JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 30, Number 1, Spring 2018

GENERAL AND OPTIMAL DECAY IN A
MEMORY-TYPE TIMOSHENKO SYSTEM

SALIM A. MESSAOUDI AND JAMILU HASHIM HASSAN

Communicated by Colleen Kirk

ABSTRACT. This paper is concerned with the following
memory-type Timoshenko system

prote — K(pe + ) =0

t
Pt — bibra + K (0n + 1) + /0 9(t — 8)bwa(s) ds = 0,

(z,t) € (0,L) x (0,00), with Dirichlet boundary conditions,
where g is a positive non-increasing function satisfying, for
some constant 1 < p < 3/2,

g'(H) < —&(B)g"(t), forall ¢ > 0.

We prove some decay results which generalize and improve
many earlier results in the literature. In particular, our
result gives the optimal decay for the case of polynomial
stability.

1. Introduction. In 1921, Timoshenko [26] presented the following
system of hyperbolic partial differential equations

PUtt = (K(uw - ¢))ﬂc in (OaL) X (0’ +OO),
Idu = (El¢z)e + K(uy —¢) in (0,L) x (0,+00),

as a mathematical model describing the dynamics of a beam by taking
the transverse shear strain into consideration. Here, t represents the
time and x is the space variable along the beam of length L, u is the
transverse displacement of the beam from its equilibrium configuration
and ¢ is the rotational angle of the filament of the beam. The constant

(1.1)
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coefficients p, I,, £, I and K are the mass density, the polar moment of
inertia of a cross-section, the Young modulus of elasticity, the moment
of inertia of a cross-section, and the shear modulus, respectively.

For almost a century, a great number of researchers have devoted
a considerable amount of time studying this model, and many results
concerning the well-posedness and long-time behavior of the system
have been established. Various types of dissipation mechanisms (such
as boundary and/or internal controls) were employed in order to achieve
different stability results. We mention a few of these results from the
literature. For more details, we refer the reader to the references in this
paper and the references therein.

In the case of boundary feedback controls, Kim and Renardy [14]
investigated the uniform stabilization of (1.1) with clamped end at
x = 0, that is,

u(0,t) =0, #(0,t) =0, forallt>0
and mixed boundary conditions of the form

K¢(L,t) — Kugy(L,t) = aug(L,t), forallt>0
EI¢(L,t) = —PBp(L, 1), for all ¢t > 0.

They used the multiplier method to prove that the energy associated
to system (1.1) decays exponentially. Feng, et al. [7] considered
the problem in [14] but replaced the linear boundary controls with
some nonlinear feedback controls and established the asymptotic and
exponential stability of the system by using the LaSalle invariance
principle and energy perturbation method. Messaoudi and Mustafa in
[19] investigated the long-time behavior of a Timoshenko system with
internal and/or boundary feedback controls. Without imposing any
restrictive growth assumption on the damping terms near the origin,
they established explicit and general decay results.

In the presence of two internal feedback controls, Raposo, et al. [23]
studied the exponential decay of the solution of a linear Timoshenko-
type beam equation with frictional dissipative terms. Precisely, they
studied the following system

pruge — K(ug — ) +up =0 O<z<L, t>0,

(1.2)  { pothys — bibgy + K(ug — ) + 9, =0 0O<z<L,t>0,
u(0,t) = u(L,t) = (0,t) =(L,t) =0 forallt>0
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and used the semigroup method developed by Liu and Zheng [16] to
prove the exponential decay of the solution of the system (1.2).

However, when a control is present on the rotation angle or on the
transverse displacement alone the decay rates turn out to depend on the
constants p, I,, E, I and K. For instance, Soufyane and Wehbe [25]
proved that one can uniformly stabilize a linear Timoshenko system
under influence of one locally distributed damping. They considered

pruse = (K(uz — 1))z 0<z<L,t>0,
(13) pg?/)tt = (bwm)m + K(’be — 'l/)) — O"l/)t 0<a< L, t > O,
u(0,t) = u(L,t) = (0,t) =(L,t) =0 forallt >0,
where o is any continuous function on [0, L] satisfying
o(z) > v >0, forallxelcd Cl0,L]

Indeed, they proved the exponential stability for system (1.3) if and
only if the system has equal speeds of wave propagation, that is, if and
only if

PL _ P2
(1.4) 7

holds. Otherwise, only the asymptotic stability is established. Fer-
nandez Sare and Rivera [8] studied a Timoshenko system with infinite
history of the form

P1Ptt — K(‘Pz + w)z = 0,
p2thir — by + K (7 + 1)

+oo
[ gl = )is =0,
0
©(0,t) = (L, t) = (0,t) = (L, t) =0,

where z € (0,L), t > 0, and the relaxation function g satisfies

(1.5)

~ +oo
(1.6) b:=0b- / g(s)ds >0
0
and
g(t) >0,
(1.7) there exists ko, k1, ke > 0: —kog(t) < ¢'(t) < —k19(t),
lg” ()] < kag ().
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They showed that system (1.5) is exponentially stable if and only if
relation (1.4) holds; otherwise, it is polynomially stable. Messaoudi
and Said-Houari [21] investigated the same system with the following
conditions on g:

(1.8)

. +o0o
b::b—/ g(s)ds >0
0
g(t) > 0, there exists ko > 0: ¢'(t) < —kogP(t), 1<p<3/2

and proved that, if (1.4) holds, then the energy associated to the system
decays exponentially for p = 1 and polynomially for p > 1. However,
if (1.4) is not satisfied, they established the decay rate of the type
1/t~ This result generalizes and improves that of [8]. In [13],
Guesmia, et al., established general decay estimates for the solution of
(1.5). Their results hold for the relaxation function g having more
general decay, and they obtained general decay results from which
the exponential and polynomial decay results are only special cases.
Additionally, they improved the results of [8, 21].

The stability of a linear viscoelastic-type Timoshenko system (finite
history) has also attracted the considerable attention of researchers.
For example, Ammar-Khodja, et al. [4] studied the following system:

p1¢ee — K(pz + 1) =0,

1. t

(19) p2tet — bber + K(px +10) + /O g(t — 8)thza(s) ds = 0,

with Dirichlet-boundary conditions, where = € (0, L) and ¢ > 0. They
proved that this system decays uniformly if and only if the coefficients
satisfy (1.4). Concerning the rate of decay, they showed that if ¢
satisfies hypotheses (1.6) and (1.7), then the system is exponentially
stable. If g is of polynomial type, that is, if it satisfies, for some positive
constants by, by, by, bz, by and p > 2,

0<g(t) <bo(L+1)7P,
—blg(p+1)/”(t) <g@) < _bzg(pﬂ)/p(t)7
_b3|g/(t)|(17+2)/(p+1) <g'(t) < —b4|g/(t)|(p+2)/(P+1)7

then the energy associated to the system decays polynomially to zero.
In the case where the coefficients of system (1.9) satisfy (1.4), Guesmia



A MEMORY-TYPE TIMOSHENKO SYSTEM 121

and Messaoudi [10] established the same stabilization results of [4]
by assuming that g satisfies conditions (1.8) which are weaker than
those in [4]. Also, Messaoudi and Mustafa [20] discussed system (1.9)
and proved a general decay result, from which the exponential and
polynomial stability are only special cases, under the conditions

+oo
o) >0, g <—£Dgt), b / g(s)ds == 1> 0,

where £ is a positive non-increasing differentiable function. In fact, the
result of [20] generalizes those of [4, 10] and allows a wider class of
relaxation functions. Recently, Almeida Junior et al. [3] considered
the situation when the control is only on the transverse displacement
equation, which is more realistic from the physical point of view.
Precisely, they studied the following system

P1Ptt — k((pa: + '(/})ac +ups =0 in (07 L) X (07 +OO)
p2¢tt - bw;mc + k(‘ﬁx + ¢) =0 in (Oa L) X (07 +OO)

and showed that the affect of linear frictional damping on the first
equation stabilizes the system exponentially if (1.4) holds; otherwise,
the stabilization is of polynomial type. This result was later improved
and generalized by Guesmia and Messaoudi [9]. For more recent results
on this and viscoelastic systems in general, see [1, 2, 6, 15, 18].

Concerning stabilization by heat effect, Rivera and Racke [22]
showed that it is possible to stabilize a Timoshenko system in such
a way. In fact, they considered the following coupled system

P1Ptt — U(‘)Dwv'(/))a: =0 in (OvL) X (07 +OO)
(1.10)  § p2thss — btua + k(pz + ) + 790, =0 in (0, L) x (0, +00)
pget — kemx -+ ’Y?/Jmt =0 in (0, L) X (0, +OO)

and proved many exponential stability results of the linearized system
if relation (1.4) is satisfied and a polynomial stability result otherwise.
Guesmia et al. [13] established various general decay estimates for
system (1.10) depending on the regularity of the initial data and
the validity of relation (1.4) by adding an infinite memory term on
the first or second equation, where the heat propagation is given
by Fourier’s, Cattaneo’s and Green and Naghdi’s laws. Apalara et
al. [5] proved the asymptotic stability of a one-dimensional linear
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thermoelastic Timoshenko system, where the heat conduction is given
by Cattaneo’s theory and the coupling is through the displacement
equation. They proved their exponential and polynomial stability
results under a stability number which was first introduced in [24].
For more recent results on this, see [6, 12].

Our main purpose in this paper is to study the following memory-
type Timoshenko system

prew — K(pe +1)e = )
ptht - bd}zz + K(SD:E + T/)) g(t - S)Zﬁm(s) ds = Oa

@(O’t) = @(L,t) ( ) (L )
o(x,0) = po(z), @i(x,0) = p1(z),
¢(1?,0) = 1/’0(1”)7 1/1t(1?,0) ( )

where (x,t) € (0,L) x (0,00), b, K, p; and po are positive constants,
Yo, ¢1, Yo and 1y are given data, and ¢ is a relaxation function
satisfying some conditions to be specified in the next section. We prove
generalized energy decay results for the system. Our results generalize
and improve that of Messaoudi and Mustafa [20] in the case of equal
speeds of wave propagation and that of Guesmia and Messaoudi [11]
in the opposite case.

This paper is organized as follows. In Section 2, we state some
preliminary results. In Section 3, we state and prove some technical
lemmas. The statement and proof of our main results are given in
Sections 4 and 5.

2. Preliminaries. In this section, we introduce our assumptions,
present some useful lemmas and state the existence theorem. We use
¢ to denote a positive generic constant.

Assumptions. We assume that the relaxation function ¢ satisfies
the following hypotheses:

(H1) g : Ry — R4 is a non-increasing differentiable function such
that

+oo
g(0) > 0, b— / g(s)ds =:1>0.
0
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(H2) There exist a non-increasing differentiable function £ : Ry —
R, and a constant 1 < p < 3/2 such that

g'(t) < —£()gP(t), forall t > 0.
Lemma 2.1. Assume that g satisfies hypotheses (H1) and (H2). Then,

+oo
/ E(t)gt 7 (t) dt < +oo, forall0 <o <2—p.
0

Proof. Using (H2), we have

+o0 Foo
/ £(t)g* (1) dt = / E()g”(H)g' o7 (1) d
0 0
+oo
S—/O g'(t)g P(t)dt

1 t=-+o0

_ 2—o—p

=—|—y t < +o0,
[2_‘7_17 © t=0

since 0 < 2 — p. U

For completeness, we state, without proof, the global existence and
regularity result which can be easily established by a standard Galerkin
argument.

Theorem 2.2. Let (¢o,¢1), (Yo, ¥1) € H3(0,L) x L*(0, L) be given.
Assume that g satisfies hypothesis (H1). Then, problem (P) has a
unique global (weak) solution

¢, 9 € C(Ry; Hy(0,L)) N CH(Ry; L(0, L)).

Moreover, if (¢o, ¢1), (to,%1) € (H*(0,L) N H(0, L)) x H(0, L), then
the problem has a unique strong solution

@, € C(Ry; H*(0, L)NHA (0, L))NCH (R, 5 HY (0, L))NC?* (R ; L2(0, L)).
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Now, we introduce the energy functional

L t
By [ oot 4ot (0= [ atoas)e2

(2.1) 1
+ Klpe + 0] do + 500000

where, for any v € L2 _(R; L*(0,L)),

loc
L gt
woo®):= [ [ alt=)(0t) = o(s)Pds .
Lemma 2.3 ([20]). Let (p, ) be the solution of (P). Then,

L
(22) B(0) = —gat) [ 02de+ 500 0v)0)

< %(9’ o1,)(t) <0, forallt>0.

Lemma 2.4 ([20]). There exists a constant ¢ > 0 such that, for any
ve L (Ry;HE(0,L)), we have

2

/OL (/otg(t = 3)(v(t) —v(s)) ds) dz < c(govy)(t), for allt > 0.

Lemma 2.5 ([17]). Assume that conditions (H1) and (H2) hold and
(¢, ) is the solution of (P). Then, for any 0 < o < 1, we have

(p—1)/(p+o—1)

t
gots < [?E(O)/O g7 7(s) ds} (g7 0 4hy)/ o=,

For o = 1/2, we obtain the following inequality:

(2p—2)/(2p—1)

t
(2.3) goy < C(/ g'/%(s) ds) (g° o 9pp)t/2P= 1),
0

Corollary 2.6. Assume that g satisfies (H1), (H2) and (p,) is the
solution of (P). Then,

E)(gothe)(t) < c(—E' @)Y=V forallt > 0.
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Proof.  Multiplying both sides of the inequality (2.3) by £(t) and
using Lemmas 2.1 and 2.3, we obtain

£(t)(g o va)(2)
t (2p—2)/(2p—1)
< €=/ 1) () ( / g% (s) ds) (£gP 0 )/ P (1)
0
t (2p—2)/(2p—1)
Sc( / f(s)gl/%s)ds) (g 0ap)/CPD)
0
< o(—E'(t))V/ =Y, O

Lemma 2.7 (Jensen’s inequality). Let G : [a,b] — R be a concave
function. Assume that the functions f : Q — [a,b] and h: [0,L] = R
are integrable such that h(z) > 0, for any x € Q and [, h(zx)dz =k >
0. Then,

%/QG(f(a:))h(a:) d:cSG(li/Qf(x)h(x) dx).

In particular, for G(y) = y*/?, y >0, p > 1, we have

%/Qfl/z’(x)h(x) dr < (llg/fzf(ﬂﬁ)h(x)dq;)l/p_

3. Technical lemmas. In this section, we state and prove some
lemmas needed to establish our main results.

Lemma 3.1. Assume that conditions (H1) and (H2) hold. Then, the
functional F defined by

L t
F(t)i=p2 | 00 [ glt=s)wlt) = v(5)dsda
0 0
satisfies, along with the solution of (P), the estimates

(3.1) F’(t)S—pz(/Otg(S)d8—5> /Owader(SK/OL(%W)de

c

L
+C(5/0 widl‘ﬁ—c((s—i— ;)(goz/)w) — (s(g/oww)7

for all § > 0.



126 SALIM A. MESSAOUDI AND JAMILU HASHIM HASSAN

Proof. Differentiating F' and using the equations in (P), we get

L t
6 =—ps / b / g (t— $)((t) - U(s)) ds da

—Pz(/tg(s) is) /wadx

+b/ wx/ (t— ) (t) — u(s)) ds da
+K/ sDer?/f/ glt = $)((t) - ¥(s)) ds da

B /OL ( /0 gt = 5)u(s) ds>

([ ot = 900mt0) (60 ds)

Next, we estimate the terms on the right-hand side of the above
equation.

Using Young’s inequality and Lemma 2.3 for (—g’), we obtain, for
any § > 0,

_p2/ wt/ (t—s)( ())dsda:<5p2/ VEdo = $(g o).

Similarly, we have

b/Owa/Otga—s)(ww( wx<>>dsd:c<6/ v+ Sgow)

K / (60 + ) / ot — 5) (1) — 0(s)) ds da

E(gowm),

L
§5K/ (0o + )%dx + 5
0

and

/OL (/Otg(t — 5)u(5) ds)
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</0 9(t = 8) (W (t) = ¢u(s)) ds) dz

L
< 05/0 wgda:-i-c(é—i- ;)(goz/)z).

A combination of these estimates gives the desired result. ]

Lemma 3.2. Under conditions (H1) and (H2), the functional I; de-
fined by

L
IL(t) := —/0 (prppr + paipify) d

satisfies, along with the solution of (P), the estimate
L
62 HO<- [ (et +ped)da
0
L L
+ K/ (o +9)?dz + 0/ Yidz + (g o va).
0 0

Proof. Using equations of (P) and repeating the above computa-~
tions, we arrive at

L L L
Hmz—/kmﬁ+mﬁm%w/’ﬁM+K/(%+w%x
0 0

/wI/ (t — 8)a(s)dsdx

s—/ (p1¢t+pwt>dm+K/ (0n +v)2d

0

+c/0 92 +clgove). a

Lemma 3.3. Assume that the hypotheses (H1) and (H2) hold. Then,
for any 0 < e < 1, the functional Is defined by

Ig(t) = ,02/ 'th(‘Pz + w) dx

bpl P L t
+ sothdac— K/o <Pt/0 g(t — 5)Uy(s) dsdx

0
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satisfies, along with the solution of (P), the estimate

I(t) < {(b¢x-jﬁtg“"s>¢%<8)ds>¢%}2:§

L L
— K/ (z +¥)%dx + cepy / ©ldx
0 0
(3.3) : o .
+,02/ Yida + f/ Yrde — (g o z)
0 €Jo €

bps L
— = 2t d.
+<K P2>/0 Ptzedx

Proof. Using equations of (P), integrating by parts and applying
Young’s inequality, we obtain

t z=L L
13(t) = [(b¢w-J€ 9@'—5)¢%(5)d8)¢h} -—zfjﬁ (6o +)2da
x=0
L L t
24z + 2L Gt = ) (W (t) — () ds d
o [Cutde+ B [ [ =) wet) = vno)asda
L b L
—%g(t)/o wtwwder(Ip{l—pz)/o Oz gt d

[ for-miorm)e]”

L L
- K/ (02 + )2 da + cepy / pidx
0 0
L C L C
o [ wtde S [ Cutdo-Sigow)
0 e Jo €

b L
+ (;;—1 - p2> /0 PrPut d. O

Lemma 3.4. Assume that the hypotheses (H1) and (H2) hold. Let
m € CY([0, L]) be a real-valued function satisfying m(0) = —m(L) = 2.



A MEMORY-TYPE TIMOSHENKO SYSTEM 129

Then, for any 0 < e < 1, the functional I3 defined by

I3(t) = Z% /OL m ()i (b% - /Otg(t — 8)tha(s) dS) dzx

L
+ 5% ; m(z)prp, dx

satisfies, along with the solution of (P), the estimate
2

aw<—iKWMLw—AEu—Q%@»mﬁ
(0.0 [ ot 9t0.905) |
— (AL 1)+ £20.0)

1 L L
+ <4 + ce) K/ (¢z +)2dx + cepy / Yidx
0 0

L L
C C
+*P2/ ¢fdz+2(/ ¢§dx+gowx>
€ 0 € 0

C

- g(g, 0 Py).

Proof. Using equations of (P), the Young and Poicaré inequalities
and the fact that
03 < 2(ps +9)7 + 20,

we have

%wzi[—@%@w—AEu—wmu@w)

2

2

- (bazz(o,t) - /O ot~ n0.9) ds)
2

- ;/OL m/(z) (bwz - /Ot g(t = 8)¢a(s) dS) dz

—KALmu(w@—AE@—ﬁwwa

b L
(oo +w)de— 22 | (@)pida
0
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-—mgay/anm¢ﬂmdx
L 0 t
fon [ @ [0 )wal0) - vu(o) dsa]
+e { — (P2(L, 1) + 3(0,1)) + /OL m(z)patby dz
s [ a2 [ ntwgac]
< [(ewn— [ e opair i)
+@%&ﬂ—fﬂnﬂ%@@wf]
— (P2 (L, t) + ¢35(0,1)) + (i + ca) K/OL(% + ) da
+ cepr /OL o2dr + g,og /OL Yida

L
+€C2</0 widx—kgoi/)x)—z(g’oﬁ)x). O

Lemma 3.5. Assume that conditions (H1) and (H2) hold. After fixing
€ small enough, the functional I defined by

I(t) = 3C€I1(t) + Ig(t) + Ig(t)

satisfies, along with the solution of (P), the estimate
Kt L
1o <5 [ oot [ G
0 0
L L
(3.5) +cp2/ wfdas—l—c/ Yidz + c(g o, — g o)
0 0

bps v
¥ = a:a:dv
+(K pz)/osowt:c

where T = ce.
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Proof. Using Lemmas 3.2-3.4 and the fact that

<bwm - gl — () d8>s0

1 ' ?
< g (0 [Lat- st as) +eet

then choosing e such that 4ce — (3/4) < —(1/2), we obtain the required
result. g

As in [4, 20], we use the multiplier

8 w@o=1( [ veom)e- [Towna

which satisfies, for some ¢ > 0,

L L
/ widx S/ dex
0 0
L L
/ widr < c/ Vida.
0 0

Lemma 3.6. Assume that (H1) and (H2) hold. Then, the functional
J defined by

and

L
J(t) 12/0 (prwer + patpipy) dx

satisfies, along with the solution of (P), the estimate

[ (T L
J'(t) < —5/ wﬁdx+sop1/ ©idx
(3.7) 0 0

L
c
+Zpn [ wbdetclgoua),
€0 0
for any 0 < gy < L.

Proof. Using Young’s inequality and equation (3.6), we obtain

J(t) = / Lw(bwm  K(ps ) /

t

gt — 8)tbua(s) ds) iz
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L
—|—p2/ 1/)tdac—|—K/ (0r + 1)z da:+p1/ wypy dx

—pg/ wtdx—b/ 2dx

—|—K/ w; —w)da:+p1/ Wiy dx

(frore) [

4 / " / ot — 5)(ta(s) — o (t)) ds da

(o 2) [ (3 o

+€0P1/ %daﬂr (gowm)
0

l L
< —7/ wistOm/ pida
2 0 0
¢ L
+fp2/ Yidr + c(goy),
€0 0

provided that gy < .

O

4. General and optimal decay rates for equal speeds of wave
propagation. In this section, we state and prove a general decay result
under the equal speed of waves propagation condition. The exponential

and polynomial decay results are merely special cases.

Theorem 4.1. Let

(v, 1), (Yo,v1) € Hy(0,L) x L*(0,L).

Assume that the hypotheses (H1) and (H2) and identity (1.4) hold.
Then, for any ty > 0, there exist two positive constants C and X, for

which the solution of (P) satisfies, for t > to,

(4.1) E(t) < Cexp (— A E&(s) ds) forp=1,

to
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and

1 1/(2p—2) 3
4.2 E(t) < 1 —.
(42) (t)_O(Hf;g?pl(s)ds) Jort<p<y

Moreover, if

“+o00 1 1/(21772) 3
(4.3) / < ) dt <400 forl<p< =,
to 1+ ftz £2r=1(s)ds 2

then

1

>1/(p1) 3
- forl<p< .
L+ [} &v(s)ds 2

(44)  E@) < c(

Remark 4.2. Inequalities (4.2) and (4.3) together give

—+o0
E(t)dt < +o0.
0

Proof of Theorem 4.1. For the case when p = 1, see [20]. Assume
that 1 < p < 3/2, and let Ny, Ny, N3 > 0, define a functional

L(t) := Ny E(t) + NoF(t) + I(t) + N3J (1),

and set
1

to
gO:/O g(s)ds and 5:m.

Then, from (2.2), (3.1), (3.5) and (3.7), we obtain
K [t IN. L
L'(t) < ——/ (¢ +)*dx — <3 - 50) / V2dx
L
— (7 — eoN3)p1 / ©2dx
0
L
(4.5) — | Nago — Loels clpz | Widx
4 90
5
+c<4N§ + N3 + 4>(gozbm)

N
+ (21 _4CN22 _C) (g/ qubw)v
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for all t >ty and 0 < g < [. First, we choose N3 large enough so that

then € very small so that
Co = (T 7€0N3) > 0.

Next, we pick Ny large enough so that
1 ¢N.
C3 1= <Ngg()€30> > 0.

Finally, we select N7 large enough so that

N
(21 — 4¢N3 —c> > 0.

Thus, (4.5) becomes

L L
L£'(t) < 701/ Yide — 02p1/ oidx
0 0

4.6 o o
o) —eomn [ wtdn = [eotPda

+e(gots) < —kE(H) + c(g0va)(1),

for all t > ty, and some k£ > 0. On the other hand, we can choose Ny
even larger (if necessary) so that

L(t) ~ E(t).
Therefore, by using Corollary 2.6 and estimate (4.6), we arrive at
EL(t) < —kE()E(t) + c£(t)(g 0 ¥a)(t)
< —KE(DE(t) + c(—E'(1))/ 27D,

Multiplying both sides of the above inequality by (£E)*(¢), for a =
2p — 2, we obtain

B (1)L () < —k(EE) (1) + c(6E)* (1) (—E' (1) Y.

Applying Young’s inequality with ¢ = (a+ 1)/ and ¢ = a + 1, we
obtain

VOB ()L (t) < —(k — ey)(EE)* (1) — %E’(t), for all v > 0.
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We choose v such that A\; := k — ¢y > 0 and use the non-increasing
property of £ and E, to have

(EFIEYL) (1) < €T OB ()L (1) < =M (EE)*TH(t) — B (1),
which entails that
(T EYL + cB) (t) < =M (EB)*TH(t).
Let F = M E2L 4+ ¢E ~ E. Then
F'(t) < —ATLF(),
for some A > 0. Integration over (to,t) gives

1
1+ ftfg &r—1(s
This establishes (4.2).
Next, we prove (4.4). From (4.6), we have

f(t)['/(t) < —kER)E(t) + c£(t)(g 0 ) (1)
< —KkE)E()
@ P(s\gP(s 1/p B  9)I2ds
“n(t)/o (€997 ()l (6) = Yult = 5)l3ds,

for any t > ty, where

1/(2p—2)
E(t)gC( > for all ¢ > 1.
) ds

(
(4.7) (

/ e t) — alt — 5)]13d

+
8

E(s)ds < 400,

<2 / (e (O3 + st — 5)13) ds

< /Ot<E<>+E<t—s>

<8 o ga=? [ B
/

100 100 Sk

by Remark 4.2. Applying Jensen’s inequality to the second term on
the right-hand side of (4.7), with G(y) = y'/?, y > 0, f(s) = £P(s)g”(s)
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and h(s) = ||1z(t) — ¥z (t — s)||3, we obtain

1/p
020 < ~keEO+en() (i [0 6t ali-s)30s)
where we assume that 7(t) > 0; otherwise we get, from (4.6),
E(t) < Cexp(—kt) for all t > .
Therefore,
)L (t) < —kE()E(t)
1/p
v 100)(10) [ 1P lt) — vl - 513
< —kEWE(L) + c(—' owz)w( t)
< —kEB(t) + co(—E' (1) /7.
Multiplying both sides of the above inequality by (£E)*(t), for a =
p — 1, and repeating the above computations, we arrive at
1 1p-1)
E(t) < C’(t> for all ¢ > to,
1+ [, €P(s)ds
which establishes (4.4). O

Example 4.3. Let g(¢t) = a/(1+1t)? with ¢ > 2, and let a > 0 be
chosen such that (H1) is satisfied. Then,

(4.8) J(t) = fﬁ

Assume that p1 /K = pa/b. If we write the above identity as

S0 =T Ty = 60,

with £(t) = ¢/(1 +t) and p = 1, then it follows from (4.1) that, for any
to > 0, there exist A > 0 and C' > 0 such that

E(t) < Cexp < / &(s ) 1 _|_Ct>>\q

with the decay rate Ag which is not necessarily the optimal rate.
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Now, by writing (4.8) as

a

(a+1)/q
a9 d0=-w(rm) -0,

with £(t) = ap = ¢/a'/? and p = (¢+1)/q < 3/2, we have, for any
fixed ty > 0,

+00 1 1/(2p—2)
/! )
to 1+ ftt(, £2r=1(s) ds

o0 ) 1/(2p-2)
= _ dt < +00.
/to <1+C(t—t0)>

Therefore, inequality (4.3) entails that a constant C' > 0 exists such
that

1 >1/<p—1) e

B < 0(1 + [ €r(s)ds N

with the optimal decay rate g. For more examples, see [18, 20].

5. General decay rate for different speeds of wave propaga-
tion. In this section, we state and prove a generalized decay result in
the case of non-equal speeds of wave propagation. We begin by differ-
entiating both sides of the differential equations in (P) with respect to
t and use the fact that

D[ ot owatoris] = 2] [ seinati— 1]
= 9(t)¥2(0) + /0 t 9(8) gt (t — 5) ds

:/0 g(t* S)i/)mrt(es) d5+g(t)w0rma

to obtain the following system
(Px)
p1¢1e — K (Pt +Ut)e =0,
patite = bbaat + K (0ar + o) + fy 9(8 = )aae(s) ds + g(t) oz = 0.
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The energy functional associated to (Py) is given by

(5.1)
L t
E.(t) := %/0 {Plﬁpft + 021/’15275 + <b _/0 g(s) ds) 77[}32ct

Kl + 0] o + 5 0 0200

Lemma 5.1 ([11]). Let (¢,%) be the strong solution of (P). Then,
the energy of (P.) satisfies, for all t > 0,
1

L L
(5.2) E; (t) = D) g(t) /0 1/192” dx + %(g/ © wm) - g(t)/o Vi Yogz dx

and

(5.3) E.(t) < c(E*(O) + /0 : r- dx).

By repeating the steps of [17] in proving Lemma 2.5 and using (5.3),
we easily obtain the following lemma.

Lemma 5.2. Assume that hypotheses (H1) and (H2) hold and (p, )
is the strong solution of (P). Then, for any 0 < o < 1, we have

8 L
0
t (p—1)/(p+o—1)
—c o +o—1
: / 9'7%(s) dS] (g7 0 )7V,
0

In particular, for o = 1/2, we get the following inequality:

(2p—-2)/(2p—1)
) (6 00mr) /P

¢

(54)  gotu < ( | a2 as
0

Corollary 5.3. Assume that conditions (H1) and (H2) hold and (¢,1)

is the strong solution of (P). Then,

€(6)(g o tur)(t) < e — EL(t) + e1g() ™Y for all t > 0,

for some positive constant c.
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Proof. From equation (5.2) and inequality (5.3), we have
0 < _gl o wwt
L L
65) = -2E) - glt) [ Vide-20(0) | e do
0 0

2(—EL(t) + c1g(t))

for some positive constant ¢;. Multiplication on both sides of (5.4) by
&(t) and the use of Lemma 2.1 and inequality (5.5) give

£(t)(g © Yat)(t)

t (2p—2)/(2p—1)
< C(ﬁ(t)/o g'*(s) ds> (€g” 0 )V 1)
¢ (2p—2)/(2p—1)
<c< 5(8)91/2(8)d3) P P (_g owzt)l/ 2p— 1)(15)
0
< e~ EL(t) +agt) ", .

Let tg > 0 and Ny, No, N3 > 1. We set gy = fo s)ds and
d =1/(4N3) in (3.1), and define a functional .Z by

Z(t) == N1(E(t) + E.(t)) + NoF(t) + I(t) + N3J(t).
Then, from (2.2), (5.2), (3.1), (3.5) and (3.7), we get

20 s—f/ome)de— (”V?‘— )/ VRda

L
5
—(T—E()Ng)/ plaptdx—i—c(élNQ + N3 + )go'L/Jm
0

1
(56) — (NQQO — Z - — )PZ/ 1/% dx
N- N
- (21 — 4cN3 c)g 09y + 59 0 tu
L
—ng(t)/ Yi1oze dx
0

b L
+ (pll( - p2> /0 %ﬂ/}zt dz.
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Now, we estimate the last term on the right side of (5.6) as in [11].

Lemma 5.4. Let (p,1)) be the strong solution of (P). Then, for any
e >0, we have

p1b g g 2
(5.7) 7 P2 Ot dr < epy pidr
0 0

+ g(g 0thpr — g 0 the) + gE(O)g(t) for all t > tg.

Proof.
(pKlb - Pz) /OL Pitbar dz = ((l}?/K)m)
(5.8) / @1 / (t — 8) (ar(t) — Vui(s)) ds dz
M
Jo 9

L
X/o vt /Otg(t — 8)ut(s) dsdzx.

1 1
< — forallt >t

fo s)ds — 9o

By observing that

and exploiting Young’s inequality and Lemma 2.4 (for ¥,.), we get, for
e>0andt > tg,

((Plb/K / / (t — 8)(Whar(t) — Yy (s)) ds da

L
£ C
< §p1/ @idz + = (g 0 Put).
0 13

On the other hand, by integration by parts and using Lemma 2.4 (for
—¢' and v,) and the fact that E is non-increasing, we obtain

((plb/K / / (b= 8)tbu(s) ds dir — ((plb/K) )
' Jo ot
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v "o (5020 atoyios + [ g () is) ds

_ ((;b/K) = p2)
fgg(s) ds

) /OL Pt (g(t)(% — Yoz) — /Ot g'(t — 8) (W (t) — 1ha(s)) ds) d

L L
5 c c
< §P1/ prde + *g(t)/ (W3 +¥3e) d — —g' 0y
0 € 0 €
L
€ c c
<o [ o+ SEO - 59 0
0 S g
Inserting the last two inequalities into (5.8), we get (5.7). O

Lemma 5.5. Let (p,1)) be the strong solution of (P). Then, for any
t > ty, we have

ZL'(t) < —kE(t) + c(g 0tz + g 0 Vat)

(5.9) . c<E(0) LE0)+ /OL wngdx>g(t)7

for some k > 0.

Proof. Tt follows from Young’s inequality and (5.3) that
L L
1 2 2
- wttszx dx < 5 (’(/}tt + ’(/}Oza:) dx
0 0

(5.10) gc(mm / " zz)%xzdx)

L
< C(E*(O) —|—/ wgmdx).
0

Then, plugging (5.7) and (5.10) into (5.6), we obtain
K [* IN; 5 L
20 <=7 [ errorar— (52 -2e) [ v
1), 2 49 ),

L
— (T — (N3 + 1)50) / plcpfd;v
0
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1 ¢N L
—<N290—4—3—C>02/ Y7de
5() 0

5) c
—|—c<4N22+N3+4)gow$+€go¢mt
0

N
(G- aent - e ) owa+ ZEO)0
2 €o €0

(B0 [ ’ e )90,

At this point, we choose N3, g0, Nz and N as in (4.5) to get (5.9). O

Theorem 5.6. Let (po, ¢1), (to,11) € (H?(0, L)YNHE (0, L)) x HE (0, L).
Assume that conditions (H1) and (H2) hold and the coefficients of the

problem (P) satisfy
P P2
K’ b’

Then, for any ty > 0, there exists a positive constant C, for which the
strong solution of (P) satisfies, for t > to,

1/(2p-1)
(5.11) Et) < C’(t1> ’ for1<p< §
i, €277 () ds 2

Proof. Multiplying both sides of (5.9) by £(¢) and using Corollaries
2.6 and 5.3, we obtain

§0)ZL'(t) < —kEM)E(t) + c§(t)(g 0 e + g 0 thur) + c€(t)g(t)
< —RE(BE() + cE(t)g(1)
+c [( o El(t))l/(zpil) + ( o Ei(t) +Clg(t))1/(2p71):| .

Set @ = 2p — 2, then multiply both sides of the above inequality by
(EE)*(t) and exploit Young’s inequality with

1
q:% and ¢ =a+1,

to obtain

EFHE ()L (t) < —(k = en)(EE)* (1) - %E'(t) - —EL(t)
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+ %g(t) + €T ) E*(t)g(t), for all 4 > 0.

We choose v > 0 small enough such that Ao := k — ¢y > 0 and use the
non-increasing property of £ and g to get

(3T EZL+cE+cE,) () < —Xa(EB) (1) +c€ () E (t)g(t)+eg(t),
which implies that

A (EE)*TH(t) < —(§*T B L+cE+cE., ) (t)+c€* T (1) E* (t)g(t)+cy(t).

We choose N; even larger (if needed) in the proof of Lemma 5.5 so
that £ > cE. Then, integration over (to,t), together with the non-
increasing property of E and &, and the hypothesis (H1) yield, for
t Z th

t
M EOTL(t) [ €21 (s)ds

<x [ (€B)" M () ds < (5P 2 4 cB + cBL)(1)

to

+ (E*TTE® L + cE + ¢E,)(to) + (c€*TH(0)E*(0) + c)/ g(s) ds

< (M E*Z + ¢cE + cE,)(0) 0
L
+ / Va0 () dz 4 (c€*THO0)EX(0) + ¢)(b —1).
0

This entails that

1 1/(2p-1)
E(t)<C|—p——— for all ¢ > to.
Ji €271 (s) ds

This completes the proof of Theorem 5.6. ]

Example 5.7. Let g(t) = e~ where a > 0. Then ¢'(t) = —£(t)g(t)
with £(t) = a. Tt follows from (5.11) that, for any fixed to > 0, there
exists a C' > 0 such that

E(t) <

for all t > tg.
t—to
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Example 5.8. Consider the same function g as in Example 4.3, and
write ¢’ as in (4.9). Then, it follows from (5.11) that, for any ¢ty > 0,
there exists C' > 0 such that

. 1/2p-1) .
E(t) < C(f: ity ds> = Ay’ for ¢ large.
0

For more examples, see [11, 18].
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