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Abstract. We provide an extended interpretation of the zeta regularized prod-
uct in [D]. This allows us to get regularized product expressions of Holder’s double
sine function and its companion, i.e. the double and triple trigonometric functions.
The expressions may reasonably explain the ladder structure among these multiple
trigonometric functions. We also introduce the notion of finite ladders of functions
which helps us understand the meaning behind these regularizations.

1. Introduction.

There exist various couples of important functions satisfying the “extension” prop-
erty:

Flz+1)
W = G(z). (E)
The multiple gamma functions I},(z) due to Barnes [B] and the multiple trigono-
metric functions .7.(z), €, (x) which are generalizations of usual trigonometric func-
tions provide non-trivial solutions to this problem (see [KW4]). Actually, one knows
L1 +1)/Tyr(x) = Dp(2) 7 and S (z + 1)/ Sa(x) = =S (), Sz +1)/S3(z) =
— S (2)2S (), ete. The higher Riemann zeta function (.. (s) [KMW] (see also [CL])
defined as (oo (s) == [[— o ¢(s+n), ((s) being the Riemann zeta function, and the higher
Selberg zeta function zp(s) [KW2] defined similarly from (a shifted product of) the
Selberg zeta function Zp(s) for a Riemann surface I'\H are also important examples.

Since it is well known that the multiple gamma function I, (x) has the zeta regu-
larized product expression

[ee)

Tn@) ™ = J] (4 nm+a) = exp(=(,(0,2)),

N1ye e, =0

it is immediate to see from a general property of the zeta regularized product;

[reruran = [Ineran]lnesan (see, eg. [KiW]), the pair (F(x),G(z)) = (Imy1(x),
I (z) 1) gives a solution of (E). Here (s, ) := Y00 (ny+-+nm+x)"%is

N1yeeeyNyn, =0

2000 Mathematics Subject Classification. 11MO06, 11M36.

Key Words and Phrases. Riemann zeta function, multiple trigonometric function, zeta regularized
product, Euler-Maclaurin formula, Weierstrass canonical form.

Partially supported by Grant-in-Aid for Scientific Research (B) (No. 15340012), and by Grant-in-Aid
for Exploratory Research (No.15654003).



1198 N. KUROKAWA and M. WAKAYAMA

the multiple Hurwitz zeta function.

Let us recall next the multiple trigonometric functions. For r = 2,3,4,..., the
multiple sine .%,.(z) and cosine %,.(z) functions of order r are given by the Weierstrass
products:

[eS) n 0o (-1t [
zr—l xT 17‘—1 T T
A== L a(5) =l {P’”<n)P’”<‘ 2 }

—1

2 r
Py(u) = <1—u>exp(u+“2+-.-+j).

The study of multiple trigonometric functions was started by Holder [H8] in 1886,
where he discovered the first non-trivial example .#(z). This double trigonometric
function is also used for describing the functional equation (and the calculation of the
gamma factor) of the Selberg zeta function [K] attached to a Riemann surface (see also
[KKo|, [KW2]). Moreover, the multiple sine functions .#,.(z) of order r provides the
expression of the value L(r, x) of the Dirichlet L-function for a Dirichlet character yx
satisfying x(—1) = (=1)""! (see [KW1], [KOW]). Among basic properties of multiple
trigonometric functions, the most characteristic one is the periodicity such as

yg(fﬂ + ].) = —y2($)y1($)7 yg(ir + ].) = —yg($)y2($)2y1($), e

%Q(ZL‘ + 1)2 = —%2(1‘)2%1 (3'})2, %3((1} + 1)4 = —%3(.1’)4%2(.%)8(51 (.27)4, e
which are considered as generalization of the usual periodicity of 7 (x) := 2sin7a and
@1 (x) := 2cosmz. In other words, these examples give the solutions to the problem (E):

(F(x),G(x)) = (A(2),-1), (F(2), ~F1(2), ((2), —F2(2)* A1 (2)),

(%1 ({L‘), _1)7 (%2(33)27 —¢ ($)2)7 (%3($)47 _%2(‘7;)8%1 (.%')4)

In view of these ladder structure, one may expect the existence of regularized product
expressions of .7.(x) and %,.(x). Such expressions, however, have not been known so
far. Thus, in this paper, we first investigate zeta regularized product expressions of these
functions (of small order). When we try to have such expressions, however, it is necessary

to introduce a certain extended interpretation of the zeta regularization (see §2).
The second aim of this paper is to study “finite” companions
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=Gn(2) (En)

of multiple trigonometric functions. We call solutions of (Ey) finite ladders in multiple
trigonometry. The pair (F,G ) is expected to give a solution to the original problem
(E) as N — co. With this, we study also the divergent structure behind the regularized
product expressions of multiple trigonometric functions via the Euler-Maclaurin formula.
The present study may be considered as a refinement of a part of the work of Hardy [H]
from the view point of the zeta regularized product (see §5).

2. Regularizations.

We have
y2(x):emﬁ{(l_i)n€2z} aw- T {(1—@>’2‘62m}
n=1 1+ % n=1,n:0dd 1+ é
2 > 2\, 0 2 \3)7
F(xr) =€e7 H{<1_n2> e’ }, C3(r) = H {<1—(T,)2) e’ }
n=1 n=1,n:odd 2

We write G () = ‘é(m)zpl. Note that 4,.(z) is a 2"~ !-multi-valued function and hence
%, (x) defines a single valued function. Note that

A (x) = 2sin(rz) = 2ma ﬁ <1 - 362)

n=1

% () = 2 cos(nz) = 2 ﬁ (1 - (”“"2>

n=1,n:odd

We introduce the following notation:
[T (@)’ == exp (= ¢4,5(0)).
n=1

Here we put ¢qp(s) :=> 1 by - a,® and ¢qp(s) is assumed to be holomorphic around

s = 0. Hereafter, we always assume that —7 < arg(a,) < 7.

Obviously, [To—1(an)* (i.e. when b, = 1) gives the usual zeta regularized product
1,2 a, in [D]. If b, € Z-o, each b, can be interpreted as the multiplicity of a*
in the Dirichlet series ¢qp(s). Let ((s) = > o2, n~* be the Riemann zeta function.
Notice that []n—;(n)™ = exp(—¢’(—1)) but we do not know the existence of [],—;n",

(even if we employ the dotted products [, [ developed in [KW3], [KiW]) where
we need to look at the behavior of Y > | (n™)™* = >">°  n~ " around s = 0. This new
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regularized product, however, allows us to give zeta regularized expression of the multiple
trigonometric functions of small order.

THEOREM 2.1. We have

(1) A@) =z [[n—2) [Jn+a2).

©2) %i(z) = C:<n;x) f[ (n;H)

® A= (M@~) « M- o
i T =exp (~¢1-2) = (42)

i |
A3 )

n=1 n=1
00 (2n—1)2
_ 1 3¢(3)
th - = exp (3¢'(=2)) = - .
wi J:]l <(n 2)) exp (3¢'(-2)) exp< =
The first two are simple. Actually, since #(x) = 2sin(mz) = W?l—w)’ the

assertion (1) follows immediately from the formula due to Lerch ([L]) (concerning the
first derivative of the Hurwitz zeta function at s = 0); 27 '(z)™! = [[72(n + x). The

claim (2) follows easily from the fact € (z) = % (z+ 3). We may prove (3), (4), (5) and
(6) by using the explicit expressions of those multiple trigonometric functions in terms
of the normalized multiple trigonometric functions because they are defined via the zeta
regularized products (see [KKo]). To do so, however, it is necessary to make rather
tedious calculations. Thus we give here a direct proof based on the general property of
this new zeta regularized product which we study now. In other words, the expressions
for .7 (z) and €, (z) obtained here can reprove the explicit relations between these and
the normalized multiple trigonometric functions.

In order to develop the theory nicely, we first establish a certain general result

concerning the zeros (or poles) of the function defined by [[ne; (@, — x))*", where all b,
are the integers.
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Let a = {ap}n=1,2,.. be a divergent sequence of nonzero complex numbers and
b = {bn}n=1,2... be a sequence of integers. Denote by p the exponent of convergence of
the series

oo

Z |bn| - ‘an‘_ta

n=1

that is, the series converges for Re(t) = pu+ ¢ and diverges for Re(t) = u— e for any € > 0.
Let p be the integer part of u. Define a Dirichlet series attached to the data (a,b) by

Gab(s,2) =D by (an—z)".
n=1

This Dirichlet series converges absolutely in the region Re(s) > p and uniformly for each
compact subset in z-space C' which does not meet any a,. We assume that ¢q (s, )

can be holomorphically extended to a region containing s = 0. Then [[o; (an —2))" =

exp ( — £ ¢q,5(0,2)). We now show the relation between this regularized product and
the Weierstarss canonical product which is a generalization of the result established in
[V] (see also [I], [KiW]). In other words, it can describe the location of zeroes of the
function expressed by this regularized product.

THEOREM 2.2. Retain the notation above. Suppose that b, are all positive integers.

Then the function o1 (an — x))** is analytically extended to the whole complex plane
as an entire function whose zeros are exactly given by x = a,, with multiplicity b,,. More
precisely, there exists a polynomial P(x) of degree at most p = [u] such that

ﬁ((a” _g)bn = P f[l (1 _ ;)b exp Gﬂéz(i)e)

SKETCH OF THE PROOF. The proof is similar to the one given in [V]. Write the
infinite product in the right hand side by Ag p(x). Put

na,b(s7x) = F(s)¢a,b(87x)‘

Then it is easy to verify that

dr+1
Top 1 108 Aap(z) = —Nap(p+1,2).
Note that 74.(s,z) may have poles at s = 0,1,2,...,p. For a meromorphic function

f(s), the finite part FPf(a) at s = a is in general defined by
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f(a) if f(s) is holomorphic at s = a,

FPf(a) := {

lims—,.{f(s) — (the principal part of f(s)) if f(s) has a pole at s = a.

Then, since the operations taking FP and d% are compatible, we find the function defined
by

P k
x

Fop(z) :=exp (— FPnav(0,2) + E FPnq.b(k, O)k'>

k=0 '

satisfies

ar+t

W IOgFa,b(x) = _na,b(p —+ 1,$)

Hence we see that the difference of the functions log Ag p(z) — log Fy p(z) is actually
given by a polynomial function of degree at most p.
Note here that

3p+1

nga,b(s,x) =s(s+1)---(s+p)pap(s+p+1,2).

Since ¢q,b(s, ) is holomorphic at s = p + 1, %(ﬁmb(s,x) vanishes at s = 0. Since
I'(s)=s14v+715+ - and ¢q (s, ) is holomorphic around s = 0 (by assumption)
it follows hence that

orti ortt 9
WFPna,b(Ov IL’) = 8.’1,’p+1 %(ba,b(oa IL’)

This implies that log Ag p(x) — log %qba,b((), x) is also a polynomial of degree at most p.
This completes the proof of the theorem. O

Before going to the actual proofs of (3), (4), (5) and (6) in Theorem 2.1 we note
here the following three useful properties of this new zeta regularized product.
We see easily that

T (@) = { ﬁ«an»b"}l and [ (@) = 1.

n=1

Using this, we have in general

o 00 k
H((an))kb" = { H((an))b”} for any ke C. (A)

For any two integral sequences b = {b, }n=12,... and ¢ = {¢,}n=12,.. ., we have
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oo oo

[ (@)= = TL @) - [T (o) ®)

n=1 n=1

whenever all of the regularized products exist. This relation follows immediately from

the relation ¢q.b1c(S) = Pab(s) + Pa,c(s).
Suppose A > 0. Then we have

[T (an)t = A%+ T (@) (C)

This follows from the Taylor expansion of ¢xq (s) as

o0

Brab(s) = Y b+ (Aan) ™" = A" "¢ap(s)

n=1

(1= slogA+ O(s%)) x (¢ap(0) + ¢, 5(0)s + O(s%))
= ¢a,p(0) + (—log A?=+® 1 ¢, (0))s + O(s?).

PROOF OF (3),(4), (5) AND (6). We first show (3). Put f(z) = [In_1(n + z)"
and g(z) = f(—x). Then, by the theorem above we see that f(z) defines an entire
function with zeros at & = —n of order n. Also, by the properties (A) and (B) we
calculate as

f(x+1):ﬁ((n+x+1))”:ﬁ((n+x ﬁn—kx
z(ﬁ((n+x)))_lﬁ(n+x (]__]TH—x)l-f(x).

Similarly we have g(z + 1) = —z[[,—(n — z) - g(z). It follows that

fx f(z)

g(x::-_B :—xﬂl(n—x [_[ n+x) ﬂz—ﬁﬂ(m)w

by (1). Tt is known that .#5(z) has the same periodicity (this follows also from (2) and
(4) of Theorem 3.1 below). Since two meromorphic functions .3 (x) and ?E ; of order 2
have exactly the same zeros and the poles counting with their multiplicities, there exists
a quadratic polynomial ax? + bz + ¢ such that

) = eaz2+bat+cM
7l = 76y
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The fact that these functions .#3(x) and ?Ez

b € 2wiZ. Here, noting that both .#(x) and ?Ei; are real whenever x € R we conclude
that b = 0. Comparing further the values at x = 0 we have ¢ = 0. This proves (3).

We prove (4) quite similarly using the periodicity ¢a(z + 1)/%2(z) = —%1(z)?.
Actually, putting k(z) = [Tn_;(n — 3 + 2))*"~!, we have

% have the same periodicity yields a = 0 and

by - =g 4oy fe— )
-tte)  Mm-b+a)

Here we use the aforementioned properties (A) and (B) of the zeta regularized product.

Since f(z +1) = ([Tn=1(n + x))fl - f(z), we obtain

1
ka+1) = —T@F1=3)"
nei(n—z+a+1)
LIS 1? (G ake)

o M- i+a) - i+ap

Similarly, since
F(—a) gl +3)?
— %*I)
we have
00 1 2
k(—z—1)= —<x+ 2) u <n —3~ x) k(—x)

Hence it follows that

W:_ﬁ <”‘;‘I)2ﬁ ("—;+z>2k,£(;§) :—%1(55)2’“]5(;;).

k(==)
k(x)
two meromorphic functions k,g(_;;) and % (x) (of order 2) have the same zeros and poles
counting with the multiplicity, and both are real valued for x € R, as in the previous
proof of (3), we see that these two must coincide. This proves (4).

Since the proof of (5) is essentially the same as what we did for (3), we only give a

sketch: Put h(z) = [[rei(n + 2))"*. Then, using (A) and (B), we observe that

has the same periodicity of %(x). Also, since these

This shows the function

h(x+1):h(:c){ ((n+a:))”}_ L+ ).
n=1 n=1
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Similarly
[e’e} 2 oo
h(—x—1) = —xh(—x){ H n—x)) } H n —x))
n=1
It follows that

h(z + 1)h(—z — 1) = h(x)h(—z —gp)d =n=tn” P (n—2a) (n+ )

= —h(x)h(—2).L(x)%.% ().

n=1

This shows that h(xz)h(—z) has the same periodicity of .#3(z) by (3) of Theorem 5.1.
Also, since the zeros of two entire functions .#5(z) and h(z)h(—z) coincide they must

be the identical function up to the factor [],—;((n))". As to the normalizing constant

122, (n)™", the value is computed by the definition of the regularized product and the
functional equation of the Riemann zeta function; ((1 — s) = 2! 757 7*I"(s) cos (%) {(s).
This proves (5). Also by using the periodicity of %3(z), that is, €3(x + 1)* =
—63(2)*62(2)861 (r)*, the same discussion of (4) can give a proof the formula (6). This
completes the proof of Theorem 2.1. O

3. Finite ladders.
We first give finite ladders of the sine and double sine functions.
THEOREM 3.1. For each integer N > 1 define
N! 2 22
A= (i) * 11 (1 52)

and

A= (1) TH{(53)

n

—

Then we have

(1) hm ,5”1 N( ) yl(l‘)

N—o0

(2)  Jim S n(z) = S(2).

R e ([ (R




1206 N. KUROKAWA and M. WAKAYAMA

(4) % =~ n(2) % <1 - Jf;)_N (1 - Ji)_l.

Remark that such a finite level object is considered as a refinement of the multiple

sine function since there appear various factors vanishing in the limit N — oo. For the
cosine cases we have similarly the following

THEOREM 3.2. For each integer N > 1 define

i (I (2

n=

~ N 1 _ nfl 2n—1
%27]\,(33) = H ﬁ e4m )
n=1 TL—%

(1) lim % n(2) = 6i(a).

and

Then we have

() Jim () = Glo).

¢~ (7) N N

We have also the following duplication formulas for finite ladders in multiple
trigonometry.

THEOREM 3.3. Duplications formulas in finite ladders hold:
(1) fLQN(Qx) :yl’N(ZL')%LN(IE).

(2) yQ,QN(Q‘TC) = y27N(x)2‘€27N(x).

The proofs of these theorems are based on the Stirling formula. We study %5 n(x)
and . n(z) in the text below (see Theorem 5.1) together with the discussion about the
regularization.

4. Proofs of Theorems 3.1, 3.2 and 3.3.

PROOF OF THEOREM 3.1. By the Stirling formula we have the assertion (1). The

claim (2) is clear from the fact (1+ %)N — e”. For (3) and (4), we calculate directly as
follows. Concerning the case (3) we have
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AnE+1) xz+1 ﬁ n?—(z+1)>2
yl’N(.’E)

L2

_z+l (o) -z)--- (N-1-2) 2+2)3+2) - -(N+1+z)
x 1-2)2—2) (N —1) I+2)24+2)---(N+=x)
N+1+z2

- N—z

Similarly we have

()G

(—2)'(1—2)? - (N-1-2)V  (1+2)'2+2)* (N+z)¥
Q1-z)2-2)2-(N—2)¥V (2+2)'@+z)?2 - (N+1+z)N

_ (1 + $;1>N<1 + ;)NezN x (—a)(1 =) (N — )

x(14+z)2+z) - (N+2)x (N—2) VI x (N+1+2)7V

b 1) ()65

This proves (4). O

PROOF OF THEOREM 3.2.  Since (2N)!(N!)71272N /NNe=N — /2 by Stirling’s
formula, we easily observe that imy_.o, ¢1,5(z) = 2 HZOZI (1 — @) = %1 (x), which

shows (1). The assertion (2) is clear. For (3) we have

We calculate (4) as



1208 N. KUROKAWA and M. WAKAYAMA

n=1 n=1
N 2n—1 N —(2n—1)
—— —(1 _ 1 4N
><nl:[1( 5 (+x)> nl:[l(n 2+( +x)> X e
N 2 N 2
1 1
QUSRS

Noting that Hfj:l (n-4H=41.3... N1 %, we obtain

2 272 2
Gon(x+1)
%27]\](:6)
_ [Nyt 41]—\1 L 22\ 1_(33—&-%)2 72NXN+%—|—33
e ) U ae) U ) v
This completes the proof of Theorem 3.2. 0

PrOOF OF THEOREM 3.3. (1) Using the respective expressions

Ny 8 a2 NV o 42
s = () w1 (-3) = (wres) = I (1-5%)

n=2,n:even

and
N
_ (2N)! 2 2 A2
A= (it )+ 1 (- 55)

we see that

Aan(2z) (2N)!(N!)—12—2N 2 2N -1 L

Sn(z) NNe—N X H 1_?
7 n=1,n:odd

((2N)!(N!)122N >2 ) N

NNeg—N

n=
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(2) Comparing expressions

Fon(@)? = (1 + % . ﬁ {(

n=1

+
.13 2N 2N
- (1 ’ N n= l;Ieven {

= =
38 3\8
v
oy
——

with
2\ 2N 2z \"
2 =(1 el n 4z
y2,2N( ) < JFN) }1{(1"'27?)6 }v
we obtain
() AT {<1 ) N1\
2,2N ~ n 4z n—3 4z Z
= = H 3 | € }H{(r ) e }‘KQ,N(:E).
yg)]\](.’lﬁ) n=1,n:odd 1+ n n=1 1+ TL*%
This proves the duplication formulas for finite ladders. O

5. Divergent factors and higher orders.

In order to arrive the finite ladders corresponding to the multiple sine functions of
higher order, we start by the following general problem. Let

ID:OI =Det(A—=xz) and G(x ﬁ = Det(B — z)

be zeta regularized products giving solutions to the problem (E), where 0 < a; < ag
az < - T +00, 0 < bl < b2 < b3 < - T +o0, A= diag(alvcl??a?n'”) and B

diag(by,ba, b3, - - ). Assume that [],-;a, takes the form of

A

N N
Wlth |: H an:| = [ I_JIVn:l i
reg

n=1 anl a’ﬂ} div

-t [T,

reg

and []o2 by, is so, where reg denotes a regularization and div indicates a divergent factor
in an appropriate sense. This type of expression frequently occurs (usually written in an
additive way) when we use the Euler-Maclaurin summation formula (see e.g. [T]). For
instance, if we put [N!gy = NVT2¢N | then the expression

N —oo N—oo [N'}dlv N—oo NN+§€_N

00 N
N! N!
H n = lim [H n] = lim [N = hm —— = lim ———— =+V2m.
reg
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may explain the situation. Here we used the Stirling formula. Remark that the coef-
ficients of . n(z) in Theorem 3.1 and %) n(z) in Theorem 3.2 are expressed in this
manner. Then, there arises a natural question as follows: Let Iy be a finite set indexed
by an integer N. Then, one can ask

Do the sequences of pair of functions of the form

Fn(z) = [ 11 |an|°”} ] P( ) and

nely reg nelyn
z) = [ 1T ex d} ] PZ< > (L)
neln reg neln

give natural candidates of solutions to the problem (Ey) for some appropriate choices
of the sequences {a},{bn},{cn},{dn} and integers r,¢? Moreover, do the limits
limy oo Fv(z) and limy_,o Gy () exist and have expressions via certain zeta regu-
larized products ?

For instance, the case of the pair (%% n(z), 7 N( )) can be interpreted in this
setting. In fact, first taking Iy = {-N,...,—1,1,2,..., N}, b, =n,d, =1 and £ =1,
we have

i |d]g T ] =[<N!>2]reg=[((j§f))f]m

neln neln

with [(N1)?]aiy = N2V F1e=2N Tt follows that 2Gy(z) = S n(z) — F1(x). Moreover,

. . N
if we take a, = n,c, = n,7 =2 and Iy as above then, since [[,c; ay = [[,,—; [n" -

ngl In|~™™ =1 we have (1 + %)NFN(I) = S n(x) — F(x). By Theorem 3.1, this
observation shows that the pair (Fy(x), Gy (x)) gives essentially finite ladders;

e {(-5) (5 8) e

Here, the part { } clearly becomes 1 when N — oo.

To be more explicit the situation about a divergent part, we recall the asymptotic
formula of ¢’(s) which is obtained from the Euler-Maclaurin formula (see [T], [H]). The
quantity

—('(s) — Z n~*logn

has an asymptotic expansion

N1=slog N N1=s 1 s 1
- — N "*logN + —N*1logN — — N1
1—s  (1-sF 2 V7t N1 -
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Let us truncate these series after the last term which doesn’t tend to 0 with N—!. Then
one obtains, for every complex number s # 1,

—('(s) = lim {Zn *logn — (S,N)},

N —o0

where R(s, N) is the truncated series.
As we mentioned above, it is easy to see that we have R(0, N) = (N +1)log N — N
and

1 N!
/ _ _ - _ _ 3 -
—¢'(0 _J\}f&,{ E logn ((N+2)logN N>} _J\}E}olog(NN+§€N)’

which gives the Stirling formula (one knows ¢’(0) = —% log 27 from the functional equa-
tion of ((s). See p.335 in [H]). Furthermore, if s = —2, for instance, one has
N3 N2 N N3 N
O N) ==+ = JlogN — —— 4 —
R(=2,N) (3+2+6)0g o 12

It follows that
N
Aoy — T n? _ R(-2,N)
¢'(-2) ]\}Lmoo { lognlzlln loge }

2
Hence, if we put [Hgil n"2]div — (RC2N) - N AT - , by the definition of
our regularized product, we obtain

2 2

o0 N N n N
]:[((n))”2 =¢ <2 = Jim My = lim L™ = lim [H

R(—2,N N 2
e N—oo efi(— ) N—oo [anl nn }div N—oco

This observation would suggest the definition of the finite ladders of the multiple sine
functions of order 3 and 4. In fact, we have the

THEOREM 5.1.  Define 3 n(x) by

2

HN n 2 2 N
7 — n ez
s (@) ( (- NN —+) 11

9 e

—_
—N
N

—
|
3‘8
SIS
N———
3
9]
8
nN
——

Also, define 4 n(x) by

() = o IJ_V[ {(1 — ;ﬂl>n exp (2n2x—|— 2:5‘3)}
' it 1+ 3
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Then we have

n=1
o= ((1-z\"
(2) lim S n(z)=e H {(1 n ;L) exp (2n2x + x3>} = S (z)
o0 n=1 n

1
xexp(—ZNa:—N—l—x—l—Q)}.

Here the term in { } goes to 1 as N — oo. In particular,
S3(x 4 1) 2
Fs(z) 2(7)" 71 ()

Sl +1 (-
(4) % = = () S N (2) A1 N (2)

—3N —(N+1)3 —N3
T T 1+
1+ — 1-— — 1

1 N 1
xexp(— <N+2>m2—(4N—1)x+N2—2—1—3)}.

The factor in { } goes to 1 as N — oo. Especially, we have

% = =% Ay (2)° () A ().

Proor. The assertion (1) follows immediately from the limit formula we have

already seen; limy_ o [, 0 /N5 +5+5 =5+ = oD (= [2, (n)"). The
assertion (2) is clear. To show (3) we calculate as

N 2
173’N(x+1) o(N+3)(22+1) H (n —(z+1)° )
y&]\](CE) el

2 _ 2

2

(N D@ T n—l—x) (n+1+a)"
1:[ (n —2)"*(n + )"

N _ (n+1) —n?
- n x _ 2 2
)(22+1) H R X (—2)(N —2)" VYN + 14+ 2)
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L N n x 2n
- _ (N+§)(2a:+1) _
‘ 1 (n+w>

n=1

N
xa [[(n—a)(n+2) x (N —2)" V(N 41+ 2)N

-N 2
— _ o(N+1)(2241) (VQ,N(HJ)(l-F;) e—sz)

N!
NN+ N

1+a\V - 1
><<1+ Nx) (1—;) exp(—ZNx—N+x+2>.

This proves the former part of the assertion (3). The latter follows from this equation
and

1+a2\V -7 1
. x T
]\}ngo<1+ N ) (1—N> exp(—QNa:—N+a:+2)

1+ x 1
_ 2 1T a2 A _ 1
= th exp <N log (1+ > N-log <1 > 2Nz — N+ z+ 2)

1+x 1 1—|—ac2 x 1/ x 2 1
= 1 N2 - = N2 = -2 = — 2Nz — N =
Ninooexp< ( N 2( N >)+ (N 2<N>) . +x+2)

=1

X (%,N(:ﬂ)(mf( >2) (N —2)" N+ (N 4 1 4 )N

(4) Since

N n
Zin(z) = exp (2]\[;_1:63—1—2(12-1—'“-1-]\72)3:) I1 (”_””) ,

we see that

(3x2+3x+1)—|—2(12+-~-+N2)}

I{aas)

Here we have
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(M) (G ) e

=1 n=1

X (N = 2)" VD (N 414 2)~ V.

N! 2 ., »* 2
If we put Ay = <7) and By = ( u=l . ) , then we notice

N+l N N3 N2 N N3 | N
N Ze e—¢'(=2)N 73 2 T6e 9 T12
that

(n2 - x2) = Ax,l(N!)le ~N(z),

and

Thus we obtain

y47N(l‘+ 1)

Fan(x) = - y&N(x)syz,N(x)‘ng’N(x)

2N +1
X {exp< 3+ (3x2+3x+1)+2(12+-~-+N2)> x AH(N1)?
2\ 6N 3 o) 3N+3)az?
X<1+N> ¢ X By (H">( o

—(N+1)3 —N3
NN E e 1+ 1+
N N ’

It follows from the definition of Ay and By that
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5”4’]\;(1‘—1— 1)

= — e 5D 7 (2)3 S N (2)3S N (2
v (@) 3N (x)” S N (x)” S N ()

xd(1+Z iz o 141t o
N N N
-exp(—(N+;)xQ—(4N—l)m+N2—JZ+;>}.

Here, the factor { } goes to 1 as N — co. In fact, this can be seen from

—(N+1)3 —N3
. x 1+2
awm {(-5) (159
1 N 1
- — N4+ = )z2 - (4N -1 N? — — 4+ -
eXp< ( +2)x ( Yo + 2+3)}
= lim exp{ — (N+1)%log (1 =
_Nﬂoo p 8 N
1+ 1
—N3log (1 —(N+:=
0g<+ N) ( +2
2
o s(x  1fz 1
_Nlinooexp{(N“) (N+2(N> +3<
2 3
3 1—&—30_1 1+ +} 1+zx
N 2\ N 3\ N
1 N 1
—<N+2>x2—(4N—1)x+N2—+>}

3z

N 1
$2(4N1)£L’+N22+3)}

N————

= lim exp3z =e
N—o0

This completes the proof of the theorem. O

REMARK 1. As in the case of .7 y(x) we may put polynomials in z instead of the
exponential in front of the product for .3 n(z) and %4 y(z), but we do not pursue this
here.

REMARK 2. Look at the case of .75 y(x). Let Iy ={-N,...,—1,1,...,N},a, =
n,c, = n? and r = 3 in the notation we used for describing the question (L) in the be-

neln ‘an‘cn = (H'r]y:1 nn2)2 and [HnEIN |a’n|cn]reg =

. N3 N2 N N3 NN2
HnGIN |an|c”/[Hn€IN ‘a"‘cn}div with [HTLEIN |an|cn]div = (N CRE e 9 +12> .

Therefore, by Theorem 5.1 and Theorem 2.1 we see that limy_ o [HneIN |ar, C"Leg =

([1,;";1((71))712)2 = e 2 and S y(z) = X' PeT Fy(x) — ().

ginning of this section. Then []

REMARK 3. By Theorem 3.1, the sequence of functions .4 n(x) can be also re-
garded as a regularization factors of the products a:Hszl(n — ) H2[=1(” + ) in the
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following sense.

yl(l') = ]\}Enoo yLN(SU)

N N N N
e {C”H(nx)l_[(m:v)] = lim 21y (0 = 2) [y (4 @)

N N )
Nmee e N [z [ (n =) [To (0 +2)] g,

with [z ngl(n—w) Hg:l(n—kx)]div = (NN+2¢-N)2, Furthermore, .%5 y(z) can be also

a regularization factor of the product eV +32)** Y, (n— )" Y, (n+ 2)"* . Actually,

. 122 77N 2 N 2 —c! N3 N2 LN N3 NN\2
lfweput [6(N+2)1 anl(n_x)n anl(n+x)n ]div:(e C(Z)N3 + 2 +66 9 +12)
1Y,2 +— N 2 N 2
then 75 n(z) = [eV+2)7 [[_ (n—2)" [[,_,(n+z)" ]reg — #3(x) when N — oo by
Theorem 5.1.
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