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PIECEWISE POLYNOMIAL COLLOCATION FOR
INTEGRAL EQUATIONS WITH A SMOOTH KERNEL
ON SURFACES IN THREE DIMENSIONS

DAVID CHIEN

ABSTRACT. We consider solving integral equations on
a piecewise smooth surface S in R3 with a smooth kernel
function, using piecewise polynomial collocation interpolation
of the surface. The theoretical analysis includes the effects of
the numerical integration of the collocation coefficients and
the use of the approximating surface. The resulting order of
convergence is higher than had previously been expected in
the literature.

1. Introduction. Consider the integral equation
1) MP)= [ KP.Q)FQ)dSq = a(P). Pes

with k(P, @) continuous for P,@ € S, and with S a piecewise smooth
surface in R®. We write the equation (1) as

A=K)f=g

symbolically. We assume X is nonzero and is not an eigenvalue of the
integral operator K defined implicitly in (1). Thus, (1) has a unique
solution f € C(S) for each g € C(S). In this paper we use collocation
with piecewise quadratic interpolation for both the surface S and the
unknown function f, as proposed in Atkinson [3].

In practice, most of the 3-D boundary integral equations that arise
do not have a smooth kernel. The major motivation of this paper is
to develop the tools needed for handling boundary integral equations.
Also, this paper is the first paper of a sequence of two papers. The
second paper, Atkinson and Chien [6], will discuss a nonsmooth kernel
case.
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In Section 2 the definitions and assumptions on the triangulation of
S are given. The regular subdivision of the triangulation is essential
for this paper. For other kinds of triangulation, the rate of convergence
is of order three; and the convergence rate when using our subdivision
scheme is of order four. This indicates that the regular subdivision
of the triangulation as proposed in [3] is a better scheme. Section 3
contains the interpolation formula. The collocation method and the
discrete collocation method are discussed in Sections 4 and 5, respec-
tively. Section 6 gives numerical examples of the discrete collocation
method. The proofs of the theorems in Sections 4 and 5 are given in
Section 7.

This paper presents only the results when using polynomials of degree
two to approximate both the surface and the solution. We can also use
other degrees of interpolation for the surface and the solution, and the
results are consistent with the kind of results we have obtained for the
quadratic case. Section 8 gives the generalization for other degrees of
interpolation.

2. The triangulation and refinement. As discussed in Atkinson
[3], we assume the surface S can be written as

(2) S=5USU---US;

where each S; is a closed, smooth surface in R3. The only possible
intersection of a pair S; and S is to be along a common portion of
the edges of these two sub-surfaces. We also assume each S; has a
parametrization in a region of R2, with the parametrization six times
continuously differentiable. In this case we say S is piecewise smooth.
By a smooth surface, we mean that for each point P € S there is
a neighborhood on S of P, with the neighborhood having a local
six times continuously differentiable parametrization in R? with its
Jacobian determinant not vanishing.

The surface S of (2) is divided into a triangular mesh
(3) {AkN[1<K <N}

where N is the total number of triangles on the surface S. Each S;
is to be broken apart into a set of nonoverlapping triangular shaped
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elements Ak y,’s, about which we say more below. In referring to
the element Ak n, the reference to N will be omitted but understood
implicitly. Define the mesh size of (3) by

= i A i A = - °
oN 1énKa%(Ndlam( K)s diam (Ak) pﬁqmeag‘(K|p ql

Let o denote the unit simplex in the st-plane
o={(s,t)|0<s,t,s+t <1}

Let p1, ..., pg denote the three vertices and three midpoints of the sides
of o, numbered according to Figure 1.

Pz

Py Ps

Py Ps Ps

FIGURE 1. The unit simplex.

One way of obtaining the triangulation (3) and the mappings from o
to each Ak is by means of a parametric representation for the region
S; of (2). Assume that, for each S;, there is a mapping

(4) Fj:R; '5's;, 1<j<J

where R; is a polygonal domain in the plane and F; € C®(R;). Then
the mapping of a triangulation of R;, using F}, yields a triangulation
of S;. Since the R;’s are polygonal domains and can be written as a
union of triangles, without loss of generality, we assume in this paper
that the R;’s are triangles. A paraboloid with top is a good example of
an S that satisfies our assumptions; but a circular cone is an example
of an S for which some of the above assumptions are not valid, because
of the discontinuity of the gradient at the vertex.
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FIGURE 2. Refinement.

Let AK be an element in the triangulation of R;, and let 9,1, 0 and
03 be its vertices. Define

(6)  mx(s,t) = Fj(udy +tda+s03), u=1-s5—t, (s,t)€o

and let Ag be the image of Ak under this mapping. Also, if any
two elements in this triangulation have a side in common, then their
intersection will be an entire side of both triangles. Most surfaces S
of interest can be decomposed as in (2), with each S; representable as
in (4). Also, the surface S could be smooth, and we would often still
want to decompose it as in (2).

The mapping (5) is used in defining interpolation and numerical
integration on Ag. Introduce the node points for Ax by

vjk =mg(p;), j=1,...,6.

Collectively, the node points of the triangulation {Ax} will be denoted
by
{vi[1<i< My},

with My the number of distinct node points.

The sequence of triangulations (3) will usually be obtained by suc-
cessive refinements. The refinement process is based on connecting the
midpoints of the sides of a given element Ak. Given {1,...,06},
connect 94,05, 0g by lines parallel to the sides of A K, as in Figure 2,
producing four new triangular elements. The new elements all are con-
gruent, and they are similar to Ak. More importantly, any symmetric
pair of triangles, as shown in Figure 3, have the following property:

(6) ’01 — ’lAJQ = —(@1 — ’lA}4) and @1 — ’ﬁg = —(@1 — ’ﬁ5)
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~ ~

v, Us

FIGURE 3. A symmetric pair of triangles.
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The assumption on S and the node points that we made in this section
are for the use of quadratic interpolation. There are other degrees of
interpolation that can be used, and the assumptions on the smoothness
of S and the definition of the nodes will change appropriately. But
the general process of refinement will still remain the same, and we
still subdivide Ag’s in the same way as we do for the quadratic

interpolation.

3.

Interpolation.

To define interpolation, introduce the basis

functions for quadratic interpolation on o. Letting v = 1 — (s + t),

define

li(s,t) = u(2u—1), la(s,t) = t(2t—1), I3(s,t) = s(2s—1),
l4(s,t) = 4dtu, I5(s,t) = 4st, lg(s,t) = 4su.

The functions [;(s,t) are quadratic Lagrange polynomials satisfying

Define a corresponding set of basis functions {l; x(¢q)} on Ag:

Li(pj) = 6ij-

Lik(mk(s,t) =1(s,t), 1<j<6, 1<K<N.

Given a function f € C(S5), define

(7)

Pnf(e) =Y f(vje)lx(a), g€ Ak,

Jj=1
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for K =1,...,N. This is called the piecewise polynomial collocation
f on the nodes of the mesh {Ag} for S.

Atkinson [3] shows that Py is a bounded projection operator and
|[Pn|| = 5/3. Also, for any f € C3(S),

If = P flloe = O(6%)

where 0 is the mesh size of the triangulation {Ag x} of R;’s.

Other kinds of interpolation can be used, such as piecewise cubic
interpolation in the parametrization variables, and, in this case, we
need ten node points, pi1,...,p10, and ten basis functions for the
interpolation on o.

4. The collocation method. To define the collocation method,
the solution function f(mg(s,t)), (s,t) € o, is approximated by a
quadratic polynomial (as in Section 3) in (s, t):

6
Flmg(s,) = fn(mic(s,t) =Y fa(mu(p;))li(s, 1)

j=1

6
- ZfN(Uj7K)lj(57t)'

The collocation method is given by solving the equation
(A=PnK)fn = Png.

A discussion of the collocation method is given in Atkinson [2, p.
54-62]. For S, a boundary of a bounded simply-connected region in
R3, we have N, = 2(N + 1) node points.

The collocation method for solving (1) amounts to:

1) solving the linear system
®) M)~ [ K0 QUn(Q) g = gl =1 N,

for the nodal values {fn(v;) | i =1,...,N,}.
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2) using the interpolation formula (7) to extend the nodal values to
fn(Q) for general Q € S.

Solving (8) reduces to solving the linear system

N 6

(9) Afn(vy) Z ZfN Vi K /k: v, mi (s,t))l;(s,t)

K=1j5=1
| Dsmg(s,t) x Dymg(s,t)|dsdt = g(v;), i=1,...,N,.

For notation,

omg (s,t)
ds

Om (s, 1)

Dymg (s, t) = 5t

Dymgk (s, t) =
and

|DsmK(Sa t) X Dth(S, t)‘
is the Jacobian determinant of the mapping mg(s,t) used in trans-
forming surface integrals over Ak into integrals over o.

A major problem with (9) is that Dym g and Dymy are inconvenient
to compute for many surfaces S. Therefore, we use an approximate
surface Sy with a parametrization that is easy to differentiate. The
approximate surface Sy is composed of elements A1, ... , Ag, with Ax
an interpolant of Ag. Define

6 Z?:l U;Kl](s7t)
= " mk(p)li(s,t) = | S0_ 3 xli(s,t) | (s,t) €0
-1
’ Z?:1 v} lji(s,t)

where v} i is the i-th coordinate of mg(p;). Thus, mk(s,t) inter-
polates mg (s, t) at {p1,...,p6}, and each component is quadratic in

(s,t).
Using this surface, we seek a collocation solution fN:

(10)  fn(mg(s,t)) N r)li(s,t) (s,t)€o, K=1,... N.

HMQ
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It is obtained from the linear system

N 6
a1 M) - 33 f ULK)/k(vi,mK(s,t))lj(s,t)

K=1j=1
| Dsmg (s, t)x Dy (s, t)|dsdt = g(v;), i=1,...,N,.

The kernel function k(v;, Q) is being evaluated at points @ not on S,
and we assume k(v;, @) extends smoothly and easily to such nearby

points Q.

The collocation method can be considered as a product integration
method. Define

N 6
xS (P) = 30 3 Floaae) [ FPorivacs, )i (s.)

K=1j =1

- |Dsmg(s,t) x Dy (s, t)| dsdt

I
] =
Mos

fj)wjk(P), f€C(S)

=
Il
—
-
I
—

where
wj k(P) = / k(P, i (s,t));(s,t)
- |Dsg(s,t) x Dymg(s,t)] ds dt.

Applying this approximation to the integral equation (A—K)f = g, and
using the ideas of the Nystrom method, we obtain the linear system

N 6
() = 325 ftosao ) [ Ko e, 1)L 5,0
K=1j=1 7

mi(s,t) X Dimg (s, t)|dsdt = g(v;), i=1,...,N,.

This is exactly the same system as in (11) for our modified collocation
method. The function fy is in C(S), and it is given by Nystrom
interpolation away from the node points. The results of the two
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methods coincide at the node points, but they differ elsewhere. Write
the collocation solution as

6
fn(@) =Y For)lix(a), a€ Ak
j=1

where the I x’s are defined in Section 3. Then the relationship of the
two solutions is

) 1 N 6

Inla) =+ {Q(Q) +Y > In(wik)

K=1j=1
. /k‘(q, mi (s,t));(s,t)|Dstui (s,t) x Dy (s,t)] ds dt}
1 N 6
- o0+ XY ivtorarcta]
K=1j=1
For the collocation method, fN can be shown to satisfy
1f = Filloo = O(%)

when S is a smooth surface; this is based on results from Nedelec [8].

|
For piecewise smooth surfaces, it has been shown to be at least O(6%)
(see Atkinson [3]). But for the Nystrom method (see Atkinson [5])

(12) 1f = Fulloe < CIIIKE = Kn) flloo-

Thus, for the collocation method, we have the alternative error bound

max [/(v0) = fr(0)] < CIC = Kn) |

With this as motivation, we examine the error ||(K — Kn) f||co-

Atkinson [3] has shown that
| |Dsmi x Demg| — | Dy x Dyingl ||oo = O(6%)

when S is piecewise smooth, and thus we would expect the errors in
(12) to also be O(6?). In fact, we can do better than that.
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Theorem 1. Let the kernel function k € C?(S;xS;), i,j =1,...,J,
and let S be a piecewise smooth surface in R3. Let § be the mesh size
of the triangulation {Ax n} of R;’s. Then

(K = Kn)flloe = O(8")
when f € CHS;))NC(S),i=1,...,J.

The proof of this is given in Section 7. As a remark, we have
the following new error bound for {fn(v;) | ¢ = 1,...,N,} of the
collocation method:

N f N < _ _ 4 )
Jmax [f(vi) = [ (vl < ClIIK = Kn)fllee = O(07)
This is better than the error bound for ||f — fx||s of the collocation
method, which only gives us O(6%). The above results also show

If = fnlloo = O(8%),

for the Nystrom method based on product integration.

5. The discrete collocation method. We discussed the collo-
cation method for solving integral equations in the previous section.
In practice, we have to evaluate many integrals when we try to solve
integral equations by using the collocation method, and usually these
must be done by time-consuming numerical integrations. Therefore,
we introduce a discrete collocation method in this section and study
the effects of the numerical integration errors.

Again, we consider the integral equation (1) and the assumptions for
the surface S and the kernel function k are the same as in Theorem 1.
As noted earlier, the integrals in (11),

(13) / k(vi,mi(s,t))l(s,t) | Dstg (s, t) x Dymg (s, t)| dsdt

must still be evaluated, and numerical integration is the only practical
course. The principal method we have used is the 3-point rule

6
(14) / h(s,t) ds dt ~ éZh(pj).

J=4
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This method has degree of precision two, integrating exactly all
quadratic polynomials.

The method (14) is used to evaluate the integrals in (13). The
resulting linear system is

6

N
1
(15) M (i) = 6 D0 D Fv(wia k(v vix)
K

=1j=4
|DS K(P])XDth(PJH :g(’l}z), 221, 7Nv-

The values {fn(v;) | i = 1,...,N,} can be used to construct a
quadratic interpolant fn. We call fy the discrete collocation solution,
and it is more explicitly computable than fN or fy. For smooth
surfaces S, it has been shown that ||f — fx||sc = O(6%), but we have
only O(2) convergence for piecewise smooth surfaces; see Atkinson [3].
The system (15) can also be interpreted as the linear system for a
Nystrom method for solving (1). Introduce the integration scheme

6

/h(mK(s, 1)) D (s,t) X Dy (s,t)| ds dt %ij7Kh(mK(pj)),
o j=4

1 5 -
(16) Wi K = 8 |Dsii (p;) X Dy (p;)|, K=1,...,N,.

Then define a numerical integral for all of S:
(17)
N
/F(Q) i5g =S /F(mK(s,t))|DsmK(s,t)thmK(s,t)|ds dt
S K=1Y0

N 6
~ Y Y wikF(mi(p)))-

K=1j=4

Use this integration method to approximate the integral in (1).

Define
6

N
Knf(P) =" fv(vjx)w; xk(P,vj ).

K=1j=4
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This leads to an approximating numerical integral equation,
(18) (A= ’CN)hN =g

The function hy € C(S5), and it is given by Nystrom interpolation
away from the nodes. fy is also a function in C(9), and it is given
by the formula for quadratic isoparametric interpolation given in (10).
The functions fy and hy coincide at node points, but they differ
elsewhere. Following the discussion in Section 4, we use the error bound
for Nystrom method,

1f = hxlloe < CII(K = K ) fllo

in order to examine the error bound for the discrete collocation method
at the node points {v; }:

max |f(vi — v (vi)] < Ol|(K = Kn) flloo-

1<i<N,

Theorem 2. Let the kernel function k € C*(S;x S;), 4,5 =1,...,J,
and let the surface S and f be as in Theorem 1. Let b be the mesh size
of the triangulation {AKN} of the R;’s. The numerical integration
rule is the 3-point rule (14). Then

(K — Kn) flloo = O(6).

The proof is given in Section 7. Note that the new error bound for
the discrete collocation method at node points is

max | f(v;) — fn(vi)] < C|I(K = Kn)flloo = O(6%).

1<i<N,

This also gives us X
If = hvlloe = O(8%),
for the Nystrom method.

6. Numerical examples. We give two sets of numerical examples
from Atkinson [4] using the methods analyzed in Section 5. All of the
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numerical examples of this paper were computed on an Apollo DN-3500
workstation.

The first set of numerical examples gives results for the numerical
integration (17). Consider the numerical evaluation of

(19) = /SF(Q) dSo,  F(Q) = Fla,y,2) = (8/dng)(c").
The exterior unit normal to S at @ is ng. For S the ellipsoid given by
22 /a® + 2 )b + 22 )c? = 1.

‘We have oub
aom c —c
I= = [(c—1)ef + (c+1)e .

The normal derivative in the definition of F' is done exactly. The results
of using (17) are given in Table 1. The column labelled Order gives
the logarithm to the base two of the ratios of successive errors. Thus,
for p = Order, the error at the node points is behaving like 0(57”).

TABLE 1. Numerical integration: Elliptical surface with
(a,b,c) = (1,.75,.75).

N N, | Error Order N N, | Error Order

8 18 | 2.39E-1 20 42 | 5.43E-2
32 66 | 3.28E-2  2.86 80 162 | 4.51E-3 3.59
128 258 | 2.51E-3 3.71 320 642 | 3.08E4 3.87
512 1026 | 1.66E-4 3.92 | 1280 2562 | 1.97TE-5 3.97
2048 4098 | 1.06E-5  3.98

The second surface we use is an elliptical paraboloid
:102/(12 —l—yz/b2 =2z 0<z<eg,
together with the cap of points (z,y, z) satisfying

z?/a? —l—yz/b2 <e, z=c
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The numerical results for this surface are given in Table 2. The integral
and integrand are given in (19), the same as for Table 1. The numerical
example shows that the order of convergence approaches four more
slowly than for the ellipsoidal surface.

TABLE 2. Numerical integration: Elliptical paraboloid.

(a,b,c) = (.75,.6,.5) | (a,b,c) = (1,1,.3)
N N, Error Order Error Order
8 18 | —3.01E-2 —2.62E2

32 66 | —9.50E-3 1.66 —6.29E-3 2.06
128 258 | —1.57E-3 2.60 —7.92E4 2.99
512 1026 | —1.80E—4 3.12 —7.85E-5 3.33
2048 4098 | —1.72E-5 3.38 —6.88E—6 3.51
8192 16386 | —1.48E—6 3.54 —5.58E-7 3.62

The second set of examples is for solving (15) for the integral equation

/f 5 IP=@) S =g(P), PeS.

We solved this for a variety of surfaces S and true solutions f. Here
we given results for the surfaces used earlier, and the true solution is
taken to be

f(zyy,2z) = €.

The results for an ellipsoid are given in Table 3, and those for an
elliptical paraboloid are given in Table 4.

In the tables Ny = 1.5N is the order of the linear system (15) that
must be solved. Since the integration formula (17) does not involve
the vertices of elements Ay, the linear system involves finding fN(vi)
where v; is the midpoint of a side Ag. The values fN(vi) for v; a
vertex of some Ak are found by Nystrém interpolation, as noted in
the discussion following the Nystrom approximating equation (18).



PIECEWISE POLYNOMIAL COLLOCATION 329

TABLE 3. Ellipsoidal surface with (a,b,c) = (1,.75,.5) and A = 30.

N Ng | Error Order| N Ng | Error Order
8 12| 5.46E-2 20 30| 1.16E-2
32 48 | 7.81E-3 2.81 80 120 | 1.48E-3 3.45
128 192 | 6.61E-4 3.56 | 320 480 | 1.02E-4 3.86
512 768 | 447TE-5  3.89

TABLE 4. Elliptical paraboloid surface
with (a,b,c) = (.75,.6,.5) and XA = 20.
N Ng | Error Order
8 12| 2.14E-3
32 48 | 4.33E-4 231
128 192 | 6.52E-5 2.73
512 768 | 7.28E-6  3.16

The quantity Error is the maximum error at the nodes of the trian-
gulation defining the approximating surface,

Error = N — fn(v)l.

rror = max |f(vi) - fn(vi)]

The column labelled Order gives the logarithm to the base two of the
ratios of successive errors.

The results in Table 4 would appear to indicate that the order of
convergence is less than four. But, comparing to Table 2 for a similar
type of surface, we see that the orders in Tables 2 and 4 are comparable
for the same values of N. Thus, we expect the value of Order to slowly
approach four as N increases, as in Table 2.

7. Proof of theorems. We prove Theorems 1 and 2 in this section
with a sequence of lemmas. In this section, for both Theorems 1 and
2, we always assume

i) The surface S is piecewise smooth, as defined in Section 2.

ii) The kernel function k(P, Q) € C?(S; x S;) for Theorem 1, and
k(P,Q) € C*(S; x S;) for Theorem 2, i,j =1,...,J.
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iii) The unknown function f € C4(S;)NC(9),i=1,...,J.

Proof of Theorem 1. For Theorem 1, consider the error
(20)
Ey=(K-Kn)f(P)

N
-y / k(P g (s,8)) fn (mic (s, t)| Doy x Dyl ds di

with fn denoting the piecewise quadratic interpolant of f. Decompose
Fy as

E, = E11 +Ei2+ Eis+Euu+ Eis

En = Z / (P,mg(s,t))f(mg(s,t))|Dsmy X Dimg|dsdt
K=1"9

- Z / E(P,mg(s,t))f(mk (s, )| Dk x Dy ds dt
N
Ein=) / k(P,mi (s, t)[f(mk(s,t)) — fn(mi(s,1))]
K=1"v°9

- |Dsmg X Dyl dsdt — Z E(P,mk(s,t))[f(mK(s,t))
K=1v9
— fn(mg(s,t))|Dsmi X Dymp|ds dt

N
Eis=Y / K(P, (s, ) [ (mic (5.8)) — v (msc (s, 1))]
K=1"9
. |DSmK X Dth‘ ds dt

Eii= Z/ (P (5, ) — k(P (5, £)] fv (e (5, 1))

| Dt X Dyl ds dt — Z/ (P,mg(s,t))
K=1"7

— k(P,mi(s,t)]fn(mi(s,t)|Dsmix X Dymg|dsdt
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N
Eis=Y) /[k(P, mg (s,t)) = k(P mi (s,t))]fn (mi (s, 1))
K=1"7
“|Dsmg x Dimy|dsdt

The following two lemmas examine errors on each single triangle Ag,
K =1,...,N, and then we apply these to find the global error. ]

Lemma 3. Let f(s,t) = c18° + ca8%t + c3st? + cat® where the ¢;’s
are real numbers. Let

6
Pa(s,t) =Y fa)li(s,t)
i=1
be the Lagrange form of the interpolating polynomial. Then
0
- 0s

d
/O_ 57 Lf(s:8) = Pu(s, )] dsdt = 0

Proof. By direction computation. O

As in equation (5), we let
CL‘l (’U/lA)l + t’lA)g —+ S’lA)g)
mK(s, t) = Fj(uf)l + t’[]g + S’[}g) = $2(U1A)1 + t@Q + 8133)
z3 (uﬁl + tvg + S’ﬁg)
for some j and u=1—s—t, (s,t) € o, 2° € C5(R;), i = 1,2, 3. Since

the x® are functions of s and ¢, and also of z and ¥, we use both x%(s,t)
and z*(x,y), with the context indicating which is intended. O

Lemma 4. For each Ak,

/ E(P,mg(s,t))f(mi(s,t))(|Dsmix x Dymg|

— |Dging x Dying|) ds dt| < C%
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where 85 is the size of Ax, and C depends on k, f and {F;}.

Proof. Let
6
(s, t) = sz(sj,tj)lj(&t) where (s;,t;) = p;, ©=1,2,3.
j=1

By using the Taylor error formula, we have

wi(s,t) — ' (s,t) = H'(s,t) + G*(s, 1) + O(%)

where
B iy
6 3
0 0 .
=1
(21) 4
Gits,t) = <[ (52 449 4i0,0)
U= Vas Tlar ) T
6 4
0 0 .
j=1

and O(8%) comes from the fifth derivative of z(s,t). Note that the
derivatives of a* with respect to (s,t) give rise to formulas involving
U9 — 01 and v3 — 1. For example,

zl(s,t) = (0/0s)x’ (uy + tg + sb3)
= V(El . (’lA)g — ’lA)l)

with Vz' = [02°/0x,0x%/0y]T. Using the Taylor error formula and
expanding functions at (s,t) = (0,0), we obtain

(22) |Dsmg(s,t)x Dimg/(s,t)| — |Dsmg(s,t) X Dy (s,t)|
= B4(s, ;0o — 01, 03—11) + E5(s, t; 00— 1, 03— 01) + O(6°)
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EA(s,t; 09 — 1,03 — 01)
= {(222} — 232})[22H} + 2} H? — 22 H} — 2} H}|
+ (232} —zlad)2PH} + 2l H? — 2 H? — 22 HY)
+ (wla? — 222 [z H? + 2?H! — 22 H}
— i HZ]}/|Dsm(0,0)+Dym(0,0)].
Note that z} and zj are the abbreviations of 2%(0,0) and z}(0,0),
respectively, whereas H! and H} are functions of (s,t). F4 is the

collection of terms which are of order four in 4, and it has the following
property:

E4(S,t; —(@2 — ’ﬁl), —(ﬁg — ’01)) = E4(S,t; @2 — @1, ’lA}3 — ’01)
We do not give the explicit formula of E5 here, but it is the collection

of terms which are of order five in 5. Tt is similar to FE4, and it is an
odd function of §:

E5(S7t; _('IA)Q — @1), —(’lA)g — ’01)) = —E5(S7t;@2 — ﬁl,@g — ’01)

](E)q;anding k(P,mg(s,t)) and f(mg(s,t)) about (s,t) = (0,0), we have
23
E(P,mg(s,t))f(mi(s,t))(|Dsmg(s,t)x Dymg(s,t)]
— |Dsmi (s, ) x Dy (s, t)])
= k(P,mg(0,0))f(mg(0,0))(E4+ E5)
+ k(P,mi(0,0))[sfs(mx (0,0)) + tfi(mx (0,0))]| E4
+ [sks(P,mg (0,0)) 4 thi (P, mg(0,0))]f(mx(0,0)) E4 + O(5%).

By using Lemma 3, we know that
/ E4(S,t; ’DQ - ’[]1, 1A)3 - @1) dsdt = 0.
Therefore,

/k(P7 m(s,t))f(mr(s,t))(|Dsmg(s,t) X Dymg(s,t)]

— |Dsig (s,t) X Demg(s,t)|) dsdt
= ITE5(s,t; 09 — Oy, 03 — 01) + O(6%)
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where
IE5(S,t, 132 - @1,’03 - 171)
= [ P (0,0) £ (0,0) 5 + K(P,mac(0,0) s mic(0,0)

+ tf:(mi(0,0))]| B4 + [sks(P,mg (0,0)) 4 the(P,mg(0,0))]
- f(mk(0,0))E4} ds dt.

Thus, this shows that

[ P, ) (5,1 s.) < Dy 5.)

— | Dok (s, t) x Dying (s, t)|) ds dt = O(8°)  for every Ag. O
Note that
(24) TE5(s,t;— (g — 01), —(03 — 01)) = —IE5(s, t; 0 — 1,95 — 1),

and this gives us the next lemma.
Lemma 5. E;; = O(6%).

Proof. For every symmetric pair of triangles (see Figure 3), let

ml(s,t) = F(uﬁl + t@Q + S’Og)
mg(s,t) = F(’U,ﬁl + t04 + 8175).

Then,

Z/k(P,mK(s,t))f(mK(s,t))(|DsmK(s,t) x Dimp(s,t)]
K=1"9

— |Dsmg (s, t) X Dy (s, t)|) dsdt
= IE5(S,t;’f)2 — @1,@3 - ’IAJl) + IE5(S,t;@4 — @1,’?)5 - ’01) + 0(5%)

Using (24) and (6), we have

IE5(S,t;@2 - ’lA)l,’lA)g - @1) + IE5(S,t;1A)4 - @1,@5 - ’lA)l)
= IE5(S,t;’LA)2 - ’01,’[}3 - @1) + IE5(S,t, —(172 - ’01), —(’03 - 171)) =0.
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Thus, cancellation happens on each symmetric pair of triangles, and
the error contributed by each such pair of symmetric Ag is O(6%). If

there are n? triangles for each R;, we have (n? —n;)/2 pairs of triangles

with error in O(6%) and n; remaining triangles with error in 0(8%). We
can also see that § ~ 1 /n;. Therefore
By = (n} —n;)0(6%) 4+ n;0(6°) = C - O(8*),

J

ie., the global error from using the Jacobian determinant of the
approximate surface is O(64). O

Lemma 6. Ei5 = O(6%).

Proof. Let

Fmi(s,t) = fn(mi(s,1)) = Hy k(s 1) + O(8")

where

o 9\* S/ 0 0\
Hy (s, t) = (5%—1—155) f(mK(70))_;<Sj$+tj5> F(mg(0,0)).
Since R

F(mi(s,t)) = fn(mi(s,t) = O(6%)
and .

|D5mK X Dth| — ‘Ds’ﬁ’LK X Dt’l’hK| = 0(54)

for every (s,t) € o and for K = 1,... , N, we can conclude that

/k;(P7 mg (s, ) f(mx(s,t))—fn(mk(s,t))]|Dsmix x Dimg|ds dt

- /k(R mic(s,0))[f(mi(s,t)) — fn(mi(s,1))]
- |Dging % Dyig|dsdt = O(87).

Therefore, Eio = 0(55). o

Lemma 7. Ei5 = O(6%).
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Proof. For every (s,t) in o, we can expand about (s,t) = (0,0) to
obtain

(25)
/ E(P,mg(s,t))[f(mi(s,t))—fn(mi(s,t)]|Dsmg x Dimg| ds dt

_ / k(P msc (0,0)) Hy i (5,4)| D (0, 0) x D (0, 0)| ds dt + O(69).

Again, as the cancellation happens in Lemma 5, we have proved that
FE13 is of order four. a

Lemma 8. Ey, = O(6).

Proof. Since k is a function of ', 22, and 3, we first expand k about
mx(s,t) for each (s,t); and, subsequently, we expand the leading terms
about (0,0), when we treat it as a function of s and ¢. Write

k(Pa mK(svt)) - k(Pa ﬁ’LK(S,t)) = Hl(svt)kwl (Pa mK(Ov O))
+ H?(s,t)ky2 (P, mg (0,0)) + H?(s,t)kys (P, mg (0,0)) + O(5).

By (22), we know that
|Dym(s, t) x Dym(s,t)| — |Dsiin(s, t) x Den(s,t)| = O(5%).

Therefore,

/[k(P7 mK(Svt))_k(P7 mK(&t))}fN(mK(Sut))lemKXDth| dsdt

= [P mac(s,8)) = Ko (5, )] s e (5. 0)

| Dymy x Dymy| ds dt = O(67)
for each Ak, and E14 is of order five. u]

Lemma 9. E15 = 0(54)
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Proof. Using results from previous lemmas, we write
[k(P,mk(s,t)) — k(P,mk(s,t)]fn(mi(s,t))|Dsmyg X Dim|
= [H'(s,t)kz1 (P,m(0,0)) + H?(s,t)ky2 (P,mx(0,0))
+ H3(s,t)kys (P, mg(0,0))]|Dsm(0,0) x Dym(0,0)| + 0(56)
for every (s,t) € o and for every Ag.

Integrate the final expression over o, the unit simplex, and add the
contributions over all Ag’s together. We find that cancellation happens
again among every symmetric pair of triangles. Therefore, Eq5 is of
order four. mi

After analyzing errors E11 — E15, the proof of Theorem 1 is completed.

Proof of Theorem 2. The proof of Theorem 2 is given in the second
part of this section. We prove Theorem 2, Es = (K — Ky)f(P), by
using the following decomposition:

Ey = (K- Kn)f(P)

N
= Z/k(P,mK(s,t))f(mK(s,t)ﬂDsmKthmK|dsdt

K=1j=4
= Fo1 + Eog
with
N
En = Z / k(P7 mK(S’t))f(mK(Svt)”DsmK XDth| ds dt
K=179
| NS
- SN F i) R (P mic(p;)) | Damic (ps) x Dimc (p;)|
K=1j=4
| NS
By = 2 3 >~ fse) k(P ()| Damic(p;) x Demic )|
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FE5q is the error from the numerical integration, and Fss is the error
from using the approximate surface m.

Lemma 10. Let h be defined on S and h € C*(S). Let mx(s,t) be
the parametrization of Ak . Then, for each Ak,

1S )
26 [ homac(sit) dsdt = § 3" hmie(p3)) = O

where SK is the size of AK.

Proof. Define

6
h(mx(s,t)) =Y h(mi(p;))li(s, t).
j=1

Since

/thst ))dsdt = thKp]

we rewrite the equation (26) as

6
[ rmac(s, ) ds e = 53 hmiclp)
o j=4
= /[h(mK(s,t)) — h(mg(s,t))] dsdt.
By using the Taylor error formula, we get
(27) h(mg(s,t)) — h(mg(s,t)) = Hp k(s,t) + 0(5‘}()

where
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Note that O(6%) in (27) is from the fourth derivative of h(mg (s, t)).
H}, i is a degree three polynomial and its coefficients are 0(5%) Hence,

1 6
(28) [ rmac(s, ) ds e = 53 himiclp,)

=4
_ /[h(mK(s,t))—ﬁ(mK(s,t))] ds dt

_ / (Hy (5, )+ O(6%)] ds dt = O(8).

This lemma shows that this numerical integration method has degree
of precision two, and (28) will be examined more carefully to get Eo;
and Fos. ]

Lemma 11. Ey = O(6%).

Proof. As in formula (5), let mg(s,t) = Fj(ut, + t0g + s03) for some
jandu=1—s—1, (s,t) € 0, 2" € C5(R;), i = 1,2,3. We can write
0; = (Vi 3, Vi) because the 9;’s are points in the xy-plane. Hence,

ozt Ox? Ozt
T, = 83 = %(’U&w — ’ULm) =+ a—y(’l]gjy — Ul,y)

%

and
) oz’ Ozt '
al = o a—(vz,z — V1) + 9 (V2 = V1)
Write
Dymp x Dymye = |[(03 — 1) % (bg — 01)|| | 232y — 232
Ly — Ty

= [l(83 = 01) x (D2 — 0] - J(mx (s, 1))
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where ||(3 — 1) X (03 — 01 )|| is the area of Ag. The above computation
shows that the integrals in E5; can be expressed as

[ HPomac(s,0)) £ msc5,0) D D d
=i =0) (=0 ) | [P (. ) o5, ) e s, 1) s .
Let

(29)  h(mic(s,0)) = k(P (s,0) f(mac (s, )| (mc(s, ).

Then h satisfies the assumptions in Lemma 10, and

(30)
/ k(P,mg(s,t))f(mk(s,t))|Dsmyx X Dimg|dsdt

6
2> Fws )P mic ()| Do (3) D )
=4
~[i(0a=0) % (62— 00)| [ Hmc(s, 1)) st - %;Mw(pn)}

Since all the A’s in the same R; are congruent, they all have the same
area, i.e., this quantity ||(03 — 91) x (02 — ©01)|| is the same for every
triangle in R;. From Lemma 10, the quantity in the brackets of the
equation (30) is of order three. We examine (28) again and we can find
the following. At first, Hj x(s,t) is a polynomial with degree three.
Secondly, the coefficients of it are combinations of (65 —%1) and (03 —701).
Therefore, Hy, i (s,t) is very similar to IE5(s, ;0 — 01,03 — 01), and
thus Hp g (s,t) can be written as Hj g (s,t;02 — 01,03 — 01). As
expected, Hy, i (s,t) also has the same important property as I E5:

Hp k(s,t;—(02 — 1), —(03 — 01)) = —Hp i (8,t;02 — 01, 03 — 01).

This means that cancellation happens on any symmetric pair of tri-
angles, and the order of error can be improved from 55 to 4S. Thus,
the global error of using the numerical integration method, the 3-point
rule, is of order 54, This completes the proof of Eo. ]



PIECEWISE POLYNOMIAL COLLOCATION 341
Lemma 12. Ey = O(5%).
Proof. For each K, mg(p;) = mi(p;), 7 =1,...,6. Then,

6
4 f(v,x)k(P,mx(p;))| Dsmi (ps) x Demic (pj)]

S| =

6

- % D F (0, k) k(P i (p5)) | Dstinie (p;) X D (p;)]
=1 :

F (s, )R(P, mue (p))[| Dsmre (pj) X Dimre (pj)|

=

6
=4
— |Dsmxc(pj) x Dege (p;)]

Computing F4 in equation (23), we have

(32) H(0,1/2) + H(1/2,1/2) + H(1/2,0) = 0
(33) HI(0,1/2) 4+ H!(1/2,1/2) + H!(1/2,0) = 0.
Hence,

6
S Ed(p,) = 0.

j=4

Thus, equation (31) is at least of order five for each K. But examining
carefully the terms which are of order five in (31), cancellation happens
between every symmetric pair of triangles. Therefore, Eoo is of order
four globally. o

Combining F5; and E9 completes the proof of Es.

8. Generalization. We have only presented results for using the
polynomial of degree two to approximate the unknown function f and
the surface S. There are other degrees of interpolation that can be
used, and the assumption on the smoothness of S and the definition of
the nodes will change appropriately. In order to obtain the results that
we have in this paper, we found that the following two properties have
to hold:
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1) No matter what kind of node points and basis functions have been
chosen, a generalized Lemma 3 has to be satisfied.

2) Cancellation happens over symmetric pairs of triangles.

We first state the generalized Lemma 3, and then we give the
general theorem for any degree of interpolation. Suppose we use
interpolation of degree d to approximate both the unknown function
and the piecewise smooth surface S.

Lemma 13. Let f(s,t) = c189 + cosdt 4+ ¢35 12 - - cq ot
where ¢;’s are real numbers. Let {q1, ... ,q,} be node points in the unit
simplex and {l,... ,1,} be basis functions in the Lagrange form, where
v depends on d. Let

P(s,t) = Z fla)li(s, t).

Then 9
/U 2 1f(s,1) — P(s, )] ds dt = 0
0
—[f(s,t) = P(s,t)]dsdt =0
o, Ot
Theorem 14. Suppose the interpolation satisfies the previous

lemma. Then

 ax [ (vi) = fv(vi)] < CII(K = Kn) flloe = O(5°)
where e = d + 1 when d is an odd number and e = d + 2 when d is an
even number.

Proof. When d is an odd number, the cancellation in error does not
occur; and cancellation does occur over symmetric pairs of triangles
when d is an even number. The remaining proofs are completely
analogous to those given earlier for the quadratic case. O

In analogy with the collocation method, we also give a generalization
for the discrete collocation method to other degrees of interpolation. In
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order to get the earlier results of this paper, we found that the following
two properties have to hold:

1) No matter what kind of node points and basis functions have been
chosen, generalized forms of (32) and (33) have to be satisfied.

2) Cancellation happens over symmetric pairs of triangles.

We first state the generalization of (32)—(33), and then we give
the general theorem for any degree of interpolation. Suppose we use
interpolation of degree d to approximate both the unknown function
and the piecewise smooth surface S.

Lemma 15. Let f(s,t) = ¢89! + st + 359712 + - -+ cgq ot
where the ¢;’s are real numbers. Let {q1,...,q,} and {l1,... ,l,} be
the same as for lemma 13. Define wi,... ,w, as

wi:/li(s,t)dsdt, i1=1,...,0.

Let Y
= fla)l(s,t
=1

Then

Z“’l (F=Pa) =0, Y wig(f~P)a) =0

The numerical integration method we use for this case is based on
the interpolation, i.e.,

(34) / h(s,t)dsdt ~ Z h(q; )w;

Theorem 16. Suppose that the interpolation satisfies Lemma 15,
and use the numerical integration method (34). Then

max |f(fi) — fv(vi)| < ClI(K = Kn)flloe = O(5%),

1<i<N,
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where e = d + 1 when d is an odd number and e = d + 2 when d is an
even number.

Proof. When d is an odd number, the cancellation in error does not
occur; and cancellation does occur over symmetric pairs of triangles
when d is an even number. The remaining proofs are completely
analogous to those earlier for the quadratic case. ]
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