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Abstract. In a recent paper, Isao Kiuchi and Naoki Yanagisawa studied the even power
moments of the error term in the approximate functional equatiod (®r They got a mean value
formula with an error tern\D(Tl/z*kU), and then they conjecture that this term could be replaced
by Ek,aTl/Z*k"(1+o(1)) with constantEy , depending ork ando. In this paper, we disprove
this conjecture by showing that the error term shouldf 58)T/2-%0 4 o(TV/2-k9) with f(T)
oscillating.

1. Introduction.

Lets=o0+it (0< o <1t >1)beacomplex variable] (s) the Riemann zeta function.
The error ternR(s) in the approximate functional equation 6¢s) is defined by

(= 5 no+x(s 5 TR, (1.1)
n<y/t/(2m) n<y/t/(2m)
where
X(s) = 25n51$in<;ns>l'(1—s). 1.2)

In [1], I. Kiuchi and N. Yanagisawa derived the even power moments of the funi&isi| for
0< o <1 They proved

THEOREMA. Letk be a positive integer,

h(y) = 222 mfj;;%y‘) L (13)
then
%Tlfko_’_o(-rlﬂfko) f0< o< %(7
/T R(s)|*dt = MTl‘k" +Dy g +O(TY2koy 1 s<iando # 1 e
J1 1—ko : 2k 7 k’
2nCy logT + Dy 1 + O(T ~/2) if 0= %
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where the constarid, ; depends ok ando.

REMARK 1. Infact, foro = 1/(2k), according to their proof (see the following Theorem
1 aIso) the error term in Theorem A should ©¢logT). Because error terms @(1) for
sz IR(s)|2dt with Ty < T, < 2T; only imply an error term of(logT) for [, |R(s)|?dt rather
than an error term dD(1).

For (1.4), they conjecture that

CONJECTUREB. For 0 < o < 1and positive integek, the error termO(T/2-k9) could
be replaced by s TY279(1+0(1)) asT — +oo, where the constariy ; depends ok ando.

In this paper we will disprove Conjecture B by showing the following

THEOREM1. Letk, h(y) andCy be as in Theorem A,

_ hii2 _ /[ _
) =™ ~Co )= [ g (15)
where[x] is the integer part ok,
o l/(2rr)+1G v)d 1.6)
k= Ve k(y)ay, -
cl— / " RL (g (x)dx (L.7)
0
We have
/ " R(9) [t
1
T .
ckT+(2¢ZTGk(,/2n> 2v/2nC, - 5Gn )3/2c )T1/2+O(Iog(T)) if 0=0,

(2m*9Cc_1 ko ko+1/2 T ko4+1/2~/
ST T (22m) 2G| ) —2@m) et

ko—-3/2
k(lzg()o- 6 CL/)Tl/Z_kU+Dk70+O(T_k0)

_ if0<a§1ando;zféi

2k’

k T
2 -1/2 H _
2/2nC T2 - —24ncg log T + Dy 12k +4nGk<, / 2n) +O(TY?) ifo=

)

Rk xk

k
2nCilogT + Dy 1k + | ——Cl! — 2(2m)%/?C;
nCylog k,1/k (6\/51 x — 2(2m)7 Gy

+2(27T)3/26k<\/1) >T1/2+O(T1) if 0=

whereDy , are constants depending ¢hand o.

T:XH—\
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SinceGk(1/T/(2m)) is a non-constant periodic function @fT with period /27, which
doesn’t convergent, Theorem 1 is a disproof of Conjecture B.

In [1], they studied caseB8 < o < 1/(2k) and1/(2k) < o < 1 separately and estimate
fTTf \R(s)|2kdt for Ty < T, < 2T; firstly. Here we will deal with these two cases in one framework

and studyf; |R(s)|*dt directly.

2. Approximate functional equation.
We begin with an approximate functional equation due to Siegel.

LEMMA 1 (see P] or [3, Theorem 4.16]) If 0< o0 <1, N < At, whereA is a sufficiently
small constant,

9= 3 ncixe 3 ond
e n< A2
1)[ t/(2 )]71e7(1/2)i7t(sfl)( )(1/2 1/2 —(1/2)it— IT[/8,-(1 S)

(=
sl (4)") o).

where

N—-1 nlijv—n 1 (n/2)—v h(nfzv) n :
= ZJK n/z(nZV)'Z”<2r[) an (\/;—N;D (2.2)

an, is the coefficients of the Taylor expansion of

0(2) = exp{(s— 1) Iog(1+ \;E) —izvt+ ;itz}

with
o-1 172 -1
aO i 1 \/f b a3 3 + ( )7 ( )
ac=0(t™Y), if k>2 k#3. (2.4)
We need the following somewhat weak form
LEMMA 2. For0<o <1,
X(8)V2R(s) = (~)VY PR (0 + R0, tt ¥ 4 Ro), (2.5)

where

Fi(t) = <2n>1/4h(/2t:— N;]) 26)
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o L )RR (s e

(2.7)
Ry = O(t) >/ (2.8)
ast — 4.
PrRooOF. Apply Lemma 1 withN = 6 and use (2.3), (2.4), we have for» +oo
R(s) = (—1)[VV/@UI-1e-(1/2)in(s=1) (op)(1/2)s-(1/2) g~ (1/2)it ~(im)/8
x I (1—s)(2m) Y4(Fy(t) + Fa(o, )t Y2 O(t71)). (2.9)
Fort > 0 (see B, P. 78, P. 80)),
X(s) = (2m)>tel/2=52IMr (1 )1+ O(e™™)), (2.10)
I'(l— S) _ (Zn)l/Zt(l/Z)—Seit+(l/2)iTlS—(l/4)iIT(1+ O(t_l)) (211)

It follows from (2.9), (2.10) and (2.11) that

X(s)"Y2R(s) = (—1) WV @l-1g-(1/2)in(s-1) (o) (1/2)5(1/2) g (1/2it~(1m)/8 217 (1/2)~(5/2)
% e((s/4)7(1/4))in(zn)1/4t(1/4)7(s/2) e(1/2)it+(1/4)ins—(1/8)irr(zr[)fl/4
x (Fu(t) + Ro(0, )t 2+ 0(t ) (1+0(e ™)) 21+ 0@t )2
= (=)WVY@IL(E ()t~ 4 L Ry, )t/ 4+ O(t) /4. (2.12)
U

3. Abasic lemma.
The following lemma is the key to the proof of Theorem 1.

LEMMA 3. Letf(x) be aintegrable periodic function with period@ = fol f(x)dx, a> 0,
g(x) = [X(f(y) —C)dy, C' = [21g(x)dx, then asM — oo,

./aM f(x)x?dx

%M2+(g(M) —CYM+0(1) ifa=1,
C vat1 MY a-1y
_ GHM +C(a) +(g(M)~C)MT+OM* ™) ifa<la#0-1 (39

CM+C(0) +g(M) if a =0,
ClogM +C(-1) + (¢(M) =C')M~1 +O(M~2) if a=-1,
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whereC(a) is a constant depends @n

PrROOF. Fora # —1,

/f )X dx = c/ "dx+/ )X dx

C M
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M
_ 2 ya+l al’ a—1
= a—i—lx ’a + g(X)X . a/a g(x)x*Hdx (3.2)
/ X)x ldx= C/ *1dx+/ C)x tdx
Ja
—Clogx‘ +g(x ’1 +/ (3.3)
Sincef(X) is a periodic function with period 1,
x+1 "X
o0+ = [ (f(y)—c)dy:/a (1) —Cpay+ [ ty)dy-c
= [t -Crdy=g(x. (3.4
That is,g(x) is also a periodic function with period 1. Similarly, we hafig(y) —C')dy s a
(continuous) periodic function and therefore bounded. Soqfarl, a # 0,
M
/ ()X Tdx=C' / XL 4 / _C)xaTdx
a
—x +/ —CdxMet — (a — 1/ / —C)dyx¥~2dx
/ ~+o00
= %x" +0OM* ) —(a—1) / / —C)dyx¥'—2dx
+o00
(a— 1/ / —C)dy¥2dx
C/
—M“+C( )+O(Ma Y, (3.5)
Combine (3.2), (3.3) and (3.5), we get (3.1). O
4. Proof of Theorem 1.
Fort >ty > 0,
. t \K(1/2)-0)
XK= () +al®) @)
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with
Gio(t) = O(tHV/2=0)71), (4.2)

It follows from Lemma 2 and (4.1) that
T T
[ IR at= [ xR0+ R0t 4 4Ry el
1 1

(1/2)-
_/ (27‘[) |F12k(t)rk/2+2kF12k*1(t)|:2(0 tt —(k/2)—(1/2)

4 ;( >F2k LR (g, )t k2072
+21< ) Ot Y44+ R0, )t 3R |dt

+/ G ()|F1 ()t Y4+ Fa(0, )t ™¥/4 4 Ry g [Xdt

((1/2)—
_/ (27‘[) |F12k(t)t_k/2+2kF12k_1(t)F2(0,t)t_(k/z)_<1/2)|dt

T/ 1 \K(1/2)-0) T/t \K(1/2)-0)

+f (2n) Hio(Ddt+ | (271) Lo (t)dt
T

+/ Gk (1) [FLt)t™ Y4+ Fa(0,1)t=¥/* + Ry | *dt
1

=l1+1lx2+13+14, (4.3)

say, where

Hk,g(t):o<|22k2< >||:2'<'() (o, )t~ k2 /2> (4.4)

2k
Leot) = O<.Z (ﬁ") (R4 R0, 0S4 Ry ). (45)

=1

To estimatd;, we need the following Lemma.

LEMMA 4. Letus(t) be areal functionuy(t) > A > 0, uy(t) be a bounded complex func-
tion, then ag — oo,

luz(t) + uz(t)t 2] = ug(t) + Re(up ()t~ Y2+ Ot ™), (4.6)

whereRe(z) is the real part ofz

PROOF. Sinceus(t) > A > 0anduy(t) are bounded, we have fotarge enough,



On a mean value formula for the approximate functional equatiafsfin the critical strip 519
uy(t) + Re(up ()t ™2 > 0
and therefore

Jur (t) + U2(t)t 2] — ug(t) — Re(u(t) )t~/

_ (Im(up(t)))%t
u(t) + ()12 £ ug (1) + Re(up(t) )t—1/2

=0t ), 4.7

wherelm(z) is the imaginary part of. O

For0 < x < 1, h(x) # 0, thenFX(t) > 0. Notice that botiF(t) andF>(o,t) are piecewise
continuous periodic function aft, we haveF(t) > A > 0 and2kFX1(t)F(o,t) is bounded.
Thus by Lemma 4,

T/t \KW2-0)
|1:/1 (271) t K2 FE(t) + 2kFP ()0, )t 2t

—/ (2m)K(o- (/) —kap2k(t) dt+/ (2m)ko-1/2)—ko-(1/DRe 2kFZL(t)Fy (0, 1) )dt
+ /1 (2m)o-12kop (o 1)dt
=l11+l12+ 13, (4.8)
say, where
R(o,t)=0(t™Y). (4.9)

Now we estimate;1, 112, 113, 12, I3, 14 respectively. By Lemma 3,

—k
Iy = /T L) P \/T \/T at=am [V o
1 \2m 2m 2n V1/(2m)

ckT+2¢ﬁ<Gk(\/Z) —C((>T1/2+O(1) if 0=0,
(ZTT) Ck 1-ko / ka+1/2 l 1 \T1l/2-ko
T T +Dko+2(2m G\ 5 ) —C)T
1
_ —ko <
={ +O(T7) fo<o<lando# ., o,
T 1
2v2nGT 2 4D} 4 9 +4"Gk(’/2n) it o=,
2nClogT + Dy ; 4 +2(2m)3/? (Gk<,/2Tn> —C{(>T‘1/2+O(T‘1) if o= %
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here and afteD, ,Dy ;. Di';, Dy, D'y, D'y are constants depending kandao.
Similarly,

0

.:kft*”%m/t_hw/u/tm

2= 282 ), \2n 21 21 21 21
—k .VT/(ZH))(Zkathfl

= ton) e (x— [4)h" (x— [x))dx

—k& 112 -
6(271)3/2T /24 0(1) if 0=0,
_ L k@mBRAG o ke “koy 1
_kCIZ 1" -1/2 i 1
247_[ |0gT + Dk,l/(2k) +O(T ) |f g = j(

By (4.8) and (4.9), we see that

i
o(/ tldt> — O(logT) if o= 0,
1

I = +00 +00
13 / (2mKO-(1/2) k9P (g t)dt — / (2mKO-(1/2)-kop (g t)dt
1 T

(4.11)

=Dy +O(T ) fo<o<1.

SinceF; (t) andF(o,t) is bounded function df, we have

Heo(t) = Ot~ K21,
Lio(t) = Ot~ (21,
and
Gro (V) |FL ()t Y4 4+ Fa(0,t)1t 34 4 Roy| X = Ot %01,
Hence

]
o(/ tldt> — O(logT) if 0 =0,
1

= e N e OO
/1 (27‘[) Hi o (t) t—/T (27‘[) Hi o (t)dt

=Dy, +O(T %) fo<o<1,

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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T
o(/ tldt) — O(logT) if 0 =0,
1
lg={ o/t \K1/2-0) oo/ ¢\ K(1/2-0) (4.17)
/1 (271) Lk’a(t)dtf/T <2n> Lo (t)dt
=Dy +O(T ) if0<o<1,
T
o(/ tldt) — O(logT) if 0 —0,
1
g = +oo B 3 +o0
‘ GroOIFE 4+ R0t ¥+ Rog*di— [ Gealt)
(RO Y4+ Fo(0, )34+ Ry |*dt =Dy + O(T7k9)  if0<o <1
(4.18)
Combine (4.10), (4.11), (4.12), (4.16), (4.17) and (4.18), we obtain (1.8). O
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