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Abstract. The set Z(B) of submanifolds conjugate to a given reflective sub-
manifold B in a Riemannian symmetric space M has a structure of symmetric space.
Using this structure, for a submanifold N in M we establish integral formulae which
represent the integrals of the functions C +— vol(N N C) on #Z(B) by some extrinsic
geometric amounts of N.

1. Introduction.

A reflective submanifold in a Riemannian manifold is a connected component of
the fixed point set of an involutive isometry of a complete Riemannian manifold, which
was defined by Leung [7]. A plane of any dimension in a Euclidean space is a typical
example of reflective submanifolds. We denote by G the identity component of the group
of isometries of R™ and take a plane B of dimension [ in R™. We consider the set Z(B)
of all planes which are conjugate to B under the action of G:

Z#(B)={gB|g € G},

which is equal to the set of all planes of dimension ! in R™. Then #(B) has a structure
of symmetric space and a G-invariant measure. For an integer k with k& 4+ > n there
exists a constant o such that

/ vol(N N C)du(C) = avol(N)
2(B)

holds for any submanifold N of dimension &k in R". For almost every C' in #Z(B) the
intersection N N C' is empty or a submanifold of dimension k 4+ ! — n. The function
C — vol(N N C) is a measurable function on Z(B) and we can consider its integration.
The above integral formula is a classical Crofton formula. Its explicit expression is stated
in Corollary 4.5. One can find various versions of Crofton formulae in Santalé [12].

The purpose of this paper is to extend these results to the case where B is a reflective
submanifold in a Riemannian symmetric space. In Section 2 we recall the definitions of
symmetric spaces and reflective submanifolds. We show in Theorem 2.5 that the set Z(B)
of all submanifolds which are conjugate to one reflective submanifold B in a Riemannian
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symmetric space M has a structure of symmetric space. If M is a Riemannian symmetric
space of compact type, Z(B) is a Riemannian symmetric space of compact type. If
M is a Riemannian symmetric space of noncompact type, Z(B) is a semi-Riemannian
symmetric space. Essential parts of these facts have been already proved by Naitoh [10],
but our assumptions of the statements mentioned in Theorem 2.5 are weaker than that
of [10]. So we shall give its proof. In order to establish Crofton formulae with respect
to Z(B) we have to consider the integration on it. In Section 3 we define a canonical
measure on a semi-Riemannian manifold and in Theorem 3.7 introduce a coarea formula
on it. Its proof is given in Appendix. In Section 4, Theorem 4.1 we describe the Crofton
formula with respect to Z(B) as follows:

/ vol(N N C)du(C) :/ op(TyN)dp(x),
%(B) N

where N is a submanifold in M. In Section 5 we consider Crofton formulae in complex
space forms. The author defined the multiple Kéhler angle in order to describe Poincaré
formulae of submanifolds in complex projective spaces in [13], which is explained in
Section 5. Using multiple Kdhler angles, we can describe Crofton formulae in complex
space forms more explicitly.

The author would like to thank the referee who suggested many improvements of
the manuscript.

2. Reflective submanifolds in Riemannian symmetric spaces.

We recall the definitions of symmetric spaces and reflective submanifolds in Rieman-
nian manifolds. Elie Cartan originated the theory of symmetric spaces, but the following
definition of symmetric space is due to Loos [9].

DEFINITION 2.1. A differential manifold M is called a symmetric space if for each
x in M there exists a diffeomorphism s, which satisfies the following conditions.

(1) z is an isolated fixed point of s,
(2) s, is involutive, that is, s2 = 1,
(3) 82(5y(2)) = 85, (y)(52(2)) for any y and z in M.

If M is a (semi-)Riemannian manifold and if each s, is isometric, we call M a (semi-)
Riemannian symmetric space.

EXAMPLE 2.2. Let G be a Lie group with an involutive automorphism 7. We
denote by Fix(7, G) and Fix(1, @), the fixed point set of 7 and its identity component
respectively. Let K be a closed Lie subgroup of G which satisfies

Fix(r,G)y C K C Fix(r, G).

Let M = G/K and denote T = x K. We define an involutive diffeomorphism sz of M by

s2(9) = 27(x) " r(y) K (y € G).
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Then M is a symmetric space. See Theorem 1.3 (p.73) in Loos [9].
The following definition of reflective submanifolds is due to Leung [7].

DEFINITION 2.3. Let M be a complete connected Riemannian manifold. A con-
nected component of the fixed point set of an involutive isometry of M is called a reflective
submanifold.

LEMMA 2.4.  Let M be a complete connected Riemannian manifold and B be a
reflective submanifold of M. Then an involutive isometry such that B is a connected
component of its fized point set is determined uniquely.

We can prove this lemma by considering the differential of such an involutive isom-
etry at a point of B.

There is another class of submanifolds, called symmetric submanifolds, in Rieman-
nian manifolds, which was first defined by Ferus [2] in Euclidean spaces. We can define
symmetric submanifolds in general Riemannian manifolds. Totally geodesic, symmetric
submanifolds in Riemannian symmetric spaces are nothing but reflective submanifolds.
Naitoh [10] showed the following theorem in his study on symmetric submanifolds in Rie-
mannian symmetric spaces, where the ambient Riemannian symmetric spaces are simply
connected and have no Euclidean factor.

THEOREM 2.5. Let M be a Riemannian symmetric space and B be a reflective
submanifold of M. We denote by G the identity component of the group of all isometries
on M and by Z(B) the set of all reflective submanifolds in M which are conjugate to B
under the action of G:

#(B)={gB| g€ G}.

Then Z(B) has a structure of symmetric space. If M is a Riemannian symmetric space
of compact type, Z(B) is a Riemannian symmetric space of compact type. If M is a Rie-
mannian symmetric space of noncompact type, Z(B) is a semi-Riemannian symmetric
space of semisimple type.

The assumption of the theorem is slightly weaker than that of Theorem 2.3 in Naitoh
[10], so we show its proof for completeness. Take a point o in B and define

K ={g€G|go=o}.

Then M is diffeomorphic to G/K. We identify M with G/K in a natural way. We denote
by S(B) the stabilizer of B in G:

S(B)={9€G|gB=B}

We shall show that S(B) is a closed subgroup of G which satisfies the condition (x)
mentioned below. Then Z(B) is bijective to G/S(B) and #Z(B) has a manifold structure.
According to Lemma 2.4 we can take a unique involutive isometry 7 of M such that B is
a connected component of its fixed point set. We define an automorphism A(7) of G by
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AT):G—G; g Tgrh
We show the following relation between the sets Fix(A(7), G) and S(B):
(x) Fix(A(7),G)o C S(B) C Fix(A(r),G).

Take any element ¢ in S(B). For any point  in B, we have gz € B and dg,T,B = T,,B.
So dg,T}+B =T ;;CB also holds. The isometry 7 is a reflection with respect to B, hence
drz|r,p =1 and d7|p1 g = —1 hold and

d(TgTil)O‘ToB = dTgodgodTil‘ToB = dTgodgo‘ToB = dgol|T, B>

d(rgm Nolrs p = drgodgodr 11 p = drodge(—1)|7L 5 = dgolTs -

Thus dg, = d(tg7~!),. Two isometries g and 7g7~ of M have the same target and
differential at 0. So g = g7~ !, that is, g belongs to the fixed point set Fix(A(7),G) of
A(T). This shows S(B) C Fix(A(7), G).

Take any element g in Fix(A(7),G). Then Tg7~
z in B and

I = g and 7¢g = gr. This operates

Tgr = g7x = gor,

which means that gz belongs to the fixed point set Fix(7, M) of 7. Thus we have
Fix(A(1), G)x C Fix(r,M). Since Fix(A(7),G)oz is connected, this is included in B.
Hence we obtain Fix(A(7),G)oB C B and Fix(A(7),G)o C S(B). Therefore the relation
(*) holds.

Since the relation (*) implies that S(B) is a union of some cosets with respect to
Fix(A(7), G)o, the complement of S(B) in Fix(A(7),G) is also a union of some cosets.
Each coset is open in Fix(A(7), G), so S(B) is closed in Fix(A(7),G). Thus S(B) is a
closed Lie subgroup of G. By Example 2.2 Z(B) = G/S(B) is a symmetric space.

If M is a Riemannian symmetric space of compact type, G is a compact semisimple
Lie group. The Riemannian metric of M is induced from a bi-invariant Riemannian
metric of G. This also induces a G-invariant Riemannian metric of Z(B) = G/S(B).
With respect to this metric, Z(B) is a Riemannian symmetric space of compact type.

If M is a Riemannian symmetric space of noncompact type, G is a noncompact
semisimple Lie group. The Riemannian metric of M is induced from a bi-invariant semi-
Riemannian metric of G. We show that this bi-invariant semi-Riemannian metric of G
induces a G-invariant semi-Riemannian metric of Z(B) = G/S(B). With respect to this
metric, Z(B) is a semi-Riemannian symmetric space of semisimple type. We denote by
g the Lie algebra of G. The bi-invariant semi-Riemannian metric of G induces an Ad(G)-
invariant indefinite inner product (, ) on g, which is a positive constant multiple of the
Killing form of g on each simple factor of g. Let g = £ +m be a canonical decomposition
of g associated with the Riemannian symmetric space M. These subspaces £ and m are
orthogonal with respect to the inner product ( , ) and this inner product is negative
definite on £ and positive definite on m. Let s, be the geodesic symmetry of M at o. The
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involutive automorphism ¢ associated with the Riemannian symmetric space M is given
by

0:G—G; g 5,95,

Since 75, and s,7 have the same target and differential at o, we obtain 7s, = s,7, which
implies A(7)o = 0 A(7). Hence dA(7)t = ¢ and dA(T)m = m. We can decompose ¢ and
m to the direct sums of +1-eigenspaces of dA(7) as follows:

E=t, +t, m=my+m_.

The Lie algebra of S(B) is £ +m, and the tangent space of Z(B) = G/S(B) is naturally
isomorphic to £ + m_. The inner product (, ) is negative definite on £_ and positive
definite on m_. In particular it induces G-invariant semi-Riemannian metric on %Z(B).
Thus we have proved the theorem.

REMARK 2.6.  We can describe the structure of symmetric space on Z(B) in a
geometric way as follows. We take z and y in G. We can write the symmetry s,p of
% (B) at ©B by

s.5(yB) = 2(A(T)z) ' A(T)yB = zr2 " 'yB.

Thus s,z = 272~ !. On the other hand z72z~! is the involutive isometry corresponding
to the reflective submanifold xB.

3. Integration on semi-Riemannian manifolds.

In the case where M is a Riemannian symmetric space of noncompact type, for
a reflective submanifold B in M the manifold #Z(B) is a semi-Riemannian symmetric
space of semisimple type as is shown in the previous section. In order to consider the
integration on Z(B), we prepare for a measure on a semi-Riemannian manifold.

LEMMA 3.1. Let E be a real vector space of finite dimension. A bilinear form A
on E is bijectively corresponding to a linear map o from E to its dual space E* by

Az,y) = (a(z))(y)  (z,y € E).
This correspondence gives a linear isomorphism between the vector space @2E* of all

bilinear forms on E and the vector space Hom(E, E*) of all linear maps from E to E*.

ProPOSITION 3.2.  Let E be a real vector space of finite dimension with an inner
product { , }. We do not always assume that ( , ) is positive definite. We denote by « the
element in Hom(E, E*) associated with { , ) by Lemma 3.1. Then o : E — E* induces a
linear map

NPa : NPE — NPE* = (APE)*.
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Moreover the bilinear form in ®%(APE)* associated with APac by Lemma 3.1 gives an
inner product on N\PE.

In the case where (, ) is positive definite the manner of Proposition 3.2 is stated in
1.7.5 of Federer [1]. The manner also works well in the case where (, ) is not positive
definite. From now on we always consider the inner product on the exterior algebra AP E
mentioned above, and also denote it by the same symbol {, ). We denote the length of
u by |u| = |(u,u)|/2. We can show the following lemma.

LEMMA 3.3.  Under the situation of Proposition 3.2 we have
(ur Aee Aup, v A==+ Aop) = detf{ui, vj)1<ij<p

for elements uq,...,u, and vy,...,v, in E. If {e1,...,e,} is an orthonormal basis of
E, then

€i1/\'~'/\€ip (1§i1<~--<ip§n)

is an orthonormal basis of A\PE.

LEMMA 3.4. Let m > n and let V and W be real vector spaces of dimension m
and n with inner products. Let F : V — W be a linear map. We assume that the inner
product restricted to ker F' is nondegenerate. If F is not surjective, we define a constant
JF by JF = 0. If F is surjective, we take a basis vy, ...,v, of (ker F)* and define it by

[F(0) A=+ A F(va)|

JF =
|’()1/\"'/\’Un|

Then this is independent of the choice of v1,...,v,.

From now on we assume that a manifold has a countable open base in order to
consider integration.

DEFINITION 3.5. Let (M, g) be a semi-Riemannian manifold of dimension n. We
denote by J# (M) the set of all real valued continuous functions on M with compact
support. We take a local coordinate system (U;z1,...,z,) of M. For each z € U we
consider the inner product on AT, (M) induced from the semi-Riemannian metric g.
For f € 2 (M) with suppf C U we define L(f) by

i/\~~/\id:c1~~dzn.

L(f):/Uf(:cl,...,a:n) A o

Here the integral on the right hand side is the Lebesgue integral on the Euclidean space.
The integrand is a continuous function with compact support, so the integral is equal to
the usual Riemann integral. We can see that L(f) is independent of the choice of the
local coordinate system by the integration formula of variable change. For a function
f € 2 (M) whose support is not included in a single coordinate neighborhood, we extend
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the value of L by the use of a partition of unity. This is also independent of the choice
of the partition of unity. By Riesz representation theorem there exists a Radon measure
ty; on M which satisfies

L(f) = /M Ay (f € (M),

We call this measure p,, the canonical measure. We will hereafter consider this canonical
measure on a semi-Riemannian manifold. We write vol(M) = u,,(M) and call vol(M)
the volume of M.

REMARK 3.6. In Definition 3.5

1/2

R
8:1:1 al’n

0 0
- \d‘* Kaaﬂ

In the case of a Riemannian manifold we use the density

(el )))

because det[(0/0z;, 0/0x;)] is always positive.

THEOREM 3.7 (Coarea formula). Letm >n and f : M — N be a map of class C*
from a semi-Riemannian manifold M of dimension m to a semi-Riemannian manifold
N of dimension n. We assume that the inverse images f~1(y) are semi-Riemannian
submanifolds of M for almost all y € N. Let ¢ be a p,,-measurable function on M.
Then the function which maps y in N to ff—l(y) ¢(w)dpg—1(y)(x) is a pn-measurable
function on N. Moreover if ¢Jdf is ), -integrable or ¢ > 0, then

/N ( /fl(y) ¢(f”)d#f—1<y)(ff))duzv(y) = /M () Jdf (x)dpyy ().

We shall give a proof of this theorem in Appendix.

4. Crofton formulae by reflective submanifolds.

We retain the notations in Section 2 and for a submanifold N of M which satisfies
dim N + dim B > dim M, consider integral formulae of the following types:

/ vol(N N C)du(C) = geometric amount of N,
2(B)

which is called Crofton formula. In our cases the geometric amount of N in the right
hand side of the above formula is dependent of its embedding to M. In order to formulate
this we put by definition
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Ro(B) = {kT,B | k € K},

which coincides with the set of tangent spaces T,C of all reflective submanifolds C' in
Z(B) through o. Since Zy(B) = K/(K N S(B)), we can consider a K-invariant Rie-
mannian metric on %y(B) induced from the bi-invariant Riemannian metric on K. If a
vector subspace V' C T, M satisfies dim V' 4 dim B > dim M, we define og(V') by

ch(V):/ 7L A e ldu(c).
Zo(B)

Here V= is the wedge product of an orthonormal basis of V- and ¢t is similar. We
consider only the norm of their wedge product, so there is no ambiguity. For a vector
subspace V' C T, M satisfying dim V 4 dim B > dim M, we take g € G which satisfies
go=zandput op(V) = op(dg=1V). Since K acts isometrically on %Zo(B), the definition
of o (V) is independent of the choice of g € G. Using op we can give Crofton formulae
by reflective submanifolds as follows.

THEOREM 4.1. Let M be a Riemannian symmetric space of compact type or non-
compact type and B be a reflective submanifold of M. For a submanifold N of M which
satisfies dim N + dim B > dim M, the following equation holds.

/ vol(N N C)du(C) :/ op(TyN)dp(x).
2(B) N

Since the amount o (T, N) depends on the inclusion of T, N in T, M, the integral
of the right hand side is extrinsic in general. If M is a real space form, it is determined
by the volume of N as is shown in Corollary 4.5. This is the simplest Crofton formula.
On the other hand, if M is a complex space form, o (7, N) is described by the multiple
Kéhler angle of T, N as is shown in Corollary 5.9. So its integral is not intrinsic but
extrinsic.

Howard [3] touched on Crofton formulae of submanifolds in Riemannian homoge-
neous spaces. In our case the invariant measure on the class of submanifolds and the
integrand of the right side are explicitly given.

In order to prove this theorem we put

IMxZ%Z(B))={(z,C)e M x%(B) |z € C}
and investigate some properties about this. We define an action of G on M x #Z(B) by
9(x,C) = (gz,9C) (9 € G, v €M, C € Z(B)).

Then G is a Lie transformation group of M x Z(B).
LEMMA 4.2.

G(o, B) = I(M x %(B)).
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In particular I(M x Z(B)) is a homogeneous submanifold of M x Z(B).

PrROOF. For g € G we have gB € #Z(B) and go € gB, so g(o,B) = (go,gB) €
I(M x #(B)). Hence we get G(o, B) C I(M x %(B)).

Conversely we take any (z,C) € I(M x%(B)). Since C € Z(B), there exists g1 € G
which satisfies C' = gy B. Thus g; 'z € g;'C = B. Since S(B) acts transitively on B,
there exists go € S(B) such that gog; '@ = 0 € B, which implies

g 'w=g;'0€g; ' B=B,
thus,
T =g195'0€ g19;'B=g1B =C.
This shows (x,C) = g195 *(0, B) and we obtain I(M x Z(B)) C G(o, B). Therefore
G(o,B) =I1(M x #Z(B)).

In particular I(M x %#(B)) is a homogeneous submanifold of M x Z(B).

PROOF OF THEOREM 4.1. The Lie algebra of KN.S(B) is equal to €. The tangent
space of I(M x Z(B)) 2 G/(K N S(B)) at the origin (o, B) is identified with

L +tm=%t 4+my+m_.

If M is a Riemannian symmetric space of compact type, (, ) is positive definite on ¢_+m,
and it induces a G-invariant Riemannian metric on I(M x Z(B)). If M is a Riemannian
symmetric space of noncompact type, { , ) is negative definite on €_ and positive definite
on m, and it induces a G-invariant semi-Riemannian metric on I(M x Z(B)). In each
case the considered G-invariant metric is not equal to the metric induced on I (M x %(B))
from that of M x %Z(B). We define the following maps pg and p,, by pg(z,C) = C and

py(z,C) =z

(M x %(B)) L2~ 2(B) G/(KNnS(B) L2~ q/s(B)
bPm >~ PMm
M G/K

These maps pp and p,,; are both (semi-)Riemannian submersions and projections of fiber
bundles. Their differentials at the origin are given as follows:
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d
b +my +m_ﬂ>ﬁ_+m_

dpy

my +m_

Since kerdpy; = €_ at the origin, (, ) is positive definite on ker dpys if M is of compact
type, and ( , ) is negative definite on kerdp,s if M is of noncompact type. Since
kerdpg = my at the origin, (, ) is positive definite on kerdpp in both cases. The fiber
of pas at the origin coincides with K/(K N S(B)).

Let N be a submanifold of M which satisfies dim N + dim B > dim M. We put

I(N) = {(,C) € I(M x %(B)) | € N} = p;} (N).

We consider the metric of I(N) induced from that of (M x%(B)). For any (z,C) € I(N)
there exists g € G which satisfies gz = 0 and ¢gC = B.

Ti0,8)(9I(N)) = T, 3)(I(gN)) =t + To(gN)

holds. The inner product ( , ) is negative definite on £_ and positive definite on T,(gN).
Thus the induced metric on I(V) is a semi-Riemannian metric. Since pj is the projection
of the fiber bundle, p;,(N) is a submanifold of I(M x %Z(B)). We consider the inverse
image of the restriction of pg to I(N). The inner product (, ) is positive definite on the
inverse images of py as is shown above. Thus (, ) is also positive definite on almost all
inverse images of pg|;(n). We can apply Theorem 3.7 to pg|rn) : I(N) — Z(B) and
obtain

/ vol((pslrwv) ~H(C))du(C) :/ Jd(pBlr(ny)dp.
%(B) I(N)

Here

(Pl THC) ={(z.C) [z € C, 2 € N} = (NNC) x C,
hence we get vol((ps|i(n))~H(C)) = vol(N N C) and
/ Vol(N N C)du(C) = / Jd(psl o) da.
Z(B) I(N)

So we calculate the right hand side. We take any (z,C) € I(N). There exists g € G
which satisfies go =z, gB = C.

Tioc) (G/(K N S(B))) = dg(t— +m +m_)
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and we can regard dg—*T,N C T,M = m, +m_. We have
T ) (L(V)) = dg(t- + dg™ T, N).
Since dppdg(T, X1, X_) =dg(T,X_), we get
ker (g, 0y = ker(dpp : T(z,0)(I(N)) — To(#(B))) = dg(dg™ ' T N Nmy).
These imply

ker(;. oy T(e,0) (I(N)) = ker(;, ¢y Ndg(e— + dg™ ' T, N)

=dg(t_ + (dg'T.N nm )" Nndg~'T,N).

We take an orthonormal basis {7}, } of £_ and an orthonormal basis {X;} of (dg~ 1T, N N
my )t Ndg~'T,N. Using these we can write

Jd(pgliny) = | \dpsTa A\ dppX,
a b

N Ta A \(X0)-
a b

/\(Xb)—’,

b

where (X3)_ is its m_-component. In order to investigate this we prepare the following
lemma.

LEMMA 4.3. Let E be a real vector space of finite dimension with a positive definite
inner product and V' and W be vector subspaces of E which satisfy E = V4+W. We denote
by pyo  E — WL the orthogonal projection from E to W+ and take an orthonormal
basis {Xp} of (V NW)LNV. Then we have the following equation:

= [VEAWH.

/\pWL (Xp)
b

PrOOF. Note that
E=WVnW)e(Vaw)rnv)e (VnWw):tnw).
We set
EBy=Vaw)tnv, Ey=WVnw)tnw.

Then we have (VNW)+ = By @ Ey. {X,} is an orthonormal basis of Ey. We take an
orthonormal basis {Y.} of Ey .
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/\Xb/\/\yc
b c

=[(VAW)EnV)” A (VW) Enw)~|

/\le (Xs)
b

= ’EV /\EW’

=[(VAW)EnVH 7 A((Vnw)tnwh)~

=|VEAWH].

Now we return to the proof of Theorem 4.1. For almost all (z,C) € I(N) we have
dg~'T,N +m, = m and the inner product ( , ) is positive definite on m, so we can apply
Lemma 4.3 to these vector subspaces.

Jd(pBli(ny) =

/\<Xb>| _ |(dg™ TENY~ A it
b

= (T N)™ AT 0) 7.

This implies

/ vol(N N C)du(C) :/ (T N)~ A(T,C) 7 |dp.
#(B) I(N)

The projection pas|rny : I(IN) — N is a semi-Riemannian submersion. We apply Theo-
rem 3.7 to this semi-Riemannian submersion and obtain

/ (T N)™ A (T0) |dy
I(N)

-/ ( / |l (L0 |du(©) )dut)
:/NUB(TmN)dM(x)a

which implies the following equation:

/ vol(N N C)du(C) :/ op(TyN)dp(x).
2(B) N

Howard [3] showed that two Riemannian homogeneous spaces which have orthog-
onally equivalent linear isotropy representations have same Poincaré formulae of sub-
manifolds and he called it a transfer principle. Typical examples are symmetric spaces
of compact type and their noncompact duals. They have same Poincaré formulae of
submanifolds. He also mentioned the transfer principle of Crofton formulae.

COROLLARY 4.4. Let M = G/K be a Riemannian symmetric space of compact
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type and B be a reflective submanifold of M. We denote by M* = G* /K the noncompact
dual of M and by B* the reflective submanifold in M* associated with B. We can take
bi-invariant metrics on G and G* which coincide on K. Then we have op(V) = op«(V)
for any vector subspace V.C T,M = T,M*. As a consequence, for a submanifold N of
M which satisfies dim N + dim B > dim M, the following equation holds.

/ vol(N N C)du(C) :/ op(TyN)du(x).
Z(B) N

On the other hand for a submanifold N* of M* which satisfies dim N* = dim N, the
following equation holds.

/ vol(N* N CH)dpu(C*) = / o5 (T N*)dpu(z).
#(B*) *

In the case where M = G/K is a real space form any totally geodesic submanifold
B in M is a reflective submanifold and op is constant, because the linear isotropy action
of K on the Grassmann manifold consisting of real vector subspaces of dimension dim B
in T,M is transitive. In the case where

M =58"=S80(n+1)/50(n), B=_5

we consider a submanifold N of dimension k in S™ such that k& + 11 > n. We have
/ vol(N N C)du(C) = / og (ToN)dpu(z) = o(n: k, D)vol (N),
B(SY) N

where o(n;k,l) is a constant dependent on n, k and [. If N is equal to a great sphere
Sk then S¥ N C is isometric to a great sphere S*+'=" for almost every C in Z(S') and

/ vol(N 1 C)dpu(C) = vol(SH+1-")vol(2(S1)).
Z(SY)

Thus we get
vol(S*H=")vol(2(SY)) = o (n; k, 1)vol(S*),

that is

vol(Sk+i=—n)

vol(SF) vol(Z(SY)).

o(n; k1) =

Therefore we obtain the following corollary.

COROLLARY 4.5. Let B be a totally geodesic submanifold of dimension l in a real
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space form M = G/SO(n) of dimension n. For a submanifold N of dimension k in M
such that k 4+ 1 > n, the following equation holds.

/ Vol (N 1 O)au(@) = T @ (5hvol(N)
% (B) VO].(Sk) ’

Leung [8] gave a classification of all reflective submanifolds in simply connected
Riemannian symmetric spaces. Among them we can give Crofton formulae for the real
and the complex space forms more explicitly than Theorem 4.1. We show this for the
complex space forms in the next section.

5. Complex space forms.

In order to give Crofton formulae of submanifolds in complex space forms we use
the notion of multiple Kéhler angle which the author introduced in [13]. We denote by
w the standard Kéhler form of C™.

DEFINITION 5.1. Let 1 < k£ < n. For a real vector subspace V of dimension k in
C™ we consider a canonical form of the restriction wl|y, that is, we take an orthonormal
basis {al,...,a*} of the dual space of V which satisfies

[k/2]
le: ZCOS@Z'O[%il/\OéQi, Og&lgge[k/g] §7T/2
i=1

Then we put (V) = (61,...,0k/2)) and call it the multiple Kdhler angle of V. In the
case where n < k < 2n — 1, for a real vector subspace V of dimension k£ in C™ we define
the multiple Kiihler angle of V by 6(V) = 8(V1).

REMARK 5.2. Let 1 < k < n. For a real vector subspace V of dimension k in C™
the followings hold.

(1) For any g € U(n) we have 0(gV') = (V).

(2) If k = 2, the multiple Kéhler angle is nothing but the K&hler angle.

(3) (V) = (0,...,0) holds if and only if there exists a complex vector subspace of
complex dimension [k/2] in V.

(4) (V) = (n/2,...,7/2) holds if and only if V and v/—1V are orthogonal. In this
case with the condition dimV = n we call V' a Lagrangian vector subspace.

We denote by GE(C™) the real Grassmann manifold consisting of real vector sub-
spaces of dimension k in C™. The author [13] has showed the following fundamental
property of the multiple Kéhler angle.

PrOPOSITION 5.3.  Let V and W be real vector subspaces of same dimension in
C". There exists g in U(n) such that W = gV if and only if 0(V) = (W).

The definition of the multiple Kéhler angle depends only on the Hermitian structure
of C™, so we can consider the multiple K&hler angle for any real submanifold in an almost



Geometry of reflective submanifolds 289

Hermitian manifold. Using the multiple K&hler angle the author described Poincaré
formulae for real submanifolds in the complex space forms in [13]. In the present paper
we describe Crofton formulae for real submanifolds in the complex space forms.

Before we treat general cases, we review some known Crofton formulae in complex
space forms. We recall a result of Leung on reflective submanifolds in complex space
forms which is stated in Theorem 7 in [8].

THEOREM 5.4 (Leung). The reflective submanifolds of the complex projective space
CP" are CP* (1 < k < n) and the real projective space RP™ which is naturally embedded
in CP". The reflective submanifolds of the complex hyperbolic space CH™ are the totally
geodesic submanifolds which are dual to the reflective submanifolds of CP™.

In the case where
M =CP"=SU(n+1)/S({U(n) xU(1)), B=CP!

we consider a complex submanifold N of complex dimension k in C'P™ such that k41 > n.
Since the linear isotropy action of K on the Grassmann manifold consisting of complex
vector subspaces of dimension k in T, M is transitive, o is constant. We have

/ vol(N N C)du(C) = / o5(Ty N)dp(z) = o(n: k, vol(N),
Z2(CPY N

where o(n; k, () is a constant dependent on n, k and [. If N is equal to a totally geodesic
CP*% then CP* N C is isometric to CP*=" for almost every C' in Z(CP') and

/ vol(N 1 C)du(C) = vol(C PH1=")vol(%2(C PY)).
Z(CPY)

Thus we get
vol(C P*H =" )vol(2(CPY)) = o(n; k,1)vol(CP¥),
that is

vol(C PF+i—n)

ok ) = = EPh

vol(Z(CP)).

Therefore we obtain the following corollary.

COROLLARY 5.5. Let B be a totally geodesic complex submanifold of complex di-
mension | in a complex space form M = G/S(U(n) x U(1)) of complex dimension n.
For a complex submanifold N of complex dimension k in M such that k +1 > n, the
following equation holds.

B Vol(CPk“’”)VO NYvo
/% Ly, N N ON(O) = 2 ol (O P ol )
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REMARK 5.6. We can describe similar Crofton formulae of complex submani-
folds in the other Hermitian symmetric spaces, using results obtained in Kang-Sakai-
Takahashi-Tasaki [5] and Sakai [11].

In the case where M = CP™ and B = RP", we consider a Lagrangian submanifold
N in C'P™. Since the linear isotropy action of K on the Grassmann manifold consisting
of Lagrangian vector subspaces in T, M is transitive, op is constant. We have

/ vol(N N C)du(C) = / op(TyN)du(z) = o(n)vol(N),
Z(RP™) N

where o(n) is a constant dependent on n. If NV is equal to a totally geodesic RP™, then
RP"NC is a set of n + 1 points for almost every C in Z(CP') by the result of Howard
[3] (pp. 26, 27) and

/ vol(N' N C)dpu(C) = (n + 1)vol(Z(CPYY).
Z(RP™)

Thus we get
(n+ 1)vol(Z(RP")) = o(n)vol(RP"),

that is

n+1 "
o(n) = WVOI(Q(RP ))-

Therefore we obtain the following corollary.

COROLLARY 5.7. Let B be a totally geodesic Lagrangian submanifold in a com-
plex space form M = G/S(U(n) x U(1)) of complex dimension n. For a Lagrangian
submanifold N in M, the following equation holds.

£(N N C)dp(C) = —

#(B) WVOI(%’(R}%))VOI(N)7

where #X denote the number of the points in X.

Now we consider the case where op is not constant. We use Poincaré formulae in
order to describe Crofton formulae, so we briefly review Poincaré formulae. We assume
that G/K is a Riemannian homogeneous space. We denote by o the origin of G/K.
For any z and y in G/K and vector subspaces V and W in T,(G/K) and T,(G/K)
respectively, we define ok (V, W) by

ok (V, V) = / \(dge); VA di; (dgy); W ldpurc (),
K
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where g, and g, are elements of G such that g,o = = and g,0 = y. Using og we can
state the generalized Poincaré formula obtained by Howard.

THEOREM 5.8 (Howard [3]). Assume that G is unimodular. Let N and N' be sub-
manifolds of G/K such that dim N + dim N’ > dim(G/K). Then the following equation
holds:

/vol(NﬂgN’)dpG(g):/ ox (T, N, T, N')dpn v (2, y).
G NXN'

In the case where G/ K is a complex projective space, according to Poincaré formulae
stated in Theorem 8 in [13], ok (T;-N, T, N') is described by the multiple Kéhler angles
of T, N and T,N'. If N' is a given reflective submanifold B, ok (T;- N, T, B) is described
by the multiple Kéhler angle of T, N, that means there exists a function o(#) which
satisfies o (T;"N, T;- B) = o(6(T,N)). The function o(6) is dependent on the choice of
B. The Poincaré formula mentioned above implies

[ vl ngB)diclo) = vol(B) [ (T N))dux(o).
G N

The left hand side is equal to

vol(S(B)) /% PN N O)0).

Thus we obtain the following corollary from the discussion above and Corollary 4.4.

COROLLARY 5.9.  For positive integers k, | and n which satisfy k,2l < 2n <
k + 2, there exists a function 0,?7[(9(7“)) of wariables %) € RMin{k:2n=k}/2l gych that
the following Crofton formula holds. Let B' be a totally geodesic complex submanifold
of complex dimension | in a complex space form M = G/S(U(n) x U(1)) of complex
dimension n. For a real submanifold N of dimension k in M, the following equation
holds.

/ vol(N 1 C)dp(C) = / ot (O(Tu N))dpu(z),
(B N

where (T, N) is the multiple Kdhler angle of T,,N.

For positive integers k and n which satisfy k < 2n < k + n, there exists a function
7',?(9(’“)) of variables %) e Rn{k2n=k}/21 gch that the following Crofton formula
holds. Let L be a totally geodesic Lagrangian submanifold in a complex space form M
of complex dimension n. For a real submanifold N of dimension k in M, the following
equation holds.

N

/ vol(N N C)du(C) :/ T (0(TpN))dp(z).
(L)
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In some cases we can express oy, and 7;' mentioned above more explicitly. In the
case where M = CP™ and B = CP™ !, we consider a real submanifold N of dimension
2 in CP™. By Theorem 4.1 we have

/ #(N O C)u(C) = [ on(T.N)du(o).
Z(CPn-1) N
In this case, Theorem 1.1 in [14] induces

o5(T,N) = a(1 + cos*8,) (x € N),

where a is a constant and 6, is the Kahler angle of T,,N. So we have

/ #(NNC)du(C) = / a(l + cos? 0, )du(z).
Z(CPn-1) N

If N is equal to a totally geodesic C P!, then CP! N C is equal to a point for almost
every C in Z(CP') and

/ #(N N OVdu(C) = vol(Z(CP™1)).
‘%(Cpn—l)
Since 6, = 0 in this case, we get

vol(Z(CP" 1)) = 2avol(CP?),

that is

vol(Z(CP" 1))
2vol(CPY)

Therefore we obtain the following corollary.

COROLLARY 5.10. Let B be a totally geodesic complex submanifold of complex
dimension n — 1 in a complex space form M = G/S(U(n) x U(1)) of complex: dimension
n. For a real submanifold N of dimension 2 in M, the following equation holds.

vol(Z(CP™ 1)) 9
N d = 1 0.)d ,
[,y #0000 = TS [ (1o 0inte)
where 0, is the Kdhler angle of N at x.
A similar argument shows the following corollary.

COROLLARY 5.11.  Let B be a totally geodesic complex submanifold of complex
dimension 1 in a complex space form M = G/S(U(n) x U(1)) of complex dimension n.
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For a real submanifold N of dimension 2n — 2 in M, the following equation holds.

vol(Z(CPY)) / 9
NNCYdu(C) = ————= 1+ cos®0,)du(x),
) #( )dp(C) Svol(CP 1) N( )dp(x)
where 0, is the Kdhler angle of N at x.

COROLLARY 5.12 (Kang-Tasaki [6, Theorem 1.1]). Let B be a totally geodesic La-
grangian submanifold in a complex space form M = G/S(U(2) x U(1)) of complex di-
mension 2. For a real submanifold N of dimension 2 in M, the following equation holds.

_ vol(#(RP?)) o N
[, #OV 1 C(©) = R [ (6 cos® 0u)dute)

COROLLARY 5.13 ([16, Theorem 4.3]). Let B be a totally geodesic Lagrangian sub-
manifold in a complex space form M = G/S(U(3) x U(1)) of complex dimension 3. For
a real submanifold N of dimension 3 in M, the following equation holds.

_ 4vol(Z(RP?))  eos? -
[ FOV 100 = ST [ (3 cos? it

COROLLARY 5.14 (Kang [4, Theorem 1.1]).  Let B be a totally geodesic complex
submanifold of complex dimension 2 in a complex space form M = G/S(U(4) x U(1))
of complex dimension 4. For a real submanifold N of dimension 4 in M, the following
equation holds.

vol(Z(CP?)) / 2 2 2 2
NNC)d = A\ ) 0 P ) o
/%’(B) # ©)au(C) 8vol(C P?) N(?’ + cos” 6 + cos” 02 + 3 cos™ 0 cos™ O2)d,

where (61,02) is the multiple Kahler angle of N.

6. Appendix.

In this appendix we give a proof of the coarea formula (Theorem 3.7). We define an
open subset O of M by

O = {x € M | df, is surjective}.
This is pps-measurable and
[ 6@ f@dusn(@) = [ o) f(@)dusa ().
M o

For each z € O, by the implicit function theorem, there exists a local coordinate neigh-
borhood U, of = such that f(U,) is an open neighborhood of f(x) and that we can regard
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f: Uz — f(U,) as a natural projection from the product of open subsets in Euclidean
spaces. We first prove the theorem in the case where f itself is such a projection.

We assume the following situation. N is an open subset of R™, F' is an open subset
of R ", M =N x F and

f:M=NXxF— N; (y,t) —y.

We denote by {y1,...,yn} and {x1,...,2,n} the canonical systems of coordinates of
N C R and M = N x F C R™ respectively, where y; o f = z; (1 < i < n). Then
{Zn+1,...,Zm} is a system of coordinates of F'. Since ¢ is a measurable function on M,

O A9 |2 .. 0
0% p41 O%m | 5| OU1 OYn |

oy, t)] o f

is also measurable on M. For almost every y € N the induced metric on f~1(y) is nonde-
generate, so we can consider integration on f~!(y) with respect to its semi-Riemannian
metric. According to Fubini’s theorem, it holds

0 0 0 0
Al A A | [ A A — ATy - da,(t
[ ot )]axm e M I L
0 0

0 0
= (fownlg Aamed"’“"““'dW))ayﬂ““ayn

0 0
= z)dp -1 () || =— A" N —
(/fl(y) )it ))‘3211 On |

This function of variable y is a measurable function on N and moreover it holds

N

o fdxy - dx

/¢(yt)’a/\.../\a i/\ /\i
w0 Oz || O OYn |
9 d
= d ) Kl
LS s@ins@) g o]
:/ (/ ¢($)dﬂf—1(y)(1’)>dﬂN(y)'
N f—l(y)

For almost every y € N the metric on the tangent space of F at (y,t) is nondegenerate,
the tangent space of M is the direct sum of the tangent space of F' and its orthogonal

dyy -~ dyn(y)

complement. We decompose each tangent vector — of M = N x F into the sum of its

components tangent to F' and orthogonal to F' as follows

o _(0Y (2
axi_ (’)xz Ia 65(}2‘ FL
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Then we get

¥(6r) = ((3x),.)

or=| () rena(z),
=W (o), ) A rarl(an), )l

and

9 a0
3y1 6yn]\f

Since SUULLLLLY: ey are tangent to F,
0 AP 0 Asen 0N A9 a9
oy [ e 0rn ) pr O%npr [
_'<5) A_ﬂ(a) 8 A p0
|\ 071 ) o 0%y ) pi|ps| OTngr O |y
Thus we obtain
0 0 0
/M¢(y7t) Dy 78:1:7” o a—ynNOfdzy“dxm
(G 1> ) ~~Adf(<f) ),
L :/ oJ fdpn
M

M 6}
Oxq

Therefore

nen

This is the coarea formula in the case of a natural projection from the products of open
subsets on Euclidean spaces.
Now we return to the general case. For each x € O, by the implicit function

theorem, there exists a local coordinate neighborhood U, of = such that f(U,) is an open
neighborhood of f(x) and that we can regard f : U, — f(U,) as a natural projection
from the product of open subsets in Euclidean spaces. The collection {U, }.co is an open
covering of O. Since M has a countable open base, O has a countable open base. So we
can select a countable subfamily {Uy} of {U,},co which is also an open covering of O.
We take a partition of unity {t} subordinate to {Uy}. Let
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fro : Uk = Vie = f(Ug)

be the restriction of f to Ug. We apply the local version of the coarea formula proved
above to the function ¥x¢. The function

ye= | wkﬁb)(x)dﬂf;l(y)(x)
fr ()

is a py-measurable function on Vj, and

[ ([ @@ )i = [ oo siu,
Vi fo () Uk

Hence the function

yHZ/

dp -1
k f{l(y)(qﬁk@(x) Hy (y)(x)

is a py-measurable function on N. The collection {tx|s-1(,)} is a partition of unity on
f(y) for each y, so we get

zk:/fkl(y)(wk‘ﬁ)(@d/‘fﬁ(y)(ﬂ”) :/f P(@)dp g1y (@)

—y)

This implies that the function

y— /f_l(y) d(w)dpp g1y ()

is a py-measurable function on N. We can apply Lebesgue’s convergence theorem and
obtain

/M 6. fdjing — zkj /U nod fdp,

-x [ (/ k1(y)<wk¢><x>duf,;l(y)<x>)duvk )

k

= /N (Zk:/fk1(y)(¢k¢)(m)dufk1(y)(x)>d;w(y)

N /N </fl(y) (b(x)dufl(y)(x))duzv(y).
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