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AN INTEGRAL EQUATION MODEL
FOR SLENDER BODIES
IN LOW REYNOLDS-NUMBER FLOWS
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ABSTRACT. The interaction of particular slender bodies
with low Reynolds-number flows is in the limit “slenderness
to zero” described by the linear Fredholm integral equation of
the second kind

L o(t) — ¢(s)

co(s) = Fs) + T

dt, se[-1,1],
-1

where ¢ is a real number, F' is a continuous function and ¢
is unknown. The integral operator T" of this equation is sym-
metric on certain subsets of its domain. T has a denumer-
able set of eigenvalues of logarithmic growth. The respec-
tive eigenspaces contain the Legendre-polynomials. A the-
orem similar to a classical result of Plemelj-Privalov for in-
tegral operators with Cauchy kernels is proved. In contrast
to Cauchy kernel operators, 7' maps no a-Hdélder space into
itself. A spectral analysis of the restriction 7" of T' to the
space of all polynomials is performed. T has a self-adjoint
extension T°% in £2([—1,1]). The spectrum of T is a pure
point spectrum. The respective eigenspaces are spanned by
Legendre-polynomials. A spectral method based on expan-
sions in terms of the Legendre polynomials is presented and
stability and convergence properties are proved. The results
are illustrated by several numerical simulations. In case of
sufficiently smooth functions F' a modified spectral method is
proposed. For that method uniform stability and convergence
results are proved.

1. Introduction. The starting point of the subsequent investiga-
tions is a model for the shape of a long, slender body (e.g., a fiber)
exposed to a normal flow [6]. Applying the singularity method for lin-
earized fluid dynamics [1], [15] and under several assumptions (fluid
velocity approaches a constant value as the spatial variable tends to
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infinity, the fiber lies in a plane, has a circular cross-section, the fiber’s
curvature is O(1) and the center-line of the fiber does not reapproach
itself) one deduces from asymptotical expansions a Fredholm integral
equation model for the force acting on the fiber [2], [8], [6]:

(1.1) cp(s) = F(s) + [1 % dt, se[-1,1].

Here s € [—1,1] is the spatial variable of the one-dimensional fiber.
¢ € R is a negative constant which depends on the fiber’s geometry.
(Loosely speaking, the smaller the radius of the real fiber, the more
negative ¢ becomes, e.g., if the real fiber is an ellipsoid whose s-
dependent radius 7(s) equals ev/1 — s2, ¢ > 0, then ¢ = 2In(2/¢) — 1.)
In (1.1) the scaled force per unit length ¢ : [—-1,1] — R is unknown.
The continuous function F': [—1,1] — R is the scaled difference of the
fiber’s velocity and the limiting velocity of the fluid.

Some of the assumptions that are met in deriving (1.1) can be
relaxed, e.g., allowing nonconstant velocity profiles at infinity [8], [6],
noncircular cross-section of the fiber [9]. These models are applied in
various fields ranging from fiber-spinning [12], [6] to biofluiddynamics
(10], [13].

Seemingly, (1.1) has not been treated in the literature yet [14].

Heuristically, (1.1) is in between the Abelian integral equations

(1.2) c(s)p(s) + / 40 dt = F(s), se[-1,1],

1 ‘S - t|o¢
where ¢ : [-1,1] — R is continuous and 0 < « < 1, and integral
equations with Cauchy kernels

(1.3) co(s) +/_1 wdt = F(s), se[-1,1].

The Abelian integral equation is certainly one of the best-known
integral equations, see, e.g., [5] and the references therein. However, the
analysis of Abelian integral equations heavily relies on the integrability
of the kernel |s —t|7%, 0 < a < 1. A straightforward application of the
respective theory is therefore out of sight.
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The available theory for integral equations with Cauchy kernels
(s —t)~! is settled on complex methods which rely on the fact that the
kernel of (1.3) allows for a meromorphic extension to the complex plane,
see, e.g., [11]. However, in our case the kernel is not meromorphic in
C. A straightforward application of the theory for (1.3) is therefore
not possible.

The integral equations with Cauchy kernels appear in applications
like airfoil theory [3]. The solution ¢ of (1.3) has a series expansion in
terms of Chebyshev polynomials [16], [18] converging uniformly to ¢
as the number of the series’ terms tend to infinity.

A frequently used procedure for integral equations of the second kind
is the method of successive approximations, compare [8]. In order to
solve an integral equation

(1.4) ¢ =Tl¢] + F,
where T is a linear integral operator, one considers for n € Ny,
(1.5) Ont1 = T[dn] + F  with ¢g suitable.

If the operator T' is bounded with spectral radius less than 1, then the
sequence (¢, )nen will converge to the unique solution of (1.4) for any
initial value ¢9. However, this method cannot be applied to (1.1); as
will be shown later on, the integral operator of (1.1) is unbounded on
reasonable normed spaces.

As a summary, a theory for (1.1) is not available yet. It is one of the
purposes of the present paper to perform that analysis.

The paper is organized as follows. In Section 2 we give a precise
definition of the integral operator T' arising in (1.1). The domain of
T is a subset of the space of all continuous functions whose domain
is [=1,1]. The model equation (1.1) is rewritten as operator equation
cp = F 4+ T(¢). In Section 2.1 the operator T is restricted to spaces of
a-Holder continuous functions. Each a-Holder continuous, a € (0, 1],
function is in the domain of T'. Furthermore, T restricted to the set of
all a-Holder continuous functions, « € (0, 1], is symmetric with respect
to the canonical inner product on the space £2([—1,1]) of all square
integrable functions with domain [—1,1]. An analogon of a classical
result of Plemelj-Privalov is proven. However, T" maps no space of a-
Hoélder continuous functions into itself. This result exhibits, on the one
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hand, an important difference between (1.1) and the integral equations
with Cauchy kernels.

In Section 2.2 the restriction T of T to the space of all polynomials
is introduced. It readily follows from respective properties of T' that T’
has denumerable many eigenvalues

k
1
—Lj = —22 7 keN.
=1

The eigenspace of —Lg, k € N, contains the kth Legendre polynomial
Pi. Due to the logarithmic growth of the eigenvalues the operator T’
is not bounded on any reasonable infinite dimensional subspace of its
domain.

The authors are indebted to one of the anonymous referees for
initializing via many suggestions the investigations of Section 3. There
a spectral analysis of T is performed. It is shown that T is essentially
self-adjoint in £2([—1,1]). The adjoint operator of T is the self-adjoint
closure T5% of T. Tt is shown that T5® has a pure point spectrum
o(T**) = 0,(T**) = {~Ly : k € Ng}. The eigenspace of T*
of —L, k € Ny, is spanned by the kth Legendre polynomial Pj.
As a consequence, the operator Ts® is diagonalizable and a rather
complete theory of (1.1) in £2([—1, 1]) is available. Moreover, a spectral
method to treat (1.1) numerically is immediately available. Stability
and convergence properties, in £2([—1,1]), are deduced in Section 4.
Several numerical results are presented.

From a theoretical point of view, the investigations of T" as performed
in Sections 3 and 4 are rather convincing.

Due to practical demands, however, the expansion of the solution
of (1.1) in terms of Legendre polynomials and the corresponding con-
vergence results in £2([—1,1]) is not entirely satisfying. In applica-
tions one is rather interested in computing the force acting on the fiber
within certain bounds rather than obtaining averaged accuracy results
in £2([-1,1]). Furthermore, the numerical results of Section 4 indicate
uniform convergence of the approximations in the || « ||so-norm.

Hence a theory of uniform convergence is required. Such a theory is
developed in Section 5. The core of the investigations is the introduc-

tion of the function space dom (T) consisting of all analytic functions
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whose power series expansions with respect to the monomials (s/2)*,
k € Ny, has uniformly bounded coefficients. The operator T, which is
the restriction of 7' to dom (1), maps dom (T") into £5° which, loosely
speaking, consists of all analytic functions whose power series expan-
sions with respect to (s/2)*, k € Ny, grow at most logarithmically. A
spectral analysis of T is performed in Section 5.1. The spectrum of T
is the same as the spectrum of Tse, i.e., it is a pure point spectrum and
op(T) = {~Ly : k € Np}. Estimates on the norms of the resolvents
of T are derived by means of the upper triangular structure of 7. In
Section 5.2 convergence and stability (with respect to uniform conver-

gence) of a corresponding modified spectral method is investigated.

The proofs of the results are deferred to the Appendix.

2. The integral operator T. We shall make use of the following
notations. | is the interval [—1,1]. Let C denote the (real) vector space
of all continuous functions f : | — R. C is equipped with its canonical
norm,

[flleo = sup{|f(2)| : x €1}, feC.

For a € (0, 1] we denote by C%® the (real) vector space of all a-Holder
continuous functions ¢ : | — R. We equip C % with its canonical norm,

lg(s) — g(t)]

| 1o :s,tel,s#t}, ge Coe,
5 —

oo = Nl + 500 {
Furthermore, let
P={p|!l:pecRRisa polynomial}.
We shall also make use of the real sequence spaces

o0
P = {(mk)keNo e RNo: Z|xk|p < oo}, L<p<oo,
k=1

0 := {(21)ren, € RN : supf|zx| : k € No} < oo},

equipped with the respective canonical norms

s 1/p
[(@k)keno lp = (Z |$k|p> o (Tk)ken, €07, 1< p < oo,
k=1

|(2k)keNo oo := sup{|zx| : k € No}, (2k)ren, € €.
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Our first goal is to properly define the integral operator arising in
(1.1). The physical model from which (1.1) originates requires contin-
uous solutions. The investigations are therefore settled on subspaces of

C.

Considering the integrand of (1.1), we introduce for ¥ € C and s € |
the function

W(t) — ¥(s)
QS[\II]:I—>R7 Qs[‘l’}(t): W, t;,és
0, else.

The integral of (1.1) has a well-defined meaning if and only if Q[¥] is
Lebesgue-integrable over |, i.e.,

1
ﬂWﬁ:[fMW@%

well-defined if and only if
U edom :={¢p € C | Vs €l: Q4[] is Lebesgue-integrable over I}.

This observation suggests defining T via

| T : 1= R,
T :dom — R/, SHT[w](S):/_lw(Tzif(t)dt'

Obviously dom is the largest subspace of C on which 7" is well-defined.

For later reference we rewrite integral equation (1.1) as

(2.6) (c—T)[¢] = F.

2.1. T restricted to C%*. We easily verify

e Each a-Hélder continuous function belongs to dom, i.e., Uye(0,1C 0,
C dom.
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e domis a proper subset of C, i.e., dom C C, but dom # C because,
e.g., the continuous function

0, t= 1,
t+1\]1" e—2
~ log (122 l<t<—
g:1=R, g(t)= {Og( 2 )]  TESEETT
1, T2 o
e

does not belong to dom.

e we have C%! C dom C C and C%! is || - ||so-dense in C. Hence dom
is]| - ||o-dense in C, too.

Another interesting property of T' when acting on Hélder-continuous
functions is its symmetry with respect to the inner product on £2, the
vector space of all square integrable functions defined on |I.

Theorem 1. For all 1,¢ € Uye(0,1)C™*, the function T[¢] is
integrable over | and

AM@H@@M&:AMQHMEM&

Since T is defined on any space C% « € (0, 1], the question arises
whether T' also leaves any of these spaces invariant. (As it is the case,
e.g., for the Cauchy kernel operator on a smooth closed contour). But
this is not true.

Proposition 2. For all a € (0,1] : T[C%?] is not contained in C <.

On the other hand, we have the following extension of a classical
result of Plemelj-Privalov (see, e.g., [7]) which originally applies to the

operator ¢ > [, (6(t) = (s))/(t = 5) dt:
Lemma 3. For all a € (0,1] and all &/ € [0, a):

T[Ce) C CO,
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We draw the following conclusions from Lemma 3. The operator T
maps uae(oyl]cova into itself and therefore

U C%* Cdom¢ :={¢ € dom : T[¢)] € C}.

a€(0,1]

Hence domc is a || - [|oo-dense subset of C. Since T[domc] C C
one may try to apply the bounded linear transformation theorem [17]
on T | domc to extend T to C. However, this procedure is not
performable: The operator T' | dom is not continuous with respect to
the norm || - ||, see Corollary 1 below.

Since T is not || - ||co-bounded, one may ask whether T | C%« :
Co%> — C, a € (0,1], where C% is equipped with the a-Hoélder norm,
is bounded. A simple calculation gives
217a

a

HT LCO’OCHCO,Q_,C S

2.2. T = T restricted to the space of polynomials. The
investigations of the previous section indicate that spaces of Holder
continuous functions provide no appropriate framework for an analysis
of T.

On the other hand well-known properties of seemingly related integral
operators with Cauchy kernels suggest a close look at T' acting on P,
the space of all polynomials (restricted to I).

We recall
)
Ly = Z T k e N
=1

where we agree upon Ly = 0. For later reference we note, according to
well-known properties of the harmonic series,
(2.7) VkeNy:0< Ly —2log(1+k) <2.
Then we have

Lemma 4. (i) Each —Ly, k € Ny, is an eigenvalue of T. The

eigenspace of each eigenvalue —Ly, k € N, of T contains the kth
Legendre-polynomial Pj.
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(ii) Each —Lg, k € Ny, is an eigenvalue ofNT : P — P. The
eigenspace of each eigenvalue —Ly, k € N, of T is one-dimensional
and spanned by the kth Legendre polynomial Py.

‘We deduce

Corollary 1. For all linear subspaces U of C with T[U] C C and
PCU:

T|U:U — C is not continuous (with respect to the norm | - ||oo)-

Remark 1. a) Corollary 1 shows that 7" is not || - ||c-bounded on any
reasonable infinite dimensional subspace of C.

b) Concerning the solvability of (2.6), we obtain: If F' € P, then (2.6)
has a unique solution in P if and only if ¢ ¢ {—Lg, —L1,—La,... }.

3. A spectral analysis of 7. The spectral properties of T as
described in Lemma 4 suggest looking for expansions in terms of the
Legendre polynomials.

To put the investigations into the appropriate framework of Hilbert
space theory, let us introduce (£2,(.,.)), the Hilbert space of all real-
valued square integrable functions whose domain is I, in particular,

<G1,G2> = ‘/IGl(S)GQ(S) dS, Gl,GQ S ,62

with corresponding norm || - ||2.

Then one can prove

Theorem 5. The operator T : L2 D P — L2 is essentially self-

adjoint, i.e., T is || - |[2-densely defined, symmetric and its closure
T : £2 D dom (T°%) — L2 is self-adjoint.

Remark 2. 1t follows from the proof of Theorem 3.8 below that Tsa
is the adjoint operator T of T.
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The operator 7% allows for a rather complete spectral theory in
terms of the orthonormal basis { PP™ : k € N} of £, where PPo™ is

the || - ||2-normalized Legendre polynomial, i.e.,
Py
prom — ke N
1P 2

We recall there is for each G € £2 a unique sequence (gx)ren, such
that

(3.8) lim

N—o0

G- Z<P£orm’ G>.P]?orm
k=0

)

N
‘ ‘ 2

where ((PPo™ G))renN, € ¢?. By a slight abuse of notation we shall
henceforth refer to the statement (3.8) as

G= Y (P ). ppor,
k€Ng

Theorem 6.

(i)

dom (Tsa) = {G = Z Ozk.Plgorm : (Lk-ak)keNo S 62}.
kENy

(ii) T°% has a pure point spectrum, namely,

o(T°%) = 0, (T*%) = {~Ly, : k € No}.

(iii) The eigenspace of each eigenvalue —Ly, k € N, of T5% is one-
dimensional and spanned by the kth Legendre polynomial Py.

(iv) The operator equation

(3.9) (c—T*[p]=F, FelL?
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has a unique solution ¢ € L2 if and only if c ¢ JP(TS“) ={-Ly: ke
No}.

(v) If ¢+ Ly, # 0 for all k € Ny, then

(P, F)
1 — Pnorm
(3.10) 0= o b
k€ENg

is the unique solution, in L2, of (3.9).
(vi) If e+ Ly, # 0, for all k € N, then

le—T*)1: 22 = 22| —max{c !

:ke€Np,.
+ Ly, 0}

Remark 3. Theorem 6 suggests a spectral method to treat (3.9)
numerically. Corresponding analytical investigations and numerical
examples are given in the subsequent section.

Remark 4. Assume ¢+ Ly # 0 for all N € Ny. According to (3.10),
the kth expansion coefficient (with respect to the orthonormal base
{Ppo™ : k € Ny}) of the unique solution ¢ of (3.9) is given by

(Ppom, F)

O = T L,

, ke Np.

It is quite interesting that this representation of ¢ is closely related to
an iterative procedure proposed in [8] where a recursion (¢(™),en, is
defined via

et = F(s) + T[p™], n e Ny
with initial guess ¢(®) = 0. When rewriting this iteration scheme in
terms of expansions in P;°™, k € Ng, we obtain for the kth Legendre

coefficients d),(cnﬂ) of ¢ 1)

PHOI‘m F L
ot = LI Leym e,

hence by resolving the recursion

L n prorm L n—1
¢Ii")_< k) ](€0)+M(1+...+< k) >
C C &
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Indeed, this iteration converges as n — oo if and only if

—L
‘ <1, ifandonlyif Lj< |e|,

c

i.e., for all small k € Ny, and it does not converge for all k € Ny with
| = Li/c| > 1, i.e., for all but finitely many k € Ny.

We conclude: The iteration scheme does not usually converge as
n — o0o. Nevertheless, for all £ € Ny with Ly < |¢|, we have

n l
m 6™ — i [ ZER) 40 o B E) —Lk
Jim_ g —JLH;O( : ) L b

€Ny

_ <P]£lOTIIl7F> 1 _ <PkI]0rm7F> _ ¢
N c 1+ (Lp/c)  c+L, °°

i.e., these expansion coefficients converge as n — oo to the correct
limiting value, namely, the respective expansion coefficient of ¢.

As a consequence, when F of (3.9) is a polynomial of sufficiently small
degree (depending on ¢), then the recursion proposed in [8] converges
as n — oo in £2 to the unique solution of (3.9).

Remark 5. As mentioned above, (3.9) has a unique solution if and
only if ¢ ¢ {—Ly : k € No}.

However, if ¢ = — Ly, for some k € N, then (3.9) has either no solution
or the set of all solutions of (3.9) is a one-dimensional affine manifold.

The question arises whether (5.16) is a well-posed problem or not.
From a theoretical point of view this is certainly not the case: the
number of values for ¢ in, let’s say, intervals [—-] — 1,-1I], [ € N, for
which (3.9) is not uniquely solvable, increases exponentially with .
Hence a slight perturbation of ¢ &~ —I, [ “large,” may entirely change
the solvability of (3.9).

From a numerical point of view, however, the situation is much less
dramatic. Due to practical limitations only finitely many digits of
the number ¢ can be handled. But such ¢ (unless in {0, -2, —3}),
never equals —Lj; for any k£ € N, i.e., for “realistic’ values of c,
c ¢ {0,—2,-3}, (3.9) is always uniquely solvable, i.e., (3.9) is for
practical reasons a well-posed problem.
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4. Numerics. The spectral properties of 75 as described in
Theorem 6 suggest the employment of a spectral method to solve (3.9)
numerically. We assume ¢+ Ly # 0 for all k£ € Ny in this section.

The spectral method.
0. Choose K € N.

1. Determine the first K + 1 Fourier coefficients Fy, ... , Fix of F with
respect to the orthonormal basis {P;°™ : k € Ny}, i.e., compute

F - /IF(S)p]norm(g) ds, j=0,... K

2. Calculate ¢g, ... , ¢k via

3. Visualize

K
¢K _ Z (bjpjporm.
§=0
It is easy to deduce the following error estimate from Theorem 6.

Corollary 2. Let ¢ € L? be the unique solution of (3.9) (we recall
the assumption ¢ + Ly # 0 for all k € Ng). For K € N let ¢* be as
described above, and let

K
K norm norm
FE =N (ppomm p) prom,
=0

Then
6 — ¢™ |2 < max{(c+ Ly) ™" : k € No}.|F — F¥ |,

in particular, limg o || — ¢ |2 = 0.

Remark 6. The convergence result of Corollary 2 does not allow for
a conclusion about the pointwise behavior of the approximating series.
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FIGURE 1. Solutions to (1.1) for ¢ = —5 and F(s) = —sin(7 s).

Since the derivative of the kth Legendre polynomial P, at +1 tends
to oo as k — oo, one has to expect (numerical) singularities at the
endpoints of 1.

Now we give some numerical examples for the spectral method.

The implementations are based on the package FORTRAN Routines
for Spectral Methods [4] and use Legendre polynomials up to order
K = 30.

We set ¢ = —5.

As a first example we consider the problem (1.1) with F(s) =
—sin(7 s), see Figure 1.

The presented results were obtained for different degrees K of the
approximating Legendre polynomials. As the inhomogeneity function
F(s) = —sin(m s) is odd and since the integral equation preserves
parity the solution is odd, too. The numerical scheme conserves this
symmetry. The Legendre coefficients of the even polynomials equal
zero up to machine precision.

A very good agreement of the low order solutions and the most
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-7 1 1 1
-1 -0.5 0 0.5 1
S

FIGURE 4. Solutions to (1.1) for ¢ = —5 and F(s) = e3(+1)/2 4 In(e + (s +
1)/2)(e + (1 —s)/2),e =0.1.

accurate one (K = 30) is apparent, see Figure 2. The || - ||oo-norm of
these differences is given (in logarithmic scaling) in Figure 3, exhibiting
an exponential dependence of the error and the maximal degree of the
polynomials used. Now we choose

1 1-— 1
F(s) =3 tH/2 41 (E—I—%) (5—1— 5 S), €= 1o

The results are given in Figures 4, 5 and 6. Since the function F(s)
is neither odd nor even, the solution is neither odd nor even, too. An
analogous property holds for the approximations of the solutions.

Finally, let us consider F(s) = In((1—s2)/4) with K = 50. In spite of
the unboundedness of F', the algorithm is rather stable (see Figures 8
and 9). The solutions computed for polynomial degrees up to K = 50
are given in Figure 7.

5. Uniform convergence of a modified spectral method. The
calculated differences of the numerical approximations in terms of the
| - |loo-norm (see Figures 2, 5, 8, 3, 6 and 9) suggest not only £>-
convergence but also uniform convergence.
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FIGURE 5. Differences to the solution for K = 30.
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FIGURE 6. oco-norm of the difference in Figure 5.
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FIGURE 7. Solutions to (1.1) for ¢ = —5 and F(s) = In #.
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FIGURE 8. Differences to the solution for K = 50.



INTEGRAL EQUATION MODEL 243

10
5
g10° | 1
3
£
10_1 L L L L
5 10 15 20 25 30

k
FIGURE 9. oco-norm of the difference in Figure 8.

This observation is extremely important from an applicational point
of view. In applications one is much more interested in computing the
force acting on the fiber (i.e., ¢) within certain bounds than in averaged
accuracy results.

However, investigations on uniform convergence are difficult (seem-
ingly even impossible) to perform by means of the spectral theory of
the previous section, simply because of || P ||, — oo as k — oo.

Consequently, the investigations have to be settled on grounds of
another function space, call it “dom (T)77 for the moment, rather than
L2,

dom (T) shall be chosen such that the spectral properties of T are
of immediate use, i.e., the restriction 7' of T to dom (") shall have
a transparent representation. This suggests the employment of a
polynomial Schauder basis of C more tractable than the Legendre-
polynomials. Seemingly a good choice are monomials, 0%, k € Ny:

But one has to be careful with expansions in terms of this Schauder
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basis. T is not continuous with respect to the || - ||oo-norm. Hence
one may lose one of the most promising features of such expansions,
namely, the possibility of interchanging limits.

One can expect that the interchange of “applying 77 with the
Schauder expansion will go through if one imposes growth conditions
on the expansions’ coefficients.

Hence dom (T") shall consist of functions whose Schauder coefficients
(with respect to {o* : k € Ng}) satisfy some growth conditions.

Indeed there are several possibilities to choose dom (T") in accordance
with these requirements.

The peculiar choice of dom (T') we consider here is taken for the sake
of transparency. Other choices may also be possible.

‘We set

dom (7)) := {ZMUZ (Pi)ien, € éoo}a
=0

where we make use of the fact that the series arising in that definition

converge uniformly on I. As a consequence, the elements of dom (7'
are analytic functions whose domain is I.

Remark 7. dom conta:ins nonanalytic funqtions (recall that Ccol C
dom ). Therefore, dom (T') C dom but dom (7') # dom.

We set

T:=T | dom(T)

and equip dom (T') with its canonical norm

= (Y1) 1eNg oo

oo
> wio!
=0

It is left to the reader to verify that || -|| is well defined. Furthermore, it
is easy to see that (dom (7), [|-||) is a Banach space which is continuously

embedded in (C, ||+ ||o). Hence convergence in dom (T") implies uniform
convergence on |.
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As it may be anticipated from the spectral properties of T, the
operator 7" does not map dom (T) into itself but into

{Zglg 2 (g1)ieN, € Lo }

where

KOO — RNO . |gl| :l N .
w {(Ql)leNE Sup{—3+21og(1+l) €Npyp <o

We equip £ with its canonical norm

9]
w,00 (= ————:leN
|(gl)l€N0| 3 Sup { 3 + 210g(1 + l) 0

(gl)leNo € gw )

and introduce the corresponding norm | - ||, on LS,

[(91)1eNG | w,00 Zgzo e L.
=0

It is left to the reader to verify that (£37,] - |w,00) and (L3, - ||w) are
(isometric) Banach spaces.

Remark 8. a) One immediately realizes that (¢;)ien, € £5° implies
convergence with respect to the ||-||so-norm of the series (3, 910" ) neny -
Hence the elements of LS° are well defined analytic functions whose do-
main is | and whose power series (centered at 0) has coefficients of at
most logarithmic growth. Furthermore, one can argue as in b) of Re-
mark 7 to deduce L3 C dom but L3S # dom.

b) Certainly, dom (T') C £2° but dom (T') # L.

Occasionally, we shall make use of the projection operators, n € Ny,
o0 n
Py Ly — LT, P [Zwlal} — > e,
1=0
o0
1
7L+1 EOO_> ,LOUO, 'IL+1|:Z/¢)ZU:| = Z 1/}l0'.

l=n-+1
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We certainly have: Py + P° ; is the identity on £3y.

Although T has no diagonal structure with respect to the Schauder
basis {o* : k € Np}, a rather transparent representation of 7" with
respect to {o¥ : k € Ny} is available. We observe

Proposition 7. For alll € Ny:

l
Tlo'|=> Blo",
v=0

where
Bl = —1I,
1+ (=17
B i=———~ 7 =0,...,[—1.
v Rl ) VT

Furthermore, for all v € Ny,

o0 o0 o k
(5.11) S BL=> % = log(4/3).

l=v+1 k=1

With the aid of Proposition 7 we obtain

Theorem 8. Let 1 = 312 ¢ol € dom (T). Then

=3 {i Bfwu} e,

=0 ~v=l

and
7101 = PSITEe = Jim 7001 - [flem} #|_=o
as well as o
Jim [|[T[y] = (PG o T o P§)[¢]l|c
= lim || T[y] - i [i&”%]ol =0.
—~ .

=0
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Remark 9. With the notations of Theorem 8 we have, for n € N,

W= Py ToPRIu] = (0PI =3 | S Bwn o
=0 -v=l
and
lim [|¢ =™l =0, lim T[] = T[p"™]floc = 0.
n—oo n—oo
Nevertheless, T is not || - ||oo-|| * [|co-continuous.

According to Theorem 8 we have for each 1) = > ;2 10! € dom (T)
the identity

Tl => Tilgle',  Tuy]:=Y_ Bie,,
v=l

where
Vie No: [[[Y]] < 3+ 2log(1 +1)[[¥]-

We readily deduce

Corollary 3. T maps dom (T into L2° with operator norm

|7 : dom (T) — L] = 1.

Remark 10. The estimate || : dom (T) — £2°]| < 1 is obvious.
To obtain equality let us consider the coefficients I'j[¢)] of the series

expansion of T[], ¥ = (1,1,1,...) € dom (T'). Then

lim T [(1,1,1,...)]

=1
l—o0 2 IOg(]. + l) ’

such that ||7": dom (T') — £°]| > 1 as well.
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We are now in a position to pass to a matrix representation for T
which will be of great importance for the numerical approximations of
(1.1). We give

Definition 1. For [,m € Ny, let 4;,, € R. Let (F})en, € RN,
and let (z;);en, € RN, Then (7)1en, is said to be a “solution of the
matrix equation”

Aoo Ao1 Ao Aoz Aoa - Zo Fy
Al,o A1,1 A1,2 A1,3 A1,4 t Z1 Fy
Aso Asq Azs Axz Asa - 2 | = | f2 |

Aso Asq Ass Asz Asy - T3 Fy

if and only if for all [ € Ny:

(Xn: Al)l,as,,) et and i Az, = F.
v=0

n€Ng v=0

Combining Definition 1 with Theorem 8 it is easy to deduce

Corollary 4. For allc € R, all ¢ = Y ;2 ¢o! € dom (T) and all
F=Y"2 Fiol € L the propositions (i) and (i) are equivalent.

(i) cp = F 4+ T[¢)].
(ii) (¢1)ien, @8 a solution of the matriz equation
(5.12)

c+Ly -BY -B -B} -BY -B) - $o Fy
0 C+L1 —B% —Bi)’ —Bil —B% s ¢1 F1
0 0 c+Ly —-B3 -BY -B} - || ¢ Fy
0 0 0 c+Ly —-Bf —-Bj - o3 | = | F3
O 5

0 0 0 c+Ly —B} @4 Fy

5.1 The spectrum of T. We shall investigate the spectrum of T
now. It will turn out that the spectrum of T is exactly the spectrum
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of T5% i.e., T has a pure point spectrum, namely {—=Lk : k € No}.
For p € R, p+ Ly # 0 for all k£ € Ny, an estimate of the norm of
[p—T]7': £ — dom (T) will be given in terms of an appropriately
defined norm of the inverse of a matrix A,,, representing the canonical
finite-dimensional approximation P o (p —T) o PY = (p — 1) o P of
p—T. We put n € N, and p+ Ly # 0 for all k£ € Ny,

(5.13)
pilo -B) B -B} - B
0 p+L, -B2 -BS ... _Br
0 0 p+ Ly —Bj e —-B%
An;p = . . . . . .
0 0 0 - p+L,. -B,
0 0 0 e 0 p+ L,

By a slight abuse of notation, we identify the matrix A,,, with the
finite-dimensional operator induced by A,,, which maps R"*! into
R"!. Certainly, for p + Ly # 0 for all k € Ny, this operator has a
bounded inverse A:Li) whose norm is

pi(n; p) = sup {| AL L[],y 0lwnsr <1}

(5.14) " = )
= [[[(p=T)oPg] " : Pg[LY] — Pg[dom (T)]|,

where for n € Ny and n = (o, ... ,n,) € R,

‘77|n+1 = maX{|7}0|v SR ‘nn|}a
and
|77|w n+1 ‘= Max |770| yee ey |nn‘ .
’ 3+ 2log(1+0) 3+ 2log(1+mn)

Corollary 4 contains most of the important information to prove

Theorem 9. T : LY D dom (T) — L has a pure point spectrum,

o(T) = 0p(T) = {—Ly : k € Ng}.
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Furthermore,

a) the eigenspace of —Ly, k € Ny, is spanned by the kth Legendre
polynomial Py;

b) for all p € R\o,(T) and for all n € N with
n > min{k € N : L1 > log(4/3) — p},
one has

(5.15) l(p—T)": £33 — dom (T)|| < p1(n; p) (1 + pa(n; p)),

where p1(n; p) is as in (5.14) and

log(4/3) < {3—1—210g(1+l)

:leN,n<l;.
log(4/3)/(p+Lnt1)) p+ Lt }

p2(n;p) == =

5.2 A modified spectral method. In this section we are concerned
with the integral equation

(5.16) cp=F+T[g], ¢edom(T), FecL,

with ¢ < 0.
We deduce from Theorem 9: (5.16) has a unique solution if and only
ifc¢ {—Ly:keNg}and if c¢ {—Ly : k € Ny}, then
¢=(c—1)'[F]

with £2° — dom (T') continuous (¢ — 7).
We assume the latter case, i.e., ¢+ Ly # 0 for all k& € N henceforth.

Let us turn our attention to a numerical approximation of (5.16) now.
Due to the spectral properties of T it is convenient to project (5.16) to
the space of all polynomials of degree less than or equal to n € N and
let n tend to oo then.

The corresponding n + 1-dimensional matrix approximation of (5.16)
reads

(5.17) Ap—el(@, o™ ] = (Fo, .. B,
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where A,,._. is the matrix as in (5.13), ( gl],gzﬁ[ln], ey L:L]) € R"! s

unknown and -
F= Z Fol.
1=0

Then we easily deduce the following approximation result.

Theorem 10. Let F = Y2 Fol € LY. Let ¢+ Ly # 0 for all
k € Ng. Then we have, for alln € N,

(i) the operator equation
((e=1) 0Py )6 = Py[F]
has a unique solution ¢l =37 Enlal € Pgldom (7).
(i) (oI, ol™ . gl € R s the unique solution of (5.17).
(iii) If ¢ = D12, duo’ € dom (T)) is the unique solution of (5.16), then

¢_ ¢[”] = (c— T)_l Z FlO'l s
l=n+1
i.e., if
nlinéo |(Frng1s Frg2, Fryss oo )|w,eo = 0,
then

lim [|¢ — ¢[n]||1/2 =0,

n—oo

in particular,

uniformly in l € Ny.
APPENDIX

6. Proofs.

Theorem 1. Let ¢,¢ € UQE(OJ]CO’O‘. Then the mapping
P(s)o(t) —P(t)p(s) .

H:lx| >R, Hst)= 5] ifs 7¢

0 if s =1,
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is Lebesgue-integrable over | x |. By symmetry we have

ol H(s,t)d(s,t) =0.
‘We furthermore set
o) —o(s) .
Hytlx | =R, Hi(s,t) =4 YO ==y st
0 ifs=t
and
P(t) —Y(s) .
Hy:Ix1— R, Hs(st)= QS(S)W if s # ¢,
0 if s=t¢.

We certainly have H = H; — Hy and the functions H;, Hs are obviously

Lebesgue-integrable over | x |. hence

VT[] = /| Hi( ) dt,  ¢T[Y] = /I Hy (-t dt

are Lebesgue-integrable over |, and we deduce from the Fubini-Tonelli

Theorem,

(fremas) - ( forile i)

= Hy(s,t)d(s,t) _/I ng(s,t) d(s,t)

IxI

H(s,t)d(s,t) =0.

IxI

Proposition 2. If o € (0,1) consider ¢(s) = ((s +1)/2)%, s € I.
Then ¢ € C%* and we obtain for all s € (—1,1] with the notation

w=u(s) = (s +1)/2,

T[w((sz;Tl[)@ﬁ}(—l) L ( / 1 |:Z\ do— / 1 - dv)

1 11_ (e} l/u @
<—/ 7 da—l-/ g lda—i)
0 1 oc—1 au®

- 2a 1—0
(2/(1+s)) ja—1_q

1 11—o@
0 ]._U 1 U_l

(&%
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e et Tlys) = Tw)(-1)
Slir£11 S&s + 1)« -
i.e.,, T[¢] is not a-Holder continuous.
In case of a = 1, consider (s) := |s|/2 € C%'. We immediately
obtain
1+s+slogs_1 —-1<s5<0
T[l(s) = 4 1 s=0
1—s—slogs—;1 0<s<l,
i.e., T[¢] is not Lipschitz-continuous. O

Lemma 3. We can assume a € (0,1). It suffices to consider
o € (0,a). Let 5,8 €| with s # s’ and § = 2|s — s’|. We observe
0<d6d<4 Let Uy =IN[s—06,s+ ] and Uy = I\[s — §,s + §]. For
t# 5,8, let q(t) := [((t) —b(s)) /[t = s[] = [(P() = () /[t — s'[]. We
set without loss of generality ¢(s) = ¢(s’) = 0.

By Ki, K, ..., we denote positive constants which may depend on
¢ but are independent of s, s'.
We have

1
IT](s) = T[I(s)] = ‘/_1(1(75) dt} < IQ(t)IdH/U lq(2)| dt.

Uy
Since ¢ € C%*, we have
oOlde< Ky [ J—slt s g [ o= an
Uy U, o,
where we note that
s+ 9
[t —s|* 7 dt < / [t —s|*"tdt = =5
Us s—&8 [0}
On the other hand, we have U; C [s — 4,5+ 0] C [s' — 26, 8" + 2§] such

that
s'+26 21+a
/ |t—s’|a_1dt§/ |t —s'|*"tdt = =—6°,
Uy §'—26 Q@
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and we obtain, due to |s — s/|*~® < 2,
/ lq(t)] dt < Kyls — s'|* < Ks|s — §'|*.
Uy

Now we consider the integration over Us. We introduce for t # s, s,
a1(t) 1= (6(s") — ()]t — 5| and ga(t) = (B(t) — ¥(s)(1/]t - s])
(1/]t — §'|)) and put without loss of generality ¢12(s) = q1,2(s) =0
such that ¢(t) = ¢1(t) + ¢2(t). We have, due to Hélder-continuity and
due to 6 < 4,

dt
[ ol =) - vl |
Us U, [t —$|
max(s+1,1—s) dt
§K4|5—s/|a2/ —
5 t
4
< K4|S — Sl|a2 ﬂ
s ¢t

= 20,5 — | (log(4) — log(5))
= 2K,|s — §'|“(log(4) — log(4|s — §|))
< Ks|s — |
Concerning fU2 lg2(t)| dt we have for all ¢t € Uy the estimate
i

|s —s

] < Y(t) — (s ——r
lg2(t)] < |(1) 1/J(3)\|t_s‘|t_s/‘
< Kgls = §'[|t — /|7t — | 7"

Since ¢t € Uz we have [t —s| > 0 = 2|s — s/|. Hence [t — s'| >
[t —=s|=|s=§1 =t —s]—|s—5] > |t —s|/2. We obtain, for
all t € Uy, |t — s'|*71 <2172t — 5|*~1 and therefore, due to § < 4,

/ lg2(t)| dt < K7|s — §'| |t —s|*2dt
U2 U2

5
< 2Kq|s — s’|/ [t|*~2 dt
5
= Kg|s — s'|(=5°"1 4 6%71)
< Kyls — §'| + Kyo|s — s'|* Tt

S K11|S - S/|a/.
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By addition we obtain
IT[$](s) = T)(s)| < (K3 + K5 + Ki1)|s — /.
Since K71, ... , K1, are independent of s, s’ we have T[1)] € C%®" with

I T[l(s) = T[](s")]

s — 5| <K3+Ks+Ki. O

sup
s,s’El,s;ﬁs’

Lemma 4. We define for k € Ny by recursion the coefficients

(6.18)
aﬁ =1
(6.19)
k .
| af (=1 - 1)
k l
¢ =k-1 1
CLJ Lk—LJ : I _] ’ J ) )
l=5+1
(6.20)
1 ak((_l)l—i-l _ 1)
k. E l
ag = L_k f’ k 7é O,

1=1
and introduce for k € Ny the polynomials

a1 =R, q(s)=s"+af 1"+ +als+al

Furthermore we set, for k£ € Ny,

or:l =R,  ¢p(s) =s"

st I+1
T+ (DY,

2
pril =R, pi(s)i=)_
1=0

and we put

p-1:1—=R, p_i(s)=0.
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We calculate for all £ € N, and for all s € |,

s pho_ gk Lk _ gk
T[¢k](s)=—/1 > dt+/ ——dt

t—s -8

k-1 s k-1 1
(6.21) = —Zsk_l_l/ thdt + Zsk_l_l/ tdt
1=0 -1 1=0 s

i koq k2l g1t
—4S8 27 +
=1
while for all s € I, T[¢o](s) = p_1(s). Hence for all k € Ny,

(6.22) T(¢r] = —=Lror + pr—1-

We observe for all k € N,

+ (_1)l+1)>
=0

Gk = bk +af_1Pp_1+ - +abd1 +aloo.
Hence, due to (6.22),

k

k
Tlge) = > af Tl = > af (~Ligr + pi-1)

=0 =0
:—zk:aleéﬁz-FZalpl 1=— Zasz@—i—zk:IZEal%
=1 v=0
k
iy Lo
——ZalLl¢l+l§;;fjH ;——Zalmm;l};flﬂ—_;

= —Lpoy +i [ Lia} + Z
=1

v= l+1

]¢Z+Z — o

k—1

=—Lior + Z[—Llaf + (L — L)af )¢y — Lyrageo
=1

= —Li(¢; +al 161+ +afo)
= _quka

i.e., —Lg is for each k € Ny an eigenvalue of T. We deduce from the
symmetry of T (Theorem 1): The set {qx : kK € No} is £2-orthogonal.
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Since the degree of each polynomial gx, k € No, is k we have qx, = oy, Py,
ar € R. The respective properties of T' follow immediately. mi

Theorem 5. We wish to apply the basic criterion of essential self-
adjointness as given in the corollary on page 257 of [17]. This statement
requires a complex Hilbert space theory. We introduce

Pc = {p1 +i.p2: p1,p2 € P},

where ¢ is the imaginary unit. Obviously, Pc is the complex vector
space of all complex-valued polynomials restricted to |. In similarity,
we introduce the complex vector space LZ of all complex-valued square-
integrable functions whose domain is I. We equip E% with its canonical
inner product

(Gh, ) = /IG_l(s)Gg(s) ds, Gi,Gs € L2,

where G is the complex-conjugate function of G;. The corresponding
norm is || - |2

Next we introduce the complex extension of T, i.e., we set
S:Pc— Pc, S(p1+ip2)=T(p1)+iT(p2)
It remains to prove: S is essentially self-adjoint.

We easily obtain: The domain of S is || - [|2-dense in £% and
S : LL D Pc — Pc is symmetric with respect to the inner product
defined above. Following the corollary on page 257 of [17] we have to

prove: ran (S £1i) in || - [|o-dense in £Z. Hence it suffices to prove that
ran (S +4) = Pc. Indeed, let g1 + i.qgo € Pc. Then there are N € N
and ag,...,an,1,...,0n € R such that

@ =aoPo+--+an.Py, q2 = Bo-Po+ -+ Bn.Pn,
where Py, k € N, is the kth Legendre polynomial, restricted to I.

Following Lemma 4 we are looking for ~g, ... ,vn,do,...0n € R such
that

(S+i)(p1 +i.p2) = (S £0)((y0.Po+ - - + yn-Pn)
+ (60-Po+ -+ 6n.Pn))
=q +i.g2 = (.Po+ -+ an.Pn)
+i.(B0-Po + -+ + Bn-Pn).

(6.23)
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Following Lemma 4, equation(6.23) has a solution if and only if
7;,0; satisfies for all j € {0,..., N} the linear equation

(& 2)3)-(3)

The determinant of the matrix equals 1 + L? #0,j€{0,...,N}.
Hence, it is always possible to determine ~g,...,vn,d0,...,0n8 € R
such that (6.23) holds. O

Theorem 6.

Step 1. Let NT* be the adjoint of T. Since dom (T) is || - ||2-dense in
£? and since T is symmetric, T* is a closed extension of T', see [17].
We recall

dom (T*) ={G e L?:(BF € £*: (VH € P: (T[H],G) = (H,F)))},
and for G' € dom (T*) there is exactly one T*[G] € £2 such that

VH e P:(T[H],G) = (H T*G]).

We wish to prove:

dom (T*) =D := {G = Z ak'P]?orm : (Lk . ak)keNg S 62},
keNy

where we note D C £2. Let G = ZkeNo . Pper™ € D. We introduce

F= )" (~Lg.oy).Ppo™ € L.
keNy
Employing the fact that {P;°™ : k € Ny} is an orthonormal base of
L2, we have for all H = Zzi/[:o Y- Ppe™, M € N, v,...,74 € R, in
P the identity
min{N,M}
(T[H),G) = Y (—Lpye)-an
k=0
min{N,M}
= > e(-Liar) = (H Fy)
k=0
= (H,F).
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Hence G € dom (T*) with F' = T*[G]. This settles D C dom (T*). Now
let G € dom (T*). Then G € £2, hence G = D ken, (PR, G).pem
with ((Ppor™ G))gen, € 2. Due to the fact that {PPo™ : k € Ny} is
an orthonormal base of £2, we calculate for all N € N

(PR, T(G)) = (TIPA™], G)

= (= La-PR, 7 (PR G PR
keNg

— Z <P’?orm, >-<_LN- Jr\l]orm, ’?orm>
k€ENg
— Ly(PY™ ),

)

Since T*[G] = 3 yen, (PRO™, T*[G]).PR™ € L2, we obtain ((PF™,
T*[G)))nen € 2, hence (Ly.(PN™,G))NeN,, which settles G € D
and therefore dom (T*) C D.

We conclude: dom (T*) = D.

Step 2. The next step is to prove that 7* is the closure 75% of T'. Since
T* is a closed extension of T see [17], we have T¢ C T*. It remains
to prove T* C T, i.e., dom (T*) C dom (T°%). Let G € dom (T*).
Since 7% is the closure of T', we have to prove that there is a sequence
(GN)NeN, in P such that

Jim |G = Gyll2 = lim | T*[G] = T*[Gx]|2-

It is left to the reader to verify that the sequence

N
(GN)nen, = <Z<Pz?°rm7 G>~P;?°rm)

k=0 NeNy

has the desired properties.

Step 3. As already outlined in Step 1, we have for all G € dom (T%%),

Tsa(G) — Z —Ly. <Plzlorm’ >.P]£10rm.
keNg
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It is left to the reader to deduce the remaining statements of the
theorem from that representation. ]

Proposition 7. For all [ € Nj and all s € | we have, due to (6.21),

1 I _ s l
T[O'l](s):/ (t/2) (/2) dt

—1 |t—8|
1 1 tl— l
L[
28yt =]
-1 -
i 14—(—1)3Jrl
= (- IL;s'+ gl=1=J -
(cet e
7=0
-1
1+ (-1
—_TL l v
+V§::O 2 1)

The verification of (5.11) is left to the reader. O

Theorem 8. We have, due to (5.11), (2.7) for all [ € Ny and all
n € Ny the estimate

l+n l+n
DB < 01D BY < [[¢nll(Li + log(4/3))
v=l v=I

< II(Le+ 1) < [[9l(3 + 2log(1 +1)).

We note that this estimate is independent of n. Hence for all [ € Ny,

(%) D 1B < 3+ 2In(1+1)¥].
v=l
For n € Ny, let 1™ := P{[)]. We immediately verify
ACRIEDY { Brwu] o = (Pg o T)[ ™).
=0 ~v=l

This settles PS o T o Py =T o Pl
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Now we introduce for s € | and n € N,

=R 0= (3wl ) oo,
=0 v=I[+1
i.e.,
LROETILIO N
g (t) = ot
9 ™ _
ds ) b=

such that for all s € | and for all n € N,

1)) = - [

1
g@@ﬁ+/g@®w
—1 s

We need an auxiliary result.

(n)

Proposition 11. Forn € NU{oo}, let (7, )ien, be a real sequence.
Assume a) There is a K € RY such that for all | € Ny and for all
n € N:

™ = < K,

lim sup 1/ |7l(°°)| < 2.
l—o0

¢) For alll € Ny: limy,— 00 ’Yl(n) = VZ(OO)'

Then:

1. The series

b)

m
(Z %("")Ul)
=0

converges uniformly on |.
2.

meENg

Tim (|3 "o =3 o = 0.
=0 =0
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Proof. 1. follows from b).
2. We observe that a) and b) imply for all n € Ny:

lim sup y/ |fyl(”)\ < max {1, lim sup y/ |’yl(°°) } <2,
l—o0 l—o0

such that (3", 'yl(n)al)neNo converges uniformly on |. Let € > 0. Then
there is N1(g) € N such that, for all n > Ny (e):

(oo}
Z %(00)01

l=n+1

<

€
3

oo

Furthermore, we can take Na(e) € N, Ny(g) < Ny(e), such that for all
n Z N2 (8)

IN

oo ; €
sup Z lo(s)] 3K

s€| l=n+1

Finally we can take N3(¢) € N, Na(e) < N3(e), using assumption c)
such that for all n > N3(¢)

We therefore obtain for all s € | and for all n € N, n > N3(¢),

Na(e)

> =4

=0

<

o

3
3 .

n

(oo}
Z%(n)al . Z,yloo)az
1=0

=0

Na(e) n oo
< Z (,Yl( ) ,YZ(OO))O.Z + Z (,Yl(”)_,yl(oo))a.l + Z 'YIOO)UZ
1=0 I=Ns(e)+1 l=n+1

€ - n oo €
<t ™ = )\|0|l+§§a. o
l:NQ(E)Jrl

We apply Proposition 11, for fixed s € |, with

n
%(n) = Z Y, (a(s))’ 71 for0<i<n-—1
v=Il+1
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and
r}/l(n) = 0 fOI“ l Z n
and
1= 37 ()
v=I+1
to obtain
lim sup [g{™(t) — g{*°(t)| = 0,
n—oo tel
where

ggoo) 1 — R, ggoo)(t) = Z ( Z 1/11/(0(8))”_1_1) (o(1),

=0 v=I+1
ie.,
LOEIOJY
(0) _ s—t
_(t)a t=s
ds

Hence, for all s €1,
1

=— lim g™ (t)dt + lim g{™(t) dt
0 s

n—oo

= lim T[p"™](s).
We furthermore have, for each n € N,

[ [ o=y [iBm} (o(s))!,

0 s 1=0

263
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such that we can apply Proposition 11 again to obtain

[VZT:‘,ZBMV} o3 [i v, o

=0 ~v=l

=0.

oo

lim

n—oo

We set for | € Ny, v := >_0—,; BY9,. Then we have due to (x)
limsup /|| <1,
l—o0

such that the (formal) power series (3, Vi0')nen, converges for each
6 €10, 1[ uniformly on [-2 4 0,2 — 6]. This implies convergence of

(B[ pre])

in C with respect to ||-||oc with limiting function Y72, [>"°2, BV, )0
Tl). o

n€Nyg

Theorem 9. We shall discuss the operator equation (A — ] =F
with unknown ¢ = >°7° ¢;0! € dom (T') and given F = 32  Fo' €
Ly, A e R.

We observe that ¢ € dom (T') satisfies
(6.24) Ty == A -D] =F
if and only if ¢ € dom (T') satisfies

(Pg o T o P)[¥] + (P o Ty o P25y ) [¥] = PG [F,
(Poia o Th o PR )[Y] = PR3 [F,

where we make use of the fact that P77 ; o Ty o Pg is the zero operator
on dom (7).

Hence (6.24) has a solution 1 € dom (T [') if and only if 1) = 5+ &,
n € Pgldom (T)], £ € P, 1 [dom (T)] and
(P5 o Tx)[n] + (PG o Tx)[€] = PG [T,

(6.25) .
(PTOLOH oTy)[¢l = PTOLOH[F]-
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This observation suggests to introduce for n € N the operators
A, =Py o Ty | Pg[dom (T)],
B, := P§ o Ty | P2 [dom (T)],
D,, := P, o Ty | P2 [dom (T)],

such that (n,&) € Pgldom (T)] x P2 [dom (T')] is a solution of (6.25)
if and only if

(6.26) Anlnl + By €] = Py F],
(6.27) Dn[€] = PR5 [F]
It is easy to verify that, for n € Ny,
- l n T - l o0 T
> mo' € Pf[dom (7)), > &o' € P [dom (T)],
1=0 I=n+1
the matrix representation of A, [n] is
(6.28)
ALy -B} -B} -B} -BF 0 - o
0 XLy -Bf -Bj} -By 0 - M
0 0 A+Ly —-Bj . -By 0 - :
: : : : : : 0 - Mn—1
0 0 0 AL,y —B", 0 - T
0 0 0 0 A+L, O - 0
0 0 0 0 0 0 - 0
0 0 0 e 0 0 0 -
the matrix representation of B, [¢] is
0O --- 0 _Bngl —Bg+2 _Bg+3 8
0 --- 0 _B?Jrl _B?+2 _B?+3 X
0 0 _B;LJrl _B;LJrQ _B;L+3 0
(6.29) 5 Lo Enir |,
0 - 0 _BZ——i_l _Bgil _Bgil e En+2
0 --- 0 —Brtt _prt2 _pnts ... En+s
0 0 0 0 0 e Enta
0 0 O 0 0 :




266

TH. GOTZ AND A. UNTERREITER

and the matrix representation of D, [¢] is

(6.30)

0

Due to (6.30) we have D,, = A,, + E,,, where the operators

0 0

0 0
ALnpy1 —BME

0 AtLio

0 0

0

n+3
_Bn+1

n+3
_Bn+2

)\+Ln+3

Ap: ?fﬂ[dom (T)] - PZOJrl

naldom (T)] — PR3 [£3]

E,:P

0
n+4
_Bn—i-l

n+4
_Bn+2

n+4
_Bn+3

(£,

£n+1
£n+2
€7L+3

are defined by their respective matrix representations, namely, for

§= Z o' € Poo1[dom (T)]a

l=n-+1

the matrix representation of A, [¢] is

(6.31)

0

0
)\+Ln+1
0
0

0

0
/\+Ln+2

0

>\+Ln+3

gn—i-l
€n+2
€n+3
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and the matrix representation of E, [¢] is

(6.32)
0O --- 0 0 0 0 0 0
0 -~ 00 0 0 0o .. 0
0 00 B B B o | | e
0 00 0 B B || G
0O -~ 00 0 0 -BM; - Ent3

It is left to the reader to verify

Proposition 12. Let A € R. Let
Ni(A\) :=min{k € N : Ly41 > log(4/3) — A}.

Then
(1) 0< )\+LN()\)+1 < )\+LN()\)+2 < -y

(i) and for all m € Ng with N1(X) < n, the linear operator A,, has a
bounded inverse with

1A PR [L3] — Pocy[dom (D)
3+ 2log(1l+1
Ssup{—i_)\j_—gél—i_):leN,n+1§l}<oo,

(iii) and for all n € Ng with N1(\) < n,

A, 0 Ey : PYS [dom (T)] — P24 [dom (T)]|| < log(4/3)

<1
o )\+Ln+1

Furthermore,

limsup [|A, "1 PRS L [£o5] — PP, [dom (D] < 2.

n—oo
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Due to Proposition 12, the operator A,, has a bounded inverse A, !
and

(6.33) IA, " 0 Byt Po%yy[dom (T)] — PyS [dom (T)]]] < 1.
Hence we can rewrite equation (6.27) for n € N with N;(\) <n as
(6.34) [+ A o BJlg] = AL [P [F]).

Now it readily follows from (6.33) that (6.34) has for all n € N with

Ni()\) < n a unique solution & € dom (T), i.e., equation (6.27) has
for all n € N with N;(A) < n a unique solution § € P2 [dom (T')].
Furthermore, we deduce from (6.34) for all n € Ny with N1(\) < n the

estimate

AR PR [C3] — Pods [dom (1)]]

(6.35) €ll1/2 < 1— (log(4/3)/(A+ Lyni1))

[E -

Inserting £ in equation (6.26), we obtain
(636) An[n] :Pg[F]_BnKL n € N, nZNl()‘)u

where we note that the righthand side of this equation belongs to the
finite-dimensional space Py[£3]. Due to the diagonal structure of A,,,
two possibilities arise:

1) A ¢ {—Lk : k € Ng}. Then A, is invertible for any n € Ny and
we obtain for all n € N with N;(\) <n the estimate

Inll sz < 1A < PGILET — Pgldom (D)]II(I1F |l +log(4/3)IIE1),

where we made use of the fact that

1By : Py [dom (T)] — Po[L7]]| < log(4/3).

(5.14) follows from the estimates given so far.

2) A = —Ly, for some k € Ny. In this case the defect of the operator
A, is, due to the diagonal structure of its matrix representation, one.
Since 7% is an extension of 7' it readily follows from Theorem 6 that
A is an eigenvalue of T whose eigenspace contains Pj. O
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Theorem 10. We employ the notations of the proof of Theorem 9.
We observe that ¢[™l € P{}[dom (T')] for any n € N and

Hence, due to (6.26) and (6.27),

Auln— "] —B,[¢] =0,  D,[¢] =Py, [F],

where n = P([¢] and & = P2 ;[¢]. Hence

¢— " = (n—gl")+¢

solves R
(c—T)[¢ — ol"] = P2 [F].

The verification of several statements of the theorem can now be left
to the reader. O

Acknowledgments. Section 3 would not exist in the present form
without several very constructive suggestions from the anonymous
referees. The authors are indebted to these anonymous referees in
particular for valuable hints concerning the symmetry of the operator
T.

The work of Thomas Go&tz is funded by a grant of the “Deutsche
Forschungsgemeinschaft” within the “Graduiertenkolleg Technomathe-
matik” at the University of Kaiserslautern.

REFERENCES

1. A.T. Chwang and T.Y. Wu, Hydromechanics of low-Reynolds-number flow.
Part 2. Singularity methods for Stokes flow, J. Fluid Mech. 67 (1975), 787-815.

2. R.G. Cox, The motion of long slender bodies in a viscous fluid. Part 1. General
theory, J. Fluid Mech. 44 (1970), 791-810.

3. R. Dautray and J.L. Lions, Integral equations and numerical methods, in
Mathematical Analysis and Numerical Methods for Science and Technology 4,
Springer, New York, 1990.

4. D. Funaro, Fortran routines for spectral methods, Technical Report 891, Isti-
tuto di analisi numerica, Pavia, Italy, ftp://microian.ian.pv.cnr.it/pub/splib,
1993.



270 TH. GOTZ AND A. UNTERREITER

5. R. Gorenflo and S. Vessella, Abel integral equations, Lecture Notes in Math.
1461, Springer, New York, 1991.

6. T. Gotz, Interaction of fibers with airflow, Ph.D. Thesis, Department of
Mathematics, University of Kaiserslautern, in progress.

7. W. Hackbusch, Integralgleichungen: Theorie und Numerik, Teubner, Leipzig,
1989.

8. J.B. Keller and S.I. Rubinow, Slender-body theory for slow wviscous flow, J.
Fluid Mech. 75 (1976), 705-714.

9. S.H. Lee and L.G. Leal, Low-Reynolds-number flow past cylindrical bodies of
arbitrary cross-sectional shape, J. Fluid Mech. 164 (1986), 401-427.

10. J. Lighthill, Mathematical biofluiddynamics, STAM, Philadelphia, PA, 1975.
11. N.I. Muskhelishvili, Singular integral equations, Wolters-Noordhoff, 1972.

12. H. Ockendon and E.L. Terril, A mathematical model for the wet-spinning
process, European J. Appl. Math. 4 (1993), 341-360.

13. C.S. Peskin and D.M. McQueen, A three-dimensional computational method
for blood flow in the heart. 1. Immersed elastic fibers in a viscous incompressible
fluid, J. Comput. Physics 81 (1989), 372-405.

14. A.D. Polyanin and A.V. Manzhirov, Handbook of integral equations, Spek-
trum, Heidelberg, 1999.

15. C. Pozrikdis, Boundary integrals and singularity methods for linearized
viscous flow, Cambridge Texts Appl. Math. 8, Cambridge Univ. Press, Cambridge,
1992.

16. S. Prossdorf and B. Silbermann, Numerical analysis for integral and related
operator equations, Akademie Verlag, Berlin, 1991.

17. M. Reed and B. Simon, Functional analysis, in Methods of Modern Mathe-
matical Physics 1, Academic Press, New York, 1980.

18. S. Roch, P. Junghanns and U. Weber, Finite sections for singular integral
operators by weighted Chebyshev polynomials, Integral Equations Operator Theory
21 (1995), 319-333.

DEPARTMENT OF MATHEMATICS, UNIVERSITAT KAISERSLAUTERN, GERMANY
E-mail address: thomas.goetz@itwm.uni-k1.de

DEPARTMENT OF MATHEMATICS, UNIVERSITAT KAISERSLAUTERN, GERMANY
E-mail address: unterreiter@mathematik.uni-k1.de



