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Abstract. We shall give two criterions of Wiener type which characterize minimally

thin sets and rarefied sets in a cone. We shall also show that a positive superharmonic

function on a cone behaves regularly outside a rarefied set in a cone. These facts are

known for a half space which is a special cone.

1. Introduction.

Let R and Rþ be the set of all real numbers and all positive real numbers,

respectively. We denote by R
n ðnb 2Þ the n-dimensional Euclidean space. A

point in R
n is denoted by P ¼ ðX ; yÞ, X ¼ ðx1; x2; . . . ; xn�1Þ. The boundary and

the closure of a set S in R
n are denoted by qS and S, respectively. We introduce

the system of the spherical coordinates ðr;YÞ, Y ¼ ðy1; y2; . . . ; yn�1Þ, in R
n which

are related to the cartesian coordinates ðx1; x2; . . . ; xn�1; yÞ by

x1 ¼ rðP n�1
j¼1 sin yjÞ ðnb 2Þ; y ¼ r cos y1;

and if nb 3, then

xnþ1�k ¼ rðP k�1
j¼1 sin yjÞ cos yk ð2a ka n� 1Þ;

where 0a r < þy, �ð1=2Þpa yn�1 < ð3=2Þp, and if nb 3, then 0a yja p

ð1a ja n� 2Þ. The unit sphere and the upper half unit sphere are denoted by

S
n�1 and S

n�1
þ , respectively. For simplicity, a point ð1;YÞ on S

n�1 and the set

fY; ð1;YÞ A Wg for a set W;WHS
n�1, are often identified with Y and W, re-

spectively. For two sets LHRþ and WHS
n�1, the set

fðr;YÞ A R
n
; r A L; ð1;YÞ A Wg

in R
n is simply denoted by L�W. In particular, the half-space

Rþ � S
n�1
þ ¼ fðX ; yÞ A R

n
; y > 0g

will be denoted by Tn.
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Lelong-Ferrand [15] investigated the regularity of value distribution of a

positive superharmonic function on Tn. Let GðP;QÞ ðP A Tn;Q A TnÞ be the

Green function of Tn. The regularized reduced function R̂RE
h ðPÞ of hðX ; yÞ ¼ y

ððX ; yÞ A TnÞ relative to a bounded set E of Tn has a unique positive measure lE
on Tn such that

R̂RE
h ðPÞ ¼ GlEðPÞ

for any P A Tn, where GlEðPÞ ðP A TnÞ is the Green potential of lE . By lðEÞ,

we denote the total mass lEðTnÞ of lE which was called charge extérieure de E by

Lelong-Ferrand [15, p. 129]. We denote the (Green) energy

ð
Tn

ðGlEÞðPÞ dlEðPÞ

of lE by gðEÞ, which was originally introduced by Lelong-Ferrand [15] and called

puissance extérieure de E. Let E be a subset of Tn and set

Ek ¼ E V Ik;

where

Ik ¼ fðr;YÞ A Tn; 2
k
a r < 2kþ1g ðk ¼ 0; 1; 2; . . .Þ:

Lelong-Ferrand said that E is e‰lé at y with respect to Tn, if

Xy
k¼0

gðEkÞ2
�kn

< þy;ð1:1Þ

and proved the following fact.

Theorem A (Lelong-Ferrand [15, Théorème 1c]). Let vðPÞ ¼ vðr;YÞ be a

positive superharmonic function on Tn and put

c ¼ inf
P¼ðX ;yÞ ATn

vðPÞ

y
:

Then there is a subset E;EHTn e‰lé at y with respect to Tn such that

vðPÞ

y
ðP ¼ ðX ; yÞ ¼ ðr;YÞ A TnÞ

uniformly converges to c on Tn � E as r ! þy.

Essén and Jackson [7, Remark 3.1] observed that a subset E of Tn is e‰lé at

y with respect to Tn if and only if E is minimally thin at y with respect to Tn.

To state the definition of minimally thin sets at y with respect to Tn, which is

based on minimal thinness at a Martin boundary point (Brelot [5, p. 122], Doob
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[6, p. 208]), observe that the Martin boundary of Tn is qTn U fyg and y is a

minimal Martin boundary point of Tn. Let KðP;QÞ ðP A Tn;Q A qTnÞ be the

Martin kernel with the reference point ð0; 0; . . . ; 0; 1Þ A Tn. Then KðP;yÞ ¼ y

for any P ¼ ðX ; yÞ A Tn. A subset E of Tn is said to be minimally thin at y with

respect to Tn, if there exists a point P ¼ ðX ; yÞ such that

R̂RE
Kð� ;yÞðPÞ0 y;

where R̂RE
Kð� ;yÞ is the regularized reduced function of KðP;yÞ ¼ y

ðP ¼ ðX ; yÞ A TnÞ relative E.

In connection with Ahlfors and Heins [1], Hayman [11], Ušakova [16] and

Azarin [4], Essén and Jackson [7] introduced the following notion, similar to the

minimal thinness. A subset E of Tn is said to be rarefied at y with respect to

Tn, if

Xy

k¼0

lðEkÞ2
�kðn�1Þ

< þyð1:2Þ

(Essén and Jackson [7, p. 244]). Since a rarefied set at y with respect to Tn is

also a minimally thin set at y with respect to Tn (Essén and Jackson [7, Remark

3.2]), we can expect much stronger conclusion than the conclusion of Theorem A.

In fact, the following theorem was proved.

Theorem B (Essén and Jackson [7, Theorem 4.6 and Remark 4.2]). Let

vðPÞ ¼ vðr;YÞ be a positive superharmonic function on Tn and put

c�ðvÞ ¼ inf
P¼ðX ;yÞ ATn

vðPÞ

y
:

Then there is a rarefied set E at y with respect to Tn such that vðPÞr�1 uniformly

converges to c�ðvÞ cos y1 on Tn � E as r ! þy ðP ¼ ðr;YÞ A TnÞ.

There is also another definition of rarefied sets at y with respect to Tn. A

subset E of Tn is said to be rarefied at y with respect to Tn, if there exists a

positive superharmonic function v in Tn such that

inf
P¼ðX ;yÞ ATn

vðPÞ

y
¼ 0

and

vðPÞb r

for any P ¼ ðr;YÞ A E (Essén and Jackson [7, Remark 4.4], Aikawa and Essén [3,

Difinition 12.4, p. 74] and Hayman [12, p. 474]). It was proved that a subset E
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of Tn is rarefied at y with respect to Tn according to this definition if and only if

(1.2) holds (Aikawa and Essén [3, Theorem 13.1]).

By CnðWÞ, we denote the set Rþ �W in R
n with a domain W on S

n�1ðnb 2Þ

having smooth boundary. We call it a cone. Then Tn is the special cone

obtained by putting W ¼ S
n�1
þ . When we transform Tn or CnðWÞ into a bounded

domain by a Kelvin transformation, we know that Tn is a typical domain having

a smooth boundary at y, but CnðWÞ except Tn is an example of domains which

have corners at y.

In this paper, we shall give two criterions of Wiener type for minimally thin

sets and rarefied sets at y with respect to CnðWÞ, which extend (1.1) and (1.2)

(Theorems 1 and 2). These criterions will be useful to make coverings over these

exceptional sets in CnðWÞ by a sequence of disks, which were exemplified in the

case of the half space Tn by Essén and Jackson [7] and Essén, Jackson and

Rippon [8]. By using one of them, we shall generalize Theorem B for positive

superharmonic functions on CnðWÞ (Theorem 3), while the generalization of

Theorem A can be regarded as the special case of the Fatou boundary limit

theorem for the Martin space (Remark 2). Finally these criterions will give some

connection between both exceptional sets (Theorem 4).

Acknowledgement. The authors would like to thank the referee for his

useful suggestions.

2. Statement of results.

Let W be a domain on S
n�1 ðnb 2Þ with smooth boundary qW. Consider

the Dirichlet problem

ðLn þ lÞ f ¼ 0 on W

f ¼ 0 on qW;

where Ln is the spherical part of the Laplace operator Dn

Dn ¼
n� 1

r

q

qr
þ

q
2

qr2
þ r�2

Ln:

We denote the least positive eigenvalue of this boundary value problem by lW

and the normalized positive eigenfunction corresponding to lW by fWðYÞ;

ð
W

f 2
W
ðYÞ dsY ¼ 1;

where dsY is the surface element on S
n�1. We denote the solutions of the

equation
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t2 þ ðn� 2Þt� lW ¼ 0

by aW;�bW ðaW; bW > 0Þ and write dW for aW þ bW. If W ¼ S
n�1
þ , then aW ¼ 1,

bW ¼ n� 1, and

fWðYÞ ¼ ð2ns�1
n Þ1=2 cos y1;

where sn is the surface area 2pn=2fGðn=2Þg�1 of S
n�1.

In the following, we put the strong assumption relative to W on S
n�1: If

nb 3, then W is a C2;a-domain ð0 < a < 1Þ on S
n�1 surrounded by a finite

number of mutually disjoint closed hypersurfaces (e.g. see Gilbarg and Trudinger

[10, pp. 88–89] for the definition of C2;a-domain).

It is known that the Martin boundary D of CnðWÞ is the set qCnðWÞU fyg

and each point of D is a minimal Martin boundary point. When we denote the

Martin kernel by KðP;QÞ ðP A CnðWÞ;Q A qCnðWÞU fygÞ with respect to a ref-

erence point chosen suitably, we know

KðP;yÞ ¼ raW fWðYÞ; KðP;OÞ ¼ kr�bW fWðYÞ ðP A CnðWÞÞ;

where O denotes the origin of R
n and k is a positive constant.

A subset E of CnðWÞ is said to be minimally thin at Q A D with respect to

CnðWÞ (Brelot [5, p. 122], Doob [6, p. 208]), if there exists a point P A CnðWÞ such

that

R̂RE
Kð� ;QÞðPÞ0KðP;QÞ;

where R̂RE
Kð� ;QÞðPÞ is the regularized reduced function of Kð� ;QÞ relative to E

(Helms [13, p. 134]).

Let E be a bounded subset of CnðWÞ. Then R̂RE
Kð� ;yÞ is bounded on CnðWÞ

and hence the greatest harmonic minorant of R̂RE
Kð� ;yÞ is zero (see Yoshida [17,

Corollary 5.1]). When we denote by GðP;QÞ ðP A CnðWÞ;Q A CnðWÞÞ the Green

function of CnðWÞ, we see from the Riesz decomposition theorem that there exists

a unique positive measure lE on CnðWÞ such that

R̂RE
Kð� ;yÞðPÞ ¼ GlEðPÞ

for any P A CnðWÞ and lE is concentrated on BE , where

BE ¼ fP A CnðWÞ;E is not thin at Pg

(see Brelot [5, Theorem VIII, 11] and Doob [6, XI, 14. Theorem (d)]). We

denote the total mass lEðCnðWÞÞ of lE by lWðEÞ. The (Green) energy gWðEÞ of

lE is defined by

gWðEÞ ¼

ð
CnðWÞ

ðGlEÞ dlE
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(see Helms [13, p. 223]). Then lWðEÞ and gWðEÞ with W ¼ S
n�1
þ are simply

denoted by lðEÞ and gðEÞ, respectively.

Let E be a subset of CnðWÞ and Ek ¼ E V IkðWÞ, where

IkðWÞ ¼ fðr;YÞ A CnðWÞ; 2k
a r < 2kþ1g:

Theorem 1. A subset E of CnðWÞ is minimally thin at y with respect to

CnðWÞ if and only if

Xy

k¼0

gWðEkÞ2
�kdW < þy:ð2:1Þ

When W ¼ S
n�1
þ , we immediately obtain

Corollary 1 (Aikawa and Essén [3, Theorem 11.3]). A set E;EHTn, is

minimally thin at y with respect to Tn if and only if

Xy

k¼0

gðEkÞ2
�kn

< þy:

A subset E of CnðWÞ is said to be rarefied at y with respect to CnðWÞ, if

there exists a positive superharmonic function vðPÞ in CnðWÞ such that

inf
P ACnðWÞ

vðPÞ

KðP;yÞ
¼ 0

and

EHHv;

where

Hv ¼ fP ¼ ðr;YÞ A CnðWÞ; vðPÞb raWg:

Theorem 2. A subset E of CnðWÞ is rarefied at y with respect to CnðWÞ if

and only if

Xy

k¼0

2�kbWlWðEkÞ < þy:

Corollary 2 (Aikawa and Essén [3, Theorem 13.1]). A subset E of Tn is

rarefied at y with respect to Tn if and only if

Xy

k¼0

2�kðn�1ÞlðEkÞ < þy:

In the following, we set
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cðvÞ ¼ inf
P ACnðWÞ

vðPÞ

KðP;yÞ

for a positive superharmonic function vðPÞ on CnðWÞ. We immediately see that

cðvÞ < þy. In fact, let uðPÞ be a subharmonic function on CnðWÞ satisfying

lim
P!Q;P ACnðWÞ

uðPÞa 0ð2:2Þ

for any Q A qCnðWÞ and

sup
P¼ðr;YÞ ACnðWÞ

uðPÞ

raW fWðYÞ
¼ l < þy:ð2:3Þ

Then we know l > �y (e.g. see Yoshida [17, Lemma 6.1]). If we apply this

fact to u ¼ �v, then we obtain

cðvÞ < þy:

The following theorem 3 which is obtained from Theorem 2 generalizes

Theorem B.

Theorem 3. Let vðPÞ be a positive superharmonic function on CnðWÞ. Then

there exists a rarefied set E at y with respect to CnðWÞ such that vðPÞr�aW

uniformly converges to cðvÞfWðYÞ on CnðWÞ � E as r ! þy ðP ¼ ðr;YÞ A CnðWÞÞ.

Remark 1. We observe the following fact from the definition of rarefied

sets. Given any rarefied set E at y with respect to CnðWÞ, there exists a positive

superharmonic function vðPÞ on CnðWÞ such that vðPÞr�aWb 1 on E and cðvÞ ¼ 0.

Hence vðPÞr�aW does not converge to cðvÞfWðYÞ ¼ 0 on E as r ! þy.

Let uðPÞ be a subharmonic function on CnðWÞ satisfying (2.2) and (2.3).

Then

vðPÞ ¼ lraW fWðYÞ � uðPÞ ðP ¼ ðr;YÞ A CnðWÞÞ;

is a positive superharmonic function on CnðWÞ such that cðvÞ ¼ 0. If we apply

Theorem 3 to this vðPÞ, then we obtain the following Corollary which is a part of

Azarin’s result [4, Theorem 2].

Corollary 3. Let uðPÞ be a subharmonic function on CnðWÞ satisfying

(2.2) and (2.3). Then there exists a rarefied set E at y with respect to CnðWÞ

such that uðPÞr�aW uniformly converges to lfWðYÞ on CnðWÞ � E as r ! þy

ðP ¼ ðr;YÞ A CnðWÞÞ.

Remark 2. Without (2.1) the conical version of theorem A is immediately

obtained by specializing the Fatou boundary limit theorem for the Martin space
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(e.g. see Doob [6, XII, 13. Theorem (a)]): for any positive superharmonic function

vðPÞ,

mf lim
P¼ðr;YÞ ACnðWÞ; r!þy

vðPÞ

KðP;yÞ
¼ cðvÞ;

where ‘‘mf limit’’ means minimal-fine limit i.e. there exists a minimally thin set E

at y with respect to CnðWÞ such that vðPÞ=KðP;yÞ uniformly converges to cðvÞ

on CnðWÞ � E as r ! þy ðP ¼ ðr;YÞ A CnðWÞÞ, and for any minimally thin set E

at y with respect to CnðWÞ there exists a positive superharmonic function vðPÞ

such that

lim
P¼ðr;YÞ AE; r!þy

vðPÞ

KðP;yÞ
¼ þy:

A cone CnðW
0Þ is called a subcone of CnðWÞ, if W 0

HW (W 0 is the closure of

W 0 on S
n�1). As in Tn (Essén and Jackson [7, Remark 3.2]), we have

Theorem 4. Let E be a subset of CnðWÞ. If E is rarefied at y with respect

to CnðWÞ, then E is minimally thin at y with respect to CnðWÞ. If E is contained

in a subcone of CnðWÞ and E is minimally thin at y with respect to CnðWÞ, then E

is also rarefied at y with respect to CnðWÞ.

3. Lemmas.

In the following we denote the sets ½a; bÞ �W; ½a; bÞ � qW and ð0; bÞ � qW by

CnðW; a; bÞ, SnðW; a; bÞ and SnðW; 0; bÞ, respectively ð0 < a < baþyÞ. Hence

SnðW; 0;þyÞ denoted simply by SnðWÞ is qCnðWÞ � fOg.

First of all, we remark that

C1r
aW t�bW fWðYÞfWðFÞaGðP;QÞaC2r

aW t�bW fWðYÞfWðFÞð3:1Þ

for any P ¼ ðr;YÞ A CnðWÞ and any Q ¼ ðt;FÞ A CnðWÞ satisfying 0 < r=ta 1=2,

where C1 and C2 are two positive constants (Azarin [4, Lemma 1], Essén and

Lewis [9, Lemma 2]).

Lemma 1. Let m be a positive measure on CnðWÞ such that there is a sequence

of points Pi ¼ ðri;YiÞ A CnðWÞ, ri ! þy ði ! þyÞ satisfying

GmðPiÞ ¼

ð
CnðWÞ

GðPi;QÞ dmðt;FÞ < þy ði ¼ 1; 2; 3; � � � ;Q ¼ ðt;FÞ A CnðWÞÞ:

Then for a positive number l,

ð
CnðW;l;þyÞ

t�bW fWðFÞ dmðt;FÞ < þyð3:2Þ
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and

lim
L!þy

L�dW

ð
CnðW;0;LÞ

taW fWðFÞ dmðt;FÞ ¼ 0:ð3:3Þ

Proof. Take a positive number l satisfying P1 ¼ ðr1;Y1Þ A CnðWÞ, r1a l=2.

Then from (3.1), we have

C1r
aW
1 fWðY1Þ

ð
CnðW;l;þyÞ

t�bW fWðFÞ dmðt;FÞa

ð
CnðWÞ

GðP1;QÞ dmðQÞ < þy;

which gives (3.2). For any positive number e, from (3.2) we can take a large

number A such that

ð
CnðW;A;þyÞ

t�bW fWðFÞ dmðt;FÞ <
e

2
:

If we take a point Pi ¼ ðri;YiÞ A CnðWÞ; rib 2A, then we have from (3.1)

C1r
�bW
i fWðYiÞ

ð
CnðW;0;AÞ

taW fWðFÞ dmðt;FÞa

ð
CnðWÞ

GðPi;QÞ dmðQÞ < þy:

If L ðL > AÞ is a su‰ciently large, then

L�dW

ð
CnðW;0;LÞ

taW fWðFÞ dmðt;FÞ

aL�dW

ð
CnðW;0;AÞ

taW fWðFÞ dmðt;FÞ þ

ð
CnðW;A;LÞ

t�dW taW fWðFÞ dmðt;FÞ

aL�dW

ð
CnðW;0;AÞ

taW fWðFÞ dmðt;FÞ þ

ð
CnðW;A;þyÞ

t�dW taW fWðFÞ dmðt;FÞ < e;

which gives (3.3). r

Lemma 2. Let m be a positive measure on CnðWÞ for which GmðPÞ is defined.

Then for any positive number B the set

fðr;YÞ A CnðWÞ;Gmðr;YÞbBraW fWðYÞg

is minimally thin at y with respect to CnðWÞ.

Proof. To the positive superharmonic function Gm, apply a result in Doob

[6, p. 213] which was stated in Remark 2. Then

mf lim
P¼ðr;YÞ ACnðWÞ; r!þy

GmðPÞ

KðP;yÞ
¼ inf

P ACnðWÞ

GmðPÞ

KðP;yÞ
¼ 0;
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because the greatest harmonic minorant of Gm is zero. This gives the con-

clusion. r

The following Lemma 3 is essentially due to Azarin [4]. Here we shall give

a simple proof di¤erent from Azarin’s proof.

Lemma 3 (Azarin [4, Theorem 1]). Let vðPÞ be a positive superharmonic

function on CnðWÞ and put

cðvÞ ¼ inf
P ACnðWÞ

vðPÞ

KðP;yÞ
; c0ðvÞ ¼ inf

P ACnðWÞ

vðPÞ

KðP;OÞ
:ð3:4Þ

Then there are a unique positive measure m on CnðWÞ and a unique positive measure

n on SnðWÞ such that

vðPÞ ¼ cðvÞKðP;yÞ þ c0ðvÞKðP;OÞ þ

ð

CnðWÞ

GðP;QÞ dmðQÞ

þ

ð

SnðWÞ

qGðP;QÞ

qnQ
dnðQÞ;

where q=qnQ denotes the di¤erentiation at Q along the inward normal into CnðWÞ.

Proof. By the Riesz decomposition theorem, we have a unique measure m

on CnðWÞ such that

vðPÞ ¼

ð

CnðWÞ

GðP;QÞ dmðQÞ þ hðPÞ ðP A CnðWÞÞ;ð3:5Þ

where h is the greatest harmonic minorant of v on CnðWÞ. Further by the

Martin representation theorem we have another positive measure n 0 on

qCnðWÞU fyg

hðPÞ ¼

ð

qCnðWÞU fyg

KðP;QÞ dn 0ðQÞ

¼ KðP;yÞn 0ðfygÞ þ KðP;OÞn 0ðfOgÞ þ

ð

SnðWÞ

KðP;QÞ dn 0ðQÞ ðP A CnðWÞÞ:

We see from (3.4) that n 0ðfygÞ ¼ cðvÞ and n 0ðfOgÞ ¼ c0ðvÞ (see Yoshida [17, p.

292]). Since

KðP;QÞ ¼ lim
P1!Q;P1 ACnðWÞ

GðP;P1Þ

GðP0;P1Þ
¼

qGðP;QÞ

qnQ

�

qGðP0;QÞ

qnQ
ð3:6Þ

(P0 is a fixed reference point of the Martin kernel), we also obtain
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hðPÞ ¼ cðvÞKðP;yÞ þ c0ðvÞKðP;OÞ þ

ð

SnðWÞ

qGðP;QÞ

qnQ
dnðQÞ

by taking

dnðQÞ ¼
qGðP0;QÞ

qnQ

� ��1

dn 0ðQÞ ðQ A SnðWÞÞ:

Finally this and (3.5) give the conclusion of this lemma. r

We remark the following inequality which follows from (3.1).

C1r
aW t�bW�1fWðYÞ

q

qnF
fWðFÞa

qGðP;QÞ

qnQ
aC2r

aW t�bW�1fWðYÞ
q

qnF
fWðFÞð3:7Þ

resp: C1t
aW�1r�bW fWðYÞ

q

qnF
fWðFÞa

qGðP;QÞ

qnQ
aC2t

aW�1r�bW fWðYÞ
q

qnF
fWðFÞ

� �

for any P ¼ ðr;YÞ A CnðWÞ and Q ¼ ðt;FÞ A SnðWÞ satisfying 0 < r=ta 1=2 (resp.

0 < t=ra 1=2), where q=qnF denotes the di¤erentiation at F A qW along the

inward normal into W (Azarin [4, Lemma 1]).

Lemma 4. Let n be a positive measure on SnðWÞ such that there is a sequence

of points Pi ¼ ðri;YiÞ A CnðWÞ; ri ! þy ði ! þyÞ satisfying
ð

SnðWÞ

qGðPi;QÞ

qnQ
dnðQÞ < þy ði ¼ 1; 2; 3; . . .Þ:

Then for a positive number l

ð

SnðW;l;þyÞ

t�bW�1 q

qnF
fWðFÞ dnðt;FÞ < þy

and

lim
R!þy

R�dW

ð

SnðW;0;RÞ

taW�1 q

qnF
fWðFÞ dnðt;FÞ ¼ 0:

Proof. If we use (3.7) in place of (3.1), we obtain this lemma in the

completely paralleled way to the proof of Lemma 1. r

Lemma 5. Let E be a bounded subset of CnðWÞ and uðPÞ be a positive

superharmonic function on CnðWÞ such that uðPÞ is represented as

uðPÞ ¼

ð

CnðWÞ

GðP;QÞ dmuðQÞ þ

ð

SnðWÞ

q

qnQ
GðP;QÞ dnuðQÞ ðP A CnðWÞÞð3:8Þ

with two positive measures mu and nu on CnðWÞ and SnðWÞ, respectively, and

satisfies

uðPÞb 1
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for any P A E. Then

lWðEÞa

ð

CnðWÞ

taW fWðFÞ dmuðt;FÞ þ

ð

SnðWÞ

taW�1 q

qnF
fWðFÞ dnuðt;FÞ:ð3:9Þ

When uðPÞ ¼ R̂RE
1 ðPÞ ðP A CnðWÞÞ, the equality holds in (3.9).

Proof. Since lE is concentrated on BE and uðPÞb 1 for any P A BE , we see

from (3.8) that

lWðEÞ ¼

ð

CnðWÞ

dlEa

ð

CnðWÞ

uðPÞ dlEðPÞð3:10Þ

¼

ð

CnðWÞ

R̂RE
Kð� ;yÞðQÞ dmuðQÞ

þ

ð

SnðWÞ

ð

CnðWÞ

q

qnQ
GðP;QÞ dlEðPÞ

 !

dnuðQÞ:

Now we have

R̂RE
Kð� ;yÞðQÞaKðQ;yÞ ¼ taW fWðFÞ ðQ ¼ ðt;FÞ A CnðWÞÞ:ð3:11Þ

Since

ð

CnðWÞ

q

qnQ
GðP;QÞ dlEðPÞa lim

r!0

1

r

ð

CnðWÞ

GðP;PrÞ dlEðPÞ

for any Q A SnðWÞ ðPr ¼ ðrr;YrÞ ¼ Qþ rnQ A CnðWÞ; nQ is the inward normal unit

vector at Q) and

ð

CnðWÞ

GðP;PrÞ dlEðPÞ ¼ R̂RE
Kð� ;yÞðPrÞaKðPr;yÞ ¼ raWr fWðYrÞ;

we have

ð

CnðWÞ

q

qnQ
GðP;QÞ dlEðPÞa taW�1 q

qnF
fWðFÞð3:12Þ

for any Q ¼ ðt;FÞ A SnðWÞ. Thus from (3.10), (3.11) and (3.12) we obtain (3.9).

When uðPÞ ¼ R̂RE
1 ðPÞ, uðPÞ has the expression (3.8) by Lemma 3, because

R̂RE
1 ðPÞ is bounded on CnðWÞ. Then we easily have the equalities only in (3.10),

because R̂RE
1 ðPÞ ¼ 1 for any P A BE (see Brelot [5, p. 61] and Doob [6, p. 169]).

Hence if we can see that

muðfP A CnðWÞ; R̂RE
Kð� ;yÞðPÞ < KðP;yÞgÞ ¼ 0ð3:13Þ
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and

ð3:14Þ

nu

��

Q ¼ ðt;FÞ A SnðWÞ;

ð

CnðWÞ

q

qnQ
GðP;QÞ dlEðPÞ < taW�1 q

qnF
fWðFÞ

��

¼ 0;

then we can prove the equality in (3.9).

To see (3.13), we remark that

fP A CnðWÞ; R̂RE
Kð� ;yÞðPÞ < KðP;yÞgHCnðWÞ � BE

and

muðCnðWÞ � BEÞ ¼ 0

(see Brelot [5, Theorem VIII, 11] and Doob [6, XI, 14. Theorem (d)]).

To prove (3.14), we set

B 0
E ¼ fQ A SnðWÞ;E is not minimally thin at Qgð3:15Þ

and e ¼ fP A E; R̂RE
Kð� ;yÞðPÞ < KðP;yÞg. Then e is a polar set (see Doob [6, VI,

3. (b)]) and hence for any Q A SnðWÞ

R̂RE
Kð� ;QÞ ¼ R̂RE�e

Kð� ;QÞ

(see Doob [6, VI, 3. (c)]). Thus at any Q A B 0
E , E � e is not also minimally thin

at Q and hence

ð

CnðWÞ

KðP;QÞ dhðPÞ ¼ lim
P 0!Q;P 0

AE�e

ð

CnðWÞ

KðP;P 0Þ dhðPÞð3:16Þ

for any positive measure h on CnðWÞ, where

KðP;P 0Þ ¼
GðP;P 0Þ

GðP0;P 0Þ
ðP A CnðWÞ;P 0

A CnðWÞÞ

(see Brelot [5, Theorem XV, 6]). Now, take h ¼ lE in (3.16). Since

lim
P!Q;P ACnðWÞ

KðP;yÞ

GðP0;PÞ
¼ taW�1 q

qnF
fWðFÞ

qGðP0;QÞ

qnQ

� ��1

ðQ ¼ ðt;FÞ A SnðWÞÞ

(for the existence of the limit in the left side, see Jerison and Kenig [14, (7.9) in p.

87]), we obtain from (3.6)

ð

CnðWÞ

qGðP;QÞ

qnQ
dlEðPÞ ¼ taW�1 q

qnF
fWðFÞ lim

P 0!Q;P 0
AE�e

ð

CnðWÞ

GðP;P 0Þ

KðP 0;yÞ
dlEðPÞ

Minimally thin sets and rarefied sets in a cone 499



for any Q ¼ ðt;FÞ A B 0
E . Since

ð

CnðWÞ

GðP;P 0Þ

KðP 0;yÞ
dlEðPÞ ¼

1

KðP 0;yÞ
R̂RE

Kð� ;yÞðP
0Þ ¼ 1

for any P 0 A E � e, we have

ð

CnðWÞ

qGðP;QÞ

qnQ
dlEðPÞ ¼ taW�1 q

qnF
fWðFÞ

for any Q ¼ ðt;FÞ A B 0
E , which shows

ð3:17Þ

Q ¼ ðt;FÞ A SnðWÞ;

ð

CnðWÞ

q

qnQ
GðP;QÞ dlEðPÞ < taW�1 q

qnF
fWðFÞ

( )

HSnðWÞ � B 0
E :

Let h be the greatest harmonic minorant of uðPÞ ¼ R̂RE
1 ðPÞ and n 0u be the Martin

representing measure of h. If we can prove that

R̂RE
h ¼ hð3:18Þ

on CnðWÞ, then n 0uðSnðWÞ � B 0
EÞ ¼ 0 (see Essén and Jackson [7, pp. 240–241],

Brelot [5, Theorem XV, 11] and, Aikawa and Essén [3, Part II, p. 188]). Since

dn 0uðQÞ ¼
q

qnQ
GðP0;QÞ dnuðQÞ ðQ A SnðWÞÞ

from (3.6), we also have nuðSnðWÞ � B 0
EÞ ¼ 0, which gives (3.14) from (3.17).

To prove (3.18), set u� ¼ R̂RE
1 � h. Then

u� þ h ¼ R̂RE
1 ¼ R̂RE

u �þha R̂RE
u � þ R̂RE

h

(see Brelot [5, VI, 10. d)] and Helms [13, Theorem 7.12 (iv)]), and hence

R̂RE
h � hb u� � R̂RE

u�b 0; r

from which (3.18) follows.

4. Proof of Theorem 1.

Apply the Riesz decomposition theorem to the superharmonic function

R̂RE
Kð� ;yÞ on CnðWÞ. Then we have a positive measure m on CnðWÞ satisfying

GmðPÞ < y

for any P A CnðWÞ and a non-negative greatest harmonic minorant H of R̂RE
Kð� ;yÞ

such that
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R̂RE
Kð� ;yÞ ¼ GmþH:ð4:1Þ

We remark that KðP;yÞ ðP A CnðWÞÞ is a minimal function at y. If E is

minimally thin at y with respect to CnðWÞ, then R̂RE
Kð� ;yÞ is a potential (see Doob

[6, p. 208]) and hence H1 0 on CnðWÞ. Since

R̂RE
Kð� ;yÞðPÞ ¼ KðP;yÞð4:2Þ

for any P A BE (Brelot [5, p. 61] and Doob [6, p. 169]), we see from (4.1)

GmðPÞ ¼ KðP;yÞð4:3Þ

for any P A BE .

Take a su‰ciently large L from Lemma 1 such that

C22
�dWL�dW

ð

CnðW;0;LÞ

taW fWðFÞ dmðt;FÞ <
1

4
:

Then from (3.1)

ð

CnðW;0;LÞ

GðP;QÞ dmðQÞa
1

4
KðP;yÞ

for any P ¼ ðr;YÞ A CnðWÞ, rb 2L; and hence from (4.3)

ð

CnðW;L;þyÞ

GðP;QÞ dmðQÞb
3

4
KðP;yÞð4:4Þ

for any P ¼ ðr;YÞ A BE , rb 2L. Now, divide Gm into three parts:

GmðPÞ ¼ A
ðkÞ
1 ðPÞ þ A

ðkÞ
2 ðPÞ þ A

ðkÞ
3 ðPÞ ðP A CnðWÞÞ;ð4:5Þ

where

A
ðkÞ
1 ðPÞ ¼

ð

CnðW;2k�1;2kþ2Þ

GðP;QÞ dmðQÞ; A
ðkÞ
2 ðPÞ ¼

ð

CnðW;0;2k�1Þ

GðP;QÞ dmðQÞ

A
ðkÞ
3 ðPÞ ¼

ð

CnðW;2kþ2;þyÞ

GðP;QÞ dmðQÞ:

Then we shall show that there exists an integer N such that

BE V IkðWÞH P ¼ ðr;YÞ A CnðWÞ;A
ðkÞ
1 ðPÞb

1

4
raW fWðYÞ

� �

ðkbNÞ:ð4:6Þ

Take any P ¼ ðr;YÞ A IkðWÞVCnðWÞ. When by Lemma 1 we choose a

su‰ciently large integer N1 such that
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2�kdW

ð

CnðW;0;2k�1Þ

taW fWðFÞ dmðt;FÞa
1

4C2
ðkbN1Þ

and
ð

CnðW;2kþ2;þyÞ

t�bW fWðFÞ dmðt;FÞa
1

4C2
ðkbN1Þ;

we have from (3.1) that

A
ðkÞ
2 ðPÞa

1

4
raW fWðYÞ ðkbN1Þð4:7Þ

and

A
ðkÞ
3 ðPÞa

1

4
raW fWðYÞ ðkbN1Þ:ð4:8Þ

Put

N ¼ max N1;
logL

log 2

� �

þ 2

� �

:

If P ¼ ðr;YÞ A BE V IkðWÞ ðkbNÞ, then we have from (4.4), (4.5), (4.7) and (4.8)

that

A
ðkÞ
1 ðPÞb

ð

CnðW;L;þyÞ

GðP;QÞ dmðQÞ � A
ðkÞ
2 ðPÞ � A

ðkÞ
3 ðPÞb

1

4
raW fWðYÞ;

which shows (4.6).

Since the measure lEk
is concentrated on BEk

and BEk
HBE V IkðWÞ, we

finally obtain by (4.6) that

gWðEkÞ ¼

ð

CnðWÞ

ðGlEk
Þ dlEk

a

ð

BEk

raW fWðYÞ dlEk
ðr;YÞa 4

ð

BEk

A
ðkÞ
1 ðPÞ dlEk

ðPÞ

¼ 4

ð

CnðW;2k�1;2kþ2Þ

ð

CnðWÞ

GðP;QÞ dlEk
ðPÞ

( )

dmðQÞ

a 4

ð

CnðW;2k�1;2kþ2Þ

taW fWðFÞ dmðt;FÞ ðkbNÞ

and hence

X

y

k¼N

gWðEkÞ2
�kdWa 41þdW

X

y

k¼N

ð

CnðW;2k�1;2kþ2Þ

taW�dW fWðFÞ dmðt;FÞ

a 12� 4dW

ð

CnðW;2N�1;þyÞ

t�bW fWðFÞ dmðt;FÞ < þy

from Lemma 1. This gives (2.1).
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Next we shall prove ‘‘if ’’ part. Since

R̂REk

Kð� ;yÞðQÞ ¼ KðQ;yÞ

for any Q A BEk
as in (4.2), we have

gWðEkÞ ¼

ð

BEk

KðQ;yÞ dlEk
ðQÞb 2kaW

ð

BEk

fWðFÞ dlEk
ðt;FÞ ðQ ¼ ðt;FÞ A CnðWÞÞ

and hence from (3.1)

R̂REk

Kð� ;yÞðPÞaC2r
aW fWðYÞ

ð

BEk

t�bW fWðFÞ dlEk
ðt;FÞaC2r

aW fWðYÞ2�kdWgWðEkÞð4:9Þ

for any P ¼ ðr;YÞ A CnðWÞ and any integer k satisfying 2k
b 2r. If we define a

measure m on CnðWÞ by

dmðQÞ ¼

P

y

k¼0 dlEk
ðQÞ ðQ A CnðW; 1;þyÞÞ

0 ðQ A CnðW; 0; 1ÞÞ,

�

then from (2.1) and (4.9)

GmðPÞ ¼

ð

CnðWÞ

GðP;QÞ dmðQÞ ¼
X

y

k¼0

R̂REk

Kð� ;yÞðPÞ

is a finite-valued superharmonic function on CnðWÞ and

GmðPÞb

ð

CnðWÞ

GðP;QÞ dlEk
ðQÞ ¼ R̂REk

Kð� ;yÞðPÞ ¼ raW fWðYÞ

for any P ¼ ðr;YÞ A BEk
, and from (3.1)

GmðPÞbC 0raW fWðYÞ

for any P ¼ ðr;YÞ A CnðW; 0; 1Þ, where

C 0 ¼ C1

ð

CnðW;2;þyÞ

t�bW fWðFÞ dmðt;FÞ:

If we set

E 0 ¼ 6
y

k¼0

BEk
; E1 ¼ E VCnðW; 0; 1Þ and C ¼ minðC 0

; 1Þ;

then

E 0 H fP ¼ ðr;YÞ A CnðWÞ;GmðPÞbCraW fWðYÞg:

Hence by Lemma 2, E 0 is minimally thin at y with respect to CnðWÞ i.e. there is

a point P 0 A CnðWÞ such that

Minimally thin sets and rarefied sets in a cone 503



R̂RE 0

Kð� ;yÞðP
0Þ0KðP 0

;yÞ:

Since E 0 is equal to E except a polar set (see Brelot [5, p. 57] and Doob [6,

p. 177]), we know that

R̂RE 0

Kð� ;yÞðPÞ ¼ R̂RE
Kð� ;yÞðPÞ

for any P A CnðWÞ (see Helms [13, Corollary 8.37]) and hence

R̂RE
Kð� ;yÞðP

0Þ0KðP 0
;yÞ:

This shows that E is minimally thin at y with respect to CnðWÞ. r

5. Proof of Theorem 2.

Let E be a rarefied set at y with respect to CnðWÞ. Then there exists a

positive superharmonic function vðPÞ on CnðWÞ such that cðvÞ ¼ 0 and

EHHv:ð5:1Þ

By Lemma 3, we can find two positive measures m on CnðWÞ and n on SnðWÞ

such that

vðPÞ ¼ c0ðvÞKðP;OÞ þ

ð

CnðWÞ

GðP;QÞ dmðQÞ þ

ð

SnðWÞ

qGðP;QÞ

qnQ
dnðQÞ ðP ACnðWÞÞ:

Now we write

vðPÞ ¼ c0ðvÞKðP;OÞ þ B
ðkÞ
1 ðPÞ þ B

ðkÞ
2 ðPÞ þ B

ðkÞ
3 ðPÞ;ð5:2Þ

where

B
ðkÞ
1 ðPÞ ¼

ð

CnðW;0;2k�1Þ

GðP;QÞ dmðQÞ þ

ð

SnðW;0;2k�1Þ

qGðP;QÞ

qnQ
dnðQÞ;

B
ðkÞ
2 ðPÞ ¼

ð

CnðW;2k�1
;2kþ2Þ

GðP;QÞ dmðQÞ þ

ð

SnðW;2k�1
;2kþ2Þ

qGðP;QÞ

qnQ
dnðQÞ

and

B
ðkÞ
3 ðPÞ ¼

ð

CnðW;2kþ2
;þyÞ

GðP;QÞ dmðQÞ

þ

ð

SnðW;2kþ2
;þyÞ

qGðP;QÞ

qnQ
dnðQÞ ðP A CnðWÞ; k ¼ 1; 2; 3; . . .Þ:

First we shall show the existence of an integer N such that

Hv V IkðWÞH P ¼ ðr;YÞ A IkðWÞ;B
ðkÞ
2 ðPÞb

1

2
raW

� �

ð5:3Þ
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for any integer k; kbN. Since vðPÞ is finite almost everywhere on CnðWÞ, from

Lemmas 1 and 4 applied to
ð
CnðWÞ

GðP;QÞ dmðQÞ and

ð
SnðWÞ

qGðP;QÞ

qnQ
dnðQÞ

respectively, we can take an integer N such that for any k; kbN,

2�kdW

ð
CnðW;0;2k�1Þ

taW fWðFÞ dmðt;FÞa
1

12C2JW
;ð5:4Þ

ð
CnðW;2kþ2

;yÞ

t�bW fWðFÞ dmðt;FÞa
1

12C2JW
;ð5:5Þ

2�kdW

ð
SnðW;0;2k�1Þ

taW�1 q

qnF
fWðFÞ dnðt;FÞa

1

12C2JW
ð5:6Þ

and ð
SnðW;2kþ2

;yÞ

t�bW�1 q

qnF
fWðFÞ dnðt;FÞa

1

12C2JW
;ð5:7Þ

where

JW ¼ sup
Y AW

fWðYÞ:

Then for any P ¼ ðr;YÞ A IkðWÞ ðkbNÞ, we have

B
ðkÞ
1 ðPÞaC2JWr

�bW

ð
CnðW;0;2k�1Þ

taW fWðFÞ dmðt;FÞ

þ C2JWr
�bW

ð
SnðW;0;2k�1Þ

taW�1 q

qnF
fWðFÞ dnðt;FÞ

a
1

12
raW þ

1

12
raW ¼

1

6
raW

from (3.1), (3.7), (5.4) and (5.6), and

B
ðkÞ
3 ðPÞaC2JWr

aW

ð
CnðW;2kþ2

;yÞ

t�bW fWðFÞ dmðt;FÞ

þ C2JWr
aW

ð
SnðW;2kþ2

;yÞ

t�bW�1 q

qnF
fWðFÞ dnðt;FÞ

a
1

12
raW þ

1

12
raW ¼

1

6
raW

from (3.1), (3.7), (5.5) and (5.7). Further we can assume that
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6kc0ðvÞJWa rdW

for any P ¼ ðr;YÞ A IkðWÞ ðkbNÞ, hence if P ¼ ðr;YÞ A IkðWÞVHv ðkbNÞ;

then we obtain

B
ðkÞ
2 ðPÞb raW �

1

6
raW �

1

6
raW �

1

6
raW ¼

1

2
raW

from (5.2), which gives (5.3).

Now we observe from (5.1) and (5.3) that

B
ðkÞ
2 ðPÞb 2kaW�1 ðkbNÞ

for any P A Ek. If we define a function ukðPÞ on CnðWÞ by

ukðPÞ ¼ 21�kaWB
ðkÞ
2 ðPÞ;

then

ukðPÞb 1 ðP A Ek; kbNÞ

and

ukðPÞ ¼

ð

CnðWÞ

GðP;QÞ dmkðQÞ þ

ð

SnðWÞ

qGðP;QÞ

qnQ
dnkðQÞ

with two measures

dmkðQÞ ¼
21�kaW dmðQÞ ðQ A CnðW; 2k�1

; 2kþ2ÞÞ

0 ðQ A CnðW; 0; 2k�1ÞUCnðW; 2kþ2
;yÞÞ

�

and

dnkðQÞ ¼
21�kaW dnðQÞ ðQ A SnðW; 2k�1

; 2kþ2ÞÞ

0 ðQ A SnðW; 0; 2k�1ÞUSnðW; 2kþ2
;yÞÞ.

�

Hence by applying Lemma 5 to ukðPÞ, we obtain

lWðEkÞa 21�kaW

�
ð

CnðW;2k�1
;2kþ2Þ

taW fWðFÞ dmðt;FÞ

þ

ð

SnðW;2k�1
;2kþ2Þ

taW�1 q

qnF
fWðFÞ dnðt;FÞ

�

ðkbNÞ. Finally we have

X

y

k¼N

2�kbWlWðEkÞa 6 � 4dW

�
ð

CnðW;2N�1
;þyÞ

t�bW fWðFÞ dmðt;FÞ

þ

ð

SnðW;2N�1
;þyÞ

t�bW�1 q

qnF
fWðFÞ dnðt;FÞ

�

:
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If we take a su‰ciently large N, then the integrals of the right side are finite from

Lemmas 1 and 4.

Suppose that a subset E of CnðWÞ satisfies

X

y

k¼0

2�kbWlWðEkÞ < þy:

Then from the second part of Lemma 5 applied to Ek, we have

X

y

k¼1

2�kbW

�
ð

CnðWÞ

taW fWðFÞ dm�
kðt;FÞð5:8Þ

þ

ð

SnðWÞ

taW�1 q

qnF
fWðFÞ dn�kðt;FÞ

�

< y;

where m�
k and n�k are two positive measures on CnðWÞ and SnðWÞ, respectively,

such that

R̂REk

1 ðPÞ ¼

ð

CnðWÞ

GðP;QÞ dm�
kðQÞ þ

ð

SnðWÞ

q

qnQ
GðP;QÞ dn�kðQÞ:ð5:9Þ

Consider a function v0ðPÞ on CnðWÞ defined by

v0ðPÞ ¼
X

y

k¼�1

2ðkþ1ÞaWR̂R
Ek

1 ðPÞ ðP A CnðWÞÞ;

where

E�1 ¼ E V fP ¼ ðr;YÞ A CnðWÞ; 0 < r < 1g:

Then v0ðPÞ is a superharmonic function on CnðWÞ or identically þy on CnðWÞ:

Take any positive integer k0 and represent v0ðPÞ by

v0ðPÞ ¼ v1ðPÞ þ v2ðPÞ ðP A CnðWÞÞ;

where

v1ðPÞ ¼
X

k0þ1

k¼�1

2ðkþ1ÞaWR̂REk

1 ðPÞ; v2ðPÞ ¼
X

y

k¼k0þ2

2ðkþ1ÞaWR̂REk

1 ðPÞ:

Since m�
k and n�k are concentrated on BEk

HEk VCnðWÞ and B 0
Ek

HEk VSnðWÞ (see

(3.15) for the notation B 0
Ek
), respectively (Brelot [6, Theorem XV, 11]), we have

from (3.1) and (3.7) that

2ðkþ1ÞaW

ð

CnðWÞ

GðP 0
;QÞ dm�

kðQÞaC22
ðkþ1ÞaWðr 0ÞaW fWðY

0Þ

ð

CnðWÞ

t�bW fWðFÞ dm�
kðt;FÞ

aC22
aWðr 0ÞaW fWðY

0Þ2�kbW

ð

CnðWÞ

taW fWðFÞ dm�
kðt;FÞ
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and

2ðkþ1ÞaW

ð

SnðWÞ

q

qnQ
GðP 0

;QÞ dn�kðQÞ

aC22
ðkþ1ÞaWðr 0ÞaW fWðY

0Þ2�kbW

ð

SnðWÞ

taW�1 q

qnF
fWðFÞ dn�kðt;FÞ

for a point P 0 ¼ ðr 0;Y 0Þ A CnðWÞ, r 0a 2k0þ1, and any integer kb k0 þ 2. Hence

we know

v2ðP
0ÞaC22

aWðr 0ÞaW fWðY
0Þ

X

y

k¼k0þ2

2�kbW

�
ð

CnðWÞ

taW fWðFÞ dm�
kðt;FÞð5:10Þ

þ

ð

SnðWÞ

taW�1 q

qnF
fWðFÞ dn�kðt;FÞ

�

:

This and (5.8) show that v2ðP
0Þ is finite and hence v0ðPÞ is a positive super-

harmonic function on CnðWÞ. To see

cðv0Þ ¼ inf
P ACnðWÞ

v0ðPÞ

KðP;yÞ
¼ 0;ð5:11Þ

consider the representations of v0ðPÞ; v1ðPÞ and v2ðPÞ

v0ðPÞ ¼ cðv0ÞKðP;yÞ þ c0ðv0ÞKðP;OÞ þ

ð

CnðWÞ

GðP;QÞ dmð0ÞðQÞ

þ

ð

SnðWÞ

qGðP;QÞ

qnQ
dnð0ÞðQÞ;

v1ðPÞ ¼ cðv1ÞKðP;yÞ þ c0ðv1ÞKðP;OÞ þ

ð

CnðWÞ

GðP;QÞ dmð1ÞðQÞ

þ

ð

SnðWÞ

qGðP;QÞ

qnQ
dnð1ÞðQÞ;

and

v2ðPÞ ¼ cðv2ÞKðP;yÞ þ c0ðv2ÞKðP;OÞ þ

ð

CnðWÞ

GðP;QÞ dmð2ÞðQÞ

þ

ð

SnðWÞ

qGðP;QÞ

qnQ
dnð2ÞðQÞ

by Lemma 3. It is evident from (5.9) that cðv1Þ ¼ 0 for any k0. Since

cðv0Þ ¼ cðv2Þ and
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cðv2Þ ¼ inf
P ACnðWÞ

v2ðPÞ

KðP;yÞ
a

v2ðP
0Þ

KðP;yÞ

aC22
aW

X

y

k0þ2

2�kbW

�
ð

CnðWÞ

taW fWðFÞ dm�
kðt;FÞ

þ

ð

SnðWÞ

taW�1 q

qnF
fWðFÞ dn�kðt;FÞ

�

! 0 ðk0 ! þyÞ

from (5.8) and (5.10), we know cðv0Þ ¼ 0, which is (5.11).

Since R̂REk

1 ¼ 1 on BEk
;BEk

HEk VCnðWÞ (Brelot [5, p. 61] and Doob [6,

p. 169]), we see

v0ðPÞb 2ðkþ1ÞaWb raW

for any P ¼ ðr;YÞ A BEk
ðk ¼ �1; 0; 1; 2; . . .Þ. If we set E 0 ¼ 6y

k¼�1
BEk

, then

E 0 HHv0 :ð5:12Þ

Since E 0 is equal to E except a polar set S, we can take another positive su-

perharmonic function v3 on CnðWÞ such that v3 ¼ Gh with a positive measure h

on CnðWÞ and v3 is identically þy on S (see Doob [6, p. 58]). Finally, define a

positive superharmonic function v on CnðWÞ by

v ¼ v0 þ v3:

Since cðv3Þ ¼ 0, it is easy to see from (5.11) that cðvÞ ¼ 0. Also we see from

(5.12) that EHHv. Thus we complete to prove that E is a rarefied set at y

with respect to CnðWÞ. r

6. Proofs of Theorems 3 and 4.

Proof of Theorem 3. By Lemma 3 we have

vðPÞ ¼ cðvÞKðP;yÞ þ c0ðvÞKðP;OÞ þ

ð

CnðWÞ

GðP;QÞ dmðQÞ þ

ð

SnðWÞ

qGðP;QÞ

qnQ
dnðQÞ

for two positive measures m and n on CnðWÞ and SnðWÞ, respectively. Then

v1ðPÞ ¼ vðPÞ � cðvÞKðP;yÞ � c0ðvÞKðP;OÞ ðP ¼ ðr;YÞ A CnðWÞÞ

also is a positive superharmonic function on CnðWÞ such that

inf
P¼ðr;YÞ ACnðWÞ

v1ðPÞ

KðP;yÞ
¼ 0:
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We shall prove the existence of a rarefied set E at y with respect to CnðWÞ

such that

v1ðPÞr
�aW ðP ¼ ðr;YÞ A CnðWÞÞ

uniformly converges to 0 on CnðWÞ � E as r ! þy. Let feig be a sequence of

positive numbers ei satisfying ei ! 0 ði ! þyÞ. Put

Ei ¼ fP ¼ ðr;YÞ A CnðWÞ; v1ðPÞb eir
aWg ði ¼ 1; 2; 3; . . .Þ:

Then Ei ði ¼ 1; 2; 3; . . .Þ is rarefied at y with respect to CnðWÞ and hence

Xy

k¼0

2�kbWlWððEiÞkÞ < þy ði ¼ 1; 2; 3; . . .Þ

by Theorem 2. Take a sequence fqig such that

Xy

k¼qi

2�kbWlWððEiÞkÞ <
1

2 i
ði ¼ 1; 2; 3; . . .Þ

and set

E ¼ 6
y

i¼1

6
y

k¼qi

ðEiÞk:

Then

lWðEmÞa
Xy

i¼1

Xy

k¼qi

lWðEi V Ik V ImÞ ðm ¼ 1; 2; 3; . . .Þ;

because lW is a countably sub-additive set function as in Aikawa [2, Lemma 2.4

(iii)] and Essén and Jackson [7, p. 241]. Since

Xy

m¼1

lWðEmÞ2
�mbWa

Xy

i¼1

Xy

k¼qi

Xy

m¼1

lWðEi V Ik V ImÞ2
�mbW

¼
Xy

i¼1

Xy

k¼qi

lWððEiÞkÞ2
�kbWa

Xy

i¼1

1

2 i
¼ 1;

we know by Theorem 2 that E is a rarefied set at y with respect to CnðWÞ.

It is easy to see that

v1ðPÞr
�aW ðP ¼ ðr;YÞ A CnðWÞÞ

uniformly converges to 0 on CnðWÞ � E as r ! þy. r
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Proof of Theorem 4. Since lEk
is concentrated on BEk

HEk VCnðWÞ, we

see

gWðEkÞ ¼

ð
CnðWÞ

R̂R
Ek

Kð� ;yÞðPÞ dlEk
ðPÞa

ð
CnðWÞ

KðP;yÞ dlEk
ðPÞa JW2

ðkþ1ÞaWlWðEkÞ

and hence

Xy
k¼0

2�kdWgWðEkÞa JW2
aW

Xy
k¼0

2�kbWlWðEkÞ;

which gives the conclusion in the first part from Theorems 1 and 2.

To prove the second part, put J 0
W ¼ min

Y AW 0 fWðYÞ. Since

KðP;yÞ ¼ raW fWðYÞb J 0
Wr

aWb J 0
W2

kaW ðP ¼ ðr;YÞ A EkÞ;

and

R̂REk

Kð� ;yÞðPÞ ¼ KðP;yÞ

for any P A BEk
, we have

gWðEkÞ ¼

ð
CnðWÞ

R̂R
Ek

Kð� ;yÞðPÞ dlEk
ðPÞb J 0

W2
kaWlWðEkÞ:

Since

J 0
W

Xy
k¼0

2�kbWlWðEkÞa
Xy
k¼0

2�kdWgWðEkÞ < þy

from Theorem 1, it follows from Theorem 2 that E is rarefied at y with respect

to CnðWÞ. r
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