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ABSTRACT. In this paper, we are concerned with the
controllability of linear and nonlinear Caputo impulsive
fractional order damped systems in Banach spaces. Our
main purpose is to establish some necessary and sufficient
conditions for controllability for this kind of impulsive
control system by using Mittag-Leffler matrix functions and
the Schauder fixed point theorem.

1. Introduction. Control theory is an area of application-oriented
mathematics which deals with basic principles underlying the analy-
sis and design of control systems. It is well known that the study
of controllability plays an important role in control theory and en-
gineering. Although most dynamical systems are analyzed in either
the continuous- or discrete-time domain, many real systems in physics,
chemistry, biology, engineering, and information science, may experi-
ence abrupt changes at certain instances during continuous dynamical
processes. These kinds of impulsive behaviors can be modeled by im-
pulsive systems. Instantaneous impulsive fractional differential equa-
tions are used to describe some practical dynamical systems including
evolutionary processes which are characterized by abrupt changes of
the state in certain instances. The theory of instantaneous impulsive
fractional differential equations has found its extensive applications
in realistic mathematical models and has emerged as an important
area of investigation in recent years. The study of impulsive control
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systems has received increasing interest and has had rapid develop-
ment in the past few years, since dynamical systems with impulsive
effects have great importance in applied sciences (see, for example,
3, 4, 6, 8, 9, 10, 11, 12, 16, 17, 18, 20, 21, 22, 23, 24, 25, 26]
and the references therein).

In this paper, we study controllability results for the following
fractional order damped impulsive linear control systems:

cDex(t) = A°DPx(t) + Bul(t) telJ,
(1) { Ax(ty) = L(x(t))), Ad'(t;) == Ji(&'(t;)) i=1,2,... .k
x(0) = zg, 2'(0) =y,

and the following fractional order damped impulsive nonlinear control
systems:

cDex(t) = A°DPx(t) + Bu(t) + f(t,z(t)) teJ,
(12) { Aalt) = Lia(t; ), Ax'(t) = S () i =12k,
z(0) = zg, 2'(0) = xf,

where 0 < <1< a <2, °Dy and CD? denote the Caputo fractional
derivatives of orders a and 8 with lower limit zero, respectively. A and
B are n x n and n X m matrices, respectively.

J =10,T], J =J—{t1,ta, -t}
and
0:t0<t1<t2<"'<ti<"'<tk<tk+1:T<OO,

fiIxXR® >R I, J; : R* > R i =1,2,... k. z(t) € R™is the state

variable. u(t) € R™ is the control variable. Ax(t;) = z(t]) — z(t;),

where z(t]) = lirgl+ x(t; +€) and z(t]) = hm x(t; + €) represent the
€E—>

right and left limits of x(¢) at t = ¢;, respectlvely Az'(t;) is similarly
defined.

The fractional order damped control systems without impulse effect
in finite-dimensional spaces above were considered by Balachandran,
Govindaraj, Reiver and Trujillo [2]. They studied the controllability of
linear and nonlinear fractional order damped systems. In this paper, we
deal with the controllability of linear and nonlinear Caputo impulsive
fractional order damped systems. Our main purpose is to establish
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some necessary and sufficient conditions of controllability for this type
of impulsive control system by using Mittag-Leffler matrix functions
and the Schauder fixed point theorem.

This paper is organized as follows. In Section 2, we give some
notation and recall some preliminary material. In Section 3, we give
the solution expression of impulsive fractional systems. In Section 4,
we study the controllability of systems (1.1) and (1.2).

2. Preliminaries. In this section, we introduce some basic defini-
tions and preliminaries which are used throughout this paper. Let R™
be the n-dimensional Euclidean space, Ry = [0,00). Let C'(J,R™) be
the Banach space of all continuous functions from J into R™ with the
norm

llulle :== sup{||u(t)||gn : t € J} for u e C(J,R").
For brevity, ||u(t)||r~ is taken as ||u(t)||. We also introduce the spaces:
PC(J,R") ={u:J = R" |u € C((ti,tir1], R™), u(t; ), u(t]) exist
and u(t; ) =wu(t;), 1 =0,1,2,...,k},
with the norms

[ullpe : = sup{[[u(®)]| : t € J},
PC'(J,R™) = {u € PC(J,R™) : v/ € PC(J,R™)},

and

llull pcr = = max{||u| pc, \|U/||Pc}~

Obviously, PC(J,R™) and PC*(J,R™) are Banach spaces. The Banach
space of all Lebesgue p-integrable functions from J into R™ with

il = ([ If(t)lpdt)l/p

are denoted by LP(J,R™).

Firstly, let us recall the following basic definitions from fractional
calculus. For more details, see [7, 15].
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Definition 2.1. The fractional integral of order @ with lower limit 0
for a function f : [0,00) — R is defined as

(2.1) I f(t) = ﬁ/{) (t—s)*"tf(s)ds, a>0,t>0,

provided the right-hand side is pointwise defined on [0, c0), where T is
the Gamma function.

Definition 2.2. The Caputo derivative of order o with lower limit 0
for a function f : [0,00) — R can be written as:

1 t
CDYF(H) = t— n—a—1 p(n) dt
PIO) = g [ = O )
O<n—-1<a<n.
Its Laplace transform is defined by
n—1
L{DY f()}(s) = s*F(s) = Y f®(0F)s* 17"
k=0
In particular, if 0 < a < 1, then
L{°DR f(t)}(s) = s*F(s) — f(07)s*71,
and, if 1 < a <2, then

L{EDY f(£)}(s) = s“F(s) — f(07)s*71 — f/(07)s* 2.

Next, let us proceed to the definition and properties of the Mittag-
Leffler function which can be found in [7, 13, 14, 15].

Definition 2.3. The two-parameter Mittag-Leffler function is defined
by:

E,3(2)=S —2
w.5(2) I;:O Tkt B)’ a>0, >0,

where Z € C. The Laplace transform of the Mittag-Leffler function is:

a—p
- (0% S «@
L{t°7 B, s(£at®)}(s) = pogl Re(s) > |a|'/*.
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In particular, for g =1,
E.1(2) Z e C.
1(2) I;O T akz T OF

Remark 2.4. Let A € C"*™. The matrix extension of the aforemen-
tioned Mittag-Leffler function has the following representation:

> Aktka
Bap(At*) =) ———— a>0,3>0
and
L{tP B, s(At*)}(s) = (s“T — A)"1s* P Re(s) > ||A| Y.
In order to define the solution of systems (1.1) and (1.2), we need:

Lemma 2.5 (cf. [9]). If f € PC™"(J,R), n—1 < a < n, then we have
the following general expression:

If“Dyf(t)
Ft) - ‘; 10045 te 0.0,
_mél ;‘_: Af(Jj)!(tm)(t t) te (titial, i=1,2,... .k

3. The solution of impulsive fractional systems. In the present
section, we turn our attention to the solution formula of the impulsive
fractional control systems. Now, according to Lemma 2.5, we have the
following.

Theorem 3.1. Let a € (1,2], B € (0, ] B € R™™ and u €
LYP(JR™), p € (0, — 1), if x € PCY(J,R™), and x is a solution
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of the following problem:

DX (t) = ADPz(t) + Bul(t) teJ,
(3.1) Az(t;) = Li(z(t])), Ad' (L) = Ji(2'(t])) i=1,2,...,k,
z(0) = zg,2'(0) = x,.

Then, x satisfies the following equation:
(3.2)
Ea,ﬁ(Atafﬂ)(to + tEa,ﬁwg(Ataiﬁ)xé
—Ato‘_BEafg’angrl(Ata_ﬂ)xo
F 3t = 8)° " BaepalAlt — 5)°P)Bu(s)ds, ¢ € [0,t],
Ea_g(Ato‘_B)xo — Ata_ﬁEa_g@_g_i_l(Ata_ﬁ)xo

FtEa—p (A P)zh + 3 B g(Alt — ;) ) (x (1))
x(t) = . J=1

T

—A Y (t- t5)* P Ba—pa—pr1(Alt — ;) ) (2(t)))

Z(t—t) a—p2(A(t = ;)27 P) (' (t7))

ft t—5) 1 Eq_po(A(t — 5)*P)Bu(s) ds,
te(ti,ti+1]7 1=1,2,... k.

Proof. We observe that z(-) can be decomposed to v(-)+w(-), where
v is the continuous solution for

cDy(t) = A°DPu(t) + Bu(t) teJ,
(3:3) {U(O) = 20, 0'(0) = xy,

and w is the solution for

cDew(t) = A°DPw(t) telJ,
(34)  Awt;) = Li(z(t;)), Aw'(t;) = Ji(2'(t;) i=1,2,....k,
w(0) = 0,w'(0) = 0.

Firstly, by [2], we get that the solution of equation (3.3) is given by:

v(t) = Ea*B(Ata_'B)xo — Ata_ﬁEafﬁ,afﬁJrﬂAta_ﬁ)xo
B2 (A7)
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+ /t(t —5)* By p.a(A(t — 5)* P Bu(s)ds, teJ.
0

Next, we calculate the solution of equation (3.4).

In order to do this, we apply the Riemann-Liouville fractional
integral operator on both sides of the equation (3.4), to obtain

I¢cDew(t) = AIP °DPw(t) = AIFP (1P *Dlw(t)).
If t € [0,1], by Lemma 2.5, we have
w(t) — w(0) — w' (0)t = AIF Pw(t) — AIFPw(0).
Since w(0) = 0,w’(0) = 0, then

7A t — 5)* B lw(s) ds
el M L

Ift € (t;,tiv1], 1 =1,2,...,k, again by Lemma 2.5, we have
w(t) —w(0) —w’(O)t—ZAw( ZAw )(t—t))
j=1

= AI* Plw(t ZAw

(3.5) w(t) =

It follows from equation (3.4) that

(3.6) w(t):iAw +ZAw )t —t;) + AIFPw(t)

At —tj)
oz—ﬁ—|—1 ZAw
% - a—p ¢
= S L) - oy 2 )
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7/1 t — $)* P lw(s) ds
+I‘(a—ﬁ)/0(t ) (s)ds.

Equations (3.5)and (3.6) can be rewritten as

B7  wlt)= Z (e (t5))x; (1) + Z Ji (@' (t5))x; (4)(t — t5)

At —tj)
B a—ﬁ—!—lzl
A
+ t—s)* P w(s)ds, te (tt;
s [ (t tis]
where
0 t<t;
() = —
X () {1 t>t.

Let A > 0. We adopt the idea in [25] and apply the Laplace
transformation to (3.7). Then

i o=t @ e~ M
- Z L)) + Z —z i@ ()

At _ A
Z No—B+1 Li(x(t)) + WW()\)’
which implies
W(A) =Y NPT NPT — A) e ML (t))
j=1
Y AT NPT - A) e M (2 ()
j=1
= ATTANTT = Ay e M (a(E)).
j=1

Note that the Laplace transform of t?~1E, g(At*) is A=A (A\*=AT —
A)~L. Thus, we can calculate the solution of (3.4) as
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+ij Bapa(Alt — 37 7)J;(2'(t]))

A Z X ()t = 1) P Bapa—pra(Alt — ;) ) L(2(t]))-

By the above, the solution of equation (3.1) can be given by:

z(t) = Ea*B(Ata_B)xo — Ata_ﬁEa,ﬁ1a75+l(Ata—5)xo

B2 (A1 ) + 3 g (0 Eaa (At — 1)) 2) I ((t5)
j=1

+ij Ba—ga(A(t — 577 J;(2'(t7))
*AZXJ )t = 1) P Barpa—pir(Alt — ;) PV I ((t; )

t
+ / (t—8)* ' Eo_p.alAt —8)* P Bu(s)ds, t€ (titit],
0
that is,

E(X_ﬁ(Ata_ﬁ)xo—Ata_BEa_B,a_ﬂJrl(Ata_ﬁ)xo+tEa_ﬂ,2(Ata_B)Jj6
[t = 8)*  EBa—po(A(t — 5)*P)Bu(s) ds, t € [0,t1],
Ea,g(Ataiﬁ)xO—Ato‘fﬁEa,Q’a,ﬁH(Ataiﬁ)xo +tEa,g’2(Ata76)£L'6
+ 3 m1 Bamp(Alt — ;) P)I((t5))
+ 2051 (t = ) Bacpa(A(t — t5)°7F) J;(2' (1))
— AN (= 1) P Eapa-pi (At — ;) ) (a(t])
+ 3t = 8)° " Bap oAt — 5)°#)Bu(s) ds,
tE(ti,ti+1], i=1,2,... k.

The proof is completed. O
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Remark 3.2. The concept of the solution to the homogeneous im-
pulsive problem (3.4) is crucial. Recently, some different views on it,
cf. [19], have arisen. However, the authors in [5] have given a clear and
correct definition for the concept of the solution of the homogeneous
impulsive problem (3.4).

4. Main results. In this section, we present our main results on
controllability of linear system (1.1) and nonlinear system (1.2).

First, following [1], we give the concept of controllability as follows.

Definition 4.1. System (1.1) is said to be controllable on [0,%],
ty € (0,T], if, for each vector xg, x(, x;, € R", there exists a control
u € Ll/p([(),tf],Rm)7 p € (0,a — 1), such that the corresponding
solution of (1.1) satisfies z(ts) = x4,.

4.1. Linear system case. We first give a necessary and sufficient
condition of controllability for linear system (1.1).

Theorem 4.2. Linear system (1.1) is controllable on [0,tf] if and only
if the n X n Gramian matriz

Wi, 5] = /0 "(tr — )22 [Bu_pa(Alty — 5)°%)B)
% [Ba-p.a(Alty — 5)*7%)B]"ds

is non-singular. Here, x denotes the matrixz transpose.

Proof. Sufficiency. Suppose that W0, ;] is non-singular. Then its
inverse is well defined. For t; € [0,t1], define the control function as

(41)  ult) = (b — 0° B EBa_pa(A* 1y — 072 )W (0. 15lue,.

where

(42) i, =20, — Bap(At )00 — At§ Earpapra (At )0
+ tha_g72(At?7ﬁ)x6.
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Substituting ¢t = t; in (3.2) and inserting (4.1) and (4.2), we have

x(ty) = Ea,ﬁ(At?_ﬂ)Io - At?_ﬁEa,ﬂ’a,B+1(At?_’8)xo

tyEapa(At5 )0 [ty B (Al =) )
x Bty — 8)* ' B*Ea_p.a(A"(ty — 8)* YW 0, t 4]y, ds
=y, —yp, + W0, LW 0, tf]ye, = a4,
Thus, system (1.1) is controllable on [0,¢f] if t; € [0,¢1].
Next, for t; € (t1,t2], define the control function as
(43) ult) = (ty = )" B* Eapa(A"(t; = )7 )W 0, 1]
[, = Pas(Alty = t0)* #)Ti(a(t7))
+ Aty — 1) P Bapa—pri(Alty — 1) )L (2(t)))
= (ty = t)Ba-p2(A(ty — t)* )12 (7)) |-

Substituting ¢ = t; in equation (3.2) and inserting (4.2) and (4.3), we
obtain

2(ts) = Ba-p(At; )ao — At} P Bapa—pr1 (A7 ")z
+t1Ea-p (A7 )2l + Bap(Alty — t1)* )L (a(t7))
+(tg — 1) Bampa(Alty — 1) 7)1 (2" (t7))
— Aty — 1) P Eapa—prr (Alty — 1)) (2(t7))
+ /Otf (ty = )" Ea—palAlty — )" 7)B(ty —5)*"
X B*Eo—pa(A™(ty — 5)* 7P )WH0,14]
X [y, + Alty = 1) Bargapra(Alty — 0)* P (@)
— Bap(A(ty —t1)* ") L (2(t7))
— (ty = t1) Ea—p2(Alty — t1)* ") Ji(2'(¢7))| ds
=2, — Y, + Eap(Alty —t1)* ") (2(t]))
— Aty = 1)* P Eapa—prr (Alty — 1) )L (2(t7))
+(ty — 1) Bampa(Alty — 1)) Ji(a'(t7))
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+ W[Ovtf]Wil[Oatf] Yty — Eafﬁ(A(tf - tl)aiﬂ)l—l(x(tf))
+ Aty = t1)* " Bapa-pi1 (Alty — t1)* ") L(2(t7))
— (ty = t1)Ba-pa(Alty — 1) P) (2’ (1))

= Z‘tf.

Thus system (1.1) is controllable on [0,t¢], if ty € (t1,t2].

Moreover, for ty € (t,tit1], ¢ = 1,2,...,k, define the control
function as

(4.4)

u(t) = (ty — )" B" Bapa(A™(t — ) )W 1[0, 1]
[ty = X Bams(Alty = ;) )L (2(2)
j=1
+ AZ(ff —t5)* P Bacpa—pi1(Alty — 1) ) (a(t)))
- Z Ba-ga(Alty = )™ 7) ;' (17))]
Substituting ¢ = t into (3.2) and inserting (4.2) and (4.4), we have
2(ty) = Ba_p(Aty 7)o — At;—ﬂEa_ﬁ a—p1 (At )ag
+ 1 Eap (At ")ay +2Ea s(Alty —t5)* ) I(a(t))
+ >ty = tj)Ba—pa(Alty — )" ") (2 (£))
— A (ty =) P Eapapra(Alty — 1) ) (a(t)))

* / f (tr = 8)* " Ba—palAlty — )" ") B(ty — s)* !
0

X B*Eafg’a(A*(tf — S)a_ﬁ)W_l[O,tf]
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(vt = D2 B p(Alty = 1) )L (17)
- Z(tf —tj)Bap2(Alty —1;)°%)J;(2/ (1))

+ A (tr = t;)* P Eapa-pra(Alty — 1) ) (fﬂ(t]))} ds
j=1
= xtf - ytf + W[O7tf]W71[07tf]ytf
= Itf.

Thus, system (1.1) is controllable on [0, ] if t; € (0,T].

Necessity. Suppose that system (1.1) is controllable. Now we prove
that W[0,¢/] is nonsingular. In fact, if W0, ¢,] is singular, without loss
of generality, for t; € (¢;,ti+1], 9 =0,1,..., k, there exists a nonzero z
such that

ZSW[O, tf]Zo = 0,

that is,

ty
| st = B (Al = 5 BB
X Eopa(A*(ty —5)* )2z ds = 0.
Then, it follows that
7ty = )" Bapa(Alty — s)*P)B =0,

on s € [0,tf]. Since system (1.1) is controllable, then there exists a
control uy (t) such that it steers xg, z; € R” to the origin z;, =0, i.e.,

(4.5) 0=xz(ty)
= Ea_g(AtS )zo + tyEa_p (At} %),
- AtfiﬁEa,ﬁya,Ble(At?iﬁ)xo

+ Z Ea_ﬂ(A(tf — tj)aiﬂ)-[j (ﬂt(t]—))
j=1
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+ Dty = 1)) Bampa(Alty — 1)) ;' (1)
—AY (ty =) " Eapa-pri(Alty — ;)" ") (2(t]))

j=1
ty

+/ (b — )% Ba_s.a(A(ts — 8)*P)Buy (s) ds.
0

Similarly, for the above vectors zg, zj, € R™ and the final state x;"f = 2y,
there is also a control us(t) such that

(4.6) 2o = z(ty)
= Ea_p(Aty )ag + tyEa_pa(At;")aj,
— AtfiﬂEafﬁ’afﬁJrl(At?iﬁ)xo

- E_j Earp(Alty — 1)) (a(t; )

+ z;;(tf —tj)Bapa(Alty — 1)) J;(«' (7))

) Aé(tf —4)" Ba-pa-pra(Alty = 1)) (a(t})
i / (tf — ) Eaepa(Alty — )" Bus(s) ds.

We obtain the following from (4.5) and (4.6).
ty
(4.7) z0+/ (tr—5)*""Eo_pa(Altr—8)*"P)B(ui(s)—ua(s)) ds = 0.
0
Multiplying z& on both sides of (4.7), we obtain
tf
2570 Jr/ (tr —5)* 28 Fap.a(Alty — ) P)B(ui(s) — ua(s)) ds = 0.
0

By the fact that z{W(0,tf]z0 = 0, we have z5zp = 0. Thus, zy = 0.
This is a contraction. The proof is completed. |
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Theorem 4.2 is a geometric type condition. By simple transforma-
tion, we can get an algebraic type condition.

Theorem 4.3. System (1.1) is controllable on [0,tf], t; € (0,T], if
and only if
rank Q = rank(B|AB|---|A""'B) = n;

here (B|AB|---|A""1B) is an n x nm matriz composed by the column
vectors of B, ..., A" 1B and the mark | denotes the block of the matriz.

Proof. By the Cayley-Hamilton theorem, we have

) B 0 ( —B)m+a—1 n—1
t* " E, AtTP) =
T e
where ¢,,,(t) is a polynomial in ¢, and it follows that
(ty — S)ailEa_/[g’a(A(tf —5) Z (ty —s)

By Theorem 4.2, for t; € [0,t1], we have

(4.8) @y, = Ea_g(At] )ag
+ 1 Ea-po(At; )ty — At§ " Eapa—pi1 (At; 7)o

ty
+ / (tr —5)* ' Eo_p.o(A(ty — 5)* ?)Bu(s) ds.
0
For convenience, we denote

(4.9) m = Bap(At} )z + tEap (A7 ")ag
— AtfiﬂEa,B’angrl(At?i’g)xo.
Combining (4.8) and (4.9) yields

ty
o :/ (tf — $)* ' Ba_p.a(Alt; — 5)°P)Bu(s) ds
0

n—1 ty
= Z AmB/ em(ty — s)u(s)ds
m=0 0
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do
dy
= (B|AB|---|A"'B)| . |,
dn—l
where

tr
dm = / em(ty — s)u(s) ds.
0

Note that x;,, xo and xj are arbitrary; to have a unique solution of
u(t), the necessary and sufficient condition is clearly that

rank Q = rank(B|AB|---|A"'B) = n.

For ty € (ti,tit1], i =1,2,...,k, we obtain
(4.10)

Ty, = a_g(At?_ﬁ)xo +tha_572(At?_6)x6
— AtfiﬁEa_ﬁﬂ_,g_H(At?iﬁ)zo

+ Z Eap(A(ty —t;)* P)I;(x(t;))
+ Z(tf — 1) Eaep2(Alty — ;) P) (2 ()
- AZ(tf — 1) PEopa_pr1(Alty — tj)a_ﬁ)lj(x(tj_))

+/ f(tf —8)* By g.a(A(ty — 8)*?)Bu(s) ds.
0

Denote
(4.11)

N = Ea_ﬂ(At?iﬁ)l’o + tha_ng(At?iﬁ)a?a
- Atfi'BEa,ﬁva,BJrl(At?iﬁ)xo

+ 2 FaslAlly = 1)) (2(57))
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+ Z(tf —tj)Eapa(Alty —1;)* ") J; (2" (7))

- AZ(tf — ;)" P FBa—pa-pr1(Alty — ;) P)I; (=(t3))-

j=1

Combining equations (4.10) and (4.11), we have

tf
2, = = / (L — $)* Earpa(Alty — 5)°%)Bu(s) ds
0

_ZA’"B/ n(ts — s)u(s) ds

do

d
— (B|AB|---|A"'B) | .

dp—1
Note that z,, zo and xp are arbitrary. In order to have a unique
solution of u(t), the necessary and sufficient condition is clear that
rank Q = rank(B|AB|---|A"'B) = n.
The proof is completed. |
4.2. Nonlinear system case. Here, we study the controllability of

the nonlinear system (1.2) by Schauder’s fixed point theorem. In order
to obtain the main result we make the following assumptions:

H(1): The function f:J x R™ — R"™ satisfies the following:

(i) f is measurable for all ¢t € J and for every fixed x € R".
(ii) There exists a constant L; > 0 such that, for almost every ¢ € J,

||f(t,x)—f(t,y)|| SLf”.I‘—y”, for all 1‘7yGRn.

(iii) There exist a function ¥ € LY7(J,R;),y € (0,a — 1) and a
constant 6 > 0, such that

Il f(t,2)|| < W(t)+ 0fxl|, for almost every t € J.

H(2): I;,J; : R® - R", i =1,2,...,k, satisfy the following: I; and
J; are continuous, and there exist constants h;,d; > 0, i = 1,...,k,
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such that
1£;(x) — Li(y)ll < hillz —yl, forall z,y € R",
[Ji(z) — i) < dillz —yl|, for all z,y € R".

In the sequel, for convenience, let us set

I11O)[ = sup{|I (O}, [J(O)]] = sup{[|:(0)[[} @i=1,2,....Fk;

a1 = sup || Eq—p(At* 7)),
teJ

az = sup [|AEq—_p,a—p+1(At* )t F|;
teJ

az = sup || Ba—p 2 (At* 7)1t
ted

as = sup||(T - ) Bapa(AT — ) P)|;
te

as = sup ‘|Ea_,(3,a—1(A(T - t)aiﬁ)”a
teJ

b = max{ay, as, as, aq, as};

ag = sup |[(T — t)* ' B*Eo_p.o(A*(T — t)* P YW 10, T]|;

teJ
ar = |lyrll,
1=y a—1
5 = 1- v T(a—l—’Y)/(l—’Y) 0o =max<{ T T :
a—1—7 ’ "a—1]’
|B|| = Mp;
a—1
c1 =1+ bMpTag, co=1+bMp 1a6,
a—

¢ = max{cy, ca};
T
a—1

p1 =T""7 +bMpT? "ag, p2 =01 +bMp ag,
p =max{py, pa}.

Now, we are in a position to provide the main result of this part.

Theorem 4.4. If H(1) and H(2) are satisfied and the linear system
(1.1) is controllable on [0,tf] for some ty € (0,T], then system (1.2) is
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also controllable on [0,tf], provided that

k

(}:@m+dn+9f>M<1.

i=1

Proof. From the controllability of linear system (1.1) on [0,%/] for
ty € (i, tit1] C (0,T], we can define the control as follows:

(T —t)* " 'B*Ey_pg.o(A(T — )= YW =10, T]

X[ye, — f(T —8)* LBy _p.o(A(T — 8)*P) f(s,2(s)) ds],

t €[0,t1],
(T - t)“‘lB.*Ea,gya(A*(T — t)o“ﬂ)W‘l[Q T)

<[y = 53 BasAT ~ 17052 1)
— ST = 1) Ba (AT — 1)) (1)

Jj=1

FA S (T — )7 P By o pin (AT — ;)7L (2(t )

Jj=1

A

T

— [T = )" Ba (AT = 9)"7)f(s,2(5)) ds],
t

€ (titisa], i=1,2,... k

where

Yt; = Tty — Ea,/g(ATa_B)LL‘Q — AT(X_BEQ,@Q,BJA(ATCE_[R)%O

+TEa-p2 (AT %)z

According to this control, the operator F : PC'(J,R") — PC'(J,R")
is well defined by
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Eo_p(At*=P)ag — At*PE, 5 0—pi1(At* Pz
+tEo—p2(At*F)zl
+ fy (t=5)"" Ba_p.0(A(t—5)>"%)[Bu(s)+ f(s, 2(s))]ds,
t €10,t1],
Eo_p(At*=P)xg — At*PE, g 0—pr1(At* Pz
+tEa- m(At“*ﬁ):vHZé:lEa—ﬁ( (t—t;)* ") Li(2(t7)
+ 3 (t— 1) Eapa(A(t — )27 P) J5(2 (7))
—AY Y (t=1)" P Eapapra(A(t — ;)P (a(t;))
[t 8)* B p o (A(t — 5)°5) [Bu(s)+ f (s, 2(s))]ds,
te (titipa], i=1,2,...,k

(Fz)(t)=

We easily observe that (Fx)(ts) = 2¢,. Hence, in order to prove the
controllability of system (1.2), we only need to show that F has a fixed
point.

For t; € (0,t1], we know that system (1.2) is controllable on [0, /]
from [2]. Now we show system (1.2) is controllable on [0,%s] for
tr€(titip],i=1,... k.

First, we choose

O[2llzoll + lloll) + EeIIO) + [T (O)]) + Al ®ll L1/~ + Mpdzasar]

k -1
X (1 —bey (2hi +d;) — bcTe) <,

i=1

and consider the bounded set B, = {z € PC!(J,R") : ||z||pcr < r}.
Next, we divide the proof into three steps.

Step 1. We prove that FB, C B,. For all x € B, and for all
t e (ti,ti+1], 1= 1,2, . .,k, we have

lu(®)] < (T = 8)* ' B*Ea—pa(A*(T = )*"")W =0, 71|

- AT = 1)) (2|

x [nytfn n

IS - ) Baatacr - maﬂ)Jj(x/(t;))H

Jj=1
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HAZ ) Ea s (AT = )L )|

|

T
+\ | 0= 9 B (AT = )5 2()) s
0

k
< ag x { 03 hlle ()] + bEIZO)]
=1
k

+b2d|\x BT O)] 53l + b1 1O
T
+b/0 [\Il(s)+0||x(s)||]ds}
k
< a6 x [ +ORRITO)] + [ 7O)]) + D (2hi + i)y

+ 0T oy + bTﬂr} .

From the above estimate, we have
[(Fz)(®)]| < [|Bap(At* )|
+ [t Ea—p,2(At*F)ag
1A Ba g o g (AP )ao |
[ X Bastate - s tate )|
j=1
[ B patat - ) )|
j=1

S D S - A R )

4 / (1= ) Fa_p o(Alt—35)*") [Bu(s) + f (s, 2(s)]ds
0
k

b (2l|zoll + [l2oll) + b hillz(t;) | + bE[IZ(0))]
i=1
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+bZd||x )| + bk||J (0 |+bZh||x )| + bk|[Z(0)]

/Bu )ds

+b

+b/ s) + 0|lz(s)]|] ds

k

< 02|l +[|z6]) +0R2NLO) [+ T (O) 1) +bD_(2hs+dy) ]

i=1
+ bMpTag x [az + bk(21(0)]| + | 7(0)])
k

+ 03 (2hi + di)r + 5T W s+ bTer]
=1

¢
+ 0T || 1/n +b/ Ollx(s)| ds
0

< b(2l|zoll + [lxp]l) + bk(1 + bMpTag)(2[|1(0)]| + [|7(0)]])

+ bMpTagar + b(T*7 + bMpT* Y ag)||¥|| 11/~

k
+ (1 + bMpTag) ( > (2hi +d;) + TH) r
1=1

< 0(2llxoll + [lzo 1) + bhe(I IO + [17(0)) + boll |1/

k
+ bMpdaasar + bc( > (2hi +d;) + Te) r<r.

i=1

Next, from the definition of F' and the Mittag-Leffer function, we

obtain:

I(Fa) @)l < | Ea-p (At ")ag|

oA ) )|

/o<t—s>a-2Ea_B,a_1<A<t—s>a-ﬁ>[3u<s>+f<s,x(s»]ds

k

§

< bllagll +b) dill2! (t)I] + bk[| T (0)]

i=1
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+bMp /Ot(t — 5)*2u(s) ds

+ b/o (t — 5)22[T(s) + 0]|2(s)|] ds
k

bMp ||u]| T
< bl 465 dyll’|| + bk aaee o1 10| il
< bl|xpll + ;:1 2" + bk||J(0)]| + 1
L= at-msa-n
IR la—1-7)/(1—y + T z|
a—1—vy
DM T Lag

< bllzp|l + bk[I T ()] + —

[m + 0k (2[1(0)]| + 117 (0)])
k
+ bZ(th +di)r + 0T N e + bTGr}

i=1

k
+ b|| W[ £.1/+ 01 +b(Zdi +9T)r
=1
bMpT* 'a
< gl + k(14 EE ) 2 0)] + 1))

bMBTaila(;CW

bMpT* Vag
e’ -1

+b<51+ 1

)nwnm ;

bMpET 'ag\ [ <
+b(1+a_1 ;(2hi+di)+9T r
< bllzoll + kbe(2[| 1(0) || + (|7 (0)]1) + bpl @l L1/~ + DM pdaasar
k
+ bc( > (ki + di) + 0T) r
i=1

<r.
Hence, according to the above, we obtain | Fz|| pc1 < r, which means

that F'B, C B,.

Step 2: We show that F' is continuous. Let {z,} be a sequence
such that x, — x, 2/, = 2’ in PC*(J,R™) as n — oo. Then, for each
t € (ti,tiv1], 1 =1,2,..., k, we obtain:



574 ZHENHAI LIU AND XUEMEI LI

(P00~ (PO
ZEa A=) Eealt) - Hialt))]

7

Z(t—mEaﬁ,2<A<t—tj>a-5>[Jj<w;<tj))—Jm'(tj))]H

=1

+ AZ(t - tj)a_ﬁEa—ﬁ,a—B-ﬁ-l(A(t - tj)a_ﬁ)

+

L (7)) — Ij(w(t;))]H
=9 B a4l = ) 1 (o0(6)) — S s

k k
< bZ hillen () — (7)) + bZdin;(t;) — ()

_|_

+b2h e (£7) — >||+bLf/ len(s) — (s)] ds
< b(zzhi +LfT)||xn el b i, — .
=1 =1

|(Fa) (6) — (Fay (1))
S — ) Ba (At — 2Py () — (' (6) H

j=1

/ (t=5)""?Eap.a-1(A(t=5)""")[f(s,2n(5)) ~ f (5, 2(s)]ds

0

<

+

= bzd l (87) = ()] +bLf/ (t =) [lwn(s) — z(s)] ds

Tafl
<13 el - | +bLy— llan — ]l

=1
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As z, — x, 2}, = 2/, it is easy to see that
[(Fan)(t) = (Fz)(O)| — 0, [[(F2y)'(t)—(Fz) ()| — 0, as n — co.

Hence, |Fzn,—Fz|pct — 0, as z,, — z, 2/, — a’. Then F' is continuous
on interval B,.

Step 3: We prove F' is equicontinuous on B,.. Let 0 < t; <711 <719 <
ti+1 < T, then for each x € B,, we obtain:

[(Fz)(r2) — (Fz)(r1)|
< || Bas(AT5 )20 — Eap(A{™ )0

+ |2 Bacp 2(ATS ™ )ahy — 71 Bap 2 (Ary )|

+ | AT P Eapa-pr1(Ary Yo — Ar5 P Ea g o gy (Ars )|

+ Z 1Ea—p(A(r2 = 1;)°77) = Eaeg(A(r — ;) )11 (2 (t7))]l

+ > (72 = tj) Bap2(A(r2 — ;)*7)
j=1
— (11 = tj)Ea—pa(A(n — ;) P)[I1; (2" (¢;)]

+ Y l(r = t)* P AEa_pa—pr1(Alm —1;)*7P)

— (12 = 1) P AEa—pa—pi1 (A2 — t)* D)1 (2 (t;)]]

+ ’ /oT2 (ra — 8)* ' Ey_p.a(A(2 — ) ) [Bu(s) + f(s,2(s))] ds

T1
N / (11— 8)* ' Ba—pa(A(r1 — 8)*77)[Bu(s) + f(s,2(5))] ds
0
< || Baep(A15 %) = Earg(ATY )| |10l
+ |72 Ea—p2(ATS™P) = 71 Ea_pg a(AT3 7 |l|zp
+ | AT P Bazpacpri (A3 ) — ATy TP Bap 0 g1 (A5 7P) | |12oll

32 1Bacs(Alra = 1)) = Bap(Alr ~ 1))
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< (ylla(E) + 120} +Z|| Baepa(A(rs — ;)77
(7= ) Bl Al o)+ 17OV
¥ Z All(m1— )7 Bacpamgia (Alry — 1))
~ (2= )" B s (A = ) s )1+ 1O
+ [l = 9 B (A = 97

(1= 8)° BapalAlrs — 5 P)[f(5.2()) + Bu(s)|| ds

i ‘ /T2 (72 = 5)* " Eap.a(A(r2 — 5)*7P)[f(s,2(5)) + Bu(s)] ds

By Holder’s inequality and H (1) and H(3), we obtain:
[(Fa)(r2) — (Fa)(m)]|
< || Ba-p(Ar3 ™) = Eacp(ATy 7)ol
+ m2Bazpa(As ™) = 11 Eapa(ATy ™) |||l
+ AT Bapampir (ATY ") = ATS T Bap o gia (A7) o]

2 sl Al — 1)) = EacslAlry = 1))

x (hyllz ()1 + [[1(0)]]) +Z|| T2 —t;)Ea_p2(A(ta — t;)*F)
= (11 = tj)Ea—p2(A(T1 — tj)a SICA IR FO]):
+ Z [(r1 = t;)* P AB0 g a—pi1(A(m — t5)*77)

— (12 = t;)* P ABa—pa—pr1(Alr2 — t5)* )| (hyll(t7)]| + [1(0)]))

+ sup [|[(72 = 5)* ' Eapa(A(r2 = 5)°77)
s€[0,71]

— (11— 8)* "Ba_pa(Al(rs — ) ) (1C)| s T + 0T + MpoT)
00| 1/ (72 = 71)' 7 + b(Or + Mpo)(r2 — 71),
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where

k
0= ag x [az + bEQITO)]| + [[7(0)]) + D (2h; + di)r
i=1
+ 0T || 1/ + VTG,

Similarly, we also have

[(Fz)'(72) = (Fz)' ()]

< || Bap(Ars ™) = Bacp(AT )bl 4 Y | Bamp(A(ra—t;)*7)

Jj=1

— Ea—p(A(r = ;)P (djll2" ()1 + 17 (0)11)

+ S[UP | [[(r2 — S)Q_QEafﬁ,afl(A(W - S)a_ﬁ)
s€(0,m1

— (11 = 9)**Bapa1(A(m — )70
(]| 1/ T + TOr + MpoT) + w(ts — 1) 177

b(Or + M o
( a_lBQ)(TQ_Tl) 17

where

1—~
-y
= b||¥ v —— .
L ey

From the above arguments, let 79 — 7. Then we have

[(Fa)(72) = (Fa) ()| — 0,
and
|(Fz) (12) — (Fz)' (m1)| — 0.

Thus, F'is equicontinuous on interval B;..

By Arzela-Ascoli’s theorem, we obtain that the operator F' is com-
pletely continuous and by the Schauder fixed-point theorem, we obtain
that F' has a fixed point = on B,.. This further implies that system (1.2)
has a solution « in PC'(J, R™). Hence, system (1.2) is controllable on .J.
The proof is completed. |
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