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Abstract. In this article we study the inverse of the period map for the family F of

complex algebraic curves of genus 6 equipped with an automorphism of order 5 having

5 fixed points. This is a family with 2 parameters, and is fibred over a Del Pezzo

surface. Our period map is essentially same as the Schwarz map for the Appell

hypergeometric di¤erential equation F1ð3=5; 3=5; 2=5; 6=5Þ.

This di¤erential equation and the family F are studied by G. Shimura (1964),

T. Terada (1983, 1985), P. Deligne and G. D. Mostow (1986) and T. Yamazaki and

M. Yoshida (1984). Based on their results we give a representation of the inverse of

the period map in terms of Riemann theta constants. This is the first variant of the

work of H. Shiga (1981) and K. Matsumoto (1989, 2000) to the co-compact case.

0. Introduction.

We consider the configuration space

X �ð2; 5Þ ¼ ððP1Þ5 � DÞ=PGL2ðCÞ

where

D ¼ fðllÞ A ðP1Þ5 : li ¼ lj for some i0 jg:

Since every point l ¼ ðl1; . . . ; l5Þ A X �ð2; 5Þ can be represented by ð0;y; 1; x; yÞ,

the space can be seen as an open set in C
2:

X �ð2; 5ÞGL ¼ fðs; tÞ A C
2
: stðs� 1Þðt� 1Þðs� tÞ0 0g:

Let F be the family of algebraic curves

Cðs; tÞ : y5 ¼ xðx� 1Þðx� sÞðx� tÞð0:1Þ

of genus 6 parameterized by L. The curve Cðs; tÞ has also an expression of the

form
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Cl : y
5 ¼

Y

5

i¼1

ðx� liÞ;

by using a general representative l ¼ ðl1; . . . ; l5Þ of a point in X �ð2; 5Þ.
The period

hðs; tÞ ¼
ð

g

dz

w2

of Cðs; tÞ satisfies the system of di¤erential equations

sð1� sÞðq2u=qs2Þ þ tð1� sÞðq2u=qsqtÞ þ ð6=5� ð11=5ÞsÞðqu=qsÞ
� ð3=5Þtðqu=qtÞ � ð9=5Þu ¼ 0;

tð1� tÞðq2u=qt2Þ þ sð1� tÞðq2u=qsqtÞ þ ð6=5� 2tÞðqu=qtÞ
� ð2=5Þsðqu=qsÞ � ð6=5Þu ¼ 0:

8

>

>

>

<

>

>

>

:

ð0:2Þ

This is the system for the Appell hypergeometric function F1ð3=5; 3=5; 2=5; 6=5;
s; tÞ, and the dimension of the solution space at a generic point is equal to 3.

According to the works of T. Terada [14], P. Deligne and G. D. Mostow

[1] and T. Yamazaki and M. Yoshida [16] the following properties are already

known:

1. Let fh1; h2; h3g be a basis of the solutions of (0.2). The image of the

Schwarz map ðs; tÞ 7! ½h1ðs; tÞ : h2ðs; tÞ : h3ðs; tÞ� A P2 is an open dense

subset of a 2-dimensional ball B2.

2. The monodromy group G is a congruence subgroup of the Picard

modular group for k ¼ Qðe2pi=5Þ. The quotient space B2=G is compact.

3. Let S5 be the symmetric group of permutations of fl1; l2; l3; l4; l5g, it
causes a natural action on X �ð2; 5Þ. There is a compactification Xð2; 5Þ
of X �ð2; 5Þ so that we have S5 HAutðXÞ. Yoshida showed X is a Del

Pezzo surface of degree 5.

4. The inverse of the Schawarz map is single valued.

Based on these established results we give an explicit expression of the

inverse of the period map for F. We obtain the results by the following steps.

We find a realization of the compactified configuration space X ð2; 5Þ in P11

by using 12 extended crossratios. We construct the period matrix W ¼ WðlÞ of

Cl, it gives an embedding r of the period domain for F into the Siegel space

S6. We fix a basis fh1; h2; h3g of the solutions for (0.2). It is a system of

periods for appropriate 1-cycles g1; g2; g3 on Cl coupled with the di¤erential

dz=w2. By the method originally used by Picard we can determine the image of

the Schwarz map from the Riemann period relation. That is given by B2 ¼
fh A P2

:
thHh < 0g with H ¼ diagð1; 1; ð1�

ffiffiffi

5
p

Þ=2Þ.
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We give an explicit generator system of the monodromy group G for (0.2).

The theta constants on S6 with characteristics in ðZ=10ZÞ6 determine a system of

holomorphic functions on the period domain B2 via the embedding r. By using

the transformation formula for the theta constants we can examine their behavior

under the monodromy transformations. We know that many of them vanish on

B2, and that there are essentially 13 theta constants those are not constantly zero

there. One of them is the Riemann constant, and the rest give the 12 coor-

dinates of the configuration space in P
11 with the elevation to the 5-th power.

This is our main theorem and the exact statement is given in Theorem 6.1.

Our method is essentially the same used in [10] and [8], but we could obtain

the result applied to the co-compact case for the first time.

As a byproduct of the main theorem, in Theorem 6.3 we give an expression

of the inverse Schawarz map of the Gauss hypergeometric di¤erential equation

for 2F1ð1=5; 2=5; 4=5; xÞ. In this case we have the arithmetic triangle group of

co-compact type Dð5; 5; 5Þ as the monodromy group, and it is the case mentioned

by Shimura [12]. As another application, in Theorem 6.2 we give the explicit

generator system for the graded ring of the automorphic forms with respect to

the unitary group Uð2; 1;OkÞ over Ok.

The author wishes to express many thanks to the referee for his kind sug-

gestions to complete the revised version.

1. Realization of the configuration space Xð2; 5Þ.

Here we summarize the fundamental facts on X ð2; 5Þ. For precise argu-

ments, see [18, Chapter V]. Let us consider ordered distinct five points on P
1:

l ¼ ðl1; l2; l3; l4; l5Þ A ðP1Þ5 � D

where, D is given by

D ¼ fðllÞ A ðP1Þ5 : li ¼ lj for some i0 jg:

A projective transformation g A PGL2ðCÞ acts on ðP1Þ5 as

g � ðl1; . . . ; l5Þ ¼ ðgðl1Þ; . . . ; gðl5ÞÞ:

The configuration space X �ð2; 5Þ is defined by the quotient space

X �ð2; 5Þ ¼ ððP1Þ5 � DÞ=PGL2ðCÞ:

It has a compactification

X ð2; 5Þ ¼ X �ð2; 5Þ ¼ ððP1Þ5 � D 0Þ=PGL2ðCÞ

where
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D 0 ¼ fðllÞ A ðP1Þ5 : li ¼ lj ¼ lk for some i0 j0 k0 ig:

There exist ten lines on Xð2; 5Þ of the form

LðijÞ ¼ fðllÞ A ðP1Þ5 : li ¼ ljg=PGL2ðCÞGP
1:

By definition it holds LðijÞVLð jkÞ ¼ f ði0 j0 k0 iÞ. Notice that Xð2; 5Þ �

X �ð2; 5Þ is just the union of these ten lines, and that X ð2; 5Þ is isomorphic to the

blow-up of P
2 at four points. We can see the blow down p : X ð2; 5Þ ! P

2 by

the following way: for a point on X ð2; 5Þ, we take the specialized representative

ðl1; l2; l3; 0;yÞ and regard ½l1 : l2 : l3� as a point on P
2. Then we obtain the

following correspondence;

P1 ¼ ½1 : 0 : 0� ¼ pðLð15ÞÞ; P2 ¼ ½0 : 1 : 0� ¼ pðLð25ÞÞ;

P3 ¼ ½0 : 0 : 1� ¼ pðLð35ÞÞ; P4 ¼ ½1 : 1 : 1� ¼ pðLð45ÞÞ;

and

pðX �ð2; 5ÞÞ ¼ f½l1 : l2 : l3� A P
2
: li 0 lj ði0 jÞ; i; j ¼ 1; 2; 3; 4g:

For five distinct numbers i; j; k; l;m in f1; 2; 3; 4; 5g, we define a divisor

DðijklmÞ on Xð2; 5Þ by

DðijklmÞ ¼ LðijÞ þ Lð jkÞ þ LðklÞ þ LðlmÞ þ LðmiÞ:

As easily shown, every DðijklmÞ is linearly equivalent to the divisor

3p�H � Lð15Þ � Lð25Þ � Lð35Þ � Lð45Þ;

where H is a line on P
2. This is anti-canonical and very ample. In fact, we

have the following proposition by direct calculations.

Proposition 1.1. For twelve ðijklmÞ, set

JðijklmÞðlÞ ¼ dijðlÞdjkðlÞdklðlÞdlmðlÞdmiðlÞ ðdijðlÞ ¼ ajbi � aibjÞ;

where ½ai : bi� is the projective coordinate for li A P
1. Then the equation JðijklmÞ �

ðlÞ ¼ 0 defines the divisor DðijklmÞ and the map

J : X ð2; 5Þ ! P
11; JðlÞ ¼ ½� � � : JðijklmÞðlÞ : � � ��

is an embedding.

Remark 1.1. In terms of a‰ne coordinates li ¼ bi=ai, we have

JðijklmÞðlÞ

JðpqrstÞðlÞ
¼

ðli � ljÞðlj � lkÞðlk � llÞðll � lmÞðlm � liÞ

ðlp � lqÞðlq � lrÞðlr � lsÞðls � ltÞðlt � lpÞ
:

We use this notation in following sections.
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2. The family of pentagonal curves and the periods.

Let us consider the algebraic curve

Cl : y
5 ¼ ðx� l1Þðx� l2Þðx� l3Þðx� l4Þðx� l5Þ;

l ¼ ðl1; l2; l3; l4; l5Þ A ðP1Þ5 � D:

Set F ¼ fCl : l A X �ð2; 5Þg. We regard Cl as a five sheeted cyclic covering over

P
1 branched at li by the projection

p : Cl ! P
1; ðx; yÞ 7! x:

By the Hurwitz formula, the genus of Cl is six. We have the following basis of

H0ðCl;W
1Þ:

j1 ¼
dx

y2
; j2 ¼

dx

y3
; j3 ¼

x dx

y3
; j4 ¼

dx

y4
; j5 ¼

x dx

y4
; j6 ¼

x2 dx

y4
:ð2:1Þ

Let r denotes the automorphism of order five:

r : Cl ! Cl; ðx; yÞ 7! ðx; zyÞ ðz ¼ expð2p
ffiffiffiffiffiffiffi

�1
p

=5ÞÞ
on Cl.

Notation 2.1. Throughout this article z stands for expð2p
ffiffiffiffiffiffiffi

�1
p

=5Þ.

Next, we construct a symplectic basis of H1ðCl;ZÞ.
Let l0 ¼ ðl01 ; l02 ; l03 ; l04 ; l05Þ A X �ð2; 5Þ be a real point with l01 < � � � < l05 , and

let C0 be the corresponding curve. Take a point x0 A P
1 with Imðx0Þ < 0, and

make a line segment li connecting x0 and l0i ði ¼ 1; . . . ; 5Þ. Then S ¼ P
1 �6 li

is simply connected and we can choose an isomorphism

n : S � Z=5Z ! p�1ðSÞ

such that the fiber coordinate k A Z=5Z satisfies nðx; k þ 1Þ ¼ rðnðx; kÞÞ. Let

aði; jÞ be the open interval ðl0i ; l0j ÞHRHS. We obtain five arcs

a�kði; jÞ ¼ nðaði; jÞ; kÞ ðk ¼ 1; . . . ; 5Þ

in C0. Let us consider 1-chains

akði; jÞ ¼ a�kði; jÞU fp�1ðl0i Þ; p�1ðl0j Þg ðk ¼ 1; . . . ; 5Þð2:2Þ

with the common boundary qakði; jÞ ¼ p�1ðl0j Þ � p�1ðl0i Þ. We define cycles

g1; g2; g3 on C0 combining these chains;

g1 ¼ a1ð1; 2Þ þ a2ð2; 1Þ;
g2 ¼ a1ð3; 4Þ þ a2ð4; 3Þ;
g3 ¼ a1ð1; 3Þ þ a2ð3; 4Þ þ a3ð4; 2Þ þ a2ð2; 1Þ:

8

>

<

>

:

ð2:3Þ
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We set

A1 ¼ g1; A2 ¼ g2; A3 ¼ g3; A4 ¼ r2ðg1Þ; A5 ¼ r2ðg2Þ; A6 ¼ r4ðg3Þ;

B1 ¼ rðg1Þ þ r3ðg1Þ; B2 ¼ rðg2Þ þ r3ðg2Þ; B3 ¼ rðg3Þ þ r2ðg3Þ;

B4 ¼ r3ðg1Þ; B5 ¼ r3ðg2Þ; B6 ¼ rðg3Þ:

8

>

<

>

:

ð2:4Þ

The intersection numbers of these cycles are given by

Ai � Aj ¼ Bi � Bj ¼ 0; Ai � Bj ¼ dij:

So, fAi;Big is a symplectic basis of H1ðC0;ZÞ.

Let l be a point on X �ð2; 5Þ, and suppose an arc r from l0 to l. Since the

family F is locally trivial as a topological fiber space over X �ð2; 5Þ, by using this

trivialization along r, we obtain the systems fakði; jÞðlÞg, fgiðlÞg and the sym-

plectic basis fAiðlÞ;BiðlÞg on Cl. We have the relation (2.4) between fgiðlÞg

and fAiðlÞ;BiðlÞg also. We note that fAiðlÞ;BiðlÞg depend on the homotopy

class of r.

Now, we consider the period matrix of Cl:

PðlÞ ¼ P ¼ ðZ1;Z2Þ ¼

Ð

A1
j1 � � �

Ð

A6
j1

Ð

B1
j1 � � �

Ð

B6
j1

Ð

A1
j6 � � �

Ð

A6
j6

Ð

B1
j6 � � �

Ð

B6
j6

0

B

@

1

C

A
:� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

The normalized period matrix WðlÞ ¼ W ¼ Z�1
1 Z2 belongs to the Siegel upper

half space of degree 6:

S6 ¼ fW A GL6ðCÞ : tW ¼ W; ImðWÞ is positive definiteg:

The automorphism r acts on H0ðCl;W
1Þ and H1ðCl;ZÞ. So we have the

representation matrices R A GL6ðCÞ and M A GL12ðZÞ of r with respect to

the bases fjig and fAi;Big, respectively. It holds RP ¼ PM where R ¼

diagðz3; z2; z2; z; z; zÞ. Put

M ¼
tD tB
tC tA

� �

; s ¼
A B

C D

� �

:ð2:5Þ

Then the matrix s belongs to the symplectic group

Sp12ðZÞ ¼ fg A GL12ðZÞ : tgJg ¼ Jg; J ¼
0 I6

�I6 0

� �

and it holds

W ¼ ðAWþ BÞðCWþDÞ�1
:

By the definition (2.4) of Ai;Bi, we have
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P ¼ ða; b; c;R2a;R2b;R4c; ðRþ R3Þa; ðRþ R3Þb; ðRþ R2Þc;R3a;R3b;RcÞ;ð2:6Þ

where we denote

a ¼
t
ð

g1

j1; . . . ;

ð

g1

j6

 !

; b ¼
t
ð

g2

j1; . . . ;

ð

g2

j6

 !

; c ¼
t
ð

g3

j1; . . . ;

ð

g3

j6

 !

:

According to (2.4),

rðA1Þ ¼ rðg1Þ ¼ ðrðg1Þ þ r3ðg1ÞÞ � r3ðg1Þ ¼ B1 � B4:

By the same way, we can describe rðA2Þ; . . . ; rðB6Þ in terms of fAi;Big. So we

can determine M, and obtain

s ¼

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

�1 0 0 0 0 0 �1 0 0 0 0 0

0 �1 0 0 0 0 0 �1 0 0 0 0

0 0 0 0 0 �1 0 0 �1 0 0 �1

�1 0 0 0 0 0 �1 0 0 �1 0 0

0 �1 0 0 0 0 0 �1 0 0 �1 0

0 0 1 0 0 �1 0 0 0 0 0 0

1 0 0 �1 0 0 0 0 0 0 0 0

0 1 0 0 �1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:ð2:7Þ

Put

hðlÞ ¼ ½h1ðlÞ : h2ðlÞ : h3ðlÞ� A P
2
; h1ðlÞ ¼

ð

g1

j1; h2ðlÞ ¼
ð

g2

j1; h3ðlÞ ¼
ð

g3

j1:

These are multi-valued analytic functions of l. The Riemann period relation

for (2.6) induces

jh1j2 þ jh2j2 þ
1�

ffiffiffi

5
p

2
jh3j2 < 0;

namely, h ¼ ðh1; h2; h3Þ belongs to the complex ball

B2 ¼ fh A P
2
:
thHh < 0g; H ¼ diag 1; 1;

1�
ffiffiffi

5
p

2

 !

:ð2:8Þ

Next, we express W in terms of h explicitly. Write a ¼ ðaiÞ, b ¼ ðbiÞ and c ¼ ðciÞ.
Then, the Riemann bilinear relation PJ tP ¼ 0 induces the following equations:
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c2 ¼ �ðz2 þ z3Þða1a2 þ b1b2Þ=c1; c3 ¼ �ðz2 þ z3Þða1a3 þ b1b3Þ=c1:

By substituting them for Z1;Z2 in P we can proceed the calculation of W ¼

Z�1
1 Z2 (using a computer). Hence we have the following:

Lemma 2.1. Let D ¼ h21 þ h22 � z3ð1þ zÞh23 . The period matrix W ¼ ðWijÞ is

given by

W11 ¼ ðz3 � 1Þðh21 þ ð1þ z3Þh22 þ h23Þ=D; W44 ¼ �z2ðh21 þ z2h22 � ð1þ zÞh23Þ=D;

W22 ¼ ðz3 � 1Þðð1þ z3Þh21 þ h22 þ h23Þ=D; W55 ¼ �z2ðz2h21 þ h22 � ð1þ zÞh23Þ=D;

W33 ¼ ðz2 � 1Þðh21 þ h22 � z3h23Þ=D; W66 ¼ �z3ðh21 þ h22 � ð1þ z4Þh23Þ=D;

W12 ¼ ðz3 � zÞh1h2=D; W45 ¼ ðz4 � z2Þh1h2=D;

W15 ¼ ðz4 � zÞh1h2=D; W24 ¼ ðz4 � zÞh1h2=D;

W13 ¼ ð1� z2Þh1h3=D; W23 ¼ ð1� z2Þh2h3=D;

W46 ¼ ðz4 � zÞh1h3=D; W56 ¼ ðz4 � zÞh2h3=D;

W16 ¼ ðz3 � zÞh1h3=D; W26 ¼ ðz3 � zÞh2h3=D;

W34 ¼ ð1� z3Þh1h3=D; W35 ¼ ð1� z3Þh2h3=D;

W14 ¼ z3ðð1þ zÞh21 þ ð1þ z3Þh22 þ h23Þ=D; W25 ¼ z3ðð1þ z3Þh21 þ ð1þ zÞh22 þ h23Þ=D;

W36 ¼ ðzþ z2Þðh21 þ h22 � z3ð1þ z2Þh23Þ=D:

Now we define our period map

F : X �ð2; 5Þ ! B2; l 7! ½h1ðlÞ : h2ðlÞ : h3ðlÞ�;

that is multi-valued analytic. The above Lemma says that the original period

map l 7! WðlÞ factors as

X �ð2; 5Þ ! B2 ! S6:

Throughout this paper, we denote the matrix in Lemma 2.1 by WðhÞ.

3. The monodromy group and reflections.

The multi-valuedness of F induces a unitary representation of the funda-

mental group

c : p1ðX
�ð2; 5ÞÞ ! G ¼ fg A GL3ðZ½z�Þ : tgHg ¼ Hg:ð3:1Þ
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We call ImðcÞ the monodromy group of F. The group G acts on B2 (left

action). The structures of our monodromy group is studied in [16]. Set

Gð1� zÞ ¼ fg A G : g1 I3 mod 1� zg:

Theorem 3.1 (T. Yamazaki, M. Yoshida [16]). (1) The monodromy group of

the period map F coincides with Gð1� zÞ and the quotient G=ðGIÞGð1� zÞ is

isomorphic to the symmetric group S5.

(2) The quotient B2=Gð1� zÞ is biholomorphically equivalent to the blow up

of P
2 at four points.

Remark 3.1 (see [16]). There are ten ð�1Þ-curves on B2=Gð1� zÞ, and S5

acts transitively on them.

According to [14] and [16], it is proved that G and Gð1� zÞ are reflection

groups and generator systems are given also. We expose those generator system

in a form adapted for our calculation in the later sections.

Let us take the reference point l0 A X �ð2; 5Þ again. Now we define the half

way monodromy transformation g12 induced from the permutation of l01 and l02 .

Let us consider a continuous arc R12 in X �ð2; 5Þ starting from l0:

lðtÞ ¼ ðl1ðtÞ; l2ðtÞ; l
0
3 ; l

0
4 ; l

0
5Þ; ð0a ta 1Þð3:2Þ

such that (Figure 1)

l2ð1Þ ¼ l01 ; l1ð1Þ ¼ l02 ; 0 < Imðl1ðtÞÞ < Imðl2ðtÞÞ ð0 < t < 1Þ:

Let hðtÞ ¼ hðlðtÞÞ be the corresponding periods. Recall the definition (2.3). We

get g2ð1Þ ¼ g2ð0Þ; g3ð1Þ ¼ g3ð0Þ and g1ð1Þ ¼ �rðg1ð0ÞÞ. Hence,

0

B

@

h1ð1Þ

h2ð1Þ

h3ð1Þ

1

C

A
¼

�z3 0 0

0 1 0

0 0 1

0

B

@

1

C

A

0

B

@

h1ð0Þ

h2ð0Þ

h3ð0Þ

1

C

A
:

The matrix in the right hand side belongs to G , and we denote it by g12. We

define gij ð1a i < ja 5Þ by the same manner. Set hij ¼ g2ij .

l2ðtÞ

l1ðtÞ

l01 l02 l03 l04 l05

R

Figure 1.
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Proposition 3.1 (see [17]). The monodromy group of F is generated by

h12; h13; h14; h23; h34:ð3:3Þ

Let us define two reflections on B2 with respect to a root a as

TaðhÞ ¼ h� ð1þ z3Þ
taHh
taHa

a; RaðhÞ ¼ h� ð1þ zÞ
taHh
taHa

a:

Then we see that

Lemma 3.1. Set

a12 ¼ ð1; 0; 0Þ; a23 ¼ ðz3; 1;�ð1þ zÞÞ; a34 ¼ ð0; 1; 0Þ; a45 ¼ ð0; 1; z3Þ;

a13 ¼ ð1;�1; 1þ zÞ; a14 ¼ ð1; z3; 1þ zÞ:

Then we have gij ¼ Taij , hij ¼ Raij , and gij is of order ten, hkl is of order five.

Remark 3.2. The group G is generated by fg12; g23; g34; g45g and GI .

The deformation of the curve ClðtÞ along R12 in (3.2) induces a symplectic

basis fAiðtÞ;BiðtÞg on it. So fAið1Þ;Bið1Þg is again a symplectic basis on Cl0 .

Hence we obtain a symplectic transformation

tðB1ð1Þ; . . . ;B6ð1Þ;A1ð1Þ . . . ;A6ð1ÞÞ ¼ ĝg12
tðB1ð0Þ; . . . ;B6ð0Þ;A1ð0Þ . . . ;A6ð0ÞÞ:

For ĝg12 ¼
A B

C D

� �

, we have Wðhð1ÞÞ ¼ ðAWðhð0ÞÞ þ BÞðCWðhð0ÞÞ þDÞ�1.

Recall R12 induces the change of cycles ðg1; g2; g3Þ ! ð�rðg1Þ; g2; g3Þ. Together

with (2.4), we obtain:

ĝg12 ¼

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0 1 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 1 0 0 1 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

�1 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 �1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:ð3:4Þ

By the same consideration, we obtain the following:
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ĝg23 ¼

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 1 0 1 �1 1 2 �1 �1 1 �1 1

�1 1 �1 �1 1 0 �2 2 0 �1 1 �2

1 �1 2 0 0 �1 0 �1 1 0 0 1

0 1 �1 1 0 1 1 0 �1 1 0 0

0 0 0 �1 1 �1 �1 1 0 �1 1 �1

1 0 1 1 �1 1 2 �2 0 1 �1 2

�1 0 �1 0 1 1 0 1 0 0 0 �1

1 �1 1 0 0 �1 0 0 1 0 0 1

�1 1 �2 �1 1 1 �1 2 0 0 1 �2

0 0 0 �1 0 �1 �1 1 0 0 1 �1

0 0 1 1 �1 0 1 �1 0 0 0 1

1 �1 2 0 �1 �2 0 �1 1 �1 0 2

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

;ð3:5Þ

ĝg34 ¼

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 1 0 0 1 0

0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 �1 0 0 1 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 �1 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

;ð3:6Þ

ĝg45 ¼

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0 0 0 0 0 0 0

0 1 �1 0 1 0 0 2 0 0 1 �1

0 0 1 0 �1 0 0 0 1 0 0 1

0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 1 1 0 1 0

0 0 0 0 �1 1 0 �1 0 0 �1 1

0 0 0 0 0 0 1 0 0 0 0 0

0 �1 1 0 0 �1 0 0 0 0 0 0

0 0 �1 0 1 0 0 1 0 0 0 �1

0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 �1 0 0 �1 0 0 0 1

0 �1 1 0 0 �1 0 �1 0 0 0 1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:ð3:7Þ
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By sending gij to ĝgij , we define a homomorphism

^: G ! AutðH1ðCl0 ;ZÞÞ ¼ Sp12ðZÞ; g 7! ĝg:

Remark 3.3. Since we have the relations

h12 ¼ ðg12Þ
2; h23 ¼ ðg23Þ

2; h34 ¼ ðg34Þ
2

h13 ¼ ðg23Þ
�1ðg12Þ

2
g23; h14 ¼ ðg23g34Þ

�1ðg12Þ
2
g23g34;

we can obtain ĥh12; ĥh13; ĥh14; ĥh23; ĥh34.

4. Degenerate loci.

According to Theorem 3.1 and the result of T. Terada ([14]) the period map

F induces a biholomorphic equivalence X �ð2; 5Þ !
@

B
�
2=Gð1� zÞ ðB�

2 ¼ ImFÞ,

moreover it has the unique extension

~FF : X ð2; 5Þ !
@

B2=Gð1� zÞ;

and 6LðijÞ ¼ X ð2; 5Þ � X �ð2; 5Þ corresponds to ðB2 � B
�
2Þ=Gð1� zÞ. Let p be

the projection B2 ! B2=Gð1� zÞ, and let lðijÞ denote p�1ð ~FFðLðijÞÞÞ.

Now we consider a degenerate curve

y5 ¼ ðx� l1Þ
2ðx� l3Þðx� l4Þðx� l5Þ

with ðl1; l1; l3; l4; l5Þ A Lð12Þ, and putting l 0 ¼ ðl1; l3; l4; l5Þ we denote it by

Cl 0 . Let ~CCl 0 denote the non-singular model of Cl 0 . It is a curve of genus

4. Set F12 be the totality of ~CCl 0 . For the parameter ðl0Þ 0 ¼ ðl01 ; l
0
3 ; l

0
4 ; l

0
5Þ

the cycle g1 vanishes on ~CCðl0Þ 0 , but g2 and g3 are still alive. So we can define

Ai;Bi ði ¼ 2; 3; 5; 6Þ on ~CCl 0 by the same argument as for Cl. Hence we obtain

a basis fAi;Big ði ¼ 2; 3; 5; 6Þ of H1ð ~CCl 0 ;ZÞ. By putting l 0 ¼ ð0; 1; t;yÞ the

period

ð

g

x�4=5ðx� 1Þ�2=5ðx� tÞ�2=5
dx; ðg A H1ð ~CCl 0 ;ZÞÞð4:1Þ

on ~CCl 0 gives a solution for the Gauss hypergeometric di¤erential equation

E2;1ð1=5; 2=5; 4=5Þ:

tð1� tÞ
d2u

dt2
þ

4

5
�
8

5
t

� �

du

dt
�
2

5
u ¼ 0:ð4:2Þ

The corresponding monodromy group is the triangle group Dð5; 5; 5Þ (see [13],

[17], [18, p. 138]). Set

B1 ¼ fh A B2 : h1 ¼ 0g;
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it is the mirror of the reflection g12. By using the system fg2; g3g we define a

multi-valued map

F12 : Lð12Þ ! B1; l 7! ½0 : h2ðlÞ : h3ðlÞ�:

It induces the restriction ~FFjLð12Þ. By the same manner we obtain that ~FFjLðijÞ is

the mirror of the reflection gij. Suppose l A Lð12Þ and set h ¼ hðlÞ ¼ F12ðlÞ.
By putting h1 ¼ 0 in Lemma 2.1, we see that

WðhÞ ¼ W11 W14

W41 W44

� �

lW 0ðhÞ; W11 W14

W41 W44

� �

¼ t0 ¼
z� 1 z2 þ z3

z2 þ z3 �z4

� �

ð4:3Þ

with a certain element W 0ðhÞ A S4. Moreover, in case h0 ¼ ½0 : 0 : 1� A lð12ÞV
lð34Þ we have

Wðh0Þ ¼
W11 W14

W41 W44

� �

l
W22 W25

W52 W55

� �

l
W33 W36

W63 W66

� �

¼ t0 l t0 l t0.ð4:4Þ

5. Theta functions.

5.1. Invariant theta characteristics.

We recall several basic facts on the Riemann theta function (see [4] and [9]).

For a characteristic ða; bÞ A ðRgÞ2, the theta function Yða;bÞðz;WÞ on C
g �Sg is

defined by the series

Yða;bÞðz;WÞ ¼
X

n AZ g

exp½p
ffiffiffiffiffiffiffi

�1
p

tðnþ aÞWðnþ aÞ þ 2p
ffiffiffiffiffiffiffi

�1
p

tðnþ aÞðzþ bÞ�:

This function satisfies the following relations

Yða;bÞðzþm;WÞ ¼ expð2p
ffiffiffiffiffiffiffi

�1
p

tmaÞYða;bÞðz;WÞ;ð5:1Þ

Yða;bÞðzþWm;WÞ ¼ expð�p
ffiffiffiffiffiffiffi

�1
p

tmWm� 2p
ffiffiffiffiffiffiffi

�1
p

tmðzþ bÞÞYða;bÞðz;WÞð5:2Þ

for m A Z
g. For n;m A Z

g, we have

Yðaþn;bþmÞðz;WÞ ¼ expð2p
ffiffiffiffiffiffiffi

�1
p

tamÞYða;bÞðz;WÞ;ð5:3Þ

and it holds

Yð�a;�bÞðz;WÞ ¼ Yða;bÞð�z;WÞ:ð5:4Þ

The theta constant Yða;bÞðWÞ ¼ Yða;bÞð0;WÞ satisfies the following transformation

formula (see [4, p176]) as function on Sg. For g ¼ A B

C D

� �

A Sp2gðZÞ, set
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gW ¼ ðAWþ BÞðCWþDÞ�1ð5:5Þ

gða; bÞ ¼ ðDa� Cb;�Baþ AbÞ þ 1

2
ððC tDÞ0; ðA tBÞ0Þð5:6Þ

fða;bÞðgÞ ¼ � 1

2
ð ta tDBa� 2 ta tBCbþ tb

t
CAbÞ þ 1

2
ð ta tD� tb tCÞðA tBÞ0ð5:7Þ

where ðAÞ0 stands for the diagonal vector of a matrix A. Then we have

Ygða;bÞðgWÞ ¼ kðgÞ expð2p
ffiffiffiffiffiffiffi

�1
p

fa;bðgÞÞ detðCWþDÞ1=2Yða;bÞðWÞð5:8Þ

where, kðgÞ is a certain 8-th root of 1 depending only on g.

Remark 5.1. By definition, we have

Yða;bÞðz;WÞ ¼ expðp
ffiffiffiffiffiffiffi

�1
p

taWaþ 2p
ffiffiffiffiffiffiffi

�1
p

taðzþ bÞÞYð0;0ÞðzþWaþ b;WÞ;

so we often identify a characteristic ða; bÞ A ðRgÞ2 with Waþ b A C
g. For

A B

C D

� �

A Sp2gðZÞ, we have

W 0ðDa� CbÞ þ ð�Baþ AbÞ ¼ tðCWþDÞ�1ðWaþ bÞ;

where W 0 ¼ ðAWþ BÞðCWþDÞ�1.

Henceforth we consider only the characteristics ða; bÞ A ðð1=10ÞZ 6Þ2.

Lemma 5.1. Let s be the matrix in (2.7) and write a ¼ ðaiÞ, b ¼ ðbiÞ.
(1) We have sða; bÞ1 ða; bÞ modZ if and only if

5a1 1
1

2
; a4 1 a1; b1 1�2a1; b4 1�a1

5a2 1
1

2
; a5 1 a2; b2 1�2a2; b5 1�a2 modZ:

5a3 1
1

2
; a6 1 a3; b3 1�2a3; b6 1�a3

(2) Let ða; bÞ be the characteristic with the above condition. Then we have

ĝgða; bÞ1 ða; bÞ modZ for all g A Gð1� zÞ:

Proof. (1) Using the exact form (2.7) we can describe sða; bÞ. Then we

deduce the assertion.

(2) The transformation ða; bÞ 7! gða; bÞ in (5.6) define a group action of the

symplectic group on ðR=ZÞ2g (see [4]). We can check that the equality for every

member of the generator system fhijg of Gð1� zÞ. r
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Notation 5.1. We denote an element ða; bÞ A ðð1=10ÞZ 2nÞ2 of the form

a ¼ 1

10
tða1; a2; . . . ; an; a1; a2; . . . ; anÞ;

b ¼ 1

10
tð�2a1;�2a2; . . . ;�2an;�a1;�a2; . . . ;�anÞ; ða1; . . . ; an A ZÞ

by ½½a1; . . . ; an��.

Definition 5.1. Let ða; bÞ be a characteristic satisfying the condition in

Lemma 5.1 (1). Then we have ða; bÞ1 ½½a1; a2; a3�� ðmodZÞ with odd integers

a1; a2; a3. We call ½½a1; a2; a3�� of this type a ‘‘s-invariant’’ characteristic, and

we set

Q½½a1; a2; a3�� ¼ fh A B2 : Y½½a1;a2;a3��ðWðhÞÞ ¼ 0g:

Remark 5.2. By the transformation formula (5.8) and Lemma 5.1, we see

that

Y½½a1;a2;a3��ðgWðhÞÞ ¼ ða unit functionÞ �Y½½a1;a2;a3��ðWðhÞÞ

for a s-invariant characteristic ½½a1; a2; a3�� and g A Gð1� zÞ. Hence if we have

h A Q½½a1; a2; a3��, then the Gð1� zÞ-orbit of h is contained in Q½½a1; a2; a3��.

Lemma 5.2. Let ½½a1; a2; a3�� be a s-invariant characteristic. If 2a21 þ 2a22 þ
a23 B 5Z, then Y½½a1;a2;a3�� vanishes on B2.

Proof. We apply the transformation formula (5.8) for g ¼ s4. Using the

explicit form of g ¼ s4 ¼ A B

C D

� �

we obtain

f½½a1;a2;a3��ðs
4Þ ¼ 1

40
ð2a21 þ 2a22 þ a23Þ; detðCWðhÞ þDÞ ¼ 1

for all h A B2. By (5.3), we may put

Ys4½½a1;a2;a3��ðWÞ ¼ exp½2p
ffiffiffiffiffiffiffi

�1
p

tam�Y½½a1;a2;a3��ðWÞ

for a certain m A Z
6. Returning to the explicit form of s4½½a1; a2; a3�� we should

get m. We check that exp½2p
ffiffiffiffiffiffiffi

�1
p

tam� ¼ 1 by a computer aided calculation.

Hence we have

Y½½a1;a2;a3��ðWðhÞÞ ¼ kðs4Þ exp 1

20
p

ffiffiffiffiffiffiffi

�1
p

ð2a21 þ 2a22 þ a23Þ
� �

Y½½a1;a2;a3��ðWðhÞÞ

for all h A B2. This implies our assertion since kðs4Þ is an 8-th root of 1. r
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We consider odd integers a1; a2; a3 modulo 10Z. There exist 25 representatives

of the s-invariant characteristic ½½a1; a2; a3�� satisfying the condition 2a21 þ 2a22 þ

a23 A 5Z:

½½1; 1; 1��; ½½1; 1; 9��; ½½1; 9; 1��; ½½9; 1; 1��; ½½1; 3; 5��; ½½1; 7; 5��;

½½3; 1; 5��; ½½7; 1; 5��; ½½3; 3; 3��; ½½3; 3; 7��; ½½3; 7; 3��; ½½7; 3; 3��;
ð5:9Þ

and ½½5; 5; 5�� together with the inverses ½½9; 9; 9�� ¼ �½½1; 1; 1��; . . . :

Remark 5.3. The characteristic ½½5; 5; 5�� is an odd half integer characteristic

(see [9]), hence Y½½5;5;5��ðWÞ vanishes identically.

By using the explicit form of ĝgij in (3.4)–(3.7), we obtain ĝg12½½a1; a2; a3��.

Consequently we have

Lemma 5.3. Let ½½a1; a2; a3�� be a member of the system (5.9). The group G

acts transitively on the set of twelve Q½½a1; a2; a3��.

5.2. The zero loci of twelve theta functions.

Here we state Riemann’s theorem. Let C be an algebraic curve of genus

g, let fAi;Big be a symplectic basis of H1ðC;ZÞ such that Ai � Bj ¼ dij , and let

foig be the basis of H0ðC;W1Þ such that
Ð

Ai
oj ¼ dij . Then W ¼ ð

Ð

Bi
ojÞ belongs

to Sg. We denote tð
Ð

g
o1; . . . ;

Ð

g
ogÞ by

Ð

g
o.

Theorem 5.1 (see [9], p149). Let us fix a point P0 A C. Then there is a

vector D A C
g, such that for all z A C

g, multi-valued function

f ðPÞ ¼ Yð0;0Þ zþ

ðP

P0

o;W

� �

ðP A CÞ

on C either vanishes identically, or has g zeros Q1; . . . ;Qg with

X

g

i¼1

ðQi

P0

o1�zþ D mod WZ
g þ Z

g:

Remark 5.4 (see [9]). (1) The vector D in the theorem is called the Riemann

constant, and depends on the symplectic basis fAi;Big and the base point P0.

Once fAi;Big and P0 are fixed, then D is uniquely determined as a point of the

Jacobian JðCÞ ¼ C
g=ðWZ

g þ Z
gÞ by the property of the theorem.

(2) If we take P0 such that the divisor ð2g� 2ÞP0 is linearly equivalent to

the canonical divisor, then we have D A ð1=2ÞWZ þ ð1=2ÞZ.

Corollary 5.1 (see [9]). Under the same situation as the theorem,

Ya;bðWÞ ¼ 0 if and only if there exist Q1; . . . ;Qg A C such that
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D� ðWaþ bÞ1
X

g�1

i¼1

ðQi

P0

o:

Now, let us return to our case. Let l0 A X �ð2; 5Þ and C0 be as in Section 2

and o1; . . . ;o6 be the basis of H0ðC0;W
1Þ such that

Ð

Ai
oj ¼ dij. We denote the

ramified points over l0i A P
1 by Pi A C0. Let us take a base point P0 arbitrarily

among fP1; . . . ;P5g and let D0 be the Riemann constant with respect to fAi;Big

and P0.

Lemma 5.4. The Riemann constant D0 corresponds to the characteristic

½½5; 5; 5��.

Proof. The divisor of the holomorphic 1-form ðx� l0i Þ
2
dx=y4 is 10Pi.

Hence D0 is a half integer characteristic (see Remark 5.4). For z ¼ Waþ b

ða; b A R
6Þ and s ¼

A B

C D

� �

, applying (5.8) we have

YsðD0�zÞðWÞ ¼ ða unit functionÞ �YD0�zðWÞ;ð5:10Þ

since sW ¼ W. By (5.6) and Remark 5.1, we have

sðD0 � zÞ ¼ sD0 �
tðCWþDÞ�1

z:

Hence it holds

Y
sD0� tðCWþDÞ�1

z
ðWÞ ¼ 0 , YD0�zðWÞ ¼ 0

, z1
X

5

i¼1

ðQi

P0

o for bQ1; . . . ;Q5 A C0

by Corollary 5.1. Namely, putting w ¼ tðCWþDÞ�1
z we have

YsD0�wðWÞ ¼ 0 , tðCWþDÞw1

X

5

i¼1

ðQi

P0

o for bQ1; . . . ;Q5 A C0:

Let us recall that s is the symplectic representation matrix of r with respect to

the basis fAi;Big of H1ðC0;ZÞ. And we have

ðI WÞ
tD tB
tC tA

� �

¼ ð tðCWþDÞ tðAWþ BÞÞ ¼ tðCWþDÞðI WÞ;

so tðCWþDÞ is the representation matrix of r with respect to the basis

fo1; . . . ;o6g of H0ðC0;W
1Þ. Hence it holds

YsD0�wðWÞ ¼ 0 , w1

X

5

i¼1

ðQi

P0

ðr�1Þ�o1

X

5

i¼1

ð r�1ðQiÞ

r�1ðP0Þ

o1

X

5

i¼1

ð r�1ðQiÞ

P0

o:
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Recalling Remark 5.4 (1), this implies that sD0 is the Riemann constant, that is

sD0 1D0. Hence we have D0 1 ½½5; 5; 5��, since ½½5; 5; 5�� is the unique s-invariant

half integer characteristic. r

Next, let us consider the oriented arcs akði; jÞ defined by (2.2) and the integrals
Ð

akði; jÞ
o.

Lemma 5.5. The integral
Ð

akði; jÞ
o is a five torsion point on C

6=ðWZ
6 þ Z

6Þ.

In an explicit way, we have

ð

akð1;2Þ

o1 ½½6; 0; 0��;

ð

akð1;3Þ

o1 ½½8; 2; 6��;

ð

akð1;4Þ

o1 ½½8; 8; 6��;

ð

akð1;5Þ

o1 ½½8; 0; 8��

mod WZ
6 þ Z

6

under the identification referred in Remark 5.1 (Note that any akði; jÞ is written as

a combination of akð1; 2Þ, akð1; 3Þ, akð1; 4Þ and akð1; 5Þ).

Proof. Since Dij ¼ aið1; 5Þ � ajð1; 5Þ is a cycle, we see that
Ð

aið1;5Þ
o1

Ð

ajð1;5Þ
o modWZ

6 þ Z
6. And we have

ð

D12þD15

j1 ¼

ð

2a1ð1;5Þ�a2ð1;5Þ�a5ð1;5Þ

j1 ¼ ð2� z2 � z3Þ

ð

a1ð1;5Þ

j1:

By the same calculation, we see that

ð

a1ð1;5Þ

jk ¼

1

5
ð2� z� z4Þ

ð

D12þD15

jk ðk ¼ 1; 2; 3Þ

1

5
ð2� z2 � z3Þ

ð

D12þD15

jk ðk ¼ 4; 5; 6Þ

8

>

>

<

>

>

:

¼
1

5

ð

½2�r2�r3�ðD12þD15Þ

jk:

Calculating intersection numbers, we have the following equality

½2� r2 � r3�ðD12 þD15Þ ¼ 2A1 þ 2A3 þ A4 þ A6 þ 4B1 þ 4B3 � B4 � B6

as homology classes. Hence it holds

ð

a1ð1;5Þ

o1
1

5

ð

2A1þ2A3þA4þA6þ4B1þ4B3�B4�B6

o

1
1

10

ð

�6A1�6A3�8A4�8A6þ8B1þ8B3þ8B4þ8B6

o1 ½½8; 0; 8��:

By the same way, we obtain the results for akð1; 2Þ, akð1; 3Þ and akð1; 4Þ. r
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Let Cl ðl A X �ð2; 5ÞÞ be any element of our family F. We defined in Section 2

the systems fakði; jÞðlÞg, fgiðlÞg and fAiðlÞ;BiðlÞg on Cl depending on the arc r.

The point P0 has always the same meaning. So Lemma 5.4 and 5.5 are true

for Cl using these notations. Let D1 ½½5; 5; 5�� denote the Riemann constant

on Cl.

Now, recall that B
�
2 and lðijÞ stand for FðX �ð2; 5ÞÞ and p�1ð ~FFðLðijÞÞÞ,

respectively (see Section 4).

Proposition 5.1. Let ½½a1; a2; a3�� be a s-invariant characteristic in (5.9).

Then we have Q½½a1; a2; a3��VB
�
2 ¼ f.

Proof. Let us consider a curve C ¼ Cl ðl A X �ð2; 5ÞÞ and its period

W ¼ Wl. We assume that Y½½1;1;1��ðWÞ ¼ 0. According to Corollary 5.1, there

exist points Q1; . . . ;Q5 A C such that

X

5

i¼1

ðQi

P5

o1D� ½½1; 1; 1��1 ½½4; 4; 4��:

On the other hand, by Lemma 5.5, we have

ðP3

P4

o1 ½½0; 4; 0��;

ðP1

P5

o1 ½½2; 0; 2��:

Hence it holds

X

5

i¼1

ðQi

P5

o1 2

ðP1

P5

oþ

ðP3

P4

o:

By Abel’s theorem, the divisor
Pg

i¼1 Qi is linearly equivalent to the divisor

D ¼ 2P1 þ P3 � P4 þ 3P5, and we have

dimH0ðC;OðDÞÞ ¼ dimH0 C;O

X

g

i¼1

Qi

 ! !

b 1:ð5:11Þ

For the e¤ective divisor D 0 ¼ Dþ P4, we have

dimH0ðC;OðD 0ÞÞ ¼ dimH0ðC;W1ð�D 0ÞÞ þ 1

by the Riemann-Roch. We claim that dimH0ðC;W1ð�D 0ÞÞ ¼ 0. In fact, the

basis fjig is written as

j1 ¼ y2j; j2 ¼ yj; j3 ¼ xyj; j4 ¼ j; j5 ¼ xj; j6 ¼ x2j

j ¼ 5
dy

f 0ðxÞ
; f ðxÞ ¼

Y

5

i¼1

ðx� liÞ

 !

;
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and we have following vanishing orders;

ordPi
ðyÞ ¼ 1; ordPi

ðx� ljÞ ¼ 5dij; ordPi
ðjÞ ¼ 0 ði; j ¼ 1; . . . ; 5Þ:

Because any holomorphic 1-form is written in the form

ðquadratic polynomial of x; yÞ � j;

we see that there is no holomorphic 1-form x such that

ordP1
ðxÞb 2; ordP3

ðxÞb 1; ordP5
ðxÞb 3:

Hence we have dimH0ðC;OðD 0ÞÞ ¼ 1, that is, H0ðC;OðD 0ÞÞ contains only con-

stant functions. This contradicts (5.11), since H0ðC;OðDÞÞHH0ðC;OðD 0ÞÞ and

D is not e¤ective. So we have Q½½1; 1; 1��VB
�
2 ¼ f. Now the assertion follows

from Lemma 5.3. r

Hence Q½½a1; a2; a3�� is a union of several lðijÞ’s.

Lemma 5.6. Let h0 be the point ½0 : 0 : 1� A B2, and let ½½a1; a2; a3�� be a

member of (5.9). If a1; a2; a3 A f1; 9g, then we have Y½½a1;a2;a3��ðWðh0ÞÞ0 0.

Proof. We have

ð5:12Þ

Y½½a1;a2;a3��ðWðh0ÞÞ ¼ Y½½a1��ðt0ÞY½½a2��ðt0ÞY½½a3��ðt0Þ; t0 ¼
z� 1 z2 þ z3

z2 þ z3 �z4

� �

(see (4.4), Notation (5.1)). So our assertion is reduced to the inequality

Y½½1��ðt0Þ0 0, since Y½½9�� is a constant multiple of Y½½1��. Set ða; bÞ ¼ ½½1��,
n ¼ tðn1; n2Þ and

f ðn1; n2Þ ¼ exp½p
ffiffiffiffiffiffiffi

�1
p

ð tðnþ aÞt0ðnþ aÞ þ 2 tðnþ aÞbÞ�:

By definition, Y½½1��ðt0Þ ¼
P

n1;n2 AZ
f ðn1; n2Þ. For simplicity, we denote nþ a by

m ¼ ðm1;m2Þ. By elementary calculation, we see that

j f ðn1; n2Þj ¼ exp �p sin
2p

5

� �

fm2
1 þ ð3�

ffiffiffi

5
p

Þm1m2 þm2
2g

� �

:

In case m1m2 > 0, we have

j f ðn1; n2Þj < exp �p sin
2p

5

� �

fm2
1 þm2

2g
� �

:

In case m1m2 < 0, we have
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j f ðn1; n2Þj < exp �p sin
2p

5

� �

fm2
1 þm1m2 þm2

2g

� �

¼ exp �p sin
2p

5

� �

1

2
ðm2

1 þm2
2Þ þ

1

2
ðm1 þm2Þ

2

� �� �

< exp �
p

2
sin

2p

5

� �

fm2
1 þm2

2g

� �

:

Consequently,

j f ðn1; n2Þj < am2
1
þm2

2 ; a ¼ exp �
p

2
sin

2p

5

� �� �� �

for any n1; n2 A Z. Set

D1 ¼ fðn1; n2Þ A Z
2
: �10a n1; n2a 10g; D2 ¼ Z

2 �D1;

and consider the summations

S1 ¼
X

D1

f ðn1; n2Þ; S2 ¼
X

D2

f ðn1; n2Þ:

Using a computer, we can evaluate jS1j and jS2j. We have an approximate value

jS1jl 1:13746 . . . ;

by Mathematica. On the other hand, we have

jS2j <
X

D2

j f ðn1; n2Þj <
X

D2

am2
1
þm2

2 :

The last term is very small. For example,

X

n1b10;n2b0

am2
1
þm2

2 <

X

n1b10

an1

 !

X

n2b0

an2

 !

¼
a10

1� a

� �

1

1� a

� �

l 5:40545� 10�7
;

and the same calculations shows jS1jg jS2j. This implies Y½½1��ðt0Þ ¼

S1 þ S2 0 0. r

Lemma 5.7. (1) If we have a1 1 3; 7 mod 10, then Y½½a1;a2;a3�� vanishes on

lð12Þ.

(2) If we have a2 1 3; 7 mod 10, then Y½½a1;a2;a3�� vanishes on lð34Þ.

Proof. Set g ¼ ĝg12 ¼
A B

C D

� �

and set W ¼ WðhÞ with h ¼ ½0 : h2 : h3� A B2.

By the computation same as the one in the proof of Lemma 5.2, we have
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gW ¼ W; detðCWþDÞ ¼ z; f½½a1;a2;a3��ðgÞ ¼
1

40
a21 ; Yg½½a1;a2;a3��ðWÞ ¼ Y½½a1;a2;a3��ðWÞ:

Hence it holds

Y½½a1;a2;a3��ðWÞ8 ¼ exp
2

5
p

ffiffiffiffiffiffiffi

�1
p

ða21 � 1Þ
� �

Y½½a1;a2;a3��ðWÞ8.

Therefore Y½½a1;a2;a3��ðWðhÞÞ vanishes on the mirror of g12 provided a1 1 3; 7

mod 10. This implies assertion (1). The assertion (2) follows from the same

argument with g ¼ g34 and h ¼ ½h1 : 0 : h3� A B2. r

Proposition 5.2. We have Table 1 for the vanishing loci of twelve theta

constants coming from the system (5.9). In the table, ‘‘v’’ implies that Y½½a1;a2;a3��
vanishes along the corresponding divisor lðijÞ, and the blank implies Y½½a1;a2;a3�� is
not identically zero there. For example, Y½½1;1;1�� vanishes on lð13Þ and is not

identically zero on lð12Þ.

Proof. By Lemma 5.7,

Y½½3;1;5��; Y½½7;1;5��; Y½½3;3;3��; Y½½3;3;7��; Y½½3;7;3��; Y½½7;3;3��

vanish on lð12Þ, and

Y½½1;3;5��; Y½½1;7;5��; Y½½3;3;3��; Y½½3;3;7��; Y½½3;7;3��; Y½½7;3;3��

vanish on lð34Þ. By Lemma 5.6,

Y½½1;1;1��; Y½½1;1;9��; Y½½1;9;1��; Y½½9;1;1��

Table 1.
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are not identically zero on lð12Þ and on lð34Þ, since h0 ¼ ½0 : 0 : 1� A lð12ÞV
lð34Þ. The result is obtained by applying the transformation formula (5.8) for

the above theta constants and ĝgij. For example, we have

Yĝg12ĝg45½½a1;a2;a3��ðĝg12ĝg45WÞ ¼ ða unit functionÞ �Y½½a1;a2;a3��ðWÞ:

Since ĝg12ĝg45½½1; 3; 5��1 ½½9; 9; 1�� and g12g45ðlð12ÞÞ ¼ lð12Þ, we see that Y½½1;3;5�� is
not identically zero on lð12Þ. r

5.3. Automorphic factor.

We study the automorphic factor appeared in the transformation formula

(5.8) with respect to Gð1� zÞ and W ¼ WðhÞ. Let Q be the diagonal matrix

diagð1; 1;�z3ð1þ zÞÞ. We denote thQh by hh; hi. Set

FgðhÞ ¼
hgh; ghi

hh; hi

for g A G and h A B2. Obviously, we have the following lemma.

Lemma 5.8. FgðhÞ satisfies the cocycle condition with respect to G. That is,

Fg1g2ðhÞ ¼ Fg1ðg2hÞFg2ðhÞ; g1; g2 A G :

Proposition 5.3. There exists a non trivial character

w : G ! m5 ¼ f1; z; . . . ; z4g

such that

detðCWðhÞ þDÞ ¼ wðgÞFgðhÞ ðh A B2Þ

for g A G , where the matrix
A B

C D

� �

is the symplectic representation ĝg of g.

Proof. According to the case by case calculation, we have

detðCWðhÞ þDÞ ¼ z3FgðhÞ ðh A B2Þ

for g ¼ g12; g23; g34; g45. Since detðCWðhÞ þDÞ=FgðhÞ satisfies the cocycle con-

dition, we obtain the result. r

Now let ða; bÞ ¼ ½½a1; a2; a3�� be an invariant characteristic, and set ðag; bgÞ ¼
ĝgða; bÞ for g A Gð1� zÞ. Since ðag; bgÞ1 ða; bÞ modZ, we have

Yĝgða;bÞðWÞ ¼ Yðag;bgÞðWÞ ¼ Yðag�aþa;bg�bþbÞðWÞ ¼ exp½2p
ffiffiffiffiffiffiffi

�1
p

taðbg � bÞ�Yða;bÞðWÞ

by (5.3). Set

Pentagonal curves 187



f 0
½½a1;a2;a3��ðĝgÞ ¼ f½½a1;a2;a3��ðĝgÞ �

taðbg � bÞ:

Then we can write the transformation formula (5.8) as

ð5:13Þ

Y½½a1;a2;a3��ðWðghÞÞ ¼ kðĝgÞ expð2p
ffiffiffiffiffiffiffi

�1
p

f 0
½½a1;a2;a3��ðĝgÞÞ½wðgÞFgðhÞ�

1=2
Y½½a1;a2;a3��ðWðhÞÞ;

where kðĝgÞ is a 8-th root of 1 depending only on ĝg.

Lemma 5.9. Let g be in Gð1� zÞ. Then, the values

½expð2p
ffiffiffiffiffiffiffi

�1
p

f 0
½½a1;a2;a3��ðĝgÞÞ�

5

are the same for all twelve characteristics ½½a1; a2; a3�� in (5.9).

Proof. By direct calculation, we have

5f 0
½½a1;a2;a3��ðĥh12Þ1

1

8
; 5f 0

½½a1;a2;a3��ðĥh13Þ1
3

4
; 5f 0

½½a1;a2;a3��ðĥh14Þ1
1

2
;

5f 0
½½a1;a2;a3��ðĥh23Þ1

1

2
; 5f 0

½½a1;a2;a3��ðĥh34Þ1
3

4
ðmodZÞ

for the twelve ½½a1; a2; a3��. According to Lemma 5.8, the equality (5.13) shows

that

kðĝgÞ exp½2p
ffiffiffiffiffiffiffi

�1
p

f 0
½½a1;a2;a3��ðĝgÞ�

is a character on Gð1� zÞ. So we obtain the result for all g A Gð1� zÞ. r

Corollary 5.2. Let ½½a1; a2; a3�� and ½½b1; b2; b3�� be in (5.9). Then, the

function

Y½½a1;a2;a3��ðWðhÞÞ5

Y½½b1;b2;b3��ðWðhÞÞ5

is well-defined as a meromorphic function on B2=Gð1� zÞ.

Let W ¼ Wl be the period matrix of a curve Cl ðl A X �ð2; 5ÞÞ, P0 be a ramified

point of C ! P
1.

Proposition 5.4. Let ½½a1; a2; a3�� and ½½b1; b2; b3�� be in (5.9). The function

f ðPÞ ¼
Y½½a1;a2;a3��ð

Ð P

P0
o;WÞ5

Y½½b1;b2;b3��ð
Ð P

P0
o;WÞ5

ðP A ClÞ

is a single-valued meromorphic function on Cl, where the paths of integrations in

the numerator and the denominator are chosen to be the same.
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Proof. Note that Proposition 5.1 asserts

Y½½a1;a2;a3��

ðP0

P0

o;W

� �

¼ const:�Y½½a1;a2;a3��ð0;WÞ0 0;

where the constant depends on the path of integration. So the numerator is

not identically zero, and the same argument goes for the denominator. By the

assumption we have

½½a1; a2; a3�� � ½½b1; b2; b3�� A
1

5
Z

6

� �2

:

By using the formula (5.1) and (5.2) we can check that

Y½½a1;a2;a3��ð
Ð P

P0
oþWmþ n;WÞ5

Y½½b1;b2;b3��ð
Ð P

P0
oþWmþ n;WÞ5

¼
Y½½a1;a2;a3��ð

Ð P

P0
o;WÞ5

Y½½b1;b2;b3��ð
Ð P

P0
o;WÞ5

for m; n A Z
6. This implies single-valuedness of f . r

Let us consider the meromorphic function

f ðPÞ ¼
Y½½1;1;1��ð

Ð P

P1
o;WÞ5

Y½½3;3;7��ð
Ð P

P1
o;WÞ5

on Cl. By Lemma 5.5, we have

D� ½½1; 1; 1��1 ½½4; 4; 4��1 2

ðP2

P1

oþ 3

ðP3

P1

oþ

ðP4

P1

o;

D� ½½3; 3; 7��1 ½½2; 2; 8��1 3

ðP2

P1

oþ 2

ðP3

P1

oþ

ðP4

P1

o:

By Corollary 5.1, the zero divisor of Y½½1;1;1��ð
Ð P

P1
o;WÞ and Y½½3;3;7��ð

Ð P

P1
o;WÞ are

2P2 þ 3P3 þ P4 and 3P2 þ 2P3 þ P4 respectively. Hence we can write

f ðPÞ ¼ c
xðPÞ � l3

xðPÞ � l2
;

where xðPÞ is the coordinate function x A C ½x; y�=ðy5 �
Q

ðx� liÞÞ and c0 0 is

a certain constant. By Lemma 5.5,

ðP1

P1

o1 ½½0; 0; 0��;

ðP5

P1

o1 ½½8; 0; 8��:

Substitutes P ¼ P1;P5 in the above form, then we obtain
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Y½½1;1;1��ð½½0; 0; 0��;WÞ5

Y½½3;3;7��ð½½0; 0; 0��;WÞ5
¼ c

l1 � l3

l1 � l2
;

Y½½1;1;1��ð½½8; 0; 8��;WÞ5

Y½½3;3;7��ð½½8; 0; 8��;WÞ5
¼ c

l5 � l3

l5 � l2
:

Set ½½8; 0; 8�� ¼ We 0 þ e 00. By elementary and patient calculation, we have

Y½½1;1;1��ð½½8; 0; 8��;WÞ5 ¼ �z2 exp½�5p
ffiffiffiffiffiffiffi

�1
p

te 0We 0 � 10p
ffiffiffiffiffiffiffi

�1
p

te 0e 00�Y½½1;9;1��ðWÞ5

Y½½3;3;7��ð½½8; 0; 8��;WÞ5 ¼ exp½�5p
ffiffiffiffiffiffiffi

�1
p

te 0We 0 � 10p
ffiffiffiffiffiffiffi

�1
p

te 0e 00�Y½½1;3;5��ðWÞ5:

Eliminating c, we have the following equality

Y½½1;1;1��ðWÞ5Y½½1;3;5��ðWÞ5

Y½½3;3;7��ðWÞ5Y½½1;9;1��ðWÞ5
¼ �z2 ðl1 � l3Þðl5 � l2Þ

ðl1 � l2Þðl5 � l3Þ
:

Note that we can regard the above equality as that of meromorphic functions on

B2=Gð1� zÞGX ð2; 5Þ. By the above equality and Proposition 5.2, we see that

1. The vanishing order of Y½½1;1;1��ðWðhÞÞ5 on ~FFðLð13ÞÞ is 1,

2. The vanishing order of Y½½1;3;5��ðWðhÞÞ5 on ~FFðLð25ÞÞ is 1,

3. The vanishing order of Y½½3;3;7��ðWðhÞÞ5 on ~FFðLð12ÞÞ is 1,

4. The vanishing order of Y½½1;9;1��ðWðhÞÞ5 on ~FFðLð35ÞÞ is 1.

Because G acts transitively on the set of s-invariant characteristics (see Lemma

5.3), we obtain the following result.

Proposition 5.5. Let ½½a1; a2; a3�� be a s-invariant characteristic. If the

multi-valued function Y½½a1;a2;a3��ðWðhÞÞ
5

on B2=Gð1� zÞ vanishes identically on
~FFðLðijÞÞ ¼ lðijÞ=Gð1� zÞ, then the vanishing order is 1.

6. Conclusion.

Now we state our results.

—The Schwarz inverse for the Appell HGDE F1ð3=5; 3=5; 2=5; 6=5Þ—
Recall the embedding J : Xð2; 5Þ ! P

11 in Proposition 1.1 and the extended

period map ~FF in Section 4.

Theorem 6.1. We have a commutative diagram:

X ð2; 5Þ �������������������! B2=Gð1� zÞ
?
?
?
?
?
?
?
?
?
y

P
11
 ��

��
��

��
��
��
��

��
��
��
��

~FF

J
Y

Figure 2.
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by putting

Y ¼

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

Y½½1;1;1��ðWðhÞÞ5

Y½½1;1;9��ðWðhÞÞ5

Y½½1;9;1��ðWðhÞÞ5

Y½½9;1;1��ðWðhÞÞ5

Y½½1;3;5��ðWðhÞÞ5

Y½½1;7;5��ðWðhÞÞ5

Y½½3;3;3��ðWðhÞÞ5

Y½½3;3;7��ðWðhÞÞ5

Y½½3;7;3��ðWðhÞÞ5

Y½½7;3;3��ðWðhÞÞ5

Y½½7;1;5��ðWðhÞÞ5

Y½½3;1;5��ðWðhÞÞ5

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

; J ¼

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

c1Jð13245ÞðlÞ

c2Jð13524ÞðlÞ

c3Jð15324ÞðlÞ

c4Jð13254ÞðlÞ

c5Jð15234ÞðlÞ

c6Jð13425ÞðlÞ

d1Jð12534ÞðlÞ

d2Jð12345ÞðlÞ

d3Jð13452ÞðlÞ

d4Jð15342ÞðlÞ

d5Jð12453ÞðlÞ

d6Jð12354ÞðlÞ

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

;ð6:1Þ

with constants

½c1 : � � � : c6 : d1 : � � � : d6� ¼ ½1 : �1 : 1 : 1 : z3 : z3 : �z : z : z : �z : �1 : �1� A P
11
:

Moreover the map Y is an embedding.

Proof. By Proposition 5.2 and Proposition 5.5, the zero divisor of the i-th

component of Y coincides with that of the i-th component of J via the iso-

morphism ~FF. Hence the assertion is obvious except determination of the ratios

of constants ci; di.

The ratios are obtained by elementary (but complicated) calculation. Here

we omit it, for the details see [5]. r

Let KX be the canonical class of X ¼ Xð2; 5Þ.

Corollary 6.1. We have an isomorphism of C-algebras

C ½Y½½a1;a2;a3��ðWðhÞÞ5�G 0
y

n¼0

H0ðX ;OX ð�nKX ÞÞ;

where the left hand side is the C-algebra of the functions on B2 generated by the

twelve theta functions in Theorem 6.1. Especially the C-vector space spanned by

fY½½a1;a2;a3��ðWðhÞÞ5g coincides with H0ðX ;OX ð�KX ÞÞ.

Proof. The map J is essentially the anti-canonical map (see Section 1).

Hence the assertion follows from Theorem 6.1. r
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Remark 6.1. By the Riemann-Roch theorem, we obtain

dimH0ðX ;OX ð�nKX ÞÞ ¼
1

2
ð�nKX Þ � ð�nKX � KX Þ þ 1

¼ 5

2
nðnþ 1Þ þ 1;

since ð�KX Þ � ð�KX Þ ¼ 5. So we have dimH0ðX ;OX ð�KX ÞÞ ¼ 6, and twelve

theta constants fY½½a1;a2;a3��ðWðhÞÞ5g satisfy 6 independent linear equations. It is

known that the image of X in P
5 by the anti-canonical map is determined by the

system of quadratic equations (see [2, Chapter 5]).

—The graded ring of Automorphic forms—

Recall the automorphic factor FgðhÞ in Lemma 5.8. We consider the auto-

morphic function f ðhÞ on B2 in the sense that we have

f ðghÞ ¼ FgðhÞkf ðhÞ for g A Gð1� zÞ;ð6:2Þ

where k is a non negative integer. Let us denote the vector space of holo-

morphic functions satisfying (6.2) by AkðFgÞ.

Proposition 6.1. Let ½½a1; a2; a3�� and ½½b1; b2; b3�� be members of the system

in (5.9), then it holds

Y½½a1;a2;a3��ðWðhÞÞ5Y½½b1;b2;b3��ðWðhÞÞ5 A A5ðFgÞ:

Proof. By (5.13) and Lemma 5.9, we have

Y½½a1;a2;a3��ðWðghÞÞ5Y½½b1;b2;b3��ðWðghÞÞ5ð6:3Þ

¼ kðgÞ10 expð2p
ffiffiffiffiffiffiffi

�1
p

f 0
½½a1;a2;a3��ðgÞÞ

10
FgðhÞ5

�Y½½a1;a2;a3��ðWðhÞÞ5Y½½b1;b2;b3��ðWðghÞÞ5

for g A Gð1� zÞ. We must show

½kðgÞ expð2p
ffiffiffiffiffiffiffi

�1
p

f 0
½½a1;a2;a3��ðgÞÞ�

10 ¼ 1ð6:4Þ

for g A Gð1� zÞ. Let h0 be the point

ðthe mirror of h12ÞV ðthe mirror of h34Þ ¼ ½0 : 0 : 1� A B2:

Then h0 is fixed by h12 and h34. Moreover, FgðhÞ ¼ z for h12 and h34. So we

have

Y½½1;1;1��ðWðh0ÞÞ10 ¼ ½kðgÞ expð2p
ffiffiffiffiffiffiffi

�1
p

f 0
½½1;1;1��ðgÞÞ�

10
Y½½1;1;1��ðWðh0ÞÞ10 ðg ¼ h12; h34Þ
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by (6.3). Since Y½½1;1;1��ðWðh0ÞÞ0 0 (see Proposition 5.6), we obtain (6.4) for h12
and h34. By the same way, we see that (6.4) holds for any member hij of the

generator system of Gð1� zÞ. Hence it holds for all g A Gð1� zÞ. r

Theorem 6.2. (1) We have an isomorphism of the C-algebras:

0
y

n¼0

A5nðFgÞ ¼ C ½Y½½a1;a2;a3��ðWðhÞÞ5Y½½b1;b2;b3��ðWðhÞÞ5�

G0
y

n¼0

H0ðX ;OX ð�2nKX ÞÞ:

(2) AnðFgÞ ¼ f0g for n A N , n1 1; 2; 3; 4 mod 5.

Proof. By Proposition 6.1, f A A5ðFgÞ defines a meromorphic function

f ðhÞ

Y½½1;1;1��ðWðhÞÞ10

on B2=Gð1� zÞ. So, by Theorem 6.1, we have the isomorphism of C-vector

spaces:

A5nðFgÞGH0ðX ;OX ð�2nKX ÞÞ for n A N :

Hence we have the assertion (1).

Next let us recall that X is the blow up of P2 at 4 points. We denote this

blow up by p : X ! P
2. Then the Neron-Severi group NSðX Þ has a system of

free generator E1;E2;E3;E4 and p�H, where fEig are the exceptional curves with

respect to p, and H is a general line on P
2. For n B 5Z, there is no divisor

D on X such that 5D ¼ �2nKX , since �KX ¼ 3p�H � E1 � E2 � E3 � E4. This

implies the assertion (2), since

AnðFgÞ
5 HA5nðFgÞGH0ðX ;OX ð�2nKX ÞÞ: r

—The Schwarz inverse for the Gauss HGDE E2;1ð1=5; 2=5; 4=5Þ—

Let us consider the 1-dimensional disk

B1 ¼ fh A B2 : h1 ¼ 0g;

and the degenerate period map

F12 : Lð12ÞGP
1 ! B1; t 7! 0 :

ð

g2

o :

ð

g3

o

" #

;

o ¼ x�4=5ðx� 1Þ�2=5ðx� tÞ�2=5
dx;
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as in Section 4 (the parameter l is specialized as ðl1; . . . ; l5Þ ¼ ð0; 0; 1; t;yÞ).

Set

Gð1� zÞ1 ¼ fg A Gð1� zÞ : gðB1Þ ¼ B1g:

As we mentioned in Section 4, this is the triangle group Dð5; 5; 5Þ up to the

center. Recall those are the Schwarz map and the monodromy group for Gauss

hypergeometric di¤erential equation E2;1ð1=5; 2=5; 4=5Þ (see (4.2)).

Theorem 6.3. The map

Y12 : B1=Gð1� zÞ1 ! P
1; h 7! ½Y½½1;1;1��ðWðhÞÞ5 : �Y½½1;1;9��ðWðhÞÞ5�

is an isomorphism, and this is the inverse map of the Schwarz map

F12 : P
1 ! B1=Gð1� zÞ1; ½1 : t� 7! 0 :

ð

g2

o :

ð

g3

o

" #

:

Proof. By Theorem 6.1, the restriction of the meromorphic function

Y½½1;1;9��ðWðhÞÞ5

Y½½1;1;1��ðWðhÞÞ5

on Lð12Þ is of degree 1. In fact, Lð12ÞVLð13Þ ¼ Lð12ÞVLð14Þ ¼Lð12ÞV

Lð15Þ ¼ f, so the numerator vanishes at only Lð12ÞVLð35Þ with order 1, the

denominator vanishes at only Lð12ÞVLð45Þ with order 1, and Lð12ÞVLð35Þ0

Lð12ÞVLð45Þ (see Section 1). Hence the map Y12 is an isomorphism.

Moreover, by Theorem 6.1, we have the equality

Y½½1;1;9��ðWðhÞÞ5

Y½½1;1;1��ðWðhÞÞ5
¼ �

ðl1 � l3Þðl3 � l5Þðl5 � l2Þðl2 � l4Þðl4 � l1Þ

ðl1 � l3Þðl3 � l2Þðl2 � l4Þðl4 � l5Þðl5 � l1Þ
;

on B2=Gð1� zÞGXð2; 5Þ, and this induces the equality

Y½½1;1;9��ðWðhÞÞ5

Y½½1;1;1��ðWðhÞÞ5
¼ �

ðl3 � l5Þðl4 � l1Þ

ðl3 � l1Þðl4 � l5Þ

on Lð12Þ. Putting ðl1; l3; l4; l5Þ ¼ ð0; 1; t;yÞ, we obtain

ðl3 � l5Þðl4 � l1Þ

ðl3 � l1Þðl4 � l5Þ
¼ t: r

Let us consider a holomorphic function f on B1 satisfying the condition:

f ðghÞ ¼ FgðhÞ
k
f ðhÞ for g A Gð1� zÞ1;

and we denote the C-vector space of such functions by MkðFgÞ.
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Corollary 6.2. (1) We have an isomorphism of C-algebras:

0
y

n¼0

M5nðFgÞ

¼ C ½Y½½1;1;1��ðWðhÞÞ10;Y½½1;1;1��ðWðhÞÞ5Y½½1;1;9��ðWðhÞÞ5;Y½½1;1;9��ðWðhÞÞ10�

GC ½x2
0 ; x0x1; x

2
1 �

G 0
y

n¼0

H0ðP1
;O

P
1ð�nK

P
1ÞÞ;

where ½x0 : x1� is homogeneous coordinates of P
1.

(2) MnðFgÞ ¼ f0g for n A N , n1 1; 2; 3; 4 mod 5.

Proof. The assertion (1) is a direct consequence of Corollary 6.2 and

Theorem 6.3. The assertion (2) is obtained by the same argument as the proof

of Theorem 6.2. r
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[10] H. Shiga, On the representation of the Picard modular function by y constants I–II, Publ.

Res. Inst. Math. Sci. Kyoto Univ., 24 (1988), 311–360.

[11] H. Shiga, One attempt to the K3 modular function I–II, Ann. Scuola Norm. Pisa, Ser.

IV-Vol. VI (1979), 609–635, Ser. IV-Vol. VIII (1981), 157–182.

[12] G. Shimura, On purly transcendental fields of automorphic functions of several complex

variables, Osaka J. Math., 1 (1964), 1–14.

[13] K. Takeuchi, Arithmetic triangle group, J. Math. Soc. Japan, Vol. 29 (1977), No. 1, 91–106.
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