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Abstract. We define a class of Besov type spaces which is a generalization of

that defined by Kenig-Ponce-Vega ([4], [5]) in their study on KdV equation and non-

linear Schrödinger equation. Using these spaces, we prove the following results: the 1-

dimendional semilinear Schrödinger equation with the nonlinear term c1u
2 þ c2u

2 has a

unique local-in-time solution for the initial data A B
�3=4
2; 1 , and that with cuu has a unique

local-in-time solution for the initial data A B
�1=4;#
2; 1 . Note that B

�1=4;#
2; 1 ðRÞIB

�1=4
2; 1 ðRÞI

H sðRÞ for any s > �1=4.

1. Introduction and definition of Besov-type norms.

Kenig, Ponce and Vega ([5]) reported an excellent result which states that there

exists a unique local-in-time solution to the semilinear Schrödinger equation

qtu ¼ iq2xuþNðu; uÞ; x; t A R;ð1:1Þ

with the initial value uðx; 0Þ ¼ u0ðxÞ A H sðRÞ, s > �3=4, where Nðu; uÞ ¼ u2 or Nðu; uÞ

¼ u2. The main tool in [5] is the bilinear estimate

kc1 fgþ c2 f gkXs; b�1
aCk f kXs; b

kgkXs; b
;ð1:2Þ

where the space Xs;b is defined by the norm (introduced by Bourgain [3])

k f kXs; b
¼ kð1þ jxjÞsð1þ jt� x2jÞb f̂f ðx; tÞkL2ðR2Þ;ð1:3Þ

and f̂f denotes the Fourier transform of f . They proved that (1.2) holds for any

s > �3=4 and some b > 1=2, and fails for any s < �3=4 and any b A R. Nakanishi-

Takaoka-Tsutsumi [8] showed that (1.2) fails also when s ¼ �3=4.

From these results we see that the Sobolev version of the Fourier restriction norm

does not work in the critical case s ¼ �3=4, and experience suggests us some kind of its

Besov version would work. But we could not prove the estimate (1.2) with Xs;b re-

placed by B
ð�3=4;1=2Þ

2;1;�x2
(see the definition below). The fact that b should be 1=2 is also

indicated by the calculations in [5]. In estimating the norm of fg there appear terms

analogous to the sum
Xy

j¼0

ð j þ 1Þ2 sjk fjkL2 ;ð1:4Þ

where f̂fjðxÞ ¼ jjðjxjÞ f̂f ðxÞ and fjjgj¼0;1;... is a set of Cy-functions satisfying
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P

y

j¼0 jjðzÞ ¼ 1; supp j0 H fz; jzj < 2g; supp j1 H fz; 1 < jzj < 4g;

jkðzÞ ¼ j1ð2
�kþ1zÞ for kb 1; jjðzÞ ¼ jjð�zÞb 0;

(

ð1:5Þ

namely, the sequence which gives the Littlewood-Payley decomposition. The quantity

(1.4) is equivalent with the norm of f in B
r
2;1 with rðzÞ ¼ z s logð2þ zÞ (a special case of

Besov spaces with ‘function’ parameter which is a good generalization of the usual ones,

see [7]). Thus, we are forced to use Besov type spaces of ‘function’ order di¤erentia-

bility. Namely,

Definition 1. For a weight r on Rþ, b A R, 1a pay, 1a qay and a real-

valued Cy-function PðxÞ the space B
ðr;bÞ
p;q;PðR

dþ1Þ is the space of tempered distributions f

such that the norm

k f k
B
ðr; bÞ
p; q;P

:¼ kfrð2 jÞ2bkk fjk;Pðx; tÞkL pðRdþ1ÞgklqðN�NÞð1:6Þ

is finite. The space is written by B
ðs;bÞ
p;q;PðR

dþ1Þ when rðzÞ ¼ zs. Here, N :¼ N U f0g,

f̂fjk;Pðx; tÞ ¼ jjðjxjÞjkðt� PðxÞÞ f̂f ðx; tÞ;ð1:7Þ

and fjjgj¼0;1;... is a sequence of Cy-functions satisfying (1.5).

We omit the subscript P when P ¼ 0.

Br
p;qðR

dÞ is the space of tempered distributions f such that the norm

k f kBr
p; q

:¼ kfrð2 jÞk fjðxÞkL pðR d Þgkl qðNÞð1:8Þ

is finite, where f̂fjðxÞ :¼ jjðxÞ f̂f ðxÞ. (Bs
p;qðR

dÞ ¼ Br
p;qðR

dÞ with rðzÞ ¼ zs.)

B
ðr;bÞ
p;q;PðR

dþ1Þ is a generalization of the space of the Fourier restriction norm Xs;b,

since Xs;b ¼ B
ðs;bÞ

2;2;x2ðR
2Þ, and by making use of this norm we can prove that

kc1 fgþ c2 f gkBðr;�1=2Þ

2; 1;�x2

aCk f k
B
ðr; 1=2Þ

2; 1;�x2

kgk
B
ðs; 1=2Þ

2; 1;�x2

(Theorem 2.3), which leads to, with the help of the usual successive approximation

method, the existence of solutions to (1.1) with the initial condition uð0; xÞ ¼ u0 A

B
r
2;1ðRÞ in the case Nðu; uÞ ¼ c1u

2 þ c2u
2. But, since the 0-th approximation solution

e itq
2

u0 (e itq
2

denotes the Schrödinger group) belongs to the space B
ðs;bÞ

2;1;�x2 for any b if

u0 A B s
2;1ðRÞ and the estimate

kc1 fgþ c2 f gkBðr;�1=2Þ

2; 1;�x2

aCfk f k
B
ðs; bÞ

2; 1;�x2

kgk
B
ðs; 1=2Þ

2; 1;�x2

þ k f k
B
ðs; 1=2Þ

2; 1;�x2

kgk
B
ðs; bÞ

2; 1;�x2

g

holds for any b > 1=2, by solving the equation with respect to v :¼ u� e itq
2

u0 we can

construct solutions u ¼ e itq
2

u0 þ v, v A B
ðr;1=2Þ

2;1;�x2 for any initial data u0 A Bs
2;1ðRÞ.

In improving Kenig-Ponce-Vega’s results for the case where the nonlinearity Nðu; uÞ

¼ uu there arises another di‰culty which force us to use the slightly complicated space

B
ðs;1=2Þ;#

2;1;�x2
which is defined as follows:

Definition 2. For s; b A R, 1a qay and a real-valued Cy-function PðxÞ the

space B
ðs;bÞ;#
2;q;P ðRdþ1Þ is the completion of SðRdþ1Þ with the norm

k f k
B
ðs; bÞ;#

2; q; P

:¼ kf2bkk f #
0k;Pðx; tÞkL2ðR dþ1Þgkl qðNÞ þ kf2sjþbkk fjk;Pðx; tÞkL2ðRdþ1Þgkl qðN�NÞð1:9Þ

where f̂f #
0k;Pðx; tÞ ¼ j0ðjxjÞð1þ jlogjxj jÞ�2

jkðt� PðxÞÞ f̂f ðx; tÞ.
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We omit the subscript P when P ¼ 0.

The space B
s;#
2;q ðR

dÞ is the completion of SðRdÞ with the norm

kuk
B

s; #
2; q

ðR d Þ :¼ ku#
0 kL2ðR d Þ þ kf2sjkujkL2ðRd Þgkl qðNÞð1:10Þ

where ûu#
0 ðxÞ ¼ j0ðjxjÞð1þ jlogjxj jÞ�2

ûuðxÞ, ûujðxÞ ¼ jjðjxjÞûuðxÞ:

To prove the uniqueness, according to Bekiranov-Ogawa-Ponce [2] pp. 380–382, we

must use the ‘localized’ norm: that is,

Definition 3. For a function space XðRdþ1Þ and an open set W in R
dþ1 the space

X ðWÞ is the set of all distributions f which have an extension ~ff A X ðRdþ1Þ, and its norm

is defined by

k f kXðWÞ :¼ inffk ~ff kXðR dþ1Þ; f ¼ ~ff jWg:ð1:11Þ

This paper is arranged as follows: The definition of the Besov type spaces which

we use is given in §1. Main Theorem together with key estimates is stated in §2. §3 is

concerned with the definition of bilinear operators with kernel K and the properties of

their norm. In §4 we give the estimates of norm of special bilinear operators which are

essential tools in our proof of Theorem 2.3 Part (I) in §5 and that of Part (II) in §6.

Proof of Theorem 2.4 is given in §7 and that of Theorem 2.5 is given in §8. Main

Theorem is proved in the last section. Proof of Theorem 2.1 and Theorem 2.2 is given

in Appendix.

Acknowledgment. The authers thank Yoshio Tsutsumi, because the method of

their proof of the uniqueness mentioned above is due to his advice.

2. Main results.

Basic properties of Besov type spaces defined in §1 are stated as follows:

Theorem 2.1. Assume that there exists a real number nb 1 such that

jqa
x PðxÞja cað1þ jxjÞn�jaj

holds for any a with some ca;

and rðzÞa czs for some s and c > 0. Then, B
ðr;bÞ
p;q;PðR

d � RÞ and B
ðr;bÞ;#
2;q;P ðRd � RÞ are

Banach spaces, and SðRdþ1Þ is dense in these spaces if p and q are finite.

The fact that the initial value makes sense in our spaces is a consequence of the

following

Theorem 2.2 (Imbedding theorem). B
ðr;1=2Þ
2;1;P ðRdþ1Þ (or B

ðs;1=2Þ;#
2;1;P ðRdþ1Þ) is continu-

ously imbedded in the space of B
r
2;1ðR

dÞ-valued (or B
s;#
2;1 ðR

dÞ-valued ) bounded continuous

functions in t A R.

Our bilinear estimates which correspond to (1.2) are stated as follows:

Theorem 2.3. Let PðxÞ ¼Gx2.

(I) Let rðtÞ ¼ logð2þ tÞts and assume that �3=4a s < 0. Then,

kc1 fgþ c2 f gkBðr;�1=2Þ

2; 1;P
ðR2Þ
aCk f k

B
ðr; 1=2Þ

2; 1;P
ðR2Þ

kgk
B
ðs; 1=2Þ

2; 1;P
ðR2Þ

ð2:1Þ

1-D semilinear Schrödinger equation in Besov spaces 855



holds for any f ; g A B
ðr;1=2Þ
2;1;P ðR2Þ, and

kc1 fgþ c2 f gkBðr;�1=2Þ

2; 1;P
ðR2Þ
aCfk f k

B
ðs; bÞ

2; 1; P
ðR2Þ

kgk
B
ðs; 1=2Þ

2; 1;P
ðR2Þ

þ k f k
B
ðs; 1=2Þ

2; 1;P
ðR2Þ

kgk
B
ðs; bÞ

2; 1;P
ðR2Þ

gð2:2Þ

holds for any f ; g A B
ðs;bÞ
2;1;PðR

2Þ if b > 1=2.

(II) Let rðzÞ ¼ logð2þ zÞzs, s ¼ �1=4. Then,

k f gk
B
ðr;�1=2Þ

2; 1;P
ðR2Þ
aCk f k

B
ðr; 1=2Þ

2; 1; P
ðR2Þ

kgk
B
ðs; 1=2Þ

2; 1; P
ðR2Þ

ð2:3Þ

holds for any f ; g A B
ðr;1=2Þ
2;1;P ðR2Þ, and

k f gk
B
ðs;�1=2Þ; #

2; 1; P
ðR2Þ
aCk f k

B
ðs; 1=2Þ;#

2; 1; P
ðR2Þ

kgk
B
ðs; 1=2Þ;#

2; 1;P
ðR2Þ

ð2:4Þ

holds for any f ; g A B
ðs;1=2Þ;#
2;1;P ðR2Þ. Here C is a constant independent of f and g.

As usual, in constructing solutions to (1.1) with the initial data u0 we use the

integral formulation, namely

uðxÞ ¼ WðtÞu0ðxÞ þ

ð t

0

Wðt� t 0ÞNðu; uÞðx; t 0Þ dt 0;ð2:5Þ

where WðtÞ is defined by fWðtÞ f gðx; tÞ :¼ F
�1
x e itPðxÞFx f ðx; tÞ (Fx denotes the Fourier

transform with respect to x), and so the key to prove existence of solutions is the

following:

Theorem 2.4. Let I ¼ ð�a; aÞ, a > 0, PðxÞ ¼Gjxj2.

(I) Let rðtÞ ¼ ts logð2þ tÞ, sb�3=4, and define

Bð f ; gÞ :¼

ð t

0

Wðt� t 0Þfc1 f ðx; t
0Þgðx; t 0Þ þ c2 f ðx; t 0Þgðx; t 0Þg dt

0:ð2:6Þ

Then

kBð f ; gÞk
B
ðr; 1=2Þ

2; 1;P
ðR�IÞ

aCk f k
B
ðr; 1=2Þ

2; 1; P
ðR�IÞ

kgk
B
ðs; 1=2Þ

2; 1;P
ðR�IÞ

ð2:7Þ

holds for any f A B
ðr;1=2Þ
2;1;P ðR� IÞ, g A B

ðs;1=2Þ
2;1;P ðR� IÞ, and

kBð f ; gÞk
B
ðr; 1=2Þ

2; 1;P
ðR�IÞ

aCfk f k
B
ðs; bÞ

2; 1;P
ðR�IÞ

kgk
B
ðs; 1=2Þ

2; 1; P
ðR�IÞ

þ k f k
B
ðs; 1=2Þ

2; 1;P
ðR�IÞ

kgk
B
ðs; bÞ

2; 1;P
ðR�IÞ

gð2:8Þ

holds for any f ; g A B
ðs;bÞ
2;1;PðR� IÞ if 1=2 < b < 1.

(II) Let sb�1=4. Then

ð t

0

Wðt� t 0Þ f ðx; t 0Þgðx; t 0Þ dt 0
�

�

�

�

�

�

�

�

B
ðs; 1=2Þ;#

2; 1;P
ðR�IÞ

aCk f k
B
ðs; 1=2Þ;#

2; 1; P
ðR�IÞ

kgk
B
ðs; 1=2Þ; #

2; 1;P
ðR�IÞ

:ð2:9Þ

Here C is a constant independent of a; f and g.

Recall that the definition of the spaces B
ðr;1=2Þ
2;1;P ðR� IÞ and B

ðs;1=2Þ;#
2;1;P ðR� IÞ is given

in Definition 3 combined with Definitions 1, 2. These estimates are obtained from our

bilinear estimates with the aid of some properties of the Besov type norms stated in

Theorem 7.1.

Our proof of the uniqueness relies on the following
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Theorem 2.5. Let 1=2a b < 1, I ¼ ð�a; aÞ, a > 0, f A B
ðr;bÞ
2;1;PðR

d � IÞ and assume

that f ðx; 0Þ ¼ 0. Then k f j
R

d�ð�d; dÞkBðr; bÞ

2; 1;P
ðR d�ð�d; dÞÞ

! 0 as d ! þ0.

The same fact holds for the space B
ðr;bÞ;#
2;1;P .

Thus, we can obtain the following conclusion:

Main theorem

(I) If Nðu; uÞ ¼ c1u
2 þ c2u

2 and u0 A B
�3=4
2;1 ðRÞ, then there exist T ¼ Tðku0kB�3=4

2; 1
ðRÞ

Þ

> 0 and a unique solution uðx; tÞ to (1.1) in R� IT with uðx; 0Þ ¼ u0ðxÞ of the form

uðx; tÞ ¼ WðtÞu0ðxÞ þ vðx; tÞ; v A B
ðr;1=2Þ

2;1;�jxj2
ðR� ITÞ:ð2:10Þ

(II) If Nðu; uÞ ¼ c3uu and u0 A B
�1=4;#
2;1 ðRÞ, then there exist T ¼ Tðku0kB�1=4; #

2; 1
ðRÞ

Þ > 0 and

a unique solution uðx; tÞ A B
ð�1=4;1=2Þ;#

2;1;�jxj2
ðR� ITÞ to (1.1) in R� IT with uðx; 0Þ ¼ u0ðxÞ.

Here IT :¼ ð�T ;TÞ.

3. Norm of integral operators.

The following lemma is a convenient tool in estimating the norm of integral

operators:

Lemma 3.1. Let ðWj; mjÞ, j ¼ 1; 2, be s-finite measure spaces, 1a pa qay, X and

Y be Banach spaces and let Kðx; yÞ be a strongly measurable LðX ;YÞ-valued function on

ðW1 �W2; m1 � m2Þ. Assume that there exist non-negative measurable functions H1ðx; yÞ

and H2ðx; yÞ such that

kKðx; yÞk
LðX ;Y ÞaH1ðx; yÞH2ðx; yÞ;ð3:1Þ

ess: sup
y AW2

kH1ðx; yÞkLqðW1;m1Þ
¼ C1 < y;ð3:2Þ

ess: sup
x AW1

kH2ðx; yÞkL p 0 ðW2;m2Þ
¼ C2 < y:ð3:3Þ

Here 1=pþ 1=p 0 ¼ 1 (p 0 ¼ y if p ¼ 1 and p 0 ¼ 1 if p ¼ y), and LðX ;YÞ denotes the

space of bounded linear operators from X into Y. Define the operator T by

Tf ðxÞ ¼

ð
W2

Kðx; yÞ f ðyÞ dm2ðyÞ:ð3:4Þ

Then T is a bounded operator from LpðW2; m2;XÞ into LqðW1; m1;YÞ and kTkaC1C2.

In particular, kK � f kL pa kKkL1 � k f kL p holds for any K A L1ðRdÞ and f A LpðRdÞ.

For the proof of this lemma see [1, Theorem 6.3, p. 239] or [7, p. 38].

Definition 4. For a measurable function Kðx; yÞ defined on R
d � R

d the bilinear

operator BðK; f ; gÞ is defined by

BðK ; f ; gÞðxÞ :¼

ð
Kðx; yÞ f ðyÞgðx� yÞ dy;ð3:5Þ

and its norm as an operator from L2 � L2 into L2 is denoted by NblðKÞ.

1-D semilinear Schrödinger equation in Besov spaces 857



Lemma 3.2. For a measurable function Kðx; yÞ on R
d � R

d we have

NblðKÞaC ¼ minfC1;C2g, where C1 ¼ ess: supy AR d ð
Ð
jKðx; yÞj2 dxÞ1=2, C2 ¼

ess: supx ARd ð
Ð
jKðx; yÞj2 dyÞ1=2.

Proof. Put H1ðx; yÞ ¼ jKðx; yÞj, H2ðx; yÞ ¼ jgðx� yÞj, and apply Lemma 3.1.

Then, we have kBðK ; f ; gÞkL2aC1k f kL2kgkL2 , which means NblðKÞaC1. Also, put-

ting H1ðx; yÞ ¼ jgðx� yÞj, H2ðx; yÞ ¼ jKðx; yÞj, Lemma 3.1 gives that NblðKÞaC2. r

The norm of bilinear operators has the following properties:

Lemma 3.3. Let Kðx; yÞ be a measurable function on R
d � R

d .

(a) Put K1ðx; yÞ ¼ Kðy; xÞ, K2ðx; yÞ ¼ Kðx; x� yÞ, K3ðx; yÞ ¼ Kðy; y� xÞ, K4ðx; yÞ

¼ Kðx� y;�yÞ, K5ðx; yÞ ¼ Kðx� y; xÞ. Then we have NblðKÞ ¼ NblðK1Þ ¼ NblðK2Þ ¼

NblðK3Þ ¼ NblðK4Þ ¼ NblðK5Þ.

(b) If Mðx; yÞ is a non-negative measurable function such that jKðx; yÞjaMðx; yÞ

for almost everywhere, then NblðKÞaNblðMÞ.

Proof. It follows from Fubini’s theorem that

ðBðK ; f ; gÞ;cÞL2�L2 ¼

ðð
Kðx; yÞ f ðyÞgðx� yÞcðxÞ dydx ¼ ðBðK1;c; �ggÞ; f ÞL2�L2 ;

where �ggðxÞ ¼ gð�xÞ, which implies that jðBðK ; f ; gÞ;cÞL2�L2 jaNblðK1Þk f kL2kgkL2kckL2

holds for any c A L2. This means by duality that kBðK ; f ; gÞkL2aNblðK1Þk f kL2kgkL2 ,

which implies that NblðKÞaNblðK1Þ. Since K1ðy; xÞ ¼ Kðx; yÞ, we also have NblðK1Þa

NblðKÞ. Hence we have NblðKÞ ¼ NblðK1Þ. This also gives NblðK2Þ ¼ NblðK3Þ because

of the fact that K2ðy; xÞ ¼ K3ðx; yÞ.

NblðKÞ ¼ NblðK2Þ follows from the identity

BðK ; f ; gÞðxÞ ¼

ð
Kðx; yÞ f ðyÞgðx� yÞ dy

¼

ð
Kðx; x� yÞ f ðx� yÞgðyÞ dy ¼ BðK2; g; f ÞðxÞ:

This implies NblðK3Þ ¼ NblðK4Þ and NblðK1Þ ¼ NblðK5Þ, since K3ðx; x� yÞ ¼ K4ðx; yÞ,

K1ðx; x� yÞ ¼ K5ðx; yÞ.

Part (b) follows from the inequality jBðK; f ; gÞðxÞjaBðM; j f j; jgjÞðxÞ. r

4. Special class of bilinear operators.

The three lemmas in this section are concerned with the norm of the special class of

bilinear operators, which give the key estimates to prove Theorem 2.3.

When j > 0 gj denotes the defining function of the set ½2 j�1; 2 jþ1�U ½�2 jþ1;�2 j�1�,

and g0 denotes that of the interval ½�2; 2�. For real-valued functions P;Q;R we define

H
½P�
j;lmðx; t; h; sÞ :¼ gjðhÞglðx� hÞgmðt� s� Pðx� hÞÞ;ð4:1Þ

H
½P;Q�
jk;lm ðx; t; h; sÞ :¼ gkðs� PðhÞÞH

½Q�
j;lmðx; t; h; sÞ;ð4:2Þ
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H
½P;Q�
h; jk;lmðx; t; h; sÞ :¼ ghðxÞH

½P;Q�
jk;lmðx; t; h; sÞ;ð4:3Þ

H
½P;Q;R�
hn; jk;lmðx; t; h; sÞ :¼ gnðt� PðxÞÞH

½Q;R�
h; jk;lmðx; t; h; sÞ:ð4:4Þ

Note first

NblðH
½P;Q�
jk;lmÞ ¼ NblðH

½Q;P�
lm; jkÞa

NblðH
½Q�
j;lmÞ;

NblðH
½P�
l; jkÞ:

(

ð4:5Þ

NblðH
½P;Q�
h; jk;lmÞ ¼ NblðH

½Q;P�
h;lm; jkÞa

NblðH
½P;Q�
jk;lmÞ;

NblðH
½� �QQ�
h;lm Þ;

NblðH
½� �PP�
h; jk Þ:

8

>

>

>

<

>

>

>

:

ð4:6Þ

NblðH
½P;Q;R�
hn; jk;lmÞ ¼ NblðH

½P;R;Q�
hn;lm; jkÞ ¼ NblðH

½Q;P;� �RR�
jk;hn;lm Þ ¼ NblðH

½R;P;� �QQ�
lm;hn; jk Þð4:7Þ

aNblðH
½Q;R�
h; jk;lmÞ:

Here �PPðxÞ ¼ Pð�xÞ. In fact, with the help of the identity H
½P;Q�
jk;lmðx; t; x� h; t� sÞ ¼

H
½Q;P�
lm; jkðx; t; h; sÞ and the inequality 0aH

½P;Q�
jk;lm ðx; t; h; sÞaH

½Q�
j;lmðx; t; h; sÞ Lemma 3.3

gives (4.5), with the help of the inequalities 0aH
½P;Q�
h; jk;lmðx; t; h; sÞaH

½P;Q�
jk;lm ðx; t; h; sÞ,

0aH
½P;Q�
h; jk;lmðh; s; x; tÞaH

½� �QQ�
h;lm ðx; t; h; sÞ it gives (4.6), and with the help of the identity

H
½P;Q;R�
hn; jk;lmðh; s; x; tÞ ¼ H

½Q;P;� �RR�
jk;hn;lm ðx; t; h; sÞ and the inequality 0aH

½P;Q;R�
hn; jk;lmðx; t; h; sÞa

H
½Q;R�
h; jk;lmðx; t; h; sÞ it gives (4.7).

We also use the notations j5l :¼ minf j; lg and j4l :¼ maxf j; lg.

Lemma 4.1. Let P;Q and R be real-valued Cy-functions. Then

NblðH
½P;Q�
jk;lmÞa 2ðk5mþj5lþ4Þ=2;ð4:8Þ

NblðH
½P;Q�
h; jk;lmÞa 2ðk5mþminðh; j;lÞþ4Þ=2;ð4:9Þ

NblðH
½P;Q;R�
hn; jk;lmÞa 2fminðn;k;mÞþminðh; j;lÞþ4g=2:ð4:10Þ

Proof. First note that Lemma 3.2 and the inequality

ðð

jH
½P�
j;lmðx; t; h; sÞj

2
dhds ¼

ð

gjðhÞglðx� hÞ dh

ð

gmðt� s� Pðx� hÞÞ dsa 2 j5lþmþ4

imply the estimate

NblðH
½P�
j;lmÞa 2ð j5lþmþ4Þ=2:ð4:11Þ

The estimate (4.8) is a direct consequence of (4.5) and (4.11), the estimate (4.9) fol-

lows from (4.6), (4.8) and (4.11), and finally the estimate (4.10) follows from (4.7) and

(4.9). r
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Lemma 4.2. Let PðxÞ ¼Gx2. Then

NblðH
½P;P�
jk;lmÞa 2ðk5m=2Þþðk4m=4þ2Þ;ð4:12Þ

NblðH
½P;�P�
h; jk;lmÞa 2ðkþm�hþ5Þ=2;ð4:13Þ

NblðH
½P;P�
jk;lmÞa 2ðkþm�j4lþ5Þ=2 when j j � ljb 3;ð4:14Þ

NblðH
½P;P�
h; jk;lmÞa 2ðkþm�h4lþ5Þ=2 when jh� 1� ljb 3:ð4:15Þ

Proof. Change variables s 0 ¼ s� PðhÞ, z ¼ t� s 0 � PðhÞ � Pðx� hÞ. Then we

have

ð
gmðt� s 0 � PðhÞ � Pðx� hÞÞ dh

a

ð
jh�x=2j<2m=2�1

dhþ

ð
jh�x=2jb2m=2�1

gmðt� s 0 � PðhÞ � Pðx� hÞÞ dh

a 2m=2 þ 2�m=2�1

ð
gmðzÞ dza 2m=2 þ 2�m=2þmþ1

a 2m=2þ2;

since jdz=dhj ¼ j2x� 4hj. Hence

ðð
jH

½P;P�
jk;lmðx; t; h; sÞj

2
dhdsa

ð
gkðs

0Þ ds 0

ð
gmðt� s 0 � PðhÞ � Pðx� hÞÞ dha 2kþðm=2Þþ4;

which implies, with the aid of Lemma 3.2, that NblðH
½P;P�
jk;lmÞa 2ðk=2Þþðm=4Þþ2. With the

help of (4.5) this estimate gives (4.12).

Next consider (4.13). We may assume that h > 0, because (4.13) with h ¼ 0 fol-

lows from (4.9). We change variables s 0 ¼ s� PðhÞ, z ¼ t� s 0 þ Pðx� hÞ � PðhÞ.

Then

ðð
H

½P;�P�
h; jk;lmðx; t; h; sÞ dhdsa

ð
gkðs

0Þ ds 0

ð
ghðxÞgmðt� s 0 þ Pðx� hÞ � PðhÞÞ dh

a 2�h

ð
gkðs

0Þ ds 0

ð
gmðzÞ dza 2kþm�hþ4;

since jdz=dhj ¼ j2xjb 2h. Therefore we have (4.13) by Lemma 3.2.

Thirdly, assume that j j � ljb 3 and consider (4.14). By (4.5) we may assume that

jb lþ 3. Since 2 j�1 < jhj, jx� hj < 2lþ1 if gjðhÞglðx� hÞ0 0, we see that j2x� 4hjb

2jhj � 2jx� hj> 2 j � 2lþ2
b2 j�1. Therefore jdz=dhj ¼ j2x� 4hjb2 j�1 when we change

variables z ¼ t� s 0 � PðhÞ � Pðx� hÞ, which gives that

ðð
jH

½P;P�
jk;lmðx; t; h; sÞj

2
dhdsa

ð
ds 0

ð
gkðs

0Þgmðt� s 0 � PðhÞ � Pðx� hÞÞ dh

a 2�jþ1

ð
gkðs

0Þ ds 0

ð
gmðzÞ dza 2kþm�jþ5:

So we have (4.14) by Lemma 3.2.
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Finally, assume that jh� 1� ljb 3. It follows from the fact 2h�1 < jxj < 2hþ1,

2l�1 < jx� hj < 2lþ1 when ghðxÞglðx� hÞ0 0 that

j2x� 4hjb
2jxj � 4jx� hj > 2h � 2lþ3

b 2h�1 for hb lþ 4;

4jx� hj � 2jxj > 2lþ1 � 2hþ2
b 2l for lb hþ 2:

�

Hence jdz=dhj ¼ j2x� 4hjb 2ðh�1Þ4l when we change variables z ¼ t� s 0 � Pðx� hÞ�

PðhÞ. This fact and the same consideration as above give the estimate (4.15). r

Lemma 4.3. Let PðxÞ ¼Gx2, and let Q be a real-valued Cy function. Then we

have

NblðH
½P;Q;P�
hn; jk;lmÞa 2ðnþm�jþ5Þ=2;ð4:16Þ

NblðH
½P;P;P�
hn; jk;lmÞa 2ðnþðm�jÞ5ðk�lÞþ5Þ=2;ð4:17Þ

NblðH
½P;Q;�P�
hn; jk;lm Þa 2ðm5n=2Þþðm4n=4Þþ2;ð4:18Þ

NblðH
½P;�P;�P�
hn; jk;lm Þa 2n=4þðk5mÞ=2þ2;ð4:19Þ

NblðH
½P;P;�P�
hn; jk;lm Þa 2ðnþk�lþ5Þ=2;ð4:20Þ

NblðH
½P;Q;�P�
hn; jk;lm Þa 2ðnþm�j4lþ5Þ=2 when j j � 1� ljb 3;ð4:21Þ

NblðH
½P;P�
h; jk;lmÞa 2ðkþm�j4lþ5Þ=2 when ha j4l� 2;ð4:22Þ

NblðH
½P;Q;�P�
hn; jk;lm Þa 2ðnþm�j4lþ5Þ=2 when ha j4l� 4;ð4:23Þ

NblðH
½P;�P;�P�
hn; jk;lm Þa 2ðnþk5m�j4lþ5Þ=2; when ha j4l� 4:ð4:24Þ

Proof. Since (4.7) implies that NblðH
½P;Q;P�
hn; jk;lmÞ ¼ NblðH

½Q;P;�P�
jk;hn;lm ÞaNblðH

½P;�P�
j;hn;lmÞ,

(4.16) follows from (4.13), and (4.17) follows from (4.16) and (4.7). Also, (4.18) and

(4.19) follow from (4.12) and (4.7). Since we have NblðH
½P;P;�P�
hn; jk;lm Þ ¼ NblðH

½�P;P;�P�
lm;hn; jk Þa

NblðH
½P;�P�
l;hn; jk Þ by (4.7), the estimate (4.13) implies (4.20). Similarly, (4.21) follows from

NblðH
½P;Q;�P�
n; jk;lm Þ ¼ NblðH

½Q;P;P�
jk;hn;lmÞaNblðH

½P;P�
j;hn;lmÞ and (4.15).

When ha l� 2, (4.15) implies the estimate NblðH
½P;P�
h; jk;lmÞa 2ðkþm�lþ5Þ=2, and it also

gives NblðH
½P;P�
h; jk;lmÞa 2ðkþm�jþ5Þ=2 when ha j � 2, since NblðH

½P;P�
h; jk;lmÞ ¼ NblðH

½P;P�
h;lm; jkÞ.

Consider next (4.23). When ha l� 4, the estimate NblðH
½P;Q;�P�
hn; jk;lm Þa 2ðnþm�lþ5Þ=2

follows from (4.14) and NblðH
½P;Q;�P�
hn; jk;lm Þ ¼ NblðH

½Q;P;P�
jk;hn;lmÞaNblðH

½P;P�
hn;lmÞ, and when ha

j � 4, the estimate NblðH
½P;Q;�P�
hn; jk;lm Þa 2ðnþm�jþ5Þ=2 follows from (4.15) and NblðH

½P;Q;�P�
hn; jk;lm Þ ¼

NblðH
½Q;P;P�
jk;lm;hnÞaNblðH

½P;P�
j;lm;hnÞ. Finally, (4.7) and (4.23) imply (4.24). r

5. Proof of Theorem 2.3 (I).

Since k f k
B
ðr;�1=2Þ

2; 1;P

¼ k f k
B
ðr;�1=2Þ

2; 1;�P

, Theorem 2.3 Part (I) is reduced to the following:
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Theorem 5.1. Let sb�3=4, rðtÞ ¼ logð2þ tÞts, PðxÞ ¼Gx2, and let Q be GP.

Then,

k fgk
B
ðr;�1=2Þ

2; 1;P

a ck f k
B
ðr; 1=2Þ

2; 1;Q

kgk
B
ðs; 1=2Þ

2; 1;Q

;ð5:1Þ

k fgk
B
ðr;�1=2Þ

2; 1;P

a cfk f k
B
ðs; bÞ

2; 1;Q

kgk
B
ðs; 1=2Þ

2; 1;Q

þ k f k
B
ðs; 1=2Þ

2; 1;Q

kgk
B
ðs; bÞ

2; 1;Q

gð5:2Þ

hold. Here we assume that b > 1=2.

In this section we put j
½P�
hn ðx; tÞ :¼ jhðxÞjnðt� PðxÞÞ, and write f̂fjk;Qðx; tÞ :¼

j
½Q�
jk ðx; tÞ f̂f ðx; tÞ. Then we have f ¼

P
j;k fjk;Q, g ¼

P
l;m glm;R, hence

fg ¼
X

j;k;l;m

fjk;Qglm;R:ð5:3Þ

To prove the theorem, first note the following facts:

Lemma 5.1. Assume that P and Q be real-valued Cy-functions.

If kjhðxÞ f̂fjk;P � ĝglm;Qðx; tÞkL2 0 0, then ha j4lþ 2.

Moreover, hb j4l� 2 when j j � ljb 3 and j j � lja 2 when ha j4l� 3.

Proof. If kjhðxÞ f̂fjk;P � ĝglm;Qðx; tÞkL2 0 0, then there exist x and h such that

2h�1 < jxj < 2hþ1; 2 j�1 < jhj < 2 jþ1; 2l�1 < jx� hj < 2lþ1:

This gives 2h�1 < jxja jhj þ jx� hj < 2 jþ1 þ 2lþ1
a 2 j4lþ2, which implies ha j4lþ 2.

When la j � 3 we have 2hþ1 > jxjb jhj � jx� hj > 2 j�1 � 2lþ1
b 2 j�2, which

implies hb j � 2. In the same way we see that hb l� 2 when ja l� 3.

If ha j � 3, jb l, then we have 2lþ1 > jx� hjb jhj � jxj > 2 j�1 � 2hþ1
b 2 j�2;

which implies that lb j � 2. In the same way we see that jb l� 2 if ha l� 3, lb j.

r

Lemma 5.2. Let PðxÞ ¼Gx2, and assume that j > 0, l > 0.

(a) If kj
½P�
hn ðx; tÞ f̂fjk;P � ĝglm;Pðx; tÞkL2 0 0, then maxfk;m; ngb j þ l� 3.

(b) If kj
½P�
hn ðx; tÞ f̂fjk;�P � ĝglm;�Pðx; tÞkL2 0 0, then maxfk;m; ngb 2ð j4lÞ � 2.

Proof. (a) Assume that kj
½P�
hn ðx; tÞ f̂fjk;P � ĝglm;Pðx; tÞkL2 0 0, j > 0, l > 0. Then,

there exist x; t; h; s such that 2 j�1 < jhj, 2l�1 < jx� hj, jt 0j < 2nþ1, js 0j < 2kþ1, jt 0 �

s 0 þ PðxÞ � PðhÞ � Pðx� hÞj < 2mþ1, where t 0 ¼ t� PðxÞ, s 0 ¼ s� PðhÞ. Noting that

jPðxÞ � PðhÞ � Pðx� hÞj ¼ j2hðx� hÞj, this implies that 2 jþl�1 < j2hðx� hÞja jt 0 �

s 0 þ PðxÞ � PðhÞ � Pðx� hÞj þ jt 0j þ js 0j < 2mþ1 þ 2nþ1 þ 2kþ1 < 2maxfk;m;ngþ3, so that

maxfk;m; ngb j þ l� 3.

(b) Assume that kj
½P�
hn ðx; tÞ f̂fjk;�P � ĝglm;�Pðx; tÞkL2 0 0, j4l > 0. Then, there exist

x; t; h; s such that 2 j�1 < jhj, 2l�1 < jx� hj, jt 0j < 2nþ1, js 0j < 2kþ1, jt 0 � s 0 þ

PðxÞ þ PðhÞ þ Pðx� hÞj < 2mþ1, where t 0 ¼ t� PðxÞ, s 0 ¼ sþ PðhÞ. From the inequal-

ity jPðxÞ þ PðhÞ þ Pðx� hÞj ¼ 2ðx2 � xhþ h2Þb ð3=2Þmaxfh2; ðx� hÞ2g > 3 � 22ð j4lÞ�3 it

follows that 3 � 22ð j4lÞ�3 < jPðxÞþPðhÞþPðx� hÞja jt 0j þ js 0j þ jt 0 � s 0 þPðxÞþPðhÞþ

Pðx� hÞj < 3 � 2maxfk;m;ng, so that we have maxfk;m; ngb 2ð j4lÞ � 2. r
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Now we are going to prove Theorem 5.1. We divide fg into 4 terms:

fg ¼
X

3

i¼0

Fi :¼
X

jþla2

þ
X

j¼0;l>2

þ
X

j>2;l¼0

þ
X

j>0;l>0; jþl>2

( )

X

k;m

fjk;Qglm;Q:ð5:4Þ

The inequality

kj
½P�
hn ðx; tÞ f̂fjk;Q � ĝglm;Rðx; tÞkL2a kBðH

½P;Q;R�
hn; jk;lm; j f̂fjk;Qj; jĝglm;RjÞkL2 ;ð5:5Þ

Lemma 5.1 and (4.10) give that the kF0kBðr;�1=2Þ

2; 1; P

is estimated by

c
X

jþla2

X

4

h¼0

rð2hÞ
X

k;m

X

n

2ð�nþmÞ=2k fjk;QkL2kglm;QkL2a c 0k f k
B
ðs; 1=2Þ

2; 1;Q

kgk
B
ðs; 1=2Þ

2; 1;Q

;

and (5.5), Lemma 5.1, (4.6), (4.7) and (4.14) imply that kF1kBðr;�1=2Þ

2; 1;P

is estimated by

c
X

lb3

X

k;m

X

lþ2

h¼l�2

rð2hÞ
X

n

2ð�nþkþm�lÞ=2k f0k;QkL2kglm;QkL2a c 0k f k
B
ðs; 1=2Þ

2; 1;Q

kgk
B
ðs; 1=2Þ

2; 1;Q

:

Since F2 ¼
P

l>2

P

k;m g0k;Q flm;Q, this also gives kF2kBðr;�1=2Þ

2; 1; P

a ck f k
B
ðs; 1=2Þ

2; 1;Q

kgk
B
ðs; 1=2Þ

2; 1;Q

.

To estimate the norm of F3 we divide it into 5 parts:

kF3kBðr;�1=2Þ

2; 1;P

a c
X

5

i¼1

Gið5:6Þ

:¼ c
X

j;l>0

(

X

j4l�4

h¼0

X

k;m

X

nbk4m

þ
X

j4l�4

h¼0

X

jþl

n¼0

X

k4m>n

þ
X

j4lþ2

h¼j4l�3

X

k;m

X

nbk4m

þ
X

j4lþ2

h¼j4l�3

X

jþl

n¼0

X

k4m>n

þ
X

h

X

n>jþl

X

k4m>n

)

rð2hÞ2�n=2kj
½P�
hn f̂fjk;Q � ĝglm;QkL2 :

At first, by (4.22), (5.5) and (4.7) we have

G1a c
X

j;l>0

X

j4l�4

h¼0

rð2hÞ
X

k;m

X

nbjþl�3

2ð�nþkþm�j4lÞ=2k fjk;QkL2kglm;QkL2

a c 0
X

j;l>0

X

k;m

2ðkþm�j4l�j�lÞ=2k fjk;QkL2kglm;QkL2a c 00k f k
B
ðs; 1=2Þ

2; 1;Q

kgk
B
ðs; 1=2Þ

2; 1;Q

:

Secondly, by (4.17) and (4.24) we have

G2a c
X

j j�lja2

X

j4l�4

h¼0

X

jþl

n¼0

X

k4mb jþl�3

rð2hÞ2ð�nþnþk5m�ð j4lÞÞ=2k fjk;QkL2kglm;QkL2

a c 0
X

j j�lja2

X

k;m

ð j þ lþ 1Þ2ðkþm�j4l�j�lÞ=2k fjk;QkL2kglm;QkL2

a c 00 minfk f k
B
ðr; 1=2Þ

2; 1;Q

kgk
B
ðs; 1=2Þ

2; 1;Q

; k f k
B
ðs; 1=2Þ

2; 1;Q

kgk
B
ðr; 1=2Þ

2; 1;Q

g;
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and by Lemma 5.2 and (4.12) we have

G3a c
X

j;l>0

Xj4lþ2

h¼j4l�3

rð2hÞ
X

k;m

X

nbjþl�3

2�n=2þðk4mÞ=4þðk5mÞ=2k fjk;QkL2kglm;QkL2

a c 0
X

j;l>0

X

k;m

rð2 j4lÞ2ðkþm�j�lÞ=2k fjk;QkL2kglm;QkL2a c 00k f k
B
ðs; 1=2Þ

2; 1;Q

kgk
B
ðs; 1=2Þ

2; 1;Q

:

When Q ¼ P it follows from (4.17) that NblðH
½P;P;P�
n; jk;lmÞa c2ðnþðk�lÞ5ðm�jÞÞ=2

a c 02ðnþk5mÞ=2,

and when Q ¼ �P it follows from (4.19) that NblðH
½P;�P;�P�
hn; jk;lm Þa c2ðnþk5mÞ=2. Therefore

G4a c
X

j;l>0

Xj4lþ2

h¼j4l�2

Xjþl

n¼0

X

k4mb jþl�3

rð2hÞ2ð�nþnþk5mÞ=2k fjk;QkL2kglm;QkL2

a c 0
X

j;l>0

X

k;m

ð j þ lþ 1Þrð2 j4lÞ2ðkþm�j�lÞ=2k fjk;QkL2kglm;QkL2

a c 00k f k
B
ðs; 1=2Þ

2; 1;Q

kgk
B
ðs; 1=2Þ

2; 1;Q

;

and by (4.8) we have

G5a c
X

j;l>0

X

h

X

n>jþl

X

k4m>jþl

rð2hÞ2ð�nþk5mþj5lÞ=2k fjk;QkL2kglm;QkL2

a c 0
X

j;l>0

X

k;m

2ðkþmþj5lÞ=2�j�lk fjk;QkL2kglm;QkL2a c 00k f k
B
ðs; 1=2Þ

2; 1;Q

kgk
B
ðs; 1=2Þ

2; 1;Q

: r

6. Proof of Theorem 2.3 (II).

As Proof of (I), that of Theorem 2.3 (II) is reduced to

Theorem 6.1. Let sb�1=4, rðtÞ ¼ logð2þ tÞts and let PðxÞ ¼Gx2. Then we

have

(6.1) k fgk
B
ðr;�1=2Þ

2; 1;P
ðR2Þ
a cminfk f k

B
ðr; 1=2Þ

2; 1; P
ðR2Þ

kgk
B
ðs; 1=2Þ

2; 1;�P
ðR2Þ

; k f k
B
ðs; 1=2Þ

2; 1;P
ðR2Þ

kgk
B
ðr; 1=2Þ

2; 1;�P
ðR2Þ

g;

(6.2) k fgk
B
ðs;�1=2Þ; #

2; 1;P
ðR2Þ
a ck f k

B
ðs; 1=2Þ; #

2; 1;P
ðR2Þ

kgk
B
ðs; 1=2Þ;#

2; 1;�P
ðR2Þ

:

First, noting that jPðxÞ � PðhÞ þ Pðx� hÞj ¼ 2jxðx� hÞj, in the same way as Lemma

5.2 we obtain

Lemma 6.1. Let PðxÞ ¼Gx2. If kj
½P�
hn ðx; tÞ f̂fjk;P � ĝglm;�Pðx; tÞkL2 0 0, h > 0, l > 0,

then we have maxfk;m; ngb hþ l� 3.

Proof of the estimate (6.1).

By (5.3) we have k fgk
B
ðr;�1=2Þ

2; 1;P

a cðG00 þ G01 þ G02 þ G1Þ, where

G00 ¼
X

j;l

X

n

X

k;m

rð1Þ2�n=2kj
½P�
0n f̂fjk;P � ĝglm;�PkL2 ;ð6:3Þ

G01 ¼
X

l

X

h>0

X

n

X

k;m

rð2hÞ2�n=2kj
½P�
hn f̂f0k;P � ĝglm;�PkL2 ;ð6:4Þ
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G02 ¼
X

j

X

h>0

X

n

X

k;m

rð2hÞ2�n=2kj
½P�
hn f̂fjk;P � ĝg0m;�PkL2 ;ð6:5Þ

G1 ¼
X

j;l>0

X

h>0

X

n

X

k;m

rð2hÞ2�n=2kj
½P�
hn f̂fjk;P � ĝglm;�PkL2 :ð6:6Þ

By Lemma 5.1, (5.5), (4.10) and (4.23) we have

G00 ¼
X

k;m

X

l

X

j>0

X

j�1

n¼0

þ
X

j;l

X

nbj

 !

rð1Þ2�n=2kj
½P�
0n f̂fjk;P � ĝglm;�PkL2

a c
X

k;m

X

j j�lja2

X

j�1

n¼0

2ðm�j4lÞ=2 þ
X

nbj

2ð�nþmÞ=2

 !

k fjk;PkL2kglm;�PkL2

a c 0
X

k;m

X

j j�lja2

j2ðkþm�jÞ=2k fjk;PkL2kglm;�PkL2

a c 00 minfk f k
B
ðr; 1=2Þ

2; 1; P

kgk
B
ðs; 1=2Þ

2; 1;�P

; k f k
B
ðs; 1=2Þ

2; 1;P

kgk
B
ðr; 1=2Þ

2; 1;�P

g:

By Lemma 5.1, (4.8) and (4.13) we have

G01a c
X

k;m

X

2

l¼0

X

lþ2

h¼1

2k=2 þ
X

y

l¼3

X

lþ2

h¼l�2

2ðkþm�hÞ=2

 !

X

n

rð2hÞ2�n=2k f0k;PkL2kglm;�PkL2

a c 0
X

k;m

X

l

2ðkþm�lÞ=2k f0k;PkL2kglm;�PkL2a c 00k f k
B
ðs; 1=2Þ

2; 1; P

kgk
B
ðs; 1=2Þ

2; 1;�P

;

and in the same way we see that G02 is estimated by ck f k
B
ðs; 1=2Þ

2; 1;P

kgk
B
ðs; 1=2Þ

2; 1;�P

.

To estimate G1 we divide it into 3 parts: G1 ¼ G11 þ G12 þ G13, where

G11 :¼
X

j;l>0

X

j4l�4

h¼1

X

k;m

X

nbk4m

rð2hÞ2�n=2kj
½P�
hn f̂fjk;P � ĝglm;�PkL2 ;

G12 :¼
X

j;l>0

X

j4l�4

h¼1

X

n

X

k4m>n

rð2hÞ2�n=2kj
½P�
hn f̂fjk;P � ĝglm;�PkL2 ;

G13 :¼
X

j;l>0

X

j4lþ2

h¼j4l�3

X

k;m

X

n

rð2hÞ2�n=2kj
½P�
hn f̂fjk;P � ĝglm;�PkL2 :

8

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

:

ð6:7Þ

With the aid of Lemma 5.1 and Lemma 6.1, by (4.13) we have

G11a c
X

j;l>0; j j�lja2

X

k;m

X

j4l�4

h¼1

X

nbhþl�3

2�n=2
rð2hÞ2ðkþm�hÞ=2k fjk;PkL2kglm;�PkL2

a c
X

j;l>0; j j�lja2

X

k;m

X

j4l�4

h¼1

rð2hÞ2ðkþm�2h�lÞ=2k fjk;PkL2kglm;�PkL2

a c 0
X

j;l>0; j j�lja2

X

k;m

2ðkþm�lÞ=2k fjk;PkL2kglm;�PkL2a c 00k f k
B
ðs; 1=2Þ

2; 1;P

kgk
B
ðs; 1=2Þ

2; 1;�P

:
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Since ðk4mÞ2�ðk4mÞ=2 is bounded, by (4.23) and (4.20) we have

G12a c
X

j;l>0; j j�lja2

X

j4l�4

h¼1

rð2hÞ
X

k;m

X

k4m�1

n¼0

2ðk5m�lÞ=2k fjk;PkL2kglm;�PkL2

a c 0
X

j j�lja2

X

k;m

ðk4mÞ2ðk5m�lÞ=2k fjk;PkL2kglm;�PkL2

a c 00
X

j j�lja2

X

k;m

2ðkþm�lÞ=2k fjk;PkL2kglm;�PkL2a c 000k f k
B
ðs; 1=2Þ

2; 1; P

kgk
B
ðs; 1=2Þ

2; 1;�P

:

Also, by (4.13) we have

G13a c
X

j;l>0

X

j4lþ2

h¼j4l�3

X

k;m

X

n

rð2hÞ2ð�nþkþm�hÞ=2k fjk;PkL2kglm;�PkL2

a c 00
X

j;l>0

X

k;m

rð2 j4lÞ2ðkþm�j4lÞ=2k fjk;PkL2kglm;�PkL2a c 00k f k
B
ðs; 1=2Þ

2; 1;P

kgk
B
ðs; 1=2Þ

2; 1;�P

:

This completes the proof of (6.1). r

Proof of the estimate (6.2).

From (5.3) it follows that k fgk
B
ðs;�1=2Þ;#

2; 1;P

¼ G#
00 þ G01 þ G02 þ G1, where

G#
00 ¼

X

j;l

X

n

X

k;m

2�n=2 j
½P�
0n ðx; tÞ

ð1þ jlogjxj jÞ2
f̂fjk;P � ĝglm;�Pðx; tÞ

�

�

�

�

�

�

�

�

�

�

L2

;ð6:8Þ

and G01;G02;G1 are defined by (6.4), (6.5) and (6.6) with rð2hÞ replaced by 2sh.

Estimate of G#
00. We divide G#

00 into 4 parts: G#
00 ¼ G#

000 þ G#
001 þ G#

002 þ G#
003,

where

G#
000 ¼

X

n

X

k;m

2�n=2kð1þ jlogjxj jÞ�2
j
½P�
0n ðx; tÞ f̂f0k;P � ĝg0m;�Pðx; tÞkL2 ;

G#
001 ¼

X

2

l¼1

X

n

X

k;m

2�n=2kð1þ jlogjxj jÞ�2
j
½P�
0n ðx; tÞ f̂f0k;P � ĝglm;�Pðx; tÞkL2 ;

G#
002 ¼

X

2

j¼1

X

n

X

k;m

2�n=2kð1þ jlogjxj jÞ�2
j
½P�
0n ðx; tÞ f̂fjk;P � ĝg0m;�Pðx; tÞkL2 ;

G#
003 ¼

X

j;l>0; j j�lja2

X

n

X

k;m

2�n=2kð1þ jlogjxj jÞ�2
j
½P�
0n ðx; tÞ f̂fjk;P � ĝglm;�Pðx; tÞkL2 :

When jxj=2a jhja 2 we have 2ð1þ jlogjxj jÞb 1þ jlogjhj j and when jxj=2 > jhj,

jx� hja 2 we have jxj=2a jx� hj hence 2ð1þ jlogjxj jÞb 1þ jlogjx� hj j. Therefore,

we have the inequality

g0ðxÞg0ðhÞg0ðx� hÞ

ð1þ jlogjxj jÞ2
a

4g0ðhÞ

ð1þ jlogjhj jÞ2
þ

4g0ðx� hÞ

ð1þ jlogjx� hj jÞ2
;
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which implies that

jj0ðxÞð1þ jlogjxj jÞ�2
f̂f0k;P � ĝg0m;�Pðx; tÞj

¼ j0ðxÞð1þ jlogjxj jÞ�2

ðð

f̂f0k;Pðh; sÞĝg0m;�Pðx� h; t� sÞ dhds

�

�

�

�

�

�

�

�

a 4Bðg#k;Pðh; sÞ; j f̂f
#
0k;Pj; jĝg

#
0m;�PjÞðx; tÞ þ 4Bðg#m;�Pðx� h; t� sÞ; j f̂f #

0k;Pj; jĝg
#
0m;�PjÞðx; tÞ;

where

g#k;Qðx; tÞ :¼ ð1þ jlogjxj jÞ2g0ðxÞgkðt�QðxÞÞ:ð6:9Þ

Combining this with the fact that

Nblðg
#
k;Qðh; sÞÞ ¼ Nblðg

#
k;Qðx� h; t� sÞÞa c2k=2;ð6:10Þ

which is a consequence of Lemma 3.2 and the estimate kg#k;Qðx; tÞkL2ðR2Þa c2k=2, we

have

G#
000a c

X

n

X

k;m

2�n=2kj0ðxÞð1þ jlogjxj jÞ�2
f̂f0k;P � ĝg0m;�Pðx; tÞkL2

a c 0
X

n

X

k;m

2�n=2ð2m=2 þ 2k=2Þk f #
0k;PkL2kg#

0m;�PkL2a 2c 0k f k
B
ðs; 1=2Þ;#

2; 1;P

kgk
B
ðs; 1=2Þ;#

2; 1;�P

:

It follows from the identity

f̂f0k;P � ĝglm;Qðx; tÞ ¼ Bðg#k;Pðh; sÞ; f̂f
#
0k;P; ĝglm;QÞðx; tÞð6:11Þ

and (6.10) that

k f0k;Pglm;�PkL2a c2k=2k f #
0k;PkL2kglm;�PkL2 ;ð6:12Þ

which implies that

G#
001a c

X

2

l¼1

X

n

X

k;m

2ð�nþkÞ=2k f #
0k;PkL2kglm;�PkL2a ck f k

B
ðs; 1=2Þ;#

2; 1;P

kgk
B
ðs; 1=2Þ; #

2; 1;�P

:

In the same way we have G#
002a ck f k

B
ðs; 1=2Þ;#

2; 1; P

kgk
B
ðs; 1=2Þ;#

2; 1;�P

.

To estimate G#
003 we note that the identity j0ðzÞ þ

P

y

k¼0 j1ð2
�kzÞ ¼ 1 implies that

j0ðzÞ ¼
X

j�1

p¼0

j1ð2
pzÞ þ j0ð2

jzÞ:ð6:13Þ

It follows from the fact that ð1þ jlogjxj jÞ�2
a c0ð1þ pÞ�2 when j1ð2

pxÞ0 0 and

ð1þ jlogjxj jÞ�2
a c0ð1þ jÞ�2 when j0ð2

jxÞ0 0 that

G#
003a c0

X

j;l>0; j j�lja2

X

j

p¼0

X

n

X

k;m

2�n=2ð1þ pÞ�2
Ijklmnp;
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where

Ijklmnp :¼ kj1ð2
pxÞjnðt� PðxÞÞ f̂fjk;P � ĝglm;�Pðx; tÞkL2 for p < j;

Ijklmnj :¼ kj0ð2
jxÞjnðt� PðxÞÞ f̂fjk;P � ĝglm;�Pðx; tÞkL2 :

By the identity j0ð2
jxÞ f̂fjk;P � ĝglm;�Pðx; tÞ ¼ Bðj0ð2

jxÞgmðt� sþ Pðx� hÞÞ; fjk;P; glm;�PÞ

we have kj0ð2
jxÞ f̂fjk;P � ĝglm;�Pðx; tÞkL2a c2ðm�jÞ=2k fjk;PkL2kglm;�PkL2 , since

Nblðj0ð2
jxÞ2gmðt� sþ Pðx� hÞÞÞa 2ðm�jÞ=2þ2;

which follows from

ðð

j0ð2
jxÞ2gmðt� sþ Pðx� hÞÞ dxdta 2m�jþ4;ð6:14Þ

and Lemma 3.2. Therefore, we have

X

j;l>0; j j�lja2

X

n

X

k;m

2�n=2Ijklmnja c
X

j;l>0; j j�lja2

X

k;m

2ðm�jÞ=2k fjk;PkL2kglm;�PkL2

a ck f k
B
ðs; 1=2Þ; #

2; 1;P

kgk
B
ðs; 1=2Þ; #

2; 1;�P

:

Assume now p< j. Note that 2l�p < jPðxÞ�PðhÞþPðx�hÞj ¼ 2jxðx�hÞj< 2l�pþ4

if j1ð2
pxÞglðx� hÞ0 0. We write t 0 ¼ t� PðxÞ, s 0 ¼ s� PðhÞ. Assume moreover that

k4mal� p� 3. Then, j1ð2
pxÞg

l
ðx�hÞjnðt

0Þgmðt
0�s 0þPðxÞ�PðhÞþPðx� hÞÞgkðs

0Þ

0 0 implies that

2n�1 < jt 0ja 2jxðx� hÞj þ js 0j þ 2mþ1 < 2l�pþ4 þ 2kþ1 þ 2mþ1 < 2l�pþ5;

and 2nþ1 > jt 0jb 2jxðx� hÞj � js 0j � 2mþ1 > 2l�p � 2kþ1 � 2mþ1
b 2l�p�1, which imply

that l� p� 1a na l� pþ 5. On the other hand from the estimate

ðð

j1ð2
pxÞ2gmðt� s�Qðx� hÞÞ dxdta 2m�pþ6ð6:15Þ

for any function Q and Lemma 3.2 it follows that

Ijklmnpa kj1ð2
pxÞ f̂fjk;P � ĝglm;�Pðx; tÞkL2

a

ðð

j1ð2
pxÞgmðt� sþ Pðx� hÞÞ f̂fjk;Pðh; sÞĝglm;�Pðx� h; t� sÞ dhds

�

�

�

�

�

�

�

�

L2

a c2ðm�pÞ=2k fjk;PkL2kglm;�PkL2 :

Since f̂fjk;P � ĝglm;�P ¼ ĝglm;�P � f̂fjk;P, the same calculation shows that Ijklmnp is estimated

by c2ðk�pÞ=2k fjk;PkL2kglm;�PkL2 . Hence we have

Ijklmnpa c2ðk5m�pÞ=2k fjk;PkL2kglm;�PkL2 :ð6:16Þ
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Thus we obtain that

X

j;l>0; j j�lja2

X

n

X

k4m<l�p�2

2�n=2Ijklmnpa

X

j;l>0; j j�lja2

X

k4m<l�p�2

X

l�pþ5

n¼l�p�1

2�n=2Ijklmnp

a c
X

j;l>0; j j�lja2

X

k;m

2ðm�lÞ=2k fjk;PkL2kglm;�PkL2

a c 0k f k
B
ðs; 1=2Þ;#

2; 1;P

kgk
B
ðs; 1=2Þ;#

2; 1;�P

:

It follows from the estimate (6.16) and the identity k5mþ k4m ¼ k þm that
X

j;l>0; j j�lja2

X

n

X

k4m�l�p�2

2�n=2Ijklmnp

a c
X

j;l>0; j j�lja2

X

n

2�n=2
X

k4mbl�p�2

2ðk5m�pÞ=2k fjk;PkL2kglm;�PkL2

a c 0
X

j;l>0; j j�lja2

X

k;m

2ðk5mþk4m�pþp�lÞ=2k fjk;PkL2kglm;�PkL2

a c 0k f k
B
ðs; 1=2Þ; #

2; 1;P

kgk
B
ðs; 1=2Þ; #

2; 1;�P

:

Combining these estimates, we can conclude that

G#
003a c0

X

j

p¼0

ð1þ pÞ�2
X

j;l>0; j j�lja2

X

n

X

k;m

2�n=2Ijklmnp

a c1
X

j

p¼0

ð1þ pÞ�2k f k
B
ðs; 1=2Þ; #

2; 1;P

kgk
B
ðs; 1=2Þ; #

2; 1;�P

a ck f k
B
ðs; 1=2Þ; #

2; 1;P

kgk
B
ðs; 1=2Þ; #

2; 1;�P

:

Estimate of G01 and G02. By Lemma 5.1 we have G01 ¼ G010 þ G011, where

G010 ¼
X

2

h¼1

X

n

X

k;m

2 sh�n=2kj
½P�
hn ðx; tÞ f̂f0k;P � ĝg0m;�Pðx; tÞkL2 ;

G011 ¼
X

y

l¼1

X

lþ2

h¼14ðl�2Þ

X

n

X

k;m

2 sh�n=2kj
½P�
hn ðx; tÞ f̂f0k;P � ĝglm;�Pðx; tÞkL2 :

Note that when jhj < 2, jx� hj < 2, jxj > 1

ð1þ jlogjhj jÞ2ð1þ jlogjx� hj jÞ2a 4ð1þ jlogjhj jÞ2 þ 4ð1þ jlogjx� hj jÞ2:

In fact, 1 < jxja jhj þ jx� hj implies that jhj > 1=2 or jx� hj > 1=2. Hence we have

jjhðxÞ f̂f0k;P � ĝg0m;�Pðx; tÞj

¼

ðð

jhðxÞð1þ jlogjhj jÞ2ð1þ jlogjx� hj jÞ2 f̂f #
0k;Pðh; sÞĝg

#
0m;�Pðx� h; t� sÞ dhds

�

�

�

�

�

�

�

�

a 4Bðg#k;Pðh; sÞ; j f̂f
#
0k;Pj; jĝg

#
0m;�PjÞðx; tÞ þ 4Bðg#m;�Pðx� h; t� sÞ; j f̂f #

0k;Pj; jĝg
#
0m;�PjÞðx; tÞ:
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From this fact and (6.10) we see that

kjhðxÞ f̂f0k;P � ĝg0m;�Pðx; tÞkL2a cð2k=2 þ 2m=2Þk f #
0k;PkL2kg#

0m;�PkL2 ;

which implies that

G010a c
X

2

h¼1

X

n

X

k;m

2�n=2kj
½P�
hn ðx; tÞ f̂f0k;P � ĝg0m;�Pðx; tÞkL2

a c
X

k;m

ð2k=2 þ 2m=2Þk f #
0k;PkL2kg#

0m;�PkL2a c 0k f k
B
ðs; 1=2Þ; #

2; 1; P

kgk
B
ðs; 1=2Þ; #

2; 1;�P

:

Similarly, by (6.12) we have

G011 ¼
X

y

l¼1

X

lþ2

h¼14ðl�2Þ

X

n

X

k;m

2 sh�n=2kj
½P�
hn ðx; tÞ f̂f0k;P � ĝglm;�Pðx; tÞkL2

a c
X

y

l¼1

X

k;m

2 slk f̂f0k;P � ĝglm;�Pðx; tÞkL2

a c
X

y

l¼1

X

k;m

2 slþk=2k f #
0k;PkL2kglm;�PkL2a ck f k

B
ðs; 1=2Þ;#

2; 1;P

kgk
B
ðs; 1=2Þ;#

2; 1;�P

:

We can estimate G02 in the same way as G01.

Finally, the arguments in the proof of (6.1) give the estimate of G1. r

7. Proof of Theorem 2.4.

The auxiliary result to prove Theorem 2.4 is the following theorem:

Theorem 7.1. Let r be a weight on Rþ, b A R, PðxÞ a real-valued Cy-function, and

define WðtÞ by fWðtÞ f gðx; tÞ :¼ F
�1
x e itPðxÞFx f ðx; tÞ.

(a) Assume that c A Bb
2;1ðRÞ.

If u0 A B
r
2;1ðR

dÞ, then we have cðtÞWðtÞu0 A B
ðr;bÞ
2;1;PðR

dþ1Þ and

kcðtÞWðtÞu0kBðr; bÞ

2; 1;P
ðR dþ1Þ

¼ ku0kBr

2; 1
ðR d ÞkckB b

2; 1
ðRÞ:ð7:1Þ

If u0 A B
s;#
2;1 ðR

dÞ, then we have cðtÞWðtÞu0 A B
ðs;bÞ;#
2;1;P ðRdþ1Þ and

kcðtÞWðtÞu0kBðs; bÞ; #

2; 1;P
ðRdþ1Þ

¼ ku0kB s; #
2; 1

ðR d ÞkckB b
2; 1

ðRÞ:ð7:2Þ

(b) Assume that c A SðRÞ and 1=2a ba 1. Then,

cðtÞ

ð t

0

Wðt� t 0Þ f ðx; t 0Þ dt 0
�

�

�

�

�

�

�

�

B
ðr; bÞ

2; 1; P
ðRdþ1Þ

a ck f k
B
ðr; b�1Þ

2; 1; P
ðRdþ1Þ

ð7:3Þ

holds for any f A B
ðs;b�1Þ
2;1;P ðRdþ1Þ, and

cðtÞ

ð t

0

Wðt� t 0Þ f ðx; t 0Þ dt 0
�

�

�

�

�

�

�

�

B
ðs; bÞ;#

2; 1; P
ðR dþ1Þ

a ck f k
B
ðs; b�1Þ;#

2; 1;P
ðR dþ1Þ

ð7:4Þ

holds for any f A B
ðs;b�1Þ;#
2;1;P ðRdþ1Þ, where c is a constant independent of f .
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In proving Theorem 7.1 we may assume that PðxÞ ¼ 0 because of the following

identity

k f k
B
ðr; bÞ
2; q;P

ðR dþ1Þ ¼ kWð�tÞ f k
B
ðr; bÞ
2; q

ðRdþ1Þ;ð7:5Þ

which is a simple consequence of the formula FfWð�tÞ f g ¼ f̂f ðx; tþ PðxÞÞ and Par-

seval’s identity.

Proof of Theorem 7.1 (a). Since FðcðtÞu0ðxÞÞ ¼ ĉcðtÞûu0ðxÞ, we have

kcðtÞu0ðxÞkBðr; bÞ
2; 1

¼
X

j;k

rð2 jÞ2bkkjjðjxjÞûu0ðxÞjkðtÞĉcðtÞkL2ðRdþ1Þ ¼ ku0kBr

2; 1
kckBb

2; 1
:

The same arguments as above also work for the case B
s;#
2;1 . r

Proof of Theorem 7.1 (b). Setting f̂fkðx; tÞ :¼ jkðtÞ f̂f ðx; tÞ, ĉcmðtÞ :¼ jmðtÞĉcðtÞ, by
the identities f ¼

P

k fk, c ¼
P

m cm, we obtain that

F ðx; tÞ :¼ cðtÞ
ð t

0

f ðx; t 0Þ dt 0 ¼
X

m

X

k

Fkmðx; tÞ;ð7:6Þ

Fkmðx; tÞ :¼ cmðtÞ
ð t

0

fkðx; t 0Þ dt 0:ð7:7Þ

To estimate the norm of F we divide F into two parts:

F ¼ F1 þ F2; F1 ¼
X

k

X

y

m¼k

Fkm; F2 ¼
X

k

X

k�1

m¼0

Fkm:

First we estimate the norm of F1. It follows from the identity

F̂Fkmðx; tÞ ¼
1

2p

ð

e�ittcmðtÞ dt
ð t

0

dt 0
ð

e it
0s f̂fkðx; sÞ dsð7:8Þ

¼ 1

2p

ð

f̂fkðx; sÞ ds
ð

e�ittcmðtÞ dt
ð t

0

e ist
0
dt 0

and
Ð

e�ittcmðtÞ dt
Ð t

0 e
ist 0 dt 0 ¼

Ð 1

0 dy
Ð

e�iðt�syÞttcðtÞ dt ¼
ffiffiffiffiffiffi

2p
p

Ð 1

0 iĉc
0
mðt� syÞ dy that

F̂Fkmðx; tÞ ¼
i
ffiffiffiffiffiffi

2p
p

ð 1

0

dy

ð

ðĉcmÞ 0ðt� syÞ f̂fkðx; sÞ ds:ð7:9Þ

Since
Ð

jĉc 0
mðt� syÞj dt ¼ kĉc 0

mkL1 ,
Ð

jĉc 0
mðt� syÞj ds ¼ ð1=yÞkĉc 0

mkL1 , by Lemma 3.2 we

have

kjjðjxjÞjnðtÞF̂Fkmðx; tÞkL2aC

ð1

0

dy
ffiffiffi

y
p kĉc 0

mkL1k f̂fjkkL2aC 02m=2kĉc 0
mkL2k fjkkL2

where f̂fjkðx; tÞ :¼ jjðjxjÞjkðtÞ f̂f ðx; tÞ. On the other hand, if jnðtÞgkðsÞĉc 0
mðt� syÞ0 0,

then jt� syj < 2mþ1, jsj < 2kþ1, jtj > 2n�1, which gives namþ 2. Thus we obtain that
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kF1kBðr; bÞ
2; 1

a c
X

j

rð2 jÞ
X

k

X

y

m¼k

X

mþ2

n¼0

2bn2m=2kĉc 0
mkL2k fjkkL2ð7:10Þ

a c 0
X

j

rð2 jÞ
X

k

2ðb�1Þk
X

y

m¼k

2ð3=2Þmkĉc 0
mkL2k fjkkL2

a c 0ktcðtÞk
B

3=2

2; 1

� k f k
B
ðr; b�1Þ
2; 1

:

Next, we estimate the norm of F2. Since
ð

e�ittcmðtÞ dt
ð t

0

e ist
0
dt 0 ¼ 1

is

ð

ðe�iðt�sÞt � e�ittÞcmðtÞ dt ¼
ffiffiffiffiffiffi

2p
p ĉcmðt� sÞ � ĉcmðtÞ

is

holds when s0 0, by (7.8) we have

F̂Fkmðx; tÞ ¼
1
ffiffiffiffiffiffi

2p
p

ð

ĉcmðt� sÞ � ĉcmðtÞ
is

f̂fkðx; sÞ ds;ð7:11Þ

so that we obtain that F2 ¼ F21 þ F22, where

F̂F21ðx; tÞ ¼
1
ffiffiffiffiffiffi

2p
p

X

k

X

k�1

m¼0

ð

ĉcmðt� sÞ fkðx; sÞ
is

dsð7:12Þ

F̂F22ðx; tÞ ¼
�1
ffiffiffiffiffiffi

2p
p

X

k

X

k�1

m¼0

ð

ĉcmðtÞ
fkðx; sÞ

is
ds:ð7:13Þ

To estimate the norm of F21 we note that jnðtÞF̂F21ðx; tÞ is the sum of terms with 0a

na k þ 2, since jtja jt� sj þ jsj < 2mþ1 þ 2kþ1 < 2kþ2 on the support of the function

ĉcmðt� sÞgkðsÞ and since 2n�1 < jtj on the support of jn. Thus, by Lemma 3.1 and the

formula
Ð

jĉcmðt� sÞj dt ¼
Ð

jĉcmðt� sÞj ds ¼ kĉcmkL1 we obtain

kF21kBðr; bÞ
2; 1

a c
X

j

rð2 jÞ
X

k

X

k�1

m¼0

X

kþ2

n¼0

2bnkĉcmkL12�kk fjkkL2

a c 0
X

j

X

k

rð2 jÞ2ðb�1Þk
X

m

2m=2kcmkL2k fjkkL2a c 0kck
B

1=2

2; 1

� k f k
B
ðr; b�1Þ
2; 1

:

Finally consider F22. Since jnðtÞĉcmðtÞ0 0 only when jm� nja 1, jnðtÞF̂F22ðx; tÞ is

the sum of the terms with jm� nja 1. Hence, with the aid of the inequality
ð

jjðjxjÞ f̂fkðx; sÞ
s

�

�

�

�

�

�

�

�

�

�

dsa 21�k=2k f̂fjkðx; tÞkL2ðRtÞ;ð7:14Þ

which is a consequence of Schwarz’s inequality, we have

kF22kBðr; bÞ
2; 1

a c
X

j

rð2 jÞ
X

k

X

k�1

m¼0

X

mþ1

n¼m�1

2bn�k=2kĉcmkL2k fjkkL2

a c 0
X

j

rð2 jÞ
X

k

2ðb�1Þk
X

m

2m=2kĉcmkL2k fjkkL2a c 0kck
B

1=2

2; 1

� k f k
B
ðr; b�1Þ
2; 1

:

The same argument as above also works for the case B
ðs;1=2Þ;#
2;1;P . r
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Now we are ready to prove Theorem 2.4. Let f ; g A B
ðr;1=2Þ
2;1;P ðR� IÞ, and let ~ff ; ~gg A

B
ðr;1=2Þ
2;1;P ðR2Þ, ~ff j

R�I ¼ f , ~ggj
R�I ¼ g. We take cðtÞ A Cy

0 such that cðtÞ ¼ 1 if jtja 1, and

put

~FFðx; tÞ :¼ cðtÞ

ð t

0

Wðt� t 0Þfc1 ~ff ðx; t
0Þ~ggðx; t 0Þ þ c2 ~ff ðx; t 0Þ~ggðx; t 0Þg dt

0:

Then, F ðx; tÞ :¼
Ð t

0 Wðt� t 0Þfc1 f ðx; t
0Þgðx; t 0Þ þ c2 f ðx; t 0Þgðx; t 0Þg dt

0 ¼ ~FFðx; tÞj
R�I . By

(1.11), Theorem 7.1 (b) and Theorem 2.3 (I), we have

kFk
B
ðr; 1=2Þ

2; 1; P
ðR�IÞ

a k ~FFk
B
ðr; 1=2Þ

2; 1;P
ðR2Þ
aCk ~ff k

B
ðr; 1=2Þ

2; 1;P
ðR2Þ

k~ggk
B
ðs; 1=2Þ

2; 1; P
ðR2Þ

:

Taking the infimum for all ~ff and ~gg with ~ff j
R�I ¼ f , ~ggj

R�I ¼ g, this gives (2.7). We can

prove (2.8) and (2.9) in the same way, and complete the proof of Theorem 2.4.

8. Proof of Theorem 2.5.

In proving Theorem 2.5 we use the theorem on the equivalent norm of anisotropic

Besov spaces. For the sake of completeness we state and prove it here:

Theorem 8.1. Let 0 < b < 1. Then the norm of B
ðr;bÞ
p;q ðRdþ1Þ is equivalent to the

norm

kfrð2 jÞk fjkL pðR dþ1ÞgklqðNÞþk½kfkrð2 jÞjt 0j�bf fjðx; tþ t 0Þ� fjðx; tÞgkL pgk
l
qðNÞ�kL q

� ðRt 0 Þ
:ð8:1Þ

Also, the norm of the space B
ðs;bÞ;#
2;q ðRdþ1Þ is equivalent to the norm

kf2sjk fjkL2ðRÞgkl qðNÞ þ k½kfk2sjjt 0j�bf fjðx; tþ t 0Þ � fjðx; tÞgkL2gkl qðNÞ�kLq
� ðRt 0 Þ

ð8:2Þ

þ k f #
0 kL2 þ k½fjt 0j�bkf f #

0 ðx; tþ t 0Þ � f #
0 ðx; tÞgkL2g�kLq

� ðRt 0 Þ
:

Where f̂fjðx; tÞ ¼ jjðjxjÞ f̂f ðx; tÞ, f̂f #
0 ðx; tÞ ¼ j0ðjxjÞð1þ jlogjxj jÞ�2

f̂f ðx; tÞ.

Here we write Lq
� ðRÞ :¼ LqðR; dt=tÞ.

To prove this theorem we need the following.

Lemma 8.1. Let HðtÞ ¼ minðt; 1Þ, and assume that m > y > 0. Then the inequality

k
P

y

k¼0ðHð2kjtjÞm=ð2kjtjÞyÞakkLq
� ðRÞ
aCkfakgkl qðNÞ holds for any fakg A l

qðNÞ, and the

inequality kf
Ð
R
ðHð2kjtjÞm=ð2kjtjÞyÞ f ðtÞðdt=tÞgk

l
qðNÞaCk f kLq

� ðRÞ
holds for any f A Lq

� ðRÞ.

Here C is a constant.

Proof. This lemma is a special case of Lemma 3.1, since

Xy
k¼0

Hð2kjtjÞm

ð2kjtjÞy
aC1 < y for any t A R;

ð
R

ðHð2kjtjÞm=ð2kjtjÞyÞðdt=tÞ ¼ C2 < y for any k A N : r
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Proof of Theorem 8.1. Put ~jjkðzÞ ¼ jkðz=2Þ þ jkðzÞ þ jkð2zÞ for kb 1, ~jj0ðzÞ ¼
j0ðz=2Þ. Then we have jk ~jjk ¼ jk. Hence, fjðx; tÞ ¼ c1

P

y

k¼0
~FFk�

t
fjk, where c1 ¼ 1=

ffiffiffiffiffiffi

2p
p

,

f̂fjðx; tÞ ¼ jjðjxjÞ f̂f ðx; tÞ, f̂fjkðx; tÞ ¼ jjðjxjÞjkðtÞ f̂f ðx; tÞ, ~FFkðtÞ ¼F
�1

~jjkðtÞ. We also see that

~FFk �
t
fjkðx; tþ t 0Þ � ~FFk �

t
fjkðx; tÞ ¼

ð t 0

0

ð

~FF 0
kðt� rþ uÞ fjkðx; rÞ drdu;

where ~FF 0
kðtÞ ¼ d ~FFk=dt. Hence k fjðx; tþ t 0Þ � fjðx; tÞkL pa

P

y

k¼0 k ~FF 0
kkL1k fjkkL p jt 0j. In

view of the identity
Ð

j ~FF 0
kðtÞj dt ¼

Ð

jðd=dtÞ2k�1 ~FF1ð2k�1tÞj dt ¼ 2k�1k ~FF 0
1kL1 for kb 1, this

implies that k fjðx; tþ t 0Þ � fjðx; tÞkL pa c
P

y

k¼0 2
kjt 0jk fjkkL p . On the other hand,

k ~FFk �
t
fjkðx; tþ t 0Þ � ~FFk �

t
fjkðx; tÞkL pa 2k ~FFkkL1k fjkkL p ¼ 2k ~FF1kL1k fjkkL p :

Therefore we have k fjðx; tþ t 0Þ � fjðx; tÞkL pa c
P

y

k¼0 Hð2kjt 0jÞk fjkkL p , which gives

rð2 jÞjt 0j�bk fjðx; tþ t 0Þ � fjðx; tÞkL pa c
X

y

k¼0

Kðt 0; kÞrð2 jÞ2bkk fjkkL p ;

where Kðt 0; kÞ ¼ Hð2kjt 0jÞð2kjt 0jÞ�b
. Thus, by Lemma 8.1, we have

k½kfkrð2 jÞjt 0j�bf fjðx; tþ t 0Þ � fjðx; tÞgkL pgk
l
qðNÞ�kLq

�
a ckfkrð2 jÞ2bk fjkkL pgk

l
qðN�NÞ:

By Minkowski’s inequality and Hölder’s inequality we have

kfrð2 jÞk fjkL pgkl qa

X

k

rð2 jÞk fjkkL p

( )�

�

�

�

�

�

�

�

�

�

l
q

a

X

k

kfrð2 jÞk fjkkL pgklq

a ckf2bkrð2 jÞk fjkkL pgk
l
qðN�NÞ ¼ c 0k f k

B
ðr; bÞ
p; q

:

We show the reverse inequality. For kb 1 we have

fjkðx; tÞ ¼
ð

Fkðt� t 0Þ fjðx; t 0Þ dt 0 ¼
ð

Fkð�t 0Þð fjðx; tþ t 0Þ � fjðx; tÞÞ dt 0;

where FkðtÞ :¼ F
�1
t jkðtÞ, which gives that k fjkkL pa

Ð

jFkðt 0Þj k fjðx; tþ t 0Þ�
fjðx; tÞkL p dt 0. We set Kðt 0; kÞ ¼ jt 0jbþ1jFkðt 0Þj2bk ¼ 2�1jt 0jbþ1

2kðbþ1ÞjF1ð2k�1t 0Þj. Since

F1 A S, jF1ðtÞja cminð1; t�2Þ ¼ ct�2HðtÞ2, so that Kðt 0; kÞa cð2kjt 0jÞb�1
Hð2kjt 0jÞ2.

Lemma 8.1 gives

kfkrð2 jÞ2bk fjkkL pgk
l
qðN�NÞa ck½kfkrð2 jÞjt 0j�bf fjðx; tþ t 0Þ � fjðx; tÞgkL pgkLq

� ðRt 0 Þ�kl q

ð jÞ
:

For k ¼ 0, it is clear that kfkfrð2 jÞ fj0gkL pgkl qa ckfkfrð2 jÞ fjgkL pgkl q . Similarly, we

have the same consequence for the norm of B
ðs;bÞ;#
2;q . r

Next, we recall the following integral representations:

Lemma 8.2. Let I ¼ ð�a; aÞ, a > 0, 1a p < y, and X a Banach space. Assume

that o A CyðRÞ,
Ð

oðzÞ dz ¼ 1, suppoH ð�1; 1Þ, oðzÞb 0, and put o1ðt; zÞ :¼ oðz� tÞ,
M1ðt; zÞ :¼ qzfzo1ðt; zÞg ¼ qzfzoðz� tÞg. Then,
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~ff ðtÞ ¼

ð a

0

dl

l

ð

1

l
M1

t

a
;
t� t1

l

� �

~ff ðt1Þ dt1 þ ~ff ½0�ð8:3Þ

¼
X

3

i¼1

ð a

0

dl

l

ð

1

l
Ki

t

a
;
t� t1

l

� �

~uuiðl; t1Þ dt1 þ ~ff ½0�;ð8:4Þ

~ff ½0� :¼

ð

1

a
o

�t1

a

� �

~ff ðt1Þ dt1;ð8:5Þ

~uu1ðl; t1Þ :¼

ð a

l

l

m

dm

m

ð

�m

a

� �

1

m
L1

t1

a
;
t1 � t2

m

� �

~ff ðt2Þ dt2;ð8:6Þ

~uu2ðl; t1Þ :¼

ð a

l

l

m

dm

m

ð

1

m
L2

t1

a
;
t1 � t2

m

� �

~ff ðt2Þ dt2;ð8:7Þ

~uu3ðl; t1Þ :¼

ð l

0

dm

m

ð

1

m
L3

t1

a
;
t1 � t2

m

� �

~ff ðt2Þ dt2;ð8:8Þ

hold for any ~ff A LpðI ;XÞ, where K1ðt; zÞ ¼ K2ðt; zÞ :¼ zoðz� tÞ, K3 :¼ M1, L1ðt; zÞ :¼

qzfzo
0ðz� tÞg, L2ðt; zÞ :¼ q2zfzoðz� tÞg, L3 :¼ M1.

Proof (cf. [6] p. 331 or [7]). Let ~ff A LpðI ;XÞ and define

~ff1ðl; tÞ :¼

ð

1

l
o1

t

a
;
t� t1

l

� �

~ff ðt1Þ dt1;ð8:9Þ

~UU1ðl; tÞ :¼

ð

1

l
M1

t

a
;
t� t1

l

� �

~ff ðt1Þ dt1:ð8:10Þ

Then, we see that k~ff1ðl; tÞ � ~ff ðtÞkL pðI ;XÞa
Ð

jzja2 k
~ff ðt� lzÞ � ~ff ðtÞkL pðI ;X Þ dz ! 0 as

l ! þ0. This and the identity ql~ff1ðl; tÞ ¼ �~UU1ðl; tÞ=l give (8.3).

Substitute (8.3) into the right-hand side of (8.10). An integration by parts gives

ð

1

l
M1

t

a
;
t� t1

l

� �
ð a

l

~UU1ðm; t1Þ
dm

m

� �

dt1 ¼

ð

K1
t

a
;
t� t1

l

� �
ð a

l

qt1
~UU1ðm; t1Þ

dm

m

� �

dt1;

qt1
~UU1ðm; t1Þ ¼

�1

a

ð

1

m
L1

t1

a
;
t1 � t2

m

� �

~ff ðt2Þ dt2 þ
1

m

ð

1

m
L2

t1

a
;
t1 � t2

m

� �

~ff ðt2Þ dt2:

Therefore we have (8.4).

The following lemma is closely related to the above formula (8.4).

Lemma 8.3. Let X be a Banach space, 1a pay, I :¼ ð�a; aÞ, a > 0. Assume

that Kðt; zÞ is a bounded continuous function of ðt; zÞ, and that suppz Kðt; zÞH ð�1; 1Þ þ t.

Define

~UUðl; tÞ :¼

ð

1

l
K

t

a
;
t� t1

l

� �

~ff ðt1Þ dt1:ð8:11Þ

(a) The inequality k~UUðl; tÞkL pðI ;XÞa 4C0k~ff kL pðI ;X Þ holds for any ~ff A LpðI ;XÞ and

0 < la a.
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(b) Assume that
Ð

Kðt; zÞ dz ¼ 0. Then, the inequality

k~UUðl; tÞkL pðI ;X Þa
C0

l

ð

w
t1

2l

� �

k~ff ðtþ t1Þ � ~ff ðtÞkL pðIVðI�t1Þ;XÞ dt1

holds for any ~ff A LpðI ;X Þ and 0 < la a.

Here C0 ¼ supt; zjKðt; zÞj, and w denotes the defining function of the interval ð�1; 1Þ.

Proof. (a) This follows from Lemma 2.1, since
ð

1

l
K

t

a
;
t� t1

l

� ��

�

�

�

�

�

�

�

dta 4C0;

ð

1

l
K

t

a
;
t� t1

l

� ��

�

�

�

�

�

�

�

dt1a 4C0:ð8:12Þ

(b) Since tþ t1 A I if Kðt=a;�t1=lÞ0 0, t A I , 0 < la a, we see that

k~UUðl; tÞkL pðI ;XÞ ¼

ð

1

l
K

t

a
;
�t1

l

� �

f~ff ðtþ t1Þ � ~ff ðtÞg dt1

�

�

�

�

�

�

�

�

L pðI ;XÞ

a
C0

l

ð

jt1ja2l

w
tþ t1

a

� �

f~ff ðtþ t1Þ � ~ff ðtÞg

�

�

�

�

�

�

�

�

L pðI ;X Þ

dt1

¼
C0

l

ð

w
t1

2l

� �

kf~ff ðtþ t1Þ � ~ff ðtÞgkL pðI V ðI�t1Þ;XÞ dt1: r

To prove Theorem 2.5 we need the following

Theorem 8.2. Let I ¼ ð�a; aÞ, 0 < aa 1, 1a p < y, 0 < b < 1, and let r be a

weight on Rþ. Then, the following formula holds for any f A B
ðr;bÞ
p;1 ðRd � IÞ:

f ðx; tÞ ¼
X

3

i¼1

ð a

0

dl

l

ð

1

l
Ki

t

a
;
t� t1

l

� �

uiðl; x; t1Þ dt1 þ f ½0�ðxÞ;ð8:13Þ

f ½0�ðxÞ :¼

ð

1

a
o

�t1

a

� �

f ðx; t1Þ dt1;ð8:14Þ

u1ðl; x; t1Þ :¼

ð a

l

l

m

dm

m

ð

�m

a

� �

1

m
L1

t1

a
;
t1 � t2

m

� �

f ðx; t2Þ dt2;ð8:15Þ

u2ðl; x; t1Þ :¼

ð a

l

l

m

dm

m

ð

1

m
L2

t1

a
;
t1 � t2

m

� �

f ðx; t2Þ dt2;ð8:16Þ

u3ðl; x; t1Þ :¼

ð l

0

dm

m

ð

1

m
L3

t1

a
;
t1 � t2

m

� �

f ðx; t2Þ dt2:ð8:17Þ

Moreover,

kGI ðt
0Þjt 0j�bkL1

� ðRÞ
þ k f kL pðI ;B r

p; qðR
d ÞÞaC1k f kBðr; bÞ

p; 1
ðR d�IÞ

;ð8:18Þ

k f k
B
ðr; bÞ

p; 1
ðRd�IÞ

aC2kGI ðt
0Þjt 0j�bkL1

� ðRÞ
þ C2a

�1=pk f kL pðI ;Br
p; qðR

d ÞÞ;ð8:19Þ

GI ðt
0Þ :¼ kfrð2 jÞkPjf f ðx; tþ t 0Þ � f ðx; tÞgkL pðR d�IVðI�t 0ÞÞgkl1 ;ð8:20Þ

where Pj :¼ Fj �
x
, FjðxÞ ¼ cdF

�1
x jjðjxjÞ, and C1;C2 are constants independent of a.
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Proof. Let ~ff A B
ðr;bÞ
p;1 ðRdþ1Þ be an extension of f A B

ðr;bÞ
p;1 ðRd � IÞ. Then,

by Theorem 8.1 we have kGI ðt
0Þjt 0j�bkL1

� ðRÞ
a k½kfrð2 jÞkPjf ~ff ðx; tþ t 0Þ�

~ff ðx; tÞgkL pðR dþ1Þgkl1 �jt
0j�bkL1

� ðRÞ
aCk ~ff k

B
ðr; bÞ

p; 1
ðR dþ1Þ

. Thus we have kGI ðt
0Þjt 0j�bkL1

� ðRÞ
a

Ck f k
B
ðr; bÞ

p; 1
ðR d�IÞ

. Also, from

k f kL pðI ;Br

p; 1
ðR d ÞÞa

X

j

rð2 jÞkPj
~ff ðx; tÞkL pðR d Þ

" #�

�

�

�

�

�

�

�

�

�

L pðRÞ

a

X

j

rð2 jÞkPj
~ff ðx; tÞkL pðR dþ1ÞaCk ~ff k

B
ðr; bÞ

p; 1
ðR dþ1Þ

we see that B
ðr;bÞ
p;1 ðRd � IÞHLpðI ;Br

p;1ðR
dÞÞ and k f kL pðI ;Br

p; 1
ðR d ÞÞaCk f k

B
ðr; bÞ

p; 1
ðR d�IÞ

.

Next, by Lemma 8.2 we see that (8.13) holds in the topology of LpðI ;Br
p;1ðR

dÞÞ.

We will show that the integrals with respect to l on the right-hand side of this formula

are convergent in B
ðr;bÞ
p;1 ðRd � IÞ.

Take c A CyðRÞ with suppcH ð�2; 2Þ, cðtÞ ¼ 1 on ½�1; 1�, 0acðtÞa 1, put

~uuiðx; tÞ ¼ uiðx; tÞ for t A I , ~uuiðx; tÞ ¼ 0 for t B I , and define

Fiðl; x; tÞ :¼

ð

1

l
Ki

t

a
;
t� t1

l

� �

uiðl; x; t1Þ dt1;ð8:21Þ

~FFiðl; x; tÞ :¼

ð

1

l
c

t

a

� �

Ki

t

a
;
t� t1

l

� �

~uuiðl; x; t1Þ dt1;ð8:22Þ

for i ¼ 1; 2; 3. From Lemma 3.1 and the inequality

c
tþ t 0

a

� �

Ki

tþ t 0

a
;
tþ t 0 � t1

l

� �

� c
t

a

� �

Ki

t

a
;
t� t1

l

� ��

�

�

�

�

�

�

�

aCH
t 0

l

� �

w
tþ t 0 � t1

3l

� �

þ w
t� t1

3l

� �� �

if 0 < la a, where HðzÞ :¼ minfz; 1g and C is a constant independent of ða; l; t; t 0; t1Þ,

it follows that

kPjf ~FFiðl; x; tþ t 0Þ � ~FFiðl; x; tÞgkL pðRdþ1ÞaCH
jt 0j

l

� �

kPjuiðl; x; t1ÞkL pðR d�IÞ:

Also, from Lemma 3.1 and the inequalities similar to (8.12) it follows that

kPj
~FFiðl; x; tÞkL pðRdþ1ÞaCkPjuiðl; x; t1ÞkL pðRd�IÞ:ð8:23Þ

Hence we have

k ~FFiðl; x; tÞkBðr; bÞ

p; 1
ðRdþ1Þ

aC

ð

R

H
jt 0j

l

� �

jt 0j�b dt
0

t 0

X

j

rð2 jÞkPjuiðl; x; t1ÞkL pðRd�IÞ

þ C
X

j

rð2 jÞkPjuiðl; x; t1ÞkL pðRd�IÞ

aC 0ðl�b þ 1Þ
X

j

rð2 jÞkPjuiðl; x; t1ÞkL pðR d�IÞ:
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On the other hand, it follows from Lemma 8.3 that

X

j

rð2 jÞ

ð

1

m
Li

t1

a
;
t1 � t2

m

� �

Pj f ðx; t2Þ dt2

�

�

�

�

�

�

�

�

L pðR d�IÞ

aC

ð

w
t2

2m

� �

jt2j

2m
GI ðt2Þ

dt2

jt2j
ð8:24Þ

holds for i ¼ 1; 2; 3, which gives that

X

j

rð2 jÞkPjuiðl; x; t1ÞkL pðR d�IÞaC

ð

Hi

jt2j

2l

� �

GI ðt2Þ
dt2

jt2j
ð8:25Þ

holds for i ¼ 1; 2; 3, where H1ðzÞ ¼ H2ðzÞ ¼ HðzÞ2=z, H3ðzÞ ¼ wðzÞ. (Note that

2
Ð

y

0 w r=zð ÞwðrÞr dr ¼ HðzÞ2,
Ð

y

0 w z=rð ÞwðrÞ dra wðzÞ.)

In view of the fact that ~FFiðl; x; tÞjR d�I ¼ Fiðl; x; tÞ, these inequalities imply that

ð a

0

kFiðl; x; tÞkBðr; bÞ

p; 1
ðRd�IÞ

dl

l
aC

ð

GI ðt2Þ
dt2

jt2j

ð a

0

ðl�b þ 1ÞHi

jt2j

2l

� �

dl

l
ð8:26Þ

aC 0

ð

GI ðt2Þjt2j
�b dt2

jt2j
; for i ¼ 1; 2; 3:

Finally, by Hölder’s inequality we have

k f ½0�ðxÞkBr

p; 1
ðR d Þa

ð

1

a
o

�t2

a

� �

k f ðx; t2ÞkBr

p; 1
ðRd Þ dt2aCa�1=pk f ðx; t2ÞkL pðI ;Br

p; 1
ðRd ÞÞ:

Hence, by Theorem 7.1 we have

k1I ðtÞ f
½0�ðxÞk

B
ðr; bÞ

p; 1
ðR d�IÞ

a kcðtÞ f ½0�k
B
ðr; bÞ

p; 1
ðRdþ1Þ

aCa�1=pk f ðx; t2ÞkL pðI ;Br

p; 1
ðR d ÞÞ;

where 1I ðtÞ ¼ 1 for any t A I . r

Theorem 8.3. Let I ¼ ð�a; aÞ, 0 < aa 1, 1 < p < y, 1=pa b < 1, and let r be

a weight on Rþ. Then, B
ðr;bÞ
p;1 ðRd � IÞHBCðI ;Br

p;1ðR
dÞÞ with continuous inclusion, and

k f k
B
ðr; bÞ

p; 1
ðR d�IÞ

aCkGI ðt
0Þjt 0j�bkL1

� ðRÞ
þ Ck f ðx; t0ÞkBr

p; 1
ðR d Þð8:27Þ

holds, where GI is the function defined by (8.20), t0 is any fixed point in I, and C is a

constant independent of a. Here, BC denotes the space of bounded continuous functions.

Proof. By (8.25) we see that

kuiðl; x; t1ÞkL pðI ;B r

p; 1
ðR d ÞÞa

X

j

rð2 jÞkPjuiðl; x; tÞkL pðRdþ1ÞaC

ð

Hi

jt2j

2l

� �

GI ðt2Þ
dt2

jt2j
:

Since the right-hand side is finite, which follows from GI ðt2Þjt2j
�b

A L1
�ðRÞ (see Proof

of Theorem 8.2), this implies that Fiðl; x; tÞ ¼
Ð

ð1=lÞKiðt=a; ðt� t1Þ=lÞuiðl; x; t1Þ dt1 is a

bounded continuous B
r
p;1ðR

dÞ-valued function of t A I for any 0 < la a. Hence, the

inequality
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ð a

0

kFiðl; x; tÞkBr

p; 1
ðR d Þ

dl

l
aC

ð a

0

l�1=pkuiðl; x; t1ÞkL pðI ;B r

p; 1
ðR d ÞÞ

dl

l
ð8:28Þ

aC

ð a

0

l�1=p dl

l

ð

Hi

jt2j

2l

� �

GI ðt2Þ
dt2

jt2j

aCia
b�1=p

ð

jt2j
�b
GI ðt2Þ

dt2

jt2j

implies that
Ð a

0 Fiðl; x; tÞðdl=lÞ is a B
r
p;1ðR

dÞ-valued bounded continuous function of t A I

and its norm is estimated by Cab�1=pkGI ðt
0Þjt 0j�bkL1

� ðRÞ
. Thus, by the identity (8.13) we

see that f A BCðI ;Br
p;1ðR

dÞÞ and its norm is estimated by CðaÞk f k
B
ðr; bÞ

p; 1
ðR d�IÞ

, where CðaÞ

is a constant indepedent of f (but depend on a).

Furthermore, the estimate (8.28) and the identity (8.13) imply that

kf f ½0�ðxÞ � f ðx; t0Þg1I ðtÞkBðr; bÞ

p; 1
ðR d�IÞ

a

X

3

i¼1

cðtÞ

ð a

0

Fiðl; x; t0Þ
dl

l

�

�

�

�

�

�

�

�

B
ðr; bÞ

p; 1
ðRdþ1Þ

aCab�1=pkGI ðt
0Þjt 0j�bkL1

�

holds for any fixed t0 A I . Therefore, by (8.26) and (8.13) we have

k f k
B
ðr; bÞ

p; 1
ðR d�IÞ

¼
X

3

i¼1

ð a

0

Fiðl; x; tÞ
dl

l
þ f f ½0�ðxÞ � f ðx; t0Þg1I ðtÞ þ f ðx; t0Þ1I ðtÞ

" #�

�

�

�

�

�

�

�

�

�

B
ðr; bÞ

p; 1
ðR d�IÞ

aCkGI ðt
0Þjt 0j�bkL1

�
þ Cab�1=pkGI ðt

0Þjt 0j�bkL1
�
þ Ck f ðx; t0ÞkBr

p; 1
ðR d Þ: r

Lemma 8.4. k f k
B
ðr; bÞ

2; q; P
ðR d�IÞ

¼ kWð�tÞ f k
B
ðr; bÞ

2; q
ðR d�IÞ

. Here I ¼ ð�a; aÞ, a > 0.

Proof. Let f A B
ðr;bÞ
2;q;PðR

d � IÞ and let ~ff A B
ðr;bÞ
2;q;PðR

dþ1Þ be any extension of f .

Then, it follows from the identity (7.5) that kWð�tÞ f k
B
ðr; bÞ

2; q
ðR d�IÞ

a kWð�tÞ ~ff k
B
ðr; bÞ

2; q
ðR dþ1Þ

¼

k ~ff k
B
ðr; bÞ

2; q;P
ðR dþ1Þ

. Therefore, kWð�tÞ f k
B
ðr; bÞ

2; q
ðR d�IÞ

a k f k
B
ðr; bÞ

2; q;P
ðR d�IÞ

.

Conversely, let Wð�tÞ f A B
ðr;bÞ
2;q ðRd � IÞ, and let ~gg A B

ðr;bÞ
2;q ðRdþ1Þ be any exten-

sion of Wð�tÞ f . Then, k f k
B
ðr; bÞ

2; q; P
ðR d�IÞ

a kWðtÞ~ggk
B
ðr; bÞ

2; q;P
ðR dþ1Þ

¼ k~ggk
B
ðr; bÞ

2; q
ðR dþ1Þ

. Therefore,

k f k
B
ðr; bÞ

2; q;P
ðR d�IÞ

a kWð�tÞ f k
B
ðr; bÞ

2; q
ðR d�IÞ

. r

Now we are ready to prove Theorem 2.5. Let f A B
ðr;bÞ
2;1;PðR

d � IÞ with f ðx; 0Þ ¼

0, 1=2a b < 1, and put gðx; tÞ ¼ Wð�tÞ f ðx; tÞ. We may assume that aa 1. Then,

g A B
ðr;bÞ
2;1 ðRd � IÞ and gðx; 0Þ ¼ 0. Therefore, by Theorem 8.2 we see that GI ðt

0Þjt 0j�b

A L1
�ðRÞ, where GI ðt

0Þ is defined by (8.20) with f replaced by g. Since gðx; 0Þ ¼ 0,

Lemma 8.4 and Theorem 8.3 imply that k f k
B
ðr; bÞ

2; 1; P
ðR d�ð�d; dÞÞ

¼ kgk
B
ðr; bÞ

2; 1
ðRd�ð�d; dÞÞ

a

CkGð�d; dÞðt
0Þjt 0j�bkL1

� ðRÞ
for any 0 < da a, which with the aid of the fact that

Gð�d; dÞðt
0ÞaGI ðt

0Þ, and that Gð�d; dÞðt
0Þ ¼ 0 if jt 0jb 2d gives

k f k
B
ðr; bÞ

2; 1; P
ðR d�ð�d; dÞÞ

aC

ð2d

�2d

Gð�d; dÞðt
0Þ

jt 0jb
dt 0

t 0
aC

ð2d

�2d

GI ðt
0Þ

jt 0jb
dt 0

t 0
! 0 as d ! þ0: r
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9. Proof of Main Theorem.

To remove the smallness assumption of the initial data we need one more theorem:

Theorem 9.1. Let d ¼ 2�p, p a positive integer, and let sa 0.

(a) Then we have

k f ðdxÞkB s
2; 1

ðR d Þa ds�d=2k f kB s
2; 1

ðRd Þ;ð9:1Þ

k f ðdxÞk
B

s;#
2; 1

ðR d Þa ds�d=2k f k
B

s; #
2; 1

ðRd Þ:ð9:2Þ

(b) Let PðxÞ ¼Gjxj2, b > 0, and let I ¼ ð�a; aÞ. Assume that a weight r on Rþ sat-

isfies the condition: rðz2Þa z�s
1 rðz1z2Þ for any z1; z2b 1. Then we have

k f ðdx; d2tÞk
B
ðr; bÞ

2; 1; P
ðRd�d�2IÞ

a ds�d=2�1k f k
B
ðr; bÞ

2; 1;P
ðR d�IÞ

;ð9:3Þ

k f ðdx; d2tÞk
B
ðs; bÞ; #

2; 1;P
ðRd�d�2IÞ

a ds�d=2�1k f k
B
ðs; bÞ;#

2; 1;P
ðR d�IÞ

:ð9:4Þ

Proof. (a) Let gðxÞ :¼ f ðdxÞ. Then the identity

ĝgðxÞ ¼ cd

ð

e�ixx f ðdxÞ dx ¼ cdd
�d

ð

e�iyx=d f ðyÞ dy ¼ d�d f̂f
x

d

� �

;ð9:5Þ

where cd ¼ ð2pÞ�d=2, gives kgjkL2 ¼ d�dkjjðjxjÞ f̂f ðx=dÞkL2 ¼ d�d=2kjjðdjhjÞ f̂f ðhÞkL2 . Take

d ¼ 2�p, h :¼ 2px with positive integer p and recall that j0ð2
�pjhjÞ ¼

Pp
k¼0 jkðjhjÞ which

is a consequence of the identity
P

y

j¼0 jj ¼ 1. Then we obtain the estimates

2pd=2kj0ð2
�pjhjÞ f̂f ðhÞkL2 ¼ 2pd=2

X

p

k¼0

jkðjhjÞ f̂f ðhÞ

�

�

�

�

�

�

�

�

�

�

L2

a ds�d=2
X

p

k¼0

2skk fkkL2 ;

2pd=22sjkjjð2
�pjhjÞ f̂f ðhÞkL2 ¼ 2pd=22sjkj1ð2

�jþ1�pjhjÞ f̂f ðhÞkL2 ¼ d s�d=22 sjþspk fjþpkL2 ;

which imply that

kgkB s
2; 1
a d s�d=2

X

p

k¼0

2 skk fkkL2 þ
X

y

j¼1

2sjþspk fjþpkL2

( )

¼ d s�d=2k f kB s
2; 1
:

Now consider the case B
s;#
2;1 . Let gðxÞ :¼ f ðdxÞ, d ¼ 2�p, p A N , p > 1.

Then, as above from the identity ĝgðxÞ ¼ d�d f̂f ðx=dÞ we have
P

y

j¼1 2
sjkgjkL2 ¼

2pd=2�sp
P

y

j¼pþ1 2
sjk fjkL2 . On the other hand the identity j0ð2

�pjhjÞ ¼
Pp

k¼0 jkðjhjÞ

implies that

kg#
0 kL2 ¼ kð1þ jlogjxj jÞ�2

j0ðxÞĝgðxÞkL2

¼ 2pd=2kf1þ jlogðj2�phjÞjg�2
j0ð2

�pjhjÞ f̂f ðhÞkL2

a 2pd=2 ð1þ jlogjhj jÞ�2
j0ðjhjÞj f̂f ðhÞj þ

X

p

k¼1

jkðjhjÞj f̂f ðhÞj

�

�

�

�

�

�

�

�

�

�

L2

;
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which gives kg#
0 kL2a 2pd=2k f #

0 kL2 þ 2pd=2�sp
Pp

k¼1 2
skk fkkL2a 2pd=2�spk f k

B
s;#
2; 1
. Hence

kgk
B

s; #
2; 1

¼ kg#
0 kL2 þ

X

y

j¼1

2sjkgjkL2a 2pd=2�sp k f #
0 kL2 þ

X

y

j¼1

2sjk fjkL2

( )

¼ 2pd=2�spk f k
B

s; #
2; 1
:

(b) Let f AB
ðr;bÞ
2;1;PðR

dþ1Þ and put gðx; tÞ :¼ f ðdx; d2tÞ. Then, ĝgðx; tÞ ¼ d�d�2 f̂f ðx=d; t=d2Þ.

Hence, defining f̂fj;k;P :¼ jjðjxjÞjkðt� PðxÞÞ f̂f ðx; tÞ, ĝgj;k;P :¼ jjðjxjÞjkðt� PðxÞÞĝgðx; tÞ, it

follows that the inequalities

kgj;k;PkL2 ¼ d�d=2�1k fjþp;kþ2p;PkL2 if j; k > 0;

kgj;0;PkL2a d�d=2�1
X

2p

k¼0

k fjþp;k;PkL2 if j > 0;

kg0;k;PkL2a d�d=2�1
X

p

j¼0

k fj;kþ2p;PkL2 if k > 0;

kg0;0;PkL2a d�d=2�1
X

p

j¼0

X

2p

k¼0

k fj;k;PkL2

hold for the case d ¼ 2�p, p A N , which gives kgk
B
ðs; bÞ

2; 1; P
ðRdþ1Þ

a ds�d=2�1k f k
B
ðs; bÞ

2; 1;P
ðR dþ1Þ

, since

rð2 jÞa 2�sprð2 jþpÞ, 2bk < 2bðkþ2pÞ.

Now, let ~ff A B
ðr;bÞ
2;1;PðR

dþ1Þ be an extension of f A B
ðr;bÞ
2;1;PðR

d � IÞ. Then, ~ggðx; tÞ :¼
~ff ðdx; d2tÞ is an extension of gðx; tÞ :¼ f ðdx; d2tÞ. Therefore, it follows from the in-

equality just proved that kgk
B
ðr; bÞ

2; 1; P
ðR d�d�2IÞ

a k~ggk
B
ðr; bÞ

2; 1; P
ðRdþ1Þ

a ds�d=2�1k ~ff k
B
ðr; bÞ

2; 1;P
ðR dþ1Þ

, which

implies the inequality (9.3). We can prove the inequality (9.4) in the same way. r

We only give the proof of Part (a), that is, the case where Nðu; uÞ ¼ c1u
2 þ c2u

2.

(Part (b) can be proved in the same way). Let u be a solution to the semilinear

Schrödinger equation (1.1) when jtj < T with the initial data uðx; 0Þ ¼ u0ðxÞ. Put

vðx; tÞ :¼ uðdx; d2tÞ. Then v satisfies

qtv ¼ iq2x vþ lNðv; vÞ; x A R; jtj < a;ð9:6Þ

and the initial condition vðx; 0Þ ¼ v0ðxÞ :¼ u0ðdxÞ, where l ¼ d2, a ¼ Td�2.

We take PðxÞ ¼ �x2, a ¼ 1, and define fWðtÞ f gðx; tÞ ¼ F
�1
x e itPðxÞFx f ðx; tÞ. Then,

any solution v to (9.6) with vðx; 0Þ ¼ v0ðxÞ must satisfy the equation v ¼ WðtÞv0 þ

lBðv; vÞ, where Bð f ; gÞ is defined by (2.6). Put v ¼ WðtÞv0 þ w. Then the equation to

be solved is w ¼ FðwÞ, where FðwÞ ¼ lBðWðtÞv0;WðtÞv0Þ þ 2lBðWðtÞv0;wÞ þ lBðw;wÞ.

We take s ¼ �3=4 and b A ð1=2; 1Þ. Then, it follows from Theorem 7.1 that

WðtÞv0 A B
ðs;bÞ
2;1;PðR� IÞ, kWðtÞv0kBðs; bÞ

2; 1;P
ðR�IÞ

aC0a, where I ¼ ð�1; 1Þ, a ¼ kv0kB s
2; 1

and C0

is a constant independ of v0. Define

X :¼ B
ðr;1=2Þ
2;1;P ðR� IÞ; rðtÞ ¼ logð2þ tÞts:ð9:7Þ

1-D semilinear Schrödinger equation in Besov spaces 881



Then, Theorem 2.4 implies that

kBðw1;w2ÞkXaC1kw1kXkw2kX ;ð9:8Þ

kBðWðtÞv0;WðtÞv0ÞkXaC1C
2
0 a

2;ð9:9Þ

kBðWðtÞv0;wÞkXaC1C0akwkX :ð9:10Þ

We assume that 4lC0C1a < 1, and take b to be the smaller root of the equation:

lC1C
2
0 a

2 þ 2lC1C0ab þ lC1b
2 ¼ b, that is,

2C1lb ¼ 1� 2C0C1la�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4C0C1la
p

:

Then we see by (9.8), (9.9) and (9.10) that when kwkXa b

kFðwÞkXa lC1ðC2
0 a

2 þ 2C0ab þ b2Þ ¼ b;

and that when kw1kXa b, kw2kXa b

kFðw1Þ �Fðw2ÞkXa lkBð2WðtÞv0 þ w1 þ w2;w1 � w2ÞkXa kkw1 � w2kX

holds, where k :¼ 2C1C0laþ 2C1lb ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4C1la
p

< 1. Thus, F is a contraction

which maps M ¼ fw A X ; kwkXa bg into itself. The fixed point theorem says that

there exists one and only one fixed point w A M of F. It is easy to show that v ¼
WðtÞv0ðxÞ þ w satisfies the equation (9.6) when t A ð�1; 1Þ.

If d ¼ 2�p, where p is a positive integer, is chosen so that

4C0C1ku0kB s
2; 1

< d�3=4;ð9:11Þ

then Theorem 9.1 implies that 4lC0C1kv0kB s
2; 1
a 4C0C1d

3=4ku0kB s
2; 1

< 1. Therefore,

there exists a solution v to the equation (9.6). In conclusion, uðx; tÞ ¼ vðd�1x; d�2tÞ is a

solution to the semilinear Schrödinger equation (1.1) in the interval ð�d2; d2Þ.

Proof of uniqueness. Assume that u1; u2 are solutions to (1.1) such that u1ðx; 0Þ ¼
u2ðx; 0Þ A Bs

2;1ðRÞ and

uiðx; tÞ �WðtÞuiðx; 0Þ A B
ðr;1=2Þ
2;1;P ðR� IT Þ; i ¼ 1; 2;ð9:12Þ

where IT :¼ ð�T ;TÞ. We take d ¼ 2�p, p A N so that 4C1C0d
3=4ku0kB s

2; 1
ðRÞ < 1, and put

viðx; tÞ :¼ uiðdx; d2tÞ, i ¼ 1; 2. Here, u0ðxÞ :¼ u1ðx; 0Þ ¼ u2ðx; 0Þ. Then, v1; v2 are solu-

tions to (9.6). Put v ¼ v1 � v2. Then, v satisfies the equation

qtv ¼ iq2x vþ lc1vfv1 þ v2g þ lc2vfv1 þ v2g;ð9:13Þ

and vðx; 0Þ ¼ 0, where l ¼ d2, which implies v ¼ lBðv; v1 þ v2Þ.
Since u1 � u2 A B

ðr;1=2Þ
2;1;P ðRd � IT Þ, u1 þ u2 A B

ðs;1=2Þ
2;1;P ðRd � IT Þ, by Theorem 9.1 (b)

we see that v1 � v2 A B
ðr;1=2Þ
2;1;P ðRd � IÞ, v1 þ v2 A B

ðs;1=2Þ
2;1;P ðRd � IÞ, where I :¼ d�2IT . Put

wðx; tÞ :¼ v1ðx; tÞ þ v2ðx; tÞ � 2WðtÞv0ðxÞ. Then, w A B
ðs;1=2Þ
2;1 ðR� IÞ and wðx; 0Þ ¼ 0.

Hence, it follows from Theorem 2.5 that there exists a positive number ea d�2T such

that 2C1d
2kwk

B
ðr; bÞ
2; 1;P

ðR�ð�e; eÞÞ < 1. Thus, by Theorem 9.1 (a) we have
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C1d
2kv1 þ v2kBðs; 1=2Þ

2; 1;P
ðR�ð�e; eÞÞ

aC1d
2f2C0kv0kB s

2; 1
ðRÞ þ kwk

B
ðs; 1=2Þ

2; 1;P
ðR�ð�e; eÞÞ

g

a 2C1C0d
3=4ku0kB s

2; 1
ðRÞ þ C1d

2kwk
B
ðs; 1=2Þ

2; 1;P
ðR�ð�e; eÞÞ

< 1:

On the other hand, Theorem 2.4 gives that

kvk
B
ðr; 1=2Þ

2; 1;P
ðR�ð�e; eÞÞ

¼ d2kBðv; v1 þ v2ÞkBðr; 1=2Þ

2; 1;P
ðR�ð�e; eÞÞ

aC1d
2kv1 þ v2kBðs; 1=2Þ

2; 1;P
ðR�ð�e; eÞÞ

kvk
B
ðr; 1=2Þ

2; 1;P
ðR�ð�e; eÞÞ

:

Therefore, we see that kvk
B
ðr; 1=2Þ

2; 1;P
ðR�ð�e; eÞÞ

¼ 0, which means that u1ðx; tÞ ¼ u2ðx; tÞ when

jtj < e1 ¼ ed2.

By this result we can prove that u1ðx; tÞ ¼ u2ðx; tÞ for any t A IT as follows: First,

Theorem 8.3 gives that

fiðx; tÞ :¼ uiðx; tÞ �WðtÞu0 A B
ðr;1=2Þ
2;1;P ðR� IT ÞHBCðIT ;B

r
2;1ðRÞÞ;

for i ¼ 1; 2, which implies that the set A :¼ ft A IT ; f1ð� ; tÞ ¼ f2ð� ; tÞ in B
r
2;1ðRÞg is closed.

Secondly, we show that A is open. In fact, let t0 A A, and put ~uuiðx; tÞ

:¼ uiðx; tþ t0Þ. Then, ~uu1ð� ; 0Þ ¼ ~uu2ð� ; 0Þ A B s
2;1ðRÞ. By Lemma 8.4 we see that

Wð�t� t0Þ fiðx; tþ t0Þ A B
ðr;1=2Þ
2;1 ðR� ð�T1;T1ÞÞ, where T1 :¼ T � jt0j. Since Wðt0Þ

maps B
ðr;1=2Þ
2;1 ðR� ð�T1;T1ÞÞ onto itself, Lemma 8.4 gives that fiðx; tþ t0Þ ¼

WðtÞfWðt0ÞWð�t� t0Þ fiðx; tþ t0Þg A B
ðr;1=2Þ
2;1;P ðR� ð�T1;T1ÞÞ, which gives, with the help

of the fact that fiðx; t0Þ A B
r
2;1ðRÞ,

~ffiðx; tÞ :¼ ~uuiðx; tÞ �WðtÞ~uuiðx; 0Þ

¼ uiðx; tþ t0Þ �WðtÞfWðt0Þu0ðxÞ þ fiðx; t0Þg

¼ fiðx; tþ t0Þ �WðtÞ fiðx; t0Þ A B
ðr;1=2Þ
2;1;P ðR� ð�T1;T1ÞÞ:

Of course, ~uui, i ¼ 1; 2, are solutions to (1.1). Therefore, the result just proved implies

that there exists a positive number e 0 such that ~ff1ð� ; tÞ ¼
~ff2ð� ; tÞ for any t A ð�e 0; e 0Þ,

which means that ðt0 � e 0; t0 þ e 0ÞHA, that is, A is an open set. In conclusion, A is an

open and closed subset of a connected set IT , hence A ¼ IT . r

Appendix A. Proof of Theorem 2.1 and Theorem 2.2

We shall prove the basic properties of our Besov type spaces here. First we shall

show

Lemma A.1. Let hðxÞ A Cy
0 ðRdÞ, cðtÞ A Cy

0 ðRÞ, and let PðxÞ be a real-valued Cy-

function such that jqa
x PðxÞja cað1þ jxjÞn�jaj

for any a. Define

K̂Kjk;Pðx; tÞ :¼ hð2�jxÞcð2�kðt� PðxÞÞÞ; Kjk;P :¼ F
�1K̂Kjk;P:ðA:1Þ

Then kKjk;P � f kL paC2ðdþ2Þnjþkk f kL p holds for any f A LpðRdþ1Þ, where C is a constant

independent of j; k and f .
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Proof. The estimate

jtnKjk;Pðx; tÞjaCn2
djþkð1�nÞðA:2Þ

follows from the identity

tnKjk;Pðx; tÞ ¼ cdþ1i
n2�kn

ðð

e iðxxþttÞhð2�jxÞcðnÞð2�kðt� PðxÞÞÞ dtdx;

which is a consequence of integration by parts. The identity

xn
hKjk;Pðx; tÞ ¼ cdþ1i

n

ðð

e iðxxþttÞqn
xh
fhð2�jxÞcð2�kðt� PðxÞÞÞg dtdx

is also obtained by integration by parts, and the identity

qn
xh
fhð2�jxÞcð2�kðt� PðxÞÞÞg ¼

X

n

m¼0

n

m

� �

2�jnþjmh
ðn�mÞ
h ð2�jxÞqm

xh
fcð2�kðt� PðxÞÞÞg;

where h
ðmÞ
h ðxÞ ¼ qm

xh
hðxÞ, is given by Leibniz’ formula. On the other hand, the identity

qm
xh
fcð2�kðt� PðxÞÞÞgðA:3Þ

¼
X

a1þ2a2þ���þmam¼m

Y

m

r¼1

�2�kP
ðrÞ
h ðxÞ

r!

 !ar
m!cða1þ���þamÞð2�kðt� PðxÞÞÞ

a1! � � � am!
;

where P
ðrÞ
h ðxÞ ¼ q r

xh
PðxÞ, which is given by the formula for derivatives of composite

functions, implies that

jqn
xh
fhð2�jxÞcð2�kðt�PðxÞÞÞgja

X

n

m¼0

Cn;mjh
ðn�mÞ
h ð2�jxÞj

X

m

l¼0

2nlj�nj�kljcðlÞð2�kðt�PðxÞÞÞj;

since jP
ðrÞ
h ðxÞja cr2

nj�rj on the support of h
ðn�mÞ
h ð2�jxÞ. Therefore it follows that

jxn
hKjk;Pðx; tÞjaC 0

n2
dj�njþkþnðnj�kÞ40

:ðA:4Þ

This and (A.2) give ð1þ
Pd

h¼1 jxhj
dþ2 þ jtjdþ2ÞjKjk;Pðx; tÞjaC2ðdþ2Þnjþk, which implies

kKjk;PkL1a

ðð

C2ðdþ2Þnjþk

1þ
Pd

h¼1 jxhj
dþ2 þ jtjdþ2

dxdtaC 02ðdþ2Þnjþk
:ðA:5Þ

This and Lemma 3.1 imply the conclusion of the lemma. r

Next

Lemma A.2. SðRdþ1ÞHB
ðr;bÞ
p;q;PðR

dþ1Þ, and the inclusion is continuous.

Proof. Let f A SðRdþ1Þ, and define

jjk;Pðx; tÞ :¼ jjðjxjÞjkðt� PðxÞÞ;ðA:6Þ

j
½l�
0 ðzÞ :¼ j0ðzÞ; j

½l�
1 ðzÞ :¼ z�lj1ðzÞ; j

½l�
j ðzÞ :¼ j

½l�
1 ð2�jþ1zÞ for jb 1;ðA:7Þ
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j
½l;m�
jk;P ðx; tÞ :¼ j

½l�
j ðjxjÞj

½m�
k ðt� PðxÞÞ; �jj

½l;m�
jk;P ¼ F

�1j
½l;m�
jk;P ;ðA:8Þ

f
½2l;m�
P ¼ F

�1fjxj2lft� PðxÞgm
f̂f ðx; tÞg;ðA:9Þ

f̂fjk;Pðx; tÞ :¼ jjk;Pðx; tÞ f̂f ðx; tÞ:ðA:10Þ

Then it follows that

fjk;Pðx; tÞ ¼ 2�2lj�mkþ2lþm
F

�1fj
½2l;m�
jk;P ðx; tÞjxj2lft� PðxÞgm

f̂f ðx; tÞg

¼ 2�2lj�mkþ2lþm
�jj
½2l;m�
jk;P � f

½2l;m�
P ðx; tÞ;

which gives, with the aid of Lemma A.1,

k fjk;PkL p ¼ 2�2lj�mkþ2lþmk�jj
½2l;m�
jk;P � f

½2l;m�
P kL paC2�2lj�mkþ2lþmþðdþ2Þnð j�1Þþk�1k f

½2l;m�
P kL p :

Thus, assuming that rðzÞa czs and taking l and m so that 2l > sþ ðd þ 2Þn, m >

bþ 1, we obtain that

kfrð2 jÞ2bkk fjk;PkL pgkl qaCkf2fs�2lþðdþ2Þngjþðbþ1�mÞkgk
l
q � k f

½2l;m�
P kL paC 0k f

½2l;m�
P kL p :

r

Now we proceed to give Proof of Theorem 2.1. First we shall show that

jh f ;ciS 0�SjaCk f k
B
ðr; bÞ
p; q;P

� kck
B
ð1=r;�bÞ

p 0 ; q 0 ;P

ðA:11Þ

holds for f A B
ðr;bÞ
p;q;P and c A SðRdþ1Þ, where 1=pþ 1=p 0 ¼ 1, 1=qþ 1=q 0 ¼ 1.

In fact, writing ~jjj ¼
P

jk�jja1 jk, ~jjjk;Pðx; tÞ ¼ ~jjjðjxjÞ~jjkðt� PðxÞÞ, we have

h fjk;P;ci ¼ h f̂fjk;P;
^
cci ¼ h~jjjk;P f̂fjk;P;

^
cci ¼ h f̂fjk;P; ~jjjk;P

^
cci ¼

X

jl�jja1; jk�mja1

h f̂fjk;P;
^
cclm;Pi;

where ĉclm;P ¼ jlm;Pĉc. Hence, by Hölder’s inequality we have

jh f ;cij ¼
X

j;k

fjk;P;c

* +�

�

�

�

�

�

�

�

�

�

a

X

j;k

X

jl�jja1; jk�mja1

k fjk;PkL p � kclm;PkL p 0

a krð2 jÞ2bkk fjk;PkL pkl q �
1

rð2 jÞ
2�bk

X

jl�jja1; jk�mja1

kclm;PkL p 0

8

<

:

9

=

;

�

�

�

�

�

�

�

�

�

�

�

�

l
q 0

aCk f k
B
ðr; bÞ
p; q;P

� kck
B
ð1=r;�bÞ

p 0 ; q 0 ; P

:

Next, let f f ðnÞg be a Cauchy sequence in B
ðr;bÞ
p;q;P. Then (A.11) shows that

fh f ðnÞ;ciS 0�Sg converges for any c A SðRdþ1Þ, which implies that f f ðnÞg converges to a

distribution f in S
0. We write f̂f

ðnÞ
jk;P ¼ jjk;P f̂f

ðnÞ, f̂fjk;P ¼ jjk;P f̂f . Since the Fourier

transform is continuous on S
0, we see that f

ðnÞ
jk;P ! fjk;P in S

0, which, with the aid of
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the fact that f f
ðnÞ
jk;Pg is a Cauchy sequence in Lp, gives that f

ðnÞ
jk;P ! fjk;P in Lp. Thus,

for the case q < y we have

X

jþkal

frð2 jÞ2bkk fjk;PkL pg
q

" #1=q

¼ lim
n!y

X

jþkal

frð2 jÞ2bkk f
ðnÞ
jk;PkL pg

q

" #1=q

a sup
n

k f ðnÞk
B
ðr; bÞ
p; q;P

for any l. This means that f A B
ðr;bÞ
p;q;P, and k f k

B
ðr; bÞ
p; q; P

a supnk f
ðnÞk

B
ðr; bÞ
p; q;P

. The same ar-

gument shows that k f � f ðmÞk
B
ðr; bÞ
p; q; P

a supnk f
ðnÞ � f ðmÞk

B
ðr; bÞ
p; q; P

, which implies that f ðnÞ ! f

in B
ðr;bÞ
p;q;P. In the same way we can prove the same results for q ¼ y.

We define here Kn ¼ Fj0ð2
�njxjÞj0ð2

�ntÞ, and prove that Kn � f ! f in B
ðr;bÞ
p;q;P as

n ! y when f A B
ðr;bÞ
p;q;P and q is finite. Since Knðx; tÞ ¼ 2ðdþ1ÞnK0ð2

nx; 2ntÞ, we see that

kKnkL1 ¼ kK0kL1 . Hence, by making use of Lemma 3.1, we have

kðKn � f Þjk;PkL p ¼ kKn � ð fjk;PÞkL pa kK0kL1 � k fjk;PkL p :

Moreover, ðKn � f Þjk;P ¼ fjk;P if ka n� 2, nð j þ 2Þa n� 1� log2 c0, since jtja

jt� PðxÞj þ jPðxÞj < 2kþ1 þ c02
ð jþ2Þn

a 2n on the support of f̂fjk;Pðx; tÞ. Hence, putting

In :¼ fð j; kÞ; nð j þ 2Þ > n� 1� log2 c0 or k > n� 2g, we see that

kKn � f � f kq

B
ðr; bÞ
p; q;P

a

X

ð j;kÞ A In

frð2 jÞ2bkkð f � Kn � f Þjk;PkL pg
q

a ð1þ kK0kL1Þ
q

X

ð j;kÞ A In

frð2 jÞ2bkk fjk;PkL pg
q;

which implies that Kn � f ! f in B
ðr;bÞ
p;q;P as n ! y.

Finally assume that f A B
ðr;bÞ
p;q;P, the support of f̂f is contained in the set fðx; tÞ A

R
dþ1; jxja 2n; jtja 2ng for some n A N and p; q are finite. Then we see that ka

ðnþ 1Þnþ jlog2 c0j þ 1 if f̂fjk;Pðx; tÞ0 0, since 2k�1 < jt� PðxÞja jtj þ jPðxÞja 2n þ

c02
ðnþ1Þn. This implies that f ¼

Pn
j¼0

Pðnþ1Þnþjlog2 c0jþ1
k¼0 fjk;P A Lp. For any positive

number e there exists g A S such that k f � gkL p < e, for S is dense in Lp. The identity

kKnkL1 ¼ kK0kL1 , Lemma A.1 and Lemma 3.1 imply that

kð f � Kn � gÞjk;PkL p ¼ kfKn � ð f � gÞgjk;PkL paCjkkKn � ð f � gÞkL paCjkkK0kL1e:

Since the support of FfKn � ð f � gÞg is contained in the set fðx; tÞ; jxj < 2nþ1; jtj <

2nþ1g, by the same argument as above we see that fKn � ð f � gÞgjk;P ¼ 0 when k >

ðnþ 1Þnþ jlog2 c0j þ 3. Thus we have

k f � Kn � gk
q

B
r; b
pq;P

¼
X

nþ2

j¼0

X

ðnþ1Þnþjlog2 c0jþ3

k¼0

rð2 jÞq2bkqkfKn � ð f � gÞgjk;Pk
q
L p < Cne

q:

Since Kn � g A S, this means that SðRdþ1Þ is a dense subset of B
ðr;bÞ
p;q;P if p and q are

finite.

Consider now the space B
ðs;bÞ;#
2;q;P . Let f ;c A SðRdþ1Þ. Then, from the fact that

ð1þ jlogjxj jÞ2g0ðjxjÞ A L2 (g0 is the defining function of the interval ½�2; 2�) and the

inequality

sup
x; t

g0ðjxjÞ~jjkðt� PðxÞÞ

ð1þ t2Þm
aCðmÞ2�2km for any m A N ;ðA:12Þ
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where CðmÞ is a constant independent of k, it follows that the L2-norm of the function

ð1þ jlogjxj jÞ2g0ðxÞ~jjkðt� PðxÞÞĉcðx; tÞ is estimated by

C2�2km sup
x

ð

e�ixxð1� q2t Þ
m
cðx; tÞ dx

�

�

�

�

�

�

�

�

L2
t

aC2�2kmkfkð1� q2t Þ
m
cðx; tÞkL2ðRtÞgkL1ðR d

x Þ:

Hence, taking m such that bþ 2m > 0 we have

X

k

jh f0k;P;cij ¼
X

k

jh f̂f #
0k;P; ð1þ jlogjxj jÞ2g0ðxÞ~jjkðt� PðxÞÞ ^ccðx; tÞij

a c
X

k

2�2mkk f #
0k;PkL2

( )

kfkð1� q2t Þ
m
cðx; tÞkL2ðRtÞgkL1ðR d

x Þ

a c 0k f k
B
ðs; bÞ; #
2; q;P

kfkð1� q2t Þ
m
cðx; tÞkL2ðRtÞgkL1ðR d

x Þ;

which shows that

jh f ;cija ck f k
B
ðs; bÞ; #
2; q; P

½kfkð1� q2t Þ
m
ckL2ðRtÞgkL1ðRd

x Þ þ kck
B
ð�s;�bÞ
2; q 0 ; P

�:

Since the second factor of the right-hand side is a continuous norm on S, this means

that B
ðs;bÞ;#
2;q;P is a Banach space continuously imbedded in S

0ðRdþ1Þ. r

Proof of Theorem 2.2. Let f A S. Then Schwarz’s inequality implies

ð

j f̂fjk;Pðx; tÞj dta
ð

jt�PðxÞja2kþ1

dt

( )1=2

k f̂fjk;Pðx; �ÞkL2ðRÞa c2k=2k f̂fjk;Pðx; �ÞkL2ðRÞ:

Since j j � lja 1 if jlðxÞ f̂fjk;Pðx; tÞ ¼ jlðxÞjjk;Pðx; tÞ f̂f ðx; tÞ0 0, it follows that

k f ðx; tÞkBr

2; 1
a

X

l

rð2lÞ
X

j j�lja1

X

k

jlðjxjÞ
1
ffiffiffiffiffiffi

2p
p

ð

e itt f̂fjk;Pðx; tÞ dt
� ��

�

�

�

�

�

�

�

L2ðRd Þ

a c
X

k

2k=2
X

l

rð2lÞ
X

j j�lja1

kjlðjxjÞ f̂fjk;Pðx; tÞkL2ðR dþ1Þ

a c 0
X

k

2k=2
X

j

rð2 jÞk fjk;PkL2ðR dþ1Þ ¼ c 0k f k
B
ðr; 1=2Þ
2; 1;P

holds for any t A R. With the help of the fact that S is dense in B
ðr;1=2Þ
2;1;P , this inequality

implies that B
ðr;1=2Þ
2;1;P ðRdþ1ÞHBCðR;Br

2;1ðRdÞÞ and the inclusion is continuous. r
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