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Abstract. In a recent paper, Isao Kiuchi and Naoki Yanagisawa studied the even power
moments of the error term in the approximate functional equation forζ (s). They got a mean value
formula with an error termO(T1/2−kσ ), and then they conjecture that this term could be replaced
by Ek,σ T1/2−kσ (1+ o(1)) with constantEk,σ depending onk andσ . In this paper, we disprove
this conjecture by showing that the error term should bef (T)T1/2−kσ + o(T1/2−kσ ) with f (T)
oscillating.

1. Introduction.

Let s= σ + it (0≤ σ ≤ 1, t ≥ 1) be a complex variable,ζ (s) the Riemann zeta function.
The error termR(s) in the approximate functional equation forζ (s) is defined by

ζ (s) = ∑
n≤
√

t/(2π)

n−s+ χ(s) ∑
n≤
√

t/(2π)

ns−1 +R(s), (1.1)

where

χ(s) = 2sπs−1sin

(
1
2

πs

)
Γ (1−s). (1.2)

In [1], I. Kiuchi and N. Yanagisawa derived the even power moments of the function|R(s)| for
0≤ σ ≤ 1. They proved

THEOREM A. Let k be a positive integer,

h(y) =
cos2π(y2−y−1/16)

cos(2πy)
, Ck =

∫ 1

0
h(y)2kdy, (1.3)

then

∫ T

1
|R(s)|2kdt =





(2π)kσCk

1−kσ
T1−kσ +O(T1/2−kσ ) if 0≤ σ ≤ 1

2k
,

(2π)kσCk

1−kσ
T1−kσ +Dk,σ +O(T1/2−kσ ) if

1
2k

< σ ≤ 1 andσ 6= 1
k
,

2πCk logT +Dk,1/k +O(T−1/2) if σ =
1
k
,

(1.4)
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where the constantDk,σ depends onk andσ .

REMARK 1. In fact, forσ = 1/(2k), according to their proof (see the following Theorem
1 also), the error term in Theorem A should beO(logT). Because error terms ofO(1) for∫ T2

T1
|R(s)|2kdt with T1 ≤ T2 ≤ 2T1 only imply an error term ofO(logT) for

∫ T
1 |R(s)|2kdt rather

than an error term ofO(1).

For (1.4), they conjecture that

CONJECTUREB. For 0≤ σ ≤ 1 and positive integerk, the error termO(T1/2−kσ ) could
be replaced byEk,σ T1/2−kσ (1+o(1)) asT →+∞, where the constantEk,σ depends onk andσ .

In this paper we will disprove Conjecture B by showing the following

THEOREM 1. Let k,h(y) andCk be as in Theorem A,

1k(y) = h(y)2k−Ck, Gk(y) =
∫ y

√
1/(2π)

1k(x− [x])dx, (1.5)

where[x] is the integer part ofx,

C′k =
∫ √1/(2π)+1

√
1/(2π)

Gk(y)dy, (1.6)

C′′k =
∫ 1

0
h2k−1(x)h′′′(x)dx. (1.7)

We have

∫ T

1
|R(s)|2kdt

=





CkT +
(

2
√

2πGk

(√
T
2π

)
−2

√
2πC′k−

k

6(2π)3/2
C′′k

)
T1/2 +O(log(T)) if σ = 0,

(2π)kσCk

1−kσ
T1−kσ +

(
2(2π)kσ+1/2Gk

(√
T
2π

)
−2(2π)kσ+1/2C′k

+
k(2π)kσ−3/2

12kσ −6
C′′k

)
T1/2−kσ +Dk,σ +O(T−kσ )

if 0 < σ ≤ 1 andσ 6= 1
2k

,
1
k
,

2
√

2πCkT1/2− k
24π

C′′k logT +Dk,1/(2k) +4πGk

(√
T
2π

)
+O(T−1/2) if σ =

1
2k

,

2πCk logT +Dk,1/k +
(

k

6
√

2π
C′′k −2(2π)3/2C′k

+2(2π)3/2Gk

(√
T
2π

))
T−1/2 +O(T−1) if σ =

1
k
,

(1.8)

whereDk,σ are constants depending onK andσ .
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SinceGk(
√

T/(2π)) is a non-constant periodic function of
√

T with period
√

2π, which
doesn’t convergent, Theorem 1 is a disproof of Conjecture B.

In [1], they studied cases0 ≤ σ ≤ 1/(2k) and 1/(2k) < σ ≤ 1 separately and estimate∫ T2
T1
|R(s)|2kdt for T1≤ T2≤ 2T1 firstly. Here we will deal with these two cases in one framework

and study
∫ T

1 |R(s)|2kdt directly.

2. Approximate functional equation.

We begin with an approximate functional equation due to Siegel.

LEMMA 1 (see [2] or [3, Theorem 4.16]). If 0≤ σ ≤ 1, N < At, whereA is a sufficiently
small constant,

ζ (s) = ∑
n≤
√

t/(2π)

n−s+ χ(s) ∑
n≤
√

t/(2π)

ns−1

+(−1)[
√

t/(2π)]−1e−(1/2)iπ(s−1)(2πt)(1/2)s−(1/2)e−(1/2)it−(iπ)/8Γ (1−s)

×
{

SN +O

((
AN
t

)N/6 )
+O(e−At)

}
, (2.1)

where

SN =
N−1

∑
n=0

∑
ν≤(n/2)

n!iν−n

ν !(n−2ν)!2n

(
1

2π

)(n/2)−ν
anh(n−2ν)

(√
t

2π
−

[√
t

2π

])
, (2.2)

an is the coefficients of the Taylor expansion of

φ(z) = exp

{
(s−1) log

(
1+

z√
t

)
− iz

√
t +

1
2

it 2
}

with

a0 = 1, a1 =
σ −1√

t
, a3 =

i
3

t−1/2 +O(t−1), (2.3)

ak = O(t−1), if k≥ 2, k 6= 3. (2.4)

We need the following somewhat weak form

LEMMA 2. For 0≤ σ ≤ 1,

χ(s)−1/2R(s) = (−1)[
√

t/(2π)]−1(F1(t)t−1/4 +F2(σ , t)t−3/4 +Rσ , t), (2.5)

where

F1(t) = (2π)1/4h

(√
t

2π
−

[√
t

2π

])
, (2.6)



516 S.-J. FENG

F2(σ , t) = (2π)−1/4i

(
1
4
− σ

2

)
h′

(√
t

2π
−

[√
t

2π

])
− 1

24
(2π)−5/4h′′′

(√
t

2π
−

[√
t

2π

])
,

(2.7)

Rσ ,t = O(t)−5/4 (2.8)

ast →+∞.

PROOF. Apply Lemma 1 withN = 6 and use (2.3), (2.4), we have fort →+∞

R(s) = (−1)[
√

t/(2π)]−1e−(1/2)iπ(s−1)(2πt)(1/2)s−(1/2)e−(1/2)it−(iπ)/8

×Γ (1−s)(2π)−1/4(F1(t)+F2(σ , t)t−1/2 +O(t−1)). (2.9)

For t > 0 (see [3, P. 78, P. 80]),

χ(s) = (2π)s−1e(1/2−s/2)iπΓ (1−s)(1+O(e−πt)), (2.10)

Γ (1−s) = (2π)1/2t(1/2)−seit+(1/2)iπs−(1/4)iπ(1+O(t−1)). (2.11)

It follows from (2.9), (2.10) and (2.11) that

χ(s)−1/2R(s) = (−1)[
√

t/(2π)]−1e−(1/2)iπ(s−1)(2πt)(1/2)s−(1/2)e−(1/2)it−(iπ)/8(2π)(1/2)−(s/2)

×e((s/4)−(1/4))iπ(2π)1/4t(1/4)−(s/2)e(1/2)it+(1/4)iπs−(1/8)iπ(2π)−1/4

× (F1(t)+F2(σ , t)t−1/2 +O(t−1))(1+O(e−πt))−1/2(1+O(t−1))1/2

= (−1)[
√

t/(2π)]−1(F1(t)t−1/4 +F2(σ , t)t−3/4 +O(t)−5/4). (2.12)

¤

3. A basic lemma.

The following lemma is the key to the proof of Theorem 1.

LEMMA 3. Let f (x) be a integrable periodic function with period 1,C =
∫ 1

0 f (x)dx, a> 0,
1(x) =

∫ x
a ( f (y)−C)dy, C′ =

∫ a+1
a 1(x)dx, then asM →+∞,

∫ M

a
f (x)xαdx

=





C
2

M2 +(1(M)−C′)M +O(1) if α = 1,

C
α +1

Mα+1 +C(α)+(1(M)−C′)Mα +O(Mα−1) if α < 1,α 6= 0,−1,

CM+C(0)+1(M) if α = 0,

C logM +C(−1)+(1(M)−C′)M−1 +O(M−2) if α =−1,

(3.1)
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whereC(α) is a constant depends onα.

PROOF. For α 6=−1,

∫ M

a
f (x)xαdx= C

∫ M

a
xαdx+

∫ M

a
( f (x)−C)xαdx

=
C

α +1
xα+1

∣∣∣
M

a
+1(x)xα

∣∣∣
M

a
−α

∫ M

a
1(x)xα−1dx. (3.2)

∫ M

a
f (x)x−1dx= C

∫ M

a
x−1dx+

∫ M

a
( f (x)−C)x−1dx

= C logx
∣∣∣
M

a
+1(x)x−1

∣∣∣
M

a
+

∫ M

a
1(x)x−2dx. (3.3)

Since f (x) is a periodic function with period 1,

1(x+1) =
∫ x+1

a
( f (y)−C)dy=

∫ x

a
( f (y)−C)dy+

∫ x+1

x
f (y)dy−C

=
∫ x

a
( f (y)−C)dy= 1(x). (3.4)

That is,1(x) is also a periodic function with period 1. Similarly, we have
∫ x

a (1(y)−C′)dy is a
(continuous) periodic function and therefore bounded. So, forα ≤ 1, α 6= 0,

∫ M

a
1(x)xα−1dx= C′

∫ M

a
xα−1dx+

∫ M

a
(1(x)−C′)xα−1dx

=
C′

α
xα

∣∣∣
M

a
+

∫ M

a
(1(x)−C′)dxMα−1− (α−1)

∫ M

a

∫ x

a
(1(y)−C′)dyxα−2dx

=
C′

α
xα

∣∣∣
M

a
+O(Mα−1)− (α−1)

∫ +∞

a

∫ x

a
(1(y)−C′)dyxα−2dx

+(α−1)
∫ +∞

M

∫ x

a
(1(y)−C′)dyxα−2dx

=
C′

α
Mα +C1(α)+O(Mα−1). (3.5)

Combine (3.2), (3.3) and (3.5), we get (3.1). ¤

4. Proof of Theorem 1.

For t ≥ t0 > 0,

|χ(x)|k =
(

t
2π

)k((1/2)−σ)

+Gk,σ (t) (4.1)
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with

Gk,σ (t) = O(tk((1/2)−σ)−1). (4.2)

It follows from Lemma 2 and (4.1) that

∫ T

1
|R(s)|2kdt =

∫ T

1
|χ(x)|k|F1(t)t−1/4 +F2(σ , t)t−3/4 +Rσ ,t |2kdt

=
∫ T

1

(
t

2π

)k((1/2)−σ)

|F2k
1 (t)t−k/2 +2kF2k−1

1 (t)F2(σ , t)t−(k/2)−(1/2)

+
2k

∑
l=2

(
2k
l

)
F2k−l

1 (t)F l
2(σ , t)t−(k/2)−(l/2)

+
2k

∑
l=1

(
2k
l

)
(F1(t)t−1/4 +F2(σ , t)t−3/4)2k−l Rl

σ ,t |dt

+
∫ T

1
Gk,σ (t)|F1(t)t−1/4 +F2(σ , t)t−3/4 +Rσ ,t |2kdt

=
∫ T

1

(
t

2π

)k((1/2)−σ)

|F2k
1 (t)t−k/2 +2kF2k−1

1 (t)F2(σ , t)t−(k/2)−(1/2)|dt

+
∫ T

1

(
t

2π

)k((1/2)−σ)

Hk,σ (t)dt+
∫ T

1

(
t

2π

)k((1/2)−σ)

Lk,σ (t)dt

+
∫ T

1
Gk,σ (t)|F1(t)t−1/4 +F2(σ , t)t−3/4 +Rσ ,t |2kdt

= I1 + I2 + I3 + I4, (4.3)

say, where

Hk,σ (t) = O

( 2k

∑
l=2

(
2k
l

)
|F2k−l

1 (t)F l
2(σ , t)|t−(k/2)−(l/2)

)
, (4.4)

Lk,σ (t) = O

( 2k

∑
l=1

(
2k
l

)
|(F1(t)t−1/4 +F2(σ , t)t−3/4)2k−l Rl

σ ,t |
)

. (4.5)

To estimateI1, we need the following Lemma.

LEMMA 4. Let u1(t) be a real function,u1(t)≥ A > 0, u2(t) be a bounded complex func-
tion, then ast →+∞,

|u1(t)+u2(t)t−1/2|= u1(t)+Re(u2(t))t−1/2 +O(t−1), (4.6)

whereRe(z) is the real part ofz.

PROOF. Sinceu1(t)≥ A > 0 andu2(t) are bounded, we have fort large enough,
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u1(t)+Re(u2(t))t−1/2 > 0

and therefore

|u1(t)+u2(t)t−1/2|−u1(t)−Re(u2(t))t−1/2

=
(Im(u2(t)))2t−1

|u1(t)+u2(t)t−1/2|+u1(t)+Re(u2(t))t−1/2
= O(t−1), (4.7)

whereIm(z) is the imaginary part ofz. ¤

For 0≤ x < 1, h(x) 6= 0, thenF2k
1 (t) > 0. Notice that bothF1(t) andF2(σ , t) are piecewise

continuous periodic function of
√

t, we haveF2k
1 (t)≥ A > 0 and2kF2k−1

1 (t)F2(σ , t) is bounded.
Thus by Lemma 4,

I1 =
∫ T

1

(
t

2π

)k((1/2)−σ)

t−k/2|F2k
1 (t)+2kF2k−1

1 (t)F2(σ , t)t−1/2|dt

=
∫ T

1
(2π)k(σ−(1/2))t−kσ F2k

1 (t)dt+
∫ T

1
(2π)k(σ−(1/2))t−kσ−(1/2)Re(2kF2k−1

1 (t)F2(σ , t))dt

+
∫ T

1
(2π)k(σ−(1/2))t−kσ Pk(σ , t)dt

= I11+ I12+ I13, (4.8)

say, where

Pk(σ , t) = O(t−1). (4.9)

Now we estimateI11, I12, I13, I2, I3, I4 respectively. By Lemma 3,

I11 =
∫ T

1

(
t

2π

)−kσ
h2k

(√
t

2π
−

[√
t

2π

])
dt = 4π

∫ √T/(2π)
√

1/(2π)
x1−2kσ h2k(x− [x])dx

=





CkT +2
√

2π
(

Gk

(√
T
2π

)
−C′k

)
T1/2 +O(1) if σ = 0,

(2π)kσCk

1−kσ
T1−kσ +D′

k,σ +2(2π)kσ+1/2
(

Gk

(√
T
2π

)
−C′k

)
T1/2−kσ

+O(T−kσ ) if 0 < σ ≤ 1 andσ 6= 1
2k

,
1
k
,

2
√

2πCkT1/2 +D′
k,1/(2k) +4πGk

(√
T
2π

)
if σ =

1
2k

,

2πCk logT +D′
k,1/k +2(2π)3/2

(
Gk

(√
T
2π

)
−C′k

)
T−1/2 +O(T−1) if σ =

1
k
,

(4.10)
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here and afterD′
k,σ ,D′′

k,σ , D′′′
k,σ , D′′′′

k,σ , D′′′′′
k,σ , D′′′′′′

k,σ are constants depending onk andσ .
Similarly,

I12 =
−k

48π2

∫ T

1

(
t

2π

)−kσ−(1/2)

h2k−1
(√

t
2π
−

[√
t

2π

])
h′′′

(√
t

2π
−

[√
t

2π

])
dt

=
−k
12π

∫ √T/(2π)
√

1/(2π)
x−2kσ h2k−1(x− [x])h′′′(x− [x])dx

=





−kC′′k
6(2π)3/2

T1/2 +O(1) if σ = 0,

k(2π)kσ−(3/2)C′′k
12kσ −6

T(1/2)−kσ +D′′
k,σ +O(T−kσ ) if 0 < σ ≤ 1 andσ 6= 1

2k
,

−kC′′k
24π

logT +D′′
k,1/(2k) +O(T−1/2) if σ =

1
2k

.

(4.11)

By (4.8) and (4.9), we see that

I13 =





O

(∫ T

1
t−1dt

)
= O(logT) if σ = 0,

∫ +∞

1
(2π)k(σ−(1/2))t−kσ Pk(σ , t)dt−

∫ +∞

T
(2π)k(σ−(1/2))t−kσ Pk(σ , t)dt

= D′′′
k,σ +O(T−kσ ) if 0 < σ ≤ 1.

(4.12)

SinceF1(t) andF2(σ , t) is bounded function oft, we have

Hk,σ (t) = O(t−(k/2)−1), (4.13)

Lk,σ (t) = O(t−(k/2)−1), (4.14)

and

Gk,σ (t)|F1(t)t−1/4 +F2(σ , t)t−3/4 +Rσ ,t |2k = O(t−kσ−1). (4.15)

Hence

I2 =





O

(∫ T

1
t−1dt

)
= O(logT) if σ = 0,

∫ +∞

1

(
t

2π

)k((1/2)−σ)

Hk,σ (t)dt−
∫ +∞

T

(
t

2π

)k((1/2)−σ)

Hk,σ (t)dt

= D′′′′
k,σ +O(T−kσ ) if 0 < σ ≤ 1,

(4.16)
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I3 =





O

(∫ T

1
t−1dt

)
= O(logT) if σ = 0,

∫ +∞

1

(
t

2π

)k(1/2−σ)

Lk,σ (t)dt−
∫ +∞

T

(
t

2π

)k(1/2−σ)

Lk,σ (t)dt

= D′′′′′
k,σ +O(T−kσ ) if 0 < σ ≤ 1,

(4.17)

I4 =





O

(∫ T

1
t−1dt

)
= O(logT) if σ = 0,

∫ +∞

1
Gk,σ (t)|F1(t)t−1/4 +F2(σ , t)t−3/4 +Rσ ,t |2kdt−

∫ +∞

T
Gk,σ (t)

·|F1(t)t−1/4 +F2(σ , t)t−3/4 +Rσ ,t |2kdt = D′′′′′′
k,σ +O(T−kσ ) if 0 < σ ≤ 1.

(4.18)

Combine (4.10), (4.11), (4.12), (4.16), (4.17) and (4.18), we obtain (1.8). ¤
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