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LP-APPROXIMATION BY TRUNCATED
MAX-PRODUCT SAMPLING OPERATORS OF
KANTOROVICH-TYPE BASED ON FEJER KERNEL
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ABSTRACT. By use of the so-called max-product method,
in this paper we associate to the truncated linear sampling
operators based on the Fejér-type kernel, nonlinear sampling
operators of Kantorovich type, for which we prove conver-
gence results in the LP-norm, 1 < p < 400, with quantitative
estimates.

1. Introduction. The sinc-approximation operators were first in-
troduced and studied in [5, 19, 25] under the terms of cardinal and
truncated cardinal functions. Later on, the properties of these linear
approximation operators and their applications in signal theory were
intensively studied in, e.g., [1, 2, 6, 7, 8, 9, 12, 13, 17, 18, 20, 21,
22, 23, 24] (and the references therein).

Based on Open Problem 5.5.4 [16, pages 324-326], in a series of
papers we have introduced and studied the so called max-product
operators attached to the Bernstein polynomials and to other linear
Bernstein-type operators, like those of Favard-Szész-Mirakjan opera-
tors (truncated and nontruncated cases), Baskakov operators (trun-
cated and nontruncated cases), Meyer-Konig and Zeller operators and
Bleimann-Butzer-Hahn operators.

In [10], applying this idea to Whittaker’s cardinal series, we obtained
a Jackson-type estimate in uniform approximation of f by the max-
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product Whittaker sampling operator given by

V o(Wt—E)f (k/W)
(11 Sy =

= , teR,
V oWt —k)

k=—o0

where W > 0, f : R — R, and ¢ is a kernel given by the formula
©(t) = sinc(t), where sinc(t) = sin(nt)/nt, for t # 0 and at t = 0,
sinc(t) is defined to be the limiting value, that is, sinc(0) =1 .

Also, in [11], a similar idea and study was applied to the sam-
pling operator in (1.1) based on the Fejér-type kernel o(t) = (1/2) -
[sinc(t/2)]2.

In the same paper [11], applying the max-product idea to the
truncated sampling operator based on the Fejér’s kernel and defined
by

n

sin?(nx — kn T
7)) = Y S (M), el
k

(nx — km)?

we have introduced and studied uniform approximation by the trun-
cated max-product operator based on the Fejér kernel, given by
(1.2)

n

\ [sinQ(n:E — km))/[(nz — km)?] - f (k7/n)

T () () = =, € [0,
\/ [sin?(nz — k)] /[(nx — kr)2]
k=0
where f : [0, 7] = R,. Here, since sinc(0) = 1, it means above that, for
every © = kn/n, k € {0,1,...,n}, we have [sin(nx — k7)]/[nz — k7]
=1.

It is also worth mentioning here that qualitative LP-approximation
results and quantitative uniform approximation results for max-product
neural networks have been obtained in very recent papers [14, 15],
respectively.

In the present paper, we study approximation properties with
quantitative estimates in the LP-norm, 1 < p < oo, for the Kan-
torovich variant of the above truncated max-product sampling oper-
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ators TT(LM)(f) (x), defined for « € [0, 7] and n € N by
(1.3)

KD (7)) =
n (k+1)mw/(n+1)
\/ [sin?(nz — kn)]/[(nz — kn)?] - |(n + 1) J f) dv}
k=0 km/(n+1)
k\:/O[siHQ(nw — km)]/[(nx — km)?]

where f:[0,7] = Ry, f € LP[0,7], 1 < p < 0.

2. Auxiliary results. Firstly, we present some properties of the
operator K,(LM) which will be useful for proving the approximation
results.

Lemma 2.1.

(i) For any integrable function f : [0,7] — R, K(M)(f) is continuous
on [0, 7];
) I £ <g. then KM (f) < K7 (g);
) K (M)(f +9) <(£(M)(f) +U§)<M>< 9);
(iv) [Kn " '(f) — Kn '(9)] < Kn (|f — gl):
) If, in addition, f is positive on [0, 7] and X > 0, then Ky(lM) (Af) =
A ().

Proof. We omit the proofs of (i)—(ii) and (v), respectively, because

they are immediate from the definition of Kr(LM). As for the proof
of (iv), we easily obtain the conclusion since f < |f — g| + g and

g < |f —g| + f; thus, applying (ii) and (iii), we obtain Ky(LM)(f) <
ESM(If = gl) + KM (9) and K5 (g) < KM (1 =g+ KM (). D

For the next result, we need the first order modulus of continuity on
[0, 7] defined for f:[0,7] — R and § > 0 by

wi(f30) = max{[f(z) — f(y)| : 2,y € [0,7], [z —y| <5}
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Lemma 2.2. For any continuous function [ :[0,7] = Ry, we obtain

e [KEOE - 1) < |14 5RO e |atsio)

for any x € [0,7] and § > 0. Here, p,(t) = |t — x|, t € [0,7].

Proof. The proof is identical to the proof of [3, Corollary 2.4] (see
also Corollary 2.3 in the same paper). Applying property (iv) of

Lemma 2.1 and noting that K,(LM) preserves the constant functions,
we obtain

KM()(@) = f@)| = [ K@) = KOO (@) (@)
< KM (|f = £(@)]) (@).

On the other hand, for any ¢,z € [0, 7] and 6 > 0, we have

@) = FOI Swr(fi]t = 2]) = wn (m, |t—5x|>
< <1+ |t;x|)w1(f;5),

Now, applying properties (ii), (iii) and (v) of Lemma 2.1 and using

again that K,(lM) preserves the constant functions, we easily obtain
relation (2.1). O

3. Pointwise and uniform convergence results. Our first main

result proves that K,SM)(f)(x) converges to f(x) at any point of conti-
nuity for f.

Theorem 3.1. Suppose that f : [0, 7] — Ry is bounded on its domain
and integrable on any subinterval of [0,7]. If f is continuous at
xo € [0, 7], then:

lim Kr(zM)(f)(l“o) = f(zo).

n— oo

Proof. We use in the proof some ideas from [14]. We have

(KM (f) (o) — flao)| = KM (f) (o) — KM (f (o)) (o)l
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< KM(|f = f(o)]) (o)

k\:/o[sin2 (nwofkﬂ')]/[(nwofkm—)ﬂ. [("’H’l)

(k+1)7/(n+1)

ke /(nd1)

|f () (z0)|dv]
™ \7 [sin?(nxo—km)]/[(nzo—km)?2] .
k=0
Let j € {0,...,n — 1} be such that z¢ € [(jn/n), [(j + 1)7]/n]. If
|+ 1/2
- [JW (G+1/ )W}
n n
then
_ ™
nryg — Jjmw e {0, 2}
By the well-known inequality sint > (2/7) - ¢, t € [0, (7/2)], we obtain
sin?(nxo — jm) < 4
(nxo — jm)2 — w2’

If

)
n n

2o € {(]’Jr 1/2)m (j+ 1)7T]’

then it follows that nxg — (j + 1)m € [—(7/2), 0], which easily implies
that
sin?(nxzo — (§ + 1) 7) S

(nwo— (j+1)m)* ~m

4
72.

In conclusion, we obtain

4

n
-k
\/sm (nxo 77)Z -

(nazo — km)® T

and this implies
K0 (£) o) — fao)|

7\ sin?(nxo—km (kt1)m/(n+1)
T <7ok> [<n+1> / | ()= F (o) do|.
Wy (nzo —km)? o/ (n-1)

Now, let us choose arbitrary € > 0. Then there exists 6 > 0 such
that | f(xo) — f(y)| < (4de/m) whenever |zg — y| < . Suppose that n is
sufficiently large such that 7/(n+1) < /4. If k € {0,...,n} is such
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that |zg — (k7/n)| < 6/2, then, for any
ve { km (k+1)7r],

n+1 n+1
we have
| < km km km n km
v— v — - — To— —
or = n+1 n+1 n 0
2 1
— <.
| + 3 <
This implies
(k+1)m/(n+1) 4e 4e
1 - dv < ) — ==
) [ ) S dr S ) =
and hence, we get
m(n + 1) sin?(nxq — k)
3.1
(3.1) xo—(lgrl;l7}:()|<5/2{ 4d(nxo — km)?
(k+1)7/(n+1)
1/ )~ o)l ao] } <
km/(n+1)

If k € {0,...,n} is such that |zg — (kw/n)| > 6/2, then it follows that
(nzo — km)? > (n262)/4, and this implies

sin? (nzy — k) (k)7 ) s 151
sl St A . < '
(TZZC() - /{J?T)Q |:(n * 1) ~/kTr/(n+1) ‘f (v) f(x0)| dU:| - n252

Here, || f|| = sup ¢, |f(x)], and it is finite according to the hypothe-
ses. Moreover, we used that

(b+1)m/(n+1)
/k 1 () — flzo)| do < 2x | £]].

w/(n+1)
Obviously, for sufficiently large n, we have

8|l fll  4e
n2462 < T

Therefore, we obtain

7(n + 1) sin®(nxg — k)

3.2
(3.2) \ro—gﬁjzé/z { 4d(nxo — km)?
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1/ )~ fao) |} <=

7/(n+1)

Combining relations (3.1) and (3.2), we easily obtain that, for suffi-
ciently large n (depending only on ¢), we have

’KﬁM)(f)(ﬂﬂo) — f(20)| <&

This implies the desired conclusion. O

In contrast to the qualitative type results in [14], in the present
paper we prove a quantitative result, as well, which follows.

Theorem 3.2. Suppose that f : [0,7] — Ry is continuous on [0,7].
Then for any n € N, n > 1, we have

s -] <10a (1),

Proof. By Lemma 2.2, it suffices to estimate the following expression:

1

KM (o) (@) =~

n (k+1)m/(n+1)
\/ [sin?(nz — k)] /[(ne — km)?] - [(n +1) i |v — x| dv
k=0 ke /(n+1)
V [sin?(nz — kn)]/[(nz — kn)?]
k=0

for all 2 € [0,7]. Obviously, sin?(nz — kn) is constant for any
k €{0,1,...,n}, and therefore, for all z € [0, ] we obtain:

1
K (o) () = -
n (k+1)m/(n+1)
\V 1/(nz — kr)? - [(n—i—l) |v—x|dv}
k=0 km/(n+1)

\T} 1/(nx — km)?
k=0



356 LUCIAN COROIANU AND SORIN G. GAL

For some arbitrary = € [0, 7], let j € {0,...,n} be such that
] i+ 1
c {JW (J+ )W}

)

n n

At first, suppose that

)

n n

- [jw (j+1/2)ﬂ'}

By simple calculations (or by applying [11, Lemma 4.3]) it is easily
seen that

\”/ 1 _ 1
o (N — km)2  (nx — jm)2’

and this implies

(M) 1\ (na—jn)?
k=0
(k+1)m/(n+1)
{(n+1)/ |v:z:|dv}
km/(n+1)

Applying the mean value theorem on each interval

kr (k+ 1)
n+1 n+1 |

there exists

c kr (k+ 1w
Uk n+1l n+1

such that
(k+1)7/(n+1) -
/ v —z| dv = —— - |vg — 2|,
kr/(n+1) n+1

which means that

n 2
KWM) (o, _ (nz — jm) _
$0pa)w) = V Tt oz
k=0

We have

" (nx — jm)? " (nx — jm)? km

NI e — 2l < RSk - — 2.

k\:/o (nx — km)? el s k\:/o (nx — km)? e T n
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Let us arbitrarily choose k € {0, ...,n}. Since |vy—(kn/n)|< n/(n+ 1)
and noting that (nx — jm)?/(nz — kr)? < 1, it results that

(nz — jm)? km T
o — — .
(nz — km)? A |
Then,
(nx — jm)? km|  |nxz —jn| |nz— j|
(nx — km)? n| |nz—kr| n

As |nx — jr|/|nx — kx| <1 and |nz — j7| < w/2, we obtain

s

(nz—ja | kr
~2n’

(nx — km)?

n

All of these imply that

(na — jm)* (

(nz — km)?

3

A
Y|

kﬂ" ’
Vg — — |+ | ——
n

<_T n T 3
“n+1 2n n
and, by the arbitrariness of k, it follows that

(3.3) KM (pr)(x) < 5

The case

b

v {(ﬁ:&/m (U +nl)7r]

by absolutely similar reasonings leads to the same conclusion. Thus, we
obtain KT(LM)(()DI)(.’L') < (3m)/(2n), for all z € [0,n]. By relation (2.1),
taking 6 = (37)/(2n) and noting that, in general, we have wq(f;ad) <
([a] + Dw1(f; ) for any o > 0 and 6 > 0 (here [@] means the integer

part of «), we easily obtain the estimation from the conclusion. O

Remark 3.3. The estimate in the statement of Theorem 3.2 remains
valid for lower bounded functions and of arbitrary sign. Indeed, if ¢ € R
is such that f(z) > cfor all z € [0, 7], then it is easy to see that defining

the new max-product operator F(M)(f)(:r) = K,(LM)(f —c)(z) + ¢, we
get | f(x) —F(M)(f)(xﬂ < 10wi(f;1/n), for all z € [0, 7], n € N.
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4. Convergence results in the LP-norm. Let the LP-norm,

T 1/p
||f|p=( / If(t)l”dt> | with 1< p < 4o,
0

In this section, we deal with the approximation by KT(LM) in the LP-
norm. For this purpose, firstly we need the following Lipschitz property

of the operator K,gM)

Theorem 4.1. We have
[K0 ()= KM (g)|| <2022 1 — g,
p

foranyneN,n>1, f,g:[0,7] >Ry, f,g € LP[0,7] and 1 < p < 0.

Proof. Applying the LP norm, we get

|E200) — KD @) |

= (/Oﬂ ’K,(LM)(f)(x) — KM (g)(2) pdx>1/p

< </07T (K,SM)(|f(x) - g(x)|)>” dx) 1/p

(k+1)7/(n+1)

\7 [sin®(nz—km)]/[(ne—km)?](n+1) J [f(v)=g(v)|dv\ p 1/p
( =0 ke /(n+1) ) dx)

{l/ [sin?2(nx—km)]/(nz—km)?2
k=0

As we already know from the previous section, for any x € [0, 7], we
have
" (nx — kﬂ) 4
\/ Z 3

(na — kr)?

which implies

|K20() = KM (g)

([ (v

k=0
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(k+1)7/(n+1) P 1/p
~(n—|—1)//c |f(v)—g(v)|dv) dm) )

7/(n+1)
Since

", sin? sin®(nz — km)
\/ <1, forallzel0,n],

(nx — km)®

it easily follows that

(M) ¢\ 7-(M) T sin? TLiL’*kTF)
|00 - K90 < (/0 k\/o e
(b 1)/ (n+1) b\ 1/p
Jwsn [ ) - mw¢M]m) .
km/(n+1)

As the function z — P is convex, applying Jensen’s inequality, we
obtain

(A%H”m””f«»—gwnm)p

7/ (n41)
wil (C 0 g
k

< P )
m 7/(n+1) (n+1)

and from here it follows that
a(2p=1)/p

4

" sin?(nx — km) (k+1)m/(n+1) - ) } )1/p
« (/0 k\_/o[(n—l—l)(nx_kﬁ)z /WW) 1 (0)—g(v)[P dv|dz) .

On the other hand, for some k € {0,1,...,n}, using the substitution
y = nx — k7, we obtain

™ 2 _ 1 (n—k)m _:. 2
/ (n4 1S —kn) ot / Y dy.
0

(na — kr)? n —km y?

o0
/ sin? ydy—ﬂ'
T

|00~ k(0@ | <

It is well-known that
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which implies

and hence,

This implies

|05 - K|

21/p 2 n o pk+D)7/(n41) 1/p
2 (X @) =g i)
k=0 km/(n+1)
21/pﬂ.2
The proof is complete. O

Now, let us define
C1[0,7] = {g: [0, 7] — Ry ;g is differentiable on [0, 7]},

Il - llcfo,x) the uniform norm of continuous functions on [0, 7] and the
Petree K-functional:

K (f;t), = gechf{fo,w]{”f —gllp +tllg oo, }-

The second main result of this section is the following.

Theorem 4.2. Let 1 < p < oo. For all f:[0,7] = Ry, f € LP[0, 7]
and n € N, we have

I = KOOl < ek (5:2)
p

where Y
c=1+42072/p 72 a= s "
’ 2¢
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Proof. Let g € C1[0,7] be fixed. Now, by Minkowski’s inequality,
we obtain

1F = K0 ()l
=I(f = 9) + (9 = KM (9)) + (K (9) = KM ()],
<If = gllp + llg = KL (@)l + 1K (9) = KO ()l
From Theorem 4.1 we have

1) KM (g) = KM ()l < 207227722 f = gllp

Now, let us estimate ||g — KT(LM)(g)Hp for g € C1[0,7]. Thus, by
KM (e0)(@) = eolar) = 1, we get
lg(z) — KM (9)(2)] = [KM (g(2)) () — KM (9()) ()]
< KM (lg(@) = 9()]) (@)
Since, for g € C1[0,7] and z,t € [0, 7], we get
lg(z) = g(®)] < N9'llcioq - |2 =t = 19llco,q] - a(t),
and applying K,SM), it easily follows that
KM (Ig(@) = 9()D(@) < l19'loom B (02,
where ¢, (t) = |z —t| for z,t € [0,7].

Therefore, rising at the power p and integrating above with respect
to x, we immediately obtain

(4.2) lg = K (9l < llg'lloro,n - I (00) -

Concluding, from equations (4.1) and (4.2) and denoting A, , =
||K,(ZM)(cpx)Hp and ¢ = 1 +20-2P)/P . 72 we obtain

1f =M ()l < @202 72) (1L = gllp 19 lloto,n) - Anp/e) -

Passing the above to infimum with g € C1[0,7], the right-hand side
between parentheses becomes

A,
K(f;”’) ,
¢ p
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and we obtain

A,
(4.9 I = KO, < ek (1522

But it is casy to see that A,, < x/7 . |K{ ()|, which, by
estimate (3.3) in the proof of Theorem 3.2, leads to
1+1/p
Ay <t
’ 2n
Finally, replacing this in estimate (4.3), we immediately get the esti-
mate in Theorem 4.2. ]

Remark 4.3. The statement of Theorem 4.2 can be restated for lower
bounded functions and of arbitrary sign. Indeed, if ¢ € R is such that
f(z) > cforall z € [0, 7], then it is easy to see that, defining the slightly
modified max-product operator ?(M)(f)(z) = KfIM)(f —c)(x) + ¢, we
get

1£(2) = KM () (@) = [(f(@) = &) = KM (f = o) (@),

and, since we may consider here that ¢ < 0, we immediately obtain the
following relations:

K(f—at)py=_inf {|f=(g+)lp+tlgllcion}
gEC}r[O,Tr]

inf —(g+)lp +tl(g+ ) llco.n
gecmﬂ{\\f g+l +ll(g+)llcwom}

= inf —h t||n A%
et 88 7 = Bl 8 et}
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