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Abstract. We prove that, up to multiplication by a scalar, the Minkowski metric
tensor is the only second-order tensor that is Lorentz-invariant. To prove this, we
show that a specific set of three 4 x 4 matrices, made of two rotation matrices plus
a Lorentz boost, is irreducible.
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1. Introduction

It is a basic result of special relativity that the Minkowski metric tensor is invariant
under the Lorentz group. The main aim of this paper is to prove that, up to a scalar,
this property characterizes the Minkowski metric

Theorem 1. Let (M, ~") be the four-dimensional Minkowski spacetime. Any (0, 2)
tensor on M that is invariant under the Lorentz group is a scalar multiple of the
Minkowski metric tensor v°.

(See Note 1 for the extension to a Lorentzian spacetime.) This result is not very
surprising and seems to be heuristically known. For instance, after having intro-
duced the classical totally antisymmetric fourth-order tensor, Maggiore [3, p. 24]
states: “The only other invariant tensor of the Lorentz group is 7),,,, as its invariance
follows from the defining property of the Lorentz group, equation (2.13).” (The lat-
ter equation is equivalent to equation (3) below.) Nevertheless, we saw neither a
precise statement of the above Theorem nor a correct proof in the literature that
we could find. The proof that we present here appeals to Schur’s lemma (Section
2). However, to identify a relevant irreducible set of 4 x 4 matrices in order to
use Schur’s lemma was not completely obvious. To prove the irreducibility of that
set S, we had to study in detail which are the invariant subspaces of each of the
matrices that constitute S (Section 3). Although it is often easy to check that some
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subspace is invariant under some endomorphism (or some matrix), it is less trivial
to identify the complete list of the invariant subspaces. To do that in the case at
hand, we state and prove a result (Lemma 5) about the invariant subspaces of a
specific class of endomorphisms (Section 4).

2. Proof of the Theorem

A (0,2) second-order tensor 1" at some point X € M is Lorentz-invariant iff, in
any Cartesian coordinates z* on M, and for any 4 x 4 real matrix L = (L")
belonging to the (real) Lorentz group O(1, 3), we have !

T, = LF, Tpy L%, = Ty, )
or (T' = (T},,,) being the component matrix of T at X in the coordinates z*)
L"TL=T. 2)

In particular, the Minkowski metric tensor ~°, with component matrix
n := diag(1,—1,—1,—1) in any Cartesian coordinates, is of course a Lorentz-
invariant (0 2) second-order tensor on M, since by definition a matrix L belongs
to the Lorentz group O(1, 3) iff

LTnL=n. 3)

Because the matrix 7 is its own inverse: nn = 14 := diag(1,1,1,1), we deduce
from (3) that
L=ty (LT) ™ =n. @)

Multiplying on the right each side of (2) by the corresponding side of (4), we get:
L'Ty (L")~ =Ty (5)

or
L™ (Tn)=(Tn)L". (6)

That is, the matrix M := T n commutes with the transpose of any matrix L in the
Lorentz group. The Theorem1 results immediately from this and from the follow-
ing two statements. U

! This definition and the Theorem can be extend immediately to any Lorentzian spacetime (V, ),
by considering, instead of Cartesian coordinates, coordinates that are Cartesian at the given point
X €V, ie., such that ., (X) = ..
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Lemma 2. (Schur’s lemma, e.g. [1, §34, Exercise 23, p. 623], [4, Corollary,
p- 65]). Let M be a k X k complex matrix which commutes with any matrix in an
irreducible set S of k x k matrices, i.e., in a set S of k x k complex matrices such that
no nontrivial subspace of C* is invariant under all mappings x — Nx, N € 8.
Then M is a complex multiple of the identity matrix 1.

Proposition 3. The set of the matrices LT, L € O(1,3), is an irreducible set of
4 x 4 complex matrices.

Proof: In view of the sentence right after equation (9) below, Proposition 1 is an
immediate consequence of the following stronger result. |

Proposition 4. Let the complex vector space C* be endowed with its canonical
basis (e,) (p = 0,...,3), with e, = (6,,)v=0,....3, and identify an endomorphism
of C* with its matrix in that basis. The set S made by the two spatial rotations
L; having axis e;, i = 1,2, each having a given angle 0; with 0 < 60; < m,
plus the Lorentz boost L in the direction ey with a given coefficient 3, := v/c,
0 < By < 1, is an irreducible set of three 4 X 4 complex matrices.

3. Proof of Proposition 4
The rotation matrix having axis e; and angle 6 (with 8 = 6; in the sequel) is

10 O 0
01 0 0
0 0 cosf —sinb
0 0 sinf cosf

Ly = (N

The rotation matrices with axes e2 and es and angle 6 are deduced from (7) by the
permutations (12 3) — (23 1) and (1 2 3) — (3 1 2) of the indices, respectively.
The boost matrix in direction e and with coefficient 3, is

Yo _’Yvﬁv 00
I _'Yvﬁv Yv 00 L #
Ll - 0 0 10 ) Yo = /71 — ﬁg (8)
0 0 01

Note that all matrices L in the set { L1, Lo, L3, L} } have real coefficients. There-
fore, an endomorphism of either the real space R* or the complex space C* can be
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given by such a matrix L in the same canonical basis (e,,), which is also a basis of
R*. The difference lies in the real or complex coefficients z* below

z=2zle,— Lz=1L1", 2"e,. 9)

Any matrix L in the set {Ly, Lo, L3, L)} has the form L', L' € O(1,3), of
course, because L;fp is the rotation matrix having axis e; and angle —6;, which
belongs to (the real group) O(1, 3), and because L} is symmetric and also belongs
to O(1, 3).

Henceforth, we consider only the complex vector space C* and its complex sub-
spaces, as well as their complex endomorphisms, including those defined by the
matrices L € S. Clearly, the complex vector plane Span{es, e3} or (in a shorter no-
tation) [eg, e3] is invariant under the rotation L;. It is well known and easy to check
that the restriction of L; to [es, e3] has complex eigenvalues Ay = exp (£if)
(which here are distinct from one another and from one since 0 < 87 < ), with
corresponding eigenvectors a = ey F ieg. The complex eigenvalues of the rota-
tion matrices with axes e and e3 are exp (£i6;) (i = 2, 3), and the corresponding
eigenvectors are deduced from a by the permutations (1 2 3) — (23 1) and
(123) — (31 2) of the indices, respectively. We will now show that the set S
is an irreducible set of complex matrices, by using these facts about the eigenvec-
tors of the L; ’s, plus the lemma below — whose proof is deferred to Section 4 for
convenience.

Lemma 5. Assume the finite-dimensional vector space E is the direct sum of two
subspaces ¥ and G: E = F & G, each of which being invariant by the endo-
morphism T' of E, with, moreover, T\p = A1dp, and with T|q admitting a basis
(vj) (7 = 1,...,n) of eigenvectors corresponding with pairwise distinct eigenval-
ues \j such that, in addition, \; # X, j = 1,...,n.

Then, each invariant subspace W of E by T' has the form

W = [(us)ier; (vj)jes] == Span{(u;)ier; (v5)jer}s (10)

where (u;)icr (0 < p := Card(I) < dimF) is a family of linearly independent
vectors of F (p = 0 meaning that the family is empty), and where (v;) ey (0 < q :=
Card(J) < n = dim G) is a family of eigenvectors extracted from (v;)j=1,..n
(q = 0 meaning that the family is empty).

Lemma 5 applies to the endomorphism " = L of E := C* given by the matrix (7),
with F := [eg, e1] and G := [eg, e3], the latter being stable by L; and admitting the
basis of eigenvectors (a4, a—_). This allows us to easily write the complete list of
the non-trivial vector subspaces of C* which are invariant under the endomorphism
L1, equation (7)
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e The (complex) “lines” [a] := Ca, where the vector a € C* is either

— alinear combination a = Aeg + pe;, A pu € C,A#0orpu#0
— ora; = ep —ies
— ora_ = ey +ies.
o The following “planes” (2D complex subspaces)
- l) [607 61]
ii) [62, 63] = [62 — 163, €9 + 163]
iii) [Aeg + per,ea —ies], ApeC, A#0oru+#0
iv) [Neg + per,ea +ies], AueC, A#0oru#0.

o The following three-spaces

—a) [Aeg + per,ez,es], ApueC, AN#0Oorpu#0
— b) [eo, €1, e2 — ieg]

- C) [60, €1,€2 + ieg].

The list of the non-trivial vector subspaces of C* which are invariant under the
endomorphism L; (i = 2 or i = 3) obtains by applying the permutation (1 2 3)
(231) orrespectively (12 3) — (31 2) to the indices in the list above. Therefore,
it is clear that the only line which is invariant under the rotations L; and Lo (or
under L; and L3, or under Ly and L3) is [eg]. However, that line is obviously
not invariant under the boost (8). Thus no complex line is invariant under the
set S. As to the “planes”: it is clear also that none of the invariant planes under
L1 numbered i) and ii) in the list above is invariant under Lo (nor under L3, in
fact). Still clear is the fact that an invariant plane under L1, of the form iii) or iv):
[Aeg + peq, ea + eies] (e = £1), cannot coincide with either [eg, e2] or [e3, e1],
which are invariant planes under Ly. The only remaining possibility to have an
invariant plane under both L and Ls is if an invariant plane under L1, of the form
iii) or iv): [Aeg + pei, ez + eieg] (e = £1), can coincide with an invariant plane
under Lo, of one of the corresponding forms: [Neg + e, e3 + €'ieg] (€ = +1,
not necessarily ¢ = €’). Thus the question is whether, for any «a, 8 € C, one can
find o/, 3 € C such that

u(a, B) = a(Xeg +per) + B(ex +eiez) = o' (Neg + pea) + B (e3 + €'ier) (11)
that is, such that

al=a' )N, ap = i€ [, B=da ief=p. (12)
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If ¢ = 1, we thus have 3/ = i by (12)4, whence ap = —€' by (12)2. Then
if 4 = 0, we must have 8 = 0. If instead ;1 # 0, we must have o« = —€/ 3/ p.
In either case, (12) can apply only when either « or 3 is determined by the other
number, thus it cannot occur on the whole complex plane [Aeg + per, e + eies].
The case ¢ = —1 gives rise to the same discussion. Thus no 2D subspace of C* is
invariant under both L and Lo, a fortiori none is invariant under the set S.

Let us finally look if there can be a three-space invariant under the set S, beginning
with asking: which are, if any, the three-spaces invariant under both L; and Lo?

1) We start the latter question by searching if a three-space invariant under L,
of the form (a) above, can coincide with a three-space invariant under Lo, of the
corresponding form. That is: can we have

[Aeg + peq, e, es] = [Neg + p'ea, e3,e1]? (13)
This is true iff, for any «, 3,7 € C, one can find o/, 3,7’ € C such that
v:=a(eg + per) + Bes +ve3 = o/ (Neg + p'es) + Bes ++'ex (14)

i.e.,
ar=dN, ap=+, B=dy, y=p. (15)

o If \ # 0, we have from (15);: o = aA/N. Then if i/ # 0, we get
from (15)3: o = B/u/, hence B/ = aX/N. If instead p/ = 0, (15)3
gives us § = 0. In either case, v in equation (14) is assigned to depend at
most on two parameters, hence (14) cannot hold on the whole three-space
[Aeg + per, ez, es].

e If M = 0, we have from (15);: aX = 0. Then if A # 0, this gives o = 0,
so again (14) cannot hold on the whole three-space [Aeg + pe, ea, e3] . If
instead A\ = 0, then since we are considering the case \' = 0, necessarily
p # 0 and p/ # 0 to have indeed a three-space on both sides of (13), thus
this is the case that both of them coincide with the three-space [e1, e, €3],
which is indeed invariant under L and under Lo.

2) Then we have to see if a three-space invariant under L1, of the form (a) above,
can coincide with a three-space invariant under Lo and corresponding with the
cases (b) or (c), though of course after the relevant permutation (12 3) — (23 1).
Thus, we ask if we can have

[Aeo + per, ea, e3] = leg, €2, €3 +iceq], e==+1 (16)
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i.e., we ask if, for any o, 3, € C, we can find o/, 3’,7' € C such that

a(Xeg + per) + Bes + ves = d'eg + Blea + 7 (e3 +icer) a7

or
ad=d, ap=iey, pB=p,  y=49" (18)
Thus we must have 7/ = v = —ie au, so once more the relevant equality, here

(17), cannot hold on a whole three-space.

3) The remaining possibility is the equality
[Aeo + pez, e3,e1] = [eo, e1, e2 +iees], €= *£1. (19)

The same trivial discussion as for the case (16) leads here (with the same notations)
to 8 = ie ap, so (19) cannot happen.

Thus there is just one three-space that is invariant under both L; and Lo, namely
the “spatial three-space” [eq, e, e3]. (That three-space is invariant under L3 as
well.) But it clearly is not invariant under the boost L/, equation (8). We conclude
that no proper subspace of C* is invariant under the set S, which is therefore an
irreducible set of matrices. This proves Proposition 4. |

It is clear that e.g. the set S’ := {Lo, L3, L5}, or the set S” := {Ls, Ly, Ly} (with
L; the boost in the direction ¢;), are irreducible also.

4. Proof of Lemma 5

Let the endomorphism 7" of E = F' @ G be as in the statement of Lemma 5, and let
W be a vector subspace of E that is invariant under 7. Suppose first that W C G.
Then the fact that W has indeed the form (10) claimed by Lemma 5 is a direct
application of the following known result (see e.g. [2])

Lemma 6. Assume the endomorphism T of the vector space G admits a basis of
eigenvectors (v;), j = 1,...,n corresponding with pairwise distinct eigenvalues.
Then any subspace of G that is invariant under T' has the form

W = [(v))jes] := Span{v;; j € J} (20)
where J is some subset of {1, ...,n}.
If instead W ¢ G, define W' and W” as the projection space of W onto F or
G, respectively, in the decomposition E = F & G. This definition can be written

explicitly as
W ={yeF;zeGandy+2€ W} (21)
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and the like for W”. The subspace W’ is not reduced to zero, for otherwise we
would have W C G. Indeed, E = F @ G implies that for any z € W there is a
unique pairy € F, z € G such that x = y + 2. If W = {0} we must have y = 0
by (21). So let (u;)i=1,..p (1 < p < dimF) be a basis of W’. Since each of the
u; ’s belongs to W, by the definition (21) there is for each of them a vector z € G
such that the vector x := u; + z belongs to W. Let us decompose z on the basis
(v;) of G, thus getting numbers z; such that z = 22:1 zj vj. Thus we have

n
xzuﬁ—Zu&EW (22)
=1

where, by the assumption of Lemma 5, vé- := z; v; is still an eigenvector of T" for
the eigenvalue \; (even though possibly v = 0), i.e., T'v; = \; v}, while u; is
an eigenvector of 7" for the eigenvalue A # \; (j = 1,...,n). Thus by Lemma 7
below, we have u; € W.

Lemma 7 (see e.g. [S]). Assume that v1, ..., v, are eigenvectors of the endomor-
phism T of the vector space E corresponding with pairwise distinct eigenvalues
Aj. If W is an invariant subspace of E under T" such that vi + ... + vy, € W, then
foreach j =1,...,m we have v; € W.

End of the proof of Lemma 5. Suppose first that
W' ={2eG;yeFandy+zec W} (23)

is reduced to zero. Then, because E = F & G, we have W C F, just like, as we
showed after (21), we have W C G in the symmetric case W' = {0}. Therefore, it
is immediate to check that W = W', so (u;);=1,... p is a basis of W, hence W has
indeed the form (10).

If instead W” # {0}, we build a basis (v;);e; of W” extracted from the basis
(vj)j:Lm,n of G (made of eigenvectors of T"), as follows. For any x € W, there is
a unique pair y(z) = Pp(z) € F, 2(x) = Pg(z) € G such that

z=y(x) + (). (24)

Since (v;) is a basis of G, we can decompose z(x) uniquely on the basis (v;);=1,...n,
)
z(z) = Z zj(x)vj, zj(x) #0 for jeJ(z). (25)
jed (@)
(Note that J(z) can be empty, which occurs iff z(z) = 0.) By a very similar
argument, also using Lemma 7, to that developed around equation (22), we see
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that (24) and (25) imply that v; € W if j € J(x). Hence v; € W” if j € J(z),
since W N G € W” from (23). Then define

J:=J J@). (26)

zeW

Note that we have by construction J C {1,...n}. We claim that the finite family
(vj)jeg is a basis of W”. Indeed, consider any z” € W”. From (23), there is some
y” € F such that

=y "+ e€W. 27

Hence we have 4" = y(x) and 2” = z(x) from the uniqueness of the decomposi-
tion (24), so that from (25)

2= Z zj(x) vj. (28)

Thus the family (v;)jcy does generate W”, and being a free family as an extracted
family from the basis (v;)j—1,...n. it is indeed a basis of W”. Since we showed that
ui € W (i =1,...,p) and that v; € W (5 € J), itis clear that

W D Span{(ui)i=1,..p; (vj)jes}- (29)

Conversely, note that in the decomposition (24) of any x € W, we have y(z) € W’
from (21) and z(x) € W” from (23). Hence the reverse inclusion follows from the
fact that (u;)icq1,..py is @ basis of W' and that (vj);ey is a basis of W”. This
completes the proof of Lemma 5. |

References

[1] Godement R., Cours d’Algéebre, Herrmann, Paris 1966.

[2] Gohberg 1., Lancaster P. and Rodman L., Invariant Subspaces of Matrices with
Applications, SIAM, Philadelphia 2006.

[3] Maggiore M., A Modern Introduction to Quantum Field Theory, Oxford Univ.
Press, New York 2005.

[4] Richtmyer R., Principles of Advanced Mathematical Physics, vol. 2, Springer,
New York 2012.

[5] Unnamed contributor to the forum math.stackexchange.com “All Invariant
Subspaces of a Linear Transformation”, 2015.



10 Mayeul Arminjon

Mayeul Arminjon

Lab. “Soils, Solids, Structures, Risks”, 3SR

Univ. Grenoble Alpes, CNRS, Grenoble INP

F-38000 Grenoble, FRANCE

E-mail address: mayeul .arminjon@3sr—-grenoble.fr



	Arminjon_j
	Cerda-Morales_j
	blank1
	Hilali_j
	Olevskyi_j
	blank2
	Penkov_j
	blank3
	Yoshimi_j
	Ramon_rew













