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Abstract. Let V' be a complex analytic space and x be an isolated singular point of
V. We define the ¢-th punctured local holomorphic de Rham cohomology H//(V,x) to
be the direct limit of H,/(U — {x}) where U runs over strongly pseudoconvex neigh-
borhoods of x in V, and H,/(U — {x}) is the holomorphic de Rahm cohomology of
the complex manifold U — {x}. We prove that punctured local holomorphic de Rham
cohomology is an important local invariant which can be used to tell when the sin-
gularity (V,x) is quasi-homogeneous. We also define and compute various Poincaré
number [7; and ﬁ,@ of isolated hypersurface singularity (V,x).

1. Introduction.

Let M be a complex manifold. The ¢-th holomorphic de Rham cohomology of
M, H!(M), is defined to be the d-closed holomorphic g-forms modulo the d-exact
holomorphic g-forms. Holomorphic de Rham cohomology was studied by Hérmander
[H6]. It is well known that if M is a Stein manifold, then the holomorphic de Rham
cohomology coincides with the ordinary de Rham cohomology [Hé6]. The purpose
of this paper is to introduce the notion of punctured local holomorphic de Rham
cohomology. Let V' be a complex analytic space and x be a point in V' such that
V' —{x} is nonsingular near x. We define the ¢-th punctured local holomorphic de
Rham cohomology H/(V,x) to be the direct limit of H,/(U — {x}) where U runs over
strongly pseudoconvex neighborhoods of x in V. If V' is a complex manifold of dimen-
sion at least 2, then H/(V — {x}) = H/(V) by Hartog extension theorem. Therefore
the punctured local holomorphic de Rham cohomology H,/(V,x) vanishes if x is a
smooth point of V. It turns out that punctured local holomorphic de Rham coho-
mology is an important local invariant which can be used to tell when the singularity
(V,x) is quasi-homogeneous. The following is our Main Theorem.

MAIN THEOREM. Let (V,0) = {(zo,...,2,) € C"" : f(20,...,2,) =0} be a hyper-
surface with origin as isolated singular point. Then
(i) dimH!(V,0)=0 for g<n-—2
(i) dimH(V,0) —dimH " (V,0)=u—< where w=dim C{z,...,z,}/
(0f /0zo,...,0f /0zy) is the Milnor number and 1= dim C{z,...,z,}/
(f,0f /0zo,...,0f |0z,) is the Tjurina number of the singularity (V,0) respec-
tively.
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In particular, dim H(V,0) = dim H"'(V,0) if and only if (V,0) is a quasi-
homogeneous singularity, i.e. f is a weighted homogeneous polynomial after holomorphic
change of coordinates.

The above theorem says that we can determine the quasi-homogeneity of the sin-
gularity by the punctured neighborhood of the singularity. This follows from the
celebrated theorem of Saito which states that x4 = 7 if and only if f is a weighted
homogeneous polynomial after holomorphic change of coordinates.

In the course of the proof of our Main Theorem above, we also define and compute
various Poincare numbers [an) and pgf) of isolated hypersurface singularity (V,x).

2. Poincaré numbers and punctured local holomorphic de Rham cohomology.

Let ¥ be an n-dimensional complex analytic subvariety in CV with only isolated
singularities. There are four kinds of sheaves of germs of holomorphic p forms defined
on V (cf. [Ya 2])

() @) =Ql/{fatdgnp:aeQl, pe@l) f.gel}, where I is the ideal
sheaf of V' in (v

(i) QF := Q7 /torsion subsheaf of QF,

(iii) Q) := R'7,.QY,, where n: M — V is a resolution of singularities of V

(iv) Q) :=0.2] ., where 0:V —sing ¥V — V is the inclusion map and sing V/

is the singular set of V.

REMARK 2.1. Clearly @, Q7 and @ are coherent sheaf. Q7 is also a coherent
sheaf by a Theorem of Siu [Si]. In case V is a normal variety, then the dualizing sheaf
wy of Grothendieck is actually the sheaf Q7.

DerINITION 2.2, Let H?, K? and J? be coherent sheaves, supported on the singular
points of V, defined by the following exact sequences:

0— K - Qb —Q) -0
0—>£~2§—>§£—>HP—>0
000 Qb —Jr 0

Then the invariants g'?), m'?) and s(7) at x are defined to be dim(H?)_, dim(K”)_, and
dim(J?), respectively.

DerFiniTION 2.3. Let x be a singular point of V. Let
d° d' d?
0—>C—>@V,x—>Q}/7x—>Q%/.x—>"'
be the Poincaré complex at x. Then the Poincare numbers of ' at x are defined as

p¥ = dimKerd'/Imd™!, i>0.

REMARK 2.4. By Bloom and Herrera [Bl-He|, all these Poincaré numbers are finite.
If x is a smooth point of V| then all the Poincaré numbers of } at x vanish.
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REMARK 2.5. Now let (V,x) be an isolated hypersurface singularity, dim(V,x) =
n=N —1. In [Br], Brieskorn proved that pg) =0 if i <n—2. Later Sebastiani [Se|
proved that pgc"_l) is also equal to zero. In [Sa], Saito proved that p&") =0 if and only
if (V,x) is quasi-homogeneous. The proofs of Brieskorn, Sebastiani and Saito are
purely local (the global argument of Brieskorn in his coherence theorem can be avoided

by using the main theorem of Kiehl-Verdier).
In the following, we shall introduce generalized Poincaré numbers ﬁ(i), ﬁg).

DerINITION 2.6. Let x be a singular point of V. Consider the complexes

30 |
0-C—0,. 50, Lo ..
(20 = jl —5
0—>C—>(9V,x—>QV7x—>QV,x—>“'
Then the generalized Poincaré numbers pf;'), ﬁ,(i) are defined by dimkerd’ /Im d~! and
dimkerd’/Imd’~" respectively.

LEmma 2.7. Let (V,x) be an isolated singularity. Then the punctured local holo-
morphic de Rham cohomology H)(V,x) is isomorphic to cohomology kerd?/Imdi=" of
the following complex

Proor. It is obvious. ]

ProposITION 2.8. Let (V,x) be an isolated singularity. Then the generalized

Poincaré numbers 139, ﬁgf) and dim H)!(V,x) are finite numbers.

Proor. Consider the short exact sequence of complexes
0— Ky —Qy, — Q) —0.

Since K”’s are coherent sheaves with support at {x}, (K2,d) is a complex of finite
dimensional vector spaces. Observe that pl) = dim H QY ), and p) = dim H' (27 )
So the long cohomology sequence

= H(K*) = H'(Qy ) — H'(Qv.x) » HM(K) — -

shows that 5\ is finite for all i because dim H(K?) and p! = dim H (Qy, ) are finite
numbers.
Similarly by considering the short exact sequence of the complexes

0—>§~2},7x—>.(_2}/7x—>H; — 0,
0— a5 - —J:—0,
one can show that pgf) and dim H;f(V, x) are finite for all i. ]

THEOREM 2.9. Let V ={(z0,...,2,) € C" : f(z0,...,2,) =0} be a hypersurface
with the origin as its only singular point. Let
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. of
‘C_dlmC{Zo,...,Zn}/( ,a—ZO,...,a—Zn)
u=dim C{z,...,z "}/<820 8Zn>

Then

@) QL =01 for 0<i<n-—1, iee K'=0 for 0<i<n—1; QW' =0; and
K" = QY with dimension t,

(b) dimK" = dim K"*! = ¢,

) pV=0fori<n—1and i=n+1; p" =pu—r1,

d) pD =0 fori<n—2 and i=n+1; p" —pV =y — 1.

PRrOOF.

(a) See [Theorem 2.9 of [Ya2].

(b) dimK" =7 is due to Greuel ([Gr], Proposition 1.11 (iii)). dimK""' =<
follows easily from the definition (cf. of [Ya2]).

(c) p» =0 for i<n—2is due to Brieskorn. p" 1) =0 is due to Sebastiani
[Se|]. One checks easily that 7, LA Q’f,“ is surjective. So p*1) =0 follows.
Finally p =y — 1t can be found, for example, in Corollary 5.6 of [Ya2].

(d) Consider the exact sequence of complexes

n—2 ~ An—1
QV QV

1—2 gn—-2
dy d"

0 —— 0 —>Q?/_IL>[~2?,_1—>O

dn—l dn—l

We have the following long cohomology exact sequence
0= H"'(@}) — H" @) — H"(K") — H"(@})
— H"(Q}) — H"™(K*) — H"(Q}) = 0.

Recall that the Euler characteristic of a complex is equal to the Euler characteristic
of its cohomology. We have dim H"(K*) — dim H"*'(K!) = dim K" — dim K"*! = 0.
Therefore from the above exact sequence, we conclude that
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dim H"(Q3,) — dim H" 1(Q}7!) = dim H"(23))
which is equivalent to
P U | N R
Clearly p') = p) =0 for i <n—2 from definitions and parts (a) and (c). n

THEOREM 2.10. Let V = {(z0,...,2,) € C"' : f(z0,.

..yzp) = 0} be a hypersurface
with origin as its only singular point. Then

@) QL =0 for 0<i<n-—2; Qi =Qu! =0,

(b) p=pD =0 for i<n-2
pi

_ﬁ(nfl) — Iu — 7T + g(n) — g(nfl)
where g = dim H" and ¢g"~Y = dim H"!.
PrOOF.
(a) See of [Ya2].

(b) It is clear that p) =0 for i <n — 2.
Consider the following exact sequence of complexes
0 — Q2 — Q2 —— 0 — 0

dn—Z Jn—z

dVl*l d_n—l d_n—l

We have the following long cohomology exact sequence
0 — H" (@) — H\(@3) — H™(H) — H"(@})
— H"(Qy) — H"(H®) — 0.
So we have
Y — D 4 dim H Y (H®) — p" 4+ ") — dim H"(H*) = 0
which is equivalent to

ﬁ(n) _ﬁ(nfl) :ﬁ(n) _ﬁ("*l) +dim H"(H®) — dimHnil(H.)

Here we use the fact that Euler characteristic of a complex is equal to the Euler char-
acteristic of its cohomology. O
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TurOREM 2.11. Let V ={(zo,...,2,) € C"™ : f(zo,..
with origin as its only singular point. Then

., zn) = 0} be a hypersurface

for 0<i<n-—2; !_2”“:5”“:0,

v
(b) dim H](V,x) = p =0 for i<n—2
dim H(V,x) — dim H'"Y(V,x) = u — g1 — s0=1,
PRrROOF.

(a) See of [Ya2].
(b) It is clear that dim H}(V,x) =p) =0 for i <n—2.
Consider the following exact sequence of complexes

0 —— Q12— Q2 0 0
(jn—Z Zm—Z
0 — Qp' —— op! gl 0
dan 1 ;n 1 3}171
0 —— Q) — Oy J" 0
d”l ;l‘l 6:11’1
0 0 0

We have the following long cohomology exact sequence
0— H" Q) — H"Y(Q}) — H'"'(J*) — H"(Q})
— H"(Q3) — H"(J*) — 0.
So we have
Y —dim H 7YV, x) + dim H"1(J°) — 5" 4 dim H]'(V, x) — dim H"(J*) = 0
which is equivalent to
dim H;'(V, x) — dim Hy~'(V,x) = p" = p"~V + dim H"(J*) — dim H"~'(J*)

=p—1+g" —g" "V +dimJ" — dimJ""!
= — 14 g — gD 4 g0 _ 1),

Recall that g =7 — s by [Theorem 2.9 and Theorem 4.2 of [Ya2]. Therefore we
have dim H}'(V,x) — dim H~'(V,x) = p — gi"=1) — stn=1), ]

TaEOREM 2.12. Let V ={(z0,...,2,) € C"™ : f(z0,...,2,) =0} be a hypersur-
face with origin as its only singular point. Then ¢V +s=V) =< In particular
dim H(V,x) —dim H ' (V,x) = u — t.
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Proor. Let m: M — V be a resolution of ¥ and 4 =zn~'(0). In view of [Ya2],
we know that

g" D s = dim r(M, Qi) /n r(V, QL)
+dim (M — 4,Q4 ") /T(M, Q).
By the exact sequence
0— I(M, Q%N D(V, Q) — T(M\A, Qi /o T(V, Q)
— (M — 4,27/ r(M, Q4 — 0,
we have
gV s = dim F(M\A, Q1) o T(V, Q5
=dim I'(V — {0}, Q1 / (v, Q).
Look at the local cohomology exact sequence
0 — Hy (V,Q47") — HO(V, Q") — HO(V — {0}, 24
— Hg (V, Q") — H' (V,Q)7),
H'(V,Q%") =0 because V is Stein. Hence
g" V45" = dim Hjj, (V,Q57")
=T

in view of Theorem 4.1 of [Yal]. Combining this result with Theorem 2.11 (b) the last
statement of [Theorem 2.12 follows. ]

Now we are ready to prove the Main Theorem in section 1. (i) and (ii) of the
Main Theorem follow directly from Theorem 2.11 and [Theorem 2.12 respectively. The
last statement of the Main Theorem follows from (i) and a theorem of Saito [Sa].
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