aeu�P�� �
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�T�eÿ1u � � fu� A pn�k�T�nu��. Then we have

a0 � T�eÿ10 ���ae0�P��

� T�bÿ11 �� � T�e
ÿ1
1 ���ae1�P��

� T�bÿ11 ���a1�:

Recall the de®nition of E�h� f ��. For the embedding eu, the automorphism

h� f �u : S�nu� ! S�nu� is de®ned to satisfy T�h� f �u���au� � T�n� f �u���aN�, where

n� f �u : nN ! nu is the bundle map associated with f : tN ! tP and tu. Since tu �

�idtP l bu�F t0, we have t0 � � f l n� f �0� � t
ÿ1
N F tu � � f l bu � n� f �0� � t

ÿ1
N , which

is homotopic to � f ; id2k� by Proposition 3.2. Hence by the de®nition of n� f �u
we have bu � n� f �0F n� f �u. In particular, b1 � n� f �0F n� f �1. Since T�b1���a0�

� a1, we have

T�h� f �1���T�b1���a0�� � T�h� f �1���a1�

� T�n� f �1���aN�

� T�b1���T�n� f �0���aN��

� T�b1���T�h� f �0���a0��:

Thus by [B2, I.4.19 Theorem] the following diagram is commutative up to

homotopy.

S�n0� ���!
h� f �0

S�n0�  ���

n� f �0
S�nN�

?
?
?
y
b1

?
?
?
y
b1






S�n1� ���!
h� f �1

S�n1�  ���

n� f �1
S�nN�

Now E�h� f �u� is de®ned to be the automorphism tu � �idtP � h� f �u� � t
ÿ1
u . Hence

t0 � �idtP � h� f �0� � t
ÿ1
0

F t1 � �idtP � b1� � �idtP � �b
ÿ1
1 � h� f �1 � b1�� � �idtP � b1�

ÿ1 � tÿ11

� t1 � �idtP � h� f �1� � t
ÿ1
1 :

This shows that cSG�h� f �0� � cSG�h� f �1�. Therefore cSG�h� f �� does not depend

on the choice of an embedding of P into R
n�k. r

The inclusion i : SO! SG induces the map i� : �P;SO� ! �P;SG � (see [Ad],

[Q] and [T] concerning the results about the image of i�).
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Proposition 4.5. Suppose that a di¨eomorphism d : P ! N of degree 1 is

given. If f : N ! P is a folding map homotopic to dÿ1, then o� f � lies in the

image i���P;SO��.

Proof. Consider the di¨eomorphism H : P� �1=3; 2=3� ! N � �1=3; 2=3�

de®ned by H�x; t� � �d�x�; t� and the manifold W constructed by pasting

P� �0; 2=3� and N � �1=3; 1� by H. It is easy to see that f � d and f are

fold-cobordant and so o� f � d � � o� f �.

For the map f � d, we obtain that by de®nition, h� f � d � is equal to the

spherical ®bre map induced from n� f � d � : nP ! nP up to homotopy. Since

n� f � d � is a bundle map, cSG�h� f � d �� lies in i���P;SO��. r

Remark 4.6. (i) Since SG is a homotopy commutative H-space, which is

weakly homotopy equivalent to the identity component of the loop space WySy

(see, [Sta, De®nition 4.1 and Page 65] and [M-M, Corollary 3.8]), �P;SG � has the

structure of an abelian group. Let F m
k denote the space of all self-maps of S k

preserving the base point of degree m. It is known that there is an isomorphism

m : �S n;SG � ! limk!y pn�k�S
k�, which is induced from the following (see [At1,

Lemma 1.3 and (i), (ii) on page 295]).

�S n;SGk�G pn�SGk�G pn�F
1
k �G pn�F

0
k �G pn�kÿ1�S

kÿ1� �k > n� 2�

(ii) Many authors have contributed to the study of the very di½cult

structure of the algebras H��SG;Z=pZ� and H ��SG;Z=pZ�, where p is a prime

number (consult [M-M, Chapter 6] and [M, Theorem 6.1 and Conjecture 6.2]).

Corollary 4.7. For an element � f � of Wfold�P�, we have the

homomorphism o� f �� : H ��SG;Z=pZ� ! H ��P;Z=pZ�. Then for any element a

of H ��SG;Z=pZ�, o� f ���a� of H ��P;Z=pZ� is a fold-cobordism invariant.

It may be reasonable to call all the elements of the form o� f ���a� the

characteristic classes of � f � associated with o. It is natural to ask how o� f ���a�

is related to the topological structure of S� f � in N and f �S� f �� in P, where S� f �

is the set of folding singularities of f .

Example 4.8. (1) If P � S1, then it is not di½cult to prove that o :

Wfold�S
1� ! �S1;SG �GZ=2Z is bijective (note that i� : �S

1;SO� ! �S1;SG � is

bijective). Cosider the folding maps fA and fB described in ®gures (A) and (B)

respectively, which are constructed by projecting the outer circles to the inner

circles along the half-lines with end-point O. By arguments similar to those

given in Example 3.4, we see that o� fA� is a nontrivial element and o� fB� is a

trivial one.
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(2) We shall give a folding map g : S1 � S1 ! S2 of degree 1 such that o�g�

represents a nontrivial element of �S2;SG �GZ=2Z (note that p2�SO� � f0g�.

Let fT : S1 � S1 ! S2 the folding map de®ned by fT�x; y� � f �2x; 2y�, where f

is the folding map given in Example 3.4 (2), by identifying S2nfa pointg with R
2.

Delete a very small open disk IntD2
e from S1 � S1 which is mapped di¨eo-

morphically into S2 by fT and paste S2nInt� fT�De�� instead. Then this con-

struction de®nes a folding map g through fT j�S
1 � S1nIntD2

e � and id�S 2nInt� fT �D
2
e ���

by a slight modi®cation near qD2
e , which folds on S� fT� and qD2

e . We can prove

that o�g� is the unique nontrivial element by using an explicit description of the

isomorphism m of Remark 4.6 and [T, Propositions 3.1 and 5.3]. The details will

appear elsewhere.

§5. Surgery theory.

In this section we need to recall the surgery theory due to Kervaire-Milnor

([K-M ]), Browder ([B2]), Sullivan ([Su]) and Wall ([W2]). First we give a fold-

cobordism invariant related to surgery obstructions. Let Ln�p1�P�� be the Wall

group for an oriented manifold P of dimension n. If nV 5, then we have the

surgery obstruction Y : �P;G=O� ! Ln�p1�P��. In particular, if n1 2 �mod4�

and P is simply connected, then the surgery obstruction is the Kervaire invariant

de®ned in Z=2Z. Let pSG : SG ! SG=SO � G=O be the canonical projection

and �pSG�� : �P;SG � ! �P;G=O� the induced map.

Proposition 5.1. Let P be an oriented manifold of dimension nV 5. Then

the map Y � �pSG�� � o : Wfold�P� ! Ln�p1�P�� gives a fold-cobordism invariant in

Ln�p1�P��.

The author does not know to what extent this invariant does not vanish. If

n1 2 �mod 4� and P � S n, then the surgery obstruction of Kervaire invariant

Figure 1
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vanishes except for the dimensions n0 2l ÿ 2 and it is de®ned also in the

dimension n � 2. It is known that it is nontrivial in dimensions 2, 6, 14 and 30

(see [B1, Corollary 1]). So the Kervaire invariant seems to be a non-vanishing

fold-cobordism invariant (see Example 4.8 (2)).

Let nX be the normal bundle of an embedded manifold X in S n�k as de®ned

in §4 inducing a trivialization of tX l nX . Now we shall recall the results

developped in the surgery theory along [B2] and [M-M ].

Let h be a vector bundle over P of dimension k. A normal map of degree 1

is de®ned to be a pair � f ; b�, where f : N ! P is a map of degree 1 and b is

a bundle map (this is not necessarily orientation preserving) of nN into h covering

f ([B2, page 31]). Two normal maps fi : Ni ! P and bi : nNi
! hi �i � 0; 1� are

normally cobordant when there exists an oriented manifold W of dimension n� 1

with bundle map B : nW ! h0 � I over a map F : W ! P� I such that

�i� qW � N0 U �ÿN1� and nW jNi
� nNi

;

�ii� F jNi
� fi and

�iii� BjN0
� b0 and BjN1

� a � b1;

where a : h1 ! h0 is a bundle isomorphism (see [M-M, De®nition 2.13]). Let

NMO�P� denote the set of all normal cobordism classes of normal maps � f ; b� of

degree 1 into P. A G=O-bundle structure on S�x� is a pair �h; h�, where x is a

vector bundle of dimension k over P and h : S�x� ! S�h� is a ®bre homotopy

equivalence, which refers to a ®bre map giving a homotopy equivalence. Two

G=O-bundle structures �hi; hi��i � 0; 1� on S�x� are equivalent if there is a bundle

map a : h1 ! h0 such that h0F a � h1. Let SG=O�x� denote the set of equivalence

classes of G=O-bundle structures on S�x�.

Theorem 5.2. (i) ([B2, Proof of II.4.8 Lemma] and [M-M, p. 35]) There

exists a bijection n : NMO�P� ! SG=O�nP�.

(ii) ([Su] and [B2, II.4.4 Theorem and II.4.7 Proposition]) There exists a

bijection cG=O : SG=O�nP� ! �P;G=O�.

Here we shall give a sketch of the de®nition of these maps. Let aN A

pn�k�T�nN�� and aP A pn�k�T�nP�� be the elements as in §4. Let � f ; b� be an

element of NMO�P�. Then aP and T�b���aN� determine the homotopy class of

a ®bre homotopy equivalence h : S�nP� ! S�h� such that T�h���aP� � T�b���aN�

by [B2, I.4.19 Theorem]. Since h can be considered as a G=O-bundle structure

on S�nP�, the map n is de®ned by n� f ; b� � �h; h�. We see the surjectivity of n

as follows. Let h : S�nP� ! S�h� be a G=O-bundle structure. Then we have the

composition of aP and T�h� : T�nP� ! T�h�. By deforming T�h� � aP so that it is
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transverse to the zero section P of h, we obtain a map f of N � �T�h� � aP�
ÿ1�P�

into P with b : nN ! h. Then n� f ; b� � �h; h�.

The map cG=O is a little complicated. Consider the following:

SG=O�nP� ���!
s

SG=O�tP l nP� ���!
S�tÿ1

P
�
SG=O�y

2k
P �;

where s��h; h�� � �tP l h; idtP � h� and S�tÿ1
P ���h 0; h 0�� � �h 0; h 0 � tÿ1

P �. Let us

prove that there exists a bijection c
0
G=O : SG=O�y

2k
P � ! �P;G=O�. Let g (resp. g)

be a universal vector bundle over BO�2k� (resp. a universal spherical ®bre space

over BG2k). Let r : S�g� ! g be a classifying ®bre map covering r : BO�2k� !

BG2k. Let c : S�y2k
P � ! g be a ®xed classifying ®bre map covering a constant

map c : P ! BG2k. Let h : S�y2k
P � ! S�h� be a G=O-bundle structure and ch :

h ! g be a classifying bundle map of h covering ch : P ! BO�2k�. Then there

exists a homotopy between r � ch � h : S�y2k
P � ! S�h� ! S�g� ! g and c by the

universality of g. Hence it covers a homotopy cu of P� I to BG2k such that

c0 � r � ch and c1 � c. By applying the homotopy lifting property of r for cu
and ch, there exists a homotopy �ch�u of P� I to BO�2k� with �ch�0 � ch and

r � �ch�1 � c. Hence �ch�1 gives a map of P into rÿ1�point� � G2k=O�2k� !

G=O, which is what we want for �h; h�. The inverse of c
0
G=O is given as fol-

lows. Given a map �ch�1 : P ! rÿ1�point� � G2k=O�2k�, set h � �ch�
�
1 �g�. By

the universality of g, �ch�1 determines the unique homotopy class of a ®bre

homotopy equivalence h : S�y2k
P � ! S�h� which is what we want. The map cG=O

is the composition c
0
G=O �S�tÿ1

p � � s.

Next we have a canonical map for any vector bundle x

I : E�x� ! SG=O�x�

by mapping an automorphism h of E�x� to the G=O-bundle structure �x; h� on

S�x�.

Propositon 5.3. We have the following commutative diagram with

� pSG�� � cSG � cG=O �I.

E�nP� ���!
cSG

�P;SG �

I

?
?
?
y

?
?
?
y
� pSG��

SG=O�nP� ���!
cG=O

�P;G=O�

Proof. We de®ne the map sE : E�nP� ! E�tP l nP� by sE�h� � idtP � h.

Then we have the following commutative diagram, where E
0�tP��h� � �tP � h � tÿ1

P �

and I
0�h� � �tP l nP; t

ÿ1
P � h�.

Y. Ando378



E�nP� ���!
sE

E�tP l nP� ���!
E

0�tP�
E�y2k

P � ���!
c
0
SG

�P;SG �
?
?
?
y
I

?
?
?
y
I

?
?
?
y
I

0

SG=O�nP� ���!
s

SG=O�tP l nP� ���!
S�tÿ1

P
�

SG=O�y
2k
P � ���!

c
0
G=O

�P;G=O�

Here c
0
SG is the isomorphism which appeared in the de®nition of cSG in §4. The

fact that c 0SG in the diagram is bijective can also be explained similarly as in the

case of c
0
G=O above by considering the universal ®bre space ESG ! BSG with

®bre SG. Then the equality �pSG�� � c
0
SG � c

0
G=O �I 0 follows from the homotopy

commutative diagram

SG ���! ESG ���! BSG
?
?
?
y

?
?
?
y

?
?
?
y

G=O ���! BO ���! BG: r

If nV 5 and P is simply connected, then we have the following exact

sequence due to D. Sullivan [Su] (see also [B2, II.4.10] and [M-M ]):

bPn�1 � � � ! S�P� !
P
�P;G=O�GNMO�P� !

Y
Pn;

where

Pn �

0 �n: odd�

Z �n1 0 �mod 4��

Z=2Z �n1 2 �mod 4��

8

<

:

and Y is the surgery obstruction of normal maps. Y�� f ; b�� in dimensions n1 0

�mod 4� is, by de®nition, �I�N� ÿ I�P��=8 with I being the index and it is

represented by the Pontrjagin classes of tangent bundles ([B2, III.3.11]). Hence

if tN and tP are equivalent, then it vanishes. The dotted arrow of bPn�1 to S�P�

does not refer to a map but refers to the action of bPn�1 on S�P� described in

Introduction.

Here we shall explain the de®nition of P. Let f : N ! P be a smooth

structure on P. Let f ÿ1 be its homotopy inverse and h � � f ÿ1���nN�. Then

there exists a bundle map b : nN ! h over f . Hence � f ; b� becomes a normal

map of degree 1. As before, T�b���aN� and aP give a G=O-bundle structure

h : S�nP� ! S�h� with T�h���aP� � T�b���aN�. Then P� f � is de®ned to be

cG=O��h; h�� in �P;G=O�.

Let �P;G=O�tang refer to the image �pSG����P;SG �� in this paper. Then we

have the following.
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Corollary 5.4. Let nV 5 and P be simply connected. Then the image

P�Stang�P�� is contained in �P;G=O�tang.

Proof. For a smooth structure f : N ! P in S
tang�P�, we have � f ÿ1���nN�

G nP. So there exists an automorphism h : S�nP� ! S�nP� such that P� f � �

cG=O �I�h�, which is equal to �pSG�� � cSG�h� by Proposition 5.3. This proves

the assertion. r

The following theorem is another formulation of Theorem 3 in Introduction.

Theorem 5.5. Let nV 5 and P be simply connected. Consider the map

� pSG�� � o : Wfold�P� ! �P;G=O�. Then we have the following.

(1) The image of �pSG�� � o contains P�Stang�P��.

(2) If either (i) n1 0; 1 or 3 �mod4� or (ii) n1 2 �mod4� and Y vanishes

for P, then P�Stang�P�� and the image of �pSG�� � o are equal to �P;G=O�tang.

Proof. Let x be any element of �P;G=O�tang. Let � f 0; b� be the associated

normal map b : nM ! nP covering a map f 0
: M ! P of degree 1 and h : S�nP� !

S�h� the associated G=O-bundle structure as in Theorem 5.2. Then �h; h� is

contained in I�E�nP�� by Proposition 5.3. Hence nM must be equivalent to

f ��nP�. For dimensions n1 0 �mod 4�, we have Y�x� � 0, since I�M� � I�P�.

Therefore we obtain the assertion in (2) that �P;G=O�tang is equal to P�Stang�P��.

Thus it is enough for (1) and (2) to consider an element x of �P;G=O�tang such

that there is a smooth structure f : N ! P with x � P� f �.

Next we prove, using [E, Theorem 3.10], that the map f above is homotopic

to a folding map g. In fact, if n � 7, then it is a direct consequence. If n is

even or n is odd and TN and f ��TP� are equivalent, then take two small disks

De and D2e of radii e and 2e respectively in N. Let N1 be �NnIntD2e�UDe and

N2 be D2enIntDe. Then they satisfy the condition (b) or (c) of [E, Theorem 3.10]

so that we obtain g. If n is odd and TN and f ��TP� are not equivalent, then by

taking a small sphere bounding a disk of N and splitting N into two manifolds,

we can prove the condition (d) of [E, Theorem 3.10] again to obtain g.

Thus P� f � � P�g�. By de®nition, P�g� is equal to cG=O �I�h�g��, which is

equal to � pSG�� � cSG�h�g�� by Proposition 5.3. By the de®nition of o we have

o�g� � cSG�h�g�� and so P�g� � �pSG�� � o�g�. This is what we want. r

Proof of Theorem 3. The assertion follows from Theorem 5.5 and the fact

that if f is a homotopy equivalence and is a folding map of degree 1, then we

have P� f � � �pSG�� � o� f �. r

Example 5.6. Consider the case of P � S n �nV 5�. Let yn denote the

group of the h-cobordism classes of homotopy n-spheres, which is identi®ed with

S
tang�S n� � S�S n� in this case. Hence, P�Stang�S n�� is identi®ed with the well
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kown group yn=bPn�1, which has been discussed in [K-M, §4 and p. 581].

Therefore, the image �pSG�� � o�Wfold�S
n�� contains the group yn=bPn�1 by (1) of

Theorem 5.5.

Remark 5.7. The results of the present paper suggest that folding maps

are closely related to di¨erentiable structures of manifolds. Another kind of

phenomena in low dimensions can be found in [B-D], [S-S1] and [S-S2] and their

references due to Saeki and Sakuma.

We propose a problem: Find a method to construct an explicit folding map

h : P 0 ! P between homotopy equivalent manifolds.
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