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Abstract. In this paper, we investigate a certain fusion scheme ~XXðAnÞ of the group

association scheme XðAnÞ of the alternating group of arbitrary degree n. In particular,

under some extra assumption on ‘geometry of maximal cliques’, we characterize ~XXðAnÞ by
parameters.

1. Introduction.

Let X be a finite set, and let Ri ði ¼ 0; 1; . . . ; dÞ be relations on X , i.e., subsets of

X � X . Then X ¼ ðX ; fRig0aiadÞ is an association scheme of d classes if the following

conditions hold.

(1) R0 ¼ fðx; xÞ j x A Xg.

(2) X � X ¼ R0 UR1 U � � � URd , and Ri VRj ¼ f if i0 j.

(3) tRi ¼ Ri 0 for some i 0 A f0; 1; . . . ; dg, where tRi ¼ fðx; yÞ j ðy; xÞ A Rig.

(4) For i; j; k A f0; 1; . . . ; dg, the number of z A X such that ðx; zÞ A Ri and

ðz; yÞ A Rj is a constant, pk
i; j , whenever ðx; yÞ A Rk.

(The relation R0 mentioned in (1) above is called the diagonal relation.)

An association scheme X is called commutative if the condition

(5) pk
i; j ¼ pk

j; i for all i; j; k A f0; 1; . . . ; dg

holds, and symmetric if the condition

(6) tRi ¼ Ri for all i A f0; 1; . . . ; dg

holds. Note that a symmetric association scheme is also commutative, but that the

converse does not necessarily hold.

The non-negative integers fpk
i; jg0ai; j;kad are called the intersection numbers or

parameters of X.

The reader is referred to [2] and [3] for the general theory of association schemes

and related terminologies.

Let G be a finite group. Let C0ð¼ fidgÞ, C1; . . . ;Cd be the conjugacy classes

of G. Define relations Ri ði ¼ 0; 1; . . . ; dÞ on G by Ri ¼ fðx; yÞ j yx�1 A Cig. Then

XðGÞ ¼ ðG; fRig0aiadÞ is a commutative association scheme of d classes called the

group association scheme of G. (See Example II.2.1(2) of [2].)

By Sn and An, we denote the symmetric group and the alternating group of degree

n, respectively.

Among various problems around an association scheme, it seems one of the most

important problems is to classify association schemes having the same set of parameters.
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In particular, when it is the group association scheme XðGÞ of some group G, the

problem can be regarded as ‘‘the combinatorial version’’ of the classification problem of

groups having a given character table. There are several works for the latter problem

in the field of group theory. The list contains characterizations of Sn and An. On the

other hand, the former problem is in the field of algebraic combinatorics (association

schemes), and in order to try this, we need delicate ‘structure analysis’ of association

schemes, which is the subject of this paper. (We cannot use group theory!)

For example, it is shown in [4] that when the set of parameters of XðS4Þ is given,

there exist exactly two association schemes (except XðS4Þ) having it, and each of them is

not the group association scheme of any group.

In case of XðSnÞ with nb 5, it is shown in [5] and [6] that it is the unique one for

given parameters. Also, for XðA5Þ, uniqueness is shown in [4].

In this paper, we attempt to solve this problem for An with nb 6. However,

particularly in this paper, we focus on one fusion scheme of XðAnÞ, which is mentioned

in the following.

It is well known that the conjugacy classes of Sn depend on its cycle-shapes. Let

LðnÞ be the set of all partitions of n, or, equivalently, the set of all unordered m-tuples

ði1; i2; . . . ; imÞ such that 1ama n,
Pm

j¼1 ij ¼ n, and ij is a positive integer for 1a jam.

(For example, we identify ð1; 2; 1; 3; 2Þ A Lð9Þ with ð1; 1; 2; 2; 3Þ.) For l ¼ ð1; . . . ; 1;

i1; . . . ; imÞ A LðnÞ ðisb 2 for 1a samÞ, we sometimes write l ¼ ði1; . . . ; imÞ and ð1Þ ¼

ð1; . . . ; 1Þ. (For example, ð3Þ ¼ ð1; . . . ; 1; 3Þ A LðnÞ.) For l A LðnÞ, let Cl ¼ fx A Sn j

x has the cycle-shape lg. Then we see that fClgl ALðnÞ are the family of all conju-

gacy classes of Sn, and XðSnÞ ¼ ðSn; fR
�
lgl ALðnÞÞ is a symmetric association scheme of

jLðnÞj � 1 classes, where for l A LðnÞ,

R�
l ¼ fðx; yÞ A Sn � Sn j yx

�1
A Clg:

(Note that R�
ð1Þ is the diagonal relation.)

For l ¼ ði1; . . . ; imÞ A LðnÞ, let jðlÞ ¼
Pm

s¼1ðis � 1Þ. Let LeðnÞ denote the subset of

LðnÞ as follows;

LeðnÞ ¼ fl A LðnÞ j jðlÞ: even integerg:

We write LoðnÞ ¼ LðnÞnLeðnÞ.

Let us consider An as the subset of vertex set of XðSnÞ. Then it is easy to see;

An ¼ 6
l AL eðnÞ

Cl:

The leading object of this paper is the following configuration;

~XXðAnÞ ¼ ðAn; fR
�
l V ðAn � AnÞgl AL eðnÞÞ:

It is easy to see the following:

Proposition 1.1. ~XXðAnÞ is a symmetric association scheme of jLeðnÞj � 1 classes.

Moreover, ~XXðAnÞ is a fusion scheme of the symmetrization of XðAnÞ.

In this paper, we approach the characterization problem of ~XXðAnÞ. The author

regards this problem as the first step of the characterization problem of XðAnÞ. Indeed,
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by general theory of fusion schemes, which is seen in, for example, [1], we have the

following:

Proposition 1.2. Let X be an association scheme having the same set of parameters

as of XðAnÞ. Then there exists a fusion scheme ~XX of X having the same set of pa-

rameters as of ~XXðAnÞ.

The main assertion of this paper is that ~XXðAnÞ is characterized by parameters

under certain assumptions on ‘‘geometry of maximal cliques’’. In order to describe such

geometry, let us prepare some notation on a graph.

In the following, we sometimes regard a notation G as the vertex set of a graph

G . For example, if x is a vertex in G , then we write x A G .

For two vertices x and y in G , we write x@G y or x@ y if x is connected to y with

an edge.

By a triangle xyz, we mean the set of three vertices x; y and z with x@ y@ z@ x.

For a graph G , let q ¼ qG denote the distance function in G .

Let d ¼ dG be the diameter of G.

For x A G and for an integer i with 0a ia d, let GiðxÞ ¼ fy A G j qðx; yÞ ¼ ig. Let

GðxÞ ¼ G1ðxÞ.

For Y ¼ fy1; . . . ; yigHG , write 7
1a jai

GðyjÞ by GðYÞ or Gðy1; . . . ; yiÞ.

For a subset Y and Z of G , we denote by eðY ;ZÞ the number of edges crossing

between Y and Z. If Y ¼ fyg for y A G , we denote eðy;ZÞ ¼ eðY ;ZÞ.

We call a clique for a subgraph which forms a complete graph.

In the rest of this paper, we denote by G
� the relation graph ðAn;R

�
ð3ÞÞ of ~XXðAnÞ.

Note that G
� is just the same as CayCð3Þ

ðAnÞ, the Cayley graph of An based on Cð3Þ.

The following is a more precise description of ‘‘geometry of maximal cliques’’.

Observation 1.3. Let G be a graph. If G is isomorphic to G
�, then G satisfies the

conditions (M1)–(M4) as follows:

ðM1Þ The size of any maximal clique is 3 or n� 1.

ðM2Þ For any triangle xyz in G , there exists a unique maximal clique containing

xyz.

ðM3Þ For any pair of vertices ðx; yÞ with x@G y, there exists a unique element

M A M1 containing xy, where M1 is the set of all maximal cliques of size 3 in G .

ðM4Þ Let M A M ¼ M1 UM2, where M2 is the set of all maximal cliques of size

n� 1, and let y A G with M VR 0
ð2;2ÞðyÞ0q, where;

R 0
ð2;2ÞðyÞ ¼ fz A G j qðy; zÞ ¼ 2; jGðy; zÞj ¼ 8g:

Then eðy;MÞ0 1.

Remark that if a graph G satisfies both (M2) and (M4), then it also holds that;

ðM5Þ Let M A M, and let y A G with M VR 0
ð2;2ÞðyÞ0q. Then eðy;MÞ A f0; 2g.

The following is the main theorem of this paper:

Theorem 1.4. Let X ¼ ðX ; fRlgl AL eðnÞÞ be an association scheme having the same

set of parameters as of ~XXðAnÞ, and let G be the relation graph ðX ;Rð3ÞÞ. In addition,

assume that G satisfies conditions (M1)–(M4) as in Observation 1.3.

Then X is isomorphic to ~XXðAnÞ.
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In the next section, we prepare two important preliminary propositions, Propo-

sitions 2.5 and 2.6. The former claims that characterizing problem of ~XXðAnÞ can be

reduced to the characterization of one relation graph, which corresponds to the con-

jugacy class of 3-cycles in An. The latter is on spherical representation, which is a key

tool in many places of this paper.

In Sections 3 and 4, we determine local structure of the relation graph corre-

sponding to 3-cycles in An by information of parameters and the geometry of maximal

cliques as seen in Observation 1.3. There, we can observe that the geometry ‘controls’

many important properties on local structure used for the determination of global

structure.

In Section 5, we analyze local structure of the image of spherical representation.

In Section 6, we complete the proof of Theorem 1.4 by using properties of local

structure obtained in Sections 3 and 4 and very simple properties of the image of

spherical representation obtained in Section 5.

2. Notation and preliminaries.

In the rest of the paper, for an integer ia n, let Ni denote the family of ordered

sets of i distinct integers with 1a ia n. Let Ni denote the family of unordered sets

fn1; . . . ; nig with ðn1; . . . ; niÞ A Ni. Write the set f1; 2; . . . ; ng by N. Note that;

Cð3Þ ¼ fði j kÞ A An j ði; j; kÞ A N3g:

Note that for ði; j; kÞ A N3, ði j kÞ ¼ ð j k iÞ ¼ ðk i jÞ0 ði k jÞ.

An induced subgraph G
0 of a graph G is called geodetically closed if for any pair of

vertices ðx; yÞ in G
0, all shortest paths in G from x to y is also contained in G

0. For a

subset Y of G , let FðYÞ be the smallest geodetically closed subgraph whose vertex set

contains Y . It is clear that FðYÞ is unique for any given subset Y .

Let X ¼ ðX ; fRlgl ALÞ be an association scheme with index set L. Then for l A L

and for x A X , let RlðxÞ ¼ fy A X j ðx; yÞ A Rlg. For l1; . . . ; lm A L, write 6m

j¼1
Rlj

ðxÞ

by Rl1;...;lm
ðxÞ.

In the rest of this paper, we denote by G the relation graph ðX ;Rð3ÞÞ of X ¼

ðX ; fRlgl AL eðnÞÞ, where X is an association scheme having the same set of parameters as

of ~XXðAnÞ.

In [5, Lemma 3.4], we have observed that every relation of XðSnÞ can be char-

acterized by ‘some characteristics’ of the relation graph ðSn;Rð2ÞÞ corresponding to

transpositions. In fact, a general proposition is used there, which is as follows:

Proposition 2.1. Let X
1 ¼ ðX 1

; fR1
i gi¼0;1;...;dÞ and X

2 ¼ ðX 2
; fR2

i gi¼0;1;...;dÞ be

association schemes with the same set of parameters. Let G
i ði ¼ 1; 2Þ be the relation

graph ðX i
;R i

1Þ, and assume that G 1 is connected. Let d : f0; 1; . . . ; dg ! Zb0 be a func-

tion such that for a pair ðx; yÞ A R1
i , q

G
1ðx; yÞ ¼ dðiÞ.

Suppose that G 1 and G
2 are isomorphic as graphs, and, in addition, for any pair ði; jÞ

in f0; 1; 2; . . . ; dg with dðiÞ ¼ dð jÞ, either of the following holds:

(i) CðiÞ0Cð jÞ,

(ii) CðiÞ ¼ Cð jÞ, and p i
1; l 0 p

j
1; l for some l A CðiÞ,

where CðiÞ ¼ fk A f0; 1; 2; . . . ; dg j p i
1;k 0 0 with dðkÞ ¼ dðiÞ � 1g.

Then X
1 and X

2 are isomorphic as association schemes.
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In the following, let us observe that the similar situation holds between X and G .

For l ¼ ðl1; . . . ; liÞ, m ¼ ðm1; . . . ; mjÞ A6
n

t¼1
LðtÞ with i þ ja n, we denote ðl; mÞ

for the partition ðl1; . . . ; li; m1; . . . ; mjÞ A6
n

t¼1
LðtÞ. We sometimes write ðl; mÞ ¼

ðl1; . . . ; li; mÞ.

Now we define a function c :6n

t¼1
LeðtÞ ! Zb0 satisfying the following:

(a) For lð1Þ A LeðiÞ and lð2Þ A Leð jÞ with i þ ja n, cððlð1Þ; lð2ÞÞÞ ¼ cðlð1ÞÞþ

cðlð2ÞÞ.

(b) cðð2i þ 1ÞÞ ¼ i with 1a 2i þ 1a n.

(c) cðð2i; 2jÞÞ ¼ i þ j for i; jb 1 with 2i þ 2ja n.

Note that ð2iÞ B6n

t¼1
LeðtÞ and ð2i þ 1Þ; ð2i; 2jÞ A6n

t¼1
LeðtÞ.

For l A LeðnÞ and g A R�
l ðidÞ ð¼ ClÞ, set

TlðgÞ :¼ fm A LeðnÞ j g � h A R�
mðidÞ for h A Cð3Þg:

In addition, let Tl ¼ fm A LeðnÞ j pl
ð3Þ;m 0 0g. Then we easily have

TlðgÞ ¼ Tl for any g A R�
l ðidÞ:

It is clear that Tð1Þ ¼ fð3Þg. Next, let us determine Tð3Þ. Let g ¼ ð1 2 3Þ ðA Cð3ÞÞ

and h A ði j kÞ ðA Cð3Þ). Then we easily see that;

ðg; hÞ A R�
ð1Þ if h ¼ g;

ðg; hÞ A R�
ð3Þ if h ¼ g�1

;

ðg; hÞ A R�
ð3Þ; ð2;2Þ if jf1; 2; 3gV fi; j; kgj ¼ 2;

ðg; hÞ A R�
ð5Þ if jf1; 2; 3gV fi; j; kgj ¼ 1;

ðg; hÞ A R�
ð3;3Þ if jf1; 2; 3gV fi; j; kgj ¼ 0:

Note that, for example, if h ¼ ð1 2 4Þ (resp., h ¼ ð2 1 4Þ), then ðg; hÞ A R�
ð3Þ (resp.,

ðg; hÞ A R�
ð2;2Þ). Thus we have Tð3Þ ¼ fð1Þ; ð3Þ; ð2; 2Þ; ð5Þ; ð3; 3Þg. Moreover, we also see

that for any pair ðx; yÞ in G �,

qG �ðx; yÞ ¼ 0 if and only if ðx; yÞ A R�
ð1Þ;

qG �ðx; yÞ ¼ 1 if and only if ðx; yÞ A R�
ð3Þ;

qG �ðx; yÞ ¼ 2 if and only if ðx; yÞ A R�
ð2;2Þ; ð5Þ; ð3;3Þ:

Note that ðcðð1ÞÞ;cðð3ÞÞ;cðð2; 2ÞÞ;cðð5ÞÞ;cðð3; 3ÞÞÞ ¼ ð0; 1; 2; 2; 2Þ.

By such argument, by induction on cðlÞ ðl A LeðnÞÞ, we have the following:

Lemma 2.2. For c, the following hold.

(1) Let l; m A LeðnÞ with pl
ð3Þ;m 0 0. Then cðlÞ A fcðmÞ � 1;cðmÞ;cðmÞ þ 1g.

(2) Let l; m A LeðnÞ with cðlÞ ¼ cðmÞ þ 1. Then pl
ð3Þ;m 0 0 if and only if one of

the following holds:

(i) l ¼ ði þ j þ k; l 0Þ and m ¼ ði; j; k; l 0Þ, where i; j and k are odd positive integers,

and where l 0 A Leðn� i � j � kÞ.
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(ii) l ¼ ði þ j þ k; l 0Þ and m ¼ ði; j; k; l 0Þ, where i and j are odd positive integers, k

is an even positive integer, and where l 0 A Leðn� i � j � kÞ.

(iii) l ¼ ði; j; l 0Þ and m ¼ ði þ k; j � k; l 0Þ, where i and j are even positive integers,

k is an odd positive integer with 1a ka j, and where l 0 A Leðn� i � jÞ.

(3) Let x; y A G with ðx; yÞ A Rl ðl A LeðnÞÞ. Then qðx; yÞ ¼ cðlÞ.

Remarks. (1) The author recommends the readers to see [5, Lemma 3.1].

(2) For l and m in Lemma 2.2 (2) (i) or (ii), if at most one of fi; j; kg is odd, then

cðlÞ ¼ cðmÞ.

(3) For l and m in Lemma 2.2 (2) (iii), if all of fi; j; kg are odd or all are even,

then cðlÞ ¼ cðmÞ.

Let us prepare some notation for l A LeðnÞ.

Let jlj be the length of l, that is, the number of entries of l. For example, if

l ¼ ð1; 1; 2; 2; 3Þ ðA Leð9ÞÞ, then jlj ¼ 5.

We sometimes reorder entries so that l ¼ ðlþ; l�Þ, where any entry of lþ (resp. l�)

is even (resp. odd). For example, if l ¼ ð1; 1; 2; 2; 3Þ ðA Leð9ÞÞ, then lþ ¼ ð2; 2Þ and

l� ¼ ð1; 1; 3Þ. Note that jlþj is even, i.e., lþ A6n

t¼1
LeðtÞ.

If l ¼ ð1; 1; 3Þ and m ¼ ð2; 2Þ, for example, then we write lþ ¼ m� ¼ 0.

If m A LeðtÞ for some t with 1a ta n, we write
P

m ¼ t. For example, for l A

LeðnÞ,
P

lþ þ
P

l� ¼ n.

By maxðlÞ, we denote the maximum of entries of l.

Let CðlÞ ¼ fm A LeðnÞ jcðmÞ ¼ cðlÞ � 1; pl
ð3Þ;m 0 0g. Note that Cðð3ÞÞ ¼ fð1Þg and

CðlÞ ¼ fð3Þg for l A fð2; 2Þ; ð5Þ; ð3; 3Þg. Note also that if cðmÞ0cðlÞ for m A LeðnÞ,

then CðlÞVCðmÞ ¼ q.

By Lemma 2.2 (2), we easily have the following.

Lemma 2.3. For l A LeðnÞ, the following hold.

(1) For any m A CðlÞ, jm�j ¼ jl�j þ 2.

(2) For m A CðlÞ, jmþj A fjlþj; jlþj � 2g.

(3) If jlþjb 2, then there exists m A CðlÞ such that jmþj ¼ jlþj � 2.

(4) Let m A CðlÞ with mþ ¼ lþ. Then
P

m� ¼
P

l�.

(5) If maxðl�Þb 3, then there exists m A CðlÞ such that mþ ¼ lþ.

(6) If maxðlþÞb 4, then there exists m A CðlÞ such that jmþj ¼ jlþj.

(7) Assume jlþj ¼ sb 2, and write lþ ¼ ðl1; . . . ; lsÞ with l1b l2b � � �b ls. Pick

any m A CðlÞ with jmþj ¼ s, and let mþ ¼ ðm1; . . . ; msÞ with m1b m2b � � �b ms. Then

lib mi for 1a ia s.

(8) Let l ¼ l� ¼ ðl1; . . . ; lsÞ with l1b l2b � � �b ls, and let m ¼ ðm1; . . . ; msþ2Þ A

CðlÞ with m1b m2b � � �b msþ2. Then m ¼ m� and lib mi ð1a ia sÞ.

Proof. Straightforward. r

Lemma 2.4. Let l; p A LeðnÞ with l0 p and cðlÞ ¼ cðpÞb 3. Assume fl; pg B

ffð7Þ; ð3; 5Þg; fð9Þ; ð3; 7Þgg. Then CðlÞ0CðpÞ.

Proof. At first, we only assume that l0 p and cðlÞ ¼ cðpÞb 3 for l; p A LeðnÞ.

Then it su‰ces to consider only 8 cases as follows:
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Case ðIÞ: jlþj > jpþjb 2.

Case ðII1Þ: jlþj > jpþj ¼ 0 with jlþjb 4.

Case ðII2Þ: jlþj > jpþj ¼ 0 with maxðlþÞb 4.

Case ðII3Þ: jlþj > jpþj ¼ 0 with lþ ¼ ð2; 2Þ.

Case ðIII1Þ: jlþj ¼ jpþjb 4 with lþ 0 pþ.

Case ðIII2Þ: jlþj ¼ jpþj ¼ 2 with lþ 0 pþ.

Case ðIVÞ: lþ ¼ pþ 0 0.

Case ðVÞ: lþ ¼ pþ ¼ 0.

Let us consider Case ðIÞ. Then by Lemma 2.3 (3), we can find m A CðpÞ such that

jmþj ¼ jpþj � 2. However, by Lemma 2.3 (2), it cannot occur that m A CðlÞ. Thus we

have;

(2.4.1): In Case ðIÞ, CðlÞ0CðpÞ.

Next, consider Case ðII1Þ. Then by Lemma 2.3 (3), there exists m A CðlÞ such that

jmþj ¼ jlþj � 2 > jpþj. Thus by Lemma 2.3 (2), we have;

(2.4.2): In Case ðII1Þ, CðlÞ0CðpÞ.

Consider Case ðII2Þ. Then by Lemma 2.3 (6), there exists m A CðlÞ such that

jmþj ¼ jlþj > jpþj. Thus by Lemma 2.3 (2),

(2.4.3): In Case ðII2Þ, CðlÞ0CðpÞ.

Consider Case ðII3Þ. Then by the assumption cðlÞ ¼ cðpÞb 3, maxðl�Þb 3.

Hence by Lemma 2.3 (5), there exists m A CðlÞ such that jmþj ¼ jlþj > jpþj. Thus by

Lemma 2.3 (2),

(2.4.4): In Case ðII3Þ, CðlÞ0CðpÞ.

Consider Case ðIII1Þ and ðIII2Þ together. In both cases, we may assume that

lþ ¼ ðlþ1 ; . . . ; l
þ
t ; l

þ
tþ1; . . . ; l

þ
s Þ;

pþ ¼ ðlþ1 ; . . . ; l
þ
t ; p

þ
tþ1; . . . ; p

þ
s Þ;

where sb tþ 1b 1, lþ1 b � � �b lþs and lþtþ1 > pþtþ1b � � �b pþs . Note that lþtþ1b 4.

At first, assume maxðl�Þb 3. Then by Lemma 2.3 (5), there exists m A CðlÞ such that

mþ ¼ lþ. However, by Lemma 2.3 (7), it is impossible that m A CðpÞ. Next, assume

that maxðl�Þ ¼ 1 or l� ¼ 0. If t0 0 and lþt > lþtþ1, then there exists m A CðlÞ such

that

mþ ¼ ðlþ1 ; . . . ; l
þ
t�1; l

þ
t � 2; lþtþ1; . . . ; l

þ
s Þ

with lþt � 2b lþtþ1. However, by Lemma 2.3 (7), m B CðpÞ. Suppose t0 0 with

lþt ¼ lþtþ1. Then there exists m A CðpÞ such that

mþ ¼ ðlþ1 ; . . . ; l
þ
t�1; l

þ
t � 2; pþtþ1; . . . ; p

þ
s Þ:

However, we also see that m B CðlÞ. (Why? For example, observe that Cðð4; 4; 1ÞÞ d

ð2; 2; 3; 11Þ A Cðð4; 2; 3ÞÞ.) Suppose t ¼ 0. In the case ðIII1Þ, it immediately follows

that sb 4, and we easily find m with CðlÞ C m B CðpÞ. (Indeed, for example, if l ¼

ð6; 2; 2; 2Þ and pþ ¼ ð4; 4; 2; 2Þ, then by Lemma 2.3 (7), CðlÞ C ð6; 2; 3; 1Þ B CðpÞ.) Thus

we have;

(2.4.5): In Case ðIII1Þ, CðlÞ0CðpÞ.
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It remains to consider the case ðIII2Þ. As seen above, we may assume l ¼

ðl1; l2; 1; . . . ; 1Þ and pþ ¼ ðpþ1 ; p
þ
2 Þ with l1 > 4 and l1 > pþ1 b pþ2 b 2. Assume l2 ¼ 2.

Then we easily find m ¼ ðl1; l2 � 2; 1; . . . ; 1Þ A CðlÞ, and moreover, by Lemma 2.3 (7),

m B CðpÞ. Next, assume l2 ¼ 2. If l1 � p1b 4, then by Lemma 2.3 (7), CðlÞ C

ðl1 � 2; 2; 1; . . . ; 1Þ B CðpÞ, so that we assume that p1 ¼ l1 � 2. Moreover, since cðlÞ ¼

cðpÞ, p ¼ ðl1 � 2; 4; 1; . . . ; 1Þ with l1b 6 or p ¼ ðl1 � 2; 2; 3; 1; . . . ; 1Þ with l1b 4. In

the former case, we have CðlÞ C ð2; 2; l1 � 3; 1; . . . ; 1Þ B CðpÞ, and in the latter case,

CðlÞ C ðl1 þ 1; 1; . . . ; 1Þ B CðpÞ. Thus we have;

(2.4.6): In Case ðIII2Þ, CðlÞ0CðpÞ.

Consider Case ðIVÞ. Note that l� 0 p�. At first, assume maxðlþÞ ¼ maxðpþÞ ¼

ab 4. Let lþ ¼ pþ ¼ ðh; i; jÞ with h A Leðjlþj � aÞ. Then there exists m A CðlÞ such

that mþ ¼ ða� 2; hÞ and m� ¼ ð1; 1; l�Þ. However, since p� 0 l�, it must hold that m B

CðpÞ. Next, assume maxðlþÞ ¼ maxðpþÞ ¼ 2. Then we may assume that lþ ¼ pþ ¼

ð2; 2; hÞ with h A Leðjlþj � 4Þ, and moreover, we have CðlÞ C ðh; 3; 1; l�Þ B CðpÞ. Thus

we have;

(2.4.7): In Case ðIVÞ, CðlÞ0CðpÞ.

Finally, consider Case ðVÞ. Here, we shall show;

(2.4.8): In Case ðVÞ, fl; pg A ffð7Þ; ð3; 5Þg; fð9Þ; ð3; 7Þgg.

In this case, we may assume that

l ¼ l� ¼ ðl1; . . . ; ls; lsþ1; . . . ; lsþt; 1; . . . ; 1Þ;

p ¼ p� ¼ ðl1; . . . ; ls; psþ1; . . . ; lsþt 0 ; 1; . . . ; 1Þ;

where sb 0, tb 1, t 0b 2, l1b l2b � � �b lsþtb 3 and where lsþ1 > psþ1b � � �b

psþt 0b 3. Note that lsþ1b 5.

At first, assume tb 2. Then there exists m A CðlÞ such that

m ¼ m� ¼ ðl1; . . . ; lsþt�1; lsþt � 2; 1; . . . ; 1Þ:

However, it follows from Lemma 2.3 (8) that m B CðpÞ.

Next, assume that t ¼ 1. If sb 1, then there exists m A CðpÞ such that

m ¼ m� ¼ ðl1; . . . ; ls�1; ls � 2; psþ1; . . . ; lsþt 0 ; 1; . . . ; 1Þ:

However, we also see m B CðlÞ. (Why? For example, observe Cðð5; 5; 1ÞÞ d ð3; 3; 3; 1; 1Þ

A Cðð5; 3; 3ÞÞ.) Suppose s ¼ 0, i.e., l ¼ ða; 1; . . . ; 1Þ for some odd integer a. (Note that

ab 7 by the assumption cðlÞb 3.) If t 0b 3, then we see that CðlÞ C ða� 2; 1; . . . ; 1Þ B

CðpÞ.

It remains to consider the case l ¼ ða; 1; . . . ; 1Þ and p ¼ ðb; c; 1; . . . ; 1Þ with ab 7

and a > bb cb 3. If a� bb 4, then by Lemma 2.3 (8), we have CðlÞ C ða� 2;

1; . . . ; 1Þ BCðpÞ. Assume b¼ a� 2 ðb5Þ. Then by the assumption cðlÞ ¼ cðpÞ, b¼ 3.

Suppose ab 11. Then there exist odd integers a1; a2b 5 such that a1 þ a2 þ 1 ¼ a.

Hence we see that CðlÞ C ða1; a2; 1; . . . ; 1Þ B CðpÞ. Thus we have the assertion of (2.4.8).

By (2.4.1)–(2.4.8), we complete the proof. r

Remarks. (1) Cðð7ÞÞ ¼ Cðð5; 3ÞÞ ¼ fð5Þ; ð3; 3Þg.

(2) Cðð9ÞÞ ¼ Cðð7; 3ÞÞ ¼ fð7Þ; ð5; 3Þ; ð3; 3; 3Þg.

By the previous lemma, we have the following.
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Proposition 2.5. If G is isomorphic to G � as a graph, then X is isomorphic to
~XXðAnÞ as an association scheme.

Proof. We easily have that;

ðp
ð2;2Þ
ð3Þ; ð3Þ; p

ð5Þ
ð3Þ; ð3Þ; p

ð3;3Þ
ð3Þ; ð3ÞÞ ¼ ð8; 5; 2Þ;

ðp
ð7Þ
ð3Þ; ð5Þ; p

ð5;3Þ
ð3Þ; ð5ÞÞ ¼ ð7; 1Þ;

ðp
ð9Þ
ð3Þ; ð7Þ; p

ð7;3Þ
ð3Þ; ð7ÞÞ ¼ ð9; 1Þ:

Thus by Proposition 2.1 and Lemma 2.4, we have the assertion. (Correspond d

and CðiÞ in Proposition 2.1 to c and CðlÞ, respectively.) r

As seen in [5], theory of spherical representation of an commutative association

scheme acts an impotant role also in this paper. In particular, we use the following.

Proposition 2.6. Let n be an arbitrary positive integer, and let X ¼ ðX ; fRlgl AL eðnÞÞ

be an association scheme which has the same set of intersection numbers as of ~XXðAnÞ.

Let V be the Euclidean space of dimention ðn� 1Þ2 with the standard inner product h iV .

Then there exists an injection f : X ! V satisfying the following;

(i) f ðX Þ spans V ,

(ii) for any pair ðx; yÞ in Rl ðl A LeðnÞ), it holds that

h f ðxÞ; f ðyÞiV ¼ wðlÞ;

where for l ¼ ði1; . . . ; imÞ A LeðnÞ ði1; . . . ; imb 2Þ,

wðlÞ ¼ n� 1�
Xm

s¼1

is:

In this paper, we write, for example, wð3Þ and wð2; 2Þ for wðlÞ (l A fð3Þ; ð2; 2Þg).

We write jvj2
V

for hv; viV .

For a subset A of V , we denote by SpanðAÞ the subspace of V spanned by elements

of A.

We can easily observe the following.

Lemma 2.7. Let X and f be as in Proposition 2.6. Then for x; y A X , the following

hold.

(1) h f ðxÞ; f ðyÞiV ¼ n� 1 if and only if x ¼ y.

(2) h f ðxÞ; f ðyÞiV ¼ n� 4 if and only if ðx; yÞ A Rð3Þ.

(3) h f ðxÞ; f ðyÞiV ¼ n� 5 if and only if ðx; yÞ A Rð2;2Þ.

(4) h f ðxÞ; f ðyÞiV ¼ n� 6 if and only if ðx; yÞ A Rð5Þ.

(5) h f ðxÞ; f ðyÞiV ¼ n� 7 if and only if ðx; yÞ A Rð3;3Þ; ð2;4Þ.

Moreover if there exists z A X such that h f ðxÞ; f ðzÞiV ¼ h f ðyÞ; f ðzÞiV ¼ n� 4, then

ðx; yÞ A Rð3;3Þ.

Proof. Straightforward. r
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3. Determination of local structure (1).

In the rest of the paper, let n be an arbitrary positive integer with at least 5.

In this and the next sections, we particularly focus on the local structure of the

relation graph G
�.

Information of parameters of ~XXðAnÞ implies the following, immediately:

Lemma 3.1. Let X ¼ ðX ; fRlgl AL eðnÞÞ be an association scheme having the same set

of parameters as of ~XXðAnÞ, and let G be the relation graph ðX ;Rð3ÞÞ. Then for any

vertex x in G , the following hold.

(1) jGðxÞj ¼ nðn� 1Þðn� 2Þ=3.

(2) G2ðxÞ ¼ Rð2;2Þ; ð5Þ; ð3;3ÞðxÞ. Moreover, for l A fð2; 2Þ; ð5Þ; ð3; 3Þg, it holds that

Rl ¼ R 0
l
, where

R 0
ð2;2Þ ¼ fðx; yÞ A G � G j qðx; yÞ ¼ 2; jGðx; yÞj ¼ 8g;

R 0
ð5Þ ¼ fðx; yÞ A G � G j qðx; yÞ ¼ 2; jGðx; yÞj ¼ 5g;

R 0
ð3;3Þ ¼ fðx; yÞ A G � G j qðx; yÞ ¼ 2; jGðx; yÞj ¼ 2g:

(3) For any y A GðxÞ,

(a) jGðx; yÞj ¼ p
ð3Þ
ð3Þ; ð3Þ ¼ 3ðn� 3Þ þ 1.

(b) jGðxÞVRð2;2ÞðyÞj ¼ p
ð3Þ
ð3Þ; ð2;2Þ ¼ 3ðn� 3Þ.

(c) jGðxÞVRð5ÞðyÞj ¼ p
ð3Þ
ð3Þ; ð5Þ ¼ 3ðn� 3Þðn� 4Þ.

(d) jGðxÞVRð3;3ÞðyÞj ¼ p
ð3Þ
ð3Þ; ð3;3Þ ¼ ðn� 3Þðn� 4Þðn� 5Þ=3.

(4) There exists no pair of vertices ðy; zÞ such that y A Rð2;2ÞðxÞ, z A Rð3;3ÞðxÞ and

y@ z.

(5) jRð2;2ÞðxÞj ¼ 3 n
4

� �

, jRð5ÞðxÞj ¼ 24 n
5

� �

and jRð3;3ÞðxÞj ¼ 40 n
6

� �

.

Proof. Straightforward. r

The main purpose in this section is to show the following:

Proposition 3.2. Let X ¼ ðX ; fRlgl AL eðnÞÞ be an association scheme having the

same set of parameters as of ~XXðAnÞ, and let G be the relation graph ðX ;Rð3ÞÞ. In

addition, assume that G satisfies conditions ðM1Þ–ðM4Þ as in Observation 1.3.

Then for any x A G, the induced subgraph of G with respect to GðxÞ is isomorphic to

the induced subgraph of G
� with respect to G

�ðgÞ for any g A G
�.

In the rest of this section, assume that G is a graph as in the previous proposition.

Let x; y be vertices in G with x@ y. Then by xy, we mean the vertex such that

fx; y; xyg A M1. (By ðM3Þ, such a vertex is unique.)

Lemma 3.3. For all x; y A G with qðx; yÞ ¼ 2, Gðx; yÞ contains no triangle.

Proof. Immediate from ðM2Þ. r

Lemma 3.4. For any pair of vertices ðx; yÞ in G with x@ y, the following hold.

(1) jfM A M1 j fx; ygHMgj ¼ 1.

(2) jfM A M2 j fx; ygHMgj ¼ 3.
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Proof. (1) Immediate from (M3).

(2) By (1), ðM1Þ and ðM2Þ, there exist maximal cliques M1; . . . ;Ms A M2 such

that;

(3.4.1) Gðx; yÞ ¼ ð6s

i¼1
ðMinfx; ygÞÞU fxyg,

and,

(3.4.2) Mi VMj ¼ fx; yg if i0 j.

By Lemma 3.1 (3a), it follows that s ¼ 3, which is desired. r

Lemma 3.5. Pick any vertex x A G, and let D ¼ Dx be the induced subgraph of G

whose vertex set is GðxÞ. Then the following hold.

(1) D contains no subgraph which is isomorphic to K2;1;1.

(2) For any vertex y A D, DðyÞ forms the disjoint union of one point and three

cliques of size n� 3. Moreover, for z A DðyÞ, z is not contained in any of three cliques of

size n� 3 if and only if fx; y; zg A M1.

Proof. Immediate from Lemmas 3.3 and 3.4. r

Lemma 3.6. Let fx; y; zg A M1. Then

Gðx; yÞnfzg ¼ GðxÞVRð2;2ÞðzÞ ¼ GðyÞVRð2;2ÞðzÞ:

Proof. By ðM5Þ, we easily have:

(3.6.1) GðxÞVRð2;2ÞðzÞHGðx; yÞnfzg, GðyÞVRð2;2ÞðzÞHGðx; yÞnfzg.

By Lemma 3.1 (3a),(3b), we have:

(3.6.2) jGðxÞVRð2;2ÞðzÞj ¼ jGðyÞVRð2;2ÞðzÞj ¼ 3ðn� 3Þ,

and;

(3.6.3) jGðx; yÞnfzgj ¼ 3ðn� 3Þ.

By (3.6.1)–(3.6.3), we have the assertion. r

Lemma 3.7. Let M ¼ fx; y; zg be an element of M1, and let u be a vertex in GðxÞ

with u B M. Then y@ u if and only if ðz; uÞ A Rð2;2Þ.

Proof. Immediate from Lemma 3.6. r

Lemma 3.8. Pick any x A G, and pick y; z A GðxÞ with y0 z and yS z.

Then jGðx; y; zÞja 4.

Proof. Suppose jGðx; y; zÞjb 5. Then by Lemma 3.5 (2), there exist u; v A

Gðx; y; zÞ such that u@ v, which contradicts Lemma 3.5 (1). Thus we have the as-

sertion. r

For a clique M A M2, and for a vertex x A M, assume

xM ¼ fxgU fxy j y A Mnfxgg

Lemma 3.9. Let M A M2 and x A M.

Then the following hold.

(1) xM A M2. Moreover, M V xM ¼ fxg and xðxMÞ ¼ M.

(2) Let y A xMnfxg. Then eðy;MÞ ¼ 2 and MHRð3Þ; ð2;2ÞðyÞ.
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Proof. (1) By ðM3Þ and Lemma 3.7, we can easily see that xM forms a clique of

size n� 1. The latter two claims are clear.

(2) Immediate from ðM5Þ and Lemma 3.7. r

Lemma 3.10. Let x; y A G with qðx; yÞ ¼ 2. Then the following are equivalent.

(i) ðx; yÞ A Rð2;2Þ.

(ii) jGðx; y; zÞj ¼ 4 for any vertex z A Gðx; yÞ.

Proof. At first we assume (i), and pick any z A Gðx; yÞ. Consider the graph

D ¼ Dz as in Lemma 3.5. Note that x; y A D. Write DðxÞ ¼ fzxgUM1 UM2 UM3,

where M1;M2;M3 are cliques of size n� 3. (See Lemma 3.5 (2).) Note that Mi U

fz; xg AM2 for i A f1; 2; 3g. Hence by ðM5Þ, eðy;M1Þ ¼ eðy;M2Þ ¼ eðy;M3Þ ¼ 1. More-

over, by Lemma 3.7, y@ zx. Thus we have (i) ) (ii). It follows from Lemmas 3.1 (2)

and 3.3 that (ii) ) (i). (Clearly it cannot hold that ðx; yÞ A Rð3;3Þ. If ðx; yÞ A Rð5Þ, then

Gðx; yÞ becomes a clique of size 5.) Now we complete the proof. r

Lemma 3.11. Let x and y be vertices with ðx; yÞ in Rð2;2Þ, then the following hold.

(1) The induced subgraph whose vertex set is Gðx; yÞ forms K4;4.

(2) If u; v A Gðx; yÞ with uS v, then ðu; vÞ A Rð2;2Þ.

(3) Gðx; yÞU fxg contains exactly 4 cliques in M1.

Proof. By Lemmas 3.1 (2) and 3.7, we may assume that;

Gðx; yÞ ¼ fz1; z2; z3; z4;
xz1;

xz2;
xz3;

xz4g;

which implies (3). By Lemmas 3.3 and 3.10, we may assume that zi @
xzj, zi S zl and

that xzi S
xzl for i; j; l A f1; 2; 3; 4g with i0 l, which imply (1). (2) follows from Lemma

3.7. Now we complete the proof. r

Lemma 3.12. Let x; y; u and v be distinct vertices with x@ y@ u@ v@ x, xS u

and yS v. Then ðx; uÞ A Rð2;2Þ if and only if ðy; vÞ A Rð2;2Þ.

Proof. Immediate from Lemma 3.11 (2). r

Lemma 3.13. For any pair ðx; yÞ A Rð2;2Þ, Fðx; yÞ is isomorphic to K4;4;4.

Moreover, for any pair of distinct vertices ðu; vÞ in Fðx; yÞ, ðu; vÞ A Rð3Þ; ð2;2Þ.

Proof. Let Gðx; yÞ ¼ fz1; z2; z3; z4;
xz1;

xz2;
xz3;

xz4g be as in the proof of Lemma

3.11. For i; j A f1; 2; 3; 4g with i0 j, let v
ði; jÞ
1 ; v

ði; jÞ
2 ;w

ði; jÞ
1 ;w

ði; jÞ
2 be vertices satisfying

fv
ði; jÞ
1 ; v

ði; jÞ
2 g ¼ Gðzi; zjÞnfx; y;

xz1;
xz2;

xz3;
xz4g;

fw
ði; jÞ
1 ;w

ði; jÞ
2 g ¼ Gðxzi;

xzjÞnfx; y; z1; z2; z3; z4g:

(Note that jGðzi; zjÞj ¼ jGðxzi;
xzjÞj ¼ 8.)

Now we can observe that

(3.13.1) fv
ði; jÞ
1 ; v

ði; jÞ
2 g ¼ fw

ði 0; j 0Þ
1 ;w

ði 0; j 0Þ
2 g for i; j; i 0; j 0 A f1; 2; 3; 4g with i0 j and

i 0 0 j 0.

Indeed, by Lemma 3.11 (1), we have v
ði; jÞ
1 @

xzk @ v
ði; jÞ
2 for k A f1; 2; 3; 4g, so that

Gðxzi 0 ;
xzj 0Þ C v

ði; jÞ
1 ; v

ði; jÞ
2 .
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This easily implies that;

(3.13.2) fv
ði; jÞ
1 ; v

ði; jÞ
2 g ¼ fv

ði 0; j 0Þ
1 ; v

ði 0; j 0Þ
2 g for i; j; i 0; j 0 A f1; 2; 3; 4g with i0 j and

i 0 0 j 0.

(3.13.3) fw
ði; jÞ
1 ;w

ði; jÞ
2 g ¼ fw

ði 0; j 0Þ
1 ;w

ði 0; j 0Þ
2 g for i; j; i 0; j 0 A f1; 2; 3; 4g with i0 j and

i 0 0 j 0.

Moreover, by Lemma 3.11 (2);

(3.13.4) ðv
ði; jÞ
1 ; v

ði; jÞ
2 Þ; ðw

ði; jÞ
1 ;w

ði; jÞ
2 Þ A Rð2;2Þ for i; j A f1; 2; 3; 4g with i0 j.

By (3.13.1)–(3.13.4), we see that there exist two vertices v1; v2 such that

fx; y; v1; v2; z1; z2; z3; z4;
xz1;

xz2;
xz3;

xz4g

forms the minimal geodetically closed subgraph containing x; y which is isomorphic to

K4;4;4. r

Lemma 3.14. Pick any x; y A G with x@ y. Let D ¼ Dx be the induced subgraph in

G whose vertex set is GðxÞ. Assume:

A ¼ Gðx; yÞnfxyg;

B ¼ Gðx; xyÞnfyg;

C ¼ D2ðyÞVD2ð
xyÞ:

Then the following hold.

(1) DðyÞVDðxyÞ ¼ q.

(2) A ¼ GðxÞVRð2;2Þð
xyÞ, B ¼ GðxÞVRð2;2ÞðyÞ.

(3) Each of A and B is the disjoint union of 3 cliques of size n� 3.

(4) For any vertex u A A (resp. A B), eðu;BÞ ¼ 3 (resp. eðu;AÞ ¼ 3). Moreover, if

fv1; v2; v3g ¼ GðuÞVB (resp. ¼ GðuÞVA), then ðv1; v2Þ; ðv2; v3Þ; ðv3; v1Þ A Rð2;2Þ.

(5) If u A A (resp. A B), then xu A B (resp. A A).

(6) Let u A A and v A B with u@ v. Let GðuÞVB ¼ fv ¼ v1; v2; v3g and GðvÞVA ¼

fu ¼ u1; u2; u3g. Then for any i; j A f1; 2; 3g, ui @ vj, that is, fui; vj j i; j A f1; 2; 3gg forms

K3;3.

(7) D2ðyÞ ¼ BUC and D2ð
xyÞ ¼ AUC, i.e., D2ðyÞVD3ð

xyÞ ¼ D3ðyÞVD2ð
xyÞ ¼ q.

(8) For any vertex u A AUB, eðu;CÞ ¼ 2ðn� 4Þ.

(9) Let u A A (resp. u A B) and v A C with u@ v. Then there exists a unique vertex

w A B (resp. w A A) such that u@w@ v.

(10) Let u A C such that eðu;AÞb 2 (resp. eðu;BÞb 2). Then ðy; uÞ A Rð5Þ (resp.

ðxy; uÞ A Rð5Þ). Moreover, for distinct vertices v;w A GðuÞVA, ðv;wÞ A Rð5Þ.

(11) For u A C, eðu;AÞ ¼ eðu;BÞa 3.

(12) For u A DVRð5ÞðyÞ, eðu;AÞ ¼ eðu;BÞa 3.

Proof. (1) Since fx; y; xyg is a maximal clique, (1) holds.

(2) Immediate from Lemma 3.6.

(3) From (1) and Lemma 3.5 (2), (3) holds.

(4) Assume u A A. Then by Lemma 3.10, we see that jGðx; xy; uÞj ¼ 4. By (1)

and (2), it holds that Gðx; xy; uÞnfygHB, which is desired.

The latter claim follows from Lemma 3.11 (2).

(5) Immediate from Lemma 3.7.
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(6) Note that Fðy; v1Þ ¼ Fðxy; u1Þ C x. It follows from Lemma 3.11 that fy; xy;

u1; u2; u3; v1; v2; v3g forms K4;4, which implies the assertion of (6).

(7), (8) Assume u A A. By Lemma 3.5 (2), assume DðuÞ ¼ D1 UD2 UD3 U fxug,

where D1;D2 and D3 are cliques of size n� 3. Then by (1), (5) and (6), we may assume

that D1 H fygUA and D2;D3 HBUC, and, moreover, jD2 VCj ¼ jD3 VCj ¼ n� 4.

Thus we have (7) and (8).

(9) Immediate from the proof of (7) and (8).

(10) Assume eðu;AÞb 2. Then we see that jGðy; uÞjb 3, so that ðy; uÞ A Rð2;2Þ; ð5Þ.

Thus by (2), we have the former assertion. By Lemma 3.5 (1), we also have the latter.

(11) By (9), we may assume eðu;AÞb 2. Pick distinct vertices v;w A GðuÞVA.

By (9), we can find v 0 A Gðu; vÞVB and w 0 A Gðu;wÞVB. Note that by (10),

vSw. Suppose v 0 ¼ w 0. Then fu; v 0; v;wg forms K2;1;1, which contradicts Lemma 3.5

(1). Hence we have v 0 0w 0. Thus we have eðu;AÞa eðu;BÞ. Similarly, we also have

the invert inequality, and we have eðu;AÞ ¼ eðu;BÞ. It immediately follows from (3)

and Lemma 3.5 (1) that eðu;AÞa 3. Thus we have the assertion.

(12) Immediate from (2), (4) and (11). r

Lemma 3.15. Pick any vertices x; y and z such that y@ x@ z and ðy; zÞ A Rð5Þ.

Then jGðx; y; zÞja 2.

Proof. In this proof, let x; y;A;B and C be as in Lemma 3.14. Let D1;D2;D3;

D 0
1;D

0
2;D

0
3 be cliques of size n� 3 which are disjoint with each other such that A ¼

D1 UD2 UD3, B ¼ D 0
1 UD 0

2 UD 0
3, and that;

(3.15.1): fx; xygUD 0
i ¼

xðfx; ygUDiÞ for i A f1; 2; 3g.

(See Lemmas 3.9 (1) and 3.14 (3).) Note that fx; ygUDi; fx;
xygUD 0

i A M2 for i A

f1; 2; 3g. By Lemma 3.14 (4), we also see that;

(3.15.2): For u A A (resp. v A B) and i A f1; 2; 3g, eðu;D 0
i Þ ¼ 1 (resp. eðv;DiÞ ¼ 1).

Suppose that there exists z A GðxÞVRð5ÞðyÞ such that jGðx; y; zÞjb 3. Note that by

Lemma 3.14 (7), z A C, and by Lemma 3.14 (11), eðz;AÞ ¼ eðz;BÞ ¼ 3. Let GðzÞVA ¼

fu1; u2; u3g and GðzÞVB ¼ fv1; v2; v3g. Then by Lemma 3.14 (10), we may assume that

ui A Di and vi A D 0
i ði A f1; 2; 3gÞ with;

(3.15.3): ðui; ujÞ; ðvi; vjÞ A Rð5Þ for i; j A f1; 2; 3g with i0 j.

Note that by (3.15.1),

(3.15.4): xui A D 0
i and xvi A Di for i A f1; 2; 3g.

Suppose u1 @ v1. Then it follows from (3.15.2) and (3.15.4) that v1 ¼
xu1.

However, since z A Gðx; u1; v1Þ, this is a contradiction. Thus we have;

(3.15.5): ui S vi for i A f1; 2; 3g.

By the above argument, we also have;

(3.15.6): ui 0
xvi and vi 0

xui for i A f1; 2; 3g.

It follows from Lemma 3.7 that;

(3.15.7): ðui; viÞ A Rð2;2Þ for i A f1; 2; 3g.

Thus by Lemma 3.14 (9), we may assume that;

(3.15.8): v2 @ u1 S v3, v3 @ u2 S v1, v1 @ u3 S v2.

By (3.15.2), there exists w A D 0
3 such that Gðu1; v3ÞI fx; z;wg, that is, jGðu1; v3Þj

b 3. Hence by Lemma 3.1 (2), we have ðu1; v3Þ B Rð3;3Þ. Thus by Lemma 3.7, we have;

(3.15.9): ðu1; v3Þ; ðu2; v1Þ; ðu3; v2Þ A Rð5Þ.
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From now on, by using the spherical representation f as in Proposition 2.6, we

shall show that there cannot exists such a set

fx; y; xy; z; u1; u2; u3; v1; v2; v3g:

Let a1; a2; a and b be vectors in V as follows;

a1 ¼ f ðxÞ þ f ðyÞ þ f ðzÞ � f ðu1Þ � f ðu2Þ � f ðu3Þ;

a2 ¼ f ðxÞ þ f ðxyÞ þ f ðzÞ � f ðv1Þ � f ðv2Þ � f ðv3Þ;

a ¼ a1 þ a2;

b ¼ f ðxÞ � f ðzÞ:

At first, we shall observe;

(3.15.10): ja1j
2
V
¼ ja2j

2
V
¼ 2.

Indeed, by Lemma 3.1 and (3.15.3), we can calculate as follows;

ja1j
2
V
¼ 6 � wð1Þ � 18 � wð3Þ þ 4 � wð3Þ þ 8 � wð5Þ

¼ 6ðn� 1Þ � 14ðn� 4Þ þ 8ðn� 6Þ

¼ 2;

so is ja2j
2
V
.

By the similar calculation, we have;

(3.15.11): ha1; a2iV ¼ �1,

(3.15.12): jbj2
V
¼ 6,

and;

(3.15.13): ha1; biV ¼ ha2; biV ¼ 2.

It follows from (3.15.10) and (3.15.11) that;

(3.15.14): jaj2
V
¼ 2.

It follows from (3.15.13) that;

(3.15.15): ha; biV ¼ 4.

On the other hand, by the Cauthy-Schwartz inequality, we have;

jaj2
V
� jbj2

V
b ðha; biVÞ

2
:

However, this contradicts (3.15.12), (3.15.14) and (3.15.15).

Thus we have the assertion. r

Corollary 3.16. Let x; y A G with qðx; yÞ ¼ 2. Then the following are equivalent.

(i) ðx; yÞ A Rð2;2Þ.

(ii) jGðx; y; uÞjb 3 for some vertex u A Gðx; yÞ.

Proof. In Lemma 3.10, we have already shown that (i) ) (ii). It immediately

follows from Lemmas 3.1 (2) and 3.15 that (ii) ) (i). Thus we have the assertion. r

Lemma 3.17. Let x; y;D;A;B;C be as in Lemma 3.14. Then the following hold.

(1) For any vertex u A C, eðu;AÞ ¼ eðu;BÞ ¼ 2:

(2) GðxÞVRð5ÞðyÞ ¼ GðxÞVRð5Þð
xyÞ ¼ C.
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(3) Let u; v;w A D with u@ v@w and ðu;wÞ A Rð5Þ. Then there exists a unique

vertex z A Dðu;wÞ such that ðv; zÞ A Rð5Þ.

(4) Let u A C. Then DðuÞ contains exactly two cliques M1;M2 of size n� 3 such

that jMi VAj ¼ jMi VBj ¼ 1 and jMi VCj ¼ n� 5 ði A f1; 2gÞ.

Proof. (1),(2) By Lemmas 3.1 (4) and 3.14 (2), we have;

(3.17.1) CHGðxÞVRð5ÞðyÞ,

and;

(3.17.2) CHGðxÞVRð5Þð
xyÞ.

It follows from Lemma 3.1 (3c) that;

(3.17.3) jCja 3ðn� 3Þðn� 4Þ.

By Lemma 3.15, we have;

(3.17.4) For u A C, eðu;AÞa 2 and eðu;BÞa 2.

(3.17.3) and (3.17.4) imply;

(3.17.5) eðA;CÞa 6ðn� 3Þðn� 4Þ,

and;

(3.17.6) eðB;CÞa 6ðn� 3Þðn� 4Þ.

On the other hand, by Lemmas 3.14 (2), (8) and 3.1 (3b), we have;

(3.17.7) eðA;CÞ ¼ eðB;CÞ ¼ 6ðn� 3Þðn� 4Þ.

Thus by (3.17.1)–(3.17.7), we have (1) and (2).

(3) Immediate from (1), (2) and Lemma 3.14 (10).

(4) Immediate from (1) and Lemma 3.14 (5),(8),(9). r

Lemma 3.18. Let x; y be vertices with qðx; yÞ ¼ 2. Then the following are

equivalent.

(i) ðx; yÞ A Rð3;3Þ.

(ii) jGðx; y; uÞj ¼ 0 for some u A Gðx; yÞ.

Proof. Immediate from Lemma 3.1 (2), Corollary 3.16, Lemma 3.17 (1) and (2).

r

Lemma 3.19. Let x; y be vertices with ðx; yÞ A Rð5Þ. Then Gðx; yÞ forms a pen-

tagon. Moreover, for u; v A Gðx; yÞ, if uS v, then ðu; vÞ A Rð5Þ.

Proof. Immediate from Lemma 3.17 (1) and (3). r

Lemma 3.20. Let x; y; u and v be distinct vertices with x@ y@ u@ v@ x, xS u

and yS v. Then for l A fð2; 2Þ; ð5Þ; ð3; 3Þg, ðx; uÞ A Rl if and only if ðy; vÞ A Rl.

Proof. Immediate from Lemmas 3.12 and 3.19. r

Lemma 3.21. Let M ¼ fx; y; zg be an element of M1, and let u be a vertex in GðxÞ

with u B M.

Then for l A fð5Þ; ð3; 3Þg,

ðy; uÞ A Rl if and only if ðz; uÞ A Rl:

Proof. By Lemmas 3.7 and 3.17 (2), the assertion follows. (Note that, if

ðy; uÞ A Rð5Þ, then there exists a pair ðw1;w2Þ such that xw1 ¼ w2, y@w1 @ u and z@

w2 @ v.) r
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For s A f0; 1; 2; 3g and ði; j; kÞHN3, denote by C3�s
ð3Þ fi; j; kg the subset of Cð3Þ as

follows:

C 3�s
ð3Þ fi; j; kg ¼ fðl m nÞ A Cð3Þ j ðl;m; nÞ A N3; jfi; j; kgV fl;m; ngj ¼ sg:

Note that C0
ð3Þfi; j; kg ¼ fði j kÞ; ð j i kÞg:

Let Cas
ð3Þfi; j; kg ¼ 6s

t¼0
C t

ð3Þfi; j; kg. Note that Cð3Þ ¼ Ca3
ð3Þ fi; j; kg for any

ði; j; kÞHN3.

Lemma 3.22. Let x and y be vertices with x@ y, and let A;B be as in Lemma 3.14.

Then there exists a bijection

n1 : C
a1
ð3Þ f1; 2; 3g ! fy; xygUAUB

satisfying;

(i) ð1 2 3Þn1 ¼ y, ð1 3 2Þn1 ¼ xy,

(ii) fA1;A2;A3g is a partition of A, where

A1 ¼ fð1 2 iÞn1 j 4a ia ng;

A2 ¼ fð2 3 iÞn1 j 4a ia ng;

A3 ¼ fð3 1 iÞn1 j 4a ia ng:

(iii) fB1;B2;B3g is a partition of B, where

B1 ¼ fð2 1 iÞn1 j 4a ia ng;

B2 ¼ fð3 2 iÞn1 j 4a ia ng;

B3 ¼ fð1 3 iÞn1 j 4a ia ng:

(iv) Aj U fx; yg, Bj U fx; xyg A M2 for j A f1; 2; 3g.

(v) ð2 1 iÞn1 ¼ xðð1 2 iÞn1Þ, ð3 2 iÞn1 ¼ xðð2 3 iÞn1Þ and ð1 3 iÞn1 ¼ xðð3 1 iÞn1Þ

for i A f4; . . . ; ng.

(vi) For g; h A Ca1ð3Þ f1; 2; 3g and l A fð1Þ; ð3Þ; ð2; 2Þ; ð5Þg,

ðg; hÞ A R�
l

if and only if ðgn1
; hn1Þ A Rl:

Proof. By Lemma 3.9 (1), Lemma 3.14 (3),(4),(5) and (6), there exists a bijection

n1 satisfying (i)–(v), and satisfying: (3.22.1)–(3.22.4) as follows:

(3.22.1) For i A f4; . . . ; ng,

Gðð1 2 iÞn1ÞVB ¼ Gðð2 3 iÞn1ÞVB ¼ Gðð3 1 iÞn1ÞVB

¼ fð2 1 iÞn1 ; ð3 2 iÞn1 ; ð1 3 iÞn1g:

(3.22.2) For i A f4; . . . ; ng,

Gðð2 1 iÞn1ÞVA ¼ Gðð3 2 iÞn1ÞVA ¼ Gðð1 3 iÞn1ÞVA

¼ fð1 2 iÞn1 ; ð2 3 iÞn1 ; ð3 1 iÞn1g:

(3.22.3) For i A f4; . . . ; ng, ðð1 2 iÞn1 ; ð2 3 iÞn1Þ, ðð2 3 iÞn1 ; ð3 1 iÞn1Þ, ðð3 1 iÞn1 ;

ð1 2 iÞn1Þ, ðð2 1 iÞn1 ; ð3 2 iÞn1Þ, ðð3 2 iÞn1 ; ð1 3 iÞn1Þ, ðð1 3 iÞn1 ; ð2 1 iÞn1Þ A Rð2;2Þ.

(3.22.4) xðBj U fx; xygÞ ¼ Aj U fx; yg for j A f1; 2; 3g.
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In the following, we shall show that (vi) occurs.

Note that by the above assumption;

(3.22.5) For g; h A Ca1ð3Þ f1; 2; 3g, ðg; hÞ A R�
ð3Þ if and only if ðgn1

; hn1Þ A Rð3Þ.

By (3.22.4) and Lemma 3.9 (2), we have;

(3.22.6) For i; j A f4; . . . ; ng with i0 j, ðð1 2 iÞn1 ; ð2 1 jÞn1Þ, ðð2 3 iÞn1 ; ð3 2 jÞn1Þ,

ðð3 1 iÞn1 ; ð1 3 jÞn1Þ A Rð2;2Þ.

Next we shall show;

(3.22.7) For i; j A f4; . . . ; ng with i0 j, ðð1 2 iÞn1 ; ð2 3 jÞn1Þ, ðð2 3 iÞn1 ; ð3 1 jÞn1Þ,

ðð3 1 iÞn1 ; ð1 2 jÞn1Þ, ðð2 1 iÞn1 ; ð3 2 jÞn1Þ, ðð3 2 iÞn1 ; ð1 3 jÞn1Þ, ðð1 3 iÞn1 ; ð2 1 jÞn1Þ A

Rð5Þ.

For example, focus on the pair ðð1 2 4Þn1 ; ð2 3 5Þn1Þ. By (3.22.5), we see

that qðð1 2 4Þn1 ; ð2 3 5Þn1Þ ¼ 2. Since Gðx; ð1 2 4Þn1 ; ð2 3 5Þn1Þ C ð1 2 3Þn1 , it follows

from Lemma 3.18 that ðð1 2 4Þn1 ; ð2 3 5Þn1Þ A Rð2;2Þ; ð5Þ. Since ð2 1 4Þn1 S ð2 3 5Þn1

(by (3.22.5)), it follows from Lemma 3.6 that ðð1 2 4Þn1 ; ð2 3 5Þn1Þ B Rð2;2Þ, so that we

have ðð1 2 4Þn1 ; ð2 3 5Þn1Þ A Rð5Þ. By such argument, we have the assertion of (3.22.7).

By (v), (3.22.7) and Lemma 3.21, we have;

(3.22.8) For i; j A f4; . . . ; ng with i0 j, ðð1 2 iÞn1 ; ð3 2 jÞn1Þ, ðð2 3 iÞn1 ; ð1 3 jÞn1Þ,

ðð3 1 iÞn1 ; ð2 1 jÞn1Þ, ðð2 1 iÞn1 ; ð2 3 jÞn1Þ, ðð3 2 iÞn1 ; ð3 1 jÞn1Þ, ðð1 3 iÞn1 ; ð1 2 jÞn1Þ A

Rð5Þ.

Thus by (3.22.5)–(3.22.8), we can show that (vi) is satisfied. r

Lemma 3.23. Let x; y;A;B and C be as in Lemma 3.14. Pick any vertex u A C,

and take v A GðuÞVA, w A GðuÞVB with vSw. Then ðv;wÞ A Rð2;2Þ.

Proof. Since we can take two vertices v 0 A Gðv;wÞVA and w 0 A Gðv;wÞVB,

Corollary 3.16 and Lemma 3.18 imply that ðv;wÞ B Rð5Þ; ð3;3Þ. Thus we have the as-

sertion. r

Lemma 3.24. Let x; y;A;B and C be as in Lemma 3.14, and let n1 be a mapping as

in Lemma 3.22. Then there exists a unique bijection

n2 : C
a2
ð3Þ f1; 2; 3g ! fy; xygUAUBUC

satisfying;

(i) n2jCa1
ð3Þ

f1;2;3g ¼ n1,

(ii) C ¼ ðC2
ð3Þf1; 2; 3gÞ

n2 ,

(iii) For k A f1; 2; 3g and i A f4; . . . ; ng, fxgU fðk i lÞn2 j l A Nnfk; igg A M2,

(iv) For k A f1; 2; 3g and i; j A f4; . . . ; ng with i0 j, ðk j iÞn2 ¼ xððk i jÞn2Þ,

(v) For g; h A Ca2
ð3Þ f1; 2; 3g and l A fð1Þ; ð3Þ; ð2; 2Þ; ð5Þg, if ðg; hÞ A R�

l
, then

ðgn2
; hn2Þ A Rl.

Proof. At first, for ði j kÞ A Ca1ð3Þ f1; 2; 3g, we write the vertex ði j kÞn1 A

fy; xygUAUB by ði j kÞn2 . By Lemma 3.17 (3), we have;

(3.24.1): For ðk; l1Þ A fð1; 2Þ; ð2; 3Þ; ð3; 1Þg, ðk; l2Þ A fð1; 3Þ; ð2; 1Þ; ð3; 2Þg; and i; j A

Nnf1; 2; 3g with i0 j, there exists a unique vertex u1ðk i jÞ in C such that

Gðu1ðk i jÞÞVA ¼ fðk l1 jÞn2 ; ðk i l2Þ
n2g;

and;
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(3.24.2): For ðk; l1Þ A fð1; 2Þ; ð2; 3Þ; ð3; 1Þg, ðk; l2Þ A fð1; 3Þ; ð2; 1Þ; ð3; 2Þg; and i; j A

Nnf1; 2; 3g with i0 j, there exists a unique vertex u2ðk i jÞ in C such that

Gðu2ðk i jÞÞVB ¼ fðk l2 jÞn2 ; ðk i l1Þ
n2g:

We want to show that;

(3.24.3): For k A f1; 2; 3g and i; j A f4; . . . ; ng with i0 j,

(a) u1ðk i jÞ ¼ u2ðk i jÞ,

(b) xðu1ðk i jÞÞ ¼ u1ðk j iÞ.

If (3.24.3a) holds, we shall write ðk i jÞn2 ¼ u1ðk i jÞ ¼ u2ðk i jÞ A C. Then by Lemma

3.17 (1), n2jC 2
ð3Þ
f1;2;3g can be regarded as a bijection to C.

Now we assume;

(3.24.4): A 0 ¼ Gðx; ð1 2 4Þn2Þnfð1 4 2Þn2g, B 0 ¼ Gðx; ð1 4 2Þn2Þnfð1 2 4Þn2g.

Note that;

(3.24.5): ð1 2 3Þn2 ; ð1 2 5Þn2 ; ð2 4 3Þn2 ; ð4 1 3Þn2 A A 0
; ð1 3 2Þn2 ; ð1 5 2Þn2 ;

ð4 2 3Þn2 ; ð1 4 3Þn2 A B 0.

By Lemmas 3.9 (1) and 3.14 (3), we may assume;

(3.24.6): fA 0
1;A

0
2;A

0
3g is a partition of A 0 such that, for j A f1; 2; 3g, A 0

j U fx;

ð1 2 4Þn2g A M2,

(3.24.7): fB 0
1;B

0
2;B

0
3g is a partition of B 0 such that, for j A f1; 2; 3g, B 0

j U fx;

ð1 4 2Þn2g A M2,

(3.24.8): xðA 0
i U fx; ð1 2 4Þn2gÞ ¼ B 0

i U fx; ð1 4 2Þn2g:

Moreover, since ð1 2 3Þn2 @ ð1 2 5Þn2 , ð1 3 2Þn2 @ ð1 5 2Þn2 , ð1 5 2Þn2 ¼
xðð1 2 5Þn2Þ, ð4 2 3Þn2 ¼ xðð2 4 3Þn2Þ, ð1 4 3Þn2 ¼ xðð4 1 3Þn2Þ, and since both fð1 2 5Þn2 ;

ð2 4 3Þn2 ; ð4 1 3Þn2g and fð1 5 2Þn2 ; ð4 2 3Þn2 ; ð1 4 3Þn2g are cocliques, we may assume

that;

(3.24.9): ð1 2 3Þn2 ; ð1 2 5Þn2 A A 0
1, ð2 4 3Þn2 A A 0

2, ð4 1 3Þn2 A A 0
3, ð1 3 2Þn2 ;

ð1 5 2Þn2 A B 0
1, ð4 2 3Þn2 A B 0

2, ð1 4 3Þn2 A B 0
3.

By Lemma 3.14 (5),(6), (3.24.8) and (3.24.9), we see that;

(3.24.10): there exists a unique pair ðu1; u2Þ with u1 A A 0
2 and u2 A A 0

3 such that;

(a) xu1 A B 0
2,

xu2 A B 0
3,

(b) Gðð1 2 5Þn2ÞVB 0 ¼ Gðu1ÞVB 0 ¼ Gðu2ÞVB 0 ¼ fð1 5 2Þn2 ; xu1;
xu2g,

(c) Gðð1 5 2Þn2ÞVA 0 ¼ Gðxu1ÞVA 0 ¼ Gðxu2ÞVA 0 ¼ fð1 2 5Þn2 ; u1; u2g.

Since ð2 4 3Þn2 S ð1 5 2Þn2 S ð4 1 3Þn2 and ð4 2 3Þn2 S ð1 2 5Þn2 S ð1 4 3Þn2 , we

see that;

(3.24.11): u1 0 ð2 4 3Þn2 , u2 0 ð4 1 3Þn2 , xu1 0 ð4 2 3Þn2 , xu2 0 ð1 4 3Þn2 ,

so that by (3.24.6), (3.24.7) and (3.24.9),

(3.24.12): u1 @ ð2 4 3Þn2 , u2 @ ð4 1 3Þn2 , xu1 @ ð4 2 3Þn2 , xu2 @ ð1 4 3Þn2 .

Since u1; u2;
xu1;

xu2 A D2ðð1 2 3Þn2 ; ð1 3 2Þn2Þ, we have;

(3.24.13): u1; u2;
xu1;

xu2 A C.

Hence by (3.24.10), (3.24.12) and (3.24.13), we have;

(3.24.14): u1 ¼ u2ð2 4 5Þ, u2 ¼ u2ð1 5 4Þ,
xu1 ¼ u1ð2 5 4Þ,

xu2 ¼ u1ð1 4 5Þ,

and;

(3.24.15): u2ð2 4 5Þ @ ð1 2 4Þn2 @ u2ð1 5 4Þ, u1ð2 5 4Þ @ ð1 4 2Þn2 @ u1ð1 4 5Þ.

Next, for example, for the vertex u2ð2 4 5Þ, we shall observe;
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(3.24.16): u2ð2 4 5Þ @ ð2 3 5Þn2 ,

which implies by (3.24.1) and (3.24.15);

(3.24.17): u1ð2 4 5Þ ¼ u2ð2 4 5Þ.

Review that ð1 2 4Þn2 A Gðu2ð2 4 5ÞÞVA, fð2 1 5Þn2 ; ð3 2 4Þn2g ¼ Gðu2ð2 4 5ÞÞVB

and ð1 2 4Þn2 @ ð3 2 4Þn2 . Since Gðð2 1 5Þn2ÞVA ¼ fð1 2 5Þn2 ; ð2 3 5Þn2 ; ð1 5 3Þn2g, it

follows from Lemma 3.14 (9) that;

jGðu2ð2 4 5ÞÞV fð1 2 5Þn2 ; ð2 3 5Þn2 ; ð1 5 3Þn2gj ¼ 1:

By Lemma 3.7, it holds that u2ð2 4 5Þ S ð1 2 5Þn2 . Hence, since ðð2 3 5Þn2 ; ð3 2 4Þn2Þ A

Rð2;2Þ and ðð1 5 3Þn2 ; ð3 2 4Þn2Þ A Rð5Þ, (3.24.16) follows from Lemma 3.23. Thus we

have the assertion of (3.24.3a), so in the following, we shall use the notation ðk i jÞn2

for k A f1; 2; 3g and i; j A f4; . . . ; ng with i0 j. Note that by (3.24.14), we see that, for

example, xðð2 4 5Þn2Þ ¼ ð2 5 4Þn2 . Thus we also have (3.24.3b). Now we have just

defined the bijection n2 satisfying (i), (ii) and (iv) in the statement of the lemma.

Consider the set ðCa1ð3Þ f1; 2; 4gÞ
n2 . Note that A 0

j ;B
0
j H ðCa1ð3Þ f1; 2; 4gÞ

n2 for j A

f1; 2; 3g, where A 0
j ;B

0
j satisfy (3.24.6)–(3.24.10). Then we see that;

(3.24.18):

A 0
1 ¼ fð1 2 iÞn2 j i A f1; . . . ; ngnf1; 2; 4gg;

A 0
2 ¼ fð2 4 iÞn2 j i A f1; . . . ; ngnf1; 2; 4gg;

A 0
3 ¼ fð4 1 iÞn2 j i A f1; . . . ; ngnf1; 2; 4gg;

B 0
1 ¼ fð2 1 iÞn2 j i A f1; . . . ; ngnf1; 2; 4gg;

B 0
2 ¼ fð4 2 iÞn2 j i A f1; . . . ; ngnf1; 2; 4gg;

B 0
3 ¼ fð1 4 iÞn2 j i A f1; . . . ; ngnf1; 2; 4gg:

Hence, by the same argument as in the proof of Lemma 3.22, we have;

(3.24.19) ðk 4 iÞn2 @ ðk 4 jÞn2 , ðk i 4Þn2 @ ðk 4 iÞn2 for k A f1; 2g and i; j A

f1; . . . ; ngnf1; 2; 4g with i0 j,

(3.24.20) ðk 4 iÞn2 @ ðl 4 iÞn2 for fk; lg ¼ f1; 2g and i A f1; . . . ; ngnf1; 2; 4g,

(3.24.21) ððk i 4Þn2 ; ðk 4 jÞn2Þ, ððk l iÞn2 ; ðl 4 iÞn2Þ, ððk l iÞn2 ; ðk i 4Þn2Þ, ððk 4 iÞn2 ;

ðl i 4Þn2Þ A Rð2;2Þ for fk; lg ¼ f1; 2g and i; j A f1; . . . ; ngnf1; 2; 4g with i0 j,

and;

(3.24.22) ððk l iÞn2 ; ðl 4 jÞn2Þ, ððk l iÞn2 ; ðk j 4Þn2Þ, ððk l iÞn2 ; ðk 4 jÞn2Þ, ððk l iÞn2 ;

ðl j 4Þn2Þ, ððk i 4Þn2 ; ðl j 4Þn2Þ, ððk i 4Þn2 ; ðl 4 jÞn2Þ A Rð5Þ for fk; lg ¼ f1; 2g and i A

f1; . . . ; ngnf1; 2; 4g with i0 j.

By such argument, we have (iii) and (v) of the lemma, and we complete the

proof. r

Lemma 3.25. Let x; y and C be as in Lemma 3.14, and let D ¼ D3ðyÞVD3ð
xyÞ.

Then the following hold.

(1) D ¼ GðxÞVRð3;3ÞðyÞ ¼ GðxÞVRð3;3Þð
xyÞ.

(2) Pick any u A C, and take v;w A DVGðuÞ with v0w. Then v@w.

Proof. (1) Immediate from Lemmas 3.14 (2) and 3.17.

(2) Immediate from Lemmas 3.5 (2) and 3.24 (iii), (iv). r
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Lemma 3.26. Let n2 be as in Lemma 3.24. Then for g; h A Ca2
ð3Þ f1; 2; 3g and l A

fð1Þ; ð3Þ; ð2; 2Þ; ð5Þ; ð3; 3Þg, ðg; hÞ A R�
l
if and only if ðgn2

; hn2Þ A Rl.

Proof. By (v) of Lemma 3.24, it su‰ces to show;

(3.26.1): For g A Ca2
ð3Þ f1; 2; 3g and h A C2

ð3Þf1; 2; 3g, if ðg; hÞ A R�
ð3;3Þ, then ðgn2

; hn2Þ A

Rð3;3Þ.

By Lemmas 3.17 (1) and Lemma 3.24 (v), we easily see that;

(3.26.2): For g A C1
ð3Þf1; 2; 3g and h A C2

ð3Þf1; 2; 3g, if ðg; hÞ A R�
ð3;3Þ, then ðgn2

; hn2Þ B

Rð3Þ.

Next, we shall show;

(3.26.3): For g; h A C2
ð3Þf1; 2; 3g, if ðg; hÞ A R�

ð3;3Þ, then ðgn2
; hn2Þ B Rð3Þ.

For example, suppose that ðð1 4 5Þn2 ; ð2 6 7Þn2Þ A Rð3Þ, i.e., ð1 4 5Þn2 @ ð2 6 7Þn2 .

Let C 0 ¼ D2ðð1 2 4Þn2 ; ð1 4 2Þn2Þ, and consider sets A 0 and B 0 as in the proof

of Lemma 3.24. Then we see that ð2 6 7Þn2 A C 0 and Gðð2 6 7Þn2ÞVB 0 C ð1 4 5Þn2 ;

ð2 6 4Þn2 ; ð2 1 7Þn2 , which contradicts Lemma 3.17 (1). Thus by such argument, we

have (3.26.3).

Suppose ðð1 2 4Þn2 ; ð3 5 6Þn2Þ A Rð2;2Þ. Then by Lemma 3.7, it must hold that

ðð1 4 2Þn2 ; ð3 5 6Þn2Þ A Rð3Þ, which contradicts that Dðð3 5 2Þn2ÞVB ¼ fð3 2 6Þn2 ;

ð1 3 5Þn2g. (Note that xðð1 2 4Þn2Þ ¼ ð1 4 2Þn2 .) Next, suppose ðð1 4 5Þn2 ; ð2 6 7Þn2Þ

A Rð2;2Þ. Then by Lemma 3.7, it must hold that ðð1 6 5Þn2 ; ð2 7 8Þn2Þ A Rð3Þ, which

contradicts (3.26.3). Thus, combined with (3.26.2) and (3.26.3), we have;

(3.26.4): For g; h A Ca2
ð3Þ f1; 2; 3g, if ðg; hÞ A R�

ð3;3Þ, then ðgn2
; hn2Þ B Rð3Þ; ð2;2Þ.

Suppose ðð1 2 4Þn2 ; ð3 5 6Þn2Þ A Rð5Þ. Then, since Gðð3 5 6Þn2ÞVA ¼ fð3 5 2Þn2 ;

ð3 1 6Þn2g, Gðð3 5 6Þn2ÞVB ¼ fð3 2 6Þn2 ; ð3 5 1Þn2g, and since ð3 5 2Þn2 ; ð3 1 6Þn2 ;

ð3 2 6Þn2 ; ð3 5 1Þn2 B Gðð1 2 4Þn2Þ, we see that Gðx; ð1 2 4Þn2 ; ð3 5 6Þn2ÞHC. How-

ever, by (3.26.3), this is also impossible. Hence by (3.26.4), it must hold that

ðð1 2 4Þn2 ; ð3 5 6Þn2Þ A Rð3;3Þ.

Thus we have;

(3.26.5): For g A C1
ð3Þf1; 2; 3g and h A C2

ð3Þf1; 2; 3g, if ðg; hÞ A R�
ð3;3Þ, then ðgn2

; hn2Þ A

Rð3;3Þ.

Suppose ðð1 4 5Þn2 ; ð2 6 7Þn2Þ A Rð5Þ. Then by Lemma 3.17, there exist exactly two

vertices u1 and u2 in GðxÞ such that u1; u2 A Gðð1 4 5Þn2 ; ð2 6 7Þn2Þ. Note that by

Lemma 3.14 (10), u1 S u2. On the other hand, by Lemma 3.24 (v) and (3.26.3), it

must hold that u1; u2 A D ¼ D3ðyÞVD3ðzÞ. However, it follows from Lemma 3.25 that

u1 @ u2, which is a contradiction. Hence by (3.26.4), we have ðð1 4 5Þn2 ; ð2 6 7Þn2Þ A

Rð3;3Þ.

Thus we have;

(3.26.6): For g; h A C2
ð3Þf1; 2; 3g, if ðg; hÞ A R�

ð3;3Þ, then ðgn2
; hn2Þ A Rð3;3Þ.

Therefore by (3.26.5) and (3.26.6), we have the assertion of (3.26.1). Now we

complete the proof. r

We define two families U1;U2 of 3-element-subset of ðC2
ð3Þf1; 2; 3gÞ

n2 in Lemma 3.24

as follows:

U1 ¼ ffð1 i jÞn2 ; ð2 i jÞn2 ; ð3 i jÞn2g j i; j A Nnf1; 2; 3g; i0 jg;

U2 ¼ ffðl i jÞn2 ; ðl j kÞn2 ; ðl k iÞn2g j l A f1; 2; 3g; ði; j; kÞ A N3; fi; j; kgV f1; 2; 3g ¼ qg:
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Lemma 3.27. Let x; y;D;A;B and C be as in Lemma 3.14, D as in Lemma 3.25,

and n2 as in Lemma 3.24. Then the following hold.

(1) For any u A C, there exists a unique element U in U1 containing u.

(2) For any U A U1, there exists a unique maximal clique M of size n� 3 in D such

that MIU , M VA ¼ M VB ¼ q, jM VCj ¼ 3 and jM VDj ¼ n� 3.

(3) For any u A C and v A D with u@ v, it holds that DðvÞIU , where U is the

element of U1 containing u.

In particular, if n ¼ 5, then D ¼ q.

(4) For any v A D, eðv;CÞ A f3; 6; 9g.

Proof. Straightforward. In particular, see Lemmas 3.5 (2) and 3.24. r

Next, we want to show the following.

Lemma 3.28. Let x; y;D;A;B and C be as in Lemma 3.14, D as in Lemma 3.25,

and n2 as in Lemma 3.24. Then the following hold.

(1) For any element U in U2, there exists a unique vertex v A D such that DðvÞIU .

(2) Let U ¼ fu1; u2; u3g and U 0 ¼ fu 0
1; u

0
2; u

0
3g be elements in U2 such that u 0

i ¼
xui

(i A f1; 2; 3g), and let v; v 0 A D with DðvÞIU and Dðv 0ÞIU 0. Then v 0 ¼ xv.

In order to prove this, we prepare two lemmas as follows.

Lemma 3.29. Pick any x A G , and pick u; v;w A GðxÞ with ðu; vÞ; ðv;wÞ; ðw; uÞ A Rð2;2Þ.

Then there exists a unique vertex z A Gðx; u; v;wÞ such that z B fxu; xv; xwg.

Proof. Immediate from observing the structure of ðCa2
ð3Þ f1; 2; 3gÞ

n2 . r

Lemma 3.30. Let x; u; v;w and z be vertices as in Lemma 3.29. Then the following

hold.

(1) ðxu; xvÞ; ðxv; xwÞ; ðxw; xuÞ A Rð2;2Þ.

(2) Let z 0 A Gðx; xu; xv; xwÞ with z 0 B fxu; xv; xwg (as in Lemma 3.29).

Then z 0 ¼ xz.

Proof. (1) Immediate from Lemma 3.7.

(2) Immediate from observing the structure of ðCa2
ð3Þ f1; 2; 3gÞ

n2 . r

Proof of Lemma 3.28. (1) By Lemma 3.29, for any U ¼ fu1; u2; u3g A U2, there

exists a unique vertex v A D such that DðvÞIU and v B fxu1;
xu2;

xu3g. Moreover, by

Lemma 3.24 (v), it is impossible that v A ðCa2
ð3Þ f1; 2; 3gÞ

n2 . Hence we have v A D, which

is desired.

(2) Immediate from Lemma 3.30. r

Lemma 3.31. Let x; y;A;B and C be as in Lemma 3.14, D as in Lemma 3.25, and

let n2 be a mapping as in Lemma 3.24.

Then there exists a unique bijection

n : Cð3Þ ¼ Ca3
ð3Þ f1; 2; 3g ! D

satisfying;
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(i) njCa2
ð3Þ

f1;2;3g ¼ n2,

(ii) D ¼ ðC3
ð3Þf1; 2; 3gÞ

n,

(iii) For i; j A f4; . . . ; ng with i0 j, fxgU fðk i jÞn j k A Nnfi; jgg A M2,

(iv) For fi; j; kg A Cð3Þ, ði k jÞn ¼ xðði j kÞnÞ,

(v) For g A C2
ð3Þ and h A C3

ð3Þ, if ðg; hÞ A R�
ð3Þ, then ðgn

; hnÞ A Rð3Þ.

Proof. At first, for fi; j; kg A Ca2
ð3Þ f1; 2; 3g, we rewrite the vertex ði j kÞn2 by

ði j kÞn.

For fi; j; kg A C3
ð3Þf1; 2; 3g, we denote by Uði j kÞ the 9-element-subset of C as

follows:

Uði j kÞ ¼ fðl1 l2 l3Þ
n
A C j l1 A f1; 2; 3g; ðl2 l3Þ A fði; jÞ; ð j; kÞ; ðk; iÞgg:

Then by Lemmas 3.27 (3) and 3.28 (1), there exists a unique vertex in DVGðUði j kÞÞ.

We write this vertex by ði j kÞn. Now let us regard n as a mapping from Cð3Þ to D.

Then we easily see that n satisfies (i) and (v) of this lemma. By Lemmas 3.24 and

3.28 (2), n also satisfies (iv). Moreover, by Lemma 3.27 (4), we also see that njC 3
ð3Þ
f1;2;3g

is bijective, so is n. Since jDj ¼ jCð3Þj, (ii) follows immediately. (iii) follows from

Lemmas 3.25 (2) and 3.27 (2).

Thus we have the assertion. r

Lemma 3.32. Let n be a bijection as in Lemma 3.31.

Then for g; h A Cð3Þ and m A fð3Þ; ð2; 2Þ; ð5Þ; ð3; 3Þg,

ðg; hÞ A R�
m if and only if ðgn

; hnÞ A Rm:

Proof. By Lemma 3.31 (iii), (iv) and 3.5 (2), we easily have;

(3.32.1): For g; h A Cð3Þ, ðg; hÞ A R�
ð3Þ if and only if ðgn

; hnÞ A Rð3Þ.

This means that the structure of edges in D is completely determined. Hence we

have the assertion by analysing the relation between the graph structure of D and

relations fRl V ðD� DÞgl A fð3Þ; ð2;2Þ; ð5Þ; ð3;3Þg. r

Proof of Proposition 3.2. Immediate from Lemmas 3.31 and 3.32. r

4. Determination of local structure (2).

In this section, let G be a graph as in Proposition 3.2.

We define the following families of sets in GðxÞ for any x A G :

Dx ¼ ffx1; . . . x8gHGðxÞ : jGðx1; . . . ; x8ÞVRð2;2ÞðxÞj ¼ 3g;

D
0
x ¼ ffx1; . . . x8gHGðxÞ : jGðx1; . . . ; x8ÞVRð2;2ÞðxÞjb 1g;

Ex ¼ ffx1; . . . x5gHGðxÞ : jGðx1; . . . ; x5ÞVRð5ÞðxÞj ¼ 1g;

E
0
x ¼ ffx1; . . . x5gHGðxÞ : jGðx1; . . . ; x5ÞVRð5ÞðxÞjb 1g:

Pick any Y A Dx. Then by Lemma 3.11 (1) and (2), the induced subgraph on Y is

isomorphic to K4;4, and for y; z A Y , qðy; zÞ ¼ 2 if and only if ðy; zÞ A Rð2;2Þ.

By D
00
x , we denote the family of the minimal geodetically closed subgraphs of D

containing y; z A GðxÞ for all pairs ðy; zÞ’s in Rð2;2Þ, where D ¼ Dx means the induced
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subgraph of G with vertex set GðxÞ ðx A GÞ. Note that by Lemma 3.11 (1) and (2),

Dx HD
0
x HD

00
x .

We denote by E
00
x the family of 5-points subsets in GðxÞ consisting of x1; . . . ; x5 such

that x1 @ x2 @ x3 @ x4 @ x5 @ x1 and ðx1; x3Þ; ðx2; x4Þ; ðx3; x5Þ; ðx4; x1Þ; ðx5; x2Þ A Rð5Þ.

Note that by Lemma 3.19, Ex HE
0
x HE

00
x .

Lemma 4.1. For any x A G , the following hold.

(1) Dx ¼ D
0
x ¼ D

00
x .

(2) Ex ¼ E
0
x ¼ E

00
x .

(3) Let y; z A GðxÞ such that ðy; zÞ A Rð5Þ. Then there exist exactly 2 elements

Y ;Y 0 A Ex containing y and z. Moreover, if we pick u A GðxÞ with y@ u@ z, then

Y C u B Y 0 or Y d v A Y 0.

Proof. (1) Immediate from Lemmas 3.1 (5) and 3.13.

(2), (3) At first, let us observe the structure of ðCð3ÞÞ
n as in Lemma 3.31. Focus

on ð1 2 3Þn and ð3 4 5Þn. Note that ðð1 2 3Þn; ð3 4 5ÞnÞ A Rð5Þ, and that Dðð1 2 3Þn;

ð3 4 5ÞnÞ ¼ fð2 3 4Þn; ð3 1 5Þng. Then we see that;

Y ¼ fð1 2 3Þn; ð2 3 4Þn; ð3 4 5Þn; ð4 5 1Þn; ð5 1 2Þng;

Y 0 ¼ fð1 2 3Þn ¼ ð3 1 2Þn; ð5 3 1Þn; ð3 4 5Þn ¼ ð4 5 3Þn; ð2 4 5Þn; ð1 2 4Þng

are unique sets in Ex containing fð1 2 3Þn; ð2 3 4Þn; ð3 4 5Þng and fð3 1 2Þn; ð5 3 1Þn;

ð4 5 3Þng, respectively. Thus we have (3), and, moreover, we also obtain that jE 00
x j ¼

24 n
5

� �

. Therefore by Lemma 3.1 (5), we have the assertion. r

For any x A G and any Y A E
00
x , we denote by ½Y � the minimal subset of GðxÞ

containing Y such that the following hold:

(i) for any u; v A ½Y � with uS v, Dðu; vÞHY ,

(ii) for any u; v A ½Y � with ðu; vÞ A Rð5Þ, and for any Y 0 A E
00
x containing u and v,

Y 0
H ½Y �.

Let Lx ¼ f½Y � jY A E
00
x g.

Fix any vertex x A G , and let n : Cð3Þ ! GðxÞ be any bijection as in Lemma 3.31.

For s A f4; 5g and I A Ns, let CsðIÞ denote the subset of Cð3Þ consisting of ði j kÞ

with ði; j; kÞ A N3 and fi; j; kgH I . Let Cs denote the family of all CsðIÞ’s with I A Ns

ðs A f4; 5gÞ. Note that the following hold.

(1) For I A N4, jC4ðIÞj ¼ 8,

(2) For I A N5, jC5ðIÞj ¼ 20,

(3) jCsj ¼ jNsj ¼
n
s

� �

for s A f4; 5g.

Denote

ðCsðIÞÞ
n ¼ fði j kÞn j ði; j; kÞ A N3; fi; j; kgH Ig

for I A Ns ðs A f4; 5gÞ, and

ðCsÞ
n ¼ fðCsðIÞÞ

n j I A Nsg:

Lemma 4.2. Pick any x A G , and let n : Cð3Þ ! GðxÞ be any bijection as in Lemma

3.32. Then the following hold.
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(1) Dx ¼ ðC4Þ
n.

(2) Lx ¼ ðC5Þ
n.

(3) For any L A Lx, there exist exactly 5 elements of Dx which are subsets of L.

(4) For any D A Dx, there exist exactly ðn� 4Þ elements of Lx containing D.

Proof. Straightforward. r

Pick any vertex x A G , and pick any Y ¼ fy1; y2; y3; y4;
xy1;

xy2;
xy3;

xy4g A Dx such

that yi @
xyj, ðyi; ykÞ; ð

xyi;
xykÞ A Rð2;2Þ ði; j; k A f1; 2; 3; 4g; i0 kÞ. Then by Lemma 4.1

(1), there exist three vertices z1; z2; z3 A GðYÞnfxg. Note that ðz1; z2Þ; ðz2; z3Þ; ðz3; z1Þ A

Rð2;2Þ. By Lemma 3.11 (3), for k A f1; 2; 3g, there exists a permutation sk on f1; 2; 3; 4g

such that zkyi ¼
xyskðiÞ. By the condition (M3) as in Observation 1.3, we have;

(a) for k A f1; 2; 3g, sk does not fix any element, that is, sk (A S4) is of type (4) or

ð2; 2Þ.

(b) skðiÞ0 sk 0ðiÞ for i A f1; 2; 3; 4g and k; k 0 A f1; 2; 3g with k0 k 0.

Assume that there exists an element of (4)-type in fs1; s2; s3g. Suppose that s1 ¼

ð1 2 3 4Þ. Then by (a) and (b), it must hold that

fs2; s3g ¼ fð1 3Þð2 4Þ; ð1 4 3 2Þg;

that is, hs1; s2; s3iFC4. On the other hand, if there exists no element of (4)-type, then

we see that

fs1; s2; s3g ¼ fð1 2Þð3 4Þ; ð1 3Þð2 4Þ; ð1 4Þð2 3Þg;

that is, hs1; s2; s3iFD4. (Note that in each case there exists an element of ð2; 2Þ-type.)

Thus, without loss of generality, we may assume;

ðIÞ:

s1ð1Þ s1ð2Þ s1ð3Þ s1ð4Þ

s2ð1Þ s2ð2Þ s3ð3Þ s4ð4Þ

s3ð1Þ s3ð2Þ s3ð3Þ s4ð4Þ

0

B

@

1

C

A
¼

2 1 4 3

3 4 1 2

4 3 2 1

0

B

@

1

C

A
;

or;

ðIIÞ:

s1ð1Þ s1ð2Þ s1ð3Þ s1ð4Þ

s2ð1Þ s2ð2Þ s3ð3Þ s4ð4Þ

s3ð1Þ s3ð2Þ s3ð3Þ s4ð4Þ

0

B

@

1

C

A
¼

2 1 4 3

3 4 2 1

4 3 1 2

0

B

@

1

C

A
:

We need to show the following:

Lemma 4.3. Let x;Y and fz1; z2; z3g be as above. Then the condition ðIIÞ cannot

occur.

In order to prove this, we prepare one lemma as follows.

Lemma 4.4. Let x1; x2; x3; x4 and x5 be 5 vertices in G satisfying the following;

(i) x2; x3 A Gðx1Þ,

(ii) x4; x5 A Rð2;2Þðx1Þ,

(iii) fx2; x3; x4; x5g forms a clique of size 4.

Then x4x5 A Rð2;2Þðx1Þ.
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Proof. Let u1 ¼
x2x4, u2 ¼

x3x4, v1 ¼
x2x5 and v2 ¼

x3x5. Then since x2 0 x3 and

x4 0 x5, we see that;

(4.4.1): u1 0 u2, u1 0 v1, v1 0 v2, u2 0 v2.

Note that by Lemma 3.7, we have

(4.4.2): u1; u2 A Gðx1; x4Þ,

(4.4.3): v1; v2 A Gðx1; x5Þ.

Since x2; x3; u1; u2 A Gðx1; x4Þ with x2 @ x3, x2 @ u1 and x3 @ u2, it follows from

Lemma 3.11 that;

(4.4.4): u1 @ u2,

(4.4.5): ðx3; u1Þ; ðx2; u2Þ A Rð2;2Þ.

Similarly, we have

(4.4.6): v1 @ v2,

(4.4.7): ðx3; v1Þ; ðx2; v2Þ A Rð2;2Þ.

Since x2 @ x5 @ x4 and x3 @ x4 @ x5, it follows from Lemma 3.7 that;

(4.4.8): ðu1; x5Þ; ðv1; x4Þ A Rð2;2Þ.

Similarly, we have

(4.4.9): ðu2; x5Þ; ðv2; x4Þ A Rð2;2Þ.

Note that by (4.4.2), (4.4.3) and (4.4.8), we have u1 0 v2 and u2 0 v1, so that by

(4.4.1),

(4.4.10): u1; u2; v1 and v2 are distinct with each other.

Since v1 @ x2 and ðv1; x4Þ A Rð2;2Þ, it follows from Lemma 3.7 that;

(4.4.11): u1 @ v1.

Similarly, we have;

(4.4.12): u2 @ v2.

Lemma 3.7 also implies;

(4.4.13): u1; u2; v1; v2 A Gðx1;
x4x5Þ.

Note that by the assumption (i) and Lemma 3.7, we have qðx1;
x4x5Þb 2, so that by

(4.4.13), ðx1;
x4x5Þ A Rð2;2Þ; ð5Þ; ð3;3Þ. Clearly by (4.4.10), we have ðx1;

x4x5Þ B Rð3;3Þ. Also,

by (4.4.4), (4.4.6), (4.4.11) and (4.4.12), it follows from Lemma 3.19 and (4.4.13) that

ðx1;
x4x5Þ B Rð5Þ. Thus we have the assertion. r

Proof of Lemma 4.3. Let n : Cð3Þ ! GðxÞ be the bijection as above. Then with-

out loss of generality, we may assume that y1 ¼ ð1 2 3Þn, y2 ¼ ð1 4 2Þn, y3 ¼ ð1 3 4Þn

and y4 ¼ ð2 4 3Þn. Note that xy1 ¼ ð1 3 2Þn, xy2 ¼ ð1 2 4Þn, xy3 ¼ ð1 4 3Þn, xy4 ¼

ð2 3 4Þn, so that Y ¼ ðC4ðf1; 2; 3; 4gÞÞ
n.

Suppose that the condition (II) is satisfied for fx; z1; z2; z3gUY . Note that;

(4.3.1): fz2; ð1 2 3Þn; ð1 4 3Þng; fz2; ð1 3 2Þn; ð2 4 3Þng A M1.

Focus on the vertex ð1 5 3Þn. Since ð1 2 3Þn @ ð1 5 3Þn @ ð1 4 3Þn, it follows

from Lemma 3.7 and (4.3.1) that;

(4.3.2): ðð1 5 3Þn; z2Þ A Rð2;2Þ.

Next, focus on ð5 1 3Þn. Since ð1 3 2Þn @ ð5 1 3Þn and ðð2 4 3Þn; ð5 1 3ÞnÞ A Rð5Þ,

it follows from Lemma 3.21 and (4.3.1) that;

(4.3.3): ðð5 1 3Þn; z2Þ A Rð5Þ.

Now rename z2; ð1 2 3Þn; ð1 4 3Þn; x and ð1 5 3Þn by x1; x2; x3; x4 and x5, respec-

tively. Then by (4.3.1) and (4.3.2), we see that the 5-tuple ðx1; x2; x3; x4; x5Þ satisfies (i),
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(ii) and (iii) of Lemma 4.4. However, since x4x5 ¼ ð5 1 3Þn, (4.3.3) contradicts Lemma

4.4. Thus we have the assertion. r

What does Lemma 4.3 mean? To answer it, let us observe local structure of the

graph G
� ¼ CayCð3Þ

ðAnÞ.

Clearly we see that

G
�ðC4ðf1; 2; 3; 4gÞÞnfidg ¼ fð1 2Þð3 4Þ; ð1 3Þð2 4Þ; ð1 4Þð2 3Þg:

Moreover, we can observe the following:

Observation 4.5. Let M�
1 be the set of all maximal cliques of size 3 in G

�. Then

the following hold.

(1) fð1 2Þð3 4Þ; ð1 2 3Þ; ð1 2 4Þg; fð1 2Þð3 4Þ; ð1 4 2Þ; ð1 3 2Þg; fð1 2Þð3 4Þ;

ð1 3 4Þ; ð2 3 4Þg; fð1 2Þð3 4Þ; ð2 4 3Þ; ð1 4 3Þg A M
�
1 .

(2) fð1 3Þð2 4Þ; ð1 2 3Þ; ð1 4 3Þg; fð1 3Þð2 4Þ; ð1 4 2Þ; ð2 3 4Þg; fð1 3Þð2 4Þ;

ð1 3 4Þ; ð1 3 2Þg; fð1 3Þð2 4Þ; ð2 4 3Þ; ð1 2 4Þg A M
�
1 .

(3) fð1 4Þð2 3Þ; ð1 2 3Þ; ð2 3 4Þg; fð1 4Þð2 3Þ; ð1 4 2Þ; ð1 4 3Þg; fð1 4Þð2 3Þ;

ð1 3 4Þ; ð1 2 4Þg; fð1 4Þð2 3Þ; ð2 4 3Þ; ð1 3 2Þg A M
�
1 .

The following lemma, which follows from Lemma 4.3, says that the above ob-

servation is the property which does not depend on ‘how to label elements of G � (or G)’.

Lemma 4.6. Pick any x A G and Y A Dx. Then the following hold.

(1) There exists a bijection nY : C4ðf1; 2; 3; 4gÞ ! Y satisfying;

(i) for g; h A C4ðf1; 2; 3; 4gÞ and l A fð1Þ; ð3Þ; ð2; 2Þg,

ðgnY
; hnY Þ A Rl if and only if ðg; hÞ A R�

l
;

(ii) for g; h A C4ðf1; 2; 3; 4gÞ,

fx; gnY
; hnY g A M1 if and only if fid; g; hg A M

�
1 .

(2) For nY as above, there exists a unique bijection

nY ": fð1 2Þð3 4Þ; ð1 3Þð2 4Þ; ð1 4Þð2 3Þg ! GðYÞnfxg

such that for g A fð1 2Þð3 4Þ; ð1 3Þð2 4Þ; ð1 4Þð2 3Þg and h; h 0 A G
�ðidÞ,

(i) gnY "
@ hnY if and only if h A C4ðf1; 2; 3; 4gÞ,

(ii) fgnY "
; hnY

; ðh 0ÞnY g A M1 if and only if fg; h; h 0g A M
�
1 .

Proof. (1) Immediate from Proposition 3.2.

(2) Immediate from Lemma 4.3. r

The following is also the property which does not depend on how to label vertices

of GðxÞ ðx A GÞ.

Lemma 4.7. Pick any x A G , L A Lx and Y A Dx with LIY . Let nY :

C4ðf1; 2; 3; 4gÞ ! Y be a bijection as in Lemma 4.6.

Then there exists a unique bijection nðL;Y Þ : C5ðf1; 2; 3; 4; 5gÞ ! L satisfying;

(i) nðL;YÞjC4ðf1;2;3;4gÞ
¼ nY ,
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(ii) for g; h A C5ðf1; 2; 3; 4; 5gÞ and l A fð1Þ; ð3Þ; ð2; 2Þ; ð5Þg,

ðgnðL;YÞ
; hnðL;Y ÞÞ A Rl if and only if ðg; hÞ A R�

l
;

(iii) for g; h A C5ðf1; 2; 3; 4; 5gÞ,

fx; gnðL;Y Þ
; hnðL;YÞg A M1 if and only if fid; g; hg A M

�
1 .

Proof. We have the assertion by analyzing the relation between C4ðf1; 2; 3; 4gÞ

and C5ðf1; 2; 3; 4; 5gÞnC4ðf1; 2; 3; 4gÞ. For example, ð1 2 5Þ can be characterized as

a unique element h in C5ðf1; 2; 3; 4; 5gÞnC4ðf1; 2; 3; 4gÞ such that ð1 2 3Þ@G
� h@G

�

ð1 2 4Þ. r

Next, let us observe the relation between ð1 2Þð3 4Þ and C5ðf1; 2; 3; 4; 5gÞ.

Observation 4.8. For g ¼ ð1 2Þð3 4Þ A An and I ¼ C4ðf1; 2; 3; 4gÞ, the following

hold.

(1) ðg; ði j kÞÞ A R�
ð3Þ for ði j kÞ A C4ðIÞ.

(2) ðg; ði j 5ÞÞ A R�
ð2;2Þ for fi; jg A ff1; 2g; f3; 4gg.

(3) ðg; ði j 5ÞÞ A R�
ð5Þ for fi; jg A ff1; 3g; f1; 4g; f2; 3g; f2; 4gg.

Pick any x A G and L A Lx. The following lemma claims that we can uniquely

determine all relations between 20 vertices in L and 3 vertices in GðYÞnfxg for any

Y A Dx with Y HL.

Lemma 4.9. Pick any x A G, L A Lx and Y A Dx with LIY . For nY as in Lemma

4.6, let n be a bijection from C5ðf1; 2; 3; 4; 5gÞU fð1 2Þð3 4Þ; ð1 3Þð2 4Þ; ð1 4Þð2 3Þg to

LU ðGðY ÞnfxgÞ such that njfð1 2Þð3 4Þ; ð1 3Þð2 4Þ; ð1 4Þð2 3Þg ¼ nY " and njC5ðf1;2;3;4;5gÞ
¼ nðL;YÞ,

where nY " and nðL;Y Þ are unique bijections as in Lemmas 4.6 and 4.7, respectively.

Then for g A fð1 2Þð3 4Þ; ð1 3Þð2 4Þ; ð1 4Þð2 3Þg, h A C5ðf1; 2; 3; 4; 5gÞ and l A fð1Þ;

ð3Þ; ð2; 2Þ; ð5Þg,

ðgn; hnÞ A Rl if and only if ðg; hÞ A R�
l
:

Proof. Lemmas 3.8 and 3.22 are keys for proof. For example, for g ¼

ð1 2Þð3 4Þ, we have ðgn; ð1 2 5ÞnÞ A Rð2;2Þ since fgn; ð1 2 3Þn; ð1 2 4Þng A M1, ðð1 2 3Þn;

ð1 2 5ÞnÞ A Rð3Þ and ðð1 2 4Þn; ð1 2 5ÞnÞ A Rð3Þ. r

By Lemmas 4.6, 4.7 and 4.9, we have the following, which is one goal of this

section.

Proposition 4.10. Pick any g A G
� and x A G . Let Y � A D

�
g (resp., Y A Dx) and

L� A L
�
g (resp., L A Lx) with L�

IY � (resp., LIY ). Let n : L� ! L be a bijection

satisfying;

(i) nðY �Þ ¼ Y ,

(ii) for h1; h2 A L� and l A fð1Þ; ð3Þ; ð2; 2Þg,

ððh1Þ
n
; ðh2Þ

nÞ A Rl if and only if ðh1; h2Þ A R�
l
;

(iii) for h1; h2 A L�,

fx; ðh1Þ
n
; ðh2Þ

ng A M1 if and only if fg; h1; h2g A M
�
1 :
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Then there exists a unique bijection

n : L�
U ðG �ðY �ÞnfggÞ ! LU ðGðYÞnfxgÞ

such that;

(iv) njL� ¼ n,

(v) for h1; h2 A L� and h A G
�ðY �Þnfgg,

fhn; ðh1Þ
n
; ðh2Þ

ng A M1 if and only if fh; h1; h2g A M
�
1 with h1; h2 A Y �

:

(vi) for h1 A L�, h A G
�ðY �Þnfgg and l A fð1Þ; ð3Þ; ð2; 2Þ; ð5Þg,

ðhn; ðh1Þ
nÞ A Rl if and only if ðh; h1Þ A R�

l
:

Next, focus on the element ð1 2 3 4 5Þ A R�
ð5Þ(id). Note that

G
�ðid; ð1 2 3 4 5ÞÞ ¼ fð1 2 3Þ; ð2 3 4Þ; ð3 4 5Þ; ð4 5 1Þ; ð5 1 2Þg ¼: Y �

A Eid;

and that ½Y �� ¼ C5ðf1; 2; 3; 4; 5gÞ.

We easily see the following:

Observation 4.11. For g ¼ ð1 2 3 4 5Þ and Y � as above, the following hold.

(1) ðg; h2Þ A R�
ð5Þ for h A Y �.

(2) ðg; hÞ A R�
ð2;2Þ for h A fð1 2 4Þ; ð2 3 5Þ; ð3 4 1Þ; ð4 5 2Þ; ð5 1 3Þg.

(3) ðg; h2Þ A R�
ð5Þ for h as in (2).

The following is another goal in this section:

Proposition 4.12. Pick any g A G
� and x A G . Let Y � A E

�
g (resp., Y A Ex) and

L� ¼ ½Y �� (resp., L ¼ ½Y �). Let h A G
� (resp., z A G) with fhg ¼ G

�ðY �Þnfgg (resp.,

fzg ¼ GðY Þnfxg). Let n : L� ! L be a bijection satisfying;

(i) nðY �Þ ¼ Y ,

(ii) for h1; h2 A L� and l A fð1Þ; ð3Þ; ð2; 2Þ; ð5Þg,

ððh1Þ
n
; ðh2Þ

nÞ A Rl if and only if ðh1; h2Þ A R�
l
:

Then for h 0 A L� and l A fð1Þ; ð3Þ; ð2; 2Þ; ð5Þg,

ðz; ðh 0ÞnÞ A Rl if and only if ðh; h 0Þ A R�
l
:

Before observing it, we prepare the following lemma.

Lemma 4.13. Let fx1; x2; x3; x4g be a clique of size 4 in G . Let y be a vertex in G

such that ðy; x1Þ A Rð3Þ, ðy; x2Þ A Rð3Þ, ðy; x3Þ A Rð5Þ and ðy; x4Þ A Rð2;2Þ, and let z be a

vertex in G such that ðz; x1Þ A Rð3Þ, ðz; x2Þ A Rð5Þ, ðz; x3Þ A Rð3Þ and ðy; zÞ A Rð3Þ.

Then ðz; x4Þ A Rð2;2Þ.

Proof. Let x ¼ x1, and let n : Cð3Þ ! GðxÞ be a bijection as in Lemma 3.32.

Then without loss of generality, we may assume that x2 ¼ ð1 2 3Þn, x3 ¼ ð1 2 5Þn,

x4 ¼ ð1 2 4Þn and y ¼ ð2 3 4Þn. Then by the assumption on z, it must hold that

z ¼ ð2 5 4Þn. Hence it must also hold that ðð2 5 4Þn; ð1 2 4ÞnÞ A Rð2;2Þ, which is

desired. r
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Now we shall observe Proposition 4.12. Note that the existense of n is guaranteed

in the previous section. Moreover, by definition of h and z, it holds that for h 0 A L�,

ðz; ðh 0ÞnÞ A Rð3Þ if and only if h 0 A Y �
:

Assume that

Y � ¼ fð1 2 3Þ; ð2 3 4Þ; ð3 4 5Þ; ð4 5 1Þ; ð5 1 2Þg:

Then we see that h ¼ ð1 2 3 4 5Þ ðA R�
ð5ÞðidÞ), and we can identify ð1 2 3Þn; x;

ð5 1 2Þn; ð1 2 4Þn; ð2 3 4Þn and z with x1; x2; x3; x4; y and z in Lemma 4.13, respec-

tively. Hence by Lemma 4.13, we have ðð1 2 4Þn; zÞ A Rð2;2Þ. (Note that ðð1 2 4Þ; hÞ A
R�

ð2;2Þ by Observation 4.11 (2).)

We also see that z; ð2 1 4Þn A Gðð4 5 1Þn; ð2 3 4ÞnÞ with ðð4 5 1Þn; ð2 3 4ÞnÞ A Rð5Þ
and zS ð2 1 4Þn. Hence by Lemma 3.20, we have ðð2 1 4Þn; zÞ A Rð5Þ. (See Observa-

tion 4.11 (3).)

Thus we have the assertion of Proposition 4.12.

5. Analysis of f �ðhCð3Þ VA5iÞ.

In this section, we only consider ~XXðAnÞ ðnb 5Þ and f �, where f � is an injection

from An to V as in Proposition 2.6.

In this section, we write E ¼ C5ðf1; 2; 3; 4; 5gÞ. Note that jEj ¼ 20, and that

hEiFA5.

The main claim in this section is as follows:

Proposition 5.1. Spanð f �ðhEiÞÞ ¼ Spanð f �ðE U fidgÞÞ.

At first, we shall observe the following:

Lemma 5.2. (1) If nb 6, then dimðSpanð f �ðhEiÞÞÞ ¼ 17.

(2) If n ¼ 5, then dimðSpanð f �ðhEiÞÞÞ ¼ 16.

Proof. Let R be the Gram matrix with respect to f �ðhEiÞ. Then we easily

see that R is contained in the Bose-Mesner algebra of the group association scheme

XðA5Þ ¼ ðA5; fR 0
l
g
l ALÞ, where L ¼ fð1Þ; ð3Þ; ð2; 2Þ; ð5Þ1; ð5Þ2g. (The relations R 0

ð5Þ1 and

R 0
ð5Þ2 correspond to the conjugacy classes of A5 containing ð1 2 3 4 5Þ and ð1 2 3 5 4Þ,

respectively.) More precisely, R can be represented as follows:

R ¼ ðn� 1ÞLð1Þ þ ðn� 4ÞLð3Þ þ ðn� 5ÞLð2;2Þ þ ðn� 6ÞðLð5Þ1 þ Lð5Þ2Þ;

where Ll ðl A LÞ is the adjacency matrix of R 0
l
. We easily see that the Bose-Mesner

algebra of XðA5Þ is symmetric, and that the first eigenmatrix of XðA5Þ is as follows:

P ¼

1 20 15 12 12

1 5 0 �3 �3

1 �4 3 0 0

1 0 �5 2þ 2
ffiffiffi

5
p

2� 2
ffiffiffi

5
p

1 0 �5 2� 2
ffiffiffi

5
p

2þ 2
ffiffiffi

5
p

0

B

B

B

B

B

@

1

C

C

C

C

C

A

:
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(For how to calculate P, see [2].) Note that each row of P corresponds to the common

eigenspace of Ll’s with multiplicity 1; 16; 25; 9 and 9, respectively. Thus we can easily

calculate the spectrum of R as follows;

SpecðRÞ ¼
60ðn� 5Þ 15 0

1 16 43

� �

:

Hence we have rankðRÞ ¼ 17 (resp. 16) for nb 6 (resp. n ¼ 5), which is desired.

r

Remark. The above caluculation on SpecðRÞ is related to the fact that;

w1jA5
¼ ðn� 5Þw 0

0 þ w 0
1;

where w1 is the irreducible character of An with w1ðidÞ ¼ n� 1, w 0
0 is the identity char-

acter of A5, and where w 0
1 is the irreducible character of A5 with w 0

1ðidÞ ¼ 4. Note that

wperm ¼ w0 þ w1 and w 0
perm ¼ w 0

0 þ w 0
1, where wperm and w 0

perm are the permutation characters

of degree n and 5, respectively.

Next, we shall show;

Lemma 5.3. dimðSpanð f �ðEÞÞÞ ¼ 16.

In order to show this, let us consider the structure of E. Define five relations on E

as follows:

R0 ¼ fðg; gÞ A E � Eg;

R1 ¼ fðg; g2Þ A E � Eg;

R2 ¼ fðði j kÞ; ði j lÞÞ A E � E j k0 lg;

R3 ¼ fðði j kÞ; ð j i lÞÞ A E � E j k0 lg;

R4 ¼ fðði j kÞ; ði l mÞÞ A E � E j f j; kgV fl;mg ¼ qg:

Then we have the following.

Lemma 5.4. Y ¼ ðE; fR0;R1;R2;R3;R4gÞ forms a symmetric association scheme

having the first eigenmatrix as follows;

P ¼

1 1 6 6 6

1 1 1 1 �4

1 1 �2 �2 2

1 �1 2 �2 0

1 �1 �3 3 0

0

B

B

B

B

B

@

1

C

C

C

C

C

A

;

where each row corresponds to the eigenspace with multiplicity 1; 4; 5; 6; 4, respectively.

Proof. We easily see that Y is a group-case association scheme by the natural

transitive action of S5 on E. Let G ¼ S5, and let H be the stabilizer of ð1 2 3Þ ðA EÞ.

Then we have H ¼ hð1 2 3Þ; ð4 5ÞiFC3 � C2.
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Let 1GH be the permutation character of the above. The following are character

values of 1GH and w0; . . . ; w6, irreducible characters of S5:

(1) (2) (3) (4) ð2; 2Þ ð2; 3Þ (5)

1G
H 20 2 2 0 0 2 0

w0 1 1 1 1 1 1 1

w1 4 2 1 0 0 �1 �1

w2 5 1 �1 �1 1 1 0

w3 6 0 0 0 �2 0 1

w4 4 �2 1 0 0 1 �1

w5 5 �1 �1 1 1 �1 0

w6 1 �1 1 �1 1 �1 1

By calculation of inner product of characters, we have

1GH ¼ w0 þ w1 þ w2 þ w3 þ w4:

On the other hand, we have the double coset decomposition of G by H as follows:

G ¼
X

4

i¼0

HaiH;

where a0 ¼ id, a1 ¼ ð1 2Þ, a2 ¼ ð1 4Þ, a3 ¼ ð1 2 4Þ and a4 ¼ ð1 4Þð2 5Þ.

Thus we can calculate the above matrix P by the following formula, which is

written in Corollary 11.7 (ii) of Chapter II in [2],

Pi 0ð jÞð¼ Pið jÞÞ ¼
1

jHj

X

x AHaiH

wjðxÞ

(i; j A f0; 1; 2; 3; 4g).

By caluculating the second eigenmatrix Q ¼ 20P�1, we have multiplicity corre-

sponding to each row of P. (See [2].) r

Proof of Lemma 5.3. Let S be the Gram matrix with respect to f �ðEÞ. Then we

easily have;

S ¼ ðn� 1ÞL0 þ ðn� 4ÞðL1 þ L2Þ þ ðn� 5ÞL3 þ ðn� 6ÞL4;

where Li ði A f0; 1; 2; 3; 4gÞ is the adjacency matrix of Ri as in the above lemma.

Hence, similar to the proof of Lemma 5.2, we can calculate the spectrum of S as

follows;

SpecðSÞ ¼
20n� 95 10 1 5 0

1 4 5 6 4

� �

:

Now we have rankðSÞ ¼ 16, as desired. r

We also need;
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Lemma 5.5. If n0 5, then f �ðidÞ B Spanð f �ðEÞÞ.

Proof. Here, we write g ¼ f �ðgÞ for g A E U fidg.

Suppose id ¼
P

g AE lgg. Write l ¼
P

g AE lg. Since the group hEi acts on E by

conjugation, we easily see that for any h A hEi,

(5.5.1): id ¼
P

g AE lgg ¼
P

g AE lg hg.

Hence we have;

(5.5.2): jhEij � id ¼
P

h A hEið
P

g AE lghgÞ ¼
P

g AEð
P

h A hEi lg hÞg.

On the other hand, for any g A E, we easily have;

(5.5.3):
P

h A hEi lg h ¼ 3l.

Therefore by (5.5.2) and (5.5.3), we have;

(5.5.4): id ¼
l

20

P
g AE g.

Since hid; idiV ¼ n� 1 and hid; giV ¼ n� 4 ðg A EÞ, it follows from (5.5.4),

n� 1 ¼
l

20
� 20ðn� 4Þ;

so that;

(5.5.5): l ¼
n� 1

n� 4
.

Similarly, since hid; ð1 2 3ÞiV ¼ n� 4,

n� 4 ¼
l

20
ðn� 1þ 7ðn� 4Þ þ 6ðn� 5Þ þ 6ðn� 6ÞÞ ¼

l

20
ð20n� 95Þ;

so that;

(5.5.6): l ¼
20ðn� 4Þ

20n� 95
.

By (5.5.5) and (5.5.6), we have;

20ðn� 4Þ2 ¼ ðn� 1Þð20n� 95Þ;

so that n ¼ 5, a contradiction.

Thus we have the assertion. r

Proof of Proposition 5.1. Immediate from Lemmas 5.2, 5.3 and 5.5. r

Proposition 5.1 implies that f �ðCð2;2Þ UCð5ÞÞH Spanð f �ðfidgUCð3ÞÞÞ. In fact, it

also holds that f �ðCð3;3ÞÞH Spanð f �ðfidgUCð3ÞÞÞ. Pick any g A Cð3;3Þ. Then there

exists a unique pair ðh1; h2Þ in Cð3Þ such that ðh1; h2Þ A R�
ð3;3Þ and g ¼ h1 � h2. Moreover,

by Proposition 2.6, we have

j f �ðgÞ þ f �ðidÞ � f �ðh1Þ � f �ðh2Þj
2
V
¼ 4ðn� 1Þ � 8ðn� 4Þ þ 4ðn� 7Þ ¼ 0;

so that

f �ðgÞ ¼ f �ðh1Þ þ f �ðh2Þ � f �ðidÞ A Spanð f �ðfidgUCð3ÞÞÞ:

Thus, by inductive argument, we have;

Corollary 5.6. V ¼ Spanð f �ðfidgUCð3ÞÞÞ.
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6. Determination of global structure.

From now on, we shall prove Theorem 1.4.

Let us consider the structure of f ðXÞ and f �ðAnÞ, where f and f � are bijections as

in Proposition 2.6. By G
f (resp. G f �

), we mean the graph whose vertex set is f ðX Þ

(resp. f �ðAnÞ) such that for a; b A f ðXÞ (resp. A f �ðAnÞ), a and b are adjacent if and

only if ha; biV ¼ n� 4.

Lemma 6.1. G
f (resp. G

f �

) is isomorphic to G (resp. G
�).

Proof. Immediate from Lemma 2.7 (2). r

We can see that the local structure of f ðX Þ is the same as of f �ðAnÞ under the

assumption as in Theorem 1.4. Indeed, we have the following.

Lemma 6.2. Pick any x A G and g A G
�. Then the following hold.

(1) There exists a bijection y : f �ðfggUG
�ðgÞÞ ! f ðfxgUGðxÞÞ satisfying the fol-

lowing:

(i) yð f �ðgÞÞ ¼ f ðxÞ,

(ii) for a; b A f �ðfggUG
�ðgÞÞ,

ha; biV ¼ hyðaÞ; yðbÞiV :

(2) Let y be as in (1). Then y can be extended into a unique element y of OðVÞ,

the orthogonal group on V .

(3) Let y be as in (1). Then the mapping

k :¼ f �1
yf �

: fggUG
�ðgÞ ! fxgUGðxÞ

forms a bijection such that;

(iii) kðgÞ ¼ x,

(iv) for h1; h2 A G
�ðgÞ and l A fð1Þ; ð3Þ; ð2; 2Þ; ð5Þ; ð3; 3Þg,

ðkðh1Þ; kðh2ÞÞ A Rl if and only if ðh1; h2Þ A R�
l
;

(v) for h1; h2 A G
�ðgÞ,

fx; kðh1Þ; kðh2Þg A M1 if and only if fg; h1; h2g A M
�
1 :

Proof. (1) and (3) are clear. (2) follows from Corollary 5.6. r

By D
f

f ðxÞ, we denote the family of the minimal geodetically closed subgraphs of D f

f ðxÞ

containing a; b for all pairs ða; bÞ’s in G
f ð f ðxÞÞ with ha; biV ¼ n� 5, where D

f

f ðxÞ means

the induced subgraph of G
f with vertex set G

f ð f ðxÞÞ ðx A GÞ.

We denote by E
f

f ðxÞ the family of 5-point-subsets in G
f ð f ðxÞÞ consisting of a1; . . . ; a5

such that a1 @G
f a2 @G

f a3 @G
f a4 @G

f a5 @G
f a1, and ha1; a3iV ¼ ha2; a4iV ¼ ha3; a5iV

¼ ha4; a1iV ¼ ha5; a2iV ¼ n� 6.

For any x A G and any Y A E
f

f ðxÞ, we denote by ½Y � the minimal subset of G f ð f ðxÞÞ

containing Y such that the following hold:
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(i) for any a; b A ½Y � with aS
G

f b, D
f

f ðxÞða; bÞHY ,

(ii) for any a; b A ½Y � with ha; biV ¼ n� 6, and for any Y 0 A E
f

f ðxÞ containing a and

b, Y 0
H ½Y �.

Let L
f

f ðxÞ ¼ f½Y � jY A E
f

f ðxÞg.

Lemma 6.3. For x A G , the following hold.

(1) D
f

f ðxÞ ¼ f ðDxÞ.

(2) E
f

f ðxÞ ¼ f ðExÞ.

(3) L
f

f ðxÞ ¼ f ðLxÞ.

Proof. Immediate from Lemmas 2.7 and 4.1. r

Our strategy for the proof of Theorem 1.4 can be described as follows:

Lemma 6.4. Let x; g and y be as in Lemma 6.2. Then f ðXÞ ¼ yð f �ðAnÞÞ.

The following is the key lemma for the proof of the previous lemma.

Lemma 6.5. Let x; g and y be as in Lemma 6.2.

Then f ðG2ðxÞÞ ¼ yð f �ðG �
2 ðgÞÞÞ.

Proof. Let k be a bijection as in Lemma 6.2 (3). Note that;

(6.5.1): Dx ¼ kðD�
g Þ,

(6.5.2): Ex ¼ kðE�
g Þ,

(6.5.3): Lx ¼ kðL�
g Þ,

and,

(6.5.4): for h1; h2 A G
�ðgÞ,

fx; kðh1Þ; kðh2Þg A M1 if and only if fg; h1; h2g A M
�
1 :

We know that G2ðxÞ ¼ Rð2;2Þ; ð5Þ; ð3;3ÞðxÞ and G
�
2 ðgÞ ¼ R�

ð2;2Þ; ð5Þ; ð3;3ÞðgÞ. At first, we

shall show the following:

(6.5.5): f ðRð2;2ÞðxÞÞ ¼ yð f �ðR�
ð2;2ÞðgÞÞÞ.

Pick any Y A D
f �

f �ðgÞ. Note that;

(6.5.6): YG
� ¼ ð f �Þ�1ðY Þ A D

�
g ,

and,

(6.5.7): YG ¼ kð f �Þ�1ðYÞ A Dx.

Then by Lemma 6.3 (1), there exist 3 vertices h1; h2; h3 in G
� such that;

(6.5.8): fh1; h2; h3g ¼ G
�ðYG

�Þnfgg,

and there exist 3 vertices y1; y2; y3 in G such that

(6.5.9): fy1; y2; y3g ¼ G
�ðYGÞnfxg.

Next, pick any L A L
f �

f �ðgÞ containing Y . Note that;

(6.5.10): LG
� ¼ ð f �Þ�1ðLÞ A L

�
g ,

(6.5.11): LG ¼ kð f �Þ�1ðLÞ A Lx,

(6.5.12): LG
� IDG

� ,

and,

(6.5.13): LG IDG .
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Then by Proposition 4.10, there exists a bijection

k
0
:¼ kjLG �

: LG
� U fh1; h2; h3g ! LG U fy1; y2; y3g

satisfying;

(6.5.14): k 0jLG �
¼ kjLG �

,

(6.5.15): (without loss of generality,) k 0ðhiÞ ¼ yi ði A f1; 2; 3gÞ,

and,

(6.5.16): for i A f1; 2; 3g, h A LG
� and l A fð3Þ; ð2; 2Þ; ð5Þ; ð3; 3Þg,

ðk 0ðhiÞ; k
0ðhÞÞ A Rl if and only if ðhi; hÞ A R�

l
:

(6.5.16) implies that;

(6.5.17): for i A f1; 2; 3g and h A LG
� ,

h f k 0ðhiÞ; f k
0ðhÞiV ¼ h f �ðhiÞ; f

�ðhÞiV :

By Proposition 5.1, there exists some linear equation such that;

(6.5.18): f �ðhiÞ ¼
P

h ALG �Ufgg lh f
�ðhÞ,

so that by (6.5.14), (6.5.17) and (6.5.18),

0 ¼ f �ðhiÞ �
X

h ALG �Ufgg

lh f
�ðhÞ

�

�

�

�

�

�

�

�

�

�

�

�

2

V

¼ f ðyiÞ �
X

h ALG �Ufgg

lh � f kðhÞ

�

�

�

�

�

�

�

�

�

�

�

�

2

V

¼ f ðyiÞ �
X

h ALG �Ufgg

lh � yf
�ðhÞ

�

�

�

�

�

�

�

�

�

�

�

�

2

V

¼ f ðyiÞ �
X

h ALG �Ufgg

lh � yf
�ðhÞ

�

�

�

�

�

�

�

�

�

�

�

�

2

V

¼ f ðyiÞ � y

X

h ALG �Ufgg

lh f
�ðhÞ

0

@

1

A

�

�

�

�

�

�

�

�

�

�

�

�

2

V

¼ j f ðyiÞ � yf �ðhiÞj
2
V
:

Hence we have f ðyiÞ ¼ yf �ðhiÞ. (Note that this claim itself does not depend on

‘the choice of L’.) Thus we have the assertion of (6.5.5).

By the same argument as above, it follows from Proposition 4.12 that;

(6.5.19): f ðRð5ÞðxÞÞ ¼ yð f �ðR�
ð5ÞðgÞÞÞ.

Finally, we shall observe that;

(6.5.20): f ðRð3;3ÞðxÞÞ ¼ yð f �ðR�
ð3;3ÞðgÞÞÞ.
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Pick any h A R�
ð3;3ÞðgÞ. Then there exists a pair ðh1; h2Þ A R�

ð3;3Þ in G
�ðgÞ. On the

other hand, there exists a vertex y A Rð3;3ÞðxÞ such that fyg ¼ Gðkðh1Þ; kðh2ÞÞnfxg. Thus

we have;

f ðyÞ ¼ f ðkðh1ÞÞ þ f ðkðh2ÞÞ � f ðxÞ

¼ yf �ðh1Þ þ yf �ðh1Þ � yf �ðgÞ

¼ yð f �ðh1Þ þ f �ðh2Þ � f �ðgÞÞ

¼ yð f �ðhÞÞ:

Thus we have the assertion of (6.5.20).

Now by (6.5.5), (6.5.19) and (6.5.20), we complete the proof. r

Proof of Lemma 6.4. Pick any vertex x A G , and let y be a bijection from

f �ðfidgUG
�ðidÞÞ to f ðfxgUGðxÞÞ as in Lemma 6.2. Then by applying induction on

the distance (on G
�) from id, we can show that for any g A G

�, there exists a vertex

y A G such that f ðyÞ ¼ yf �ðgÞ. (Of course, we apply Lemma 6.5 here. Note that

the uniqueness of y mentioned in Lemma 6.2 (2) is important.) Thus we have the

assertion. r

Proof of Theorem 1.4. Immediate from Lemmas 6.1, 6.4 and 2.5. r
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