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Abstract. In this paper we study the Cauchy problem to the linear damped wave

equation utt � Duþ 2aut ¼ 0 in ð0;yÞ � R
n ðnb 2Þ. It has been asserted that the above

equation has the di¤usive structure as t ! y. We give the precise interpolation of the

di¤usive structure, which is shown by L p-Lq estimates. We apply the above L p-Lq

estimates to the Cauchy problem for the semilinear damped wave equation utt � Duþ

2aut ¼ jujsu in ð0;yÞ � R
n ð2a na 5Þ. If the power s is larger than the critical

exponent 2=n (Fujita critical exponent) and it satisfies sa 2=ðn� 2Þ when nb 3, then the

time global existence of small solution is proved, and the decay estimates of several norms

of the solution are derived.

1. Introduction.

Consider the Cauchy problem for the damped wave equation

q2t u� Duþ 2aqtu ¼ 0; uð0; xÞ ¼ j0ðxÞ; qtuð0; xÞ ¼ j1ðxÞ ð1:1Þ

for ðt; xÞ A ð0;yÞ � R
n, where a is a positive constant and D is the Laplace operator in

R
n. Here and after we denote qt ¼ ðq=qtÞ, qa

x ¼ ðq=qx1Þ
a1 � . . . � ðq=qxnÞ

an for a multi-

index of non-negative integers a ¼ ða1; . . . ; anÞ and jaj ¼ a1 þ � � � þ an.

It has been indicated by several authors (Li [15], Bellout and Friedman [1]) that the

damped wave equation has the di¤usive structures as t ! y.

Recently, Nishihara [24] has shown the L p-Lq estimates of the di¤erence between

the solution of (1.1) and the solution of the Cauchy problem to the corresponding heat

equation

qtf�
1

2a
Df ¼ 0; fð0; xÞ ¼

1

2a
ð2aj0ðxÞ þ j1ðxÞÞ; ðt; xÞ A ð0;yÞ � R

n ð1:2Þ

for 1a qa pay, when n ¼ 3. In the case where n ¼ 1, Marcati and Nishihara [17]

have obtained the same kind of estimates. The problem (1.1) with n ¼ 1 is related to

the asymptotic behavior of solutions to the system of the compressible flow through

porous media (see Hsiao and Liu [9] and Nishihara [22], [23]).

To obtain the results, they ([17] and [24]) have used the explicit formula of solutions

for the damped wave equation (1.1). Because the explicit formula is rather complicated,

it seems that their method does not work well when n0 1; 3. In this paper we apply

Fourier analysis to avoid the above di‰culties.
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The first aim in this paper is to give the precise interpretation of the di¤usive

structure of the problem (1.1), which is shown by the L p-Lq estimates. We estimate

separately the low frequency part and high frequency part of the solution to (1.1). To

obtain the results, we use the method developed by Marshall, Strauss and Wainger [18],

Levandosky [14] and Narazaki [21]. The second aim is to apply Theorems 1.1 and 1.2

to Cauchy problem for the damped wave equation with power nonlinear term.

We use standard function spaces W m;p ðL p ¼ W 0;pÞ and H s
p equipped with the

norms

k f kW m; p ¼
Xm
k¼0

kDkf kp; k f kH s
p
1 k f ks;p 1 kF�1ðð1þ jxj2Þs=2f̂f Þkp;

respectively, where k f kp denotes the usual L p-norm, kDkf kp ¼
P

jaj¼k kq
a
x f kp, Ff ¼ f̂f

denotes the Fourier transformation of f with respect to x:

Ff ðxÞ1 f̂f ðxÞ1 ð2pÞ�n=2

ð
e�ix�xf ðxÞ dx

and F
�1 denotes the inverse Fourier transformation:

F
�1 f̂f ðxÞ ¼ ð2pÞ�n=2

ð
e ix�x f̂f ðxÞ dx:

A function f A L1
locðR

nÞ will be said to belong to BMO if and only if

k f kBMO 1 sup
Q

ð
Q

j f ðxÞ � fQj dx < y;

where supremum is taken over all balls in R
n, jQj denotes the volume of the ball Q, and

fQ 1

1

jQj

ð
Q

f ðxÞ dx:

k f kBMO is called BMO-norm of f , and it becomes a norm after dividing out the con-

stant functions (see e.g. [2], [3]).

Our first aim is represented in the following theorems.

Theorem 1.1. Let nb 2. Let jb 0 and kb 0 be integers and 1a qa pay.

Let wðxÞ be a compact supported radial function of class Cy, and w ¼ 1 in a neighborhood

of 0. Assume that ji A Lq for i ¼ 0; 1. Then the solution u to (1.1) in the sense of

distributions satisfies the following L p-Lq estimate for any e > 0,

kq j
t ð�DÞkF�1fwðxÞðûuðt; xÞ � f̂fðt; xÞÞgkp

aCðe; p; q; j; kÞð1þ tÞ�ðn=2Þ�ð1=q�1=pÞ�j�k�1þeðkj0kq þ kj1kqÞ ð1:3Þ

for some positive constant Cðe; p; q; j; kÞ, where f is the solution to the Cauchy problem

for the corresponding parabolic equation (1.2). Moreover, in the case where 1 < q <

p < y, p ¼ q ¼ 2 or p ¼ y, q ¼ 1, we may take e ¼ 0 in the estimate (1.3).
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Theorem 1.2. Let nb 2. Let 1 < qa p < y. Let wðxÞ be a compact supported

radial function of class Cy, and w ¼ 1 in a neighborhood of 0. Assume that ji A Lq for

i ¼ 0; 1. Then the solution u to (1.1) in the sense of distributions satisfies the following

L p-Lq estimate

kF�1fð1� wð�ÞÞðûuðt; �Þ � e�atðM0ðt; �Þĵj0ð�Þ þM1ðt; �Þĵj1ð�ÞÞÞgkp

aCðp; qÞe�dtðkj0kq þ kj1kqÞ ð1:4Þ

for some constants d > 0 and Cðp; qÞ > 0, where

M1ðt; xÞ ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q

0

@sin tjxj
X

0ak<ðn�1Þ=4

ð�1Þk

ð2kÞ!
t2kYðxÞ2k

� cos tjxj
X

0ak<ðn�3Þ=4

ð�1Þk

ð2k þ 1Þ!
t2kþ1YðxÞ2kþ1

1

A;

M0ðt; xÞ ¼ cos tjxj
X

0ak<ðnþ1Þ=4

ð�1Þk

ð2kÞ!
t2kYðxÞ2k

þ sin tjxj
X

0ak<ðn�1Þ=4

ð�1Þk

ð2k þ 1Þ!
t2kþ1YðxÞ2kþ1 þ aM1ðt; xÞ;

and YðxÞ1 jxj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q

.

It is well-known that the solution f to (1.2) satisfies

kq j
tD

kfðt; �ÞkpaCt�ðn=2Þ�ð1=q�1=pÞ�j�k=2k2aj0 þ j1kq ð1:5Þ

for 1a qa pay and non-negative integers j and k (see e.g. Ponce [25]). The esti-

mate (1.5) implies that

kq j
tD

kfðt; �ÞkpaCðbÞð1þ tÞ�ðn=2Þ�ð1=q�1=pÞ�j�k=2k2aj0 þ j1kq ð1:6Þ

for 1a qa pay and non-negative integers j and k, provided that suppð2aĵj0 þ ĵj1ÞH

fx : jxja bg for some constant b > 0. Here and after c; ck;C;Ck etc. denote generic

constants.

Theorems 1.1–1.2 imply the properties of the damped wave equation, which are

summarized as follows.

(i) Let u be a solution of (1.1), let f be a solution of (1.2) and let v be the

solution of the following wave equation

q2t v� Dv ¼ 0; vð0; xÞ ¼ j0ðxÞ; qtvð0; xÞ ¼ j1ðxÞ; ðt; xÞ A ð0;yÞ � R
n:

Then,

ûuðt; xÞn
f̂fðt; xÞ for small jxj;

e�atv̂vðt; xÞ for large jxj:

(
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(ii) If the initial data are su‰ciently smooth, then the damped wave equation may

have the same properties as those to the heat equation.

(iii) If initial data have singularity, it propagates along the light cone, which is the

wave property, though its strength decays exponentially.

When n ¼ 3, Theorem 1.2, Proposition 4.4 (below) and the theory of Fourier

multiplier (see [2], e.g.) imply that the estimate

kF�1fð1� wÞðûuðt; �Þ � e�atŵwðt; �ÞÞgkpaCe�dtðkj0kq þ kj1kqÞ ð1:7Þ

holds for tb 0, under the assumptions in Theorem 1.2, where

ŵwðt; xÞ ¼ aþ a2

2
t

� �

sin tjxj
jxj þ cos tjxj

� �

ĵj0ðxÞ þ
sin tjxj
jxj ĵj1ðxÞ;

for ðt; xÞ A ð0;yÞ � R
3. Theorem 1.1 and the estimates (1.5) and (1.7) show

kuðt; �Þ � fðt; �Þ � e�atwðt; �ÞkpaCðe; p; qÞt�3=2ð1=q�1=pÞ�1þeðkj0kq þ kj1kqÞ ð1:8Þ

for t > 0 with 1 < qa p < y and n ¼ 3, under the notations in Theorems 1.1–1.2.

Moreover, in the estimate (1.8), we may set e ¼ 0 when 1 < q < p < y or p ¼ q ¼ 2.

Because Hörmander’s multiplier theorem on L p holds only when 1 < p < y (see [8] and

[2]), it seems di‰cult to prove the estimate (1.8) when q ¼ 1 or p ¼ y.

Nishihara [24] has shown the estimate (1.8) for tb 1 with 1a qa pay and e ¼ 0.

But Theorems 1.1 and 1.2 hold for any nb 2, and it seems that these theorems represent

the di¤usive structure of damped wave equation (1.1) precisely.

Recently Ikehata and Nishihara [11] have studied the problem (1.1) in abstract

framework, and they have shown the estimate

kuðt; �Þ � fðt; �Þk2aCð1þ tÞ�1ðlogð2þ tÞÞð1þeÞ=2ðkð1� DÞj0k2 þ k
ffiffiffiffiffiffiffiffiffiffiffiffi

1� D
p

j1k2Þ

for any e > 0. But the estimates in Theorems 1.1 and 1.2 are sharper than theirs.

Remark 1.1. Let u be a solution of (1.1). Then, ûuðt; xÞ satisfies

ûuðt; xÞ ¼ e�at cos t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q

ĵj0ðxÞ þ
sin t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q ðaĵj0 þ ĵj1Þ

0

B

@

1

C

A
: ð1:9Þ

Assume that a function cð�Þ A Cy

0 ðRnÞ satisfies supp cH fx; jxjb bg for some constant

b > 0. Then the inequality

kq j
t ð�DÞkF�1ðcð�Þûuðt; �ÞÞkpaCe�dtðkj0kq þ kj1kqÞ

holds for 1a qa pay and for integers jb 0 and kb 0, where d > 0 depends only

on c.

Our second aim is to apply Theorems 1.1 and 1.2 to the Cauchy problem for the

damped semilinear wave equation

q2t u� Duþ 2aqtu ¼ f ðuÞ; uð0; xÞ ¼ j0ðxÞ; qtuð0; xÞ ¼ j1ðxÞ; ð1:10Þ

for ðt; xÞ A ð0;yÞ � R
n, when 2a na 5. The typical examples of nonlinear terms f ðuÞ

are jujsu and juj1þs. We study the time global existence of small solution to (1.10).

Our interest is focused on the critical exponent scðnÞ ¼ 2=n.
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For the Cauchy problem of the corresponding heat equation

qtf�
1

2a
Df ¼ jfjsf; fð0; xÞ ¼

2aj0ðxÞ þ j1ðxÞ

2a
; ðt; xÞ A ð0;yÞ � R

n; ð1:11Þ

the critical exponent is s ¼ 2=n. In fact, if 0 < sa 2=n, then the solution blows up in a

finite time (Fujita [4], Hayakawa [7]) for certain small initial data, and if s > 2=n, then

time global solution exists when the initial data is small.

Matsumura [19] has shown the time global existence and the time decay estimate

of the solution of the problem (1.10), provided that initial data is compact supported,

su‰ciently smooth and small, and the nonlinear term f ðuÞ is smooth and it satisfies

d

du

� �k

f ðuÞ

�

�

�

�

�

�

�

�

�

�

aCjujmaxðp�k;0Þ ð0a kaNÞ;

where p > 1þ 2=n, pb 2 and N is a large integer. Many authors have studied the

problem (1.10) ([5], [6], [12], [13], [16], [20]). Our methods are related ones in [13].

Gallay and Raugel [5], [6] have studied the large time behavior of solutions to the

nonlinear damped wave equation introducing scaling variables.

Recently, Todorova and Yordanov [30] have studied the Cauchy problem for

following damped wave equation

q2t u� Duþ 2aqtu ¼ juj1þs; uð0; xÞ ¼ j0ðxÞ; qtuð0; xÞ ¼ j1ðxÞ; ð1:12Þ

for ðt; xÞ A ð0;yÞ � R
n, and they have shown that the critical exponent is scðnÞ ¼ 2=n

for compactly supported initial data. More precisely, if scðnÞ < sa 2=ðn� 2Þ, they

have proved that the problem (1.12) admits a unique time-global solution when the

compactly supported initial data ðj0; j1Þ are small in H 1
2 � L2. If 0 < s < scðnÞ, they

have shown that the solutions of (1.12) do not exist globally for certain initial data,

however small initial data are. Zhang [31] have studied the critical case s ¼ scðnÞ and

he have shown the non-existence of time global solution to (1.12) for certain small initial

data.

Ikehata, Miyaoka and Nakatake [10] have shown the global existence of the weak

solution to (1.10) and its decay order when 2 < 1þ s < n=ðn� 2Þ ðn ¼ 1; 2; 3Þ. Also

they conjecture the global existence of the solution when 2b 1þ s > 1þ 2=n ðn ¼ 3Þ.

In fact, our second goal is to give a positive answer to their conjecture in the case where

2a na 5 without any assumptions on the support of initial data, under the following

hypothesis.

Hypothesis H. Nonlinear term f ðuÞ is a function of class C1 and it satisfies

j f ðuÞjaAjuj1þs, j f 0ðuÞjaAjujs for u; v A R, where A and s are positive constants.

Moreover it satisfies j f 0ðuÞ � f 0ðvÞjaAju� vjs, if s < 1.

Our second aim is represented in the following theorems.

Theorem 1.3. Assume that Hypothesis H holds. Let 4a na 5, 2=n < sa

2=ðn� 2Þ, s < 1 and

ðj0; j1Þ A Z1 1 ðH 2
2 VH 1

1þ1=s VH 1
1þs VL1Þ � ðH 1

2 VL1þ1=s
VL1þs

VL1Þ:
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If kj0; j1kZ1
is su‰ciently small, then the solution u to (1.10) uniquely exists in

Cð½0;yÞ;H 2
2 VL1þ1=s

VL1þsÞVC1ð½0;yÞ;H 1
2 ÞVC2ð½0;yÞ;L2Þ;

and it satisfies the following estimates for tb 0:

kuðt; �ÞkpaCð1þ tÞ�ðn=2Þ�ð1�1=pÞkj0; j1kZ1
for 1þ sa pa 1þ 1=s;

kq j
tD

kuðt; �Þk2aCð1þ tÞ�n=4�j�k=2kj0; j1kZ1
for j þ ka 2; ja 1; and

kq2t uðt; �Þk2aCð1þ tÞ�n=4�ns=2kj0; j1kZ1
:

Theorem 1.4. Assume that Hypothesis H holds. Let n ¼ 3, 2=3 < s < 1 and

ðj0; j1Þ A Z2 1 ðH 1
1þ1=s VH 1

1þs VL1Þ � ðL1þ1=s
VL1þs

VL1Þ:

Then, if kj0; j1kZ2
is su‰ciently small, the solution u to (1.10) uniquely exists in

Cð½0;yÞ;H 1
2 VL1þ1=s

VL1þsÞVC1ð½0;yÞ;L2Þ;

and it satisfies the following estimates:

kuðtÞkpaCð1þ tÞ�ð3=2Þ�ð1�1=pÞkj0; j1kZ2
for 1þ sa pa 1þ 1=s; and

kq j
tD

kuðt; �Þk2aCð1þ tÞ�3=4�j�k=2kj0; j1kZ2
for j þ ka 1:

Theorem 1.5. Assume that Hypothesis H holds. Let 2a na 4, 2=n < s, 1a s

and sa 2=ðn� 2Þ when nb 3. Let ðj0; j1Þ A Z3 1 ðH 1
2 VL1Þ � ðL2 VL1Þ. Then, if

kj0; j1kZ3
is su‰ciently small, the solution u to (1.10) uniquely exists in Cð½0;yÞ;H 1

2 ÞV

C 1ð½0;yÞ;L2Þ, and it satisfies the following estimates:

kq j
tD

kuðtÞk2aCð1þ tÞ�n=4�j�k=2kj0; j1kZ3
for j þ ka 1: ð1:13Þ

Remark 1.2. Nishihara [24] has shown the global existence of the small data

solution to (1.10) for initial data ðj0; j1Þ A ðW 1;1 VW 1;yÞ � ðL1 VLyÞ when n ¼ 3, and

he has shown the estimates in Theorem 1.4 with 1a pay.

Remark 1.3. The decay estimates in Theorems 1.3–1.5 imply the following energy

estimate

jEðtÞj1
1

2
ðkqtuðt; �Þk

2
2 þ kDuðt; �Þk22Þ �

ð

R
n

F ðuðt; �ÞÞ dx

�

�

�

�

�

�

�

�

aCð1þ tÞ�n=2�1kj0; j1kZi
ð1:14Þ

for i ¼ 1; 2; 3, where F 0ðsÞ ¼ f ðsÞ and F ð0Þ ¼ 0. Kawashima, Nakao and Ono [13]

have treated the Cauchy problem (1.10) in R
n ðnb 1Þ with jujsu replaced by �jujsu

and they have obtained the decay estimate (1.14) in the framework of higher power s.

Ikehata, Miyaoka and Nakatake [10] have treated the problem (1.10) with f ðuÞ ¼ jujsu

under the assumptions in Theorem 1.5. They have obtained the decay estimate (1.14),

and they have shown the following decay estimate kuðtÞk2aCð1þ tÞ�n=4kj0; j1kZ1
.

But they have not obtained a sharp decay estimate of kqtuðtÞk2. See (1.13).
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2. Preliminaries.

In this section we state the preliminary results necessary for the proofs. JmðsÞ is the

Bessel function of order m. We shall denote ~JJmðsÞ ¼ JmðsÞ=s
m. Here and after we denote

gðsÞ ¼ OðjsjsÞ when jgðsÞjaCjsjs for a constant s.

Lemma 2.1 (see e.g. [14]). Assume that m is not a negative integer. Then, the

following equalities hold.

(1) s ~JJ 0
mðsÞ ¼

~JJm�1ðsÞ � 2m ~JJmðsÞ.

(2) ~JJ 0
mðsÞ ¼ �s ~JJmþ1ðsÞ.

(3) ~JJ�1=2ðsÞ ¼

ffiffiffi

p

2

r

cos s.

(4) If Re m is fixed, then j ~JJmðsÞjaCepjIm mj, ðjsja 1Þ,

JmðsÞ ¼ Cs�1=2 cos s�
m

2
p�

p

4

� �

þOðe2pjIm mjjsj�3=2Þ; ðjsjb 1Þ:

(5) r2r ~JJmþ1ðrrÞ ¼ �
q

qr
~JJmðrrÞ.

It is well-known that

Lemma 2.2 (see e.g. [27]). Assume that f̂f ðxÞ A L p ð1a pa 2Þ is a radial function.

Then the equality f ðxÞ ¼
Ð

y

0 gðrÞrn�1 ~JJn=2�1ðjxjrÞ dr holds, where gðjxjÞ ¼ f̂f ðxÞ.

Lemma 2.3. Let 1a qa pay satisfy 1� 1=r ¼ 1=q� 1=p, then the inequality

k f � gkpaCk f kqkgkr holds for any f A Lq and g A L r (see e.g. [27]).

Lemma 2.4 (Hardy-Littlewood-Sobolev). Let 1 < q < p < y satisfy 1� 1=r ¼

1=q� 1=p. Assume that jgðxÞjaAjxj�n=r, where A is a constant. Then the inequality

k f � gkpaCðp; qÞAk f kq holds for any f A L p (see e.g. [26]).

Lemma 2.5. Assume that p0 0 p1, q0 0 q1 and that an operator T is bounded from

L p0 to Lq0 with norm M0, and that the operator T is bounded from L p1 to Lq1 with norm

M1. Then, the operator T is bounded from L pðyÞ to LqðyÞ with norm MaM 1�y
0 M y

1 ,

provided that 0 < y < 1 and

1

pðyÞ
¼

1� y

p0
þ

y

p1
;

1

qðyÞ
¼

1� y

q0
þ

y

q1

(see e.g. [27]).

Lemma 2.6. Let S ¼ fz ¼ xþ iy; 0 < x < 1; y A Rg be a strip and let Tz be an

analytic family of linear operators satisfying

kTiyhkp0aA0N0ðyÞkhkq0 ; kT1þiyhkp1aA1N1ðyÞkhkq1 ; N0ð0Þ ¼ N1ð0Þ ¼ 1

where 1a pj; qjay for j ¼ 0; 1 and sup�y<y<y e�bjyj logNjðyÞ < y for some b < p.

Then, if 0 < y < 1, there is a constant Cðy; bÞ so that kTyhkpðyÞaCðy; bÞA1�y
0 Ay

1khkqðyÞ
for

1

pðyÞ
¼

1� y

p0
þ

y

p1
;

1

qðyÞ
¼

1� y

q0
þ

y

q1
:

Furthermore we may replace p1 ¼ y with BMO, provided that p0 0 1 (see [27] and [28]).
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Lemma 2.7 (Gagliardo-Nirenberg). Let 1a r < pay, 1a qa p and mb 0

satisfy 1=p ¼ yð1=q�m=nÞ þ ð1� yÞ=r, then the inequality

kvkpaCkDmvkyqkvk
ð1�yÞ
r for v A Hm

q VLr

holds with some C > 0, provided that 0 < ya 1 (0 < y < 1 if 1 < q < y and m� n=q is a

non-negative integer).

3. Proof of Theorem 1.1.

Choose and fix a radial function 0a w1ðxÞa 1 of class Cy satisfying

w1ðxÞ ¼ 1 ðjxja a=2Þ; w1ðxÞ ¼ 0 ðjxjb 2a=3Þ:

Occasionally, we write w1ðxÞ ¼ w1ðjxjÞ. Remark 1.1 shows that Theorem 1.1 is a direct

consequence of the next theorem.

Theorem 3.1. Let n1b 0 and n2b 0 be integers and let 1a qa pay. Let u be

the solution of (1.1) and let f be the solution of (1.2). Assume that j0 A Lq, j1 A Lq.

Then, for any 0 < e, there exits a constant Cðe; p; q; n1; n2Þ satisfying

kqn1
t ð�DÞn2F�1fw1ðxÞðûuðt; xÞ � f̂fðt; xÞÞgkp

aCðe; p; q; n1; n2Þð1þ tÞ�ðn=2Þ�ð1=q�1=pÞ�n1�n2�1þeðkj0kq þ kj1kqÞ: ð3:1Þ

Moreover, when 1 < q < p < y, p ¼ y, q ¼ 1 or p ¼ q ¼ 2, we may take e ¼ 0 in the

estimate (3.1).

The solution u to (1.1) satisfies that

w1ðxÞûuðt; xÞ ¼ w1ðxÞ

8

>

<

>

:

exp �
jxj2t

2a

 !

2aĵj0ðxÞ þ ĵj1ðxÞ

2a
þ
1

2
gðt; jxjÞ ĵj0ðxÞ þ

aĵj0ðxÞ þ ĵj1ðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

0

B

@

1

C

A

þ exp �
jxj2t

2a

 !

jxj2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

ðaþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

Þ

aĵj0ðxÞ þ ĵj1ðxÞ

2a

þ
1

2
expð�at� t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

Þ ĵj0ðxÞ �
aĵj0ðxÞ þ ĵj1ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

0

B

@

1

C

A

9

>

=

>

;

1 w1ðxÞf̂fðt; xÞ þ V̂V1ðt; xÞ þ V̂V2ðt; xÞ þ V̂V3ðt; xÞ; ð3:2Þ

where

gðt; rÞ1 expð�atþ t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � r2
p

Þ � exp �
r2t

2a

� �

: ð3:3Þ

We begin with the estimates of kqn1
t ð�DÞn2V2ðt; �Þkp and kqn1

t ð�DÞn2V3ðt; �Þkp.
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Lemma 3.1. Let n1b 0 and n2b 0 be integers. For 1a qa pay, the estimate

kqn1
t ð�DÞn2V2ðt; �Þkp þ kqn1

t ð�DÞn2V3ðt; �Þkp

aCð1þ tÞ�ðn=2Þ�ð1=q�1=pÞ�n1�n2�1ðkj0kq þ kj1kqÞ:

holds.

Proof. We begin with the estimate of kqn1
t ð�DÞn2V2ðt; �Þkp. We define the func-

tions c2ðxÞ and f2ðt; xÞ by

ĉc2ðxÞ ¼
1

2p

� �n=2
w1ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

ðaþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

Þ
A SðRnÞ;

f̂f2ðt; xÞ ¼
w1ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

ðaþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

Þ
exp �

jxj2t

2a

 !

aĵj0ðxÞ þ ĵj1ðxÞ

2a

� �

;

respectively. Since f2ðt; xÞ is the smooth solution to the following problem

qtf2 �
1

2a
Df2 ¼ 0; f2ð0; �Þ ¼ c2 �

aj0 þ j1
2a

� �

A Wy;q;

(1.6) shows that

kqn1
t ð�DÞn2V2ðt; �Þkp ¼ kqn1

t ð�DÞn2þ1
f2ðt; �Þkp

aCð1þ tÞ�ðn=2Þ�ð1=q�1=pÞ�n1�n2�1kf2ð0; �Þkq

aCð1þ tÞ�ðn=2Þ�ð1=q�1=pÞ�n1�n2�1ðkj0kq þ kj1kqÞ:

We have obtained the desired estimate of kV2ðt; �Þkp.

Now we estimate kqn1
t ð�DÞn2V3ðt; �Þkp. Choose and fix a radial function w11 of class

Cy satisfying;

w1ðxÞw11ðxÞ ¼ w1ðxÞ; supp w11 H fx; jxja 3a=4g:

Then easy calculations show that

V3ðt; xÞ ¼ e�at
F

�1 w1ðxÞ expð�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

Þ
1

2
ĵj0ðxÞ � w11ðxÞ

aĵj0ðxÞ þ ĵj1ðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

0

B

@

1

C

A

8

>

<

>

:

9

>

=

>

;

:

Let 1� 1=r ¼ 1=q� 1=p. Easy calculations show that

kF�1fw1ðxÞjxj
2n2qk

t expð�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

ÞgkL r

a kF�1fw1ðxÞjxj
2n2qk

t expð�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

ÞgkL1VLy

a

X

n

j¼1

kxnþ1
j F

�1fw1ðxÞjxj
2n2qk

t expð�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

ÞgkLy

þ kF�1fw1ðxÞjxj
2n2qk

t expð�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

ÞgkLyaCð1þ tÞnþ1

for 0a ka n1. Hence Lemma 2.3 shows that
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kF�1fw1ðxÞjxj
2n2qk

t expð�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

ÞĥhgkpaCð1þ tÞnþ1khkq ð3:4Þ

for 1a qa pay. Similar calculations as (3.4) show that the operator B defined by

Bh ¼ F
�1 w11ðxÞĥh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

0

B

@

1

C

A

is bounded from Lq to L p for 1a qa pay. Therefore, we see that

kqn1
t ð�DÞn2V3ðt; �Þkp

aCe�at
X

n1

k¼0

kF�1fw1ðxÞjxj
2n2qk

t expð�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

Þðĵj0ðxÞ �FðBðaj0 þ j1ÞÞÞgkp

aCe�atð1þ tÞnþ1ðkj0kq þ kj1kqÞaCð1þ tÞ�ðn=2Þ�ð1=q�1=pÞ�n1�n2�1ðkj0kq þ kj1kqÞ:

Thus we have obtained the desired estimate of kqn1
t ð�DÞn2V3ðt; �Þkp. r

For the estimate of kð�DÞn2V1ðt; �Þkp we introduce a function Iðt; xÞ1

F
�1ðw1ðxÞgðt; jxjÞÞ.

Then we see that

ð�DÞn2V1ðt; xÞ ¼
1

2ð2pÞn=2
ðð�DÞn2Iðt; �ÞÞ � ðj0 þ Bðaj0 þ j1ÞÞ: ð3:5Þ

Lemma 2.2 shows that

ð�DÞn2Iðt; xÞ ¼

ð

y

0

w1ðrÞgðt; rÞr
n�1þ2n2 ~JJðn=2Þ�1ðrjxjÞ dr: ð3:6Þ

The estimate of kð�DÞn2V1kp is implied by the following proposition.

Proposition 3.1. Let n2b 0 be an integer. Then, for any t > 0, the following

estimates hold.

(1) supxjð�DÞn2Iðt; xÞjaCð1þ tÞ�ðn=2Þ�1�n2 .

(2) When n ¼ 2mþ 1, jð�DÞn2Iðt; xÞjaCð1þ jxjÞ�n�1ð1þ tÞ�1=2�n2 .

(3) When n ¼ 2m, jð�DÞn2Iðt; xÞjaCð1þ jxjÞ�n�1=2ð1þ tÞ�3=4�n2 .

Proof. Hereafter in the proof we may assume that r < 2a=3.

(1) The equality (3.3) shows that

jgðt; rÞjaCr4t exp �
r2t

2a

� �

: ð3:7Þ

By Lemma 2.1(4), (3.6) and (3.7), we claim that

jð�DÞn2Iðt; xÞjaC

ð2a=3

0

trnþ3þ2n2 exp �
r2t

2a

� �

dr

aCmin 1;

ð

y

0

s

t

� �n=2þ1þn2

exp �
s

2a

� �

ds

 !

aCð1þ tÞ�n=2�1�n2 : ð3:8Þ

In the integral (3.8) we have used the changes of the variables s ¼ r2t.
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(2) In the proof of Proposition 3.1(2)–(3), we may restrict ourselves to the case

jxjb 1. Introduce the di¤erential operator X by

Xvðt; rÞ ¼
q

qr

1

r
vðt; rÞ

� �

:

Then, the equality

X kðjðrÞr lÞ ¼
X

k

j¼0

cjklj
ð jÞðrÞr l�2kþ j ð3:9Þ

holds for r0 0 and for integers kb 0 and lb 0. Lemma 2.1(5) and integration by

parts show that

ð

y

0

X kðw1ðrÞgðt; rÞr
n�1þ2n2Þ ~JJm�k�1=2ðrjxjÞ dr

¼ �
1

jxj2

ð

y

0

X kðw1ðrÞgðt; rÞr
n�1þ2n2Þ

1

r

q

qr
~JJm�k�3=2ðrjxjÞ dr

¼ �
1

jxj2
X kðw1ðrÞgðt; rÞr

n�1þ2n2Þ
1

r
~JJm�k�3=2ðrjxjÞ

�

�

�

�

y

0

þ
1

jxj2

ð

y

0

X kþ1ðw1ðrÞgðt; rÞr
n�1þ2n2Þ ~JJm�k�3=2ðrjxjÞ dr

for 0a kam� 1.

Lemma 2.1(4), (3.9) and the definition of the function w1 show that the term

1

r
X kðw1ðrÞgðt; rÞr

n�1þ2n2Þ ~JJm�k�3=2ðrjxjÞ

�

�

�

�

y

0

¼
X

jþlak

cjklq
j
rw1ðrÞq

l
rgðt; rÞr

2m�2kþ jþl�1þ2n2 ~JJm�k�3=2ðrjxjÞ

�

�

�

�

y

0

vanishes for 0a kam� 1.

Therefore the equality

ð

y

0

X kðw1ðrÞgðt; rÞr
n�1þ2n2Þ ~JJm�k�1=2ðrjxjÞ dr

¼
1

jxj2

ð

y

0

X kþ1ðw1ðrÞgðt; rÞr
n�1þ2n2Þ ~JJm�k�3=2ðrjxjÞ dr ð3:10Þ

holds for 0a kam� 1. Repeat the integration of (3.6) by parts m times, then the

equality (3.10) gives

ð�DÞn2Iðt; xÞ ¼

ffiffiffi

p

2

r

1

jxjn�1

ð

y

0

X mðw1ðrÞgðt; rÞr
n�1þ2n2Þ cosðrjxjÞ dr; ð3:11Þ

where we have used Lemma 2.1(3).
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Since gðt; 0Þ ¼ qrgðt; 0Þ ¼ 0 and w1ðrÞ ¼ 0 for rb 2a=3, (3.7) and (3.9) show that

X mðw1ðrÞgðt; rÞr
n�1þ2n2Þ

�

�

�

�

y

0

¼
X

jþkam

cjkq
j
rw1ðrÞq

k
r gðt; rÞr

jþkþ2n2

�

�

�

�

y

0

¼ 0

and

q

qr
X mðw1ðrÞgðt; rÞr

n�1þ2n2Þ

�

�

�

�

y

0

¼
X

jþkamþ1

cjkq
j
rw1ðrÞq

k
r gðt; rÞr

jþk�1þ2n2

�

�

�

�

y

0

¼ 0; ð3:12Þ

where we have used c00 ¼ 0 in (3.12) when n2 ¼ 0.

Since

cos rjxj ¼ �
1

jxj2
q2

qr2
cos rjxj;

integration of (3.11) by parts and (3.9) show that

ð�DÞn2Iðt; xÞ ¼ �

ffiffiffi

p

2

r

1

jxjnþ1

ð

y

0

q

qr

� �2

X mðw1ðrÞgðt; rÞr
n�1þ2n2Þ cosðrjxjÞ dr

¼
X

jþkamþ2

cj;k

jxjnþ1

ð

y

0

w
ð jÞ
1 ðrÞqk

r gðt; rÞr
jþk�2þ2n2 cosðrjxjÞ dr

1

X

jþkamþ2

Ij;k; ð3:13Þ

where Ij;k ¼ 0 for j þ ka 1 when n2 ¼ 0.

(3.3) gives jqk
r gðt; rÞjaC for ta 1 and ra 2a=3. Hence, the equality (3.13) shows

that

jð�DÞn2Iðt; xÞja
C

jxjnþ1
a

C

ð1þ jxjÞnþ1
ð3:14Þ

for 0a ta 1, where we have used the inequality 1=jxja 2=ð1þ jxjÞ for jxjb 1.

Hereafter in the proof of Proposition 3.1(2), we restrict ourselves to the case where

tb 1. We define the function Y1 by

Y1ðrÞ ¼
r4

2aðaþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � r2
p

Þ2

for 0a ra 2a=3. Then,

gðt; rÞ ¼ ðexpð�tY1ðrÞÞ � 1Þ exp �
r2t

2a

� �

ð3:15Þ

and

jY
ðkÞ
1 ðrÞjaCkr

4�k:

Therefore, the inequality
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q

qr

� �k

expð�tY1ðrÞÞ

�

�

�

�

�

�

�

�

�

�

aC
X

lb1; j1þ���þ jl¼k

jt lY
ð j1Þ
1 ðrÞ � � �Y

ð jl Þ
1 expð�tY1ðrÞÞj

aC
X

k

l¼1

t lr4l�k expð�tY1ðrÞÞ ð3:16Þ

holds for kb 1. Easy calculations show

q

qr

� �k

exp �
r2t

2a

� �

�

�

�

�

�

�

�

�

�

�

aC
X

k

l¼1

t lr2l�k exp �
r2t

2a

� �

ð3:17Þ

for kb 1. By (3.7) and (3.15)–(3.17), we see that, for kb 1,

q

qr

� �k

gðt; rÞ

�

�

�

�

�

�

�

�

�

�

aC
X

k

l¼1

t lr4l�k
X

k

i¼0

t ir2i exp �
r2t

2a

� �

: ð3:18Þ

By (3.13) and (3.18) we obtain the desired estimate as follows,

jIj;kja
C

jxjnþ1

ð2a=3

0

X

k

l¼1

t lr4lþ j�2þ2n2
X

k

i¼0

t ir2i exp �
r2t

2a

� �

dr ðs ¼ r2tÞ

a
C

jxjnþ1

ð

y

0

X

k

l¼1

s2lþ j=2�3=2þn2

t lþ j=2�1=2þn2

X

k

i¼0

s i exp �
s

2a

� �

ds

a
C

jxjnþ1
t1=2þn2

a
C

ð1þ jxjÞnþ1ð1þ tÞ1=2þn2

for kb 1. When k ¼ 0, the estimate (3.7) shows that

jIj;0ja
C

jxjnþ1

ð2a=3

0

tr2þ jþ2n2 exp �
r2t

2a

� �

dr

a
C

jxjnþ1

ð

y

0

sð1þ jÞ=2þn2

tð1þ jÞ=2þn2
exp �

s

2a

� �

ds

a
C

jxjnþ1
t1=2þn2

a
C

ð1þ jxjÞnþ1ð1þ tÞ1=2þn2
:

Thus we have obtained the desired estimate in the case where n ¼ 2mþ 1.

(3) Now we consider the case where n ¼ 2m. Repeat integration of (3.6) by parts

ðm� 1Þ-times, then (3.10) shows that

ð�DÞn2Iðt; xÞ ¼
1

jxjn�2

ð

y

0

X m�1ðw1ðrÞgðt; rÞr
n�1þ2n2ÞJ0ðrjxjÞ dr: ð3:19Þ
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(3.9) shows that

X m�1ðw1ðrÞgðt; rÞr
n�1þ2n2Þ ¼

X

kþlam�1

cklr
kþlþ1þ2n2w

ðl Þ
1 ðrÞ

q

qr

� �k

gðt; rÞ: ð3:20Þ

Hence rX m�1ðw1ðrÞgðt; rÞr
n�1þ2n2Þ vanishes at r ¼ 0 and rb 2a=3.

Since (see Lemma 2.1(1))

J0ðrjxjÞ ¼ 2 ~JJ1ðrjxjÞ þ r
q

qr
~JJ1ðrjxjÞ; ð3:21Þ

the equality (3.19) shows that

ð�DÞn2Iðt; xÞ ¼
2

jxjn�2

ð

y

0

X m�1ðw1ðrÞgðt; rÞr
n�1þ2n2Þ ~JJ1ðrjxjÞ dr

þ
1

jxjn�2

ð

y

0

X m�1ðw1ðrÞgðt; rÞr
n�1þ2n2Þr

q

qr
~JJ1ðrjxjÞ dr

¼
1

jxjn�2

ð

y

0

X m�1ðw1ðrÞgðt; rÞr
n�1þ2n2Þ ~JJ1ðrjxjÞ dr

�
1

jxjn�2

ð

y

0

r
q

qr
fX m�1ðw1ðrÞgðt; rÞr

n�1þ2n2Þg ~JJ1ðrjxjÞ dr

1 I1ðt; xÞ þ I2ðt; xÞ: ð3:22Þ

Lemma 2.1(4) shows

I1ðt; xÞ ¼
c

jxjn�1=2

ð

y

0

X m�1ðw1ðrÞgðt; rÞr
n�1þ2n2Þr�3=2 cos rjxj �

3

4
p

� �

dr

þ
c

jxjn�2

ð

y

0

X m�1ðw1ðrÞgðt; rÞr
n�1þ2n2ÞOððrjxjÞ�5=2Þ dr

1 I11ðt; xÞ þ I12ðt; xÞ: ð3:23Þ

(3.20) and the estimate (3.18) show that

jX m�1ðw1ðrÞgðt; rÞr
n�1þ2n2ÞjaC

X

m�1

k¼0

X

k

i¼1

t ir4iþ1þ2n2
X

k

j¼0

t jr2j exp �
r2t

2a

� �

: ð3:24Þ

By (3.23) and the estimate (3.24), we obtain the following estimates

jI12ðt; xÞja
C

jxjnþ1=2
a

C

ð1þ jxjÞnþ1=2

for 0a ta 1, and
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jI12ðt; xÞja
C

jxjnþ1=2

X

m�1

i¼1

X

m�1

j¼0

ð2a=3

0

t ir4i�3=2þ2n2 t jr2j exp �
r2t

2a

� �

dr

a
C

jxjnþ1=2

X

m�1

i¼1

X

m�1

j¼0

ð

y

0

t�iþ1=4�n2s2i�5=4þn2s j exp �
s

2a

� �

ds ðs ¼ r2tÞ

a
C

jxjnþ1=2
t3=4þn2

a
C

ð1þ jxjÞnþ1=2ð1þ tÞ3=4þn2

for tb 1. Therefore we claim that

jI12ðt; xÞja
C

ð1þ jxjÞnþ1=2
ð1þ tÞ�3=4�n2 ; 0a t: ð3:25Þ

Now we will estimate I11ðt; xÞ.

(3.7), (3.18) and (3.20) show that X m�1ðw1ðrÞgðt; rÞr
n�1þ2n2Þr�3=2 vanishes at r ¼ 0

and rb 2a=3. Hence, integration of (3.23) by parts shows that

I11ðt; xÞ ¼
c

jxjnþ1=2

ð

y

0

X m�1ðw1ðrÞgðt; rÞr
n�1þ2n2Þr�3=2 q

qr
sin rjxj �

3

4
p

� �

dr

¼
c

jxjnþ1=2

ð

y

0

q

qr
ðX m�1ðw1ðrÞgðt; rÞr

n�1þ2n2Þr�3=2Þ sin rjxj �
3

4
p

� �

dr

¼
c

jxjnþ1=2

ð

y

0

q

qr
ðX m�1ðw1ðrÞgðt; rÞr

n�1þ2n2ÞÞr�3=2 sin rjxj �
3

4
p

� �

dr

þ
c

jxjnþ1=2

ð

y

0

r�5=2X m�1ðw1ðrÞgðt; rÞr
n�1þ2n2Þ sin rjxj �

3

4
p

� �

dr

1 I111 þ I112: ð3:26Þ

By the same calculations as ones in (3.25) we see that

jI112ðt; xÞjaCð1þ jxjÞ�n�1=2ð1þ tÞ�3=4�n2 : ð3:27Þ

By (3.7), (3.18) and (3.20) we see that

q

qr
ðX m�1ðw1ðrÞgðt; rÞr

n�1þ2n2ÞÞ

�

�

�

�

�

�

�

�

aC
X

m

j¼1

t jr4jþ2n2
X

m

k¼0

tkr2k exp �
r2t

2a

� �

: ð3:28Þ

Therefore, by (3.26) and (3.28), we obtain

jI111ðt; xÞja
C

ð1þ jxjÞnþ1=2
ð1þ tÞ�3=4�n2 : ð3:29Þ

(3.26) and the estimates (3.27)–(3.29) show that
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jI11ðt; xÞja
C

ð1þ jxjÞnþ1=2
ð1þ tÞ�3=4�n2 : ð3:30Þ

By (3.23), (3.25) and (3.30), we obtain

jI1ðt; xÞja
C

ð1þ jxjÞnþ1=2
ð1þ tÞ�3=4�n2 : ð3:31Þ

By the similar arguments as ones in the estimate of I1ðt; xÞ, we obtain the estimate of

I2ðt; xÞ as follows.

jI2ðt; xÞja
C

ð1þ jxjÞnþ1=2
ð1þ tÞ�3=4�n2 ð3:32Þ

We omit the estimate of I2ðt; xÞ, because it’s proof is very similar to ones in the previous

part. By (3.22), (3.31) and (3.32), we have obtained the desired result. r

Proof of Theorem 3.1. First we consider the case where n1 ¼ 0. Proposition

3.1(1) shows

jð�DÞn2Iðt; xÞjaCð1þ tÞ�n=2�1�n2 : ð3:33Þ

(3.5) and (3.33) show

kð�DÞn2V1ðt; �ÞkyaCð1þ tÞ�n=2�1�n2ðkj0k1 þ kj1k1Þ: ð3:34Þ

When p ¼ q ¼ 2, (1.6), (3.2) and (3.7) show

kð�DÞn2V1ðt; �Þk2aC jxj2n2þ4
w1ðxÞ ĵj0 þ

aĵj0 þ ĵj1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � jxj2
q

0

B

@

1

C

A

�

�

�

�

�

�

�

�

�

�

�

�

�

�

2

aCð1þ tÞ�n2�1ðkj0k2 þ kj1k2Þ: ð3:35Þ

Lemma 3.1 and the estimates (3.34)–(3.35) give the desired estimate with p ¼ y, q ¼ 1

or p ¼ q ¼ 2 when n1 ¼ 0.

Let 1a qa pay. Proposition 3.1(2), (3) shows

kð�DÞn2Iðt; �Þk1aCð1þ tÞ�1�n2þe

ð

ð1þ jxjÞ�n�2e
dxaCðeÞð1þ tÞ�1�n2þe ð3:36Þ

for 0 < ea 1=4. By (3.33)–(3.36), we see that the constant r A ½1;y� defined by

1� 1=r ¼ 1=q� 1=p satisfies

kð�DÞn2Iðt; �Þkra kð�DÞn2Iðt; �Þk1�1=r
y

kð�DÞn2Iðt; �Þk
1=r
1

aCð1þ tÞ�ðn=2Þ�ð1=q�1=pÞ�1�n2þe: ð3:37Þ

The estimates (3.5), (3.37) and Lemma 2.3 show that kð�DÞn2V1ðt; �Þkp satisfies the

desired estimate of Theorem 3.1. Hence, by Lemma 3.1, we have obtained the desired

result of Theorem 3.1 with e > 0, when n1 ¼ 0.
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Let 1 < q < p < y. Proposition 3.1(2) shows

jð�DÞn2Iðt; xÞj ¼ jð�DÞn2Iðt; xÞjn=ðnþ1Þjð�DÞn2Iðt; xÞj1=ðnþ1Þ

aCð1þ jxjÞ�nð1þ tÞ�1�n2 ; ð3:38Þ

in the case where n ¼ 2mþ 1. Replacing n=ðnþ 1Þ by 2n=ð2nþ 1Þ in (3.38), we see that

the estimate (3.38) is also valid in the case where n ¼ 2m. The estimates (3.33)–(3.38)

show that the positive constant r defined by 1� 1=r ¼ 1=q� 1=p satisfies

jð�DÞn2Iðt; xÞj ¼ jð�DÞn2Iðt; xÞj1�1=rjð�DÞn2Iðt; xÞj1=r

aCð1þ tÞ�ðn=2Þð1=q�1=pÞ�1�n2ð1þ jxjÞ�n=r: ð3:39Þ

By the estimate (3.39), the equality (3.5) and Lemma 2.4, we see that kð�DÞn2V1ðt; �Þkp
satisfies the desired estimate of Theorem 3.1 with e ¼ 0 and 1 < q < p < y.

Hence, by Lemma 3.1, we have obtained the desired result of Theorem 3.1 with

e ¼ 0 when n1 ¼ 0.

Now we consider the case where n1b 1. For a integer n1b 1, there exist functions

hn1;1ðsÞ, hn1;2ðsÞ A Cyð½0; a2ÞÞ satisfying

qn1
t gðt; rÞ ¼ r2n1hn1;1ðr

2Þgðt; rÞ þ r2n1þ2hn1;2ðr
2Þ exp �

r2t

2a

� �

:

Hence, we see that

qn1
t jxj2n2 ÎIðt; xÞ ¼ hn1;1ðjxj

2Þjxj2n1þ2n2 ÎIðt; xÞ þ hn1;2ðjxj
2Þjxj2n1þ2n2þ2

w1ðxÞ exp �
r2t

2a

� �

: ð3:40Þ

We define the operators B1 and B2 by

B1 f ¼ F
�1ðw11ðxÞhn1;1ðjxj

2Þ f̂f ðxÞÞ; B2 f ¼ F
�1ðw1ðxÞhn1;2ðjxj

2Þ f̂f ðxÞÞ

respectively, then they are bounded from Lq to Lq ð1a qayÞ. By (3.40), we see that

qn1
t ð�DÞn2V1ðt; xÞ ¼

1

2

1

2p

� �n=2

ðð�DÞn1þn2Iðt; xÞ � B1ðj0 þ Bðaj0 þ j1ÞÞ

þ ð�DÞn1þn2þ1
cn1

ðt; xÞÞ;

where cn1
ðt; xÞ is a smooth solution of the heat equation (1.2) with initial data

ðaj0 þ j1Þ=ð2aÞ replaced by B2ðj0 þ Bðaj0 þ j1ÞÞ. Therefore, by (3.5) and the estimates

(1.6) and (3.37)–(3.39), we see that

kqn1
t ð�DÞn2V1ðt; �ÞkpaCðeÞð1þ tÞ�ðn=2Þ�ð1=q�1=pÞ�n1�n2�1þeðkj0kq þ kj1kqÞ ð3:41Þ

for 0 < e and 1a qa pay, and

kqn1
t ð�DÞn2V1ðt; �ÞkpaCð1þ tÞ�ðn=2Þ�ð1=q�1=pÞ�n1�n2�1ðkj0kq þ kj1kqÞ ð3:42Þ

for 1 < q < p < y or q ¼ 1, p ¼ y.
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The estimates (1.6), (3.35) and the equality (3.40) show that the estimate (3.42) also

holds when p ¼ q ¼ 2. Lemma 3.1 and the estimates (3.41)–(3.42) give the desired

estimate of Theorem 3.1. r

4. Proof of Theorem 1.2.

Choose and fix a radial function 0a w2ðxÞa 1 of class Cy satisfying

w2ðxÞ ¼ 0 ðjxja 2aÞ; w2ðxÞ ¼ 1 ðjxjb 3aÞ:

Sometimes we denote w2ðjxjÞ ¼ w2ðxÞ. Remark 1.1 shows that Theorem 1.2 is a direct

consequence of the next theorem.

Theorem 4.1. Let nb 2, 1 < qa p < y. Assume that ji A Lq for i ¼ 0; 1. Then,

under the same notations on M0 and M1 in Theorem 1.2, the solution u to (1.1) in the

sense of distributions satisfies the following L p-Lq estimates.

kF�1fw2ð�Þðûuðt; �Þ � e�atðM0ðt; �Þĵj0ð�Þ þM1ðt; �Þĵj1ð�ÞÞÞgkp

aCe�atð1þ tÞ3nþ3ðkj0kq þ kj1kqÞ:

In this section we will prove Theorem 4.1. The explicit formula (1.9) to the prob-

lem (1.1) gives

ûuðt; xÞ ¼ e�atð ~MM0ðt; xÞĵj0ðxÞ þ ~MM1ðt; xÞĵj1ðxÞÞ; ð4:1Þ

where

~MM1ðt; xÞ ¼
1

l
ðsin tjxj cos tY� cos tjxj sin tYÞ;

~MM0ðt; xÞ ¼ cos tjxj cos tYþ sin tjxj sin tYþ a ~MM1ðt; xÞ;

lðxÞ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q

and

YðxÞ1 jxj � lðxÞ ¼
a2

jxj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q :

For large jxj, YðxÞn a2=ð2jxjÞ. Occasionally we denote YðjxjÞ ¼ YðxÞ.

In this section we may assume that supp ĵj0 U supp ĵj1 H fx; jxj > 3a=2g.

We define the functions hcðyÞ and hsðyÞ by

hcðyÞ ¼ cos y�
X

n

k¼0

ð�1Þk

ð2kÞ!
y2k; hsðyÞ ¼ sin y�

X

n

k¼0

ð�1Þk

ð2k þ 1Þ!
y2kþ1

respectively. Then

jhðkÞc ðyÞjaCjyj2nþ2�k; jhðkÞs ðyÞjaCjyj2nþ3�k ð4:2Þ

for 0a ka 2ðnþ 1Þ. We define functions IIGc ðt; xÞ and IIGs ðt; xÞ by

IIGc ðt; xÞ ¼ F
�1ðw2ðxÞhcðtYðxÞÞeGitjxjÞ; IIGs ðt; xÞ ¼ F

�1ðw2ðxÞhsðtYðxÞÞeGitjxjÞ
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respectively. Then, Lemma 2.2 shows that

IIGc ðt; xÞ ¼

ð

y

0

w2ðrÞhcðtYðrÞÞeGitrrn�1 ~JJn=2�1ðrjxjÞ dr;

IIGs ðt; xÞ ¼

ð

y

0

w2ðrÞhsðtYðrÞÞeGitrrn�1 ~JJn=2�1ðrjxjÞ dr:

By (4.2) we see that the following estimates hold.

Lemma 4.1. (1) supxðjII
G
c ðt; xÞj þ jIIGs ðt; xÞjÞaCð1þ tÞ2nþ3.

(2) kIIGc ðt; �Þk1 þ kIIGs ðt; �Þk1aCð1þ tÞ3nþ3.

Proof. (1) Since jYðrÞja a2=r, Lemma 2.1(4) and (4.2) show that

jIIGc ðt; xÞj þ jIIGs ðt; xÞjaC

ð

y

2a

rn�1ðt2nþ2YðrÞ2nþ2 þ t2nþ3YðrÞ2nþ3Þ dr

aC

ð

y

2a

rn�1ðt2nþ2r�ð2nþ2Þ þ t2nþ3r�ð2nþ3ÞÞ dr

aCðt2nþ2 þ t2nþ3ÞaCð1þ tÞ2nþ3:

We have obtained the desired result.

(2) Here we may restrict ourselves to the case where rb 3a=2. Since

q

qr

� �k

YðrÞ

�

�

�

�

�

�

�

�

�

�

aCkr
�k�1;

the following estimates hold for ka 2ðnþ 1Þ.

q

qr

� �k

hcðtYðrÞÞ

�

�

�

�

�

�

�

�

�

�

aC
X

j1þ���þ jl¼k

jt lYð j1ÞðrÞ � � �Yð jl ÞðrÞhðl Þc ðtYðrÞÞj

aCt2ðnþ1Þr�k�2ðnþ1Þ ð4:3Þ

and

q

qr

� �k

hsðtYðrÞÞ

�

�

�

�

�

�

�

�

�

�

aC
X

j1þ���þ jl¼k

jt lYð j1ÞðrÞ � � �Yð jl ÞðrÞhðl Þc ðtYðrÞÞj

aCt2nþ3r�k�ð2nþ3Þ: ð4:4Þ

Hence, (3.9) and the estimates (4.3)–(4.4) show that the terms

q

qr

� �l

X kðw2ðrÞhcðtYðrÞÞeGitrrn�1Þ

and

q

qr

� �l

X kðw2ðrÞhsðtYðrÞÞeGitrrn�1Þ

vanish at r ¼ 0;y for 0a la 2, 0a kam, where n ¼ 2mþ 1 or n ¼ 2m.
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We begin with the case where n ¼ 2mþ 1. Lemma 2.1 and the similar calculations

to ones in (3.9)–(3.13) give

IIGc ðt; xÞ ¼
c

jxjnþ1

ð

y

0

q2

qr2
X mðw2ðrÞhcðtYðrÞÞeGitrrn�1Þ cos rjxj dr

¼
c

jxjnþ1

X

2ajþkþlamþ2

cjkl

ð

y

0

w
ð jÞ
2 ðrÞ

qk

qrk
hcðtYðrÞÞðGitÞ leGitr

� r jþkþl�2 cos rjxj dr: ð4:5Þ

(4.3) and (4.5) show that

jIIGc ðt; xÞja
C

jxjnþ1

ð

y

2a

t2ðnþ1Þð1þ tmþ2Þr�2 dra
C

jxjnþ1
ð1þ tÞ3nþ3: ð4:6Þ

(4.4) and the similar equality to (4.5) show that

jIIGs ðt; xÞja
C

jxjnþ1

ð

y

2a

t2nþ3ð1þ tmþ2Þr�2 dra
C

jxjnþ1
ð1þ tÞ3nþ3: ð4:7Þ

By the estimates (4.6)–(4.7) and the estimate in Lemma 4.1, we see that

jIIGc ðt; xÞj þ jIIGs ðt; xÞja
C

ð1þ jxjÞnþ1
ð1þ tÞ3nþ3:

We have obtained the desired estimate when n ¼ 2mþ 1. Consider the case where

n ¼ 2m. Repeat the similar calculations to ones in (3.19)–(3.32) to obtain the following

estimate

jIIGc ðt; xÞj þ jIIGs ðt; xÞja
C

ð1þ jxjÞnþ1=2
ð1þ tÞ3nþ3;

when n ¼ 2m. We have obtained the desired estimate. r

Lemma 4.2. For 1 < qa p < y, the estimate

kF�1ðw2ðxÞðûuðt; xÞ � e�atv̂vðt; xÞÞÞkpaCe�atð1þ tÞ3nþ3ðkj0kq þ kj1kqÞ

holds, where

v̂vðt; xÞ ¼ N0ðt; xÞĵj0ðxÞ þN1ðt; xÞĵj1ðxÞ;

N1ðt; xÞ ¼
1

lðxÞ
sin tjxj

X

n

k¼0

ð�1Þk

ð2kÞ!
t2kYðxÞ2k � cos tjxj

X

n

k¼0

ð�1Þk

ð2k þ 1Þ!
t2kþ1YðxÞ2kþ1

 !

and

N0ðt; xÞ ¼ cos tjxj
X

n

k¼0

ð�1Þk

ð2kÞ!
t2kYðxÞ2k þ sin tjxj

X

n

k¼0

ð�1Þk

ð2k þ 1Þ!
t2kþ1YðxÞ2kþ1 þ aN1ðt; xÞ:

Proof. (4.1) shows that
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w2ðxÞðûuðt; xÞ � e�atv̂vðt; xÞÞ

¼ e�atw2ðxÞfðcos tjxjhcðtYðxÞÞ þ sin tjxjhsðtYðxÞÞ þ sin tjxjhcðtYðxÞÞða=lÞ

� cos tjxjhsðtYðxÞða=lÞÞÞĵj0 þ ðsin tjxjhcðtYðxÞÞ � cos tjxjhsðtYðxÞÞÞða=lÞĵj0g: ð4:8Þ

The operator B2 defined by

B2 f ¼ F
�1 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q f̂f ðxÞ

0

B

@

1

C

A

satisfies kB2 f kpaCðpÞk f kp, provided that supp f̂f H fx; jxjb 3a=2g.

Since

cos tr ¼
e itr þ e�itr

2
; sin tr ¼

e itr � e�itr

2i
;

Lemma 4.1 and (4.8) show the desired result. r

Here and after we denote a function that belongs to Lyðð0;yÞ � R
nÞ by Oð1Þ, and

logþ x1maxðlog x; 0Þ. The function Lmðt; xÞ defined by

Lmðt; xÞ ¼

ð

y

3a

1

r
~JJmðrjxjÞ expðitrÞ dr

satisfies the following equality.

Lemma 4.3. Let �1=2 < ma n=2� 1, then,

Lmðt; xÞ ¼ ~JJmð0Þmin logþ
1

3at

� �

; logþ
1

3ajxj

� �� �

þOð1Þ for t > 0:

Proof. We begin with the case where 3ajxjb 1. Lemma 2.1(4) shows that

jLmðt; xÞjaC

ð

y

3a

1

rmþ3=2

1

jxjmþ1=2
dra

C

jxjmþ1=2
aC:

Now we consider the case where 3ajxj < 1. Lemma 2.1(4) also shows that

ð

y

1=jxj

1

r
expðitrÞ ~JJmðrjxjÞ dr

�

�

�

�

�

�

�

�

�

�

¼

ð

y

1

1

s
exp i

ts

jxj

� �

~JJmðsÞ ds

�

�

�

�

�

�

�

�

ðs ¼ rjxjÞ

aC

ð

y

1

1

s

1

s

� �mþ1=2

dsaC:

Hence

Lmðt; xÞ ¼

ð1=jxj

3a

1

r
expðitrÞ ~JJmðrjxjÞ drþOð1Þ: ð4:9Þ

In the case where 0 < ta jxj, easy calculations show us that
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ð1=jxj

3a

1

r
expðitrÞ ~JJmðrjxjÞ dr

¼

ð1

3ajxj

1

s
exp i

ts

jxj

� �

~JJmðsÞ ds ðs ¼ rjxjÞ

¼

ð1

3ajxj

�

1

s

~JJmð0Þ þ
1

s
ð ~JJmðsÞ � ~JJmð0ÞÞ þ

1

s
exp

its

jxj

� �

� 1

� �

~JJmðsÞ

�

ds

¼ ~JJmð0Þ log
þ 1

3ajxj

� �

þOð1Þ: ð4:10Þ

The equalities (4.9) and (4.10) show that

Lmðt; xÞ ¼ ~JJmð0Þ log
þ 1

3ajxj

� �

þOð1Þ; for 0 < ta jxj: ð4:11Þ

In the case where jxja t and 3ajxja 1, it follows that

ð1=jxj

3a

1

r
expðitrÞ ~JJmðrjxjÞ dr

¼

ð1=jxj

3a

1

r
expðitrÞ ~JJmð0Þ drþ

ð1=jxj

3a

1

r
expðitrÞð ~JJmðrjxjÞ � ~JJmð0ÞÞ dr

¼ ~JJmð0Þ

ð1=jxj

3a

1

r
expðitrÞ drþOð1Þ: ð4:12Þ

In the equality (4.12) we have used the estimate

ð 1=jxj

3a

1

r
expðitrÞð ~JJmðrjxjÞ � ~JJmð0ÞÞ dr ¼

ð1

3ajxj

~JJmðsÞ � ~JJmð0Þ

s
exp it

s

jxj

� �

ds ¼ Oð1Þ:

In the case where 3atb 1, the first term of the right-hand side of (4.12) satisfies the

following estimate

ð1=jxj

3a

1

r
expðitrÞ dr

�

�

�

�

�

�

�

�

�

�

¼

ð

t=jxj

3at

1

s
expðisÞ ds

�

�

�

�

�

�

�

�

�

�

aC:

In the case where 3at < 1 and jxja t, the easy calculations show that

ð 1=jxj

3a

1

r
expðitrÞ dr ¼

ð

t=jxj

3at

1

s
expðisÞ ds

¼

ð1

3at

1

s
expðisÞ dsþ

ð

t=jxj

1

1

s
expðisÞ ds

¼

ð1

3at

1

s
expðisÞ dsþOð1Þ

¼ logþ
1

3at

� �

þOð1Þ:

T. Narazaki606



Hence we obtain

Lmðt; xÞ ¼ ~JJmð0Þ log
þ 1

3at

� �

þOð1Þ; for 0 < jxja t: ð4:13Þ

By (4.11) and (4.13), we have obtained the desired result. r

Lemma 2.2 shows that the function Knðt; xÞ defined by

Knðt; xÞ1F
�1ðw2ðxÞjxj

�n
e itjxjÞ ð4:14Þ

satisfies

Knðt; xÞ ¼

ð

y

0

w2ðrÞr
n�1�ne itr ~JJn=2�1ðrjxjÞ dr: ð4:15Þ

Proposition 4.1. Let n A ½ðnþ 1Þ=2; n� be an integer, and let Kn be the function

defined by (4.14). Then, the following equalities hold.

(1) If ðnþ 1Þ=2 < na n, then,

Knðt; xÞ ¼
c

tn�n
min logþ

1

3at

� �

; logþ
1

3ajxj

� �� �

þOð1Þ

� 	

for t > 0 and x A R
n, jxj0 0.

(2) If n ¼ ðnþ 1Þ=2, then n ¼ 2mþ 1 and n ¼ mþ 1, and

Kmþ1ðt; xÞ ¼
c1

tm

�

logþ
1

3aðtþ jxjÞ

� �

þ logþ
1

3ajt� jxj j

� �

þ c2 min logþ
1

3at

� �

; logþ
1

3ajxj

� �� �

þOð1Þ

	

for t > 0 and x A R
n with jxj0 0 and t� jxj0 0.

Proof. Lemma 2.1(2) shows that

q

qr

� �k

ðrn�1�n ~JJn=2�1ðrjxjÞÞ ¼
X

k

j¼0

cjkr
n�1�nþk�2j jxj2ðk�jÞ ~JJn=2�1þk�jðrjxjÞ:

Hence, if n > n=2,

q

qr

� �k

ðw2ðrÞr
n�1�n ~JJn=2�1ðrjxjÞÞ

vanishes at r ¼ 0 and r ¼ y for 0a ka n� n� 1. Since

expðitrÞ ¼
1

it

� �n�n
qn�n

qrn�n
expðitrÞ;

integration of (4.15) by parts gives

Knðt; xÞ ¼
�1

it

� �n�nðy

0

q

qr

� �n�n

ðw2ðrÞr
n�1�n ~JJn=2�1ðrjxjÞÞ expðitrÞ dr: ð4:16Þ
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Lemma 2.1(1) shows that

q

qr
~JJnðrjxjÞ ¼ r�1ð ~JJn�1ðrjxjÞ � 2n ~JJnðrjxjÞÞ:

Then we claim that

q

qr

� �k

ðrn�1�n ~JJn=2�1ðrjxjÞÞ ¼
X

k

j¼0

cjr
n�1�n�k ~JJn=2�1�jðrjxjÞ

for 0a ka ðn� 1Þ=2. Therefore (4.16) shows that

Knðt; xÞ ¼
1

tn�n

X

n�n

k¼0

X

k

l¼0

ck; l

ð

y

0

qn�n�k
r w2ðrÞr

n�1�n�k ~JJn=2�1�lðrjxjÞ expðitrÞ dr

¼
1

tn�n

X

n�n

l¼0

cn�n; l

ð

y

3a

1

r
~JJn=2�1�lðrjxjÞ expðitrÞ drþOð1Þ

 !

: ð4:17Þ

In (4.17) we have used the inequalities

ð3a

2a

1

r
w2ðrÞ ~JJn=2�1�lðrjxjÞ expðitrÞ

�

�

�

�

�

�

�

�

draC

and

ð

y

0

qn�n�k
r w2ðrÞr

n�1�n�k ~JJn=2�1�lðrjxjÞ expðitrÞ dr

�

�

�

�

�

�

�

�

aC;

when n� n� k > 0.

(1) We begin with the case where ðnþ 1Þ=2 < na n. By (4.17), we see that

Knðt; xÞ ¼
1

tn�n

X

n�n

l¼0

cn�n; lLn=2�1�lðt; xÞ þOð1Þ

 !

: ð4:18Þ

By (4.18) and Lemma 4.3, we have obtained the desired result.

(2) By (4.17), (4.18), Lemmas 2.1(3) and 4.3, we see that

Kmþ1ðt; xÞ ¼
c

tm

X

m�1

l¼0

cm; lLn=2�1�lðt; xÞ þ cm;m

ð

y

3a

1

r
cos rjxj exp itr drþOð1Þ

 !

¼
1

tm

�

cmin logþ
1

3at

� �

; logþ
1

3ajxj

� �� �

þ cm

ð

y

3a

1

r
cos rjxj exp itr drþOð1Þ

	

: ð4:19Þ

The equality

ð

y

3a

expðisrÞ

r
dr ¼

ð

y

3ajsj

e is

s
dr ¼ logþ

1

3ajsj

� �

þOð1Þ; ðs ¼ srÞ
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holds for a real constant s0 0. Therefore we claim that

ð

y

3a

1

r
cos rjxje itr dr ¼

ð

y

3a

expðirðtþ jxjÞÞ þ expðirðt� jxjÞÞ

2r
dr

¼
1

2
log

1

3aðtþ jxjÞ

� �

þ log
1

3ajt� jxj j

� �� 	

þOð1Þ: ð4:20Þ

By (4.19) and (4.20) we have obtained the desired estimates. r

It is well-known that the functions

min logþ
1

3at

� �

; logþ
1

3ajxj

� �� �

; logþ
1

3aðtþ jxjÞ

� �

þ logþ
1

3ajt� jxj j

� �

belong to BMO, and their BMO-norms are uniformly bounded for t > 0 (see e.g. [28]).

Then we obtain the next proposition by Lemma 4.3.

Proposition 4.2. Let n A ½ðnþ 1Þ=2; n� be an integer, then, Knðt; �Þ A BMO for t > 0,

and it satisfies kKnðt; �ÞkBMOaCtn�n.

The next lemma is a direct consequence of Lemma 2.1(4).

Lemma 4.4. Let nb nþ 1, then Kn A Lyðð0;yÞ � R
nÞ.

The operators TnðtÞ defined by

TnðtÞh ¼ Knðt; �Þ � h ð4:21Þ

satisfies the following estimate.

Proposition 4.3. When nbm, the operator TnðtÞ defined by (4.21) satisfies the

estimate

kTnðtÞhkpaCð1þ tmÞkhkp ð4:22Þ

for 1 < p < y and t > 0, where n ¼ 2m or n ¼ 2mþ 1.

Proof. Consider the wave equation.

q2t v� Dv ¼ 0; vð0; xÞ ¼ f ðxÞ; qtvð0; xÞ ¼ gðxÞ; t > 0; x A R
n: ð4:23Þ

In the case where n ¼ 2mþ 1, mb 1, the solution formula takes the form

v ¼
X

m

k¼0

akt
k d

dt

� �kð

joj¼1

f ðxþ toÞ doþ
X

m�1

k¼0

bkt
kþ1 d

dt

� �kð

joj¼1

gðxþ toÞ do

1Tc f þ Tsg; ð4:24Þ

where do is the surface measure on the ðn� 1Þ-sphere and ak; bk are constants. The

linear operators TcðtÞ and TsðtÞ defined by the equality (4.24) are bounded from W m;p

to L p and W m�1;p to L p for 1a pay respectively, and they satisfy the following

estimates.

kTcðtÞhkpaCð1þ tmÞkhkW m
p
; kTsðtÞhkpaCðtþ tmÞkhkW m�1

p
: ð4:25Þ

The estimates (4.25) hold also when n ¼ 2m.
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Hence, the operator

TnðtÞh ¼ TcðtÞF
�1 w2ðxÞ

jxjn
ĥhðxÞ

� �

þ iTsðtÞF
�1 w2ðxÞ

jxjn�1
ĥhðxÞ

 !

is bounded from L p to L p and it satisfies the estimate

kTnðtÞhkpaCð1þ tmÞkhkp ð4:26Þ

for nbm, 1 < p < y. In the estimate (4.26) we have used the well-known estimate;

F
�1 w2ðxÞ

ð1þ jxj2Þm=2

jxjn
ĥhðxÞ

 !�

�

�

�

�

�

�

�

�

�

p

aCkhkp

for 1 < p < y and ma n (see e.g. [26]). Thus we have obtained the desired estimates.

r

Proposition 4.4. Let TnðtÞ be the operator defined by (4.21).

(1) Let n A ½nþ 1;yÞ be an integer. Then, the operator TnðtÞ is bounded from Lq

to L p for 1 < qa p < y and t > 0, and it satisfies

kTnðtÞhkpaCð1þ tmÞð1þ1=p�1=qÞkhkq:

(2) Let n A ½ðnþ 1Þ=2; n� be an integer. Then, the operator TnðtÞ is bounded from

Lq to L p for 1 < qa p < y and t > 0, and it satisfies

kTnðtÞhkpaCð1þ tmÞt½2=q�1�þðn�nÞkhkq

where ½2=q� 1�þ 1maxð2=q� 1; 0Þ.

Proof. (1) We may assume that 0 < 1=p < 1=q < 1. Set s1 1=q� 1=p and p1 1

ð1� sÞp > 1. Lemma 4.4 and Proposition 4.3 show that

kTnðtÞhkyaCkhk1; ð4:27Þ

kTnðtÞhkp1aCð1þ tmÞkhkp1 : ð4:28Þ

We use the interpolation theory (Lemma 2.6) between inequalities (4.27) and (4.28) to

obtain that

TnðtÞ A LðLq;L pÞ; kTnðtÞhkpaCð1þ tmÞ1�skhkq;

where 1=p ¼ ð1� sÞ=p1, 1=q ¼ sþ ð1� sÞ=p1. Thus we have obtained the desired esti-

mate.

(2) For 0aRe za 1, we define the operator Tnðt; zÞ by

Tnðt; zÞh ¼ TnðtÞF
�1ðð1þ jxj2Þnz=2ĥhðxÞÞ:

For Re z ¼ 1, the inequality

kTnðt; zÞhk2aCkhk2 ð4:29Þ

holds. Proposition 4.2 shows that

kTnðt; 0ÞhkBMO ¼ kTnðtÞhkBMOaCtn�nkhk1:

(see [3], [18]).
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The operator M defined by MðyÞh ¼ F
�1ðð1þ jxj2Þ iny=2ĥhðxÞÞ is a bounded operator

on BMO with norm ð1þ jyjÞk where k is a smallest integer > n=2 ([3], [18]). Hence for

complex z such that Re z ¼ 0, it follows that the operator Tnðt; zÞ is bounded from L1 to

BMO and

kTnðt; zÞhkBMOaCð1þ jIm zjÞktn�nkhk1: ð4:30Þ

We use Stein interpolation theorem (Lemma 2.6) between (4.29) and (4.30) to obtain

kTnðtÞhkð1�yÞn;paCkTnðt; 1� yÞhkpaCtyðn�nÞkhkq

where 1=p ¼ ð1� yÞ=2, 1=q ¼ ð1þ yÞ=2 and 0a y < 1. By Sobolev embedding theo-

rem, H
ð1�yÞn
p HL p 0

for pa p 0
ay with continuous injection (see [26], e.g.).

Therefore we obtain

kTnðtÞhkpaCtð2=q�1Þðn�nÞkhkq ð4:31Þ

for 1 < qa 2, 0a 1=pa 1� 1=q. By interpolation between the estimates (4.31) and

(4.22), we see that TnðtÞ A LðLq;L pÞ for 1 < qa p < y with norm

kTnðtÞhkpaCt½2=q�1�þðn�nÞð1þ tmÞkhkq: ð4:32Þ

By the estimate (4.32) we obtain the desired result. r

Proof of Theorem 4.1. For 1 < q < y, set Lq
0 ¼ fh A Lq; supp ĥhH ½3a=2;yÞg. It

is well known that the operators U1 and U2 defined by

U1h ¼ F
�1ðYðxÞjxjĥhðxÞÞ; U2h ¼ F

�1 jxj

l
ĥhðxÞ

� �

are bounded from L
q
0 to L

q
0 (see e.g. [26]). Now we may assume that supp ĵjj H

½3a=2;yÞ for j ¼ 0; 1.

For 0a ka 2nþ 1, l ¼ 0; 1, j ¼ 0; 1, the equality

F
�1 w2ðrÞ

tkYðxÞk

l l
e itrĵjj

 !

¼ tkTkþlðtÞU
k
1 U

l
2jj

holds. When k þ lb nþ 1, ka 2nþ 1, by Proposition 4.4(1), we see that

F
�1 w2ðrÞ

tkYðxÞk

l l
e itrĵjj

 !�

�

�

�

�

�

�

�

�

�

p

aCð1þ tÞ2nþmþ1kjjkq; ð4:33Þ

for 1 < qa p < y. When ðnþ 1Þ=2a k þ la n, l ¼ 0; 1 and j ¼ 0; 1, we see that

F
�1 w2ðrÞ

tkYðxÞk

l l
e itrĵjj

 !�

�

�

�

�

�

�

�

�

�

p

aCð1þ tÞmt½2=q�1�þðkþl�nÞtkkjjkq;

for 1 < qa p < y, and that

0a
2

q
� 1


 �

þ

ðk þ l � nÞ þ ka n:

Therefore we see that
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F
�1 w2ðrÞ

tkYðxÞk

l l
e itrĵjj

 !�

�

�

�

�

�

�

�

�

�

p

aCð1þ tÞnþmkjjkq: ð4:34Þ

By (4.33)–(4.34), we see that

kF�1fw2ðxÞðM0ðt; xÞĵj0 þM1ðt; xÞĵj1 � v̂vðt; xÞÞgkp

aCð1þ tÞ2nþmþ1ðkj0kq þ kj1kqÞ: ð4:35Þ

By Lemma 4.2 and the estimate (4.35), we obtain the desired estimate. r

For the application to the nonlinear problem (1.10), we will rewrite Theorems 1.1–

1.2 (more precisely Theorems 3.1 and 4.1).

Choose and fix radial functions 0a wðxÞ, w3ðxÞa 1 of class Cy satisfying

wðxÞ ¼ 1 ðjxja 3aÞ; wðxÞ ¼ 0 ðjxjb 4aÞ

and

w3ðxÞ ¼ 1 ðjxja 4aÞ; w3ðxÞ ¼ 0 ðjxjb 5aÞ:

Then the following equalities hold.

wðxÞw3ðxÞ ¼ wðxÞ; ð1� wðxÞÞw2ðxÞ ¼ 1� wðxÞ;

where w2 is the cut-o¤ function in Theorem 4.1. To derive a priori estimate of the

solution to (1.10) we consider linear damped wave equation

q2t w� Dwþ 2aqtw ¼ g; wð0; xÞ ¼ j0ðxÞ; qtwð0; xÞ ¼ j1ðxÞ ð4:36Þ

for ðt; xÞ A ð0;yÞ � R
n. The Duhanmel principle shows that the problem (4.36) is equiv-

alent to the following integral equation

wðtÞ ¼ ðqtSðtÞ þ 2aSðtÞÞj0 þ SðtÞj1 þ

ð t

0

Sðt� sÞgðsÞ ds;

where

SðtÞh1 e�at
F

�1
sin t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q ĥhðxÞ

0

B

@

1

C

A
: ð4:37Þ

By Theorems 3.1 and 4.1, we see that following estimates hold.

Proposition 4.5. The operator SðtÞ defined by (4.37) satisfies the following esti-

mates.

(1) Let 1a qa pay and j and k be non-negative integers, then,

kq j
t ð�DÞkSðtÞF�1ðwĥhÞkp

aCðp; q; j; kÞð1þ tÞ�ðn=2Þð1=q�1=pÞ�j�kkF�1ðwĥhÞkq: ð4:38Þ

(2) Assume that n ¼ 2; 3. Then, the inequality
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kSðtÞF�1ðð1� wÞĥhÞkpaCpe
�atð1þ tÞ3nþ3kF�1ðð1� wÞĥhÞkp

holds for 1 < p < y.

(3) Assume that n ¼ 4; 5. Then, the inequality

kSðtÞF�1ðð1� wðxÞÞĥhÞkpaCpe
�atð1þ tÞ3nþ3kF�1ðð1� wðxÞÞĥhÞkp

holds for 4=3 < p < 4.

Remark 4.1. Kawashima, Nakao and Ono [13] obtained the similar L p-Lq esti-

mates to ones in Proposition 4.5. Especially they obtained the estimate (4.38) with

1a qa 2, 2a pay. In the next section we use the estimate (4.38) also in the case

where p ¼ q ¼ 1.

For the proof of Proposition 4.5(3), we consider the following Cauchy problem

q2t v� Dv ¼ 0; vð0; xÞ ¼ 0; vtð0; xÞ ¼ hðxÞ; t > 0; x A R
n ð4:39Þ

for n ¼ 4; 5. By (4.25) we claim that the operator TsðtÞ is bounded from H 1
p to L p, and

it satisfies

kTsðtÞhkpaCpðtþ t2Þkhk1;p for 1 < p < y:

The operator ~TTsðtÞ defined by ~TTsðtÞh ¼ TsðtÞF
�1ðw2ĥhÞ is bounded from H 1

p to L p for

1 < p < y, and it satisfies ~TTsðtÞF
�1ðð1� wÞĥhÞ ¼ TsðtÞF

�1ðð1� wÞĥhÞ and

k ~TTsðtÞhkpaCpðtþ t2Þkhk1;p; ð1 < p < yÞ; ð4:40Þ

because the operator defined by h 7! F
�1ðcĥhÞ is bounded from L p to L p ð1 < p < yÞ.

It is well-known that ð1þ jxj2Þ iy is a Fourier multiplier on L p ð1 < p < yÞ and it

satisfies

kF�1ðð1þ jxj2Þ iyĥhÞkpaCðpÞð1þ y2ÞNkhkp; ð4:41Þ

where N is a positive constant that is determined by space dimension n (see e.g. [2]).

Introduce the analytic family of operators Uðz; tÞ as follows

Uðz; tÞh ¼ ~TTsðtÞF
�1ðð1þ jxj2Þz�1=2

ĥhÞ:

Fix su‰ciently small positive constant e, then the estimates (4.40) and (4.41) show

kUðiy; tÞhk1=eaCeð1þ y2ÞNðtþ t2Þkhk1=e; ð4:42Þ

kUðiy; tÞhk1=ð1�eÞaCeð1þ y2ÞNðtþ t2Þkhk1=ð1�eÞ: ð4:43Þ

On the other hand, ~TTsðtÞ is a bounded operator from L2 to H 1
2 and it satisfies

k ~TTsðtÞhk1;2a khk2:

Therefore we see that

kUð1þ iy; tÞhk2a khk2: ð4:44Þ

We may use interpolation theory (Lemma 2.6) between (4.42)–(4.43) and (4.44) with

y ¼ 1=2 to obtain that
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k ~TTsðtÞhkp ¼ kUð1=2; tÞhkpaCðeÞð1þ t2Þkhkp; ð4:45Þ

where 1=p ¼ ð1þ 2eÞ=4 or 1=p ¼ ð3� 2eÞ=4. Therefore we have obtained the next

lemma.

Lemma 4.5. Let n ¼ 4 or 5, and let 1=4 < 1=p < 3=4. Then, the operator ~TTsðtÞ is

bounded from L p to L p, and it satisfies

k ~TTsðtÞhkpaCðqÞð1þ t2Þkhkp:

Moreover, the operator ~TTcðtÞ defined by ~TTcðtÞh ¼ TcðtÞF
�1ðð1� wÞĥhÞ is bounded from H 1

p

to L p, and it satisfies

k ~TTcðtÞhkpaCðpÞð1þ t2Þkhk1;p:

Proof of Proposition 4.5. Let uðt; �Þ1SðtÞh. Then uðt; �Þ is a solution of (4.36)

with g ¼ 0, j0 ¼ 0 and j1 ¼ h.

(1) By Theorem 1.1 with e ¼ 1=4 and w ¼ w3, we see that

kq j
t ð�DÞkF�1fwð�Þðûuðt; �Þ � f̂fðt; �ÞÞgkp ¼ kq j

t ð�DÞkF�1fw3ð�Þwð�Þðûuðt; �Þ � f̂fðt; �ÞÞgkp

aCð1þ tÞ�n=2ð1=q�1=pÞ�3=4�j�kkF�1ðwĥhÞkq

for 1a qa pay, where f is the solution of the heat equation

qtf�
1

2a
Df ¼ 0; fð0; �Þ ¼

h

2a
; in ð0;yÞ � R

n:

The estimate (1.6) shows that

kF�1q j
t ð�DÞkðw3ð�Þwð�Þf̂fðt; �ÞÞkpaCð1þ tÞ�n=2ð1=q�1=pÞ�j�kkF�1ðwĥhÞkq

for 1a qa pay. Therefore we have obtained the desired result.

(2) When n ¼ 2; 3, Theorem 1.2 shows that

M1ðt; xÞ ¼
sin tjxj

jxj

jxj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q :

The function vðt; �Þ defined by

v̂vðt; xÞ ¼ w2ðxÞM1ðt; xÞð1� wðxÞÞĥhðxÞ

is a solution to the wave equation (4.39) with replaced h by

F
�1 w2ðxÞð1� wðxÞÞ

jxj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q ĥhðxÞ

0

B

@

1

C

A
A L p:

Since

w2ðxÞ
jxj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q

is a Fourier-multiplier on L p ð1 < p < yÞ (see e.g. [2]), Proposition 4.3 shows that

kvðt; �ÞkpaCð1þ tÞkF�1ðð1� wÞĥhÞkp
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for 1 < p < y. Theorem 4.1 with j0 ¼ 0, j1 ¼ F
�1ðð1� wÞĥhÞ gives

kSðtÞF�1ðð1� wÞĥhÞ � e�atvðt; �ÞkpaCe�atð1þ tÞ3nþ3kF�1ðð1� wÞĥhÞkp

for 1 < p < y. Hence

kSðtÞF�1ðð1� wÞĥhÞkpa kSðtÞF�1ðð1� wÞĥhÞ � e�atvðt; �Þkp þ e�atkvðt; �Þkp

aCe�atð1þ tÞ3nþ3kF�1ðð1� wÞĥhÞkp

for 1 < p < y. Thus we have obtained the desired result.

(3) When n ¼ 4; 5, Theorem 1.2 shows that

M1ðt; xÞ ¼
sin tjxj

jxj

jxj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q � t cos tjxj

1

jxj2
jxj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q jxjYðxÞ:

Define the functions v1 and v2 by

v̂v2ðt; xÞ ¼ w2ðxÞ
sin tjxj

jxj

jxj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q ð1� wðxÞÞĥhðxÞ;

v̂v1ðt; xÞ ¼ w2ðxÞ cos tjxj
1

jxj2
jxj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q jxjYðxÞð1� wðxÞÞĥhðxÞ:

Then vi ði ¼ 1; 2Þ are solutions of wave equation with initial data

v1ð0; �Þ ¼ 0; qtv1ð0; �Þ ¼ F
�1 w2ðxÞ

jxj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q ð1� wðxÞÞĥh

0

B

@

1

C

A
A L p;

v2ð0; �Þ ¼ F
�1 w2ðxÞ

1

jxj2
jxj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jxj2 � a2
q jxjYðxÞ

0

B

@

1

C

A
A H 2

p ; qtv2ð0; �Þ ¼ 0:

Lemma 4.5 shows that

kviðtÞkpaCpð1þ t2ÞkF�1ðð1� wÞĥhÞkp; ð4=3 < p < 4Þ: ð4:46Þ

Theorem 4.1 with j0 ¼ 0, j1 ¼ F
�1ðð1� wÞĥhÞ gives

kSðtÞF�1ðð1� wÞĥhÞ � e�atðv1ðt; �Þ � tv2ðtÞÞkpaCe�atð1þ tÞ3nþ3kF�1ðð1� wÞĥhÞkp ð4:47Þ

for 1 < p < y. The estimates (4.46) and (4.47) show

kSðtÞF�1ðð1� wÞĥhÞkp

a kSðtÞF�1ðð1� wÞĥhÞ � e�atðv1ðt; �Þ � tv2ðtÞÞkp þ e�atkv1ðt; �Þ � tv2ðtÞkp

aCe�atð1þ tÞ3nþ3kF�1ðð1� wÞĥhÞkp

for 4=3 < p < 4. Thus we have obtained the desired estimate. r

L p-Lq estimates for damped wave equations 615



5. Application to the semi-linear problem.

We now apply Proposition 4.5 to the Cauchy problem for the semilinear damped

wave equation (1.10). The local well-posedness of the problem is well known. The

following classical result can be found in Strauss [29] for example.

Lemma 5.1. Assume that Hypothesis H holds and assume that sa 2=ðn� 2Þ when

nb 3. Let j0 A H 1
2 , j1 A L2. Then the problem (1.10) possesses a unique local solution

u such that

u A C1ð½0;TÞ;L2ÞVCð½0;TÞ;H 1
2 Þ:

Here the solution can be continued beyond the interval ½0;TÞ if sup0at<TkuðtÞk1;2 < y.

Moreover, if j0 A H 2
2 , j1 A H 1

2 , then

u A C2ð½0;TÞ;L2ÞVC1ð½0;TÞ;H 1
2 ÞVCð½0;TÞ;H 2

2 Þ:

In view of this result, global existence of a solution follows from the boundedness of

its H 1
2 norm.

Now we will prove Theorem 1.3. Here and after we fix q ¼ 1þ 1=s and q 0 ¼ 1þ s.

The assumptions in Theorem 1.3 imply that

4

3
< q 0 < q < 4;

1

q
þ

1

q 0
¼ 1:

We construct the approximate solutions fujgj¼0;1;... to the Cauchy problem (1.10) as

follows.

Let u�1 ¼ 0, and let ujþ1 be a solution of the following Cauchy problem

q2t ujþ1 � Dujþ1 þ 2aqtujþ1 ¼ f ðujÞ; ujþ1ð0; xÞ ¼ j0ðxÞ; qtujþ1ð0; xÞ ¼ j1ðxÞ ð5:1Þ

for ðt; xÞ A ð0;yÞ � R
n for jb�1. Then (5.1) is equivalent to the following system of

the integral equations:

u1jþ1ðt; �Þ ¼ u10ðt; �Þ þ

ð t

0

Sðt� tÞ f 1ðujðt; �ÞÞ dt; ð5:2Þ

u2jþ1ðt; �Þ ¼ u20ðt; �Þ þ

ð t

0

Sðt� tÞ f 2ðujðt; �ÞÞ dt ð5:3Þ

for jb 0, where

u1jþ1ðt; �Þ ¼ F
�1ðwðxÞûujþ1ðt; �ÞÞ; u2jþ1ðt; �Þ ¼ F

�1ðð1� wðxÞÞûujþ1ðt; �ÞÞ;

f 1ðujðt; �ÞÞ ¼ F
�1ðwðxÞ f̂f ðujðt; �ÞÞÞ; f 2ðujðt; �ÞÞ ¼ F

�1ðð1� wðxÞÞ f̂f ðujðt; �ÞÞÞ

and w denotes the cut-o¤ function in Proposition 4.5.

Proposition 5.1. Assume that Hypothesis H holds. Let 4a na 5, 2=n < sa

2=ðn� 2Þ, s < 1 and

ðj0; j1Þ A Z1 1 ðH 2
2 VH 1

1þ1=s VH 1
1þs VL1Þ � ðH 1

2 VL1þ1=s
VL1þs

VL1Þ:

T. Narazaki616



If kj0; j1kZ1
is su‰ciently small, then there exists a small positive constant h such that

C1kj0; j1kZ1
a haC2kj0; j1kZ1

;

and the approximate solutions fujgj¼0;1;... constructed in (5.1) exist for t A ½0;yÞ and they

satisfy that

u1j A Cð½0;yÞ;Ly
VL1Þ; u2j A Cð½0;yÞ;H 2

2 VLq
VLq 0

Þ; ð5:4Þ

hence

uj A Cð½0;yÞ;H 2
2 ÞVC1ð½0;yÞ;H 1

2 ÞVC 2ð½0;yÞ;L2Þ ð5:5Þ

for j ¼ 0; 1; . . . : Moreover, they satisfy the following estimates;

(1) ku1j ðt; �Þkya 2hð1þ tÞ�n=2, ku1j ðt; �Þk1a 2h.

(2) ku2j ðt; �Þkqa 2hð1þ tÞ�b1 , ku2j ðt; �Þkq 0a 2hð1þ tÞ�b2 , where

b1 ¼
n

2
1þ s�

1

q

� �

; b2 ¼
n

2
1þ s�

1

q 0

� �

: ð5:6Þ

(3) kq l
tD

ku1j ðt; �Þk2a 2hð1þ tÞ�nðk; l Þ
for k þ la 2, where

nðk; lÞ ¼
n

4
þ
k

2
þmin l;

ns

2

� �

:

(4) kq l
tD

ku2j ðt; �Þk2a 2hð1þ tÞ�ðn=2Þ�ðsþ1=2Þ�1=2
for k þ la 2.

The Proposition 5.1 is a consequence of the following lemmas.

The next lemma is a direct consequence of Proposition 4.5.

Lemma 5.2. Under the same assumptions and notations as ones in Proposition 5.1,

the solution u0 of (4.36) with g ¼ 0 satisfies

u10 A Cð½0;yÞ;L1
VLyÞ; u20 A Cð½0;yÞ;Lq

VLq 0

VH 2
2 Þ;

hence

u0 A Cð½0;yÞ;H 2
2 ÞVC1ð½0;yÞ;H 1

2 ÞVC2ð½0;yÞ;L2Þ:

Moreover, there exists a small positive constant h such that

C1kj0; j1kZ1
a haC2kj0; j1kZ1

and the following estimates hold.

(1) ku10ðt; �Þkya hð1þ tÞ�n=2, ku10ðt; �Þk1a h.

(2) ku20ðt; �Þkqa hð1þ tÞ�b1 , ku20ðt; �Þkq 0a hð1þ tÞ�b2 , where b1 and b2 are defined

by (5.6).

(3) kq l
tD

ku10ðt; �Þk2a hð1þ tÞ�n=4�k=2�l , kq l
tD

ku20ðt; �Þk2;2a hð1þ tÞ�ðn=2Þðsþ1=2Þ�1=2

for k þ la 2.

If u1j A Cð½0;yÞ;Ly VL1Þ and u2j A Cð½0;yÞ;H 2
2 VLq VLq 0

Þ, then

uj ¼ u1j þ u2j A Cð½0;yÞ;Lq
VLq 0

VH 2
2 Þ:

This implies that;
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Lemma 5.3. Assume that uj ¼ u1j þ u2j ð jb 0Þ satisfies (5.4)–(5.5) and decay esti-

mates in Proposition 5.1. Then,

f ðujÞ A Cð½0;yÞ;H 1
2 VLq

VLq 0

VL1Þ

under the same assumptions and notations as ones in Proposition 5.1. Moreover, the

following estimates hold;

(1) k f ðujðt; �ÞÞkqaCh1þsð1þ tÞ�b1 .

(2) k f ðujðt; �ÞÞkq 0aCh1þsð1þ tÞ�b2 .

(3) kDkf ðujðt; �ÞÞk2aCh1þsð1þ tÞ�ðn=2Þðsþ1=2Þ�k=2
for k ¼ 0; 1.

(4) k f ðujðt; �ÞÞk1aCh1þsð1þ tÞ�ns=2.

Proof. Hypothesis H gives

k f 0ðujðt2; �ÞÞDujðt2; �Þ � f 0ðujðt1; �ÞÞDujðt1; �Þk2

aAðk jujðt2; �Þ � ujðt1; �Þj
s
Dujðt2; �Þk2 þ k jujðt1; �Þj

sðDujðt2; �Þ �Dujðt1; �ÞÞk2Þ

aCðkujðt2; �Þk2;2 þ kujðt1; �Þk2;2Þkujðt2; �Þ � ujðt1; �Þk
s
2;2: ð5:7Þ

The estimate (5.7) shows that

f 0ðujðt; �ÞÞDujðt; �Þ A Cð½0;yÞ;L2Þ:

Similar calculations to ones in (5.7) show that

f ðujðt; �ÞÞ A Cð½0;yÞ;L2
VLq

VL1Þ:

We will estimate several norms of f ðujðt; �ÞÞ.

(1) By Hypothesis H and assumptions of the lemma, we see that

k f ðujðt; �ÞÞkqaAkujðt; �Þk
1þs
ð1þsÞq

aCðku1j ðt; �Þk
1þs
ð1þsÞq þ ku2j ðt; �Þk

1þs
ð1þsÞqÞ

aCðku1j ðt; �Þk
1þs�1=q
y

ku1j ðt; �Þk
1=q
1 þ ku2j ðt; �Þk

1þs
2;2 Þ

aCh1þsð1þ tÞ�b1 ;

where we have used Sobolev’s lemma, H 2
2 HLqð1þsÞ, because

1

2
�
2

n
a

1

qð1þ sÞ
a

1

2

for na 5. Thus we have obtained the desired estimate.

(2) By Hypothesis H and the assumptions of the lemma, we see that

k f ðujðt; �ÞÞkq 0aCAðku1j ðt; �Þk
1þs�1=ð1þsÞ
y

ku1j ðt; �Þk
1=ð1þsÞ
1 þ ku2j ðt; �Þkq 0ð1þsÞÞ; ð5:8Þ

and

ku1j ðt; �Þk
1þs�1=ð1þsÞ
y

ku1j ðt; �Þk
1=ð1þsÞ
1 aCh1þsð1þ tÞ�b2 : ð5:9Þ

If q 0ð1þ sÞ ¼ ð1þ sÞ2b 2, then
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ku2j ðt; �Þk
1þs
q 0ð1þsÞaCku2j ðt; �Þk

1þs
2;2 aCh1þsð1þ tÞ�b2 ; ð5:10Þ

where we have used H 2
2 HLq 0ð1þsÞ, because

1

2
�
2

n
a

1

q 0ð1þ sÞ
a

1

2
:

If q 0ð1þ sÞ < 2, Hölder’s inequality shows that

ku2j ðt; �Þk
1þs
q 0ð1þsÞaCku2j ðt; �Þk

y1ð1þsÞ
2 ku2j ðt; �Þk

ð1�y1Þð1þsÞ
q 0 aCh1þsð1þ tÞ�b2 ; ð5:11Þ

where y1 A ð0; 1Þ is determined by

y1

2
þ
1� y1

1þ s
¼

1

q 0ð1þ sÞ
:

The estimates (5.8)–(5.11) show the desired result.

(3) Since

1

2
¼

1=2

q
þ
1=2

q 0
;

the estimates in Lemma 5.1(1)–(2) and Hölder’s inequality show that

k f ðujðt; �ÞÞk2aCk f ðujðt; �ÞÞk
1=2
q k f ðujðt; �ÞÞk

1=2
q 0 aCh1þsð1þ tÞ�ðn=2Þðsþ1=2Þ:

Hence it is su‰cient to estimate k f 0ðujðt; �ÞÞDujðt; �Þk2 for the proof of Lemma 5.3(3)

with k ¼ 1. By the estimates in Proposition 5.1, we see that

kDkujðt; �Þk2aChð1þ tÞ�n=4�k=2

for 0a ka 2. Let y2 ¼ n=2� 1=s A ð0; 1�. Then, Lemma 2.7 shows that

kDujðt; �Þk2n=ðn�2ÞaCkD2ujðt; �Þk2; ð5:12Þ

kujðt; �ÞknsaCkDujðt; �Þk
y2
2 kujðt; �Þk

1�y2
2 : ð5:13Þ

Hypothesis H, Hölder’s inequality and the estimates (5.12)–(5.13) show that

k f 0ðujðt; �ÞÞDujðt; �Þk2aCAkujðt; �Þk
s
nskDujðt; �Þk2n=ðn�2Þ

aCkujðt; �Þk
sð1�y2Þ
2 kDujðt; �Þk

sy2
2 kD2ujðt; �Þk2

aCh1þsð1þ tÞ�ðn=2Þðsþ1=2Þ�1=2:

Therefore we have obtained the desired result.

(4) Hypothesis H and the assumptions in the lemma give

k f ðujðt; �ÞÞk1aCAðku1j ðt; �Þk
1þs
1þs þ ku2j ðt; �Þk

1þs
q 0 Þ

aCðku1j ðt; �Þk
s
y
ku1j ðt; �Þk1 þ ku2j ðt; �Þk

1þs
q 0 Þ

aCh1þsð1þ tÞ�ns=2:

Thus we have obtained the desired estimate. r
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Proof of Proposition 5.1. We prove the proposition by induction. Lemma 5.2

shows that u10 and u20 satisfy the results of the proposition. Assume that u1j and u2j
satisfy the results of the proposition for some jb 0. Then, Lemma 5.3 shows that

f ðujÞ A Cð½0;yÞ;H 1
2 VLq

VLq 0

VL1Þ:

Hence, by (5.2)–(5.3), we claim that

u1jþ1 A Cð½0;yÞ;Ly
VL1Þ; u2jþ1 A Cð½0;yÞ;H 2

2 VLq
VLq 0

Þ:

This implies that

ujþ1 A Cð½0;yÞ;H 2
2 ÞVC 1ð½0;yÞ;H 1

2 ÞVC2ð½0;yÞ;L2Þ:

Now we proceed with further estimates.

(1) The equation (5.2) gives

ku1jþ1ðt; �Þkya ku10ðt; �Þky þ

ð t

0

kSðt� tÞ f 1ðujðt; �ÞÞky dt: ð5:14Þ

Proposition 4.5(1) with p ¼ y, q ¼ 1 and Lemma 5.3(4) show that

ð t=2

0

kSðt� tÞ f 1ðujðt; �ÞÞky dtaC

ð t=2

0

ð1þ t� tÞ�n=2k f ðujðtÞÞk1 dt

aCh
1þs

ð t=2

0

ð1þ t� tÞ�n=2ð1þ tÞ�ns=2
dt

aCh
1þsð1þ tÞ�n=2; ð5:15Þ

where we have used the inequalities ns > 2 and ð1þ t� tÞ�1
a 2ð1þ tÞ�1 for 0 < t <

t=2. Proposition 4.5(1) with p ¼ y, q ¼ ð1þ sÞ=s and Lemma 5.3(1) show that

ð t

t=2

kSðt� tÞ f 1ðujðt; �ÞÞky dtaC

ð t

t=2

ð1þ t� tÞ�ns=ð2ð1þsÞÞk f ðujðt; �ÞÞkq dt

aCh
1þs

ð t

t=2

ð1þ t� tÞ�ns=ð2ð1þsÞÞð1þ tÞ�ðn=2Þ�ð1þs�s=ð1þsÞÞ
dt

aCh
1þsð1þ tÞ�n=2

ð t

t=2

ð1þ t� tÞ�ns=ð2ð1þsÞÞð1þ tÞ�ðn=2Þ�ðs�s=ð1þsÞÞ
dt

aCh
1þsð1þ tÞ�n=2

ð t

t=2

ð1þ t� tÞ�n=2s
dt

aCh
1þsð1þ tÞ�n=2; ð5:16Þ

where we have used the inequalities ð1þ tÞ�1
a 2ð1þ tÞ�1 and ð1þ tÞ�1

a ð1þ t� tÞ�1

for tb t=2, and ns > 2. By the estimates (5.14)–(5.16) and Lemma 5.2, we see that

ku1jþ1ðt; �Þkya ðhþ Ch
1þsÞð1þ tÞ�n=2

a 2hð1þ tÞ�n=2

for su‰ciently small constant h > 0.

Proposition 4.5(1) with p ¼ q ¼ 1 and Lemma 5.3(1) show that
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ku1jþ1ðt; �Þk1a ku10ðt; �Þk1 þ

ð t

0

kSðt� tÞ f 1ðujðt; �ÞÞk1 dt

a hþ Ch1þs

ð t

0

ð1þ tÞ�ns=2
dt

a 2h:

Hence we have obtained the desired estimates.

(2) The equality (5.3), Proposition 4.5(3) and Lemma 5.3(1)–(2) show that

ku2jþ1ðt; �Þkqa ku20ðt; �Þkq þ

ð t

0

Ce�ða=2Þðt�tÞk f ðujðt; �ÞÞkq dt

a hð1þ tÞ�b1 þ Ch1þs

ð t

0

e�ða=2Þðt�tÞð1þ tÞ�b1 dt

a ðhþ Ch1þsÞð1þ tÞ�b1

a 2hð1þ tÞ�b1 ;

and

ku2jþ1ðt; �Þkq 0a ku20ðt; �Þkq 0 þ

ð t

0

Ce�ða=2Þðt�tÞk f ðujðt; �ÞÞkq 0 dt

a hð1þ tÞ�b2 þ Ch1þs

ð t

0

e�ða=2Þðt�tÞð1þ tÞ�b2 dt

a 2hð1þ tÞ�b2 :

Hence we have obtained the desired estimates.

(3) Proposition 4.5(1) with p ¼ 2, q ¼ 1 and Lemma 5.3(4) show that

ð t=2

0

kq l
tD

kSðt� tÞ f 1ðujðt; �ÞÞk2 dtaC

ð t=2

0

ð1þ t� tÞ�n=4�k=2�lk f ðujðt; �ÞÞk1 dt

aCh1þs

ð t=2

0

ð1þ t� tÞ�n=4�k=2�lð1þ tÞ�ns=2
dt

aCh1þsð1þ tÞ�n=4�k=2�l ð5:17Þ

for k þ la 2.

Proposition 4.5 with p ¼ q ¼ 2 and Lemma 5.3(3) show that
ð t

t=2

kq l
tSðt� tÞ f 1ðujðt; �ÞÞk2 dtaC

ð t

t=2

ð1þ t� tÞ�lk f ðujðt; �ÞÞk2 dt

aCh1þs

ð t

t=2

ð1þ t� tÞ�lð1þ tÞ�ðn=2Þðsþ1=2Þ
dt

¼ Ch1þs

ð t

t=2

ð1þ t� tÞ�lð1þ tÞ�n=4�lð1þ tÞ�ns=2þl
dt

aCh1þsð1þ tÞ�n=4�l ð5:18Þ
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for la 1, and
ð t

t=2

kq l
tD

kSðt� tÞ f 1ðujðt; �ÞÞk2 dt

aC

ð t

t=2

ð1þ t� tÞ�l�ðk�1Þ=2kDf ðujðt; �ÞÞk2 dt

aCh1þs

ð t

t=2

ð1þ t� tÞ�l�ðk�1Þ=2ð1þ tÞ�ðn=2Þðsþ1=2Þ�1=2
dt

¼ Ch1þs

ð t

t=2

ð1þ t� tÞ�l�ðk�1Þ=2ð1þ tÞ�n=4�l�k=2ð1þ tÞ�ns=2þlþðk�1Þ=2
dt

aCh1þsð1þ tÞ�n=4�l�k=2 ð5:19Þ

for k þ la 2 and kb 1. By the estimates (5.17)–(5.19) and Lemma 5.2, we see that

kq l
tD

ku1jþ1ðt; �Þk2a 2hð1þ tÞ�n=4�l�k=2 ð5:20Þ

for k þ la 2, and la 1.

By (5.2), we see that

q2t u
1
jþ1ðt; �Þ ¼ q2t u

1
0ðt; �Þ þ f 1ðujðt; �ÞÞ þ

ð t

0

q2t Sðt� tÞ f 1ðujðt; �ÞÞ dt;

then, by Proposition 4.5(1) with p ¼ q ¼ 2, Lemmas 5.2–5.3 and (5.17), we see that

kq2t u
1
jþ1ðt; �Þk2a kq2t u

1
0ðt; �Þk2 þ k f ðujðt; �ÞÞk2 þ

ð t=2

0

kq2t Sðt� tÞ f 1ðujðt; �ÞÞk2 dt

þ

ð t

t=2

kq2t Sðt� tÞ f 1ðujðt; �ÞÞk2 dt

a hð1þ tÞ�n=4�2 þ Ch1þsð1þ tÞ�ðn=2Þ�ðsþ1=2Þ þ Ch1þsð1þ tÞ�n=4�2

þ Ch1þs

ð t

t=2

ð1þ t� tÞ�2ð1þ tÞ�ðn=2Þðsþ1=2Þ
dt

a 2hð1þ tÞ�nð0;2Þ ð5:21Þ

for su‰ciently small h > 0. By (5.20) and (5.21), we have obtained the desired estimate.

(4) Since
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jxj2
q

jxj
ð1� wðxÞÞ A Ly;

Lemma 5.3(3) shows that

k f 2ðujðt; �ÞÞk1;2aCkDf ðujðt; �ÞÞk2aCh1þsð1þ tÞ�ðn=2Þ�ðsþ1=2Þ�1=2

for jb 0. (5.3) gives

q l
tu

2
jþ1ðt; �Þ ¼ q l

tu
2
0ðt; �Þ þ

ð t

0

q l
tSðt� tÞ f 2ðujðt; �ÞÞ dt;
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for 0a la 1, and

q2t u
2
jþ1ðt; �Þ ¼ q2t u

2
0ðt; �Þ þ f 2ðujðt; �ÞÞ þ

ð t

0

q2t Sðt� tÞ f 2ðujðt; �ÞÞ dt:

Hence, easy calculation gives

kq l
tD

ku2jþ1ðt; �Þk2a kq l
tD

ku20ðt; �Þk2 þ Ck f 2ðujðt; �ÞÞk1;2 þ C

ð t

0

e�aðt�tÞk f 2ðujðt; �ÞÞk1;2 dt

a 2hð1þ tÞ�ðn=2Þ�ðsþ1=2Þ�1=2

for k þ la 2 and for su‰ciently small h > 0. We have obtained the desired result by

induction. r

Lemma 5.4. Under the notations and assumptions as in Proposition 5.1, the estimate

sup
0at

kujþ1ðt; �Þ � ujðt; �Þk1;2a
1

2
sup
0at

kujðt; �Þ � uj�1ðt; �Þk1;2

holds for jb 1.

Proof. Proposition 5.1(4) shows that

ku2j ðt; �Þk2;2aChð1þ tÞ�ðn=2Þ�ðsþ1=2Þ�1=2:

Hence, by easy calculations and the estimates in Proposition 5.1, we see that

k f ðujðt; �ÞÞ � f ðuj�1ðt; �ÞÞk2aCðku1j ðt; �Þk
s
y
þ ku1j�1ðt; �Þk

s
y
þ ku2j ðt; �Þk

s
2;2 þ ku2j�1ðt; �Þk

s
2;2Þ

� kujðt; �Þ � uj�1ðt; �Þk1;2

aChsð1þ tÞ�ns=2kujðt; �Þ � uj�1ðt; �Þk1;2 ð5:22Þ

for jb 1. By the iteration scheme (5.1), w1 ujþ1 � uj is the solution of the problem

q2t w� Dwþ 2aqtw ¼ f ðujÞ � f ðuj�1Þ; wð0Þ ¼ qtwð0Þ ¼ 0:

Hence, by Proposition 4.5 and (5.22), we see that

sup
0ataT

kujþ1ðt; �Þ � ujðt; �Þk1;2aC

ðT

0

k f ðujðt; �ÞÞ � f ðuj�1ðt; �ÞÞk2 dt

aChs sup
0ataT

kujðt; �Þ � uj�1ðt; �Þk1;2

ð
y

0

ð1þ tÞ�ns=2
dt

aChs sup
0ataT

kujðt; �Þ � uj�1ðt; �Þk1;2

a
1

2
sup

0ataT

kujðt; �Þ � uj�1ðt; �Þk1;2

for any T > 0, provided that h > 0 is su‰ciently small. Therefore we have obtained the

desired result. r
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Proof of Theorem 1.3. By Proposition 5.1 and Lemma 5.4, there is the function

u A Cð½0;yÞ;H 1
2 ÞVLyð0;y;Lq VLq 0

VH 2
2 Þ

satisfying

un ! u in Cð½0;yÞ;H 1
2 Þ; ð5:23Þ

u1n ! u1 weak� in Lyð0;y;L pÞ; ð1 < payÞ

u2n ! u2 weak� in Lyð0;y;Lq VLq 0

VH 2
2 Þ:

Moreover, the following estimates hold.

ku1ðt; �Þkpa hð1þ tÞ�n=2ð1�1=pÞ ð1a payÞ;

ku2ðt; �Þkqa hð1þ tÞ�ðn=2Þ�ð1þs�1=qÞ; ku2ðt; �Þkq 0a hð1þ tÞ�ðn=2Þ�ð1þs�1=q 0Þ

and

kq l
tD

kuðt; �Þka 2hð1þ tÞ�nðk; l Þ

for k þ la 2.

Hence we see that kuðt; �Þkpa ku1ðt; �Þkp þ ku2ðt; �Þkpa 4hð1þ tÞ�ðn=2Þð1�1=pÞ for

1þ sa pa 1þ 1=s. By (5.23) we see that f ðunÞ ! f ðuÞ in Cð½0;yÞ;L2Þ.

Note that u A Cð0;y;H 1
2 Þ is a solution of (1.10). Lemma 5.1 shows that

u A Cð½0;yÞ;H 2
2 ÞVC1ð½0;yÞ;H 1

2 ÞVCð½0;yÞ;L2Þ:

Then we claim that

f ðuÞ A Cð½0;yÞ;L1þ1=s VL1þsÞ:

Hence, Proposition 4.5 shows that

u A Cð½0;yÞ;L1þ1=s VL1þsÞ:

Thus we have obtained the desired result. r

To prove Theorems 1.4–1.5, we construct approximate solutions of the problem

(1.10) by (5.1). For the proofs of these theorems, we need the following lemmas. Note

that the proofs of the decay estimate to kqtuðt; �Þk2 and kDuðt; �Þk2 are same as one of

Theorem 1.3, replaced Z1 by Z2 or Z3.

Lemma 5.5. Under the assumptions and notations as ones in Theorem 1.4, the

approximate solution uj constructed by (5.1) inductively satisfies

u1j A Cð½0;yÞ;L1 VLyÞ; u2j A Cð½0;yÞ;H 1
2 VLq VLq 0

Þ:

Moreover, following estimates hold:

(1) ku1j ðt; �Þkya 2hð1þ tÞ�3=2, ku1j ðt; �Þk1a 2h,

(2) ku2j ðt; �Þkqa 2hð1þ tÞ�b1 , ku2j ðt; �Þkq 0a 2hð1þ tÞ�b2 , where b1 and b2 are de-

fined by (5.6).

(3) kq l
tD

ku1j ðt; �Þk2a 2hð1þ tÞ�3=4�k=2�l , kq l
tD

ku2j ðt; �Þk1;2a 2hð1þ tÞ�3ðsþ1=2Þ=2
for

k þ la 1.

T. Narazaki624



Lemma 5.6. Under the assumptions and notations as ones in Theorem 1.5, the

approximate solution uj constructed by (5.1) inductively satisfies

u1j A Cð½0;yÞ;L1 VLyÞ; u2j A Cð½0;yÞ;H 1
2 Þ:

Moreover, the following estimates hold:

(1) ku1j ðt; �Þkya 2hð1þ tÞ�n=2, ku1j ðt; �Þk1a 2h,

(2) kq l
tD

ku1j ðt; �Þk2a 2hð1þ tÞ�n=4�k=2�l , kq l
tD

ku2j ðt; �Þk1;2a 2hð1þ tÞ�nðsþ1=2Þ=2
for

k þ la 1.

Since the proof of Lemmas 5.5–5.6 and Theorems 1.3–1.4 is very similar to one of

Theorem 1.2, we omit it.
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