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ABSTRACT. We extend the main result of [12] to the
case of more general weighted singular integral operators
with two shifts of the form

(aI —bUa) P + (cI — dUg) P,
acting on the space LP(Ry), 1 < p < oo, where
PE=(I£5,)/2

are operators associated with the weighted Cauchy singular
integral operator S, given by

(S,)(0) = %/M (4) {2 ar

with v € C satisfying 0 < 1/p + Ry < 1, and Uq, Ug are the
isometric shift operators given by

Uaf = (@)/P(foa),  Usf=(B8)/7(foB),
generated by diffeomorphisms «, 8 of Ry onto itself having
only two fixed points at the endpoints 0 and oo, under the
assumptions that the coefficients a, b, ¢,d and the derivatives
o', 8" of the shifts are bounded and continuous on R4 and
admit discontinuities of slowly oscillating type at 0 and oo.
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1. Introduction. Let B(X) be the Banach algebra of all bounded
linear operators acting on a Banach space X, and let K(X) be the
ideal of all compact operators in B(X). An operator A € B(X) is
called Fredholm if its image is closed and the spaces ker A and ker A*
are finite dimensional. Then, the number

Ind A := dimker A — dim ker A*

is referred to as the index of A, see, e.g., [8, Chapter 4]. For any pair
A,B € B(X), we will write A~ Bif A— B € K(X).

Following Sarason [33, page 820], a bounded continuous function f
on Ry = (0,00) is called slowly oscillating (at 0 and oo) if
lim sup [f(t)—f(7)]=0 forse {0,00}.
TS ¢ relr,2r]
The set SO(R) of all slowly oscillating functions forms a C*-algebra.

This algebra properly contains C (R ), the C*-algebra of all continuous
functions on Ry := [0, +o0].

Suppose that « is an orientation-preserving diffeomorphism of R
onto itself, which has only two fixed points, 0 and co. We say that
a is a slowly oscillating shift if loga’ is bounded and o/ € SO(Ry).
The set of all slowly oscillating shifts is denoted by SOS(R,). By [11,
Lemma 2.2], an orientation-preserving diffeomorphism o : Ry — Ry
belongs to SOS(R, ) if and only if a(t) = te?®) | t € R, for some real-
valued function w € SO(Ry) N CL(R,) such that ¥(t) := tw'(t) also
belongs to SO(Ry) and inf;cr, (1+tw’(t)) > 0. The real-valued slowly
oscillating function

w(t) = logla(t)/f], te Ry,
is called the exponent function of a € SOS(R).

Throughout the paper, we will suppose that 1 < p < co. It is easily
seen that, if @ € SOS(Ry), then the shift operator W, defined by
Wof = f o« is bounded and invertible on all spaces LP(R. ), and its
inverse is given by W, 1 = W,,_, where a_; is the inverse function to
a. Along with W, we consider the weighted shift operator

Uy = (o )V/PW,,

an isometric isomorphism of the Lebesgue space LP (R, ) onto itself. It
is clear that Ut = U,_,. Let a,b € SO(Ry). We say that a dominates
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b and write a > b if

nf la(t)] > 0,

fmin(a(9)] - b(0) > 0.
hgglol.}fﬂa(t” —[b(?)[) > 0.
The next theorem is a generalization of a pioneering result by

Kravchenko [25] on invertibility of functional operators with shift and
continuous data.

Theorem 1.1 ([15, Theorem 1.1]). Suppose a,b € SO(RL) and
a € SOS(R4). The binomial functional operator al —bU,, is invertible
on the Lebesgue space LP(Ry) if and only if either a > b or b > a.

(a) If a> 0, then
(al =bUs) "' = (¢ 'bUs)"a ' I.

n=0

(b) Ifb>> a, then

(al —bUs) "' ==U" > (b7 aUs )" ' T
n=0

Let Ry and 37y denote the real and imaginary parts of v € C,
respectively. As usual, 7 = Ry — iSy denotes the complex conjugate of
~. If v € C satisfies

(1.1) 0<1/p+Ry<1,

then the operators

0=z [ (5) £

== [ () Lo

where the integrals are understood in the principal value sense, are
bounded on the Lebesgue space LP (R, ), see, e.g., [4, subsection 1.10.2],
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[5], [9, subsection 2.1.2], [32, Proposition 4.2.11]. Put
Pf=(I+85,)/2.

This paper is a continuation of our work [11, 12] wherein we
established a Fredholm criterion for the operator

Ny = (al — bW, Py + (cI —dW,) Py

on the Lebesgue spaces LP(Ry) with slowly oscillating data, that is,
under the assumptions a, b, ¢,d € SO(R;) and o € SOS(Ry).

Unfortunately, the proof of the main result of [12] contains a gap
in the proof of [12, Lemma 7.2]. That proof works only under the
additional assumptions
(1.2) liminfa/(t) >1 or limsupa/(t) <1

t—s t—s

for each fixed point s € {0,00} of the shift « (this condition is not
mentioned in [12]).

As a matter of fact, since fW, = f(o/)~"/PU, and f(o/)*'/? belong
to SO(R;) whenever f belongs to SO(R;) and o € SOS(Ry), the
Fredholm study of the operator Ny is equivalent to the same problem
for the operator

Ny := (al —bU,)Py + (cI — dU,) Py .

The usage of U, instead of W, has several technical advantages. One
of these is that the simplest singular operator with two isometric shifts
of the form
i i ot o
F7=U.P; +U;3PO ,

where «, 5 € SOS(R..), is Fredholm on LP(R,) for every i,j € Z, and
its index is equal to 0 [13, Theorem 1.1]. This result was recently
extended [10, Theorem 1.1] to the operators
ij . [7i pt oo [ pe
F' .= ULPf + U)P;,

with v € C satisfying (1.1) and having small |3+y|. Another example of
weighted singular integral operators with two slowly oscillating shifts,
for which the index is available, is the operator

W= (I - fU3)PS + (I — gUG*) Py,
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where 1,69 € {—1,1} and v, := 1/2 — 1/p. We proved [14, The-
orem 7.1] that, if f,g € SO(R;) are such that 1 > f, 1 > ¢ and
a, B € SOS(R,), then the operator W is Fredholm and Ind W = 0.

The aim of this paper is two-fold: to fill in the gaps by removing the
additional assumption (1.2) in the necessity portion of the Fredholm
criteria for the operator Ny (equivalently Ns) and to extend the main
result of [12] to the setting of operators with two possibly different
slowly oscillating shifts a, 8 and weighted operators Pf with v € C
satisfying (1.1). More precisely, we will establish necessary conditions
for the Fredholmness of the weighted singular integral operator with
two slowly oscillating shifts of the form

(1.3) N := (al —bUq) P + (eI — dUg) Py,

where a,b,c,d € SO(R,), a, 8 € SOS(R;) and v € C satisfies (1.1).

We will achieve our aim combining the method of limit operators,
see [28, 31], and a method of studying the Fredholmness of non-
local bounded linear operators developed by the second author and
Kravchenko [19, 20, 21] and further elaborated upon in [17, 22].

In order to formulate our main results, we need a bit more notation.
By M (), we denote the maximal ideal space of a unital commutative
Banach algebra 2. Identifying the points ¢ € R, with the evaluation
functionals t(f) = f(t) for f € C(R,), we obtain M(C(R,)) = Ry.
Consider the fibers

M(SO(Ry)) := {& € M(SO(RY)) : &lpw, ) = 5}

of the maximal ideal space M (SO(R.)) over the points s € {0,00}. By
[18, Proposition 2.1], the set

A= My(SO(R+)) U Mu(SO(R-.))

coincides with closgo- R4 \ Ry, where closgo- R4 is the weak-star
closure of R} in the dual space of SO(R;). Then,

In what follows, we write
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for every a € SO(R) and every £ € A. With the operator N given by
(1.3), we associate the function n defined on Ry x R by

n(t,z) = (a(t) = b(t)e™D)p () + (c(t) — d(t)eD*)p3 (x),

where w,n € SO(R) are the exponent functions of «, 3, respectively,
and

Py () = (1% 55(2))/2,

(1.4) sy(x) = coth[r(x +i/p+iv)], z€R.

Since n(-,x) € SO(R,) for every z € R, taking the Gelfand transform
of n(-,z), we infer for (¢,2) € (AUR,) x R that
n(€, ) = (a() — b(€)e™ O)p] (x)

+ (e(€) = (&) )p (),

which gives extensions of the functions n(-, z) to M(SO(R,)).

(1.5)

Theorem 1.2 (Main result). Let 1 < p < oo and v € C satisfy (1.1).
Suppose that a,b,c,d belong to SO(Ry) and a, 8 belong to SOS(R,).
If the operator N given by (1.3) is Fredholm on the space LP(R,.), then
the following conditions are fulfilled:

(i) the binomial functional operators
Ay =al —bU,,  A_:=cl —dUs
are invertible on the space LP(R);
(ii) for every & € A, the function n given by (1.5) satisfies

inf n(€, z) > 0.

This paper is organized as follows. We begin with some auxiliary
results gathered in Section 2.

In Section 3, we collect known results on Mellin convolution opera-
tors with continuous and semi-almost periodic symbols.

Section 4 is devoted to singular integral operators with shifts. We
start with the algebra A generated by the identity operator I and
the singular integral operator Sy. Its elements are similar to Mellin
convolution operators with continuous symbols. We mention several
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important relations involving operators Pf and R,. Further, we
consider the algebra FO, g of functional operators generated by the
operators UX!, U ﬂil, and the operators of multiplication by slowly
oscillating functions. We recall that AB ~ BA whenever A € FO,
and B € A. Finally, we show that the operator PO+ Py xs1 is compact
for every closed interval J C R..

In Section 5 we recall the notion of a limit operator, see e.g., [28, 31],
and show that the limit operators of the operator N are:

N§ = (a(f) - b(é)Uag)P'j + (C(g) - d(g)Ugg)P;, 'f S Av

where the shifts o and f¢ are given for ¢t € Ry by ag(t) := e*©¢ and
Be(t) = et respectively. Hence, the operators N¢ are similar to
Mellin convolution operators with semi-almost periodic symbols n(¢, -).
This allows us to prove the necessity of condition (ii) in Theorem 1.2.

Section 6 is devoted to the proof of the necessity of condition (i) in
Theorem 1.2. We begin with a version of the general method for the
study of Fredholmness of nonlocal operators [19, 22] adapted to the
paired operator M = A, Py + A_P_ with Py + P_ = I on a Banach
space X. We prove that, if M is Fredholm, then its coefficients A, A_
are invertible on X whenever the pairs (A4, P1) and (A_, P_) satisfy
the so-called condition (A). Since the operator N given by (1.3) may
be written as

N:A+P6F+07P07:C+PO++A7P07

with Ay =al —bU,, A_ = cI — dUs and some C4,C_ € B(LP(R4)),
the rest of the section is devoted to the verification of condition (A) for
the pairs (A4, P)) and (A_, P;). It is based on the recent, important
result following from [7, Theorem 3.4] and states that the functional
operator A = al — bU, with a,b € SO(R;) and o € SOS(R,) is
invertible on the space LP(R.) if and only if each operator in the
family of discretizations {A,},cr, of A is invertible on the space (P(Z).
A construction of sequences of functions required in condition (A) is
based on the above result and is similar to that in [23, Theorem 5.2].
We would also like to mention that the Pilidi lemma [30] formulated
in Section 2 plays an important role in our construction.
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2. Auxiliary results.

2.1. Lower norms. Let X be a Banach space and A € B(X).
Following [27, subsection 1.3], see also [29, subsections B.3.1 and
B.3.4], consider lower norms of the operator A defined by

Al = inf{[[ Az x : |zl x =1},
|A|l- =sup{k >0: kBx C A(Bx)},

where Bx = {x € X : ||z|]|x < 1}. Fundamental properties of lower
norms are collected in the following statements.

Theorem 2.1 (see, e.g., [27, Theorem 1.3.2]). An operator A € B(X)
is invertible if and only if |A|+ > 0 and |A|— > 0. If A is invertible,

then
1

A=Al = +——rb—.
Al =M= g

Lemma 2.2 (see, e.g., [29, subsection B.3.8]). If A € B(X), then
|A*|—- = |A]+ and [A"[|4 = |A]-.

2.2. On convergence of operator sequences involving compact
operators. Let us recall the following well-known fact.

Lemma 2.3 (see, e.g., [32, Lemma 1.4.7]). Let X be a Banach space.
Suppose that A,B € B(X) and A,,B, € B(X) for alln € N. If
K € K(X) and, if A, — A and B} — B* strongly as n — oo, then
|AnKB, — AKB|px) — 0 as n — oc.

2.3. Pilidi’s lemma. Recall that a subset I' C C is referred to as a
Jordan curve if it is homeomorphic to the complex unit circle T and
an arc if it is homeomorphic to a connected subset of the real line R
which contains at least two distinct points. Following [8, page 15] or
[26, page 15], a Jordan curve I is said to be Lyapunov if the tangent
to I' exists at every point ¢ € I" and it forms an angle (¢) with the real
line R that satisfies the Holder condition

0(t1) — O(t2)] < Alty — to|*
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for all ¢t1,t5 € ', where constants A > 0 and 0 < p < 1 are independent
of t1,t,. Let DT denote the bounded domain with a Jordan Lyapunov
boundary I' and D~ = C\ (Dt UT). Let C*(T') denote the set of
all functions analytic in DT and continuous in D+ UT', and let C (T)
be the set of all functions analytic in D™, continuous in D~ UT and
vanishing at infinity.

The next lemma was obtained by Pilidi [30, page 513].

Lemma 2.4. Let T' be a Jordan Lyapunov curve and v C I' an arc.
There exist sequences {®}}22, € CT(T) and {®;,}22, C Cy (T) such
that || ®F | 1oy =1 for alln € N and

7}1_{20 (11— Xv)‘I’rijLp(r) =0,

where X~ is the characteristic function of ~y.

3. Mellin convolution operators.

3.1. Fourier and Mellin convolution operators. Let F : L?(R) —
L?(R) denote the Fourier transform,

(Ff)(@) = / fy)e-i™vdy, zeR,

and let F~1 : L*([R) — L%*R) be the inverse of F. A function
a € L*®(R) is called a Fourier multiplier on LP(R) if the mapping
f = FlaFf maps L2(R)N LP(R) into itself and extends to a bounded
operator on LP(R). The latter operator is then denoted by W°(a). We
let M,,(R) stand for the set of all Fourier multipliers on L”(R). Then,
we can show that M, (R) is a Banach algebra under the norm

lallam, @) = IW°(a)lBLr®))-

Let du(t) = dt/t be the (normalized) invariant measure on Ry.
Consider the Fourier transform on L?(R, du), which is usually referred
to as the Mellin transform and is defined by

M LQ(R-HdM) — LQ(R)a
dt

(Mf)@) = [ fer —.
Ry
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Let M~!: L*(R) — L?(Ry,du) be the inverse Mellin transform, and
let £ be the isometric isomorphism

E: LP(Ry,du) — LP(R), (Ef)(z) :== f(e*), zeR.

Then the map A — E~'AF transforms the Fourier convolution oper-
ator W9 (a) = F~laF to the Mellin convolution operator

Co(a) :== M~ taM

with the same symbol a. Hence, the class of Fourier multipliers on
LP(R) coincides with the class of Mellin multipliers on LP(R,, du).

3.2. Continuous and piecewise continuous multipliers. We de-
note by PC the C*-algebra of all piecewise continuous functions on
R = RU{cc}. By definition, a € PC if and only if a € L*°(R) and the
one-sided limits
—0):= 1l

a(xo —0) pam a(x),

oo +0) = Jim, @)
exist for each zy € R. If a function a is given everywhere on R, then
its total variation is defined by

V(a) :== supz la(zy) — a(zr—1)|,

k=1

where the supremum is taken over n € N and all partitions
—0o <)< < < Ty < F00.

If @ has a finite total variation, then it has finite one-sided limits a(x—0)
and a(z 4 0) for all z € R, that is, a € PC. By the Stechkin theorem,
see e.g., [2, Theorem 17.1] or [5, Theorem 2.11], if a € PC has finite
total variation V'(a), then a € M,(R) and

||a||Mp(R) < ||5RHB(LP(R))(||a||L°°(R) + V(a))’

where Sg is the Cauchy singular integral operator on R. According to
[5, page 36], see also, [2, page 325], let PC), be the closure in M, (R)
of the set of all functions a € PC with finite total variation on R.
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Following [2, page 331], put
C,(R) = PC, N C(R),
where R := [—o0, +00].
3.3. Semi-almost periodic multipliers. Consider the isometric iso-
morphism
®: LP(Ry) — LP(Ry, dp),
(®F)(t) :=t"Pf(t), tE€Ry.

The following simple statement motivates us to go beyond the class of
continuous multipliers.

(3.1)

Lemma 3.1. Let a : Ry — Ry be a multiplicative shift given by
a(t) = kt for all t € Ry with some k € Ry.. Then, U, = ®~1 Co(m)®
with m(x) := e 18* for x € R.

Proof. The proof is a matter of a direct calculation. O

A function p: R — C of the form
p(.’B) - Z T)\ei/\z>

where ry € C, A € R, and  is a finite subset of R, is called an
almost periodic polynomial. The set of all almost periodic polynomials
is denoted by APy. It follows from Lemma 3.1 that APy C M,(R).
According to [2, page 372], AP, denotes the closure of the set of all
almost periodic polynomials in the norm of M, (R), and SAP, denotes
the smallest closed subalgebra of M,,(R) that contains Cp,(R) and AP,.

Applying the inverse closedness of the algebra SAP, in L*(R), see
[2, Proposition 19.4], we immediately obtain the following.

Theorem 3.2. Suppose a € SAP,. The Mellin convolution operator
Co(a) is invertible on the space LP(Ry,dp) if and only if

;ren]];\a(xﬂ > 0.
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4. Singular integral operators with shifts.

4.1. The algebra A of singular integral operators. Let A be the
smallest closed subalgebra of B(LP(R,)) that contains the operators I
and Sy. It is clear that A is commutative.

Consider the function
(4.1) ry(x) :=1/sinh[r(x +i/p+iv)], xR

The next statement is well known and goes back to Duduchava
[5, 6] and Simonenko and Chin Ngok Minh [34], also see [4, subsec-
tion 1.10.2], [9, subsection 2.1.2], and [32, subsections 4.2.2-4.2.3]).

Theorem 4.1. Let 1 < p < o0, v € C, be such that 0 < 1/p+ Ry < 1.
The functions s, and r~, given by (1.4) and (4.1), respectively, belong
to Cp(R); the operators S, and R+ belong to A; and

S, =& 'Co(s,)®, R,=® 'Co(r,)®,
where ® is given by (3.1).

4.2. Some operator identities. Theorem 4.1 is a source of various
identities involving the operators S, and R, .

Lemma 4.2. Let1 < p < 0o and~,0 € C be such that0 < 1/p+Ry < 1
and 0 < 1/p+ Rd < 1. Then,

P - Pr=P; - P;

1
=3 sinh[mi(y — )] R, Rs.

Proof. For x € R, set ., := m(x+1i/p+ivy) and x5 := w(x+1i/p+id).
Then

ps (2) = Py (x) = p3 (2) - p; (@)
5 (50(2) — ()
_ 1sinh(x) cosh(zs) — cosh(z ) sinh(z;)

2 sinh(z~) sinh(zs)
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sinh(z, — zs)
2sinh(z) sinh(zs)

% sinh[mi(y — 8)]r, (x)rs(x).

Combining this identity with Theorem 4.1, we arrive at the statement
of the lemma. |

Lemma 4.3 ([10, Lemma 2.4]). Let 1 < p < oo and 7,6 € C be such
that 0 < 1/p+ Ry <1 and 0 < 1/p+Rd < 1. Then,
im(5—7)
e
— R, R,

- pt+ _
PP =~

4.3. The adjoint of the operator S,.

Lemma 4.4. Let 1 <p < oo, 1/p+1/g=1 and v € C satisfy (1.1).
Then, the adjoint operator to Sy is given by (S,)* = S_5 on the space
LY(Ry).

Proof. Since 0 < 1/p + Ry < 1, the operator Sy is bounded on the
weighted Lebesgue space
LP (R4, wy) :={f is measurable: fw, € LP(Ry)},
where w, (t) := [¢7] = t™7 for t € Ry. It is clear that LY(Ry,w ') is
its dual space. Assume that f € LP(Ry) and g € LY(R, ). Then,
fO e PRy wy), gDt € LYRy, wi ).

Since 1/(mi) = —1/(mi) and (7/t)=7 = (7/t)~7, from [24, Chapter III,
subsection 2.1, Corollary 1], it follows that

/Dh(Svf)(t)g(t)dt = 1/R+ ( L Wd7>g(t)ﬂ dt

iy

1 - g(t)t”
= R+f(7')7' 7(/RJr P dt>d7

(T)(S—59)(7)dr
Ry

for all f € LP(Ry) and g € LY(Ry). This yields (S,)* = S_5. O
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4.4. Compactness of some singular integral operators with
shifts. Fix o, 8 € SOS(Ry). Let FO, g denote the smallest closed
subalgebra of B(LP(R..)) that contains the operators Uy, U, *, Ug, Uﬁ_1
and all operators cI with ¢ € SO(Ry).

Lemma 4.5 ([14, Lemma 2.8]). Let o, € SOS(R4). If A € FOqup
and B € A, then AB ~ BA.

The characteristic function of a measurable set £ C Ry will be
denoted by xg.

Lemma 4.6. For any closed interval J C Ry, the operator POJFP(;XJI
is compact on the space LP(R,).

Proof. We know from Lemma 4.3 that
_ 1
(4.2) Py Py = —ZRS.

The closed interval J is separated from 0 and oco. Suppose that
X € C(Ry) is a function which is equal to 1 on J and vanishes outside
of a bounded open neighborhood of J. Then, applying Theorem 4.1
and Lemma 4.5, we obtain

(4.3) RoxsI = RoXyxs ~ XsRoxsI =: A.

Since A is an integral operator with bounded kernel function of compact
support, it follows from [8, Chapter 1, Theorem 4.2] that the operator
A is compact on the space LP(R.). Hence, in view of (4.3) and (4.2),
the operators RyxsI and PO’L Py xs1I are also compact on this space. [

5. Limit operators and Theorem 1.2 (ii).

5.1. Limit operators: Abstract approach. Let X be a Banach
space, and let X* be its dual space. We say that a bounded linear
operator U on X is a scaled isometry if U is invertible in B(X) and
1Ullsxy = 1/[U s(x). Every scaled isometry is of the form kU,

where U is an isometry and k is a positive constant.
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Let A € B(X) and U = {U,, }52; be a sequence of scaled isometries.
If the strong limits

(5.1) Ay = s-gm(U,;lAUn) in B(X),
(5.2) Ay = s-lim(U, P AU, )" in B(X™)
n—oo
exist, then always (A4y)* = Ay-, and we will refer to the operator

Ay as the limit operator for operator A with respect to the sequence
U. Note that usually the limit operator Ay is defined independently
of the existence of the strong limit Ay, see e.g., [31], while we need
the existence of both limits (5.1), (5.2) for our purposes. If the limit
operator Ay, exists, then it is uniquely determined by A and U, which
justifies the notation Ag.

In the next statement, we collect basic properties of limit operators.

Lemma 5.1. Let U = {U,}52,; C B(X) be a sequence of scaled
isometries. If A,B € B(X), a € C, and if the limit operators Ay,
By exist, then the limit operators (aA)y, (A+ By, (AB)y also exist
and

(OzA)u = OtAu, (A + B)u = Az,{ + Bu, (AB)U = AZ/{BZ/{-

The proof of the above result may be found in [28, Proposition 3.4]
or [31, Proposition 1.2.2].

Theorem 5.2. Let X be a Banach space, let 2 be a closed subalgebra
of B(X) and let J be a closed two-sided ideal of A. Suppose that A € A
and U = {Up,}22, C B(X) is a sequence of scaled isometries such that
the limit operator Ay and the limit operators Jy exist and are equal to
zero for all J € J. If the coset A+ is invertible in the quotient algebra
A/J, then the limit operator Ay is invertible.

The proof is obtained by analogy with [31, Proposition 1.2.9].

5.2. Realization with dilations. For x € R, consider the dilation
operator V,, defined on LP(R;) by

(Vu£)(t) := f(t/x), teR,.
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It is easy to see that V, is invertible on the spaces LP(R,) and
V! = Vij,. Moreover, ||Vallprer,) = /P, and hence, V, is a
scaled isometry for every x € R,..

Fix s € {0,00}. We say that a sequence h := {h,}52; C R, is a
test sequence relative to the point s if

lim A, = s.
n—oo

With each test sequence h relative to the point s, we associate the
sequence of scaled isometries V; := {V},, }°2; C B(LP(R4)).

Lemma 5.3 ([12, Lemma 4.4]). Let h := {h,}2; C Ry be a test
sequence relative to a point s € {0,00}. For any operator K €
K(LP(Ry)), the limit operator Ky with respect to the sequence of scaled
isometries

Vi = (Vi 52, © BILP(R))

exists and is the zero operator.

Similarly to [1, Proposition 4.2, Corollary 4.3], we have the following
important property of the maximal ideal space of the algebra SO(R.).

Lemma 5.4 ([18, Proposition 2.2]). Suppose that {ax}ren is a count-
able subset of the space SO(RL) and s € {0,00}. For each & €
Ms(SO(Ry.)), there exists a sequence {t,}5>; C Ry such that t, — s
as n — 0o and

(5.3) E(ag) = ar(&) = li_>m ak(tn) for all k € N.

Conversely, if {tn}521 C Ry is a sequence such that t, — s as n — 0o
and the limits lim,,—, oo ar(t) exist for all k € N, then there exists a
functional £ € Ms(SO(Ry)) such that (5.3) holds.

Now, we are ready to calculate the limit operators of operator N
given by (1.3).

Lemma 5.5. Let v € C satisfy (1.1). Suppose that a,b,c,d € SO(R,),
a and B are slowly oscillating shifts and w,n € SO(R,) are the
exponent functions of «, B, respectively. Let the operator N be given by
(1.3) and s € {0,00}. Then, for every & € M;(SO(RL)), there exists
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a test sequence h® = {h5}32, C Ry relative to the point s such that
the limit operator Nvia with respect to the sequence of scaled isometries

Vie = {V,e }n2q C B(LP(Ry)) exists and coincides with
(5.4)  Ne= (a(&)] — b )Ua) P + (c(&)I — d(§)Ug, ) Py,

where ag(t) = et and Be(t) = €Ot fort € R,

Proof. Fix s € {0,00} and £ € M (SO(Ry)). It follows from [11,
Lemma 2.4] that a_1,8-1 € SOS(R;) along with «, 8 € SOS(R,).
Therefore, the functions

w(t) = logla(t) /1], n(t) = log[B(t) /1],
¢(t) := logla—1(2) /1], »(t) == log[B-1(t)/1]

are real-valued functions in SO(Ry).

Consider the following set of slowly oscillating functions:

g = {a7 ba ¢, da O/a 6I7 (a—l)/7 (ﬁ—l)la w, 1, <7 1/)7 (O/)l/p7 (ﬂ/)l/p}'

By Lemma 5.4, there exists a test sequence h® = {h$}°°; C R, relative
to the point s such that the limit

9(&) = &(g) = lim g(h%)

n—oo

exists for every function g € G. It was shown in the proof of [12,
Lemma 4.5] that

(55)  (gD)vs, =g(&)I for g € {a,b,c,d, ()7, (8)/7}

and
(5.6) (Waly;e =Wee,
' (Wp)ys, = W

(5.7)
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We infer from (5.5)—(5.7) and Lemma 5.1 that

(Ua)vr, = (@) /" Walve, = ()P Ty (Way:
= (O/(g))l/pWOég = (O/E)l/pWOég = Uag

13

(5.8)

and, analogously,
(5.9) (Ug)vs, = Usge-

By Lemma 4.4, (S,)* = S_5. Then, it is easy to see that, for every
n €N,
Vh?SVVh% =5 (Vh’ilSthi)* = (9)".

Therefore,

+ _ pt — _ p-
(510) (P'y )VZE _P'y ) (P'y )VZE _P'y .
Combining (5.5) and (5.8)—(5.10) with Lemma 5.1, we see that the limit
operator Ng = Ny:_ exists and is calculated by (5.4). O

5.3. On the gap in the proof of [12, Lemma 7.2]. As already
mentioned in the introduction, the proof of [12, Lemma 7.2] contains
a gap. If condition (1.2) is not satisfied, then, in view of Lemma 5.4,
there is a £ € A such that w(§) = 0. In this case, we see from the
proof of Lemma 5.5 (and its predecessor [12, Lemma 4.5]) that the
limit operators W, and Uy, of W, and U,, respectively, both collapse
to the identity operator. Therefore, the theorems on invertibility
of binomial functional operators for the study of a(&)I — b(§)Wa,
and a(§)I — b(§)Ua, cannot be relied upon without the assumption
of (1.2). This fact was overlooked when we wrote the proof of [12,
Lemma 7.2]. In order to fill in this gap (in the more general setting of
the present paper), we use another strategy of the proof of the necessity
of condition (i) in Theorem 1.2, which is presented in Section 6.

5.4. Proof of the necessity of Theorem 1.2 (ii). The next lemma
gives a useful necessary condition for the Fredholmness of V.

Lemma 5.6. Let vy € C satisfy (1.1). Suppose that a,b,c,d € SO(R,),
a and B are slowly oscillating shifts, and w,n € SO(RL) are the
exponent functions of «, B, respectively. If the operator N given by (1.3)



NECESSARY FREDHOLM CONDITIONS 383

is Fredholm on the space LP(Ry), then, for all { € A, the operators N¢
given by (5.4) are invertible on the space LP(R.).

Proof. The argument is borrowed from the beginning of the proof
of [12, Lemma 7.2]. Set & € A, that is, fix s € {0,00} and & €
Ms(SO(R;)). By Lemma 5.5, there exists a test sequence

ht = {5 }p2, C Ry

relative to the point s such that the limit operator NVZ& with respect
to the sequence of scaled isometries

Vie = {Vis fntr C B(LP(Ry))

exists and coincides with N¢ given by (5.4). It follows from Lemma 5.3
that Ky:. =0 for every K € K(LP(Ry)). Since the operator N
is Fredholm, the coset N™ = N + K(LP(R.)) is invertible in the
quotient algebra B(LP(R,))/IC(LP(R4)). Applying Theorem 5.2 with
2= B(LPRy)), J = K(LP(Ry)), A= N and U =V}, we conclude
that the operator N¢ = Nyzg is invertible. ([l

Now, we are in a position to prove the necessity of condition (ii) in
Theorem 1.2.

Theorem 5.7. Let v € C satisfy (1.1). Suppose that a,b,c,d €
SO(R4), a,8 € SOS(Ry) and w and n are the exponent functions
of a, B, respectively. If the operator N given by (1.3) is Fredholm on
the space LP(R), then, for every £ € A,

(5.11) inf n(€,z)| > 0,
where the function n is defined by (1.5).

Proof. The proof is analogous to the proof of [12, Theorem 7.5].
By Lemma 5.6, for every £ € A, the operator N¢ defined by (5.4)
is invertible on LP(R;). On the other hand, taking into account
Theorem 4.1 and Lemma 3.1, we obtain Ne = ®~! Co(n(¢, -))®, where
n(§,-) € SAP, is given by (1.5). Hence, Co(n(§,-)) is invertible on the
space LP(R,,dp). Then, we obtain (5.11) from Theorem 3.2. O
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6. Necessity of Theorem 1.2 (i).

6.1. Condition (A). Let X be a Banach space. Recall that an
operator B, € B(X), respectively B, € B(X), is said to be a right
(resp. left) regularizer for A if

AB, ~ I, respectively, BjA ~ I.

It is well known that an operator A is Fredholm on X if and only if
it simultaneously admits a right and a left regularizer. Moreover, each
right differs from each left regularizer by a compact operator, see e.g.,
[8, Chapter 4, Section 7]. Therefore, we may speak of a regularizer
B = B, = B of a Fredholm operator A.

The ideas behind the next definition follow from [17, 22], also see
[26, pages 249-251] and earlier approaches in [19, 20, 21]. Suppose
that X is a Banach space and Ay, A_, P,, P_ € B(X). We say that
a pair (4,P) € {(A4,P1),(A_, P_)} satisfies condition (A) if the
non-invertibility of the operator A implies that one of the following
conditions holds:

(A-i) there exists a sequence {f,}22; of elements of X with norms
lfnllx = 1 such that the sequences

{AfafnZy and {(PyPo)fu}nis

converge in X, but the sequence {Pf,}52; does not contain
subsequences convergent in X;

(A-ii) there exists a sequence {g,}°2, of elements of X* with norms
llgnllx+ = 1 such that the sequences

{A%gntnzy and  {(PyP-)"gn}niq

converge in X*, but the sequence {P*g,}52; does not contain
subsequences convergent in X*.

Theorem 6.1. Let A, A_,P,,P_ € B(X) and
(6.1) P +P =1, A Py ~P Ay, A_P_~P A_.
Suppose that the operator
M=A,P,+A_P_
is Fredholm.
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(a) If the pair (A4, Py) satisfies condition (A), then the operator
Ay is invertible.

(b) If the pair (A_, P_) satisfies condition (A), then the operator
A_ is invertible.

Proof. The idea of the proof is borrowed from [22, Theorem 2.1]. It
follows from (6.1) that

(62) P+P7:P7P+7 A7P+':P+A7, A+P,’ZP7A+.
Let MY be a regularizer of M. Then,

(6.3) MEDM ~ MMEY ~ 7,

(a) Assume that the pair (A4, Py) satisfies condition (A) and the
operator A, is not invertible. Therefore, one of conditions (A-i) or
(A-ii) is fulfilled for the pair (A4, Py). We infer from (6.1)—(6.3) that

Py~ MEYMP, = MEYV(AL P+ (A_ — A,)P,P_)

(6.4)
~MEYPLAL + MEV(A- — A PP
and
(©5) P ~P, MMV = (P, A, + P (A — A )P )MV

~ AP MY+ PP (A —A)MY,

It follows from relations (6.4)—(6.5) that there exist K; € K(X) and
Ky € K(X*) such that

6.6) P, =MYP, A + MEYV(A_ — AP P+ Ky,
(6.7) Py =MDy PLAL + (MUTY) (AL — AL) (P Po)* + K.

Let {fn}s2; be a sequence in X as in condition (A-i). Since
K; is compact and ||f,|lx = 1 for all n € N, we see that the
sequence {K f,}52; contains a convergent subsequence {Kifpn, }%2 .
By condition (A-i), the subsequences {A; fy, }72, and {PyP_ fn, }72,
are also convergent. Thus, the subsequence {Py f,,, }72; is convergent
in view of (6.6), but this contradicts condition (A-i), which says that
{P; fn}52, does not contain convergent subsequences.
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Analogously, if {g,}52, is a sequence in X* as in condition (A-ii),
then a contradiction may be reached in view of (6.7). This observation
completes the proof of part (a).

(b) The proof of part (b) is analogous to the previous proof and,
therefore, is omitted. O

6.2. Discretization of functional operators. Consider the isomet-
ric shift operator V' defined on the space ¢7(Z) by

(Vf)(n) =f(n+1), neZ, fel(Z)
Obviously, the operator V is invertible on the space ¢ (Z), and
(VIHn) = f(n—1), neZ fe(Z).

Suppose that a,b € SO(R) and o € SOS(R). Let a_; be the
inverse function to a. For ¢ € Ry and n € Z, let ap(t) := ¢ and
an(t) := afap—1(t)]. By analogy with [7], [18, Section 6] and [23,
subsection 3.1], we associate with every functional operator of the form
A = al — bU, the family of discrete operators A, € B((P(Z)), 7 € Ry,
defined by

(68) A'r = a'rI - bTV7
where

ar(n) = afay, (7)),
(6.9) b-(n) =blan(7)], neZ

Then a,, b, € £>2°(Z).

The next theorem immediately follows from a more general result
[7, Theorem 3.4].

Theorem 6.2. Let a,b € SO(Ry) and o € SOS(Ry). The functional
operator A = al — bU,, is invertible on the space LP(Ry) if and only
if for all 7 € Ry the discrete operators A, defined by (6.8)—(6.9) are
invertible on the space P(Z).

6.3. Construction of special functions related to functional
operators. In this subsection, we present a construction which will
serve as a basis for the verification of conditions (A-i) and (A-ii).
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For a finite set Q CZ and z € Z, put Q + z :={m+z: m € Q}.

Lemma 6.3. Let 1 < p < oo, 1/p+ 1/q = 1. Suppose that
a,b € SO(R;), a € SOS(R;) and A := al —bU,. Let 7 € Ry and
A, be the discrete operator associated to the functional operator A by
(6.8), (6.9).

(a) If |Ar|+ = 0, then for every € > 0 there exists a function
© € LP(Z) with finite support Q C Z and a symmetric open neighborhood
w of T such that |||l ewzy = 1, for allk € Q := QU (Q — 1) the closures

ag () are pairwise disjoint and, for every symmetric open neighborhood

u of T satisfying u C u and every g, € LP(u), the function
@(k)(U;klgu)(t) ift € ag(u),k € Q,

(6100 £ =10 fteR \ ( U ak<u>)7

keQ

satisfies the relations
(611)  [fullzr@s) = lgullr@),  NAfulle®y) < €llgulloe -

(b) If |A%|+ = 0, then for every € > 0 there exists a function ¢* €
094(Z) with finite support @ C Z and a symmetric open neighborhood
u of T such that |[¢*||gazy = 1, for all k € C~2 = QU (Q +1) the
closures a_(u) are pairwise disjoint and, for every symmetric open
neighborhood u of T satisfying uw C u and every gi; € Li(u), the function

" (k) (Ua,g2)(t) if t€ap(u), ke€Q,
F®:=10 ift e Ry \ ( U ak(“)),

keQ

satisfies the relations

Ifullawy) = llgullcawy, A" fulloamy) < ellgulliau)-

Proof.

(a) Fix 7 € R,. Since the set of functions of finite support is dense
in ¢P(Z), it follows from the definition of the lower norm | A, |, that, for
every € > 0, there exists a function ¢ € (P(Z) of finite support @ C Z
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such that

(6.12) lollerzy =1, Ar@llerzy <

N ™

For 7 € R, there is a point 7 € Ry such that 7 lies in the open
interval ¢ with the endpoints 7 and (7). Then, a;(¢) Na;(¢) = 0
for every i,j € Z satisfying i # j. In view of the continuity of the
coefficients a,b of the operator A = al — bU, on R, there exists an
open symmetric neighborhood u C /¢ of the point 7 € R, such that,
for all k € é, the closures ay(u) are pairwise disjoint and, in view of
(6.12), for any ¢ € u,

&
(6.13) At ollerzy < |A7ller(z) + 5 <e

Applying (6.10) and the first equality in (6.12), we obtain

1l =3 [ leP| s a0

ke /o)

=S letr [

keQ ok (u
(T tewr) [ lauopa
kEQ u
= ||S0||§p(z)|‘gu”ip(u)

) |gulo—i()]]"|o” 4 (2)] dt

= ||gu||ip(u)a
which implies the first equality in (6.11).
It is easy to see that, for ¢ € ay(u) with k£ € Q — 1, we have
Uab)(1) = ol + DU, g))(0) = (Vi) (1) (U0 (),

and

(Uafu)(t) =0 fort€R+\( U ak(u)>.

keQ—-1
Hence, for t € ay(u) with k € Q, we obtain

(6.14) (Afu)(t) = [a(t)o(k) = b(t) (Vo) (F)](Ug, ) (8),
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and
(6.15) (Af,)(t) =0 forteRy\ ( U ak(u)).
keqQ

Applying equalities (6.8), (6.9), (6.14), (6.15), and inequality (6.13),
we get

1ALl ey = D — b (V) (k)" (U gu) ()Pt
Lr(Ry) — = /ak(u)
==§I/Wdamwwu»—bmawMVw W lau (o)
ke@ "
=Y [ [(A) (k)| gu(t) Pt
ke@/u
- [(Z 10wl s ora
u ke@

= [ el o (e
< (ellgullew)”,

which implies the second inequality in (6.11) and completes the proof
of part (a).

The proof of part (b) is analogous and based | on the facts that
A* =al-U_'I € B(LY(Ry)) and A* =@, I1-V~1b,. I € B(¢4(2)). O

6.4. Application of Pilidi’s lemma. Pilidi’s lemma plays a crucial
role in the proof of the following important part of the necessity of
condition (i) in Theorem 1.2 in our proof.

Lemma 6.4. Let {u,}52, be a sequence of open neighborhoods of a
point T € Ry, which are uniformly separated from 0 and co. For every
n € N, there exist two functions gn, hn, € LP(u,) such that

Xun P(;’_Xungn =gn + hn7 Tespecm‘vel% Xy, P()_Xungn =gn + hn7
and

lgnllzr @,y =1, lhnllLe,) = O1/n) asn — oc.
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Proof. Since the neighborhoods u,, of 7 are uniformly separated from
0 and oo, there exists a Jordan Lyapunov curve I' such that u,, C I for
all n € N. We prove the version for the “+” sign. The proof for the
“—” sign is completely analogous.

Fix n € N. By Lemma 2.4, there exists a ®} € CT(T') such that
@[y = 1 and

1
]. — Xu @J’_ p —_—.
¢ Xun )P e (r) < 2n)?
It is clear that || Xy, )} ||L»r) # 0. Set
o+
+ . n L +
n *— 9 =+ gn T XUWW"’L'
X, @3t [l o (1)
Then, ||gn||Lr(u,) = 1 and
(6.16)
(1 = xu, )P} | o (r) 1/(2n)P _ 1

||XF un\p:”LPF Unp S —.
) Vi) = 71— ) E [y L= 1/~ n

Let St be the Cauchy singular integral given on LP(T") by
_ 1 [ 9
(Srg)(w) = — /F Sy

where the integral is understood in the principal value sense. It is
well known that Sr € B(LP(T)), see e.g., [8, Chapter 1, Theorem 2.1].
Consider the operator P := (I + Sr)/2. It is easy to see that

Xun PojLXunI = Xun PFXu'rLI'

Hence, taking into account that Pf W = U we obtain
XUHPJXungn = XunP;\Il:: - XunPIJ‘rXI‘\un\II:L_ =0gn+ hna

where
hy = 7XunPI—‘FXF\un\I]z~

We see from (6.16) that

Ihnllze uny < IPE XV, Uit 2oy

< HPFHB(LP(F)) )

<N PElscee@yllxrve, Uit e (r) ”
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6.5. Proof of the necessity of Theorem 1.2 (i). Let E C Ry be
a measurable subset. As usual, |E| denotes the measure of £ C R,.
For the Lebesgue space LP(F) and a positive integer m > 2, let L, (E)
denote the vector-valued Lebesgue space of columns w1th entries in
LP(E) equipped with the norm

1/p
L = (Z 11, E)) .

”(fl’vfm)

Theorem 6.5. Let v € C satisfy (1.1). Suppose that a,b,c,d €
SO(Ry) and a,8 € SOS(Ry). If the operator N given by (1.3) is
Fredholm on the space LP(R), then the functional operators Ay :=
al —bU, and A_ :=cI — dUg are invertible on the space LP(Ry).

Proof. By Lemmas 4.2—4.3, the operator N is represented in each of
the forms

_ 1 )
(6.17) N=AL R +A-Fy - 5 sinh(miy) (A — A-) R, R

= AP +C_Py =C Py +A_Fy,
where
C = A, + 2sinh(miy)e™ (A, — AP,
C_:=A_ +2sinh(miy)e ™ (A, — A_)PF.

We deduce from Lemma 4.5 and Theorem 4.1 that the commutators
DPOi — POlLD are compact for D € {A,,A_,Cy,C_}. Tt follows
from this observation, representations (6.17) and Theorem 6.1 that,
in order to obtain the invertibility of operators A, and A_ from the
Fredholmness of operator N, it remains to show that the pairs (A, P0+ )
and (A_, P;) satisfy condition (A). This will be done following the
scheme of the proof of [23, Theorem 5.2].

Now, we show that the pair (A, P;) satisfies condition (A). If the
operator A, is not invertible, then, from Theorem 6.2, it follows that
a point 7 € Ry exists such that the discrete operator A, given by
(6.8), (6.9) is not invertible on the space ¢(Z). We then deduce from
Theorem 2.1 and Lemma 2.2 that one of the lower norms |A.|; or
|A%|+ is equal to 0.
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Assume for definiteness that |A,| = 0. Then, by Lemma 6.3 (a), for
every n € N, there exist a function ¢,, € ¢?(Z) of finite support Q,, C Z
and a sequence {ugn)};’il of nested symmetric open neighborhoods of
7 contained in the open interval I with endpoints 7 and «(7) such that

llonllerzy = 1, for all k € Qn = Qn U (Qn — 1) the closures ak(ugn))
are pairwise disjoint, |u§n)| — 0 as i — oo and, for every ¢ € N and
every function gfn) € Lp(ugn)), the function

(6.18)

o on (k) (Ua_klggn))(t) ift € ay, (ugn)),k € Qn,
fi () = 0 ift e Ry \ ( U ak(ugn))),

keQn
satisfies the relations
(619) ||fi(n)||Lp(R+) = Hgl(n)HLP(ug"))’
n ]' n
(620) ||A+fz( )||LP(]R+) < ﬁ”g’f )||Lp(u§”)).
Let

L= ) (D).

keQn
For every i € N, set
an) = U ay, (ugn))
keQn

Since ufj_)l C uz(»") for every i € N, we see that Ffff_)l C an).

Taking into account the fact that @, is finite, there exists a closed

interval J,, such that I’ gn) C J, for all i € N. It follows from Lemma 4.6
that the operator Py Py x.,I is compact on LP(R ).

Let m,, be the cardinality of the finite set @),,. Consider the isometric
isomorphism
Yn LP(Lyn) — LE, (1),

(Eaf)() = {US)) ()} req., teL

Let diag,, {T'} denote the diagonal operator m,, x m,-matrix, all of
whose entries on the main diagonal are equal to 7. It follows from
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Lemma 4.5 that the operators Py — (U¥)~!P;fU* are compact on
LP(Ry) for all k € Q,,. Therefore, the operator

Xow )P0 Xar )] = Xa(1y(Ua) ™ P Us Xy ]
= Xo ) Po Xern I = X ) (UE) "X Py xtUl X a1
is compact on the space LP(ay(1)) for all k € @,,. Hence, the operator
(6.21) Ky o= xe, P xe, I =, " diag,, {aPy xil}3,
is compact on the space LP(L,,).

Since the set @, is finite and « preserves the orientation on Ry and
|u£7l)| — 0 as i — oo for any fixed n € N, we see that

|1"Z(,")| — Z |ak(u§n))| — 0 asi— oo.
k€EQn

Hence,

strongly on L1(R) as i — oo, where ¢ = p/(p — 1). Thus, taking into
account the facts that Py Py x,, I and K,, are compact and I‘E") C Jn
for all 7 € N, we deduce from Lemma 2.3 that there exists a number
in, € N such that

1

< on”

in

1

+ —
HPO Fo XFEZ)I”B(LP(R+)) < n
1
HKnX (n,)IH < —.
B llseey)) n

For all n € N, set u,, := ugs) and [, := FZ(»:). Thus,
(6.22) | 2o Py xr, || <1
' 070 X HlBwr®y)) < 37

1
(6.23) ||XFnKnXFnI||B(LP(]R+)) < HKHXFnI||B(LP(R+)) < n’

Since |u,| < |T'y| < 1/2™, we see that the neighborhoods w, are
uniformly separated from 0 and co. We then deduce from Lemma 6.4
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that there exist sequences gy, hy, € LP(u,) such that

6.24)  lgnllzrw,y =1 lbnllze,) =0(1/n) asn— oo,
and
(6.25) Xu,, P0+Xungn =gn+h, forallneN.

Let f,, be the function defined by (6.18) with ggf) = gn. It follows

then from (6.18)—(6.20) and the first equality in (6.24) that

(6.26) [fallsomy =1, lim Ay fo =0,

By the construction of f,,, we have xr, f, = fn. Therefore, applying
inequality (6.22) and the first equality in (6.26), we obtain

1P Py fallLe sy = 1P Py X, fullLe ey

_ 1
<P Py xr, Ilsr@on 1 fnlle@,) < -

which implies that
lim PPy f, =0.
n—r oo

It remains to prove that the sequence { Py f,}32; does not contain
convergent subsequences. Consider the isometric isomorphism

on t LP(Tn) = LY, (un), (0 f)() = {(US /) (D)} ke, t € tn.
It is clear that xu,Xi = Xu,, XT.. X2, = Xr,, and
ZaXrd = Xu, Sns X, =2 X, 1
Tn = Xun EnXr, 1, ot =X, S0 X 1

From these identities and (6.21), we obtain
(6.27)
xr, B xe, I = xr, B diag,,, (P xal}Saxe, I+ xr, Knxr, I

= xr, 0, diag,, {Xu, Po Xu, [}onxr, +xr, Knxr, I
Assume the contrary, that is, that the sequence { Py £, }5_; contains

a convergent subsequence. Without loss of generality, we may assume
that { P f,}5°, converges. Then, in view of the equality f,, = xr,, fa.
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we deduce that the sequence {xr, Py xr, fn}So; converges. Hence,
taking into account (6.23) and (6.27), we deduce that the sequence

(6.28) {on " diag,,, {Xu, Po Xu,[}oufa}nts
converges as well.
Taking into account the definitions of f,, and o, it is easy to see
that, for all n € N,
Onfn = {on(k)gn}treq,-
Hence, from (6.25), we deduce that

(6.29) ot diag,, {Xu. Po Xun L Yonfn
=0, ({&n(k)Xun Po Xun9n}heq,)
=0, ({n(k)(gn + hn)}req,)
= fn+ 03 {en(B)hntreq,) -

Since o, : LB, (uy,) — LP(T',) is an isometry and ||¢p || er(z) = 1, from
the second relation in (6.24), we get

1/p
(630) llow" (onttinbea.) sy = (3 lontalty,)

kEQn
= |lenller @) 1hnll Lo (u)
=0(1/n) asn — co.

We then deduce from the convergence of the sequence (6.28), equality
(6.29) and relation (6.30) that the sequence {f,}22, converges in the
space LP(R,).

Set
foo := lim f, € LP(Ry).
n—oQ

By this definition and the first equality in (6.26), we obtain

(6.31) | foollLr(ryy = 1.

It follows from the estimate || < 1/2* that

<Y<Y 5=
k=n k=n
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Let x, be the characteristic function of the set

U T
k=n

Hence, we deduce from the above estimate that 1 —x,, — 1 everywhere
on Ry as n — 0o. By the Lebesgue dominated convergence theorem,

I foollLr () = Jim (1 = xn) foollLr(ry)-

Since f,,(t) =0 for t ¢ T',,, we see that (1 — x,(¢))fn(t) =0 for t € Ry,
whence

[eollzrgeyy = T (= Xn) oo = (1 = X fullzo(es

< lim 2||fn — foollLr(ey) =0,

which contradicts (6.31). Therefore, the sequence { P f,,}32; does not
contain convergent subsequences.

Thus, we have constructed a sequence {f,}°2; of functions in
LP(Ry) such that [|fulzr®,) = 1 for all n € N. The sequences
{ALfa3e, and {Py Py .}, converge in LP(R,); however, the
sequence {P;"f,}%2; does not contain subsequences convergent in
LP(R4). This means that condition (A-i) is fulfilled if the operator
A, is not invertible and |A;|+ = 0 for some 7 € R.

It can be shown analogously that condition (A-ii) is fulfilled if the
operator Ay is not invertible and |A%*|; = 0 for some 7 € Ry. This
completes the proof of the assertion that the pair (A, Py") satisfies
condition (A). In the same way, it can be proved that the pair (A_, P;")
also satisfies condition (A). O

Finally, Theorems 5.7 and 6.5 imply Theorem 1.2.

Added in proof. In our subsequent paper [16, Theorem 1.3], we
proved that conditions (i)—(ii) of Theorem 1.2 are also sufficient for
the Fredholmness of the operator N. A formula for the index of the
operator N is obtained in [16, Theorem 1.4].

Acknowledgments. We would like to thank the anonymous referee
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