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Abstract. Optimal energy decay estimates will be derived for weak solutions to the
Cauchy problem in RY (N =1,2,3) of dissipative wave equations, which have lower
power nonlinearities |u|”~'u satisfying 1+ 2/N < p < N/[N —2]".

1. Introduction.

In this paper we are concerned with the following Cauchy problem in R™:
(1, X) — Au(t, x) + u,(t,x) = |u(t,x)|”"u(t,x), (t,x) € (0,00) x RV, (1.1)
u(0,x) = uo(x), u,(0,x) =u;(x), xeR". (1.2)

First let us introduce some notations used throughout this paper. The total energy
E,(t) to the equation (1.1) is defined as follows:

1 1
E,(t) = 5 llue(t, )|” + 5 IVult, )1,

where in these cases, |||, and |||/ denote the usual L9(RY)-norm and H'(R")-
norm, respectively. Furthermore we use || -| for | - ||,.
For the Cauchy problem (1.1)—(1.2) in RY (N > 1) with the usual nonlinearity:
4 N+2
1+ — < -~ 1.3
for the small initial data without L! x L! assumption Nakao-Ono has already
derived the global existence of small weak solutions u(z,x) and the decay estimates:

lu(t,)|> < C, E,()<CA+0)". (1.4)

Their argument is based on the so called (modified) potential well method combined
with the energy method whose idea originally comes from Payne-Sattinger and
Sattinger [17].

On the other hand, in Kawashima-Nakao-Ono (see also Matsumura [7]) they
dealt with the Cauchy problem (1.1)~(1.2) in RN (N > 1) with |u(z, x)|”"'u(z, x) replaced
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by —|u(t,x)|” 'u(t,x), and obtained the L? — L7 estimates of global weak solutions in
the framework of ‘“higher” power (1.3):

u(t, ))> < CA+ ) NV B () < €14 g TN (1.5)
for a rather stronger assumption of the initial data:
(w0, um) & (H'(RM)N L' (RV)) x (L*(RV) N L"(RY))

for re[1,2]. Their argument depends on the monotonicity of the nonlinearity. But,
it is easy to see that the same result can be also derived for the non-monotone case
of nonlinearity by combining the (modified) potential well method with the L? — L4
estimates for the linear equation of (1.1)—(1.2) with |u(z, x)|”"'u(t, x) replaced by f(t,x).
In any case the condition (1.3) plays an essential role in deriving the various decay
or bounded estimates of solutions. For the other type of decay property for the linear
and nonlinear problems, we refer the reader to Ikehata [3], Ikehata-Matsuyama [4],
Mochizuki-Nakazawa [9], Saeki-Ikehata [16], Shibata [19], Zuazua and the refer-
ences therein.

On the other hand, quite recently in Todorova-Yordanov have already found
the critical exponent 1+ 2/N (N > 1) to the Cauchy problem (1.1)—(1.2) under rather
stronger assumptions on the initial data such as compactness of the support.

The purpose of this paper is to relax the condition (1.3) to the lower power of
nonlinearity:

2 4
1+ N <p< 1+ N,
and to derive the optimal decay estimates like (1.5) for small global solutions to the
Cauchy problem (1.1)—(1.2) without compactness of the support of the initial data.
Since we consider the small solutions, it seems difficult to relax below the condition (1.3)
of the power because the nonlinearity is hard to vanish as ¢t — +oc0. In particular, in
Li-Zhou [6] the small data blowup results to the Cauchy problem (1.1)—(1.2), which has
the power 1 < p<1+2/N (N =1,2) have been already discussed. So our study will
become a kind of interpolation of the power p between (1,1+2/N] and (1 +4/N,
N/(N —2)] in the case when (at least) N =1,2.
Our idea is to combine the L?” — L7 estimates in Kawashima-Nakao-Ono and
Matsumura with the method in Ikehata which has recently relaxed below the
condition (1.3) to

1+

< p<
Ni2°FP=

(N 2"
for the case when N =2,3 concerning the exterior mixed problem of (1.1), where
[a]" = max{a,0}. We do not rely on the potential well method as in [13] so that even
in the “monotone” nonlinearity case we must restrict the size of the initial data suffi-
ciently small.

Before introducing our results we shall impose the following assumptions:
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2
I+ <p<+o, (N=12) (1.6)
N
2 < — = 3). 1.
<p< 5 (N=3) (1.7)

Note that in the case when N =3 we see

1+2<3+1<2<1+ 6 <1+4< N
N 2 N N +2 N N-2

(1.8)

Our main result reads as follows.

THEOREM 1.1. Suppose that (1.6) in the case when N = 1,2 and (1.7) in the case

when N = 3 are satisfied. Then there exists a real number ey > 0 such that if the initial
data (ug,u;) € (H'(RM)NLY(RY)) x (L2(RN)NLY(R™)) further satisfies

To,u = Jluolly + lluoll g =+ [l [y + [ ]| < &0,

the problem (1.1)—(1.2) admits a global solution ue C([0,0); H'(RY))N C'([0, 0);
L*(RM)) satisfying the decay property:

lu(t,)|1* < CI3 (1 +1)V/2,
E () < CIZ (1 + 07N
with some generous constant C > 0.

REMARK 1.1. For the solutions to the problem (1.1)—(1.2) with (at least) small
initial data, our result is much sharper than that in [S, Theorem 1] and thus, these results
imply that the exponent 1 +4/N is just the technical value and we can conjecture that
for all N> 1, 14+2/N < p< (N +2)/[N —2]" is the region for which the small data
global existence property occurs. The exponent 1+ 2/N is the so called Fujita expo-
nent in the semilinear heat equation case (see Li-Zhou [6]). In a sense we can say that
the result in [Theorem 1.1 implies the so called diffusion structure of the equation (1.1)
(see Han-Milani [T], Nishihara [14]). Furthermore, in the case when N = 1,2
1.1 completely includes the result in [21]. Finally we can also deal with the other type
of nonlinearities +|u|”, —|u[’'u and so on.

By the way, in the occasion of the proof of we shall proceed our
argument based on the following well-known result. (cf. Strauss and Nakao-Ono

[13)):

PrOPOSITION 1.1.  Suppose 1 < p < N/[N —2]" with N >1. For each (ug,u;) €
H'(RY) x L>(R"), there exists a maximal existence time T,, >0 such that the prob-
lem (1.1)=(1.2) has a unique solution ue C([0,T,,); H' (R¥))NC'([0, T,,); L*(RY)). If
T,, < 400, then

i {fja(z, )| + [Vt )l + a2, ] = +o0.
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2. Proof of Theorem 1.1.

In this section let us prove [Theorem I.1. For this aim we first prepare the fol-
lowing lemma, that is the Gagliardo-Nirenberg inequality.

LemMA 2.1. Let 1 <r<q<2N/I[N—-2]",2<q and N >1. Then the inequality
Ioll, < KollVoll’llo], ™", ve H'(RY)

holds with some constant Ky > 0 and
1 1/t 1 1\
9‘(?‘5) (TTN)

Now we shall consider the linear wave equation:

provided that 0 < 0 < 1.

vi(t,x) — Av(t,x) + v,(t,x) =0, (t,x) € (0,0) x R", (2.1)
v(0,x) = vo(x), v:(0,x)=v1(x), xeR". (2.2)

For this linear problem, in and the so called L? — LY estimates of solutions have
been already derived. Thus by using these L? — L7 estimates and the so called Duhamel
principle we shall handle the semilinear problem (1.1)—(1.2).

Set

Lo = [looll + [leolly + floal] + flov -

ProposiTioN 2.1 ([S, Proposition 3.2]|). Let N >1. Then for each (vo,v)€
(H'(RM)YNLY(RY)) x (L*(RY)YNLY(RY)), the solution v of (2.1)—(2.2) satisfies

o(z,)]I> < CIZ (1 + 1)V,

ProPOSITION 2.2 ([7, Lemma 2]). Let N > 1. Then for each (vo,v;) € CF(R") x
C(RY), the solution v of (2.1)~(2.2) satisfies

E (1) < CI3 (1 + )7/,

So, based on these Propositions 2.1 and 2.2] we can derive the following total energy
decay estimates to the weak solution of the linear problem [2.1}2.2].

PROPOSITION 2.3. Let N >1. Then for each (vy,v1)e (H' (RY)NL'(RY)) x
(L>(RMYNLY(RY)), the weak solution ve C([0,+0); H (RY))NC'([0,40); L>(R™))
to the problem (2.1)—(2.2) has the decay estimates:

lo(,)1* < €I? (1 4+ 072,
E (1) < CI§ (1 + 1) "2,

PrOOF. Since vg € H'(RY)NLY(RY) and v; e L>(RY)NL'(RY) can be approxi-
mated by smooth functions {¢,} = C*(R") and {y,} = C(R") satisfying
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160 — voll g1 + [Iy —volly = 0 (n— +00),
1Y, — o1l + I, —villy = 0 (n — +00),
the desired statement is rather standard. ]

Under these preparations we can prove [Theorem 1.I. The proof will be done
along the same way as in [2].

PrOOF OF THEOREM 1.1. First define a semigroup S(z): H'(R"Y) x L>(R") —
H'(RY) x L*(R") by
t. -
o (1)
Ui Ul(t7')

where o(t,-) € C([0, +c0); H'(RY)) N CY([0, +00); L2(RY)) is a unique solution to the

“linear” problem [2.1}-{2.2).

The following well-known inequalities are useful in order to derive some decay rate

(see Segal [18]).

LemMmA 2.2. If B> 1 and n < B, then there exists a constant Cg , > 0 depending only
on B and n such that

t
J0(1 bi—s) (14 s) P ds < Cpp(1+ 1)

for all t > 0.

In the following paragraph we set Iy, = Iy for simplicity. Now we shall derive the
decay property of a nonlinear problem (1.1)—(1.2). By a standard semigroup theory,
the nonlinear problem (1.1)—(1.2) is rewritten as the integral equation:

Ut) = S(1)Us + J; S(t — $)F(s) ds,

Ug

where U(f) = [;‘f{;ﬂ, Uy = [ul} F(s) = [ p (u?s,_»} with /() (x) = |u(x)|” u(x).

We proceed our argument based on the way of Nakao (the small data
perturbation method). In order to show the global existence, it suffices to obtain the a
priori estimates for E,(¢) and [ju(¢,-)|| in the interval of existence [0, 7,,) (see
1.1). As a result of [Proposition 2.3, first one has

LemMA 2.3.  Under the assumptions as in Theorem 1.1, we have
IS(1) Vol < Clo(1 + 1) /27
on [0, T,,), where we set

u
1% = ot + v

Furthermore, if
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1(s) = [Lf CuCs, D+ N1 s, DIy < +o0 (2.4)

for each s e [0,7] with 7€ 0, 7T,), then from [Proposition 2.3 we have

1S(1 — $)F(s)|| g < CI(s)(1 4t — ) /2 N4, (2.5)

Thus from one can estimate U(¢) as follows:

t
1U)||g < Ch(1 + ) /2N 4 cJ (1+1—s) N3 (s) ds.
0

Take K > 0 so large (if necessary) such as
[Uollz < Ko, uoll < K.

Because of the continuity of functions ¢ — ||U(?)||; and ¢ — ||u(z)|| we assume that there
exists a real number T € (0, 7),) such that

IU)| g < KIp(1 4 )"V N and - ju(n)|| < KIb(1+0™* on [0,T), (2.7)
and
1U(T)|lg = Klo(1+T) 29 or |u(T)|| = K1+ 7)™ (238)
By [Lemma 2.1 and the assumption (1.6) or (1.7) we have
1 (s, NIy = e ) < Kolluls, )7 vau(s, )7
with 0, = N(p —2)/2p € (0,1]. Similarly one has
1 (s, NI < Kolluls, )" Vu(s, )7
with 0, = N(p —1)/2p € (0,1]. Therefore, as long as (2.7)—(2.8) holds one gets
1 (s, N < Ko{Klp(1+ 5)" M PO LKI (1 4 5) 712N 4y0
= KoKPI{ (1 4 5) PN
1 (s, )| < Ko{ Klo(1 + )My KE (14 5) 712Ny
= KoKPIP (1 4 5) 7702/ 2N/%),
for s € [0,7]. Here we set
W =pN/A+N(p-2)/4, p,=pN/4+N(p-1)/4

Summing up these calculations we have the following lemma, which shows the validity
of the condition (2.4).

LEmmA 2.4. As long as (2.7)—(2.8) hold on [0,T] we have
I1f Cu(z, DI < KoKPIG(1+ )77,
1/ (u(t, )l < KoKPIF (1 + )77
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By applying Lemmas and 2.4 to we see that

t
1Tl < CIo(1+ 0727V 4 CJ (14 1—9) PR I{(1+5) 7" + (145) 7} ds
0

t
< Ch(1+07 /My CKoKf’Ié’J (L4 1—s)" 2V (1 4 5) ™ ds.
0

Note that y; > 1 because of the assumptions (1.6) or (1.7) and y, < y,. Thus from
and again (1.6) or (1.7) it follows that

IU@)||z < Clo(1 + ) 2N 4 CRoKPID (1 4 1) 2N/
with some constant C > 0 independent of K and I, (see also (1.8)). Setting
Oo(ly,K) = C + CKoK"I) ™",
we get the following lemma.
LemMMA 2.5. As long as (2.7)—(2.8) hold on [0,T] we get
U@z < ToQoldo, K)(1+ 1) 2%,

Next let us derive the L2-estimates for the local solution u(¢,x) to the problem
(1.1)-(1.2). Indeed, we have from and [Proposition 2.3 that

t
lu(t, )| < Clo(1 + £y + cJ (1+1— ) VA1(s) ds.
0

Therefore, it follows from and the similar argument to that

t
lu(, )| < Clo(1 + 1) N + cJ (1+1—8) VKoK IZ[(1 4 5) 7 + (1 45) 7] ds
0

t
< Clho(1+0)7M* 4 CKOKug’J (1+1—5) Y41 +5) 7 ds
0

with some constant C > 0 independent of K and Iy, where y, > 1 because of (1.6) or
(1.7). This together with implies

lu(z,)|| < Clo(1 +1)™* + CKoKPIP (1 + )™,
Thus we have
LemMMA 2.6. As long as (2.7)—(2.8) hold on [0,T] it follows that
lu(t, )| < 1o Qo(fo, K)(1+ 1)/,
Take K > C further so large and take [y so small such as
CKoK’I!™' < K — C.
For such K > 0 and I, we have

Q()(I(),K) < K.
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Therefore, by combining this with Lemmas and we see that
1UD)]p < Klp(1+ )72V, (2.10)
lu(t, )] < Kao(1 + 1)/ 21

on [0, T'], which yields a contradiction to (2.8). Thus the a priori estimates (2.10) and
(2.11) hold on [0, 7},,) under the assumption (2.9). Because of [Proposition 1.1 the local
solution u(t,-) exists globally in time and these estimates hold in fact for all 7> 0.
Taking & = (K — C)/CKoK?)"/*~V the proof of is now finished. []
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