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ABSTRACT. In this article, we apply Ménch and Engl’s
fixed point theorems associated with the technique of mea-
sure of weak noncompactness to investigate the existence of
random solutions for a class of partial random integral equa-
tions via Hadamard’s fractional integral, under the Pettis
integrability assumption.

1. Introduction. Fractional differential and integral equations arise
in a variety of areas of biological, physical and engineering applications,
see [22, 32]. There has been a significant development in ordinary and
partial fractional differential and integral equations in recent years; see
the monographs of Abbas et al. [1, 2], Kilbas et al. [24], Miller and
Ross [25] and Zhou [37, 38] and the papers of Abbas et al. [4], Ben-
chohra et al. [11], Wang et al. [33, 34, 35, 36], Zhou et al. [39], and
the references therein. In [14], Butzer et al. investigated properties
of the Hadamard fractional integral and derivative. In [15], they ob-
tained the Mellin transform of the Hadamard fractional integral and
differential operators, and in [30], Pooseh et al. obtained expansion
formulas of the Hadamard operators in terms of integer order deriva-
tives. Many other interesting properties of those operators and others
are summarized in [31], and the references therein.

The measure of weak noncompactness is introduced by De Blasi
[16]. The strong measure of noncompactness was developed first by
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Banas and Goebel [7] and subsequently developed and used in many
papers, see for example, Akhmerov et al. [5], Alvarez [6], Benchohra
et al. [12], Guo et al. [19], and the references therein. In [12, 28], the
authors considered some existence results by applying the techniques
of the measure of noncompactness. Recently, several researchers ob-
tained other results by application of the technique of measure of weak
noncompactness; see [2, 9, 10]. Existence of random solutions for func-
tional differential and integral equations has extensively been studied
in various papers, see [3, 8, 17], and the references therein.

This article deals with the existence of solutions to the following
random Hadamard partial fractional integral equation of the form:

o eemssam () ()

f(s,t,u(s, t,w),w)
ST (ry) 4%

if (z,y) € J, w € Q, where J :=[1,a] x [1,b], a,b> 1, ri,79 > 0,
piJxQ— E, fiIJXExQ—EFE

are given continuous functions, (€2, A, v) is a measurable space, I'(+) is
the Euler gamma function and E is a real (or complex) Banach space
with norm || - ||z and dual E* such that F is the dual of a weakly
compactly generated Banach space X.

2. Preliminaries. In this section, we introduce notation, defini-
tions and preliminary facts which are used throughout this paper.

Let C := C(J,E) be the Banach space of continuous functions
uw: J — E with the norm

[ullc = sup [u(z,y)l|E.
(zy)eJ

Denote by L> (), v) the Banach space of measurable functions
u:Q— C,
which are essentially bounded and equipped with the norm

lu]|pee == inf{c > 0: |lu(w)|lc < ¢, ae. for w e Q}.
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Let (E,w) = (E,o(E, E*)) denotes the Banach space F with its weak
topology.

Denote by (E,w) = (E,o(E, E*)) the Banach space E with its weak
topology.

Definition 2.1. A Banach space X is called weakly compactly gener-
ated (WCGQ) if it contains a weakly compact set whose linear span is
dense in X.

Definition 2.2. A function h : F — F is said to be weakly sequentially
continuous if h takes each weakly convergent sequence in E to a weakly
convergent sequence in F, i.e., for any (u,) in F with u,, — u in (E,w)
then h(u,) — h(u) in (E,w).

Definition 2.3 ([29]). The function v : J — E is said to be Pettis
integrable on J if and only if there is an element u; € F corresponding
to each j C J such that

d(u;) = //j¢(u(s7t))dtds

for all ¢ € E*, where the integral on the right hand side is assumed to
exist in the sense of Lebesgue, (by definition, u; = ff u(s,t) dtds).

Let P(J, E) be the space of all E-valued Pettis integrable functions
on J, and let L'(J,R) be the Banach space of Lebesgue measurable
functions

u:J — R

Define the class P;(J, E) by
Pi(J,E)={u€ P(J,E): ¢(u) € L'(J,R), for every ¢ € E*}.
The space Py (J, E) is normed by
a b
i, =swpee [ [ letute. )l dre.n).

llell<1
where ) stands for a Lebesgue measure on J.

The next result is due to Pettis, see [29, Theorem 3.4, Corollary
3.41].



476 ABBAS, ALBARAKATI, BENCHOHRA AND ZHOU

Proposition 2.4 ([29]). If u € Pi(J,E) and h is a measurable and
essentially bounded E—valued function, then uh € Pi([0,a], E).

In what follows, the sign “[” denotes the Pettis integral. We recall
the definitions of Pettis integral and Hadamard integral of fractional
order.

Definition 2.5 ([20, 24]). The left sided mixed Pettis Hadamard
integral of order ¢ > 0 for a function g € P;([1,a], E) is defined as

("o - [ (m)ff() és.

Remark 2.6. Let g € Pi([1,qa], E). For every ¢ € E*, we have
o717 g)(z) = (FITpg)(x), for almost every z € [1,a).
Definition 2.7. Let 1,79 > 0, 0 = (1,1) and r = (ry,r2). For

w € Py(J,E), define the left sided mixed Pettis Hadamard partial
fractional integral of order r by the expression

e = o [ (02)" ()T g

Let Bg be the o-algebra of Borel subsets of E. A mappingv: Q) — E
is said to be measurable if, for any B € Sg, we have

v H(B) ={w e Q:v(w) € B} C A

In order to define integrals of sample paths of random process, it is
necessary to define a jointly measurable map.
Definition 2.8. A mapping
T:QxF—F
is called jointly measurable if, for any B € Sg, we have
T YB) = {(w,v) € QA x E:T(w,v) € B} C Ax Bg,

where A x g is the direct product of the o-algebras A and g those
defined in 2 and E, respectively.
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Lemma 2.9 ([17]). Let T : Q x E — E be a mapping such that T(-,v)
is measurable for all v € E, and T(w,-) is continuous for all w € Q.
Then, the map

(w,v) — T(w,v)

s jointly measurable.

Definition 2.10 ([21]). A function
f:IXxExQ—EFE
is called random Carathéodory if the following conditions are satisfied:

(i) the map
(z,y,w) — f(2,y,u,w)

is jointly measurable for all © € E, and
(ii) the map
u— f(xayau7w)

is continuous for almost all (z,y) € J and w € Q.

Let T : Q x E — E be a mapping. Then T is called a random
operator if T'(w, u) is measurable in w for all u € E, and it is expressed
as T(w)u = T(w,u). In this case, we also say that T'(w) is a random
operator on E. A random operator T'(w) on E is called continuous,
respectively, compact, totally bounded and completely continuous, if
T(w,u) is continuous, respectively, compact, totally bounded and
completely continuous, in w for all w € €. The details of completely
continuous random operators in Banach spaces and their properties
may be found in [23].

Definition 2.11 ([18]). Let P(Y) be the family of all nonempty
subsets of Y and F' a mapping from Q into P(Y’). A mapping

T:{(w,y):weQ, ye Flw)} —Y

is called a random operator with stochastic domain F' if F' is measurable,
ie., for all closed A C Y, {w € Q,F(w) N A # 0} is measurable, and
forallopen DCY andally e Y, {we Q:y e F(w), T(w,y) € D}
is measurable. T will be called continuous if every T'(w) is continuous.
For a random operator 7', a mapping y : 2 — Y is called a random



478 ABBAS, ALBARAKATI, BENCHOHRA AND ZHOU

(stochastic) fixed point of T if, for P-almost all w € Q, y(w) € F(w)
and T'(w)y(w) = y(w) and, for all open D C Y, {w € Q: y(w) € D} is
measurable.

Definition 2.12 ([16]). Let F be a Banach space, Qg the bounded
subsets of F and B; the unit ball of E. The De Blasi measure of weak
noncompactness is the map

B:Qg — [07 OO)
defined by

B(X) = inf{e > 0 : there exists a weakly compact subset
of E:X CeB;+Q}.

The De Blasi measure of weak noncompactness satisfies the following
properties:

(a) AC B= fp(A) < B(B);

)
(b) B(A) =0« A is weakly relatively compact’
(c) B(AU B) = max{5(A), B(B)};
(d) B(A ) B(A); (A denotes the weak closure of A);
(e) B(A+ B) < B(A) + B(B);
(f) B(AA) = [AIB(A);
(g) B(conv(A)) = B(A);
(h) B(Uprj<nAA) = hB(A).

The next result directly follows from the Hahn-Banach theorem.

Proposition 2.13. Let E be a normed space and xo € E with xg # 0.
Then, there exists a ¢ € E* with ||| =1 and ¢(zo) = ||zo]|-

For a given set V of functions v : J — E, we denote by
Viz,y) ={v(z,y) ;v eV}, (2,y) €,
and

V(IJ)=A{v(z,y):veV, (x,y) e}
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Lemma 2.14 ([19]). Let H C C be bounded and equicontinuous.
Then, the function

(z,y) — B(H(z,y))

is continuous on J, and

6C(H) = ma’X(w,y)EJB(H(x7 y))a

ﬁ(//]u(s,t)dtds> S//]B(H(s,t))dtds,

where H(z,y) = {u(z,y) : v € H}, (z,y) € J, and B¢ is the De Blasi
measure of weak noncompactness defined on the bounded sets of C.

and

We need the following fixed point theorems.

Theorem 2.15 ([27]). Let Q be a nonempty, closed, convex and
equicontinuous subset of a metrizable, locally convexr wvector space
C(J,E) such that 0 € Q. Suppose that

T:Q—Q
is weakly-sequentially continuous. If the implication
(2.1)  V =conv({0}UT(V)) = V is relatively weakly compact,

holds for every subset V. C Q, then the operator T has a fized point.

Theorem 2.16 ([18]). Let
F:Q—2Y

be measurable with F(w) closed, conver and solid, i.e., intF(w) # 0,
for all w € Q. We assume that there exists measurable

Yo: Q2 —Y

with yo € intF(w) for all w € Q. Let T be a continuous, random
operator with stochastic domain F such that, for every w € Q,

{ye Flw): T(w)y =y} #0.
Then, T has a stochastic fixed point.



480

ABBAS, ALBARAKATI, BENCHOHRA AND ZHOU

3. Existence results. We begin by defining what we mean by a
random solution of the integral equation (1.1).

Definition 3.1. A function u € C is said to be a random solution of
(1.1) if u satisfies equation (1.1) on J.

Next, we state the main result.

Theorem 3.2. Assume that the following hypotheses hold:

(H1)

(H7)

the function w — p(x,y,w) is measurable and bounded for
almost every (x,y) € J;
the function f is random Carathéodory on J X E x (;
for almost every (x,y) € J, and all w € Q, the function
u— f(z,y,u,w) is weakly sequentially continuous;
for almost every u € E, and all w € Q, the function (z,y) —
f(z,y,u,w) is Pettis integrable almost everywhere on J;
there exists a p € C(J,[0,00)) such that:

there exists a function

p:J xQ—0,00)

with p(w) € L*®(J,]0,00)) for each w €  such that, for all
p € Ex, we have

px,y, w)|e|
lo(f(z,y, u,w))| < ",
L+ [loll + llulle

for almost every (x,y) € J, and each u € E, with
for each bounded set B C E and, for each (x,y) € J and w € Q,
we have

Bf(z,y, B,w) < p(z,y,w)B(B);
there exists a random function R : Q — (0,00) such that

p*(w)(loga)™ (logh)"

R(w) > (w) + T +r)0(1+r)

where

M*(w) = Sup(a:,y)EJ“j’(xvy?w”? p*(w) = Sup(z,y)EJp(xﬂva)'
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If

p*(loga)™ (log b)"
3.1 (= <1,
( ) F(1+T1)F(1+T2)

where p* = supessyeq p*(w), then the integral equation (1.1) has at
least one random solution defined on J.

Proof. Transform the integral equation (1.1) into a fixed point equa-
tion. Consider the operator

N:Qx(C—C

defined by:
(3.2)

f(s,t,uls, t,w), w)

dt ds.
stD(r)D(r2) 5

From hypotheses (Hz)—(Hy), for each w € Q and almost all (z,y) €
J, the function f(-,-,u(:,-,w),w) is Pettis integral on J. From (Hs),
we have that, for all (x,y) € J,

T‘l—l 7’2—1
Chathe
S

Z st

is Pettis integrable for all w € . Again, as the map p is continuous
for all w € Q and the indefinite integral is continuous on J, then N (w)

defines a mapping
N:OQxC—C.

Hence, u is a solution for the integral equation (1.1) if and only if
u = (N(w))u. We shall show that the operator N satisfies all of the
assumptions of Theorem 2.16. The proof will be given in several steps.

Step 1. N(w) is a random operator with stochastic domain on C.
Since f(z,y,u,w) is random Carathéodory, the map

w_)f(x7y7uaw)
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is measurable in view of Definition 2.8. Similarly, the product

r1—1 ro—1
(logD <log1;> £ (5.t uls, t,w), w)

st

of a continuous and a measurable function is again measurable. Fur-
ther, the integral is a limit of a finite sum of measurable functions’
therefore, the map

z py 2 r1—1 9 Tzflf(s t u(s t w) ’LU)
loe & log 2 10 A0 70 T dtd
w— p(z, Y, w) +/1/1 <0g 5> (Og t) stU(r1)T(r2) ’

is measurable. As a result, IV is a random operator on Q2 x C into C.

Let W : Q — P(C) be defined by

W(w) = {u € C: fulle < R(w) and [u(er, g1, w) — ulzs, yo, )]s

S ||:u’(z1ay17w) - /U‘(IQay27w)||E
p*(w)
+ 2(lo "2(log 9 — log 7)™
T r)T(1+7g) 2U0su2)" (log 2 —loga)
+ 2(log z2)" (log y2 — log y1)"™

+ (log x1)"™ (logy1)™ — (log z2)™ (log y2)"

—2(log s — log z1)™ (log y2 — log yl)”]}.

Clearly, the subset W(w) is closed, convex and equicontinuous for all
w € Q. Then, W is measurable by [18, Lemma 17]. Therefore, N is a
random operator with stochastic domain W.

Step 2. N(w) is continuous. Let {u,} be a sequence such that
Uy, — u in C. Then, there exists a ¢ € E* such that

(N (w)u)(z,y)llz = ¢((N(w)u)(z,y))-
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For each (z,y) € J and w € Q, we have

1N (w ) (w‘ y) = (N(w)u)(z,y)lle
(N (w)un)(z, y) (N (w)u)(z, y))

//

7‘2—1

-1
log log %

(f(s,t un(s t,w),w) — f(s,t,u(s,t,w),w
L(r)T(r2)

Using the Lebesgue dominated convergence theorem, we obtain

) dtds.

|IN(w)u, — N(w)u|lc — 0 as n — co.

As a consequence of Steps 1 and 2, we can conclude that
N(w) : W(w) — N(w)
is a continuous, random operator with stochastic domain W.
Step 3. For every w € €,
{u e W(w) : N(w)u =u} # 0.

For this, we apply Theorem 2.15. The proof will be given in several
claims.

Claim 1. N(w) maps W(w) into itself. Let w € Q be fixed, and let
u € W(w), (z,y) € J. Assume that (N(w)u)(x,y) # 0. Then, there
exists a ¢ € E* such that

(N (w)u)(z, )|z = ¢((N(w)u)(z,y)).
Hence, we obtain:

(N (w)u)(z, )| =

:d)(M(x’y’ ) Tl T2 / / ( )T1_1<10gi>7‘2_1

(s, t,u(s, t,w),w) dtds)

st

= ¢(:u’(z7 Y, U}))

wo(mmm [ (o) (eet)
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Slobulstune) )

I A CHECHN

Sttt g g,

Ty st w)
< p(w) + T // <10g > (logt) #dtds

. p*(w)(loga)" (log b)™
S P A T T 1a)
< R(w).

Next, for any fixed w € Q, let (z1,y1), (z2,y2) € J be such that 1 < a9
and y1 < y2, and let u € W(w), with

(N(w)u)(z1,y1) — (N(w)u) (22, y2) # 0.
Then, there exists a ¢ € E* such that

(N (w)u) (21, y1) — (N(w)u) (22, y2) ||
= ¢((N(w)u)(z1,y1) — (N(w)u)(z2,y2))
and
el = 1.

Thus, we have

[(N (w)u)(z2, y2) — (N(w)u) (21, y1)| &
= ¢((N(w)u )($2a92)—(N(w) )(z1,91))

< H/’[’(xhyla $2792a )HE
r1 fY1 ro—1
// {10 log%
7"1 7"2 t
r1—1 ro—1
t, t
—|log = |log 2 }”f(s u(s’t’w)’w)”E dt ds
S

T271

Tl 7"2 /m /yl

8 Gt u(s, tw),
st

o
e

w) dtds
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1 /$1/y2 :I,'Q 7‘171 y2 7’271
o log 22 log 22
o)) L Sy | s &%

90 tuls,t w),w)

1 /Iz/yl :I,'Q 7‘171 y2 7’271
R log 2| |log 2
o)) Jo, i | % s &%

Wt ), )

Then, we obtain

(N (w)u )(wzyyz) — (N(w)u)(z1,91)|

< H/j/(.’lfl,y]_, x2ay27 )HE
T1 rY1 ri—1 r2—1
o [ [ o
7’1 7"2 ¢
r1—1 - *
_ logﬂ log — | ]p (w) dtds
s t st
1 @2 [y zo | ‘ yo | p*(w)
o log =2 log 22 dt ds
F(Tl)r(r2) /11 /yl ¢ S * st
1 nrv 2’“‘ y2 |7 pt(w)
Lt log 2= dtds
F(Tl)F(m)/l /y 0 st
1 Zo y1 To 7‘1—1’ Yo Tz—lp*(w)
- 10 = 10 == dt dS
A
p*(w)

< _
= HM('Tlaylaw) :U/(x2ay27w)||E + F(l +7’1)F(1 +T2)

485

x [2(log y2)™ (log w2 —log x1)"™ + 2(log z2)" (log y2 — log y1)"™

+ (logw1)" (logy1)™ — (log z2)" (log y2)"
+ (log x5 —log x1)"™ (logy2 — log y1)"].

Hence, N(W(w)) C W(w). Therefore,
N(w) : W(w) — N(w)

maps W (w) into itself.
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Claim 2. N(w) is weakly-sequentially continuous. Let (uy) be a
sequence in W(w), and let

(un(z,y,w)) — u(z,y, w)

in (F,w) for any w € Q and each (z,y) € J. Fix (z,y) € J. Since f sat-
isfies assumption (Hs), we have f(z,y, u,(z,y, w), w) converges weakly
uniformly to f(z,y,u(z,y,w),w). Hence, the Lebesgue dominated con-
vergence theorem for the Pettis integral implies (Nu,)(x,y,w) con-
verges weakly uniformly to (N(w)u)(z,y) in (F,w). This may be per-
formed for any w € Q and each (z,y) € J; thus, N(w)(u,) = N(w)(w).
Then,
N : W(w) — W(w)

is weakly-sequentially continuous.

Claim 3. The implication (2.1) holds. Let V be a subset of W (w)
such that

V =conv(N(w)(V) U {0}).
Obviously,
V(z,y, w) C conv(N(w)V)(z,y)) U{0}).

Further, as V' is bounded and equicontinuous, by [13, Lemma 3] the
function

(z,y,w) — u(z,y,w) = B(V(z,y,w))

is continuous on J x . Since the function g is continuous on J x €,
the set
{u(z,y,w), (z,y)€J, weQ} CE

is compact. From (Hs), Lemma 2.14 and the properties of the measure
B, for any w € Q and each (z,y) € J, we have

v(z,y,w) < ﬁ(( ) ), y) U{0}) < BN (w)V)(z,y))

ry—1 ro—1
7“1 7“2 st
—1 To— 1
x y p(s,t,w)v(s,t,w)
< log — log dtd
= F(rl)F(rg)/l /1 8 087 st °
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||’UHCT2 / /

p*(loga)™ (log b)" o]
—r(1+r1)r(1+r2) o

Thus,

-1 -1
log y "
t

p(s,t,w)
st

log dtds

[olle < £lvlle-
From (3.1), we obtain ||v]|c = 0, that is,

v(z,y,w) =V (z,y,w)) =0,

for any w € Q and each (x,y) € J. Hence, [26, Theorem 2] shows that
V' is weakly relatively compact in C.

As a consequence of Claims 1-3, and from Theorem 2.15, it follows
that, for every w € €,

{ue W(w) : N(w)u = u} # 0.
Now apply Theorem 2.16. Steps 1-3 show that, for each w € 2, N has
at least one fixed point in W. Since
ﬂ intW(w) # 0
weN

and the hypothesis that a measurable selector of intW exists holds,
then N has a stochastic fixed point, i.e., the integral equation (1.1) has
at least one random solution on C. (|

4. An example. Let E =R, Q = (—00,0), be equipped with the
usual o-algebra consisting of Bochner measurable subsets of (—o0, 0).
Given a measurable function

w: Q— C([1,¢] x [1,€]),

consider the following partial random Hadamard integral equation of

the form
—1
u(z,y,w) = p(r,y,w // (log )

r 1
y 2 f(s’ t7 u(87 t7 w)’w)
1 z
x ( o8 t) AT (rg) 148

(4.1)
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for (z,y) € [1,€] x [1,¢], w € Q, where
ri,me >0, p(r,y,w) =xsinw +y*cosw, (z,y) € [1,€] x [1,¢],

and

$y2

1+ w? + |u(z,y,w)|)esty+5’
(z,y) € [1,e] x [1,¢e], w €.

The function
w — p(x,y,w) = zsinw + y? cosw
is measurable and bounded with
i, g, w)] < e+ €

hence, the condition (H) is satisfied.
The map
(@, y,w) — f(2,y,u,w)

is jointly continuous for all u € R, and hence, jointly measurable, for
all v € R. In addition, the map

u'—>f(x?y’u’w)

is continuous for all (z,y) € [1,e] x [1,€] and w € Q. Therefore, the
function f is Carathéodory on

[1,e] x [1,e] xR x Q.

For each u € R, (z,y) € [1,€] X [1,e] and w € 2, we have

J?y2

(1 + [ul)”

Hence, condition (Hs) is satisfied with p* = e~2.

We show that condition ¢ < 1 holds with a = b = e. Indeed, for each
r1,72 > 0, we obtain
_ p*(loga)™ (logb)" 1

! = < < 1.
T(14+r)T(14r2) = e2T(1 4+ r)T(1 4 ro)

f (@, y,u,w)| <
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A simple computation shows that all conditions of Theorem 3.2 are
satisfied. It follows that the random integral equation (4.1) has at least
one random solution on [1,¢] x [1,¢].
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