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Abstract. In this paper, we study stability for harmonic foliations on locally
conformal Kéhler manifolds with complex leaves.

1. Introduction.

The purpose of this paper is to prove a stability theorem for harmonic foliations on
compact locally conformal Kahler manifolds. Let (M, J, gas) be a Hermitian manifold and
2 the fundamental 2-form associated with gp;. Then (M, J, gar) is a locally conformal
Kihler manifold if there exists a closed 1-form w, called the Lee form, satisfying df2 =
wA 2.

MAIN THEOREM. Let (M, J,gyp) be an n-dimensional compact locally conformal
Kahler manifold. If F is a harmonic foliation on M with bundle-like metric gy foliated
by complex submanifolds, then % is stable.

This is an analogue of the theorem “a holomorphic map between two Kéhler mani-
folds is stable as a harmonic map” (see also Corollary 1.2 below), where harmonicity for
a foliation .# on a Riemannian manifold (N, gy) is defined by Kamber and Tondeur in
[6] as the harmonicity of the canonical projection 7 from TN onto the normal bundle @
for the foliation .%#. The key of the proof of Main Theorem is the compatibility of the
complex structure with the connection on the normal bundle of the foliation (see Lemma
3.1).

A locally conformal K&hler manifold (M, J, gas) is called a Vaisman manifold if the
associated Lee form is non-exact and parallel with respect to the Levi-Civita connec-
tion. Although many interesting Vaisman manifolds such as Hopf manifolds are known,
some locally conformal Kéhler manifolds (e.g. some Inoue surfaces) admits no Vaisman
structures (cf. Ornea [9], Dragomir and Ornea [2], Belgun [1]).

For a locally conformal Kéhler manifold (M, J, gas) with the associated {2 and w, we
consider the Lee vector field B = w®. Here # denotes the raising of indices with respect to
gr- Then on every Vaisman manifold (M, J, gar), it is known that B and JB generate
a complex analytic foliation, called the canonical foliation, and gps is bundle-like (see,
e.g., Dragomir and Ornea [2, Theorem 5.1]). Now the following is immediate from Main
Theorem:
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COROLLARY 1.1.  The canonical foliations on compact Vaisman manifolds are
stable.

The case when the Lee form w is identically zero, (M, J, gar) is nothing but a Kéhler
manifold. Any complex submanifold of a Kédhler manifold is also Kéhler, and especially,
is minimal. Hence, in this case, Main Theorem is written in the following form:

COROLLARY 1.2.  The foliations on compact Kdhler manifolds with a bundle-like
metric foliated by complex submanifolds are stable.

This paper is organized as follows. In Section 2, we review the theory of harmonic
foliations by Kamber and Tondeur. Then Section 3 is devoted to the proof of Main
Theorem above for harmonic foliations. Finally in 3.10, we shall see examples of stable
harmonic foliations on Hopf manifolds and Inoue surfaces.
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2. The Jacobi operator and a stability of harmonic foliations.

Let (N,gn) be an n-dimensional compact Riemannian manifold and let % be a
foliation given by an integrable subbundle L C T'N. We define a torsion free connection
V on normal bundle @ = TN/L by

{VXS =n[X,Ys], for X e I'(L), SeI'(Q)and Ys =0o(S) € I'(c(Q)), 1)
2.1

VxS =n(ViYs), for X € I'(0(Q)), Se Q) and Ys =0o(S) € I'(0(Q)),

where o : Q — TN is a splitting such that o(Q) coincides with the orthogonal comple-
ment Lt of L in TN with respect to gyn. If the normal bundle @ is equipped with a
holonomy invariant fiber metric gg, i.e. Xgo(S,T) = go(VxS,T) + go(S,VxT) for all
X € I'(L), the foliation Z is called a Riemannian foliation or an R-foliation. There is
a unique metric go for an R-foliation with a torsion free connection V' on the normal
bundle Q. A Riemannian metric gy on N is called a bundle-like metric with respect to
the foliation % if the foliation becomes an R-foliation in terms of the fiber metric gg
induced on Q.

For a foliation .# on a Riemannian manifold (N,gy), the curvature RV of the
connection V is an End(Q)-valued 2-form on N. Since i(X)RY = 0 for X € I'(L),
it follows that the curvature operator RV (S,T) : Q — Q for S,T € I'(Q), is well-
defined. Define PV (U,V) : Q — Q by PV (U,V)S = —RV(U,S)V for all S € I'(Q).
The Ricci curvature SV for .# is then SV (U, V) = traceP" (U, V) which is a symmetric
bilinear form. We define the Ricci operator py : Q — @ as the corresponding self-adjoint
operator given by go(pvU,V) = SV(U,V), where gg denotes the holonomy invariant

metric on ). In terms of an orthonormal basis e,y1,...,e, of @, at some x € N, we
have (pVU)ac = ZZ:p+1 RV(Ua ea)ea-

Denoting by m € 2'(N,Q) the canonical projection from TN onto @, we have
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dym € 2%(N,Q), dom € C*(N,Q), the Laplacian A on 2'(N, Q) and so forth. Then
we have the following fact (Kamber and Tondeur [7, 3.3]).

Fact. Let F be a foliation on a Riemannian manifold (N, gn). Then the following
are equivalent:
(i) 7 is harmonic,
(ii) all leaves for the foliation are minimal submanifolds of N.
If & is an R-foliation, gy a bundle-like, and M compact and oriented, then these con-
ditions are equivalent to
(iii) Ar = 0.

A foliation on a Riemannian manifold is said to be harmonic if it satisfies (i) or (ii)
above.

We next study first and second variations of R-foliation .% on a compact Riemannian
manifold (N, gn) with bundle-like metric gn. We define the energy of the foliation & by

1
B(#) = 5|InI?,

where 7 is the canonical projection from TN onto @ and is considered as a @Q-valued 1-
form on N. Let {Us,, f*,7*?} be the Haefliger cocycle representing .%. Namely, {U,} is
an open cover of N with f* : U, — RY such that %% are local isometries on U,NUs(# D)
satisfying f* = y*0 f#. Here q denotes the codimension of .#. For v € I'(Q), we put

B9 (1) = xPyoge (W°(2)), @€ U, LE (—&,2),
where v = v|y,. We then have a variation & of f* = &f, where ¢ is sufficiently small.

Since &% () = y*P®? (x) on U, N Ug, the local variations {#¢'} define a variation .%; of
the foliation .. Moreover we have

Vo (80). = Vo € 2} (Ua, Q). (2.2)

To obtain the second variation, we need a 2-parameter variation .#; ; of Fy o = .# defined

locally as &¢,, where

D¢ 4 (T) = expya(y) (su®(x) + tv(x)), x €Uy, s,t€(—¢,¢)

for v, € I'(Q). Then by (2.2)

V%‘Szo,t:[) (@?7t)* - V‘ua7
V%lb:O,t:o (Q?,t)* = Vv

The second variation formula is now given by
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52 o2 1 P
Eg\ e — N s f—
050t | ,_o g (Fsr) = 5o07 5207t202<”6¢’”7t>

— (Vv, ms4)
Os $=0,t=0 7

= (VaVuy,m+ Vv, V) = (R (p, m)v, ) + <VV%U, ) + (dyv, dy )

= 7<RV(//L77T)7T7 V> + <V%V7 d*Vﬂ> + <d*VdV:u7 V> = <(A - pv)l/, ,LL> + <V%Vv d*Vﬂ->7

where RV and py are the curvature and the Ricci operator for @, respectively. For a
harmonic foliation .%, we have

32
0sot

. _OE(ys,t) = <(A - pv),u,l/> = </V,U7V>a (23)

where #v = A — py is the Jacobi operator of #. Note that the Jacobi operator #y is
a self-adjoint and strongly elliptic with real eigenvalues Ay < Ao < --- < \; < --- — 0
for ¢ — oco. Here the dimension of each eigenspace V\(F#) = {v € I'(Q); Fvv = I} is
finite, i.e. dim V) (%) < co.

DEFINITION. The indez of a harmonic foliation .% is defined by

index(.F) = Y dim V(%)
;i <0

and a harmonic foliation .# is said to be stable if index(.#) = 0, i.e. ( Zvv,v) 2 0 for
all v e I'(Q).

Note that this definition makes sense for the case of harmonic foliation .# with
bundle-like metric gy, because if gy is not bundle-like, then the equality (2.3) does not
hold in general.

3. Harmonic foliations on locally conformal Ké&hler manifolds.

The purpose of this section is to prove Main Theorem in Introduction. The following
lemma is crucial in our approach:

LEMMA 3.1.  The connection V on @Q defined in (2.1) satisfies VxJgS = JoV xS
forall X € I'(TM) and S € I'(Q)), where Jg denotes the almost complex structure on Q
induced by J on M.

PrOOF. We first note that any complex submanifold NV of a locally conformal
Kéhler manifold M is minimal if and only if the Lee vector field B for M is tangent to N
(for instance, see Dragomir and Ornea [2, Theorem 12.1]). Let V* be the Levi-Civita
connection of (M, gar). Then for all X,Y e I'(TM),

1
vy = vy + §{H(Y)X —w(Y)JX — gur(X.Y)A - Q(X,Y)B},
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where § =wo J and A= —JB. Then if X € I'(0(Q)) and Y € I'(Q), we have
VxJgS —JoVxS =n(VYJIYs — IVYYs)

_ w@{e(Ys)X —w(Ys)TX = gu(X, Ys)A - 2(X,Ys)B }> -

by 0(Ys) = w(Ys) = 0. On the other hand, if X € I'(L) and S € I'(Q), by Proposition
2.2 of Dragomir and Ornea [2] (cf. Vaisman [14]), we have [X, JYs] — J[X,Ys] € L.
Then

VxdgS—JoVxS=mn(X,JYs]| - J[X,Ys]) =0,
and this completes the proof of the lemma. O

We define a linear differential operator D : I'(Q) — I'(Q ® T*M) of first order by
DV(X) =V ;xV - JoVxV, Vel(Q)and X € I'(TM).
ProOF OF MAIN THEOREM. It suffices to show
(SeV.V) = 5(DV, DV) (3.2)

for all V € I'(Q). Let {e1,...,en, f1,..., fn} be a local orthonormal frame such that
Je; = fi, Jfi = —ei, 1 =1 = n, and that the frame {eq,...,ep, f1,..., fp} spans .Z.
Then

(SvV,V) = (dedvV,V) = (pvV, V) = (dvV,dv V) — (RY (V, )7, V)
= Z{/M 9Q(Ve,V, VeiV)UMJr/M 9Q(V 1V, VfiV)vM}

=1

- zn: {/MQQ(RV(V,ei)eZ‘,V)vM—l—/MgQ(RV(V,fi)fi,V)vM}. (3.3)

i=p+1
On the other hand, (DV, DV') is written as

wv.ov) =5 [ salovie).ovien + [ aovis). oVt

= Z{/ gQ(VJeiV — JV&V,VJ%Vf JVPIV)
: M

+gQ(VthV* JVfi‘/r,VinV* JVfiV)’UM}
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-y / (06(V 1V, V 5oV) = 260(V 3o, V, IV, V)
i=17M
4 90(JV,V, IV V) + 90(Ve V.V V)
+ QQQ(VGI.V; JVJeiV) + gQ(JVJein, JVJeiV)}’UM

=2) / {90(Ve ViV V) +90(V e, V.V e V)
i=17/M
+ gQ(VeiV, JVJe,iV) - gQ(VJe,iV, JVeiV)}’UM

= QZ /M {gQ(VCIK VeiV> + gQ(VJei‘/a VJeiV)
=1
+ eng(‘/a JVJei V) - gQ(Vva JVeiVJSiV)
- Jeng(‘/a JVPlV) + gQ(‘/a JVJeiveiv)}UJVl

= 22/ {gQ(VEIVvy Veiv) +gQ(VJei‘/7 VJeiV)
i=1YM
+ eng(‘/a JVJei V) - Jeng(V7 Jvelv)
—9Q(V,JRY (&5, Je)V) — go(V, IV e, jeqV) Yo (3.4)

We also observe that
n
> / {eigo(V, IV 5o, V) = Jeigq(V. IV e, V) — 9o(V, IV e, geqV) Jonr =0, (3.5)
i=17M

because if X € I'(T'M) is defined by gm(X,Y) = go(V vV, JV), then the following
computation of div(X) together with [, div(X)va = 0 allows us to obtain (3.5):

div(X) = {on (e:, VY X) + gnr (Jes, VI X) }

=1

= Z {eigni(es, X) — gu (Vﬁfe,’,X) + Jeignm(Je, X) — QM(V%iJei,X)}
i=1

= z": {eigQ(Vie,V,IV) = 9o(V jou., V. IV)
i=1
i —I—Jeng(VJJeinJV)_gQ(VJV%iJeiMJV)}
= i {eng(VJeiV, JV) —Jeigo(Ve,V,JV)v
i=1
00T VoIV) +90(Veyy o V.IV))

=3 {eigo(V, IV 5e,V) = Jeigq(V, IV e, V) = 9o (V, IV e, g V) }-
i=1
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Now by (3.4) and (3.5), we have

DV.DV) =23 [ {90(V. VT V) + 90(V 5o V.V 10, Y)
i=17M
—go(V,JRY (e;, Je;)V) Juar. (3.6)
Then for 1 <7 < p,

RV (e, Je))V =V Ve,V =V VeV=Vie jeqgV
’7T[€i, 71'[J6i7 VH — 7T[J61', 7T[6i, VH — 7T[[6i, Jel-L V]
wlei, w[Je;, V] + w[Je;, w[V, )] + 7|V, [es, Jei]] = 0, (3.7)

because the foliation is involutive satisfying
mles, 7 [Jei, V] = 0 = w[Je;, mt[eq, V],
where 71 = id — 7. Furthermore, for p + 1 < i < n, the Bianchi identity shows that

JRY (e, Je;)V = —JRY (Je;,V)e; — JRY (V. e;) Je;
= RV(V,Je;)Jei + RY (V,e:)e; (3.8)

Thus, by (3.3), (3.6), (3.7) and (3.8), we obtain the required identity (3.2) as follows:
1 n
—(DV,DV) = Z/ {90(Ve,ViVe V) +90(Vie, ViV e, V) bum,
2 i=17M

— Z / {gQ(RV(V,ei)ei,V)—l—gQ(RV(V,Jei)Jei,V)}UM
i=p+17M

= (JvV,V). 0

REMARK 3.9. (i) More generally, Main Theorem is valid even if M is (not neces-
sarily Kéhler and is) just a compact Hermitian manifold, provided that the connection
V defined by (2.1) satisfies Lemma 3.1.

(ii) As to stable harmonic foliations, there exists an example foliated by fibers of a Rie-
mannian submersion whose base space is not a complex manifold. A typical example is
the twistor space of a quaternionic Kéhler manifold.

ExAaMPLE 3.10. We here give examples of stable harmonic foliations on locally
conformal Kahler manifolds.

(i) Hopf manifolds: Let A be a complex number satisfying |A\| # 1. Denote by
(M) the cyclic group generated by the transformation: (z1,...,2,) — (Az1,...,Az,) of
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C™ — {0}. Since this group acts freely and holomorphically on C™ — {0}, the quotient
space CH" := (C™ — {0})/()) is a complex manifold called a Hopf manifold. Consider
the Hermitian metric go = (X7_,dz* ® dz*)/||z||? on C™ —{0}. Then gy gives a Vaisman
manifold structure on CH™ with Lee form wo = —{Z%_, (zFdz"+2%dz*)} /| 2||?. Tt is well-
known that C H™ has a principal Tcl;—bundle structure over the projective space CP" 1.
Then the foliation on CH™ defined by the canonical projection 7 : CH™ — CP""! is
harmonic and is stable by Corollary 1.1, where the metric on CP" ! is the Fubini-Study
metric. For examples of canonical foliations on Vaisman compact complex surfaces, see
Belgun [1].

(i) Inoue surfaces Sy;: Let H = {w = wy + v/ —1wy € C; wy > 0} be the upper
half-plane and M = (m;;) € SL(3,Z) a unimodular matrix with one real eigenvalue «
and two non-real complex eigenvalues 3, 3. Consider the eigenvectors (ay,as,as) and
(b1, b2, b3) associated to the eigenvalues o and 3, respectively. Let G s be the group of
complex automorphisms of H x C' generated by the transformations

(w, z) — (aw, Bz),

(w,2) = (w+aj,z+bj), j=1,2,3.

The quotient space Sy := H x C /Gy is an Inoue surface. The metric gg = wQ_de ®
dw 4+ waedz ® dz on H x C defines a locally conformal Kahler metric, called the Tricerri
metric, on Sp;. We now choose an orthonormal frame for the tangent bundle T'Sy; as
follows:

S SR S
6’(017 1= 2811}2’ 2_«/102621, 2_\/w2822.

€1 = W2

Then the distribution generated by B = f; and JB defines a harmonic foliation .# with
complex leaves by [e1, f1] = —e;. We shall now show that .% is stable. Unfortunately,
since the Tricerri metric gg on Sy is not bundle-like, Main Theorem is not applicable.
Put V :=aes + bfs € I'(Q). To compute the right-hand side of (3.3), we observe that

1 1 1
Ve,e2 = 7T< - 2fl> =0, Vyes = 7T< - 2af1> =0, Vive,e2 = 7T<2(€2a)f1) =0.

Hence RV (V, e3)es = 0, and by the same computation, we obtain RV (V, f3) fo = 0. It now
follows that the second term in the right-hand side of (3.3) vanishes. Thus ( ZV,V) 20
for all V € I'(Q).

In conclusion, let us note that a slightly different harmonicity for distributions (not
necessarily for foliations) on Riemannian manifolds was studied by Vanhecke et al. [5]. If
a foliation .# on a Riemannian manifold (M, gas) is harmonic in the sense of Kamber and
Tondeur, the Gauss map from M to the Grasmannian manifold G is then harmonic as a
map (cf. Ruh and Vilms [11]). Therefore a harmonic foliation .% in Kamber-Tondeur’s
sense is harmonic in Vanhecke’s sense. However, the converse is not true as follows: In
view of the beginning of the proof of Lemma 3.1, the orthogonal distributions of canonical
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foliations on Vaisman manifolds are not harmonic in Kamber-Tondeur’s sense, while the

orthogonal distributions are harmonic in Vanhecke’s sense (cf. [5, Proposition 3.4]; see
also Ornea and Vanhecke [10]).
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