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ABSTRACT. In this paper we consider the interval-valued
Volterra integral equations (IVIEs). We study the problem of
existence and uniqueness of solutions for IVIEs. Finally, we
give some examples for IVIEs.

1. Introduction. Set-valued differential and integral equations are
an important part of the theory of set-valued analysis, and they play an
important role in the theory and application of control theory. They
were first studied in 1969 by De Blasi and Iervolino [4]. Recently,
set-valued differential equations have been studied by many scientists
due to their applications in many areas. For the basic theory on set-
valued differential and integral equations, readers can be referred to
the following books and papers (see [1, 2, 5 8, 11 15, 18] and the
references therein).

Interval-valued analysis and interval differential equations (IDEs) are
special cases of the set-valued analysis and set-valued differential equa-
tions, respectively. In many situations, when modeling real world phe-
nomena, information about the behavior of a dynamic system is uncer-
tain and one has to consider these uncertainties to gain better meaning
with full models. Use of the interval-valued differential equation is a
natural way to model dynamic systems subject to uncertainties. Re-
cently, much work has been done by several authors in the theory of
interval-valued differential equations (see, e.g., [3, 9, 10, 17, 19]).

Existence theorems for Volterra integral equations have been studied
extensively in view of their applications to predator-prey models and
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medical diagnosis. In this paper, we generalize such existence theo-
rems to interval-valued mappings using the concept of interval-valued
functions and the integral due to Stefanini and Bede [18]. Similarly,
as in classical analysis, we would like to introduce four main types of
interval-valued integral equations: their names appear in the list below.
Suppose that F : [t0, T ] → I, K : [t0, T ] × [t0, T ] → I are continuous
interval-valued functions, k : [t0, T ] → R is a continuous real-valued
function and λ is a constant. We classify the interval-valued integral
equations as follows:

(i) Interval-valued non-homogeneous Volterra integral equation

X(t) = F (t) +

∫ t

t0

k(t, s)X(s) ds

(ii) Interval-valued homogeneous Volterra integral equation

X(t) =

∫ t

t0

k(t, s)X(s) ds

(iii) Interval-valued non-homogeneous Fredholm integral equation

X(t) = F (t) + λ

∫ T

t0

k(t, s)X(s) ds

(iv) Interval-valued homogeneous Fredholm integral equation

X(t) = λ

∫ T

t0

k(t, s)X(s)ds,

where t ∈ [t0, T ]. We have noted that the interval-valued Volterra
equation can be considered as a special case of the interval-valued
Fredholm equation when k(t, s) = 0 for s > t in [t0, T ]. The function
k(t, s) appearing in the above four equations is called the kernel of
the interval-valued integral equation. Such a kernel is symmetric if
k(t, s) = k(s, t), for all t, s ∈ [t0, T ].

In this paper, we shall prove the existence and uniqueness theorem of
solutions for interval-valued Volterra integral equations of the following
form

(1.1) X(t) = F (t) +

∫ t

t0

K(t, s,X(s)) ds.
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This paper is organized as follows. In Section 2, we recall some basic
concepts and notations about interval-valued analysis and interval-
valued differential equations. In Section 3, we present the existence
and uniqueness theorem of a solution to the interval-valued Volterra
integral equations. Finally, we give some examples for IVIEs.

2. Preliminaries and notation. Let Kn
c be the space of non empty

compact and convex sets ofRn. The set of real intervals will be denoted
by I where I = K1

c . The set interval [∅,∅] is a singleton which contains
a single element: ∅ ∈ [∅,∅]. ∅ = {0} = [0, 0]. The addition and scalar
multiplication in I is defined as usual, i.e., for A,B ∈ I, A = [a−, a+],
B = [b−, b+], where a− ≤ a+, b− ≤ b+, and λ ≥ 0, then we have

A+B = [a−+b−, a++b+], λA = [λa−, λa+], (−λA = [λa+, λa−]).

Furthermore, let A ∈ I, λ1, λ2, λ3, λ4 ∈ R and λ3λ4 ≥ 0. Then we have
λ1(λ2A) = (λ1λ2)A and (λ3 + λ4)A = λ3A + λ4A. Let A,B ∈ I as
above; then the Hausdorff metric H in I is defined as follows:

(2.1) H(A,B) = max{|a− − b−|, |a+ − b+|}.

We notice that (I, H) is a complete, separable and locally compact
metric space.

We define the magnitude and the length of A ∈ I by:

H(A, {0}) = ‖A‖ = max{|a−|, |a+|}, len (A) = a+ − a−,

respectively.

The Hausdorff metric (2.1) satisfies some of the properties below:

H(A+ C,B + C) = H(A,B) and H(A,B) = H(B,A),

H(A+B,C +D) ≤ H(A,C) +H(B,D),

H(λA, λB) = |λ|H(A,B),

H(A,B) ≤ H(A,C) +H(C,B),

for all A,B,C,D ∈ I and λ ∈ R. Let A,B ∈ I. If there exists an
interval C ∈ I such that A = B + C, then we call C the Hukuhara
difference of A and B. The interval C is denoted by A � B. Note
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that A � B �= A + (−)B. It is known that A � B exists in the case
len (A) ≥ len (B). Besides that, we can see the following properties for
A,B,C,D ∈ I (see [9, 10]):

• if A�B, A� C exist, then H(A�B,A� C) = H(B,C);

• if A�B, C �D exist, then H(A�B,C �D) = H(A+D,B+C);

• if A � B, A � (B + C) exist, then there exist (A � B) � C and
(A�B)� C = A� (B + C);

• if A�B, A� C, C �B exist, then there exist (A�B) � (A� C)
and (A�B)� (A� C) = C �B.

Definition 2.1 [9]. We say that the interval-valued mapping F :
[t0, T ] → I is continuous at the point t ∈ [t0, T ] if, for every ε > 0,
there exists δ = δ(t, ε) > 0 such that, for all s ∈ [t0, T ] such that
|t− s| < δ, one has H(F (t), F (s)) ≤ ε.

The strongly generalized differentiability was introduced in [18] and
studied in [3, 9 15].

Definition 2.2 [18]. Let X : [t0, T ] → I and t ∈ [t0, T ]. We say that
X is strongly generalized differentiable of the first-order differential at
t, if there exists X ′(t) ∈ I, such that

(i) for all h > 0 sufficiently small, there exist X(t + h) � X(t),
X(t)�X(t− h) and

lim
h↘0

H

(
X(t+ h)�X(t)

h
,X ′(t)

)
= 0,

lim
h↘0

H

(
X(t)�X(t− h)

h
,X ′(t)

)
= 0

or

(ii) for all h > 0 sufficiently small, there exist X(t) � X(t + h),
X(t− h)�X(t) and

lim
h↘0

H

(
X(t)�X(t+ h)

−h
,X ′(t)

)
= 0,

lim
h↘0

H

(
X(t− h)�X(t)

−h
,X ′(t)

)
= 0
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or

(iii) for all h > 0 sufficiently small, there exist X(t + h) � X(t),
X(t− h)�X(t) and

lim
h↘0

H

(
X(t+ h)�X(t)

h
,X ′(t)

)
= 0,

lim
h↘0

H

(
X(t− h)�X(t)

−h
,X ′(t)

)
= 0

or

(iv) for all h > 0 sufficiently small, there exist X(t) � X(t + h),
X(t)�X(t− h) and the limits

lim
h↘0

H

(
X(t)�X(t+ h)

−h
,X ′(t)

)
= 0,

lim
h↘0

H

(
X(t)�X(t− h)

h
,X ′(t)

)
= 0.

(h in the denominators means 1/h). In this definition, case (i) ((i)-
differentiability for short) corresponds to the classic H-derivative in-
troduced in [8], so this differentiability concept is a generalization of
the Hukuhara derivative. Case (ii) of this definition corresponds to the
second type Hukuhara derivative studied in [9, 10].

For an interval-valued function F : [t0, T ] → I, F (t) = [F−(t), F+(t)],
one defines the integral by the expression

∫ t

t0

F (s) ds =

[ ∫ t

t0

F−(s) ds,
∫ t

t0

F+(s) ds

]
.

By the Newton-Leibniz formula, one can write: if an interval-valued
function F is a second type Hukuhara differentiable on [t0, T ], then

F (t0) = F (t) + (−1)
∫ t

t0
F ′(s) ds.

Definition 2.3. A mappingX : [t0, T ] → I is bounded, if there exists
an element M > 0 such that H(X(t), {0}) ≤ M , for all t ∈ [t0, T ].

Corollary 2.1 (see, e.g., [10]). Let X : [t0, T ] → I be given. Denote
X(t) = [X−(t), X+(t)] for t ∈ [t0, T ], where X−, X+ : [t0, T ] → R.
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(i) If the mapping X is (i)-differentiable (i.e., classical Hukuhara
differentiable) at t ∈ [t0, T ], then the real-valued functions X−, X+ are
differentiable at t and X ′(t) = [(X−)′(t), (X+)′(t)].

(ii) If the mapping X is (ii)-differentiable at t ∈ [t0, T ], then the
real-valued functions X−, X+ are differentiable at t and X ′(t) =
[(X+)′(t), (X−)′(t)].

3. Main results. Consider the following interval-valued Volterra
integral equations

(3.1) X(t) = F (t) +

∫ t

t0

K(t, s,X(s)) ds,

for all t ∈ [t0, T ], where F : [t0, T ] → I and K : D × I → I, with
D = {(t, s) ∈ [t0, T ]× [t0, T ] : t0 ≤ s ≤ t < T }.

Theorem 3.1. Let N,M and L be positive numbers. Assume that
F,K satisfy the following conditions:

(i) F : [t0, T ] → I is continuous and satisfies H(X(t), F (t)) ≤ N ;

(ii) K : D× I → I is continuous and satisfies the Lipschitz condition
with respect to X, i.e.,

H(K(t, s,X),K(t, s, Y )) ≤ LH(X,Y ),

for (t, s,X), (t, s, Y ) ∈ D × I.

In addition, if H(K(t, s,X), {0}) ≤ M , then there is a unique
solution of IVIE (3.1) on [t0,T] where T = min{T − t0, (N/M)}.
Proof. In the proof of this theorem, we apply the method of successive

approximations to construct a sequence of continuous functions Xn :
[t0,T] → I as follows:
(3.2)

X0(t) = F (t), Xn(t) = F (t) +

∫ t

t0

K(t, s,Xn−1(s)) ds, n ≥ 1.

By the mathematical induction method, we can see that all {Xn}n≥0

are continuous mappings on [t0,T]. FurtherH(Xn, F (t)) ≤ M(t−t0) ≤
N , for all n ≥ 1. Then, for t ∈ [t0,T], we have
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H(X1(t), X0(t)) = H

(∫ t

t0

K(t, s,X0(s)) ds, {0}
)

≤ M(t− t0) ≤ N.

By (ii) and (3.2), we find that

H(Xn(t), Xn−1(t))

≤ H

(∫ t

t0

K(t, s,Xn−1(s)) ds,

∫ t

t0

K(t, s,Xn−2(s)) ds

)

≤ L

∫ t

t0

H(Xn−1(s), Xn−2(s)) ds.

In particular,

H(X2(t), X1(t)) ≤ L

∫ t

t0

H(X1(s), X0(s)) ds

≤ L

∫ t

t0

M(s− t0) ds =
ML(t− t0)

2

2!
, t ∈ [t0,T].

Furthermore, if we assume that

(3.3) H(Xn−1(t), Xn−2(t)) ≤ M

L

[L(t− t0)]
n−1

(n− 1)!
, t ∈ [t0,T],

then we have

H(Xn(t), Xn−1(t)) ≤ L

∫ t

t0

M

L

[L(s− t0)]
n−1

(n− 1)!
ds

=
M

L

[L(t− t0)]
n

n!
, t ∈ [t0,T].

It follows by mathematical induction that (3.3) holds for any n ≥
1. Consequently, the series

∑∞
n=1 H(Xn(t), Xn−1(t)) is uniformly

convergent on [t0,T], and hence the sequence {Xn}n≥0 is uniformly
convergent. It follows that there exists a continuous function X :
[t0,T] → I such that H(Xn(t), X(t)) → 0 as n → ∞. Since

H(K(t, s,Xn(s)),K(t, s,Xn(s))) ≤ LH(Xn(t), X(t)) −→ 0
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on [t0,T] as n → ∞ and since

H

(∫ t

t0

K(t, s,Xn(s)) ds,

∫ t

t0

K(t, s,X(s)) ds

)

≤
∫ t

t0

H(K(t, s,Xn(s),K(t, s,X(s)))) ds,

it follows that

lim
n→∞

∫ t

t0

K (t, s,Xn(s)) ds = K (t, s,X(s)) , t ∈ [t0,T].

By (3.2), we obtain that

X(t) = F (t) +

∫ t

t0

K(t, s,X(s)) ds

and so X satisfies (3.1).

To prove the uniqueness, let Y : [t0,T] → I be a second solution for
(3.1), and

Y (t) = F (t) +

∫ t

t0

K(t, s, Y (s)) ds.

Then, for every t ∈ [t0,T], we get

H(X(t), Y (t)) ≤
∫ t

t0

LH(X(s), Y (s)) ds.

By applying the Gronwall inequality, we get H(X(t), Y (t)) ≤ 0, which
completes the proof.

Remark 3.1. With the assumptions of Theorem 3.1, the existence
and uniqueness of the solution for problem (3.1) can be obtained by
using the contraction principle. Let S be the space of continuous
functions from [t0,T] into (I, H) with H0(Z, F ) ≤ N , i.e., S = {Z |
Z : [t0,T] → I continuous and H0(Z, F ) ≤ N} where H0(Z, F ) =
supt∈[t0,T] H(Z(t), F (t)). We define an operator A : S → S by

AZ(t) = F (t) +

∫ t

t0

K(t, s, Z(s)) ds.
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Now we shall prove the operator A is a contraction mapping with the
assumptions of Theorem 3.1.

Proof. Step 1. To prove that A : S → S, we have to prove that AZ
is continuous and AZ ⊂ S. For each t ∈ [t0,T], we get

(3.4) H(AZ(t+ h),AZ(t))

= H

(
F (t+ h) +

∫ t+h

t0

K(t+ h, s, Z(s)) ds, F (t) +

∫ t

t0

K(t, s, Z(s)) ds

)

≤ H(F (t+ h), F (t)) +

∫ t

t0

H
(
K(t+ h, s, Z(s)),K(t, s, Z(s))

)
ds

+

∫ t+h

t

H(K(t+ h, s, Z(s)), {0}) ds.

By using assumptions (i) and (ii), we obtain that the right hand side
of (3.4) tends to zero as h → 0. So AZ is continuous. Let Z ∈ S. We
have

H0(AZ, F ) = sup
t∈[t0,T ]

H(AZ(t), F (t))

= sup
t∈[t0,T ]

H

(
F (t) +

∫ t

t0

K(t, s, Z(s)) ds, F (t)

)

≤ sup
t∈[t0,T ]

∫ t

t0

H(K(t, s, Z(s)), {0}) ds

≤ M(t− t0) ≤ N.

Therefore, AZ ∈ S.

Step 2. We have to prove that S is a complete metric space. Indeed,
let {Zn} be a sequence in S converging to Z ∈ C([t0,T], I). We consider

H0(Z, F ) ≤ H0(Zn, Z) +H0(Zn, F ) ≤ ε+N

for sufficiently large n and all ε > 0. So Z ∈ S. Therefore, S is a
complete metric space.



10 T.V. AN, N.D. PHU AND N.V. HOA

Step 3. We have to prove that A is a contraction mapping. For
Z,W ∈ S, we get

H0(AZ,AW) = sup
t∈[t0,T ]

H

(∫ t

t0

K(t, s, Z(s)) ds,

∫ t

t0

K(t, s,W (s)) ds

)

= sup
t∈[t0,T ]

L

∫ t

t0

H(Z(s),W (s)) ds ≤ LTH0(Z,W ).

Therefore, A : S → S is a contraction only if LT < 1. Since S is
a complete metric space and A is a contracting self-map on S, it has
a unique fixed point Z ∈ S. This fixed point is the required unique
solution to IVIE (3.1).

Theorem 3.2 (Existence and uniqueness). Assume that F,K satisfy
the following assumptions:

(i) F : [t0, T ] → I is continuous and bounded;

(ii) K : D× I → I is continuous and satisfies the Lipschitz condition
with respect to X, i.e.,

H(K(t, s,X),K(t, s, Y )) ≤ LH(X,Y ),

for (t, s,X), (t, s, Y ) ∈ D × I, L > 0;

(iii) K(t, s, {0}) is bounded on [t0, T ]. If LT < 1, then IVIE (3.1) has
a unique solution X on [t0, T ].

Proof. One can obtain this result easily by using the methods of
successive approximations and the contraction principle as in the proof
of Theorem 3.1 and Remark 3.1, respectively.

Finally, we shall give some simple examples of an IVIE. We consider
the following homogeneous Volterra integral equation

(3.5) X(t) = F (t) + λ

∫ t

0

k(t, s)X(s) ds, t ∈ [0, T ],

where F (t), X(t) ∈ I and k(t, s) ∈ R.
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Corollary 3.1. Suppose that k : [0, T ]×[0, T ]→ R and F : [0, T ] → I
are given continuous functions and λ is an arbitrary parameter. If
|k(t, s)| ≤ M for all 0 ≤ t, s ≤ T , then equation (3.5) has a unique
interval-valued solution.

Case 1. We assume that λ · k(t, s) > 0 and F (t) = [F−(t), F+(t)],
X(t) = [X−(t), X+(t)]. From equation (3.5), we obtain

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

X− (t) = F−(t) +
∫ t

0
λ · k (t, s)X− (s) ds

X+ (t) = F+(t) +
∫ t

0 λ · k (t, s)X+ (s) ds

X−(0) = F−(0)
X+(0) = F+(0).

Case 2. We suppose that λ · k(t, s) < 0. From equation (3.5), we
obtain ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

X− (t) = F−(t) +
∫ t

0
λ · k (t, s)X+ (s) ds

X+ (t) = F+(t) +
∫ t

0 λ · k (t, s)X− (s) ds

X−(0) = F−(0)
X+(0) = F+(0)

[
X−(t)
X+(t)

]
=

[
F−(t)
F+(t)

]
+

∫ t

0

[
0 λk(t, s)

λ · k(t, s) 0

] [
X−(s)
X+(s)

]
ds.

Example 3.3. Let us consider the interval-valued Volterra integral
equation

(3.6) X(t) = [1, 2] cos(t) +

∫ t

0

X(s) ds.

We transform problem (3.6) into the following ordinary integral equa-
tion system ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

X− (t) = cos(t) +
∫ t

0 X
− (s) ds

X+ (t) = 2 cos(t) +
∫ t

0
X+ (s) ds

X−(0) = 1

X+(0) = 2.
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10

15
X−(t) (blue) and X+(t) (red)

t

X
(t

)

FIGURE 1. Solution of Example 3.3.

We obtain a unique solution to (3.6) defined on [0, π/2], and it is of the
form

X(t) =

[− (sin(t) + cos(t)) + 3et

2
,− (sin(t) + cos(t)) + 3et

]
.

This solution is illustrated in Figure 1.

Example 3.4. Let us consider the interval-valued Volterra integral
equation

(3.7) X(t) = [t2, 1 + 2t2] +

∫ t

0

−X(s) ds.

We transform problem (3.7) into the following ordinary integral equa-
tion system

[
X−(t)
X+(t)

]
=

[
t2

1 + 2t2

]
+

∫ t

0

[
0 −1
−1 0

] [
X−(s)
X+(s)

]
ds.

We obtain a unique solution to (3.7) defined on [0, 2], and it is of the
form

X(t) =
[−et + 2e−t + 2t− 1, et + 2e−t + t− 2

]
.

This solution is illustrated in Figure 2.
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−10
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t
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FIGURE 2. Solution of Example 3.4.
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Gamero, Calculus for interval-valued functions using generalized Hukuhara deriva-
tive and applications, Fuzzy Sets Syst. 219 (2013), 49 67.

4. F.S. De Blasi and F. Iervolino, Equazioni differenziali con soluzioni a valore
compatto convesso, Boll. Unione Mat. Ital. 4 (1969), 491 501.

5. F.S. De Blasi, V. Lakshmikantham and T.G. Bhaskar, An existence theorem
for set differential inclusions in a semilinear metric space, Contr. Cyber. 36 (2007),
571 582.

6. J. Vasundhara Devi, Generalized monotone iterative technique for set differ-
ential equations involving causal operators with memory, Inter. J. Adv. Eng. Sci.
Appl. Math. 3 (2011), 74 83.

7. N.V. Hoa and N.D. Phu, On maximal and minimal solutions for set-valued
differential equations with feedback control, J. Abstr. Appl. Anal. 2012, Article ID
816218, 11 pages, doi:10.1155/2012/816218.

8. V. Lakshmikantham, T. Gnana Bhaskar and J. Vasundhara Devi, Theory of set
differential equations in metric spaces, Cambridge Scientific Publisher, Cambridge,
2006.



14 T.V. AN, N.D. PHU AND N.V. HOA

9. M.T. Malinowski, Interval differential equations with a second type Hukuhara
derivative, Appl. Math. Lett. 24 (2011), 2118 2123.

10. , Interval Cauchy problem with a second type Hukuhara derivative,
Inf. Sci. 213 (2012), 94 105.

11. , Random fuzzy differential equations under generalized Lipschitz
condition, Nonlin. Anal.: Real World Appl. 13 (2012), 860 881.

12. , Existence theorems for solutions to random fuzzy differential equa-
tions, Nonlin. Anal.: Theory, Methods Appl. 73 (2010), 1515 1532.

13. , On random fuzzy differential equations, Fuzzy Sets Syst. 160 (2009),
3152 3165.

14. , On set differential equations in Banach spaces A second type
Hukuhara differentiability approach, Appl. Math. Comp. 219 (2012), 289 305.

15. , Second type Hukuhara differentiable solutions to the delay set-valued
differential equations, Appl. Math. Comp. 218 (2012), 9427 9437.

16. S. Markov, Existence and uniqueness of solutions of the interval differential
equation X = f(t;X), Compt. Rend. Acad. Bulg. Sci. 31 (1978), 1519 1522.

17. L.T. Quang, N.D. Phu, N.V. Hoa and H. Vu, On maximal and minimal
solutions for set integro-differential equations with feedback control, Nonlin. Stud.
20 (2013), 39 56.

18. L. Stefanini and B. Bede, Generalized Hukuhara differentiability of interval-
valued functions and interval differential equations, Nonlin. Anal.: Theory, Meth.
Appl. 71 (2009), 1311 1328.

Faculty of Foundation Sciences, University of Technical Education, Ho

Chi Minh City, Vietnam

Email address: antv@hcmute.edu.vn

Faculty of Mathematics and Computer Science, University of Science,

Ho Chi Minh City, Vietnam

Email address: ndphu dhtn@yahoo.com.vn

Division of Computation Mathematics and Engineering (CME), Insti-

tute for Computational Science (INCOS), Ton Duc Thang University,

Vietnam

Email address: ngovanhoa clt@yahoo.com



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


