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Abstract. Our aim in this paper is to discuss minimally fine limits at infinity for

locally p-precise functions in the half space of R
n with vanishing boundary limits. We

also give a measure condition for a set to be minimally thin at infinity.

1. Introduction.

Let u be a nonnegative superharmonic function on D ¼ fx ¼ ðx1; . . . ; xn�1; xnÞ A R
n
;

xn > 0g, where nf 2. Then it is known (cf. Lelong-Ferrand [5]) that u is uniquely

decomposed as

uðxÞ ¼ axn þ

ð
D

Gðx; yÞ dmðyÞ þ

ð
qD

Pðx; yÞ dnðyÞ;

where a is a nonnegative number, m (resp. n) is a nonnegative measure on D (resp. qD),

G is the Green function for D and P is the Poisson kernel for D. The first author [9,

Theorem 1] showed that if 0e be 1, then

lim
jxj!y;x AD�E

x�b
n jxjb�1ðuðxÞ � axnÞ ¼ 0

with a set E in D which is b-minimally thin at infinity; if in addition
Ð
D
yg
n dmðyÞ < y

ð1� ne g < 1Þ, then

lim
jxj!y;x AD�E 0

x�b
n jxjnþg�ð2�bÞ

ð
D

Gðx; yÞ dmðyÞ ¼ 0

with a suitable exceptional set E 0
HD. For related results, we also refer the reader to

Essén-Jackson [3, Theorem 4.6], Aikawa [1], and Miyamoto-Yoshida [7].

Our main aim in this paper is to establish the analogue of these results for locally

p-precise functions u in D satisfyingð
D

j‘uðxÞjpxg
n dx < y; ð1Þ

where ‘ denotes the gradient, 1 < p < y and �1 < g < p� 1 (see Ohtsuka [14] and

Ziemer [15] for locally p-precise functions).
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We denote by D
p; g the space of all locally p-precise functions on D satisfying (1),

by D
p; g
0 the space of all functions u A D

p; g having vertical limit zero at almost every

boundary point of D, and by HD
p; g the space of all harmonic functions on D in D

p; g.

According to Riesz decomposition (cf. Deny-Lions [2]), u A D
p; g is represented as

u ¼ u0 þ h; ð2Þ

where u0 A D
p; g
0 and h A HD

p; g. We show that the decomposition is unique (see The-

orem 2 below). We give the integral representations of u0 and h, and then discuss

minimally fine limits at infinity for functions in D
p; g
0 .

For this purpose, consider the kernel function

kb; gðx; yÞ ¼ x1�b
n y�g=p

n jx� yj1�njx� yj�1;

where x ¼ ðx1; . . . ; xn�1;�xnÞ for x ¼ ðx1; . . . ; xn�1; xnÞ. To evaluate the size of excep-

tional sets, we use the capacity

Ckb; g;pðE;GÞ ¼ inf

ð

D

gðyÞp dy;

where E is a subset of an open set G in D and the infimum is taken over all nonnegative

measurable functions g such that g ¼ 0 outside G and
ð

D

kb; gðx; yÞgðyÞ dyf 1 for all x A E:

We say that EHD is (minimally) ðkb; g; pÞ-thin at infinity if

X

y

i¼1

2�iðnþg�ð1�bÞpÞCkb; g;pðEi;DiÞ < y; ð3Þ

where Ei ¼ fx A E : 2 i e jxj < 2 iþ1g and Di ¼ fx A D : 2 i�1 < jxj < 2 iþ2g.

Our main aim in this paper is to establish the following theorem (cf. [9, The-

orem 1]).

Theorem 1. Let p > 1, �1 < g < p� 1, ð1� bÞp� n < g and 0e be 1. If

u A D
p; g
0 , then there exists a set EHD such that E is ðkb; g; pÞ-thin at infinity and

lim
jxj!y;x AD�E

x�b
n jxjðnþg�ð1�bÞpÞ=p

uðxÞ ¼ 0:

Next we are concerned with the measure condition on minimally thin sets. For a

measurable set EHR
n, denote by jEj the Lebesgue measure of E.

Proposition 1. Let 0e b < 1 and �1 < g < p� 1. If (3) holds, then

X

y

i¼1

jEij

jBij

� �ð1�ð1�bÞ=nÞp

< y;

where Ei ¼ E VBiþ1 � Bi with Bi ¼ Bð0; 2 iÞVD.

Finally we give an example of minimally thin sets. For a nondecreasing function j

on R
1 such that 0 < jð2tÞeMjðtÞ for t > 0 with a positive constant M, we set

Tj ¼ fx ¼ ðx 0; xnÞ; 0 < xn < jðjx 0jÞg:
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Proposition 2 (cf. Aikawa [1, Proposition 5.1]). Let 0 < be 1 and pð1� bÞ � 1 <

g < p� 1. Assume further that

lim
r!y

jðrÞ

r
¼ 0: ð4Þ

Then Tj is (kb; g; p)-thin at infinity if and only if

ð

y

1

jðtÞ

t

� �pð�1þbÞþgþ1
dt

t
< y: ð5Þ

For example, jðrÞ ¼ r½logð1þ rÞ��d satisfies (5), when dfpð�1þ bÞ þ gþ 1g > 1.

In the final section we discuss fine limits at infinity for locally p-precise functions, as

an extension of Kurokawa-Mizuta [4].

2. Riesz decomposition.

Let u A D
p; g. If 1e q < p and q < p=ð1þ gÞ, then Hölder’s inequality gives

ð

G

j‘uðxÞjq dxe

ð

G

x�gq=ðp�qÞ
n dx

� �1�q=p ð

G

j‘uðxÞjpxg
n dx

� �q=p

< y

for any bounded open set GHD. Hence we can find a locally q-precise extension u to

R
n such that uðx 0; xnÞ ¼ uðx 0; xnÞ for xn > 0 and uðx 0; xnÞ ¼ uðx 0;�xnÞ for xn < 0.

For fixed x A D, we take r > 0 such that B ¼ Bðx; rÞHD. Then, in view of [11,

Lemma 1], u A D
p; g is represented as

uðxÞ ¼ cn
X

n

i¼1

ð

B

xi � yi

jx� yjn
qu

qyi
ðyÞ dy

þ cn
X

n

i¼1

ð

R
n�B

xi � yi

jx� yjn
�

xi � yi

jx� yjn

� �

qu

qyi
ðyÞ dyþ A

¼ cn
X

n

i¼1

ð

D

xi � yi

jx� yjn
�

xi � yi

jx� yjn

� �

qu

qyi
ðyÞ dy

þ 2cn
X

n

i¼1

ð

D

xi � yi

jx� yjn
�

xi � yi

jx� yjn

� �

qu

qyi
ðyÞ dy

� cn
X

n

i¼1

ð

D�B

xi � yi

jx� yjn
�

xi � yi

jx� yjn

� �

qu

qyi
ðyÞ dy

þ cn
X

n

i¼1

ð

B

xi � yi

jx� yjn
qu

qyi
ðyÞ dyþ A

¼ u0ðxÞ þ hðxÞ ð6Þ

for almost every x A D, where u0 A D
p; g
0 , h A HD

p; g, A is a constant determined by u and

x A D.
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Lemma 1 (cf. [8, Theorem 1]). If u A D
p; g, then the vertical limit

lim
xn!0þ

uðx 0; xnÞ

exists for almost every x 0 A R
n�1; and moreover,

u0ðxÞ ¼ cn
X

n

i¼1

ð

D

xi � yi

jx� yjn
�

xi � yi

jx� yjn

� �

qu

qyi
ðyÞ dy A D

p; g
0 :

Lemma 2. If u A D
p; g
0 VHD

p; g, then u is equal to zero.

Proof. We first note that if 1e q < p and q < p=ð1þ gÞ, then we can find

a locally q-precise extension ~uu to R
n such that ~uuðx 0; xnÞ ¼ uðx 0; xnÞ for xn > 0 and

~uuðx 0; xnÞ ¼ �uðx 0;�xnÞ for xn < 0 as was remarked above. We shall show that D~uu ¼ 0

in the weak sense. For this purpose, let j A Cy

0 ðRnÞ. Since u is harmonic in D, we

note by Green’s formula that

ð

~uuðxÞDjðxÞ dx ¼ lim
e!0þ

fIðeÞ þ JðeÞg;

where

IðeÞ ¼ �

ð

R
n�1

uðx 0; eÞ
qj

qxn
ðx 0; eÞ þ

qj

qxn
ðx 0;�eÞ

� �

dx 0

and

JðeÞ ¼

ð

R
n�1

qu

qxn
ðx 0; eÞfjðx 0; eÞ � jðx 0;�eÞg dx 0

for e > 0. Here note that

lim inf
e!0þ

e

ð

fx 0 AR
n�1

:jx 0j<Rg

qu

qxn
ðx 0; eÞ

�

�

�

�

�

�

�

�

dx 0 ¼ 0

for R > 0. Since u A D
p; g
0 ,

ð

fx 0 AR
n�1

:jx 0j<Rg

juðx 0; eÞj dx 0 ¼

ð

fx 0 AR
n�1

:jx 0j<Rg

ð e

0

qu

qxn
ðx 0; tÞ dt

�

�

�

�

�

�

�

�

dx 0

e

ð

fx¼ðx 0;xnÞ:jx 0j<R;0<xn<eg

qu

qxn
ðxÞ

�

�

�

�

�

�

�

�

dx;

which implies that

lim
e!0þ

ð

fx 0 AR
n�1

:jx 0j<Rg

juðx 0; eÞj dx 0 ¼ 0:

Thus we have

lim
e!0þ

IðeÞ ¼ 0
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and

lim inf
e!0þ

JðeÞ ¼ 0;

from which it follows that ~uuðxÞ is harmonic in R
n in the weak sense. Since u A D

p; g, we

can apply [11, Lemma 2] to see that ~uuðxÞ is constant, so that u is equal to zero by the

assumption. r

In view of Lemma 2, we have the following result.

Theorem 2. The Riesz decomposition (2) is unique.

3. Proof of Theorem 1.

In view of Theorem 2, we see that u A D
p; g
0 is represented as

uðxÞ ¼ cn
X

n

i¼1

ð

D

xi � yi

jx� yjn
�

xi � yi

jx� yjn

� �

qu

qyi
ðyÞ dy

for almost every x A D.

We prepare the following result.

Lemma 3. There exists a positive constant M such that

xi � yi

jx� yjn
�

xi � yi

jx� yjn

�

�

�

�

�

�

�

�

eM
xn

jx� yjn�1jx� yj

for x ¼ ðx1; . . . ; xnÞ and y ¼ ðy1; . . . ; ynÞ in D.

Proof. First note that

jx� yj�n � jx� yj�n
e

nðjx� yj2 � jx� yj2Þ

jx� yjnjx� yjðjx� yj þ jx� yjÞ
e

4nxn yn

jx� yjnjx� yj2
:

In case i ¼ n, we have

xn � yn

jx� yjn
�

xn � yn

jx� yjn

�

�

�

�

�

�

�

�

¼ jðxn � ynÞðjx� yj�n � jx� yj�nÞ þ 2xnjx� yj�nj

e 4njx� yjxn ynjx� yj�njx� yj�2 þ 2xnjx� yj�n

e ð4nþ 2Þxnjx� yj1�njx� yj�1
:

In case 1e ie n� 1, we have

xi � yi

jx� yjn
�

xi � yi

jx� yjn

�

�

�

�

�

�

�

�

¼ jðxi � yiÞðjx� yj�n � jx� yj�nÞj

e 4njx� yjxn ynjx� yj�njx� yj�2

e 4nxnjx� yj1�njx� yj�1
:

Hence the required result follows. r
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Throughout this paper, let M denote various constants independent of the variables

in question.

In view of Lemma 3,

juðxÞjeMxn

ð

D

jx� yj1�njx� yj�1j‘uðyÞj dy

¼ Mxb
n

ð

D

kb; gðx; yÞfy
g=p
n j‘uðyÞjg dy ð7Þ

for almost every x A D.

Here we prepare the following lemma.

Lemma 4. For a nonnegative measurable function f A LpðDÞ, we set

UðxÞ ¼

ð

D

kb; gðx; yÞ f ðyÞ dy; x A D:

If p > 1, �1 < g < p� 1, ð1� bÞp� n < g and 0e be 1, then there exists a set E such

that E is ðkb; g; pÞ-thin at infinity and

lim
jxj!y;x AD�E

jxjðnþg�ð1�bÞpÞ=p
UðxÞ ¼ 0:

Proof. For fixed x A R
n, x0 0, we write

UðxÞ ¼

ð

G1

kb; gðx; yÞ f ðyÞ dyþ

ð

G2

kb; gðx; yÞ f ðyÞ dyþ

ð

G3

kb; gðx; yÞ f ðyÞ dy

¼ U1ðxÞ þU2ðxÞ þU3ðxÞ;

where

G1 ¼ fy A D : jyjf 2jxjg;

G2 ¼ fy A D : jyje jxj=2g;

G3 ¼ fy A D : jxj=2e jyje 2jxjg:

From Hölder’s inequality, we obtain

U1ðxÞ ¼

ð

G1

kb; gðx; yÞ f ðyÞ dy

eMx1�b
n

ð

G1

jyj�np 0

y�gp 0=p
n dy

� �1=p 0
ð

G1

f ðyÞp dy

� �1=p

eMx1�b
n jxj�ðnþgÞ=p

ð

G1

f ðyÞp dy

� �1=p

;

where 1=pþ 1=p 0 ¼ 1. Hence we have

lim
jxj!y

jxjðnþg�ð1�bÞpÞ=p
U1ðxÞ ¼ 0:
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For any r > 0, we set

f ¼ f wBð0; rÞ þ f wD�Bð0; rÞ ¼ f1 þ f2;

where wE denotes the characteristic function of a Borel set E A R
n. From Hölder’s

inequality, we have

U2ðxÞeMx1�b
n jxj�n

ð

G2

y�g=p
n f ðyÞ dy

eMx1�b
n jxj�n

ð

G2

y�g=p
n f1ðyÞ dyþMx1�b

n jxj�n

ð

G2

y�gp 0=p
n dy

� �1=p 0
ð

G2

f2ðyÞ
p
dy

� �1=p

eMx1�b
n jxj�n

ð

G2

y�g=p
n f1ðyÞ dyþMx1�b

n jxj�ðnþgÞ=p

ð

G2

f2ðyÞ
p
dy

� �1=p

eMx1�b
n jxj�n

ð

Bð0; rÞVD

y�g=p
n f ðyÞ dyþMx1�b

n jxj�ðnþgÞ=p

ð

D�Bð0; rÞ

f ðyÞp dy

 !1=p

;

so that

jxjðnþg�ð1�bÞpÞ=p
U2ðxÞeMjxjðnþgÞ=p�n

ð

Bð0; rÞVD

y�g=p
n f ðyÞ dyþM

ð

D�Bð0; rÞ

f ðyÞp dy

 !1=p

:

Hence we obtain

lim sup
jxj!y

jxjðnþg�ð1�bÞpÞ=p
U2ðxÞeM

ð

D�Bð0; rÞ

f ðyÞp dy

 !1=p

for every r > 0, which implies that the left hand side is equal to zero.

Since f A LpðDÞ, we can find a sequence faig of positive numbers such that

limi!y ai ¼ y and

X

y

i¼1

ai

ð

Di

f ðyÞp dy < y;

recall Di ¼ fy A D : 2 i�1 < jyj < 2 iþ2g. Consider the sets

Ei ¼ fx A D : 2 i e jxj < 2 iþ1;U3ðxÞf a
�1=p
i 2�iðnþg�ð1�bÞpÞ=pg

for i ¼ 1; 2; . . . : If x A Ei, then

a
�1=p
i e 2 iðnþg�ð1�bÞpÞ=pU3ðxÞ

e 2 iðnþg�ð1�bÞpÞ=p

ð

Di

kb; gðx; yÞ f ðyÞ dy;

so that it follows from the definition of Ckb; g;p that

Ckb; g;pðEi;DiÞe ai2
iðnþg�ð1�bÞpÞ

ð

Di

f ðyÞp dy:
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Define E ¼ 6y

i¼1
Ei. Then E VBð0; 2 iþ1Þ � Bð0; 2 iÞ ¼ Ei and

X

y

i¼1

2�iðnþg�ð1�bÞpÞCkb; g;pðEi;DiÞ < y:

Clearly,

lim
jxj!y;x AD�E

jxjðnþg�ð1�bÞpÞ=p
U3ðxÞ ¼ 0:

Thus the proof of the lemma is completed. r

Remark 1. The proof of Lemma 4 shows that

ð

D

ð1þ jyjÞ�n
y�g=p
n f ðyÞ dy < y;

which is equivalent to the condition that UðxÞDy. Hence, for x A D, UðxÞ ¼ y if

and only if

ð

Bðx; rÞ

kb; gðx; yÞ f ðyÞ dy ¼ y whenever 0 < r < xn:

We have the following result.

Lemma 5 (cf. [12]). For a set EHD, Ckb; g;pðE;DÞ ¼ 0 if and only if E is of ð1; pÞ-

capacity zero, which means that Ck1;pðE VBð0; rÞ;Bð0; 2rÞÞ ¼ 0 for every r > 0, where

k1ðx; yÞ ¼ jx� yj1�n.

Lemma 5 implies that inequality (7) holds for every x A D except that of a set of

Ckb; g;p-capacity zero. Now Theorem 1 follows from Lemma 4.

4. Proof of Proposition 1.

Let g be a nonnegative measurable function such that g ¼ 0 outside Di and

ð

D

kb; gðx; yÞgðyÞ dyf 1

for every x A Ei. Then we have by Fubini’s theorem

jEije

ð

Ei

ð

Biþ2

kb; gðx; yÞgðyÞ dy

� �

dx

¼

ð

Biþ2

gðyÞy�g=p
n

ð

Ei

x1�b
n jx� yj1�njx� yj�1

dx

� �

dy:

Take rf 0 such that jBð0; rÞj ¼ jEij, that is,

snr
n ¼ jEij

with sn denoting the volume of the unit ball. Here note that if y A D, then
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ð

Ei

x1�b
n jx� yj1�njx� yj�1

dxe

ð

Ei

jx� yj1�n�b
dx

e

ð

Bðy; rÞ

jx� yj1�n�b
dx

eMr1�b ¼ MjEij
ð1�bÞ=n:

Therefore we obtain by Hölder’s inequality

jEijeMjEij
ð1�bÞ=n

ð

Biþ2

gðyÞy�g=p
n dy

eMjEij
ð1�bÞ=n

ð

Biþ2

gðyÞp dy

� �1=p ð

Biþ2

y�gp 0=p
n dy

� �1=p 0

eMjEij
ð1�bÞ=n

ð

Biþ2

gðyÞp dy

� �1=p

2 ið�g=pþn=p 0Þ:

Hence it follows from the definition of Ckb; g;p that

jEij
ð1�ð1�bÞ=nÞp

eM2 iðnp�ðnþgÞÞCkb; g;pðEi;DiÞ;

which yields

X

y

i¼1

jEij

jBij

� �ð1�ð1�bÞ=nÞp

< y:

5. Proof of Proposition 2.

By the definition of Ckb; g;p, we obtain the next results.

Lemma 6 (cf. [10, Lemma 4]). For r > 0 and a Borel set E in D, let rE ¼

frx : x A Eg. Then

Ckb; g;pðrE; rGÞ ¼ rnþg�ð1�bÞpCkb; g;pðE;GÞ:

Lemma 7 (cf. [12, Lemma 2.2]). Let G;G1 and G2 be bounded open sets in D such

that GVDHG1 VG2. Then

Ckb; g;pðE;G1Þ@Ckb; g;pðE;G2Þ

whenever EHG, that is, there exist M1;M2 > 0 such that

M1Ckb; g;pðE;G1ÞeCkb; g;pðE;G2ÞeM2Ckb; g;pðE;G1Þ

whenever EHG.

For r > 0 and s > 0, set

Sðr; sÞ ¼ fx ¼ ðx 0; xnÞ A R
n�1 � R

1
: jx 0j < r; 0 < xn < sg:
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Lemma 8. Let ð1� bÞp� 1 < g < p� 1 and 0 < be 1. Then there exist

M1;M2 > 0 such that

M1s
pð�1þbÞþgþ1

eCkb; g;pðSð1; sÞ;Bð0; 2ÞVDÞeM2s
pð�1þbÞþgþ1

whenever 0 < se 1.

Proof. To prove the first inequality, let g be a nonnegative measurable function

such that g ¼ 0 outside Bð0; 2Þ and

ð

D

kb; gðz; yÞgðyÞ dyf 1

for every z A Sð1; sÞ. Then we have by Fubini’s theorem

ð

Sð1; sÞ

dze

ð

Sð1; sÞ

ð

D

kb; gðz; yÞgðyÞ dy

� �

dz

¼

ð

D

gðyÞy�g=p
n

ð

Sð1; sÞ

z1�b
n jz� yj1�njz� yj�1

dz

 !

dy:

For z ¼ ðz 0; znÞ and y ¼ ðy 0; ynÞ, set

a ¼ jzn � ynj and b ¼ jzn þ ynj:

Here note that

I 1

ð

Sð1; sÞ

z1�b
n jz� yj1�njz� yj�1

dz

eM

ð s

0

z1�b
n

ð

jz 0je1

ðjz 0 � y 0j þ jzn � ynjÞ
1�nðjz 0 � y 0j þ jzn þ ynjÞ

�1
dz 0

 !

dzn

¼ M

ð s

0

z1�b
n

ð3

0

ðrþ aÞ1�nðrþ bÞ�1
rn�2 dr

� �

dzn

eM

ð s

0

z1�b
n a1�nb�1

ð a

0

rn�2 drþ b�1

ð b

a

r�1 drþ

ð

y

b

r�2 dr

� �

dzn

eM

ð s

0

z1�b
n b�1 1þ log

b

a

� �

dzn

¼ My1�b
n

ð s=yn

0

t1�bð1þ tÞ�1
1þ log

1þ t

1� t

�

�

�

�

�

�

�

�

� �

dt:

If yn > 2s, then

I eMy1�b
n

ð s=yn

0

t1�b dt ¼ My1�b
n ðs=ynÞ

2�b ¼ My�1
n s2�b:

If yn < 2�1s, then

Y. Mizuta and T. Shimomura10



I eMy1�b
n

ð2

0

t1�b 1þ log
1þ t

1� t

�

�

�

�

�

�

�

�

� �

dtþMy1�b
n

ð s=yn

2

t�b dt

eMy1�b
n þMy1�b

n ðs=ynÞ
1�b logðs=ynÞ

eMs1�b logðs=ynÞ:

Since I eMy1�b
n when 2�1se yn e 2s, we have by Hölder’s inequality

ð

Sð1; sÞ

dzeMs2�b

ð

fy:s<yn<2g

gðyÞy�g=p�1
n dy

þMs1�b

ð

fy:0<yn<sg

gðyÞy�g=p
n logf1þ ðs=ynÞg dy

eMs2�b

ð

D

gðyÞp dy

� �1=p ð2

s

yð�g=p�1Þp 0

n dyn

� �1=p 0

þMs1�b

ð

D

gðyÞp dy

� �1=p ð s

0

y�gp 0=p
n ½logf1þ ðs=ynÞg�

p 0

dyn

� �1=p 0

eMs2�b�ðgþ1Þ=p

ð

D

gðyÞp dy

� �1=p

:

Taking the infimum over all such g, we arrive at the first inequality.

To prove the second inequality, take d such that

ðg=p� 1<Þ �1=p < d < g=p� ð1� bÞ: ð8Þ

Define

f ðyÞ ¼
yd
n ; if y ¼ ðy 0; ynÞ A Sð1; sÞ;

0; otherwise.

�

If x ¼ ðx 0; xnÞ A Sð1; sÞ, then

ð

Sð1; sÞ

kb; gðx; yÞ f ðyÞ dyfMx1�b
n

ð xn=2

0

ð1

0

ðrþ xnÞ
�n
rn�2 dr

� �

y�g=pþd
n dyn

fMx�b
n

ð xn=2

0

yd�g=p
n dyn

¼ Mx1�bþd�g=p
n fMs1�bþd�g=p

since g=p� 1 < d and 1� b þ d� g=p < 0 by (8). Hence it follows from the definition

of Ckb; g;p that

Ckb; g;pðSð1; sÞ;Bð0; 2ÞVDÞeMsð�1þb�dþg=pÞp

ð

D

f ðyÞp dy ¼ Mspð�1þbÞþgþ1;

which completes the proof. r

Minimally fine limits 11



For a nondecreasing function j on R
1 such that 0 < jð2tÞe jðtÞ for t > 0, we

set

Tj ¼ fx ¼ ðx 0; xnÞ : 0 < xn < jðjx 0jÞg;

Tj; i ¼ Tj VBiþ1 � Bi; Bi ¼ Bð0; 2 iÞVD:

Lemma 9. Let 0 < be 1 and pð1� bÞ � 1 < g < p� 1. Assume that j is as in

Proposition 2. Then there exist N1;N2 > 0 independent of i such that

N1
jð2 iÞ

2 i

� �pð�1þbÞþgþ1

e 2�iðnþg�ð1�bÞpÞCkb; g;pðTj; i;DiÞeN2
jð2 iÞ

2 i

� �pð�1þbÞþgþ1

:

Proof. Let xi ¼ ð2 i þ 2 i�2; 0; . . . ; 0Þ. Define

T 0
i ¼ fx ¼ ðx 0; xnÞ : jðx

0; 0Þ � xij < 2 i�2; 0 < xn < jð2 iÞg

and

T 00
i ¼ Sð2 iþ1; jð2 iþ1ÞÞVBiþ1 � Bi:

If jð2 iþ1Þ < 2 i�2, then T 0
i HTj; i HT 00

i . On the other hand we have by Lemmas 6

and 7

Ckb; g;pðT
0
i ;DiÞ@ 2ði�2Þðnþg�ð1�bÞpÞCkb; g;pðSð1; jð2

iÞ=2 i�2Þ;B1Þ

and

Ckb; g;pðT
00
i ;DiÞ@ 2ðiþ1Þðnþg�ð1�bÞpÞCkb; g;pðSð1; jð2

iþ1Þ=2 iþ1Þ;B1Þ:

Thus, in view of (4), Lemma 8 gives Lemma 9 readily. r

By using Lemma 9 we can prove Proposition 2.

6. Fine limits of p-precise functions.

In this section we are concerned with fine limits at infinity for functions in D
p; g.

For this purpose, consider the kernel function

kgðx; yÞ ¼ jx� yj1�njynj
�g=p

and the capacity

Ckg;pðE;GÞ ¼ inf

ð

D

gðyÞp dy;

where E is a subset of an open set G in R
n and the infimum is taken over all non-

negative measurable functions g such that g ¼ 0 outside G and

ð

kgðx; yÞgðyÞ dyf 1 for all x A E:

We say that EHD is ðkg; pÞ-thin at infinity if

Y. Mizuta and T. Shimomura12



Xy
i¼1

2�iðnþg�pÞCkg;pðEi;RiÞ < y; ð9Þ

where Ei ¼ fx A E : 2 i e jxj < 2 iþ1g and Ri ¼ fx A R
n
: 2 i�1 < jxj < 2 iþ2g.

Theorem 3. Let p > 1, �1 < g < p� 1 and nþ g� p > 0. If u A D
p; g, then there

exist a set EHD and a number A such that E is ðkg; pÞ-thin at infinity and

lim
jxj!y;x AD�E

jxjðnþg�pÞ=pfuðxÞ � Ag ¼ 0: ð10Þ

Remark 2. If nþ g� p ¼ 0, then (10) is replaced by

lim
jxj!y;x AD�E

ðlogjxjÞ�1=p 0

fuðxÞ � Ag ¼ 0:

Theorem 4. Let p > 1, �1 < g < p� 1 and nþ g� p > 0. If h A HD
p; g, then

lim
jxj!y;x AD

xðnþg�pÞ=p
n fhðxÞ � Ag ¼ 0

for some number A.

For proofs of these results, we first note that u A D
p; g is represented as

uðxÞ ¼ cn
Xn

i¼1

ð
xi � yi

jx� yjn
qu

qyi
ðyÞ dyþ A

for every x A D� E 0, where A is a constant and Ckg;pðE
0
;DÞ ¼ 0. As in the proof of

Theorem 1, we write for x A D

uðxÞ � A ¼ cn
Xn

i¼1

ð
G1

xi � yi

jx� yjn
qu

qyi
ðyÞ dyþ cn

Xn

i¼1

ð
G2

xi � yi

jx� yjn
qu

qyi
ðyÞ dy

þ cn
Xn

i¼1

ð
G3

xi � yi

jx� yjn
qu

qyi
ðyÞ dy

¼ u1ðxÞ þ u2ðxÞ þ u3ðxÞ;

where G1 ¼ fy A R
n
: jyjf 2jxjg, G2 ¼ fy A R

n
: jyje jxj=2g and G3 ¼ fy A R

n
: jxj=2

e jyje 2jxjg. We can prove as in the proof of Theorem 1 that

lim
jxj!y;x AD

jxjðnþg�pÞ=pfu1ðxÞ þ u2ðxÞg ¼ 0

and

lim
jxj!y;x AD�E 00

jxjðnþg�pÞ=p
u3ðxÞ ¼ 0

with a set E 00
HD satisfying (9). Thus Theorem 3 is derived.

Next suppose u A HD
p; g. To prove Theorem 4, we note that

Xn

i¼1

ð
Bðx;xn=2Þ

xi � yi

jx� yjn
qu

qyi
ðyÞ dy ¼ 0

Minimally fine limits 13



for x A D, because u is harmonic in D. Hence we obtain by Hölder’s inequality

ju3ðxÞjeM

ð

G3

ðxn þ jx� yjÞ1�nj‘uðyÞj dy

eMxðp�n�gÞ=p
n

ð

G3

j‘uðyÞjpyg
n dy

� �1=p

;

which yields

lim
jxj!y;x AD

xðnþg�pÞ=p
n u3ðxÞ ¼ 0:

Now Theorem 4 is proved.

Remark 3. Let p > 1, �1 < g < p� 1 and nþ g� p > 0. Then we can find a

function h A HD
p; g such that

lim sup
jxj!y;x AD

jxjðnþg�pÞ=p
hðxÞ ¼ y ð11Þ

and

lim
jxj!y;x AD

xðnþg�pÞ=p
n hðxÞ ¼ 0: ð12Þ

Let ej ¼ ð2 j; 0; . . . ; 0Þ and consider

f ðyÞ ¼
X

y

j¼1

2�jðnþgÞ=pjy� ejj
�e
wBðej ;2 j�2Þ�DðyÞ;

where 1 < e < ðnþ gÞ=p and wE denotes the characteristic function of E. Then

ð

f ðyÞpjynj
g
dy ¼ M

X

j

2�jðnþgÞ2�jðep�n�gÞ < y:

Now define

hðxÞ ¼

ð

R
n�D

xn � yn

jx� yjn
f ðyÞ dy:

Note that h A D
p; g (cf. [8, Lemma 6]) and h is harmonic in D. We see that (12) holds

by the proofs of Theorems 3 and 4. Moreover,

lim inf
x!ej

hðxÞf

ð

R
n�D

ðejÞn � yn

jej � yjn
f ðyÞ dy ¼ y

for each j, which proves (11). Thus h has all the required conditions.
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