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Abstract. We define invariants of two dimensional C? projectively Anosov
diffeomorphisms. The invariants are defined by the topology of the space of circles
tangent to an invariant subbundle and are preserved under homotopy of projectively
Anosov diffeomorphisms. As an application, we show that the invariant subbundle is
not uniquely integrable and two distinct periodic orbits exist if certain invariants do
not vanish.

1. Introduction.

Let M be a smooth closed manifold and fix a norm | - || on the tangent bundle T'M.
For a diffeomorphism f on M and an invariant set A of f, we say a continuous splitting
TM|y = E* @ E® is a dominated splitting associated to f on A when Df(E") = E*,
Df(E?®) = E*, and there exist two constants K > 0 and 0 < A < 1 such that

DS ey || [[(DF" [pu(z) | < KA

for all z € A and n > 1. A non-trivial dominated splitting TM = E} @ E} on the
whole manifold is called a projectively Anosov splitting (or simply a PA splitting) asso-
ciated to f. We say a diffeomorphism f is projectively Anosov (or simply PA) when f
admits a PA splitting. Remark that if a dominated splitting satisfies stronger inequal-
ities ||Df"| gzl < KN and [[(Df"|pu(z)) || < KA™ for all z € A and n > 1, then
it is called a hyperbolic splitting. We say a diffeomorphism is Anosov when it admits a
hyperbolic splitting on the whole manifold.

A continuous family {fx}aep,1] of C' diffeomorphisms is called a PA homotopy if
all f are PA diffeomorphisms. The main aim of this paper is to define PA homotopy
invariants of two-dimensional PA diffeomorphisms. Since the two-dimensional torus T2
is the only orientable surface which admits a PA diffeomorphism, we focus our attention
on PA diffeomorphisms on T?2.

Originally, the concept of PA systems was introduced by Mitsumatsu [4] and by
Eliashberg and Thurston [2] for three-dimensional flows in order to study contact struc-
tures on three-dimensional manifolds (in [2], Eliashberg and Thurston called them confor-
mally Anosov systems). They gave a natural correspondence between three-dimensional
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PA flows and bi-contact structures, which are pairs of mutually transverse positive and
negative contact structures. It induces a one-to-one correspondence between homotopy
classes of PA flows and bi-contact structures. In this view point, the study of PA ho-
motopy invariants of PA diffeomorphisms on T2 is a first step to study the homotopy
classes of three-dimensional PA flows and bi-contact structures.

In this paper, we also give two applications of the invariants. It is known that any
C? Anosov diffeomorphism on T? admits a C' PA splitting. However, some C? PA
diffeomorphisms do not in general. For example, Eliashberg and Thurston [2, Example
2.2.9] constructed an example without C' PA splitting. It is natural to ask which PA
homotopy class contains a PA system with a C' PA splitting or not. The first application
shows that our invariants are obstructions to admit a C! PA splitting. In fact, we show
that the non-vanishing of certain cohomology invariants implies that the PA splitting is
not uniquely integrable, and hence, is not of class C'. The second application is a kind of
fixed point theorem. We show that the non-vanishing of certain cohomology invariants
implies the existence of at least two distinct periodic orbits.

To state our results more precisely, we introduce some definitions. Let Diff"(T?)
be the space of C" diffeomorphisms of T2 with C"-topology and PA"(T?) the subset
of Diff"(T?) consisting of C" PA diffeomorphisms. As we see in Subsection 3.1, any
f € PAY(T?) admits a unique PA splitting and the existence of such a splitting is
persistent under C'-perturbation of f. In particular, PA"(T?) is an open subset of
Diff" (T?) for any r > 1. Let E} @ E} denote the PA splitting associated to f. We say
f € PAY(T?) is orientable when both E} and E} are orientable and D f preserves their
orientations.

A periodic point p of a diffeomorphism f of T? is called hyperbolic if D /p has no
eigenvalues of absolute value one, where n is the period of p. We say a hyperbolic periodic
point p is attracting, repelling, or of saddle-type when all eigenvalues of D f;' are of abso-
lute value less than one, greater than one, or otherwise, respectively. A diffeomorphism
is called non-degenerate if all periodic points are hyperbolic. Such diffeomorphisms are
generic in PA"(T?) by the Kupka-Smale theorem.

Let St denote the circle. Let C*(S',T?) be the space of C! maps from S! to T?
with the C' topology and Diffi(S 1) the group of orientation preserving diffeomorphisms
of S'. The group Diff!, (S!) acts on C*(S*, T?) from the right by composition. For a PA
diffeomorphism f of T2, we define a Diff’, (S!)-invariant subspace ‘g(E;}) of C1(S1,T?)
by

G(EY) = {7 e C1(S', T?)

(%) € Br(0)\ 10} v any e 5.

Let ¢'(E}) denote a quotient space <J?V(E}‘)/Dn"ﬂr(Sl) As we see in Subsection 2.2, the

space ¢'(EY) is metrizable. Let []. denote the equivalence class of v € ¢'(E}) in ¢(E}).
For an integral homology class a € Hy(T?, Z), let %a(EY) denote the set consisting of
elements [y]. of €'(£}) such that + represents the class a.

We call a € H\(T?, Z) a prime homology class if a # na’ for any n > 2 and a’ €
H,(T?, Z). For a topological space X, let X U{cc} denote the one point compactification
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of X and HX(X) denote the compactly supported cohomology groups of X.

THEOREM A (Invariance of homotopy type). Let fo and fi be C? PA diffeomor-
phism on T? which are orientable, non-degenerate, and mutually PA homotopic. Then,
pointed spaces (¢4 (E},)U{oo}, 00) and (€. (L}, )U{oo}, 00) have the same homotopy type
for any prime homology class a € H1(T?,Z). In particular, H* (%Q(E}LO)) 18 isomorphic
to H:(6a(EY,)).

Any PA diffeomorphism f on T2 induces a natural homeomorphism %'(f) on ¢ (EY)
by €(f)([7]e) = [f ©v]c. We define the index of a periodic point [v]. of €(f) by the
number of ¢ € St such that ~(t) is a repelling periodic point of f. It does not depend on
the choice of the representative 4 and we denote it by ind [y].. We define the unstable
set W ([v]e; €(f)) of a fixed point [y]. of €(f)™ by

Wl E () = {W)e € €(E | lim () (7)) = e -

k—oo

THEOREM B (Morse decomposition).  Let f be a C? non-degenerate orientable PA
diffeomorphism of T?. For any prime homology class a € Hi(T?,Z), the decomposition

Cu(EY) = W (e € ()

gives a structure of CW complex to 6,(EY}) with dim W*([v]¢; ¢'(f)) = ind [v]c, where
the union runs over all periodic points [y]. of € (f) in Co(EY).

The followings are applications of Theorems A and B.

THEOREM C (Non-smoothness). Let f be a C? non-degenerate orientable PA dif-
feomorphism of T?. Suppose that there exist prime homology classes ay,as € Hy(T?, Z)
with a1 # +az and integers ky, ke > 0 satisfying H (6, (EY)) # {0} fori=1,2. Then,
Ey is not uniquely integrable for any C' PA diffeomorphism g which is PA homotopic
to f. In particular, it is not a C' subbundle of TT?2.

THEOREM D (Periodic orbits). Let f be a C? non-degenerate orientable PA dif-
feomorphism on T?. Suppose that there exist a prime homology class a € Hy(T?,Z) and
an integer k > 1 satisfying Hf(‘fa(E?)) #{0}. Then, any C* PA diffeomorphism which
is PA homotopic to f has at least two distinct periodic orbits.

The author recommends that the readers should refer to Subsection 2.3 of [1], which
provides examples of PA diffeomorphisms on T2 and some applications of the above
theorems to them.

The outline of the proofs of the main results is as follows. More detailed outlines are
given at the beginning of each section. In Section 2, we prepare terminology on the space
of curves tangent to a line field. We study general PA diffeomorphisms in Section 3. In
particular, we give a combinatorial description of invariant segments in Subsection 3.2.
In Section 4, we investigate invariant foliations of non-degenerate PA diffeomorphisms
and prove Theorem B. In Section 5, we begin the study of PA homotopy and reduce the
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proof of Theorem A to the case of a PA homotopy with a simple bifurcation. A keystone
is the compactness of the spaces of invariant embedded circles or intervals, which is given
in Subsection 5.3. We study the bifurcation of combinatorics of invariant segments in
Section 6 and prove Theorem A in Section 7. In Section 8, we prove Theorems C and D.

To end the introduction, we pose a question. It is easy to see that if f is an Anosov
diffeomorphism then HZ(%,(£Y)) vanishes for any a € H; (T?,Z). By Theorem A, the
same holds for any C? non-degenerate PA diffeomorphism g which is PA homotopic to
f. Our question is whether the converse is true or not.

QUESTION. Suppose that H; (%, (E})) vanishes for all a € Hy(T?, Z). Is the map
f PA homotopic to an Anosov diffeomorphism?
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to Hiroshi Kokubu, Yoshihiko Mitsumatsu, and Takeo Noda for fruitful discussions and
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1.1. Notations.

Let Z, R denote the set of all integers and real numbers respectively. Let #X denote
the cardinality of a set X. For real numbers a and b with a < b, let [a,b],]a, ], [a, b],
and |a, b denote the intervals {a <z < b}, {a <z < b}, {a <z < b}, and {a < z < b}
respectively. For a subspace Y of a topological space X, let Y denote the closure of Y.

For manifolds M7 and My, let C"(M;, Ms) denote the space of all C" maps from M;
to My and Diff"(M7) the group of all C" diffeomorphisms of M; with the C"-topology. If
M, is oriented, Diff’, (M;) denotes the subgroup of Diff" (M) consisting of all orientation
preserving diffeomorphisms.

For a homeomorphism g on a Hausdorff space X, we write &(z;g) for the orbit
{g"(2) | n€ Z} of z € X. Let Fix(g) denote the set of fixed points and Per(g) the set of
periodic points of g. For p € Per(g) with period k, we define the stable set W*(p; g) by
the set of z € X such that g*"(z) converges to p as n — oco. We also define the unstable

set W*(p; g) by W¥(p;g) = W5(p;g~1).

2. The space of curves.

Our proof of main theorems is based on the study of the spaces of curves tangent
to B at constant speed. In this section, we show basic properties of such spaces in a
general setting. We study the space of segments in Subsection 2.1 and that of circles in
Subsection 2.2.

2.1. Segments tangent to a unit vector field.

Let X be one of [0,1],]0,1[, or S = R/Z. For £ € C1(X,T?), we define the length
€] by [£] = [ I(d€/dt)(t)||dt. Remark that [€ o n| = |¢] for any n € Diff} (X). Let Im ¢
and Int ¢ denote the subsets £(X) and £(]0, 1[) of T? respectively.

Let . (T?) be the subset of C1([0, 1], T?) consisting of all £ with the constant speed
|d¢/dt|. For a C' immersion € : [0,1] — T2, we define the normalizer n¢ € Diﬁi_([O, 1))
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of € by ne(t) = ¢! fot |(d¢/dt)(t)||dt. The map n¢ is characterized as the unique orien-
tation preserving map with £ o Ne ley (T?). Remark that n¢ depends continuously on
¢ with respect to the C'-topology.

Any f € Diff'(T?) induces a self-map .7 (f) on . (T?) by .Z(f)(€) = foif |§] =0
and Z(f)(€) = (fof)onjjolg otherwise, where ., is the normalizer of fof. It is easy to see
that .7 (f)(€) depends continuously on f and &, and the equation . (fog) = . (f)o-%(g)
holds. In particular, .#(f) is a homeomorphism on . (T?).

Let 2°(T?) denote the set of continuous unit vector fields on T2. For e € 27°(T?),
we define a subset .#(e) of .7 (T?) by

9 (1) = le] - e(e(t)) for any t € o, 11}.

Pe) = {5 e 77| %

LEMMA 2.1.  Let {e; € Z°(T?)}2, be a sequence which converges to e, € 2°(T?).
Any sequence {&; € 7 (e;)}32, with sup;>q |&;| < 0o has a subsequence which converges
to an element of .7 (e).

ProoOF. Without loss of generality, we assume that |£;| converges to a real number.
Since (d&;/dt)(t) = |&ile;(&(t)), the sequence {&;}i>1 is equi-continuous. By the Ascoli-
Arzel4 theorem, it has a subsequence {&;, }x>1 which converges with respect to the C°-
topology. The convergence of e; and |¢;| implies that the sequence {¢;, } converges to an
element of .7 (e.) with respect to the C''-topology. O

Fix e € 2°(T?). For &,¢' € . (e) with £(1) = ¢£(0), we define the composition
{xeF(e) by & =il [ =0, = if |{] =0, and

g(|§|+|§’It> forte[o €l ]

, €l e
GOV dse, A
! L T I A f I
5( EI |5’> °”€}|£|+|5f|’1]

otherwise. It is easy to check |£ &'| = |€] 4+ |€/] and L (f)(Ex &) = L (f)(&) * L (f)(&).
We also see that € * & depends continuously on € and &'.
For a finite subset A of T2, we put

Z (e, M) ={¢ € 7(e) | £(0),£(1) € A}

We say a decomposition £ = & * -+ x & of £ € F(e,A) is irreducible with respect to
Aif & € S(e,A) and Int &ENA =D for all i = 1,2,... k. It is easy to see that any
€ € S (e, \) with |£] # 0 has a unique irreducible decomposition since £ ~1(A) is a finite
set.

We say an injectively immersed one-dimensional submanifold L of T? is tangent
to e € Z°(T?) when e(z) € T,L for all 2 € L. For a one-dimensional manifold X,
let &£(X,e) be the collection of C! injectively immersed submanifolds of T2 that are
diffeomorphic to X and are tangent to e. We write |L| for the length of L € &(X,e). Let
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& (U< X, e) be the collection of subset of M that are disjoint unions of finitely many
elements of &(X,e).

Fix L € £(]0,1[,e) and a C! immersion ¢ : | — 1,1[ — T2 so that Im £ = L, £(0) = p
and (d¢/dt)(0) € {a-e(p) | a > 0}. We call £(]0,1[) and &(] — 1,0[) the positive and the
negative components of L\ {p} respectively. If £(¢) converges ast — 1 or t — —1, we
call the limit point the positive or the negative boundary point of L, and write d4 L or
O_L for it. If £(t) does not converge, we do not define 91 L. Remark that the positive
and negative components of L \ {p} do not depend on the choice of £ and 9+ L does not
depend on the choice of p and {. We also remark that |L| is finite if and only if both
0+ L and O_L exist. In such a case, there exists a unique £ € . (e) satisfying L = Int €.

2.2. Circles tangent to a unit vector field.

Recall that the group Diff} (S') acts on C*(S,T?) from the right. Let 7, denote
the quotient map from C1(S?, T2) to C*(S', T?)/Diff} (S1). A C* diffeomorphism f of
T? induces a homeomorphism €'( f) of C*(S*, T?)/Diff}, (S*) by m.(foy) = €(f)(me(7)).
We define the image Im ¢ and the length |c| of ¢ = 7.(y) € C'(S',T?)/Diff! (S') by
Im ¢ =Im~ and |¢|] = |v].

Fix e € 2;°(M) and define a subspace € (e) of C1(S!, T?) by

%(e) = {*y c Ct(s', 1%

A1 #0, (1) = Iy e(3(8) for amy £ € sl}.

In the below, we regard %(e) as a subspace of both C!(S,T?) and .#(e). Let €(e)
denote the set 7.(€(e)).

LEMMA 2.2.  The restriction of . to ‘g(e) is a proper map. In particular, the space
@ (e) is metrizable.

PRrOOF. Notice that |m.(7)| = || for any v € €(e) and it depends continuously
on 7. It implies the set {|y|| vy € €(e),me(7) € S} is bounded for any compact subset S
of €(e). By Lemma 2.1, 7, 1(S) N %(e) is a compact subset of % (e).

Since %(e) admits a natural metric as a subspace of C([0,1],T2), the space € (e)
is metrizable. O

It is important to remark that there exists K. > 0 such that |¢| > K, for any
e € 29(T?) and any ¢ € €(e). In fact, the Poincare-Bendixon theorem implies no
c € €(e) is null-homotopic. Hence, |c| is not less than the injectivity radius of T°2.

For a € Hy(T?,Z) and a finite subset A of M, we put

Cale) = {me(y) € €(e) | D] = ain Hi(T? Z)},
%a(e, ) = {ve €(e)N.S(e,\) | [7] = a in H\(T?, Z)},

Cale,N) = me(Cale, N)) = {c € Cole) | ImcNA # D}

It is easy to see that £1,& € %Na(e, A) satisfy m.(&1) = 7.(&2) if and only if & = £+ ¢’ and
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& =& x & for some £,£' € S (e, A).

3. Framed PA diffeomorphisms.

We begin to study the space of curves tangent to the invariant subbundles of a PA
diffeomorphism. In Subsection 3.1, we introduce framed PA diffeomorphisms and canon-
ical coordinates associated to them. In Subsections 3.2 and 3.3, we give a combinatorial
description of invariant segments. A keystone is the uniqueness of a segment connecting
a pair of periodic points, which is proved in Proposition 3.4. In Subsection 3.4, we study
invariant embedded circles without hyperbolic periodic points. Such a circle may exhibit
complicated bifurcation under perturbation. However, their normal hyperbolicity and
finiteness, proved in Proposition 3.13, imply that they are tame in the context of the
topology of € (e").

3.1. Framed PA diffeomorphisms and canonical coordinates.
First, we show the uniqueness and the persistence of PA splittings.

LEMMA 3.1.  Any f € PAY(T?) admits a unique PA splitting.

PROOF. Suppose that f admits two PA splittings E} & £} and EY & E5. 1t is
sufficient to show that each E¥(z) and E5(z) coincides with either F¥(z) or Ef(z) for
any z € T?. In fact, it implies { E¥(2), E5(2)} = {E¥(2), E{(2)} since E¥(2)® E3(2) is a
splitting of T, T?. By the domination property of the splittings, we obtain E¥(z) = E¥(z)
and E5(z) = Ej(2).

Suppose that F¥(z) coincides with neither Ej'(z) nor Ej(z). By the domination
property of EY @ E5 the angle between E¥(f"(z)) = Df™"(F¥(z)) and E{(f™(z)) =
Df™(E{(z)) converges to zero as n — oo for 0 = u,s. The continuity of the splittings
implies that E(z.) = E5(z+) = E¥(2,) for any accumulation point of {f™(z) | n > 0}.
It contradicts that E¥(z.) ® E{(z.) is a splitting of T,, T?. O

We write Ey @ E7 for the unique PA splitting associated to a PA diffeomorphism f
of T?. By the same argument as in the case of hyperbolic splittings (see, e.g., Subsection
6.4 of [3]), we can show the persistence of PA splittings. Namely, PA"(T?) is an
open subset of Diff"(T?) for any » > 1 and PA splittings depend continuously on PA
diffeomorphisms.

We call an element (f,e%, e®) of PA™(T?) x (2°(T?))? a C" framed PA diffeomor-
phism if €"(z) € E¥(z) and €°(z) € E}(z) for any z € T?. Remark that f is orientable
if and only if (f,e%, e®) is a framed PA diffeomorphism for some e%,e® € 27 (T?).

We call a continuous family {(fx,eY,e3)}rejo,1) of C! framed PA diffeomorphisms
on T? a framed PA homotopy. For a C! framed PA diffeomorphism (f, e, %) and a PA
homotopy {fx}rer with fo = f, the persistence of PA splittings implies that there exists
a unique framed PA homotopy {(fx, €Y, e3)}rer with (fo,ef,ef) = (f, €%, e®). It is easy
to see that €,(EY) is homeomorphic to €, (e") U € _4(e") for any a € Hi(T?, Z) \ {0}.
Hence, in order to prove Theorems A and B, it is sufficient to show the corresponding
results for €, (e").

Next, we introduce coordinates compatible with a framed PA diffeomorphism
(f,e*,e®). Let {es(w),e,(w)} denote the standard basis of T, R* for w € R% For
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€ > 0, a C! embedding ¢ of [~1,1]? into T? is called an e-canonical coordinate for
(¥, e) if

e'(p(w)) € Dp({aes(w) + bey(w) | |b] < ea})
e*(p(w)) € Dyp({aex(w) + bey(w) | |af < eb})

for any w € [-1,1]?. For any z € T? and any neighborhood U of z, we can take an
e-canonical coordinate ¢ so that ¢(0,0) = z and Im ¢ C U. In fact, we can construct
such an e-canonical coordinate by using foliations along C'' approximations of e* and e®.
If e* is of class C'! on a neighborhood of z then we can take an e-canonical coordinate ¢
so that ¢([—1,1] x {y}) is tangent to e* for any y € [—1, 1].

Let ¢ be an e-canonical coordinate with ¢ €]0,1/4[. Take £ € .(e*) satisfying
Im ¢ C Im ¢. Then, there exist C! function h on [~1,1] and an interval [a,b] such
that Im & = o({(z,h(z)) | = € [a,b]}) and |dh/dz| < e. If £(0) = p(x0,yo) for some
(zo,90) € [-1,1] x [-1 4+ 26,1 — 2¢] and £(1) € (Im ¢), then |h(z)| < |yo| + (1 + |xo|)
for any z € [a,1] and Im & = p({(z, h(x)) | = € [a, 1]}).

Recall that W*(p) = W*(p; f) and W*(p) = W*(p; f) denote the unstable set and
the stable set of a periodic point p of f respectively. We will make repeated use of the
following lemma.

LEMMA 3.2. Let L* and L* be subsets of T? with L° € &(U<xo[0,1],€°) U
E(UcooSt e%) and L* € £()0,1],e%). If LN L* # &, f(L*) = L*, and L* C W*(r) for
r € Per(f), then L® N L* consists of exactly one point. If f(L*) = L* in addition, then
we have L* N LY = {r}.

PROOF. Suppose L*NL? contains at least two points. Then, there exists a compact
subinterval I of L" which contains at least two points of L?.

Since L? is a compact f-invariant set and intersects with L* C W*"(r), it contains
r. Take a 1/4-canonical coordinate ¢ so that ¢(0,0) = r and L°* NIm ¢ = ¢(0 x [—1,1]).
Since I* C W*(r), there exist n > 1 such that f~"(I*) C Im ¢. Then, we can take
a function h* on [—1,1] so that f~"(I*) C p({(z,h*(z)) | x € [-1,1]}). In particular,
L# N f~™(I*) contains at most one point. However, it contradicts that I* contains two
points of L®.

If f(L*) = L*, then the unique intersection point of L* and L° must be a fixed
point of f. Since W*(r) N Fix(f) = {r}, it coincides with r. O

By replacing f with f~!, we also obtain the following.

LEMMA 3.3. Let L“ and L® be subsets of T? with L* € &(Ucwo[0,1],€") U
E(UcoSt, e) and L* € £(0,1[,e%). If LN LS # &, f(L*) = L*, and L* C W*(r) for
r € Per(f), then L" N L*® consists of exactly one point. If f(L*) = L*® in addition, then
we have L* N L% = {r}. O

3.2. Connecting segments.
In this subsection, we fix a framed C* PA diffeomorphism (f,e%,e®) and suppose
that Fix(f™) is a finite set for all n > 1.



Invariants of projectively Anosov diffeomorphisms 611

For o € {u, s} and p, ¢ € Per(f), we call £ € .#(e?) a o-connecting segment of (p, q)
if £(0) = p, £(1) = q, £ € Per(L(f)), and Int { N Per(f) = . For p € Per(f), let DT p
denote the set of ¢ € Per(f) such that a o-connecting segment of (p, q) exists. Let D7 p
also denote the set of ¢ € Per(f) such that a o-connecting segment of (g, p) exists.

For a o-connecting segment & of (p, q) with .7(f)*(¢) = &, the normalizer n of f*o¢
satisfies fFo¢ = £on. Since 1 has no periodic point, we have either 7(t) > ¢ for all t €]0, 1|
or n(t) < t for all t €]0,1[. We say & is ascending in the former case and descending in the
latter case. Remark that Int £ € £(]0, 1], e*). In fact, if it is not, then &(¢1) = £(¢2) for
some ty,te €]0,1[ with 1 # ta. The set f™ o &([t1,t2]) = &([n™(t1),n™(t2)]) contains an
embedded circle tangent to e* and its length tends to zero as n — +o00 or —oo. However,
it contradicts that no element of &(S*,e*) is null-homotopic.

PROPOSITION 3.4.  If there exists a o-connecting segment &1 of (p,q) for o € {u, s}
and p, q € Per(f), then it is unique. Moreover, if such & exists then the followings hold:

1. DIp={q} if o =u and & is ascending, or 0 = s and &; is descending.
2. D?q={p} if c =u and & is descending, or o = s and &; is ascending.

Proor. To simplify the arguments, we assume that 0 = u and &; is ascending.
The proof for other cases is similar.

Choose ¢' € DYp and a u-connecting segment & of (p,¢’). By taking an iteration
of f if it is necessary, we assume .7 (f)(&;) = &; for i = 1,2. We show that & (]0,€1]) =
&2(]0, €2]) for some €1,€e3 €]0,1[. Once it is done, we have Int & = Int &. It implies
&1 = & since Int & and Int & are elements of £(]0, 1], e*).

Fix a 1/8-canonical coordinate ¢ so that ¢(0,0) = p, Dy~ 1(e*(p)) is parallel to
ey(0,0), Int & ¢ Im ¢, and ([0, 1] x {0}) C Im &. There exists a C''-function h on [0, 1]
such that ~A(0) = 0 and ({(x, h(z)) | z € [0,1]}) C Im & . Remark that |h/(z)| < 1/8 for
any z € [0,1]. In particular, we have |h(z)| < /8.

Fix amap F = ¢~ o f oy on a small neighborhood V of (0,0). We define functions
a(w),b(w), c(w), and d(w) on V by DF,(es(w)) = a(w)e,(F(w)) + c(w)ey(F(w)) and
DF,(ey(w)) = b(w)ez(F(w)) + d(w)e, (F(w)). Notice that 0 < d(0,0) < a(0,0) and
b(0,0) = ¢(0,0) = 0 since T(p,0)R* = Re, @ Re, is a dominated splitting on {(0,0)}
associated to F. By the continuity of DF, there exist xo > 0 and A €]0, 1] such that
[~20,20]? C V and sup{/d(w)? + b(w)? | w € [~z0,70]?} < Ainf{a(w) — |b(w)| | w €
[—z0, 20]?}. For x €]0,z0[ and 2’ €]0, 1] with (2, h(2’)) = F(x, h(z)), we have

(x.h(x)) FQxh(x)=(x",h(x))

1

! , el amé)
RNy !
* * ¢! amé&y)
x0) Fx0)

Figure 1. Proof of Proposition 3.4.
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|h(@")] < ||[F(z, h(z)) = F(2,0)|
h(z)
< /0 HDF(%S)(ey(x,s))Hds

< |h(z)|sup {Vd(w)? + b(w)? | w € [—zo, z0)* }
< Alh(z)| inf{a(w) — [b(w)| | w € [z, z0]*}

dh

< )\|h(x)|é /0 {a(t,h(t)) + (t)b(t,h(t))}dt ~)

[h(=z)]
dt z

It implies

{42

T

|h(2)]

TS (O,xg)} < )\sup{

x e (0,%0)} < xO/S,

where (z(, h(x})) = F(zo, h(zo)). Notice that zj; > z¢ since & is ascending. Hence, we
obtain h(x) = 0 for any = €]0, zo[. It implies &1 ([0, €1]) = &2([0, €2]) for some €1, €2 €]0, 1].
O

Let [p,q]° denote the unique o-connecting segment of (p,q) if it exists. By the
uniqueness, [p,g]? is a fixed point of . (f) if p and ¢ are fixed points of f.

Remark that DY p may contain several points in general when [p, ] is descending.
In Subsection 4.2, we see that if p is an attracting fixed point and DY p contains a repelling
fixed point, then D¥p consists of at least three points. In particular, £} is not uniquely
integrable at such a point p.

Next, we give a criterion for the existence of connecting segments. Let us recall the
definition of the strong unstable manifolds. For p € Fix(f) with ||Df(e*(p))| > 1, fix
A > 1 so that [|[Df(e*(p))]| < A < || Df(e*(p))||. For a given number ¢ > 0, we define a
subset W3 (p) of W*(p) by

Wit (p) = {z € T? | d(f"(2),p) < A™"4 for any n > 0}.

If § > 0 is sufficiently small, then W§**(p) is an embedded compact interval with e*(p) €
T,W§u(p). We call W (p) the local strong unstable manifold of p. It is known that
it depends continuously on p and f as a C! embedded manifold. The set W4%(p) =
Unso [ (W5 (p)) is called the strong unstable manifold of p and it does not depend on
the choice of A and § (see e.g. [8]). The manifold W"*(p) is characterized as the unique
f-invariant C! injectively immersed open interval satisfying p € W*%(p) C W(p) and
e"(p) € T,W"*(p).

LEMMA 3.5.  Let I be a compact embedded interval with f=*(I) C I and e*(z) ¢ T.1
for any z € I. Then, I is tangent to . In particular, the strong unstable manifold of a
periodic point is tangent to e*.

PROOF. We define a function a on I by e*(z)+a(z)e®(z) € T.I. By the domination
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property, there exist N > 1 and A € (0,1) such that |a(2)| < A|a(f~N(2))| for any 2z € I.
Since f~N(I) C I and the function « is bounded, we obtain a(z) = 0 for any z € I.
The latter part is an easy consequence of the former. O

Let W{"(p) and W**(p) denote the positive and negative components of W**(p) \
{p} respectively. It is easy to see that if 4 W*""(p) = ¢ then DY}p = {q}, [p,q]" is an
ascending u-connecting segment, Int [p,q]* = W““(p) C WS( ), and ||Df(e*(q))] <
1. We define the local strong stable manifold W§*(p ) = W (p; f=1), the strong stable
manifold W**(p), and the connected components “5(p) of Wes(p) \ {p} by the same
way as above.

LEMMA 3.6. Let p and q be fized points of f such that | Df(e“(p))|| > 1 and q is
attracting. If Wi (p) C W*(q), then ¢ € DYp. In particular, [p,q]* is ascending, and
hence, D{p = {q}.

PRrROOF. Suppose Wi (p) C W?*(q). There exist a compact interval I C Wi*(p)
and 6 > 0 such that (J,~, f"(I) = Wi{*(p) \ Ws*(p). By the compactness of I, f™(I)
converges to {g} as n — oo with respect to the Hausdorff metric. It implies 9, W™*(p) =
g, and hence, ¢ € D4p. U

Finally, we define a presentation of fixed segments and show that the set Fix(Z(f))N

S (e%) is discrete. For o = u,s if a sequence {p;}%_, of periodic points of f satisfies

pi € DIp;_1 for each i, then we define [po, ..., pr]7 € #(e”) by the composition [pg, p1]7*
* [pr—1,pk]7-

PROPOSITION 3.7.  Any & € .L(e7) NFix(Z(f)") with €] # 0 has a unique pre-
sentation £ = [po, ..., pk]° and all po,...,px are fized points of ™.

PROOF. Recall that the normalizer 7 of f™ o £ is a map in Diffi([o, 1]) satisfying
fro& = &om. Since € is an immersion, £71(2) is a finite set for any 2z € T2. Hence,
E71(0(z; f™)) is a periodic orbit of 1 for any z € Per(f) NIm &. It implies £(Per(n)) =
Per(f) NIm ¢&.

It is clear that Per(n) = Fix(n), and hence, we have Per(f) NIm & = Fix(f™)NIm &.
By the assumption, Fix(f™) is a finite set. Now, the proposition is an easy consequence
of the existence and the uniqueness of an irreducible decomposition of £ associated to
Fix(f"). O

COROLLARY 3.8. The set {{ € S(e*) NFix(L(f)) | |€] < K} is finite for any
given K > 0. In particular, 7 (") NFix(.Z(f)) is a discrete set.

PROOF.  Since Fix(f) is a finite set, Ko = inf{|[p,q]"| | p € Fix(f),q € Dp} is
positive. The corollary follows from the proposition and the inequality

|[p07"'apk}u| Z KO -k

for any [po,...,pr]" € L (e") with po, ..., pr € Fix(f). O
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3.3. A canonical total order on Dj p.

Let (f,e%, e®) be a framed PA diffeomorphism on T?. For p € Per(f), we define a
relation <% on D?p so that q; <" g2 if and only if for any € €]0, 1[ and any neighborhood
U of p, there exists & € §(c*) such that €] # 0, £(0) € [p, 1] (0, ), (1) € [p. 42]* ([0, €]},
and Im £ C U. We write ¢1 =%} ¢ if 1 = g2 or ¢1 <% ¢o.

Figure 2. A total order <%.

PROPOSITION 3.9.  Let p,q1,q2 be periodic points of f with q1,q2 € D3 p. Let o be
a 1/4-canonical coordinate with p = ¢(xo,y0) € p([—1/2,1/2]%). Suppose that there exist
functions v and vy on [yo, 1] such that v;(yo) = xo and e({(vi(y),y) | ¥ € [vo,1]}) C
Im [p, ¢;]s for each i = 1,2. Then, the following conditions are equivalent:

L g <4 g
2. v1(y) < va(y) for some y €]yo, 1].
3. vi(y) < v2(y) for any y €]yo, 1].

PROOF.  Since Int [p, ¢1]° NInt [p, 2]° = & if g1 # g=, the latter two conditions are
equivalent. Put I; = o({(vi(y),y) | v € [yo,1]}) for i =1, 2.

Take a neighborhood U of p and a number ¢ > 0 so that U C ¢([—1,1]?) and
0, ¢:]°([0,€]) C L. If g1 <% ¢, then there exists £ € .#(e*) such that £(0) € I,
(1) € I, and Im £ C U. Tt is easy to see that it implies that vi(y) < va(y) for any
Y €lyo, 1[.

Suppose v1(y) < v2(y) for any y €lyo, 1[. It is easy to see that there exists a family
1€y} yelyo,1/21 in F(e) such that £,(0) = ©(vi(y),y), & (1) € I, and Im §, C Im ¢ for
any y €]yo, 1/2[, and Im &, converges to {p} as y — yo. It implies ¢; < go. O

COROLLARY 3.10.  The relation =% is a total order on D%p.

PROOF.  For any qi,q2,q3 € D3 p, we can take a 1/4-canonical coordinate ¢ with
p = p(x0,Y0) € p([—1/2,1/2]%) and functions vy, va, and vz on [yo, 1] so that v;(yo) = zo
and ({(vi(y),y) | v € [yo,1]}) C Im [p, q;]s for each i = 1,2,3. Then, it is easy to check
that the corollary follows from the proposition. O

We also define a total order <2 on D% p so that q; <” g¢o if and only if for any
€ €]0,1[ and any neighborhood U of p, there exists £ € S(e*) such that || # 0, £(0) €
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[g1,9]°(] = €,0]), £(1) € [g2,p]*(] — €,0[), and Im § C U.
If p is a 1/4-canonical coordinate, then f o ¢ also is. Hence, Proposition 3.9 implies

if g1 <% go then f(q1) <5% f(go).

LEmMA 3.11.  Dipn&(q; f) = {q} for any q € D5p. In particular, p and q have
the same period. The similar assertions also hold for D% p and DYp.

PROOF. Suppose that f¥(q) # ¢ is contained in Dip. If ¢ <% f*(q), then
fi*(q) <5 fUHDE(q) for any i. Since <% is a total order, we obtain that g # f**(g) for
any 4. It contradicts that ¢ is a periodic point. The same argument shows f*(q) %ﬁ q,
and hence, we have D5 pN O(q; f) = {q}.

Now, it is easy to see that p and ¢ have the same period since D7 f™(p) N O(q; f) =
{f™(q)} for any m > 0. O

Remark that .7 (e*, Fix(f*)) N Per(Z(f)) = L(e*) N Fix(Z(f)*). In fact, for
€= [p1, .-, pm]* € L(e% Fix(fF)) N Per(#(f)), the lemma implies that each p; is a
fixed point of f¥. By the uniqueness of a connecting segment, we have .7 (f)*(¢) =

[fk(p1)7 .- '7fk(pm)]u = [plv cee 7pm]u =¢.

3.4. Invariant circles without hyperbolic periodic points.

For a C" diffeomorphism g on a manifold M, let Fixs(g) and Pery(g) denote the
set of hyperbolic fixed points and that of hyperbolic periodic points respectively. By
the stable manifold theorem, the unstable set W*(p) and the stable set W#(p) are C”
injectively immersed manifolds with T,,W*"(p) & T,W?*(p) = T,M for any p € Pery(g).
For k > 0, we define Fix}(g) and Per}(g) by

Fixy (g) = {p € Fixx(g) | dim W"(p; g) = k},

Per} (g) = {p € Pera(g) | dim W*(p; g) = k}.

Recall that a periodic point p is called attracting if p € Fix{(g), repelling if p €
FiximM () and of saddle-type otherwise.

For p < r, we call an embedded circle C' a p-normally attracting circle for g if
g™(C) = C for some m > 1 and there exist a dominated splitting TM|c = E* & E®,

K >0, and X €]0, 1] such that 7,C' = E*(z) and

|Dg"

g || [[(Dg" [ue) 7H|” < KX, ||Dg" e[| < KA

for any n > 0 and z € C. It is known that a p-normally attracting circle is a C?
submanifold of M, whose existence is persistent under C”-perturbation of g, and which
depends continuously on g (see Subsection 12.4 of [7]). An embedded circle C’ is called
p-normally repelling if it is a p-normally attracting circle for g~'. We say a p-normally
attracting or repelling circle C' is irrational if the restriction of ¢ on C' is topologically
conjugate to an irrational rotation. Remark that C' = &(z;¢™) for any z € C if C is
irrational.

We recall a theorem due to Pujals and Sambarino on the structure of invariant sets
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of a surface diffeomorphism which admits a dominated splitting. Let Q(g) denote the
non-wandering set of a diffeomorphism g. That is, a point z of M is contained in Q(g)
if and only if any neighborhood U of z satisfies ¢"(U) N U # & for some n > 1. We say
a g-invariant set A is a hyperbolic set of saddle-type if it admits a hyperbolic splitting
TM|p = E* ® E* such that both E* and E® are non-trivial.

THEOREM 3.12 ([6], Theorem B). Let g be a C? diffeomorphism on a compact
surface. Suppose that a compact g-invariant set A C Q(f) admits a dominated splitting
and satisfies ANPer(g) C Pery, (g). Then, A is a disjoint union of a hyperbolic g-invariant
set of saddle-type and finitely many mutually disjoint 2-normally attracting or repelling
irrational circles.

Fix a C? framed PA diffeomorphism (f,e%,e®). For o € {u, s}, we define a subset
G.(e?) of €(e”) by

€.(e7) = {c € €(e”) NPer(€(f)) | Im c N Pery,(f) = T},

and put €, .(e7) = €.(e”) N E.(e”). We also define subsets Q°(f) and Q2(f) of T? by

A= |J e 2(H= |J e

cEC(e™) cECx(e?)

ProproOSITION 3.13.  Suppose that f has at most one non-hyperbolic periodic or-
bit. Then, Q°(f) is a disjoint union of finitely many 2-normally attracting circles. In
particular, €, .(e") is a finite set for any a € H\(T?, Z).

PrROOF. The latter is an immediate consequence of the former. We prove the
former by assuming the following lemmas, which we show later. Remark that the lemmas
hold even if f has more than one non-hyperbolic periodic orbits.

LEMMA 3.14.  Put S, = {c € C.(e") | Im cN Per(f) = D} and Cx = J, g Im c.
Then, Cy is a disjoint union of finitely many 2-normally attracting irrational circles.

LEMMA 3.15.  Let pg,...,pr—1 are periodic points of f with mutually disjoint or-
bits and with the same period m. Put pr = po and suppose that there exists a Sse-
quence {n; 1;2—01 such that f"(piy1) € DYp; for each i = 0,...,k — 1. Then, the set

;”:_01 Ui:ol Im [f™(p;), [T (pis1)]® is an f-invariant element of &(U<ooSt, e%).

Let C, be the subset of Q0(f) given in Lemma 3.14. Put S = {c € %.(e") |
Im cNPer(f) # F} and C = [J,cgIm c. It is easy to see that C N C, = . Hence,
it is sufficient to show that C is a disjoint union of finitely many 2-normally attracting
circles.

Suppose that C is non-empty. Then, it contains a non-hyperbolic periodic point p.
Let m be the period of p,. Put A = {(n,n') € {0,...,m—1}2| f**" (p.) € DL f"(p.)}.
For any z € C, there exist non-hyperbolic periodic points ¢, and ¢ such that ¢, € D q.
and z € Im [gs, ¢,]". By the assumption, &(p,) is the unique non-hyperbolic periodic
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orbit. Hence, we have C' C J, niyea Im [f7(ps), [ (p)]". Fix (ng,nf) € A. Tt is
clear that {(n,n() | n=0,...,m—1} is a subset of A. Lemma 3.11 implies A = {(n,n) |
n=0,...,m—1}. Since C is f-invariant, we have C' = U:;:_ol Im [f™(p.), f7F70 (p,)]v.
Lemma 3.15 implies that C is a disjoint union of finitely many embedded circles.
Notice that f™"(z) converges to a point of &(p.;f) as n — oo for any z € C.
Since [|Df™(e* (p)l| < IDS™ (e (pa))l| = 1, both [|DF*(e*(2)]] - [|DF7(e"(=))]| 2 and
IDf™(e*(2))]|| tends to zero as n — oo. The compactness of C' implies that C' is a union
of 2-normally attracting circles. O

PROOF OF LEMMA 3.14. Fix ¢ € S, and take v € 7, 1(c) N € (e*). Then, there
exist n > 1 and 7 € Diff} (S') such that f" oy = yon. Since Im cNPer(f) = &, we have
Per(n) = &. It implies that 7 is semi-conjugate to an irrational rotation, and hence, n
has no hyperbolic invariant set. In particular, Im ¢ = Im 7 does not intersect with a
hyperbolic invariant set of saddle type. Now, the lemma follows from Theorem 3.12. [J

PROOF OF LEMMA 3.15. Put A = U O(ps; f) and ¢ = U, U Im
[f™(ps), £ (psa1)]®. Tt is easy to see that Int [p,¢]* NIm [p’, ¢']* # & implies p = p’
and ¢ = ¢’. Hence, C is locally diffeomorphic to an interval at any point of C'\ A.

Fix a point f"(p;) of A. Recall f™ (pit1) € DYp; and p;_1 € D (f"(p;)). By
Lemma 3.11, we have DY (f"(pi)) N O(piy1; f) = {f"T™ (pi+1)} and D“(f"(p;)) N
Opi-1; f) = {f"~™=*(pi=1)}. It implies that Im [f"~" =1 (pi—1), f"(pi), f77" (Pig1)]"
is a neighborhood of f™(p;) in C. Therefore, C is locally diffeomorphic to an interval at
[ (pi)- O

The following is a consequence of Lemmas 3.14 and 3.15, which we use later.

LEMMA 3.16.  For any periodic point ¢ € €(e*) of €(f) and any z € Im ¢, there
ezists C' € &(U<ooS", ") satisfying f(C) = C and z € C C 5o f"(Im ¢).

Proor. IfIm cNPer(f) =, then {J,~, f"(Im ¢) is a disjoint union of normally
attracting irrational circles by Lemma 3.14.

Suppose that Im ¢cNPer(f) # . Then, ¢ = 7.(§) for some & = [po, p1,. .., Pk|* with
pr = po- By Lemma 3.11, periodic points py, ..., pr have the same period m. Without
loss of generality, we assume that z € Im [pg,p1|*. If p1 = i (po) for some n’ > 0,
then Lemma 3.15 implies that C = (J", Im [f™(po), F (po)]* satisfies the required
conditions.

Suppose O(po; f) # O(p1; f). We define a directed graph G = (E,V) so that
V={1,...,k} and ¢ — j if and only if p,11 € O(p;; f). Note that 1 — --- — k is a path
of G and if i — j and p;s € O(p;) then i — 7'

Take the shortest path j; — --- — j, of G satisfying j; = 1 and j; = k. It is
easy to see that O(p;,) # O(pj,) if i # i’. Take n; so that pj,41 = f"(pj,,,,) for
each i. Then, we have f"(p;., , ) € Dip; and Im [p;,, f"(pj,,,,)]" C Im c for any
i=1,...,1 — 1. Put jo = 0 and ng = 0. Then, Lemma 3.15 for {p;, }.=5 and {n;}'Z}

implies that C' = Unm;01 i;(l) Im [f™(pj,), £ (Dj14ry)]" Is the required one. O
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4. Non-degenerate PA diffeomorphisms and Proof of Theorem B.

We study the topology of invariant foliations of a non-degenerate PA diffeomorphism
and give a structure of CW complex structure to €,(e*). In Subsection 4.1, we show
that a non-degenerate PA diffeomorphism admits a C' invariant foliation tangent to
E" on T?\ (Q9(f) U Perl)(f)). One of the important consequences is Proposition 4.4,
which asserts that the non-trivial part of €(e*) is €(e*, Pery(f)). In Subsection 4.2,
we investigate the singularity of the above foliation at attracting periodic points. It
allows us to show the continuity of segments and the existence of a decomposition of
(e, Fix) (f)). We give a structure of CW complex to .7 (e*, Fixy (f)) in Subsection
4.3, where we see that the combinatorics of connecting segments determines the topology
of .7 (e, Fix}(f)) completely. We prove Theorem B in Subsection 4.4.

In this section, we fix a framed PA diffeomorphism (f, e*,e®) and suppose that f is
non-degenerate and of class C2.

4.1. The unstable foliation.

Put QF(f) = Perj,(f) U QE(f) for k = 0,2 and Q'(f) = Q(f) \ (2°(f) U Q2(f)).
Theorem 3.12 implies that Q' (f) is a hyperbolic set of saddle-type. It is easy to see that
both Per? (f) and Per?(f) have no accumulation points. In particular, they are finite
sets.

PROPOSITION 4.1.  Let E* @ E® be the unique PA splitting associated to f. Then,
the subbundle E* generates a C' f-invariant foliation F* on T?\ Q°(f). Moreover,
for any given neighborhood U of QU(f), there exist Ay €]0,1[ and Ky > 0 such that
|Df~"|pu(s|l < KuXf for anyn >0 and z € T*\ U.

PROOF. Since QV(f) is an attracting invariant set, we can choose an open neigh-
borhood U, of Q°(f) so that f(U,) C U, and (1,50 f"(Us) = Q°(f).

Since the a-limit set (<, {f~™(z) | m > n} is contained in Q'(f) UQ?(f) for any
2 € T*\Us, ||Df " pu(s |l converges to zero. By the compactness of T2\ U,, there exist
K >0and A € (0,1) such that ||[Df"|gu(s)|| < KA™ for any z € T?\ U,. It is easy to
see that it implies the second assertion of the proposition.

Since f(U,) C U,, we obtain the C! regularity of E% on T2\ U, by the same
argument as in the case of codimension one hyperbolic splittings (see, e.g., Theorem
19.1.8 of [3]). By the D f-invariance of E*, the restriction of E* to T?\ Q°(f) is of class
C'. In particular, it generates a C' f-invariant foliation .Z*. O

For z € T? \ QO(f), let .Z"(z) be the leaf of .Z* that contains z, and Z}(z) and
F*(z) denote the positive and the negative half components of .#%(z) \ {z}. By the
same argument as Proposition 4.1, E¥ generates a C! foliation .Z* on T? \ Q?(f). We
define .#*%(z) and %5 (z) similarly.

LEMMA 4.2.  The foliation F* on T?\ Q°(f) satisfies the followings.

1. Z" has no compact leaves.

2. If FU2) N WY (p) # & for = € T>\ Q°(f) and p € Pery(f) U Peri(f), then
T (z) CWH(p).

3. If f(FU(2)) = FU2) for z € T?>\ Q°(f), then there exists p € Fix, (f) UFix; (f)
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such that F*(z) = W*(p).

The similar statements hold for F*.

PROOF. By Proposition 4.1, any I € &(S1,e*) U &([0,1],e%) with T NQ°(f) = &
satisfies ) o |f7" ()| < oc.

If .Z* has a compact leaf C, then |f~™(C)| converges to zero as n — oo since
CNQOf) = . Tt contradicts the Poincaré-Bendixon theorem. Therefore, #* has no
compact leaves.

Suppose .Z%(2) N W*(p) # & for z € T2\ Q°(f) and p € Per},(f) U Peri(f). Take
a point zp € F%(2) N W*(p). Any compact subinterval I; of F“(z) containing zg is a
subset of W*(p) since | f~"(I1)| converges to zero as n — oco. It implies F%(z) C W*(p).

Suppose f(F4(z)) = F4(z) for z € T? \ Q°(f). Choose a compact subinterval I
of Z%(z) and a neighborhood U, of Q°(f) so that f~1(Iy) NIy # &, f(U.) C U., and
U Nl =0. Put I = _of ™) forn >1and I = J,~, 5. Then, {I7},>0
is an increasing sequence of compact intervals with Iy N U, = & and sup,,~, |15 < oc.
Hence, the set I3 is a compact interval with I3 NQO(f) = & and f~1(I3) C I3. Tt implies
that I3 is a subset of .#%(z) and contains a point p of Fixj, (f) UFix}(f). By the second
assertion, we have .Z#"(z) C W"(p). It implies that .F%(z) = W"“(p). O

LEMMA 4.3.  For any z € T? \ Q°(f), the positive or the negative boundary point
0+ F%(z) is an attracting periodic point if it exists.

PROOF. Proof is done by contradiction. Suppose that 9,.Z%(z) € T? \ Per’(f)
for 2 € T?\ Q°(f) and 7 € {+,—}. Without loss of generality, we assume 7 = —.
Since 0_.Z"(z) is contained in Q°(f) = Pery (f) U Qo(f), we have _F*(z) € Q(f).
Choose a 1/4-canonical coordinate ¢ at p such that ¢([—1,1] x {0}) = Q%(f) N Im ¢
and p({z} x [~1,1]) € Z*(p(x,0)) for any = € [—1,1]. There exists a C* function h
on [0, 1] such that h(0) = 0 and ¢({(x, h(z)) |  €]0,1]}) is a connected component of
F*(z) NIm . Without loss of generality, we assume that h(z) > 0 for all = €]0,1].

Since Q2(f) consists of irrational normally attracting circles, there exist sequences
{n; > 1}, {z; €]—-1,0[} and {x} €]1/4,1/2[} such that f" op([0,1/2]x{0}) = ¢([z;, z}] x
{0}) for any ¢ and [z;,2}] converges to [0,1/2] as i — oo. Since p({z} x [0,h(z)]) C
F5(p(x,0)) for any = €]0,1[, the set f™ o p({(x,h(z)) | = € [0,1/2]}) converges to
©([0,1/2] x {0}) as i — oco. Hence, for any sufficiently large i, there exists a C! function
h; on [z;,x}] such that h;(z;) = 0, hy(z) > 0 for any x €]z;, 2}, p({(z,hi(z)) | = €
[z, 20]}) € FE(f™(2)), and 0 < h;(z;) < inf{h(z) | € [1/4,1/2]}. Since z; < 0 and
hi(z;) =0, we have F"(f™(z)) N F(z) # & for any sufficiently large 7. It contradicts
that .Z* is a foliation on T2\ Q°(f). O

_The following proposition implies all we need to know is the structure of the image
of €u(e*, Perl)(f)) under m,.

PROPOSITION 4.4.  €,(e*) is the disjoint union of €,(e*, Pery(f)) and €, .(e*).

PrROOF. Tt is trivial that €, (e*,Perd(f)) N C,u(e) = &. Fix ¢ € €, (e*). By
Lemma 4.2, we have Im ¢ N Q°(f) # &. Lemma 4.3 implies either Im ¢ N Per? (f) # &
or Im ¢ C Q9(f). The latter implies ¢ € €, .(e%). O
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4.2. A decomposition of .7 (e*, Fix}(f)).

First, we investigate the local structure of F“ at attracting fixed points. Fix an
attracting fixed point r of f and a 1/8-canonical coordinate ¢ satisfying ¢(0,0) = r,
Im o C W*(r), and ({0} x[-1,1]) C W**(r) = F*(r). Fory € [-1/2,1/2], let I, denote
the connected component of F“(p(1/2,y)) N ¢(]0,1[x] — 1,1[) that contains ¢(1/2,y).
Then, there exists a C! function h, on [0, 1] such that I, = o({(x, hy(z)) | = € [0,1]}).
Remark that the family {hy},e[-1/2,1/2) is continuous with respect to the C' topology
and |dh,/dx| < 1/8 for any y. In particular, the set V = Uye[—1/2,1/2]E contains
©([0,1] x [~1/4,1/4]) and the family {I,},c(—1/2,1/2) defines a foliation on V with a
unique possible singularity at .

PROPOSITION 4.5.  There exist k > 0, a sequence {qi}ff{l of fized points of f, and
an increasing sequence {y; }2*T1 in [~1/8,1/8] such that

q; 1s of saddle-type if i is odd, and is repelling if i is even,

I, € Wt(g;) for any i,

{y € [-1/2,1/2) | -1, = p} = [y, yorsa],

{y € [~1/2,1/2] | 0_1, € p({0}x] - 1,0D} = [1/2,],

fy e [=1/2,1/2] | 01, € p({0}10, 1)} =Jyars1,1/2],

if k> 1, then I, C W"(qo;) for any j =1,...,k and y €lysj—1,Yy2j+1[-

A e

PrOOF. Fix N > 1 so that fN([0,1] x [~1/2,1/2]) € ©([0,1] x [~1/8,1/8]). The
proof is done by investigating the action of fIV on the leaf space of foliation {I,}. Take
amap g:[-1/2,1/2] — [-1/4,1/4] so that fY(I,) = I ). The assertion 3 of Lemma
4.2 implies that there exists a map « : Fix(g) — Fix(f") such that I, € F%(a(y.)) for
any y. € Fix(g). Since 0_I, = fN(0_1,) if and only if _I, = r, we have d_1I,, = r
for any y, € Fix(g). In particular, Im o C DYr. On the other hand, any ¢ € DY{r is a
fixed point of f by Lemma 3.11, and hence, there exists a unique fixed point y, of Fix(g)
with I, C #*(q). Hence, the map « is a one-to-one correspondence between Fix(g) and
Dir.

By the finiteness of Fix(f), there exists an increasing sequence {y;}._; such that
Fix(9) = {y; | i = 1,...,1}. Put ¢ = a(y;). Since the map ¢ is the composition

q
o ——— %1
Vi, et j//vqh—l
' S 0
y2j+1 \\‘\ %qzurl
I o % y
Yok+1 —

Figure 3. Branching of #"“ at an attracting fixed point.
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of f¥ and a holonomy map of .#", it is a C! orientation preserving map satisfying
IDg(yi)ll = DSV 5 (q)
saddle-type and y; is repelling if and only if ¢; is repelling.

Recall that g([—1/2,1/2]) is contained in [—1/4,1/4]. The maximal invariant set
Miso 9" ([—1/2,1/2]) must coincide with [y1,y2x41] and both yi,yar41 are attracting
fixed points of ¢g. It implies that [ = 2k + 1 for some k > 0, y; is attracting if 7 is odd,
and y; is repelling if ¢ is even. Hence, ¢; € Fix}t (f) if i is odd, and ¢; € Fix; (f) if i is
even.

The set J = {y € [-1/2,1/2] | 0_1, = r} is a g-invariant subinterval of [-1/2,1/2].
Since [y1, yak+1] is the maximal invariant subinterval and J contains both y; and yog+1,
we obtain J = [y1, y2x+1]. Now, it is clear that the assertions 4 and 5 of the proposition
hold.

Finally, it remains only to show the last assertion. Suppose that k¥ > 1. Fix j =
L....k and y €lyaj—1,y2j+1[. Since W*(y2559) =ly2j—1,y25+1[, ©(1/2,925) € Iy,; C
W*"(g2;), and go; is repelling, we have ¢(1/2,97"(y)) € W*(qo;) for some sufficiently
large n > 1, and hence, F*(¢(1/2,y)) N W"(qs;) # &. The second assertion of Lemma
4.2 implies I, C F*(p(1/2,y)) C W"(g2;)- O

for any . In particular, y; is attracting if and only if ¢; is of

One of the consequences is the following.

COROLLARY 4.6. quDir We(q) = {z € T>\ Q°f) | 0-F“(2) = r} for any
attracting fized point r of f. O

Another is the continuity of segments tangent to e“.

LEMMA 4.7.  For any q € DY%r and any compact subinterval J of F°(r) with
r € Int J, there exists a continuous map é from a neighborhood U of q to .7 (e") such
that £(2)(0) € J, £(z)(1) = 2, and Int £(z) NJ = @ for any z € U. Moreover, if
q € Fix2 (f), then we can choose the above & so that £(2)(0) = r for any z € U.

We remark that the map é is uniquely determined once U is fixed.

PROOF. Suppose that ¢ = ¢; and put I' = F¥(¢;) \ I,,,. Since F¥(q;) = Im [r, ¢;]*
is an f-invariant compact interval, and .#*(¢;) N J contains r, we apply Lemma 3.3 to
F%(q;) and J C W*(r), and obtain I’ N J = &. Since I' N Q°(f) = &, there exists an
embedding ¢ : [-1,1]2 — T2\ (J UQ°(f)) such that ¢(0,0) = ¢;, ¥([—1,0] x {0}) =TI,
S({-1} x [-L,1]) © p({1/2} x [-1/2,1/2)), and ¢([~1,1] x {g})  F(H(0,y)) for
any y. Take a function h : [—1,1] — [-1/2,1/2] so that ¥(—1,y) = »(1/2,h(y)).
Then, we can define a map ¢ : ¢([—1/2,1] x [—1,1]) — .#(e*) so that Im (£(¢(z,y)) =
Tpyy Utb([—1, 2] x {y}). It is easy to see that € is continuous and satisfies the assertions
of the lemma.

The latter part of the lemma is an immediate consequence of the assertion 3 of
Proposition 4.5. U

Now, we show that .7 (e%, Fix) (f)) admits a decomposition by the unstable sets of
fixed points of .7 (f). For k = 1,2, let ¥(f) denote the set consisting of p € Fix}(f)
such that .Z%(p) has finite length. Put X(f) = X1(f) U X2(f). For p € X(f), let (2)*
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denote the unique element of .7 (e*) with Int (2)* = F%(2). Let (21, ..., 2,)" denote the
composition (z1)" * -+ x (z,)" if it is well-defined.

LEMMA 4.8.  Letp be a fized point in X(f) with DYp = {ry}. Then, 0. F"%(z) =ry
for any z € W"(p) and the map z € W*(p) — (2)* € #(e") is continuous.

PROOF. It is clear when p € Fix},(f). When p € Fix7 (f), Lemma 4.7 implies that
there exists a neighborhood U of p such that 04+.#"(z) = ry for any z € U and (2)*
depends continuously on z € U. Since W*(p) = ,;5¢ f~"(U), the same holds for any
z € W¥(p). - O

PROPOSITION 4.9.  The set . (e*, Fix) (f)) admits a decomposition
(e, Fiy () = W&o 7 (1),

where the union runs over all & € .7 (e*, Fix\)(f)) NFix(.Z(f)). Moreover, the unstable
set WY(&o;-L(f)) coincides with {& % -+ x & | & € WY((p))%; L (f))} for any & =
(p1y - D)™ with p1,...,pn € 2(f).

Proor. Put W(&) = {(z1,.-.,26)" | ze € W"(pi; f)} for & = (P1,---,00)"
with p1,...,pn € X(f). Lemma 4.8 implies that .7 (f) " ((z1,...,21)") = (f " (#1),- .-,
f7™(2k))" converges to { as n — oo if z; € W¥(p;; f) for any i. Therefore, we have
W(&) € W*(&o; -7 (f))-

We claim that .7(e*, Fix)(f)) = UW (&), where the union runs over all & &
(e, Fix)) (f))NFix(~(f)). Recall that Per))(f) is a finite set. Take & € .7 (e¥, Fix) (f))
and let £ = & - - - % &, be the irreducible decomposition with respect to Per%(f). Choose
zieInt & fori=1,2,..., k. Lemma 4.3 implies & = (2;)". Putr_; = 0_F"(z) = &(0)
and 7y ; = 0, F%(2) = &(1). By Corollary 4.6, there exist p; € Per} (f) U Pers (f) such
that 0+.Z%(p;) = r+,; and z; € W¥(p;). Since r_; = £(0) € Fix}(f), Lemma 3.11
implies all p; and ry ; are fixed points of f. Hence, & = (z1)" * - -+ x (2;)" is contained in
W((p1,....px)") with p1,...,pr € (f).

Since the unstable sets are mutually disjoint, the above claim implies that
W (&o; .2 (f)) = W (&) for any & € .7 (e*, Fix} (f)) N Fix(.7(f)). It also implies the
latter assertion of the lemma. O

4.3. The CW structure of .7 (e*, Fix}(f)).

In this subsection, we show that the decomposition in Proposition 4.9 gives a struc-
ture of a CW complex to .7 (e, Fix))(f)).

We need the following easy lemma, whose proof we omit.

LEMMA 4.10. Let X be a metric space and h a continuous map from a cube [ 1, 1"
to X. Suppose that the restriction of h on | — 1,1[" s injective and h(9]—1,1]") N
h(] —1,1[") = &. Then, the restriction of h on ] — 1,1[" is a homeomorphism onto its
1mage. O

The following lemma shows that the totally ordered sets (DY p, <% ) and (D“p,<")
determine the boundary of W ((p)*; . (f)).
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LEMMA 4.11.  For any repelling fived point p of f, D p consists of odd number of
elements. Let D5 p = {q1 <% -+ <% qor41}. Then, the followings hold:

1. q; is of saddle-type if © is odd, and is attracting if i is even.

2. qiy1 € DY q; for each i.

3. If Dtp={ry} and D*p = {r_}, then D*q, = {r_}, DY qop+1 = {r+}, and (2)"
converges to [r—,qu, ..., qok+1,7+]" as z € Int [p,q1]® tends to q1.

Proor. Fix a 1/8-canonical coordinate ¢ satisfying ¢(0,0) = p, Im ¢ C W¥(p),
and p([—1,1] x{y}) € F“(p(0,y)) for any y € [-1,1]. For z € [-1/2,1/2], let I, denote
the connected component of .#%(p(z,1/2)) N (] — 1,1[x]0,1[) that contains ¢(x,1/2).
Applying the same argument as in Proposition 4.5 to .#°, we obtain k > 0, a sequence
{qi}5 11 of fixed points of f, and an increasing sequence {z;}?*11 in [~1/8,1/8] such
that

q; is of saddle-type if 7 is odd, and is attracting if 7 is even,

I(Ei C Wis(qz) for any i,

{z e [-1/2,1/2] | 0_1; = p} = [x1, T2 1),

{ze[-1/2,1/2] | 0-I, € o(] — 1,0[x{0})} = [-1/2,21],

{x €[-1/2,1/2] | 0-1, € p(]0,1[x{0})} =]zor+1,1/2],

if k 2 1, Iz C WS(qu) for anyj = 1, .. .,k’ and x G]xzj_17l’2j+1[.

S ol S e

In particular, D5 p = {q1 <% -+ <% qop41}-

First, we show that DY gzj_1 = {qz;} for any j. Take an interval J C Wi"(q2;—1)
so that O0_J = ¢oj—1 and F°(z) N @(Jrej—1,x2;[x{1/2}) # & for any z € J. Since
©(|zaj—1,x2;[x{1/2}) C W*(g2;), we have J C W?*(gz;) by the assertion 2 of Lemma 4.2
for .7 °. It implies W{"(q2;—1) C W*(qo;), and hence, D% g2;_1 = {g2;} by Lemma 3.6.
The same argument shows D% gqj4+1 = {g2;} for any j.

Suppose that D{p = {r,} and D*p = {r_}. Then, the set ¢(]—1,0[x{0}) C .F*(p)
is contained in W*(r_). Since Z#*(p(x,1/2))Ne(]—1,0[x{0}) # & for any x € [—-1/2, z1],
we have ¢([—1/2,z1[x{1/2}) € W*(r_). The same argument as above implies that
D*q, = {r_}. Similarly, we obtain DY gor4+1 = {r+}.

Finally, we show the convergence of (2)*. For any z € Int [p,q1]° = W3%(q1)
and any compact subinterval I, of .Z"(z), there exist n > 1 and y €]0,1/2[ such that
(1) C ¢([-1/2,1/2] x {y}). Hence, there exists a decomposition (2)* = &, *

% &, oky1 such that &,,-1(1) = £,,(0) € W2%(¢;) for any i. Lemma 3.2 implies
that £, ,;(0) is the unique intersection point of #%(z) and %2 (¢;). By Lemma 3.3, we
have Im [r_,p,r4]* N F$(q;) = J, and hence, ¢([-1/2,1/2] x {y}) N F5(q;) = & for
any y €]0,1/2[. The same argument as above implies .#"(z) N %3} (q;) = <& for any
z € Int [p, q1]°. Therefore, &, ;(0) is the unique intersection point of .#%(z) and %#*(g;)
for z € Int [p, ¢1]°. Tt is easy to see that it depends continuously on z € Int [p, ¢1]°.

For any t €]0, 1], there exists n > 0 such that F#*(f~"(£,0(¢))) NInt [r_, p]* # <.
Applying Lemma 3.3 to Im [r_,p]* and .#*(r_) = W*%(r_), we obtain .#*(p(z,0)) #
F2(r_) for any z €] — 1,0[. It implies that Int £, o N.Z*(r_) = <. Similarly, we have
Int &, opr1 N F(ry) = .

Put o = r— and gax2 = r4. Fix a compact interval I7 C F%(qo;) for every
j=0,...,k+1. Wehave shown Int £, 9;N.F°(q2;) = & and Int £ 2,11 N.F*(g2j42) = &
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for any z € Int [p,¢1]® and j = 0, ..., k. By Lemma 4.7, there exists a continuous function
fj from a neighborhood U;j of gaj41 to 7 (e*) such that éj(z)(()) € Iz, fj(z)(l) e Uj,
and Int fj(z) NI; = & for any z € U;. It is clear that éj(quH) = [g2j,92j+1]" and
Eaoj = éj(gzgj(l)) if €,9;(1) € U;. Therefore, &, 2; converges to [ga;, g2j+1]" as z €
Int [p,¢1]® tends to ¢;. Similarly, we obtain that & ;41 converges to [g2j+1,q2j4+2]" as
z € Int [p, 1]° tends to ¢1. O

For p € X2(f) with Dtp = {r+}, DSp={a <0 - <% qarg1}, and DEp = {q) <*
-+ <P gb 1}, we define two elements dyp and d_p of .7 (e*) by

d+p = [T—aQ1a"'7Q2k+l7r+]u

dop=[r_,di, .. dhi1,r4]"

PROPOSITION 4.12.  For p € X2(f), there exists a continuous map p, from [—1,1]
to S (e") such that p,(0) = (p)*, pp(1) = dyp, pp(—1) = d_p, and pplj—1,1[ is a homeo-
morphism onto W*((p)*; Z(f)).

ProOF. Put I = Im [¢},p,q:]°. Lemmas 4.8 and 4.11 imply that the map z €
Int I — (2)* is continuous and converges to dyp and d_p as z tends to ¢; and ¢}
respectively.

By Lemma 4.10, we have only to show that #"(z) and I have a unique intersection
point for any z € W*(p). We have .F#"%(z) NI # & since f~"(z) tends to p as n — o0
and [ is an invariant curve transverse to .#“(p). Applying Lemma 3.2 to I and .#%(z),
we obtain that the intersection point is unique. O

For p € 3(f), we define a subset I, of [-1,1] by

{{0} ifp e Ti(f)
"l =L ifp e s2()).

We call a continuous map p, from I, to .%(e*) a characteristic map of p if u,(0) = (p)¥,
the restriction of w, to I, is a homeomorphism onto W*((p)*; (f)), and p,(£1) =
dip when p € X2(f). Proposition 4.12 implies any p € X2(f) has a characteristic
map. Proposition 4.9 also implies that a characteristic map p, of ¢ € X*(f) is given by
1q(0) = ()"

For £ = (p1,...,pn)" with p1,...,p, € B(f), we put I¢ = [[;_, I, C [-1,1]™ and
define a map A¢ from I¢ to .7 (e%) by Ae(S1,--,8n) = pp, (81) * -+ * p, (s,). We define
the index by #{i | p; € Fix;.(f)} and denote it by ind &.

ProOPOSITION 4.13.  The decomposition
(et Fixj () = JW" (& 7(£) (1)

gives a structure of locally finite CW complex to . (e*, Fix} (f)) with dim W*(&; (f)) =
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ind &, where the union runs over all £ in . (e*, Fix)(f)) N Fix(.Z(f)).

PROOF. The uniqueness of irreducible decomposition with respect to Fix?l (f) im-
plies that the restriction of A¢ on I¢ is a homeomorphism onto W*(&; .7 (f)). In partic-
ular, W*(&; (f)) is homeomorphic to an open disk of dimension ind &.

It is easy to see that OW“(&;.7(f)) is contained in a union of finitely many
W (& Z(f)) with ind ¢ < ind €. Hence, Proposition 4.9 implies that the decomposition
(1) gives a structure of cellular complex to . (e*, Fix} (f)).

Fix & € .7 (e, Fix)(f)). Since X(f) is a finite set, there exists K > 0 such that
|(p)"] < K|pp(t)| for any p € X(f) and ¢t € I,. It implies that |&;| < K|¢| for any
& € (e, Fix\) (f) NFix(L(f)) and € € Wu(&1;.7(f)). Let A be the set consisting of
curves & € .7 (", Fix) (f)) N Fix(.7(f)) with |&;] < K(|&] + 1). Corollary 3.8 implies
that A is a finite set. Hence, the set g ¢4 W*(£1;-(f)) is a finite complex which
contains a neighborhood {¢ € .7 (e*, Fix} (f)) | |€] < [€| + 1} of &. Therefore, the
decomposition (1) gives a structure of locally finite CW complex to .7 (e*, Fix} (f)). O

4.4. Proof of Theorem B.

Fix a prime homology class a € H{(T?, Z). By replacing f with its iteration f",
we may assume that Per))(f) = Fix\(f). It is easy to see that m.(W*(vo; (f))) C
W (me(0): € (f)) for any vo € a(e*, Fix)(f)) N Fix(.#(f)). Hence, Proposition 4.9
implies that

G (", Fixy, (f)) = (W (&€ (), (2)

where the union runs over all ¢ € €,(e*, Fix)(f)) N Fix(€(f)). Since the unstable sets
are mutually disjoint, it implies that W*(7.(70); €(f)) = me(W"(y0;L(f))) for any
0 € Gale, Fixy(f)) N Fix(7(f)).

LEMMA 4.14. For g € ‘é(e“,Fix%(f)) N Fix(SL(f)), the restriction . to
W¥(y0;-L(f)) is a homeomorphism onto W (m.(v0); €(f)).

ProoOF. By Lemma 4.10, it is sufficient to show that the restriction of 7. to
W¥(y9; L(f)) is injective. Suppose that m.(y) = m.(7") for some v,7 € W*(yo; L(f)).
Then, there exist &;,& € (¥, Fixh(f)) N Fix(Z(f)), s1 € I, and sy € I, such
that [&] # 0 for ¢ = 1,2, v = A (51) * Ay (82), and v/ = Mg, (s2) * A, (s1). Since
7,7 € W¥(v0;7(f)), we have & x & = &+ & = 7. Put &1 = (p1,...,pm)" and
&2 = (Pm+1y---,0n)" With p1, ..., p, € Fix(f). Let k be the greatest common divisor of
m and n. Then, we can see that p;p4; = pj forany i =0,...,(n/k)—1land j =1,..., k.
In particular, we have vo = (p1,...,pk)" * -+ * (p1,...,px)*. It contradicts that v and
vo represent the prime homology class a. O

By Proposition 4.13, the decomposition (1) gives a structure of locally finite CW
complex to .7 (e*, Fix) (f)). Tt is easy to see that %o, Fix) (f)) is its subcomplex. Since
the restriction of 7. on % (e*, Fix (f)) is finite to one, Lemma 4.10 implies that 7, induces
the corresponding structure of CW complex to ﬂc(‘ﬁtl(e“,Fixg(f))) = Cu(e*, Fixd(f)),

which is given by the decomposition (2). It is trivial that dim W"(m.(v);€(f)) =
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ind 79 = ind 7.(70).
It is clear that ind c is zero for any ¢ € %, .(e*). Since Q2(f) consists of finitely
many embedded circles, Proposition 4.4 implies Theorem B.

5. Reduction to a simple PA homotopy.

We begin the study of PA homotopy. The main aim of this subsection is the re-
duction of the proof of Theorem A to the case of a simple PA homotopy, which exhibits
an essential bifurcation only once and it is a saddle-node bifurcation of a non-hyperbolic
periodic orbit. In Subsection 5.1, we observe the local persistence of combinatorics of
connecting segments. In Subsection 5.2, we show that any PA homotopy can be approx-
imated by a regular PA homotopy and see some basic properties of saddle-node bifurca-
tions. In Subsection 5.3, we give the compactness of families of invariant one-dimensional
submanifolds. It is a keystone to show the discreteness of essential bifurcations and the
continuity of connecting segments under a PA homotopy. As an application, we show the
existence of global continuations of connecting segments for a regular PA homotopy of
special type. In Subsection 5.4, we give a definition of a simple PA homotopy and show
that any regular PA homotopy is equivalent to a concatenation of simple PA homotopy
locally.

When we fix a PA homotopy {f\}, let the symbols Di(i)p, <L 1, ,pk]z(s),

5

and (qi, ... ,qk)qi(s) denote Di(s)p, <B, p1y -], and (qu, ..., qr)"®) for fy.

5.1. Local persistence of combinatorics.

Take a C'*! framed PA homotopy {(fx, €Y, e3)}rer,- For a subinterval I of I, Ao € I,
and p € Per(fy,), we call a continuous map p : I — T2 a continuation of p on I if
p(Ao) = p and p(\) € Per(fy) for any A € I.

The following lemma summarizes the facts on the local persistence of the combina-
torics of connecting segments.

LEMMA 5.1.  Let p, q1, and g2 be hyperbolic periodic points of f, for Ao € Ip.
Then, there exists a neighborhood I of Ao such that

1. p, q1, and g2 admit unique continuations p, q1, and gz on I,

2. if g € DI, ,p fori=1,2, 0 =u,s, and 7 = %, then §;(\) € DJ\p(\) for any
A€, and

3. if g1 <L\, a2, then Gi(N) -<ﬁ(;) Ga(N) for any A e 1.

7—7

Proor. Without loss of generality, we can assume that ¢ = u, 7 = +, and p is
attracting. The first is a consequence of the implicit function theorem. The second is a
consequence of the continuity of W (G;())), the lower semi-continuity of W*(p(\)) with
respect to A, and Lemma 3.6. The last follows from Proposition 3.9 since the condition
given there is persistent under perturbation. O

5.2. Saddle-node bifurcations and regular PA homotopy.

For a PA homotopy { fx}ae[-1,1], A« €]—1,1[, and p, € Fix(f} ) withsomen > 1, we
say that p. exhibits a generating saddle-node bifurcation when there exist a neighborhood
[A_, A+] of As, a neighborhood U of p., and continuations ps and p, of p. on [A., A4]
such that
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1. Fix(f£)NU = {p.},

2. Fix(fy)NU =D for any A € [A_, \.],

3. Fix(f)NU = {ps(A), u(N)}, Ps(A) € Fix, (f3), and pn () € Fix (f3) UFixg ()
for any A €A, AL].

We call the pair (ps,pn) a saddle-node continuation of p, and the set U x [A_, Ay] an
isolating region of p.. Remark that p, has a unique saddle-node continuation on [A., A4 ].
We say a periodic point exhibits an annihilating saddle-node bifurcation when it exhibits
a generating saddle-node bifurcation for the PA homotopy {f-x}xe[-1,1-

For a PA diffeomorphism f, let Fix,(f) and Per.(f) denote the set of non-hyperbolic
fixed points and the set of non-hyperbolic periodic points, respectively. A PA homotopy
{f2} is called regular if fy is of class C?, Per.(fy) consists of at most one periodic orbit,
and it exhibits a saddle-node bifurcation for any A. For a regular PA homotopy {fx}xer,
let /" D({fx}) be the set of A such that fy is non-degenerate. The set {\ | Fix.(f}) # &}
is discrete and Fix(f{') is a finite set for any A once we fix n > 1. In particular, 4/ Z({ fr})
is a dense subset of I.

LEMMA 5.2. Any PA homotopy between two C? non-degenerate orientable PA
diffeomorphisms of T? is approzimated by a reqular PA homotopy between them in the
space of continuous family of C*-diffeomorphisms.

PROOF.  Since the set of PA diffeomorphisms is an open subset of Diff! (T2), we
may take a PA homotopy {fx}xe[o,1] between given two diffeomorphisms so that the map
(2,\) — fx(2) is of class C?. By the standard bifurcation theory, we can approximate
{2} by {ga} so that fo = go, f1 = g1, the set Per.(g)) consists of at most one periodic
orbit, and it exhibits a generic bifurcation, namely, one of a period doubling bifurcation,
a saddle-node bifurcation or a Hopf bifurcation for any A €] — 1,1[ (see e.g. Section 3.2
of [5]). Since g, is an orientable PA diffeomorphism, no periodic point exhibits a period
doubling or a Hopf bifurcation. O

In the rest of the subsection, we show some basic properties of saddle-node bifurca-
tions. Fix a regular framed PA homotopy {(fx,e¥,e})}re[—1,1] and suppose that a fixed
point p, of fy exhibits a generating saddle-node bifurcation. Let (ps, pr) be a saddle-node
continuation and U, X [\, Ai] an isolating region of p,.

For o € {u,s} and 7 = %, we say p. is of type (o,7) when || Df(ef(p.))|| = 1 and
there exists a compact embedded interval I with 0,1 = p,, ef(ps) € T, I, Fix(fo) NI =
{p«}, and fo(I) C I. Remark that p,(\) is attracting if ¢ = u and is repelling if o = s.

3 -«
A=0 ‘ >0 =0 >0

(u,+) (s,+)

Figure 4. Types of non-hyperbolic periodic points.
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LEMMA 5.3. A non-hyperbolic periodic point p, admits a unique type. p, is of type
(o,4) (resp. (o,—))if and only if || D fo(e§ (p«))|| = 1 and there exists a compact embedded
interval I satisfying O_1 = p, (resp. 0+1 =p.), e§(ps) € Tp. I, Fix(fo) NI = {p.}, and
et

PrROOF. Let I(p, f) denote the Lefschetz fixed point index of an isolated fixed
point p of a map f. It is easy to see that I(p., fo) = 0.

We assume ||Dfo(efy(ps))]] = 1 since the proof for the other case is similar. We
call a compact embedded interval I a local center-unstable manifold of p, if p, € Int I,
ed(p«) € Tp, I, INFix(fo) = {p+}, and each connected component J of I\ {p.} satisfies
fo(J) € Jor fo}(J) € J. We claim that for such an interval I, one of the connected
component J of I\ {p.} satisfies fo(J) C J and the other .J' satisfies f, ' (J') C J'. In
fact, fix a 1/8-canonical coordinate ¢ so that »(0,0) = p., Do~ t(e®(ps)) is parallel to
the y-axis, and ¢([—1,1] x {0}) C I. Since ||D fo(ef(p«))|| < 1, there exists e > 0 such
that f o o([—€, €] x [—y,y]) C (] —1,1[X] — y,y[) for any y €]0, ¢[. Therefore, we have
I(p«, folr) = I(p«, fo) = 0. Tt is easy to see that it implies the claim.

Since p, is an isolated fixed point of fy, the center manifold theorem (see e.g. [8])
implies that p, admits a local center-unstable manifold. Hence, p, admits a unique type
by the claim. The latter assertion of the lemma is also a consequence of the existence of
a local center-unstable manifold and the above claim. O

LEMMA 54. Suppose that p,q € Perp(fo) and & € S (ey) N Per(-L(fy)) satisfy
£(0) =p, £(1) = q, and Int £ N Pery(fo) = . Then, either one of the followings holds:
1.

§=1[p.dly,
2. &= 1[p,p«,qly for some p,. € Pery(fo) of type (u, L), or
3. &= [p,px,ql§ for some p. € Per.(fo) of type (s,%).

In the former two cases, one of p and q is attracting and the other is not. In the last
case, both p and q are attracting.

Proor. If Int £ N Per.(fo) = &, then the lemma is trivial.

Suppose that Im £ contains a non-hyperbolic periodic point p.. Since {fy\} is
regular, we have Per.(fo) = O(ps; fo). Hence, there exist ng,...,ng > 0 such that
E=1[p, f5 (pe), -5 foF (p4), qly- If ps is of type (s,£), then k =1 and p,q € Per%(fo). If
P« is of type (u,+), then ¢ is an attracting periodic point and DY f5'* (p«) = {q} since
[fo" (p«), qlp is ascending. It implies DY fy" (p+) = {fo"" " (q)} C Pern(fo), and hence,
k = 1. The proof for the case where p, is of type (u, —) is similar. O

LEMMA 5.5.  If p. is of type (u, +), then DY \pn(A) = {Ps(A\)} for any A sufficiently
close to zero.

PROOF. Take 6y > 0 so that any immersed curve L tangent to e} with |L| < 4y is
an embedded interval. Let § be a number less than both §y and the distance between p,
and T2\ U..

First, we claim that [W**(ps(A); fr)| < 0 for any sufficiently small A > 0. Once
it is shown, we have O_W""(ps(A)) = pn(A), and hence, ps(A) € DY pn(A) since U, N
Fix) (f2) = {Pn(\)}. Assume that the claim does not hold. Then, we can take a sequence
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{Ai > 0}$2, converging to 0 and a sequence {I;}$2; of embedded compact intervals
satisfying |I;| = 6, 011; = ps(\;), and Int I; € W™%(p4(N;); fr) for any i. Notice that I;
is tangent to ey and f~Y(I;) C I;. By Lemma 2.1, we may assume that I; converges to
an embedded interval I, tangent to ey. Since |I,| = § and 041, = p., we have I, C U,,
and hence, I, NFix(fo) = {p«}. Since f~1(I,) C I., Lemma 5.3 implies that p, must be
of type (u, —). It contradicts that p. is of type (u,+).

Next, we show that ps(A) is the unique element of DY ,p,(A) for any sufficiently
small A > 0. Suppose that it does not hold. Take a sequence {\, > 0}$2; which
converges to 0 and a sequence {g; € DY ), pn(A;)}72; with ¢; # Ps(A;). Then, there exist
§’ €]0, 4] and a sequence {I/} of embedded intervals with |Il| = ¢, O0_I! = pp(N)), and
I} € W2%(q;; far). Notice that I is tangent to e}, and f([;) C Ij. By Lemma 2.1, we
may assume that I] converges to an embedded interval I, tangent to ejy. Since |I.| = ¢’
and 0_I,, = p., we have I, C U,, and hence, I, NFix(fy) = {p«}. Since f(I,) C I., p. is
of type (u, —). It contradicts that p, is of type (u,+). O

Finally, we consider bifurcations of connecting segments between p, and hyperbolic
fixed points. Suppose that D gp. and DY ,p. contain hyperbolic fixed points p and ¢
respectively. We assume p, ¢ € Fix(fy) for any A € [—1,1], that is, p and ¢ have constant
continuations on [—1,1]. This assumption holds for a simple PA homotopy, which we
define and investigate later.

LEMMA 5.6. If p. is of type (s, %), then D" \ps(A) = D" \pn(N) = {p} and

DY \ps(A) = DY \pn(A) = {q} for any A > 0 sufficiently close to zero.
Remark that both p and ¢ are attracting since [p, ¢.]§ is descending and [p., gl is
ascending.

PROOF. It is a consequence of the continuity of W**(ps(A)) and W*"*(p,,(N)), the
persistence of attracting fixed points, and Lemma 3.6. O

LEMMA 5.7.  If p. is of type (u,+), then the followings hold:

L. DY yp={q} for any A <0 sufficiently close to zero.
2. DY \p={pn(N)} and DY ,ps(\) = {q} for any A > 0 sufficiently close to zero.

Remark that p is of saddle-type or repelling and ¢ is attracting since both [p, p.]y
and [ps, q]y are ascending.

PrOOF. Take ag < 0 < a; and a coordinate 9 : [ap — 1,a1 + 1] x [~1,1] — T? so
that

L. (a0, 0) = p, ¥(0,0) = p, ¥(a1,0) = ¢, Im ¢ N Fix(fo) = {p, ¢, p:},

2. Im [p, ps, ql§ = ¥([ag, a1] x {0}), and

3. the map ¢, : (z,y) — ¥(x + a,y) is a 1/8-canonical coordinate associated to
(ey,ed) for any a € [ag, a1],

Since [p, p«]¢ is ascending, ¢ is attracting, and ||Df"(ef(2))| tends to zero as n — oo
for any z € Im [p.,qlg, there exists a neighborhood B of ¢([0,a1] x {0}) such that
fo(B) CInt B and B C Im % \ {p}.
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Figure 5. Proof of Lemma 5.7.
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Let Wi (p; fx) be the positive half component of W (p; fx) for 6 > 0. For m > 1,
let I(m, A) be the closure of f/(”H(ngff_(p; PO\ WS (ps £2))- Since W™ (p; fo) =
D« there exists mg > 0 such that I(mg,0) C Int B. Take A\; > 0 so that the followings
hold for any A € [—A1, Aq]:

Fix(fa)NIm ¢ = {p, ¢} if A < 0, and Fix(f\)NIm ¢ = {p, ¢, ps(N\), pn(N)} if A > 0.
@, is a 1/8-canonical coordinate associated to (eY,e}) for any a € [ag, a1].

. f)\(E) C Int B.

I(mo,A\) C Int B, and |J

- o=

I(m,\) C Im 1.

m<mg

Remark that if a curve J C B is tangent to €% for A € [=Ay, A1], then J is an embedded
interval with finite length. In particular, it satisfies 0+.J € B.

Suppose A €] — A1,0[. Since U,5,,, [(n,A) is a curve which is contained in B
and is tangent to ey, we have 9, W"(p; f,) € B. It implies that DY \p = {q} since
Fix(f,) 1 B = {q}.

Next, suppose A €]0,A1[. Since W"*(p4())) is contained in Int B and is tangent
to €%, W""(ps(A)) is an embedded interval with OW"*(ps(X)) = {pn(N), ¢}. By Lemma
5.5, we have O_W"*(ps(N\)) = pn(A), and hence, Oy W*"(ps(A)) = ¢. It implies that
DY \ps(A) = {q}. Since U, >,,, I(n,A) C Int B, we also have 9, W*"*(p; fx) € {Pn(}), ¢}
If 0, W*"(p; fa) = q, then Wi (p; fr) must intersect with W**(p, ())), which separates
p and ¢ in Im 4. It contradicts Lemma 3.2 for Im [p, ¢|} and W**(p,,())). Therefore, we
obtain 04 W*(p; f1) = pn(A), and hence, DY \p = {pn(N)}. O

5.3. The compactness of families of invariant embedded curves.
The following Lemma is a keystone to show the finiteness and the compactness of
the family of compact invariant one-dimensional submanifolds.

LEMMA 5.8. Let (f,e", e®) be a C? non-degenerate framed PA diffeomorphism of
T2, and L be an element of &(U<s[0,1],e%) or &(U<soSt, e%) with f(L) = L. If p is a
1/80-canonical coordinate associated to (e*,e®) such that L N p([—1/3,1/3]?) # & and
OLNIm ¢ =, then LN p([—1/2,1/2]?) is connected.

ProoOF. Replacing f with its iteration f™ if it is necessary, we assume that any
attracting or repelling periodic point of f is a fixed point. Put e = 1/80. We say a triple
(04, L, ) Of 04 € {u, 8}, Ly € &(UcooSt,e7*) U&E(Ucso[0,1],€°%), and an e-canonical
coordinate ¢ associated to (e%,e®), is bad when f(L,) = L., L. N @.([—1/3,1/3]?) #
B, 0L, N1Im ¢, = &, and L, N ¢.([-1/2,1/2]?) is not connected. We show that if
(00, Lo, o) is a bad triple then there exists another bad triple (o1, L1, 1) such that
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Figure 6. Proof of Lemma 5.8.

Im ¢ C Im g and (Im ¢p \ Im ¢1) N Fix(f) # <. Notice that it completes the proof
of the lemma. In fact, if the lemma does not hold, then the above claim implies that
there exists a sequence {(oy, Ln, ¢n) tn>0 of bad triples such that Im ¢,,11 C Im ¢,, and
(Im ¢p, \ Im 1) NFix(f) # &. However, it contradicts the finiteness of Fix(f).

Fix a bad triple (o¢, Lo, o). Without loss of generality, we can assume o9 = u. First,
we claim that there exist two distinct connected components I; and Is of Ly N Im g
which intersects with ¢o([—1/2,1/2]%). Suppose it does not hold. Then, there exists
a connected component Iy of Lo N Im ¢y such that Iy N po([—1/3,1/3]?) # & and
IoNo([—1/2,1/2]%) = LoNpo([—1/2,1/2]%). We can take a C''-function hg on [—1,1] so
that Io = po({(z, ho(x)) | € [-1,1]}). Since |hy(z)| < €, we have |ho(z)| < 1/3 + 2e <
1/2. In particular, IoNpo([—1/2,1/2]?) is connected. However, it contradicts the badness
of (o0, Lo, o).

Let I; and Iy be two distinct connected components of Ly N Im ¢y which in-
tersects with ¢o([—1/2,1/2]%). Take Cl-functions h; and hy on [—1,1] so that I; =
wo({(z, hi(z)) | © € [-1,1]}) for i = 1,2. Without loss of generality, we may assume that
hi(z) < ho(z) for any = € [—1,1]. Since |hi(x)| < €, we have |h;(x)] < 1/2 4 2¢. Put
a=(2/3)(h2(0) — hy(0)) and b = (1/2)(h2(0) + h1(0)). Since

7 1 4/1
la] + |b] < nax, 6hi(0) - Ghj(O)‘ <3 (2 + 26) <1,
we can define an e-canonical coordinate ¢, and functions g; and go on [—1,1] by ¥ (z,y) =
vo(az,ay + b) and g;(z) = a=1(h;(az) — b). It is easy to see that g;(0) = —3/4 g2(0) =
3/4, |gi(2) — 9:(0)| < ela] for € [~1,1], and I; N Tm § = 9({(z, (x)) | 2 € [~1, 1]}) for
each i = 1,2. In particular, we have (I U Iy) N ([—1/2,1/2]?) = &.

Put B(x0,6) = ({(z,y) | |z — 20| < 6,91(z) <y < ga()}) for any o € [-1/2,1/2]
and § €]0,1[. We claim that for any xo € [—1/4,1/4], there exists J(zg) € &([0, 1], e*)
such that J(z¢) C B(xo,4€), f(J(x0)) = J(x0), O—J(x0) € I1 and 94 J(xp) € I>. Once
it is shown, we can take a bad triple (o1, 91, L1) by 01 = s, p1(x,y) = ¥(x/2,y/2), and
Ly =J(1/12) U J(—1/12). Since (Im o \ Im ¢1) NFix(f) contains dLq, the triple is the
required one.

Fix g € [-1/4,1/4]. The proof of the claim is divided into three steps. First, we
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show Int B(zo,2¢) N Fix; (f) # &. Suppose it does not hold. Then, Q%(f) N B(xo, 2¢)
is empty or a union of finitely many circles tangent to e®. Hence, we can take x; €
Jzo — €, 20 + €] so that ¥(x1,0) & Q2(f). Since 0+.%°(1)(x1,0)) is not contained in
Int B(zo,2¢) by Lemma 4.3, there exists J. € &([0,1],e®) such that J, C .ZF*(¢(z1,0)),
0_J. € I1, and 04 J, € I,. Proposition 4.1 implies that | f™(J,)| tends to zero as n — oo.
However, it contradicts L € &(U<soSt, %) U & (Ucnol0,1],e%) and f(L) = L.

Second, we show that for any given p € Fix(f) N B(zo,4¢) \ I3, there exists J,(p) €
&([0,1],e*) such that Ji(p) C B(xo,6¢), f(J+(p)) = J+(p), and O_J (p) = p. If
p € Fix;(f), then D3 p is non-empty by Lemma 4.11. We put L = W?*(¢q) with some
q € D p in this case. If p € Fix) (f) UFix; (f), then we put L = W3*(p). The set L is an
element of &([0,1],e) with f(L) = L and 0_L = p. If L is not contained in B(zg, 6¢),
then it must intersects with I. However, it contradicts Lemma 3.3 for Ly and L since
L cW#(q)\{q} or L C W**(p)\ {p}. Therefore, L is a subset of B(x¢, 6¢). In particular,
L has finite length, and hence, J,(p) = L is the required one. By the similar way, we
can show that for any given p € Fix(f) N B(xo,4¢) \ I1, there exists J_(p) € &([0, 1], ®)
such that J_(p) C B(xo,6¢), f(J_(p)) = J_(p), and 04+J_(p) = p.

Finally, we prove the claim. By the first step, we can take p € Int B(x, 2¢)NFix3 (f).
Let Jy(p) be the interval obtained in the second step. Since p € B(xg,2¢) and J(p)
is tangent to e®, we have J,.(p) € B(xo,4¢). If p’ = 04J.(p) is not contained I,
then let J4 (p) be the interval obtained in the second step for p’. We replace J(p) by
J+(p) U J4(p') and repeat the same procedure until 9, J (p) € Is. It must stop in finite
times since the number of fixed point of f is finite. Hence, we obtain J} € B(xo, 4€) such
that f(J}) = Ji,0-J; = p,and 0. J} € I5. Similarly, we can also obtain J* € B(xo, 4¢)
such that f(J*) = J*, 04J* = p, and 0_J* € I;. Now, the interval J} U J* satisfies
the condition required in the claim. As we see before, the claim completes the proof. O

PROPOSITION 5.9.  Let (f,e%,e®) be a C? framed PA diffeomorphism on T? such
that f has at most one non-hyperbolic periodic orbit. Then, there exists N > 1 such that
€ () NPer(€(f)) is the disjoint union of € (e%, Fix,(fN)) NPer(€(f)) and E.(e*).

Remark that it is trivial that @(e*) N Per(€(f)) is the disjoint union of
€ (e, Perp(f)) NPer(€(f)) and €. (e*). However, Per,(f) may contain periodic points
of arbitrary large period in general.

ProoOF. If the proposition does not hold, then there exist a sequence {n;};>1 of
integers and a sequence {¢;};>1 in €(e") N Per(€'(f)) such that n; tends to infinity as
i — oo and Im ¢; contains a periodic point of f of period n; for each ¢ > 1. By Lemma

"l fn(Im ¢;) is an element of

3.16, we can also assume that an f-invariant set C; = (J,,",
&(UcsoSt, ). Lemma 3.11 implies C; N C; = & if n; # n;.

Since Per,(f) is a finite set, we can assume that C; N Per,.(f) = & for all i. Take a
1/80-canonical coordinate ¢ and iy,is > 1 so that n;, # n,, and C;, N(]1/3,1/3[2) # &
for k = 1, 2. By the persistence of connecting segments of hyperbolic periodic points, both
C;, and C;, are persistent under perturbation. Hence, if a C? non-degenerate framed PA
diffeomorphism (fi,e¥,ef) is sufficiently close to (f,e*,e®), then ¢ is a 1/80-canonical
coordinate for (e, e;) and there exist C],Ch € &(U<ooSt, e¥) such that C] N CY = I,
f(Cy) =C;, and C;, N(]1/3,1/3[2) # @ for each k = 1,2. It contradicts Lemma 5.8. OJ
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We also obtain the compactness of the family of invariant sets consisting of embedded
circles.

PROPOSITION 5.10.  Let {(fi,e¥, €3)}i>1 be a sequence of non-degenerate C? framed
PA diffeomorphisms which converges to a C' framed PA diffeomorphism (f.,e%, e3) in
the C'-topology. Then, any sequence {C; € &(UcooSt, e¥)}in1 satisfying f;(C;) = C;
for each i admits a subsequence which converges to an element Cy of & (<o St, e%) with

f*(C*) =Ci.

PrROOF. Choose a sequence {ir} so that C;, converges to a compact set C, with
respect to the Hausdorff metric. Remark that C, is f.-invariant.

Fix z € C.. Take a 1/80-canonical coordinate ¢ associated to (fi,e¥, e2) with
©(0,0) = z. Lemma 5.8 implies that there exists a C* function hy on [—1/2,1/2] such that
o([-1/2,1/2))NC;,, = e({(z, hi(x)) | € [-1/2,1/2]}) for any sufficiently large k. Since
C;, converges to C, hy, converges to a C'-function h, satisfying p([-1/2,1/2]>)NC, =
o({(z, he(x)) | x € [-1/2,1/2]}). It implies C, € &(UcooSt,eY). O

Finally, we show the existence of global continuation of connecting segments. Let
{(fr,€¥,e3) }rer be a framed PA homotopy. For o € {u,s}, Ao € I, a subinterval Iy of
I containing Ao, and § € (€5, ) N Per(7(fy,)), we call a continuous map ¢ from I; to
C([0,1],T?) a continuation of & on Iy if £(Ao) = € and £(N) € Z(€5) NPer(F(fy)) for
any A € I;.

PROPOSITION 5.11.  Let {(fx, e}, e3) }aejo,1) be a regular framed PA homotopy such
that Fix.(fy) = & for any X\ €]0,1]. Suppose that hyperbolic fixed points p and q of fo
satisfy q € D oq for o =u or s, and admit continuations p and ¢ on [0,1]. Then, there
exists a continuation & of [p,qlg on [0,1] such that E(N) = [B(N), G(N)]S for any X € [0,1]
and Tnt £(1) N Perl)(f1) = &.

PROOF. To simplify the proof, we assume ¢ = u and ¢ € Fix)(fy). Then, we have
p(\) € Fix},(fr) UFixi(fy) and G(\) € Fix%(fy) for any A € [0,1[. Put J = {\ € [0,1]]
Wi (H(N))| < oo}. Since 04 Wi (p(A)) must be an attracting fixed point, Lemma 5.1
implies that .J is an open subset of [0, 1].

First, we claim that there exists K > 0 such that |[W}"(p(A))| < K for any A €
JN AN D({fr}). Suppose that it does not hold. Then, it is easy to see that we can take
Ao € JN A PD({fr}) and a 1/80-canonical coordinate ¢ associated to (eY ,e} ) so that
Wi (p(Xo)) Np([—1/3, /1/3]?) # &, Wi(H(Xo)) N([—1/2,1/2]?) is not connected, and
Im o N {p(No),G(No)} = . However, it contradicts Lemma 5.8.

By the continuity of Wi (p(A)) with respect to A, the function X — [Wi*(p; fA)| €
10, 0] is lower semi-continuous. Since J N A" Z({fx}) is a dense subset of J, the above
claim implies that J is a closed subset of [0, 1[ and |[W{*(p(\))| < K for any A € J. Since
J is an open subset of [0, 1[, we obtain J = [0, 1][.

Put J; = {X € [0,1]] DY ,p(A) = {G(N)}}. Recall that 0, W**(p())) is an attracting
fixed point for any A € [0,1]. By lemma 5.1, both J; and [0,1[\J; are open subset of
[0,1[. Since J; # &, we obtain J; = [0, 1].

Put £(A) = [(N), G(AN)]y for A € [0, 1. We claim that if £(\p) converges to an element
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& of F(e}) for a sequence {\, },>1 which tends to A, € [0, 1], then Int & NPer) (fx.) =
. Suppose that there exists an attracting periodic point g, of fy, in Int .. Take a
continuation ¢, of g, on a neighborhood I, of .. By the persistence of W§*(g.())), we
have Int £(A,)) NW*(G(An)) # & for any sufficiently large n. It contradicts Lemma 3.3
for Tm £(\,) and W#5(G,(\,)) since Int £(\,) N Per(fy,) = &. Hence, we obtain the
claim. Remark that the claim implies that &, = [p(A«), G(A)]S, = £(\.) for A, € [0,1].

Since [€(A)| < K for any A € [0,1], Lemma 2.1 implies the family {é()‘)})\e[o,l[ is
relatively compact in .%(T?). By the above claim, we obtain the continuity of f at any
A € 0,1].

The set [y, - {€(N) | A € [Ao, 1]} is a connected subset of . (%) NFix(.#(f1)). Since
the set .77 (%) NFix(.(f1)) is discrete by Corollary 3.8, £()) converges to an element &(1)
of .7 (e¥) NFix(.#(f1)) as A — 1. By the above claim, we have Im (1) N Per’)(f,) = &.

O

COROLLARY 5.12.  Let {fa}xejo,1) be a regular framed PA homotopy such that
Fix,(f\) = & for any \ €]0,1[. Suppose that hyperbolic fired points p, q1, and go of f&¥
satisfy qi,q2 € D3 gp and admit continuations p, i, and gz on [0,1]. If 1 <i,0 q2, then

@1(N), G2(N) € D3 BN and Gi(N) <53 G2(N) for any A € [0,1].

ProOOF. It is a consequence of the above proposition for ¢ = s and the persistence
of the order <ﬁ which is observed in Lemma 5.1. O

5.4. A Simple PA homotopy.

We say a framed PA homotopy {(fx,e",e®)}rej—1,1] is simple if it is regular and
there exist an integer N > 1, a finite subset A, of T, and a disjoint union A? of finitely
many embedded circles in T2 which satisfy the following conditions:

1. Any non-hyperbolic periodic point of f; exhibits a generating saddle-node bifur-
cation.

2. Ah = Fth(fév) and Ag = Qg(f)

3. For any A € [—1,1], A, C Fix,(fY) and each connected component of A? is a
2-normally attracting circle for fy.

4. Fix.(fY) = & for any A # 0.

5. For any A € A P({f,}) and a € Hi(T? Z), C.(eY}) is the disjoint union of
Caled, AY) and {c € G, (e}) | Tm ¢ € A%}, where A) = Ay, NFix} (fV).

It is worth to remark that a simple PA homotopy {(f\, €%, e%)} may exhibit a bifurcation
of periodic points in AY. In general, hyperbolic periodic points with very large period
may appear in AY for f\ with A # 0. However, it makes no change of the topology of
the trivial part {c € €,(e¥) | Im ¢ C AY} of €,(e}). We also remark that Aj, may not
coincide with Fixy (fi) for A # 0 in general. In fact, as we see later, the set Fix;,(fL)
coincide with Ay, for A € [—1,0], but it is the union of Aj, and periodic orbits generated
by the saddle-node bifurcation at A = 0 for A > 0.

We say two framed PA homotopies {(fx,e¥,e})}rer and {(gx, €Y, €¥)rer are C”-
equivalent if there exist a continuous family {hy}rer of C" diffeomorphisms of T? and a
homeomorphism p : I — I’ such that each hy is isotopic to identity, g,(x) = hao fro h;l,

Dhx(e5(2)) € {a- e, (hr(2)) | a > 0} for any A€ I, 0 € {u, s}, and z € 2.
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PROPOSITION 5.13.  Let {(fx,e¥,e3)}rer, be a regular framed PA homotopy. For
any o € Iy, there exists a neighborhood I of \o such that {(fx,e%, e3)}trer is C?-
equivalent to a simple PA homotopy.

ProoOF. First of all, we assume that Ay = 0 and any non-hyperbolic periodic point
of fo exhibits a generating saddle-node bifurcation without loss of generality.

By Proposition 3.13, QV(f) consists of finitely many mutually disjoint 2-normally
attracting circles. By Proposition 5.9 there exists N > 1 such that any ¢ € €(ef) N
Per(%(fy)) satisfies either Im ¢ C Q9(fy) or Im ¢ N Fix, (fYY) # &. Put Ay, = Fix, (fY),
AY) = Fix)(f), and A? = Q9%f;). Recall that any hyperbolic fixed points and
2-normally attracting circles have local continuations. By replacing {f\} in the C2-
equivalence class if it is necessary, we assume that A, C Fixy( f/]\V ) and any connected
component of A? is 2-normally attracting circle associated to fy for any A € I. Since
{f2} is regular, the set {\ | Fix.(f{) # @} is discrete. Hence, there exists a neighbor-
hood I; of 0 such that I; C Iy and Fix*(fiv) = for any A € I \ {0}.

It is sufficient to show that there exists a neighborhood I C I; of 0 such that any
c € ¢(e}) satisfies either Im ¢ C AY or Im ¢ N A) # & for any A € I, N AV D({[»}).
Suppose it does not hold. Then, there exist a sequence {\; € A Z({fa})}i>1 and
{c; € ‘f(e}yi)}izl such that \; tends to 0 as i — 0o, Im ¢; ¢ AY and Im cmA?L = J for any
i. By Theorem B, there exists ¢} € ¢(e},) N Per(€(fy,)) such that ¢; € W*(c};6(fx,))
for each i. We can see that Im ¢, N A9 = Im ¢; N AY, and if Im ¢} is contained in A?
then Im ¢; also is. In particular, the choice of ¢; implies Im ¢} ¢ A? and Im ¢, NAY = &
for any i. By Lemma 3.16, we may assume C; = {J,5, f3,(Im ¢}) is an element of
&(UcooSt, e},). Then, Proposition 5.10 implies that there exists a subsequence {Ci,.}
which converges to an fo-invariant set Cy € &(U<ooSt, ed).

If C, C AY then C;, is contained in WS(Ag;f)\ik) for any sufficiently large k.
Since Cj, is fy, -invariant, it is contained in AY. However, it contradicts Im ¢}, ¢ A
Therefore, we have C, ¢ AY.

The choice of the integer N implies C, N Fixy,(f¥) # &. Hence, we can take
¢ € Z(ed, Fixp (f¥)) N Per(#(f)) with Im ¢ C C, and Int ¢ N Fix, (fY) = &. By
Lemma 5.4, £(0) or £(1) is an element of A) = Fix))(f&). The persistence of the stable
set of an attracting fixed point implies that C;, N AY) # & for any sufficiently large k. It
contradicts that Im ¢, N A) = &. O

Let {(fx, €Y, e3)}ae[—1,1] be a simple PA homotopy. Let N and A, be the ones given
in the definition. The persistence of hyperbolic fixed points observed in Lemma 5.1 and
the finiteness of fixed points of f{¥ imply that all fixed point of f{¥ with A € [—1,0][ (resp.
A €]0,1]) admits a unique continuation on [—1, 0] (resp. [0, 1]). In particular, there exists
a unique pair (6, 0,,) of continuous maps from Fix, (fV) x [0, 1] to T2 such that ,(p., -) is
a continuation of p, on [0, 1] for any p, € Fix,(fY) and o = s,n, and (HAS(nk7 s én(p*, )
is a saddle-node continuation of p, on a small interval containing A = 0. Put 6, = 6,(-,1)
for o € {s,n}. Then, the existence and the uniqueness of a continuation of a hyperbolic
fixed point imply that Fix(fY,) = Ay, Fix(f{¥) = Ap,UIm 0,UIm 6,,, and f; 00, = 0,0 fo
for o € {s,n}. In particular, both Im 6, and Im 8,, are periodic orbits of f;.
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6. Bifurcations in a simple PA homotopy.

In this section, we investigate the bifurcation of the combinatorial description of
Faled, AYY N Fix(Z(fY)) for a simple PA homotopy {(fx,e¥,e5)}. It allows us to de-
scribe the bifurcation of €, (e%, AY) completely. In Subsection 6.1, we study the bifurca-
tion of connecting segments and define a natural correspondence © between .7, (e%, AY)
and ., (e%, A?). In Subsection 6.2, we consider the bifurcation of D%p for a repelling
periodic point p.

We fix a simple framed PA homotopy {(fx,eY,e3)}re[—1,1]- Let N, Ay, A and A)
be the ones in the definition, and (6y,6,) and (6s,6,) be the pairs of maps defined in
the last paragraph of Subsection 5.4. To simplify the proofs, we assume that any point
of Per,(fo) is of type (u,+) or (s,+).

6.1. Correspondence of segments.
In this subsection, we construct a natural correspondence © between .#(e%, AY)

and .7 (e¥, AY).
LEMMA 6.1.  For periodic points p,q € Ap with ¢ € DY _p, there exists a contin-
uation € of [p,q]", on [=1,1] such that one of the followings holds:

1. £\ = [p,qly for any A € [~1,1].
2. There exists p. € Fix,(f) of type (u,+) such that

[p’qﬁ 'Lf)‘ € [*1,0[,
é()‘) = £p>p*7 Q]g Zf A= 0,
[P, 00 (P N), (P ), q) s if A €]0,1].

In the latter case, we have p € Pery (f)UPer; (fV) and q € Pery (f) for any X € [-1,1].

PROOF. By Proposition 5.11, there exists a continuation £_ of [p,q]*; on [—1,0]
satisfying £_(\) = [p, g% for any A € [—1,0[ and Int (£_(0)) N Fix%(f) = &. Lemma
5.4 implies either 5_(0) = [p,q]§ or é_(O) = [p, p«, q]¥ for some p, € Fix,(fY) of type
(u,+) since one of p or ¢ is not attracting. In the former case, [p, q]i has a continuation
£ on [0, 1] with é(/\) = [p, q]} by Proposition 5.11 again.

Notice that p is repelling or of saddle-type, and q is attracting in the latter case. By
Lemmas 5.5 and 5.7, we obtain DY \p = {0, (pe, M), Di’)\én(p*,/\) = {6,(p.,\)}, and
DiAHAS(p*,)\) = {q} for some sufficiently small Ay > 0. Proposition 5.11 implies that
there exists a continuation éJr of a segment such that é+()\) = [p, én(p*, A), 0, (s A), )y
for any A €]0,1] and Int (£,(0)) N AY = &. Since DY op = {p+} and DY op. = {q}, we
obtain £,.(0) = [p, p., q]i- O

LEMMA 6.2.  Suppose p,q € Ay, and € € (%) NFix(L(f1)N) satisfy £(0) = p,
(1) =q, and Int EN Ay, = . Then, one of the followings holds:

1. g€ DY _yp and £ = [p,ql}.
2. ¢ € DY _1p and there exists p. € Fix.(f) of type (u,+) such that & =
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[ 70n(p*)705(p*)7q}111‘
3. There exist p, € Fix*(fév) of type (s,+) and o € {s,n} such that D" ,p. = {p},

D+ Op* - {Q}’ and € [ (p*) q]

PROOF. Suppose £ = [p1,...,px]¥ for some k > 2 and p1, ..., pr € Fix(f{), where
p1 = p and pi = ¢. By Proposition 5.11, [p;,p;+1]} has a continuation & on [0, 1] with
Int (£(0)) N A) = &. Notice that & (\)(0) is not contained in A9 for i =2,... k— 1.

Put & = &(0) % - - % &_1(0). Then, we have &(0) = p, &(1) = ¢, and Int & N
Per}) (fo) = &. Since {p,q} C A}, = Fix,(fY), Lemma 5.4 implies that either & = [p, ¢]¥
or & = [p, p«, q]§ for some p. € Fix,(fo). For the former case, we have k = 2, and hence,
o = [p, qJt and € = [p, q]{. Proposition 5.11 implies ¢ € DY _;p.

For the latter case, we see that k > 3 and (£_1(0))(1) = (£(0))(0) = p, for any
i=2,...,k—1. By the uniqueness of continuations, each p; is either 6,(p.) or 6, (p.). If
P« is of type (u,+), then ¢ € DY _1p and & = [p, 0n(p+), 0s(p«), q]f by Lemmas 5.5 and
5.7. If p. is of type (s,+), then |[DfN (e} (p;))|| > 1 for any i = 2,...,k — 1. It implies
that & = 3. Hence, we obtain £ = [p, 0, (p«), q]¥ for some o € {s,n}. O

Let ¥, be the subset of Ay, \ AY consisting of p satisfying [W*“(p; f_1)| < co. Put
¥k =%, NFixf(f) for k = 1,2. For p € ¥, we define a subset I of [-1,1] by

I__{{O} if pexl
p .
]—1,1] ifpe X2

If & = (p1,....pK)%y is well-defined, then we define a subset I of [-1, 1]* by I, =
Hz 1 I;;q N

Let p,, be a characteristic map from I, to W((p)";.(f-1)) associated to f_i.
By Lemmas 6.1 and 6.2, a point p € Ay, is contained in X, if and only if W**(p; f1) has
finite length and one of the followings holds:

L (p)f € S (e}, A).
2. There exists p. € Fix.(fd') of type (u,+) with 0, (p.) € DY 1p and (p,0s(p.))} €
(et Ap).

We define the map 1,5 by p.f = up 1 in the former case and pf = pi,.1(-) * (0s(p«))§ in the
)

latter case, where pip 1 is a characteristic map from I to Wu((p)¥; - (f1)) associated to
f1. Remark that the restriction of s} to I, is a homeomorphism onto W* (st (0); .7 (f1))-
By Proposition 4.9, there exists a unique map © from .%(e“;,AY) to . (e}, AY)

such that

1. ©ou, (s) = pf(s) for any p € ¥y and s € I, and
2. O(& &) =0O(&) * O(&) for any &,& € L (e, AV) with & (1) = &(0).

It is important to remark that the map © is not continuous in general. However, the
restriction to each W*(&y; .7 (f-1)) is continuous.

PROPOSITION 6.3.  The map © is injective. An element & € (et AV) with €] # 0
is contained in the image of © if and only if there exists a sequence {p1,...,pr} such
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that £ € W*((p1,....pk)Y; % (f1)) and each p; satisfies either p; € Xy, or p; = 05(ps;)
for some p..; € Fix.(f) of type (u,+).

PROOF. Observe that the restriction of © on W*(&y; . (f-1)) is a bijective map
onto W*(0(&); 7 (f1)) for any & € (e, AY) NFix(L(fN)).

Take &, = (p1,...,px)¥ with p1,...,pr € Fix(f{¥). By Lemma 6.2, £, € Im O if
and only if each p; satisfies p; € ¥, or p; = 05(ps;) for some p,; € Fix, (f&V) of type
(u,+). Hence, Proposition 4.9 implies the latter half of the assertion.

An element &4 = (py,...,pxp)¥ of Im © with py,...,pr € Fix(f{) have a unique
irreducible decomposition & = pf (0) * -+ ut (0) associated to A}. Since 1} (0) #
,u;r, (0) for any p,p’ € ¥, with p # p/, the restriction of © to .7 (e, AV)NFix(.Z(fY)) is
injective. Hence, the observation at the beginning of the proof implies that © is injective.

O

6.2. Correspondence at the boundary of cells.

Let ©, Xy, E,ll, and E%L be the ones defined in the previous subsection. We denote
by X, the set of non-hyperbolic fixed points p, of fI¥ that are of type (s,+) and satisfy
[W % (pys fo)| < o0.

LEMMA 6.4. If p. € Fix,(fJ¥) is of type (s,+), then D* 10,(p.) = {0s(ps)}.
Moreover, the following three conditions on p. are equivalent:

® D, € X,.
o (W (0s(p+); f1)] < oo
o [WH(0n(p+); f1)] < 0.

ProoF. The former is a consequence of Lemma 5.6 and Proposition 5.11. The
latter follows from Lemma 5.5 since p. € X, is a non-hyperbolic fixed point of type
(u, +) for (fO_N,feS,eg). O

For p. € X, let py : [=1,1] — W*((0n(p+);(f1))) be a characteristic map of
0. (ps) for fi.

LEMMA 6.5.  Suppose that p. € X, satisfies D3 10, (px) N1Im 05 # . Then, the
followings hold:

1. For any q. € X, there exist {_,&4 € Im © and ¢, € X, such that |E_| # 0,

€41 # 0, and pg (1) = & * (05(¢5))7 * &+
2. ug(1) €Im © for any q € ¥2.

Proor. Put py (1) = (q1,...,q%)} and r— = O_W*"*(0,,(p«); f1). Since Im 05 =
O(0s(p«); f1), Lemma 3.11 implies that there exists a unique I = 1,...,k such that
q € Im 60,. Since DY ;r_ contains 0,(p.), 0s(p«), and g1, we can show O(qi; f1) #
O(0s(p+); f1) by the same way as the proof of Lemma 3.11. In particular, we have
I > 2. The same argument also implies | < k — 1. Therefore, £~ = (q1,...,q-1)%,
&= (a1, q1)Y, and ¢, = 07 1(q) satisfy the former assertion for p,.

Since X, is the orbit of p,, the former assertion also holds for any ¢, € X,. Since
D2 g = {0n(p«)} and O(qi; f1) = Im 05 = 0,(X,), we also obtain the second assertion.

O
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LEMMA 6.6.  D? pNlm 65 = and D ;pNIm 05 contains at most one point for
any p € ¥2.

ProOF. Fix p € ¥}. By Lemma 6.4, we have D% ,0,(p.) = {0,(p.)} for any
p« € Fix, (FY). It implies D*;pNIm 0, = &. If Fix.(fY) is not empty, then we
have Im 0s = O(0s(q.); f1) for any q. € Fix,(f}). Hence, Lemma 3.11 implies that
D7 1pNIm 65 contains at most one point. O

Now, let us consider the correspondence between 1. (s) and p,, (s) at s = £1.

LEMMA 6.7. A pair (p,q) of elements of Ay satisfies ¢ € D5 _1p if and only if
either one of the followings holds:

1. g€ Di p.
2. There exists p. € Fix,(f) of type (s,+) such that g € D% 10, (ps), D 10n(ps) =
{0s(p+)}, and Os(p.) € Di,ﬂ?'

In the former case, the map X — [p,q|} is a continuation of [p,q|*, on [-1,1]. In the
latter case, the map é given by

[pa QB\ Zf/\ € [—1,0[,
g()‘) = [pvp*7 q](é) Zf)‘ =0,
(.05, A), 0n (P N, a) s if A €]0,1]

is a continuation of [p,q]*, on [—1,1].

PROOF. Notice that a non-hyperbolic fixed point of type (s, +) for (f&,ed,eg) is
of type (u,+) for (fo_N, —e®,e*). Hence, the lemma follows from Lemmas 6.1 and 6.2
for the PA homotopy {(f/\_N7 —ef,e¥)} O

LEMMA 6.8.  The equation © o ju, (—1) =
0s(X.) = I, then the equation © o p, (1) =

continuous map on I, = [—1,1].

pf (—1) holds for any p € X3 If D5 1pN
;‘(1) also holds, and hence, © o p;" is a

PROOF. We show that the latter assertion holds. The proof for the former is same
since D? 1pN0s(3.) = & by Lemma 6.6.

Suppose that D% 1p N A} = {q1,...,q} and ¢ <7 | ¢; if i < j. Since D3 ;p N
0s(X.) = &, we can obtain .} (1) = pf (0) * ---* p} (0). By Lemma 6.7, we have
D5 _pn Fix; (fY) = {q1,...,qx} and [p, ¢;]3 is a continuation of [p,¢;]®; for any i =

., k. Corollary 5.12 implies ¢; <+7_1 q; if i < j. It implies y, (1) = (qu,- - .,qk)_
and hence, pf (1) = © oy (1). In particular, the map © o . (s) = p;f (s) is continuous
at s = 1. U

LEMMA 6.9. Forp € X} and p. € X, with 0,(p,) € D, 1D, there exist §, &, &4 €
S (e, AR) such that pu, (1) = €+ & * &, pif (1) = (5 ) (0:(p)) * O(E4), and
. (1) = O(E.).
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Figure 7. Proof of Lemma 6.9.

PrROOF. Lemmas 6.6 and 6.5 imply that D3 p N Im 6, = {0,(p.)} and
D% 10, (ps) C Ap. There exist r—,r1 € AR, p1,...,Pr,q1s--- @t € Ap, and m > 1
such that ¥ (1) = [r_,p1,..., Pim—1,05(D«), Prms - - -, Py 4 ]Y and i (1) = [P—1,q1,- - -,
@, Pm]i- By Lemma 6.4, we have D® 10, (p«) = {0s(p«)}. Hence, Lemma 6.7 implies
Dy _p= {p1s- e, @, D3 op = {p1,- -, Pr; P« }, and D3 op« = {ar, - ai}

We have p; <ﬁ771 p; if ¢ < j by Corollary 5.12. We claim that g¢; <ﬂ771 gj ifi <y
and pp,—1 <ﬁ_,_1 qi <i7_1 Pm for any i. Take ap > 1 and an embedding ¢ : [—1, a9 +1] x
[—1,1] — T? so that 1(0,0) = p, ¥(0,a9) = p«, ({0} x[0, ag]) = Im [p, p.]§, and the map
¢a i (z,y) = ¥(z,y + a) on [—1,1]? is a 1/8-canonical coordinate associated to (ey, e)
for any a € [0,ag]. We fix A\g > 0 so that ¢, is a 1/8-canonical coordinate associated to
(e¥,e3) for any a € [0,a0] and A € [~ Ao, Ao], and O (pas A), 0 (pey N) € Qo ([—1/2,1/2]2)
for any A € [0,\1]. By the continuity of connecting segments with respect to A, there

exist Ay €]0, Ao] and a family {og,}!_, of functions on [0,ag + 1] x [=A1, A1] such that

1. 0g,(0,A) = 0 for any A € [=A1, A1], and
2. p({(9q,(y), ) | y € [0,a0 + 1]}) is a subset of Im [p, ¢;]§ for any A € [-A1,0[, and

of Im [p, Os(p«, N), 0n(p«, A), g5]3 for any X €]0, Aq].

By Corollary 5.12, we have ¢; <f_”§\p*”\) gi+1 for any A €]0,1]. Since g, is a 1/8-

canonical coordinate, Proposition 3.9 implies that 0y, (ag + 1,A) < 04, (ag + 1, A) for
any A €]0, A]. Since W*(q;; f) N W2*(qiv1; fr) = &, and 9, and g, , are continuous
functions, we obtain 0,4, (1,\) < 0q4,,(1,) for any A € [=A;,0[. Since ¢ is a 1/8-
canonical coordinate, Proposition 3.9 implies that g; '<{)hk @it1 for any A € [—=A1,0[. By
Corollary 5.12, we obtain ¢; <% _; giy1.

Take a family {9,,}¥ ; of continuous functions on [0,1] x [~A1, ] such that
0p,(0,A) = 0 and ¥({(0p,(¥),y) | vy € [0,1]}) C Im [p,p;]3 for any A € [—A1, A\q]. The
same argument as above implies 0p,,, , (1, A) < 94, (1, A) and 9g, (1, A) < 0y, (1, A) for any
A€ [=A1, A1) It implies pr,—1 <5 ) g1 and ¢ < | pp. It completes the proof of the
claim.

Put (- = [T_,p1, cee apm—l]qila § = [pm—la qi,. .. ;QIapm]qila and £ = [ My
P, 74]" . Then, the above claim implies p, (1) = §- # & x &y, gt (1) = O(E-) * (05 (ps)) i *
O(¢,), and 5. (1) = O(E.). 0
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7. Proof of Theorem A.

In this section, we show the following proposition, which completes the proof of
Theorem A. Recall that X U{oco} is the one point compactification of a topological space
X.

PROPOSITION 7.1.  For any prime homology class a € Hy(T?, Z), pointed spaces
(Calely, AY) U {oo},00) and (€a(e™,, AY) U {oo}, 00) have the same homotopy type.

In fact, Lemma 5.2 and Proposition 5.13 allow us to reduce the proof to the case of
a simple PA homotopy. For a simple PA homotopy {(fx,e¥,e})}re[-1,1]; the set {c €
Ca(ed) | Im ¢ € A%} does not depend on the choice of A € [—1,1] and it consists of finitely
many isolated elements of index 0. Hence, the proposition implies that (%, (e})U{o0}, c0)
and (€,(e";) U {00}, 00) have the same homotopy type for any prime homology class
ac H\(T?, Z).

7.1. Compatible maps.

Before the proof of Proposition 7.1, we introduce the concept of compatible maps
and consider their continuity.

Let e; and ey be continuous unit vector fields on T2, and A; and A, be finite subsets
of T? with A; C Ay. We call a map ¥ from .#(e1, A1) to .%(e2, Aa) compatible if the
following conditions hold:

1. ¥(£)(0) = £(0), ¥(&)(1) =&(1), and ¥(€) is homotopic to £ relative to end points
for any £ € .7 (e1, A).
2. W& x&) =W(&) « (&) for any &1,& € L (e1, A) with &1 (1) = £2(0).

Remark that the map © defined in Subsection 6.1 is a compatible map.

Let (f,e},e}) and (g, ey, ej) be C? non-degenerate framed PA diffeomorphisms and
suppose Fix)(f™) C Fix} (¢g") for some n > 1. Recall that X(f") is the set of points p of
Fix}, (f*) U Fixs (f") satisfying |[W*“(p; f)| < oo.

LEMMA 7.2. Let ¥ be a compatible map from y(e%Fix%(f”)) t()!V(eZ, Fix?(g™)).
Suppose that W o p, is continuous for each p € X(f"), where pp = I, — FS(e}) is a
characteristic map of p. Then, the map V¥ is continuous and proper. In particular,
it induces a proper continuous map from ‘Ka(eijﬁ,Fixg(f")) to ‘Ka(eg,Fixg(g”)) for any

a € H\(T% Z).

ProoF. By Propositions 4.9 and 4.13, the map ¥ is continuous. Since X(f") is
a finite set, there exists K > 0 such that |¥ o p,(s)| > K|p,(s)| for any p € £(f") and
s € I,. Tt implies that |¥(¢)| > K|¢| for any & € Y(e?,Fix%(f”)). Hence, the ¥ is
proper by Lemma 2.1.

For any a € H;(T? Z), we can define a map ¥, from %a(e“;,Fixg(f")) to
%a(e;,Fixg(g")) by 7.0 ¥ = ¥, o7, on %:L(e?,Fix?L(f”)). Since 7, and ¥ are con-
tinuous and proper, the map ¥, also is. O

We also call a map ¥ from f(e}ﬁ,Fix%(f")) x [0,1] to Y(e;ﬂFix?l(g")) compatible
if U(-,t) is compatible for any ¢ € [0, 1].
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LEMMA 7.3. Let W be a compatible map from y(e?,Fixg(f")) x [0,1] to
Y(eZ,FiX%(g")). Suppose that the map (s,t) — W(u,(s),t) is continuous on T, x [0,1]
for each p € X(f). Then, U s continuous and proper. In particular, it induce a proper
continuous map from €, (e}, Fix? (f™))x[0,1] to Caley, FixY(g")) for any a € H,(T?; Z).

PRrROOF. The proof is the same as the previous lemma. 0

7.2. Proof of Proposition 7.1.

Now, we prove Proposition 7.1. Fix a framed simple PA homotopy
{(fx,eX,eX) bael=1.1)- Let Ap,AY, and N > 1 be the ones in the definition of a sim-
ple PA homotopy, and ¥p,, ¥}, ¥2 3, O, u;t, t,, and I be the ones given in Section
6. Without loss of generality, we assume that all non-hyperbolic periodic point of fj is
of type (u,+) or (s,+).

LEMMA 7.4.  Suppose D3 1pN0s(X.) = & for any p € ¥2. Then, © is a homeo-
morphism onto its image.

PROOF. Recall that the map © is compatible. Lemmas 6.8 and 7.2 imply that it
is continuous and proper. Since © is injective and both . (e*,, A%) and .7 (e¥, AY) are
locally compact, © is a homeomorphism onto Im ©. g

We consider three cases:

1. Y, =0
2. N, # O and D3 10,(p.) N0s(X.) = D for any p. € X,
3. Yu# D and D3 10, (p.) N0s(X.) # D for some p, € X..

Remark that all non-hyperbolic periodic points of fy are of type (s,+) in the latter
two cases. In the first case, we show that the spaces €, (e“,AY%) and €, (e",,AY) are
homeomorphic. In the second case, they have the same proper homotopy type. The last
is the worst case since the set €,(e*;) may be empty while €, (e}) is not. In this case,
we need to consider the homotopy type of the compactifications of €,(e%;) and G, (e¥).
See Figure 8.

Figure 8. The worst case.

THE FIRST CASE. We consider the case ¥, = .

LEMMA 7.5. If X%, = &, then €,(e“y,AY) is homeomorphic to €,(e¥,AY). In
particular, their one point compactifications are homeomorphic as pointed spaces.
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PROOF. Proposition 6.3 implies Im © = . (e}, AY). By Lemma 7.4, © is a home-
omorphism between .7 (e“, AY) to .7 (e¥, AY). Fix a € H;(T?, Z). Since the restriction
of © to G, (e* |, A?) commutes with 7, it induce a homeomorphism between €, (¢* |, A?)
and G, (e}, AY). O

THE SECOND CASE. Next, we consider the case that ¥, # & and D7 10, (p.) N
0,(X.) = @ for any p, € U,. Remark that A) = Fix)(fY) = Fix)(fN), Im 6, =
05 (X4) = O(05(p«); fo), and py (1) € Im © for any p, € ¥, and o € {s,n} in this case.

LEMMA 7.6.  Suppose that ¥ # & and D 10, (p«) N0s(X) = & for any p. € ..
Then, there exists a proper homotopy equivalence between €,(et, AY) and €,(e*;,AY)
for any prime homology class a € H1(T?; Z). In particular, pointed spaces (€,(e}, A))U
{oo},00) and (¢,(e 1, AY) U {oc}, 00) have the same homotopy type.

PROOF. For p € ¥? and p,. € X, with 6,(p.) € D3 1p, take a decomposition
py (1) = & * & * &, in Lemma 6.9. We define maps v, and v, from [~1,1] x [0, 1] to
(et A}) by

Vp. (8:1) =, (1 —t)s +1)
and

o (8) if s <0,
vp(s,t) = q iy (14 2t)s) if s>0and (14 2t)s <1,
O(&-) * py (142t)s —2)xO(&4) if s> 0and (1+2t)s > 1.

See Figure 9.

mp () vp(1,0) =d, p vp(1,1/2)

0,(7.) 0,

Figure 9. The map vp.

We define a compatible map ® from .#(e%, A%) x [0, 1] to .7 (e}, A?) as follows:

1. If pe X}, orpeXj and DS 1pN0,(X,) = F, then ®(uf(s),t) = i (s) for any
(s,t) € I x[0,1].

2. If p € £} and D5 ;pN0,(X,) # &, then ®(uf(s),t) = vp(s,t) for any (s,t) €
I; % [0,1].

3. ©((0s(p«))i,t) = vp, (—1,t) and @(uy (s),t) = vp,(s,t) for p. € B, and (s,t) €
| —1,1[x]0,1].
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Put ©1 = ®(-,1) 0 ©. Notice that ® and O, are compatible. Since v,(1,t) =
E_ vy, (—1,t) x &y for any ¢ € [—1, 1], we can check that ® is continuous and proper by
Lemma 7.3. By Lemmas 6.9 and 7.2, the map © is continuous and proper.

We define a compatible map ©_ from .7 (e}, AY) to .7 (%1, AY) by

1. ©_ouf(s)=p,(s) for pe Xy, and s € I, and
2. O_((0:(p)¥) = O- (1. (s)) = O (1, (1)) for p. € By and s €] — 1, 1.

Since y;;, (1) € Im O, the map ©_ is well-defined. It is clear that ©_ o 7 is continuous
on [—1,1] for any p, € X,. Lemma 6.9 implies that ©_ O,u; is continuous for any p € £2.
Hence, the map ©_ is continuous and proper by Lemma 7.2. We can also verify that the
map (&, ) — O_ o ®(O(&),t) from .7 (e“,AY) x [0,1] to .7 (e“, AY) is continuous and
proper.

By their constructions, ©_ 0 © is the identity map and is homotopic to ©_ o ©_,. We
can check that ©4 o ©_ coincides with ®(-,1), and hence, is homotopic to the identity
map. Therefore, © and ©_ are proper homotopy equivalences between .7 (e*, AY) and
(e, AV). Since all maps constructed above are compatible, © and O induce proper
homotopy equivalences between %, (e“;,AY) and €, (e}, AY) for any prime homology
class a € H,(T?; Z). O

THE LAST CASE. Finally, we consider the case that D3 16,,(po) N 0s(X.) # & for
some py € Xg. Put (e}, AY) = .7 (e}, A?) \ Im O.

LEMMA 7.7. Im © and i (e¥,AV) are mutually disjoint subcomplezes of
(et A).

PROOF. Lemmas 6.4 and 6.5 imply D3 10, (p.) N 0s(X.) # & for any p. € %,.
Hence, we have 5 (£1) € 7% (e¥,A9). It implies that .7 (e¥, A?) is a subcomplex of
S (e, AY).

Lemmas 6.6 and 6.5 also imply D% ,0,(q) N 0s(X,) = & for any ¢ € 3. It implies
pf (£1) € Im © for any ¢ € X7, and hence, Im © is a subcomplex of .7 (e, A). O

LEMMA 7.8.  There exists a continuous compatible map ¥ from . (e¥, A%) x [0, oo
to 7 (e}, AY) such that

o U(&t)=¢ for any £ € Im O and t € [0,1],
o U(E,0) =& forany &, € Y*(e%,A?L),
o inf{|U (¢, 1)| | & € Fi(el, AV} tends to infinity as t — oco.

PrROOF. For any p,. € X, there exists £_,&, € Im © and ¢, € ¥, such that
1€ # 0, [§4] # 0, and py (1) = € * (05(q«))} * {4 by Lemma 6.5. First, we define a
compatible map ¥; from .7 (e¥, AY) x [0,1] to .7 (e¥, AY) by

Lo Wy(p)(s),t) = i (s) for pe Xy and s € I,
2. U ((0s(pa))is 1) = py. (2t — 1) and

(s +2t) (s+2t<1)

Uy (e, 1) =
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050 0.(P)  05@y) 6n(d

v

KD b (D=8 ek (1),

Figure 10. The map V.

for p. € X, where ﬂ;*(l) =& % (05(g:))1 * &4

See Figure 10. It is easy to check that W; satisfies the assumption of Lemma 7.3.
Hence, it is continuous and proper. Remark that Uy (-,¢) is the identity on Im © and
Uy (Si(el, A)) x {t}) is a subset of .7, (e¥, AY) for any ¢ € [0, 1].

Define an integer valued function [ on . (e%, AY) by 1(€) = 0if |(] =0 and [(§) =k
if ¢ has the irreducible decomposition £ = & * - - - * & with respect to AY. It is easy to
see 1(&1 % &) = 1(&1) 4 1(&2) for any &1, & with & (1) = £(0) € AD, and 1(Py (£, 1)) > 1(€)
for any £ and ¢. Recall that g (1) =& * (05(q«))} * {4 where £, &, € Tm O, [£4] # 0,
and g. € X.. It implies [(W1(uy (5),1)) = U(E- * py (s) * &) > 3 for any p. € X, and

€ [-1,1]. In particular, we have I(¥(&,,1)) > (&) + 2 for any &, € (e}, AY).

Put ¢; = U;(-,1). We define a map ¥ from .7 (e}, AY) x [0, 00[ to .#(e¥, AY) by
P, t) =U( gt] (€),t — [t]), where [t] is the largest integer with [¢t] < ¢. It is clear that ¥
is compatible and continuous. We also see that U(£,¢) = £ for any £ € Im © and ¢ > 0,
and U (&,,0) = & and [(P(E,, 1)) > 1(&) + 2] for any &, € (¥, AY) and ¢ > 0.

By the finiteness of ¥;, and X, we can take K > 0 such that |{| > K - [(§) for any
¢ e (e, AY). Hence, we obtain that inf{|¥ (¢, )| | £ € Fi(e¥, AY)} tends to infinity as
t — oo. (]

The following is the last piece of the proof of Proposition 7.1. As remarked at the
beginning of this section, it completes the proof of Theorem A.

LEMMA 7.9.  Suppose that D7 10,(po) N 0s(Xx) # & for some po € Xi. Then,
pointed spaces (€, (e}, A))U{oo}, 00) and (€,(e™1, AY) U{oo}, ) have the same homo-
topy type.

PrROOF. The map V¥ in Lemma 7.8 induces a homotopy between pointed spaces
(Calet, AV)U{oo}, 0) and (m.(Im O N %.(e")) U {0}, 00) for any prime homology class
a € H1(T? Z). Since © is a homeomorphism between .7 (e*, A?) and Im © by Lemma
74, m.(Im © N ‘é(e“)) and 6, (e",,AY) have the same proper homotopy type. O

8. Proof of Theorems C and D.

8.1. Proof of Theorem C.
Before the proof of Theorem C, we need some preparations. We say an element
c € E(e*) is injective if any v € m_ !(c) is injective as a map from S! to T?. Remark
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that if €, (e*) contains an injective element for a € Hy(T?, Z), then the class a is prime.

LEMMA 8.1. Let (f,e% e®) be a C? non-degenerate framed PA diffeomorphism
on T?. If €,(e*) # & for a prime homology class a € Hy(T?, Z), then there exist a
decomposition a = 22:1 a; and a sequence {c; € €,,(e*) NPer(C(f))}._, such that c; is
injective for any i.

PrOOF. By Theorem B, we can take ¢ € €, (e*)NPer(€(f)). If Im cNPer(f) = &,
then Im ¢ is an irrational normally attracting circle by Proposition 3.13. Hence, the
lemma is clear in this case.

We claim that if ¢ € €, (e*, Fix(f™)) N Per(€(f)) is not injective, then there exist
ar,az € Hi(T? Z), c1 € G4 (e, Fix(f")) N Per(€(f)), and ca € Ca,(e*, Fix(f)) N
Per(%'(f)) such that a; + az = a and |c1| + |c2| = |¢|. Notice that the claim completes
the proof. In fact, since any element of % (e*) has the length larger than the injectivity
radius of T2, we can obtain the required sequences by applying the claim several times
for c.

Now, we prove the claim. Suppose that ¢ € €,(e*, Fix(f™)) N Per(€(f)) is not
injective. Take v = [po, ..., pr—1,p0]* € m;  (c) N € (", Fix(f")) and put A = {z €
Imc=1TIm~y | #(y 1(2)N[0,1]) > 2}. Notice that Fix(f")NIm vy = {po,...,pr—1} and
A is a non-empty f"-invariant set. Without loss of generality, we may assume that A
intersects with [po,p1]*([0, 1[). Since either the positive or negative f"-orbit of a point
in [po, p1]“([0, 1]) converges to pg, the set A contains py. In particular, we have p; = pg
for some I # 0. Put ¢; = 7.([po,--.,p]") and ca = w([pi, - -, Pry, P0]™), and let a; be
the homology class represented by ¢; for i = 1,2. Then, ai, as, ¢1, and co satisfy the
required conditions. O

LEMMA 8.2. Let (f,e% e®) be a C? non-degenerate framed PA diffeomorphism
on T?. Suppose that there exist prime homology classes ay,az € Hy(T?,Z) such that
a1 # Fas and HI (6, (e%)) # {0} for i = 1,2. Then, there exist a},aly € H(T? Z),
c1 € Gy (e")NPer(%(f)), and ca € G,y (") NPer(€(f)) such that ay # +a5, and ¢y and
co are injective.

Proor. For each i = 1,2 take the decomposition a; = Z;:l a; ; and the sequence
{ci; € ‘Kai)j(e“)}ézl in Lemma 8.1. Notice that all a;; are prime since all ¢; ; are

injective. If a; ; # +a;1 for some ¢ = 1,2 and j = 2,...,1, then, o} = a;1, ab = a;,
€1 = ¢;1, and ¢y = ¢; ; satisfy the required conditions.

Suppose a;; = Fa;; for any i = 1,2 and j = 2,...,l. Since all a; and a;; are
prime, we have a; ; = +a; forany ¢ = 1,2 and j = 1,...,[. In particular, the assumption
implies a1 1 # Fas;. Hence, a] = a11, a4 = a21, ¢c1 = ¢11, and ca = co1 satisfy the
required conditions. O

Let us prove Theorem C. Let (f,e%,e®) be a C? non-degenerate framed PA diffeo-
morphism on T2. Suppose that there exist prime homology classes ay,as € Hy(T?, Z)
such that ay # +as and HX(%,,(e*)) # {0} for i = 1,2.

Fix a C! framed PA diffeomorphism (g, e%, e$) which is PA homotopic to (f,e%,e®).
Since the set of PA diffeomorphisms is an open subset of Diff* (T?), there exists a se-

quence {(gn,e%, es)} of C? non-degenerate framed PA diffeomorphisms which converges

n
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to (g,e%, e?) in the C'-topology. By Theorem A, we may assume that %, (e%) # & for
any i = 1,2 and n > 1.

By Lemma 8.2, there exist sequences {aj,}n>1 and {as,}n>1 in H1(T?, Z),
{c1,n}n>1 and {co2pn}n>1 in €(el), and {m,},>1 of positive integers such that a; ,, and
az,, are prime homology classes with a1, # *as,, ¢in € Cfai‘n (e%), and Im ¢; ,, is an
gmn-invariant embedded circle for any n > 1 and ¢ = 1,2. By Lemma 5.8, if ¢ is a 1/80-
canonical coordinate for (e, ef) with ¢([—1/3,1/3]?) NIm ¢; ,, # &, then there exists
a Cl-function h on [—1/2,1/2] such that ¢([—1/2,1/2]?) NIm ¢;,, = e({(x,h(z)) | = €
[-1/2,1/2]}). Hence, the same argument as the proof of Proposition 5.10 implies that a
subsequence of {Im ¢; ,,} converges to an element C; of &(S*,e) for each i = 1,2. Since
ai,, # *as, for any n, we obtain that C; and Cy are mutually distinct but intersect

with each other. It implies that £ is not uniquely integrable.

8.2. Proof of Theorem D.
We prepare two lemmas to prove Theorem D.

LEMMA 8.3 (A variant of the Pliss lemma, Corollary 3.1 of [6]). For A\, A1 €]0,1]
with A < A1, suppose that a sequence {a,}n>0 of positive numbers satisfies [, _oar < A™
for any sufficiently large n > 1. Then, there exists a sequence {n;};>1 such that n; tends
to infinity as i — oo and [[_, ar < X7 for any n > n,. O

LEMMA 8.4. Let h be a C' orientation preserving diffeomorphism on S' with
Per(h) = &. Then, limsup,,_,..(1/n)log Dh™(z) > 0 for any z € S*.

PROOF. Suppose that the lemma does not hold. Then, there exist zy € S!, ng > 0
and A €]0, 1] satisfying Dh™(z9) < A™ for any n > ng. Fix two constants A1, A such that
A < A1 < A2 < 1. By Lemma 8.3, there exists a sequence {n;};>1 such that n; tends to
infinity and Dh™(h™(2g)) < A} for any ¢ and n.

Let I(z,0) denote the interval ]z — 4,z + [ for z € S* and § > 0. Choose § > 0
such that Dh(z')/Dh(z) < Aa/A; for any z € S and 2/ € I(z,6). We claim that
R™(I(h™(z0),0)) C I(h™*"(20), A3d) for any n > 0 and ¢ > 1. Proof is by induction of
n. It is trivial for the case n = 0. Assume that A" (I(h"™(29),d)) C I(h™T™(z), \54)
for any m = 0,...,n. Then, we have

n = Dh(h‘l(’z)) n n; 2 i n+1 n+1
Dh" () :Hm-ph (R (20)) < N VAR
1=0

for any z € I(h™(20),6). Tt implies h"T1(I(h"™ (20),8)) C I(h™T7F1(20), \aT16).

It is known that the positive orbit of any point of S' converges to a Cantor set A
which is a minimal h-invariant set (see e.g. Theorem 8.4 of [7]). Choose ig > 1 so that
I(h™o(29),0)NA # &. Then, I(h™o(2p), ) contains infinitely many points of the positive
orbit of h™io(zp). Hence, h™(I(h™o(20),d)) is a subset of I(h™0(z),d) for some large
m. It implies the existence of periodic points, and hence, contradicts the assumption. [

Now, we prove Theorem D. Let (f, e, e®) be a C? non-degenerate framed PA diffeo-
morphism and suppose that there exist & > 1 and a prime homology class a € H(T?, Z)
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such that HY (%€, (e%)) # {0}. Fix a C* framed PA diffeomorphism (g, e, e2) which is PA

homotopic to (f,e%, e®). Choose a sequence {(g;,e¥,e3)} of C? framed non-degenerate

K3
PA diffeomorphisms which converges to (g,e%,e) in the C'-topology. We may assume
that all (g;, e}, e?) are PA homotopic to (f,e*,e®). By the continuity of the PA split-
tings, there exists A €0, 1] such that [[Dg; " (e¥(p))||A\~"™ < ||Dg; "(ef(p))|| < 1 for any
1>1,n>1 and p € Fix%(gf). Fix A1 €]\, 1]. By Theorems A and B, there exist
ci € €(e) NPer(€(g;)) and p; € Peri(g;) such that p; € Im ¢; for every i. Lemma 8.3
implies that we may assume ||Dg; " (e}*(p;))|| < A} for any i and n > 1 by replacing p;
by another point in its orbit. By Lemma 3.16 there exists a sequence {C;} of compact
subsets of T? such that C; € &(U-oSt,e%), p;i € C;, g;(C;) = C; for any i. Proposition
5.10 implies that there exists an increasing sequence {i;} such that p;, converges to a
point p, and C;, converges to an element Cy of &(UcooSt,e%) with g(Coo) = Coo.
Remark that po € Cx and ||Dg™"(e¥(poo))|| < AT for all n > 1. If C contains no
periodic points, then it contradicts Lemma 8.4. If C,, contains exactly one periodic
orbit, then C is a union of 1-normally attracting circles for g by the same argument as
in Proposition 3.13. It contradicts that C;, contains a repelling periodic point p;, and
converges to Cy,. Therefore, Cy, contains at least two distinct periodic orbits.
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