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Abstract. In this paper, we investigate some properties for generalized f -harmonic

and f -biharmonic maps between two Riemannian manifolds. In particular we present

some new properties for the generalized stress f -energy tensor and the divergence

of the generalized stress f -bienergy.

1. Introduction

Consider a smooth map ϕ : M −→ N between Riemannian manifolds M =
(Mm, g) and N = (Nn, h) and f : M × N −→ (0,+∞) is a smooth positive

function, then the f -energy functional of ϕ is defined by

Ef (ϕ) =
1

2

∫
M

f(x, ϕ(x)) |dxϕ|
2 vg

(or over any compact subset K ⊂ M ).

A map is called f -harmonic if it is a critical point of the Ef (ϕ). In terms of Euler-

Lagrange equation, ϕ is harmonic if the f -tension field of ϕ

τf (ϕ) = fϕτ(ϕ) + dϕ(gradMfϕ)− e(ϕ)(gradNf) ◦ ϕ.

The f -bienergy functional of ϕ is defined as

E2,f (ϕ) =
1

2

∫
M

|τf (ϕ)|
2 vg.

A map is called f -biharmonic if it is a critical point of the f -bienergy functional.

The f -harmonic and f -biharmonic concept is a natural generalization of harmonic

maps (Eells and Sampson [8]), and biharmonic maps (Jiang [9]).

In mathematical physics, f -harmonic maps, are related to the equations of the

motion of a continuous system of spins (see [6]) and the gradient Ricci-soliton

structure (see [12]).

doi: 10.7546/jgsp-29-2013-65-81 65



66 Djaa Mustapha and Ahmed Cherif

In this paper, we investigate some properties for generalized f -harmonic and f -

biharmonic maps between two Riemannian manifolds. In particular we present

some new properties for the generalized stress f -energy tensor (Theorem 4) and

the divergence of the generalized stress f -bienergy (Theorem 8).

2. f -Harmonic Maps

Let ϕ : (M, g) −→ (N, h) be a smooth map between Riemannian manifolds and

let f : M ×N −→ (0,+∞) be a smooth positive function.

In particular, if ϕ : M −→ N has no critical points, i.e., |dxϕ| �= 0, then harmonic

maps, p-harmonic maps and F -harmonic map are f -harmonic map with f = 1,

f = |dϕ|p−2 and f = F ′( |dϕ|
2

2 ) respectively.

Let f1 : M −→ (0,∞) be a smooth positive function. If f(x, y) = f1(x) for

all (x, y) ∈ M × N , then τf (ϕ) = τf1(ϕ) = f1τ(ϕ) + dϕ(gradMf1). And

ϕ : M −→ N is f -harmonic if and only if it is f1-harmonic (see [11]).

A map ϕ : (M, g) −→ (N, h) between Riemannian manifolds is f -harmonic if it

satisfies the system of differential equation

gij
( ∂f

∂xi
+

∂ϕα

∂xi
∂f

∂yα

)∂ϕδ

∂xj
−

1

2
gij

∂ϕα

∂xi
∂ϕβ

∂xj
hαβh

γδ ∂f

∂yγ
= 0

for all δ = 1, ..., n.

The identity map Id : R
m −→ R

m is f -harmonic if it satisfies the system of

differential equation
∂f

∂xi
+

2−m

2

∂f

∂yi
= 0

for all i = 1, ...,m, where f ∈ C∞(Rm × R
m) is a smooth positive function.

Theorem 1. Let ϕ : M −→ N is a smooth map of two Riemannian manifolds and
let i : N ↪→ P be the inclusion map of a submanifold. Then ϕ is f -harmonic if
and only if τf (i ◦ϕ) is normal to N , where f ∈ C∞(M × P ) is a smooth positive
function.

Proof: The f -tension field of the composition i ◦ ϕ : M −→ P is given by

τf (i ◦ ϕ) = fi◦ϕτ(i ◦ ϕ) + di(dϕ(gradMfi◦ϕ))− e(i ◦ ϕ)(gradPf) ◦ i ◦ ϕ

where fi◦ϕ : M −→ (0,∞) defined by

fi◦ϕ(x) = f(x, i(ϕ(x))) = f(x, ϕ(x)) = fϕ(x)
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for all x ∈ M . Thus

τf (i ◦ ϕ) = fϕτ(i ◦ ϕ) + di(dϕ(gradMfϕ))− e(i ◦ ϕ)(gradPf) ◦ i ◦ ϕ.

The tension field of the composition i ◦ ϕ is given by

τ(i ◦ ϕ) = di(τ(ϕ)) + trace∇di(dϕ, dϕ)

and

τf (i ◦ ϕ) = fϕdi(τ(ϕ)) + fϕtrace∇di(dϕ, dϕ)

+di(dϕ(gradMfϕ))− e(i ◦ ϕ)(gradPf) ◦ i ◦ ϕ.

Since the energy density of i ◦ ϕ is e(ϕ)

(gradPf) ◦ i ◦ ϕ = di(gradNf) ◦ ϕ+ (gradPf)⊥ ◦ i ◦ ϕ (1)

where (gradP f)⊥(ϕ(x)) ∈ (Tϕ(x)N)⊥, for all x ∈ M , we obtain

τf (i ◦ ϕ) = fϕdi(τ(ϕ)) + fϕtrace∇di(dϕ, dϕ) + di(dϕ(gradMfϕ))

−e(ϕ)di(gradNf) ◦ ϕ− e(ϕ)(gradPf)⊥ ◦ i ◦ ϕ

= di(τf (ϕ)) + fϕtrace∇di(dϕ, dϕ)− e(ϕ)(gradPf)⊥ ◦ i ◦ ϕ.

Therefore

τf (i ◦ ϕ)− di(τf (ϕ)) = fϕtrace∇di(dϕ, dϕ)− e(ϕ)(gradPf)⊥ ◦ i ◦ ϕ (2)

is normal to N . �

In particular, if f = 1, let ϕ : M −→ N is a smooth map of two Riemannian

manifolds and let i : N ↪→ P be the inclusion map of a submanifold. Then ϕ is

harmonic if and only if τ(i ◦ ϕ) is normal to N (see [1]).

3. f -Biharmonic Maps

Let f : M × N −→ (0,+∞) be a smooth positive function. An f -biharmonic

map ϕ : (M, g) −→ (N, h) is the critical point of the f -bienergy functional

E2,f (ϕ) =
1

2

∫
M

|τf (ϕ)|
2 vg. (3)

In terms of Euler-Lagrange equation, ϕ is f -biharmonic if and only if the f -

bitension field of ϕ is given by (see [5])

τ2,f (ϕ) = −fϕtracegR
N(τf (ϕ), dϕ)dϕ− traceg∇

ϕfϕ∇
ϕτf (ϕ) (4)

+e(ϕ)(∇N
τf (ϕ)

gradNf) ◦ ϕ− dϕ(gradMτf (ϕ)(f))

−τf (ϕ)(f)τ(ϕ) + 〈∇ϕτf (ϕ), dϕ〉(grad
Nf) ◦ ϕ = 0
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where 〈 , 〉 is the inner product on T ∗M ⊗ϕ−1TN and RN is the curvature tensor

of N .

In particular, if f = 1, we have

τ2,f (ϕ) = τ2(ϕ) = −tracegR
N(τ(ϕ), dϕ)dϕ− traceg(∇

ϕ)2τ(ϕ) (5)

is the natural bi-tension field of ϕ.

Let f1 : M −→ (0,∞) be a smooth positive function. If f(x, y) = f1(x) for all

(x, y) ∈ M ×N , then

τ2,f (ϕ) = τ2,f1(ϕ) = −f1tracegR
N(τf1(ϕ), dϕ)dϕ

(6)
−traceg∇

ϕf1∇
ϕτf1(ϕ)

where τf1(ϕ) = f1τ(ϕ) + dϕ(gradMf1) (see [11]). By applying the similar tech-

niques as [3] we can derive the following theorem.

Theorem 2. If ϕ : (M, g) −→ (N, h) is a f -biharmonic map from a compact Rie-
mannian manifold M into a Riemannian manifold N with non-positive curvature
satisfying

fϕtraceg∇
ϕ∇ϕτf (ϕ)− traceg∇

ϕfϕ∇
ϕτf (ϕ)

+ e(ϕ)(∇N
τf (ϕ)

gradNf) ◦ ϕ− dϕ(gradMτf (ϕ)(f))

− τf (ϕ)(f)τ(ϕ) + 〈∇ϕτf (ϕ), dϕ〉(grad
Nf) ◦ ϕ ≥ 0 (7)

(gradNf) ◦ ϕ ≥ 0 (8)

then ϕ is f -harmonic.

Proof: Since ϕ : (M, g) −→ (N, h) is f -biharmonic it follows from (4) that

− fϕtracegR
N(τf (ϕ), dϕ)dϕ− traceg∇

ϕfϕ∇
ϕτf (ϕ)

+ e(ϕ)(∇N
τf (ϕ)

gradNf) ◦ ϕ− dϕ(gradMτf (ϕ)(f))

− τf (ϕ)(f)τ(ϕ) + 〈∇ϕτf (ϕ), dϕ〉(grad
Nf) ◦ ϕ = 0. (9)

Fix a point x ∈ M and let {ei}
m
i=1 be an orthonormal frame with respect to g on

M , such that ∇M
ei
ej = 0, at x for all i, j = 1, ...,m.

A calculation at x

1

2
fϕΔ(|τf (ϕ)|

2) =
1

2
fϕei(ei(h(τf (ϕ), τf (ϕ)))) = fϕei(h(∇

ϕ
ei
τf (ϕ), τf (ϕ)))

= fϕh(∇
ϕ
ei
∇ϕ

ei
τf (ϕ), τf (ϕ)) + fϕh(∇

ϕ
ei
τf (ϕ),∇

ϕ
ei
τf (ϕ))
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and taking into account (9), we have

1

2
fϕΔ(|τf (ϕ)|

2) = fϕh(∇
ϕ
ei
∇ϕ

ei
τf (ϕ), τf (ϕ)) + fϕh(∇

ϕ
ei
τf (ϕ),∇

ϕ
ei
τf (ϕ))

−fϕh(tracegR
N(τf (ϕ), dϕ)dϕ, τf (ϕ))

−h(traceg∇
ϕfϕ∇

ϕτf (ϕ), τf (ϕ))

+e(ϕ)h((∇N
τf (ϕ)

gradNf) ◦ ϕ, τf (ϕ))

−h(dϕ(gradMτf (ϕ)(f)), τf (ϕ))

−τf (ϕ)(f)h(τ(ϕ), τf (ϕ))

+〈∇ϕτf (ϕ), dϕ〉h((grad
Nf) ◦ ϕ, τf (ϕ)).

By (7), f > 0 and RN ≤ 0 one obtains

Δ(|τf (ϕ)|
2) ≥ 0. (10)

By the Green’s theorem ∫
M

Δ(|τf (ϕ)|
2)vg = 0 (11)

and (10), we have also

Δ(|τf (ϕ)|
2) = 0 (12)

and finally

∇ϕ
ei
τf (ϕ) = 0, i = 1, ...,m. (13)

Now using the identity

div(fϕh(dϕ, τf (ϕ)) = |τf (ϕ)|
2 + e(ϕ)h((gradNf) ◦ ϕ, τf (ϕ))

+fϕh(dϕ(ei),∇
ϕ
ei
τf (ϕ))

and after integration, we conclude∫
M

|τf (ϕ)|
2 vg = −

∫
M

e(ϕ)h((gradNf) ◦ ϕ, τf (ϕ)) vg. (14)

By (8) and (14), we obtain ∫
M

|τf (ϕ)|
2 vg ≤ 0

then, τf (ϕ) = 0, i.e. ϕ is f -harmonic. �

In particular, if f = 1. A smooth map ϕ : (M, g) −→ (N, h) from a compact Rie-

mannian manifold M into a Riemannian manifold N with non-positive curvature

is biharmonic if and only if it is harmonic (see [9]).
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Let f1 : M −→ (0,∞) be a smooth positive function, f(x, y) = f1(x) for all

(x, y) ∈ M × N . If ϕ : (M, g) −→ (N, h) is a f1-biharmonic map from a com-

pact Riemannian manifold M into a Riemannian manifold N with non-positive

curvature satisfying

f1traceg∇
ϕ∇ϕτf1(ϕ)− traceg∇

ϕf1∇
ϕτf1(ϕ) ≥ 0

then ϕ is f1-harmonic (see [3]).

Theorem 3 ([3]) If τf (ϕ) is a Jacobi field for a smooth map ϕ : M −→ N of
two Riemannian manifolds, and ψ : N −→ P is a totally geodesic map of two
Riemannian manifolds, satisfying

e(ϕ) dψ(gradNf) ◦ ϕ = e(ψ ◦ ϕ)(gradPf̃) ◦ ψ ◦ ϕ (15)

then τf̃ (ψ ◦ ϕ) is a Jacobi field. Where f̃ ∈ C∞(M × P ) be a smooth positive

function and f ∈ C∞(M × N) defined by f(x, y) = f̃(x, ψ(y)) for all (x, y) ∈
M ×N .

Proof: The f̃ -tension field of the composition ψ ◦ ϕ : M −→ P is given by

τf̃ (ψ ◦ ϕ) = f̃ψ◦ϕτ(ψ ◦ ϕ) + dψ(dϕ(gradMf̃ψ◦ϕ))− e(ψ ◦ ϕ)(gradPf̃) ◦ ψ ◦ ϕ

where f̃ψ◦ϕ : M −→ (0,∞) given by

f̃ψ◦ϕ(x) = f̃(x, ψ(ϕ(x))) = f(x, ϕ(x)) = fϕ(x)

for all x ∈ M . So that

τf̃ (ψ ◦ ϕ) = fϕτ(ψ ◦ ϕ) + dψ(dϕ(gradMfϕ))− e(ψ ◦ ϕ)(gradPf̃) ◦ ψ ◦ ϕ.

The tension field of the composition ψ ◦ ϕ is given by

τ(ψ ◦ ϕ) = dψ(τ(ϕ)) + trace∇dψ(dϕ, dϕ)

(see [1]). So

τf̃ (ψ ◦ ϕ) = fϕdψ(τ(ϕ)) + fϕtrace∇dψ(dϕ, dϕ)

+dψ(dϕ(gradMfϕ))− e(ψ ◦ ϕ)(gradPf̃) ◦ ψ ◦ ϕ.

Let τf (ϕ) = fϕτ(ϕ) + dϕ(gradMfϕ) − e(ϕ)(gradNf) ◦ ϕ the f -tension field of

ϕ, then we have

τf̃ (ψ ◦ ϕ) = dψ(τf (ϕ)) + fϕtrace∇dψ(dϕ, dϕ)

+e(ϕ)dψ(gradNf) ◦ ϕ− e(ψ ◦ ϕ)(gradPf̃) ◦ ψ ◦ ϕ.
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Since ψ is totally geodesic and by (15), we have τf̃ (ψ ◦ ϕ) = dψ(τf (ϕ)). Fix a

point x ∈ M and let {ei}i be an orthonormal frame on M , such that ∇M
ei
ej = 0,

at x for all i, j. The calculating at x

traceRP (τf̃ (ψ ◦ ϕ), d(ψ ◦ ϕ))d(ψ ◦ ϕ)

= RP (dψ(τf (ϕ)), dψ(dϕ(ei)))dψ(dϕ(ei))

= dψ(RN(τf (ϕ), dϕ(ei))dϕ(ei)). (16)

trace(∇ψ◦ϕ)2τf̃ (ψ ◦ ϕ) = ∇ψ◦ϕ
ei

∇ψ◦ϕ
ei

dψ(τf (ϕ)) (17)

we derive

∇ψ◦ϕ
ei

dψ(τf (ϕ)) = ∇ψ◦ϕ
ei

dψ(τf (ϕ)) = ∇ψ
dϕ(ei)

dψ(τf (ϕ))

= ∇dψ(dϕ(ei), τf (ϕ)) + dψ(∇ϕ
ei
τf (ϕ)) = dψ(∇ϕ

ei
τf (ϕ))

since ψ is totally geodesic. By (17) and (18), we have

trace(∇ψ◦ϕ)2τf̃ (ψ ◦ ϕ) = ∇ψ◦ϕ
ei

dψ(∇ϕ
ei
τf (ϕ)) = dψ(∇ϕ

ei
∇ϕ

ei
τf (ϕ)). (18)

By (16) and (18) we obtain

traceRP (τf̃ (ψ ◦ ϕ), d(ψ ◦ ϕ))d(ψ ◦ ϕ) + trace (∇ψ◦ϕ)2τf̃ (ψ ◦ ϕ)

= dψ
(
traceRN(τf (ϕ), dϕ)dϕ + trace (∇ϕ)2τf (ϕ)

)
.

Consequently, if τf (ϕ) is a Jacobi field, then τf̃ (ψ ◦ ϕ) is a Jacobi field. �

In particular, if f̃ = 1, let ϕ : M −→ N is a biharmonic map between two Rie-

mannian manifolds and ψ : N −→ P is totally geodesic between two Riemannian

manifolds, then ψ ◦ ϕ is a biharmonic map (Chiang and Sun [4]).

Let f1 : M −→ (0,∞) be a smooth positive function, f̃(x, z) = f1(x) for all

(x, z) ∈ M × P . If τf1(ϕ) is a Jacobi field for a smooth map ϕ : M −→ N of

two Riemannian manifolds, and ψ : N −→ P is a totally geodesic map of two

Riemannian manifolds, then τf1(ψ ◦ ϕ) is a Jacobi field (Chiang [3]).

4. Stress f -Energy Tensors

Let ϕ : (M, g) −→ (N, h) be a smooth map between two Riemannian manifolds

and let f ∈ C∞(M ×N) be a smooth positive function. Consider a smooth one-

parameter variation of the metric g, i.e. a smooth family of metrics (gt) (−ε <
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t < ε) such that g0 = g. Write δ = ∂
∂t

∣∣∣
t=0

, then δg ∈ Γ(�2T ∗M) is a symmetric

two-covariant tensor field on M . Consider the f -energy functional

Ef (ϕ) =
1

2

∫
M

f(x, ϕ(x)) |dϕ|2 vg.

Take local coordinates (xi) on M , and write the metric on M in the usual way as

gt = gij(t, x) dx
i dxj . We now compute

d

dt
Ef (ϕ)

∣∣∣
t=0

=
1

2

∫
M

f(x, ϕ(x)) δ(|dϕ|2)vg +
1

2

∫
M

f(x, ϕ(x)) |dϕ|2δ(vgt).

Since

δ(vgt) =
1

2
〈g, δg〉vg (19)

and ϕ∗h is the pull-back of the metric h, then

δ
( |dϕ|2

2

)
= −

1

2
〈ϕ∗h, δg〉 (20)

where 〈 , 〉 is the induced Riemannian metric on ⊗2T ∗M . So one ends with

d

dt
Ef (ϕ)

∣∣∣
t=0

=
1

2

∫
M

〈fϕ e(ϕ) g − fϕ ϕ∗h, δg〉 vg

where fϕ : M −→ (0,∞) is a smooth function defined by fϕ(x) = f(x, ϕ(x)) for

all x ∈ M and e(ϕ) = 1
2 |dϕ|

2 is the energy density of ϕ. Then the stress f -energy

tensor of the smooth map ϕ : (M, g) −→ (N, h) is defined by

Sf (ϕ) = fϕ e(ϕ) g − fϕ ϕ∗h. (21)

In particular, if f = 1. Then the stress f -energy tensor of the smooth map

ϕ : (M, g) −→ (N, h) between two Riemannian manifolds is given by

Sf (ϕ) = S(ϕ) = e(ϕ) g − ϕ∗h.

Let f1 : M −→ (0,∞) be a smooth positive function if f(x, y) = f1(x) for

all (x, y) ∈ M × N . Then the stress f -energy tensor of the smooth map ϕ :
(M, g) −→ (N, h) between two Riemannian manifolds given by (see [11])

Sf (ϕ) = Sf1(ϕ) = f1 e(ϕ) g − f1 ϕ
∗h.

Theorem 4. Let ϕ : (M, g) −→ (N, h) be a smooth map between two Riemannian
manifolds. Then

div Sf (ϕ) = −h(τf (ϕ), dϕ) + e(ϕ)
(
dfϕ − h((gradNf) ◦ ϕ, dϕ)

)
.
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Proof: Calculating in a normal frame at x we have

Sf (ϕ)(ei, ej) =
1

2
fϕh(dϕ(ek), dϕ(ek))δij − fϕh(dϕ(ei), dϕ(ej))

and further on

(divSf (ϕ))(ej) = ei(Sf (ϕ)(ei, ej)) =
1

2
ei(fϕ)h(dϕ(ek), dϕ(ek))δij

+
1

2
fϕei(h(dϕ(ek), dϕ(ek)))δij

−ei(fϕ)h(dϕ(ei), dϕ(ej))− fϕei(h(dϕ(ei), dϕ(ej)))

= e(ϕ)dfϕ(ej) + fϕh(∇
ϕ
ej
dϕ(ek), dϕ(ek))

−h(dϕ(gradMfϕ), dϕ(ej))− fϕh(τ(ϕ), dϕ(ej))

−fϕh(dϕ(ei),∇
ϕ
ei
dϕ(ej)).

Since the second fundamental is symmetry we obtain

(divSf (ϕ))(ej) = e(ϕ)dfϕ(ej)−h(dϕ(gradMfϕ), dϕ(ej))−fϕh(τ(ϕ), dϕ(ej)).

Let τf (ϕ) = fϕτ(ϕ) + dϕ(gradMfϕ) − e(ϕ)(gradNf) ◦ ϕ be the f -tension field

of ϕ, then we have

(divSf (ϕ))(ej) = e(ϕ)dfϕ(ej)− h(τf (ϕ), dϕ(ej))

− e(ϕ)h((gradNf) ◦ ϕ, dϕ(ej)).

�

In particular, if f = 1. Let ϕ : (M, g) −→ (N, h) be a smooth map between two

Riemannian manifolds. Then

divSf (ϕ) = divS(ϕ) = −h(τ(ϕ), dϕ).

Let f1 : M −→ (0,∞) be a smooth positive function if f(x, y) = f1(x) for all

(x, y) ∈ M × N . Let ϕ : (M, g) −→ (N, h) be a smooth map between two

Riemannian manifolds. Then

divSf (ϕ) = divSf1(ϕ) = −h(τf1(ϕ), dϕ) + e(ϕ)df1.

5. Stress f -Bienergy Tensors

Let ϕ : (M, g) −→ (N, h) be a smooth map between two Riemannian manifolds

and let f ∈ C∞(M × N) be a smooth positive function. Consider a smooth
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one-parameter variation (gt) of the metric g. Write δ = ∂
∂t

∣∣∣
t=0

. Consider the

f -bienergy functional

E2,f (ϕ) =
1

2

∫
M

|τf (ϕ)|
2vg.

Take local coordinates (xi) on M , and write the metric on M in the usual way as

gt = gij(t, x) dx
i dxj . We have

d

dt
E2,f (ϕ)

∣∣∣
t=0

=
1

2

∫
M

δ(|τf (ϕ)|
2)vg +

1

2

∫
M

|τf (ϕ)|
2δ(vgt).

The calculation of the first term breaks down in three lemmas.

Lemma 5. The vector field ξ =
(
div(δg)

)�
− 1

2grad
M
(
trace(δg)

)
satisfies

δ(|τf (ϕ)|
2) = −2fϕ〈h(∇dϕ, τf (ϕ)), δg〉 − 2fϕh(dϕ(ξ), τf (ϕ))

−2〈dfϕ � h(dϕ, τf (ϕ)), δg〉+ τf (ϕ)(f)〈ϕ
∗h, δg〉.

Proof: In local coordinates (xi) on M and (yα) on N it is true that

δ(|τf (ϕ)|
2) = δ

(
τf (ϕ)

ατf (ϕ)
βhαβ

)
= 2 δ(τf (ϕ)

α)τf (ϕ)
βhαβ .

Now we have also

δ(τf (ϕ)
α) = δ

(
fϕτ(ϕ)

α + θα − ηα
)
= fϕ δ(τ(ϕ)α) + δ(θα)− δ(ηα) (22)

where

τ(ϕ)α = gij
(
ϕα
i,j +

NΓα
μσϕ

μ
i ϕ

σ
j −MΓk

ijϕ
α
k

)
θα = gij(fϕ)iϕ

α
j , ηα = e(ϕ)hαμfμ.

By [10] we have

δ(τ(ϕ)α) = −gaigbjδ(gab)(∇dϕ)αij − ξkϕα
k

then the first term in the right-hand side of (22) is

fϕ δ(τ(ϕ)α) = −fϕg
aigbjδ(gab)(∇dϕ)αij − fϕξ

kϕα
k .

The second term on the right-hand side of (22) is

δ(θα) = δ(gij)(fϕ)iϕ
α
j .
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By (20) the third term on the right-hand side of (22) is

−δ(ηα) = −δ(e(ϕ))hαμfμ =
1

2
〈ϕ∗h, δg〉hαμfμ.

Finally we have

δ(τf (ϕ)
α) = −fϕg

aigbjδ(gab)(∇dϕ)αij − fϕξ
kϕα

k

+ δ(gij)(fϕ)iϕ
α
i +

1

2
〈ϕ∗h, δg〉hαμfμ

and

δ(|τf (ϕ)|
2) = −2fϕg

aigbjδ(gab)(∇dϕ)αijτf (ϕ)
βhαβ − 2fϕξ

kϕα
k τf (ϕ)

βhαβ

+2δ(gij)(fϕ)iϕ
α
j τf (ϕ)

βhαβ + 〈ϕ∗h, δg〉hαμfμτf (ϕ)
βhαβ

= −2fϕ〈h(∇dϕ, τf (ϕ)), δg〉 − 2fϕh(dϕ(ξ), τf (ϕ))

−2〈dfϕ � h(dϕ, τf (ϕ)), δg〉+ τf (ϕ)(f)〈ϕ
∗h, δg〉.

�

Lemma 6.∫
M

fϕh(dϕ(ξ), τf (ϕ))vg =

∫
M

〈− sym
(
∇fϕh(dϕ, τf (ϕ))

)
+
1

2
div

(
fϕh(dϕ, τf (ϕ))

�
)
g, δg〉 vg.

Proof: Let ω = fϕ h(dϕ, τf (ϕ)), by the definition of ξ∫
M

ω(ξ)vg =

∫
M

ω
(
(div(δg))�

)
vg −

1

2

∫
M

ω
(
grad(trace(δg))

)
vg (23)

the first term on the right-hand side of (23) is∫
M

ω
(
(div(δg))�

)
vg =

∫
M

g(ω�, (div(δg))�)vg

=

∫
M

g∗(ω, div(δg))vg.

(Here g∗ denote the Riemannian metric on T ∗M ).

On the other hand, if σ ∈ Γ(⊗2T ∗M) and C(ω, σ) = ωiσijdx
j , we have

g∗(ω, div σ) = div(C(ω, σ)�)− 〈sym(∇ω), σ〉. (24)
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Applying (24) to σ = δg, we have∫
M

ω
(
(div(δg))�

)
vg = −

∫
M

〈sym(∇ω), δg〉.

If λ ∈ C∞(M), we have

ω(gradMλ) = g∗(ω, dλ). (25)

Applying (25) to λ = trace(δg), then the second term on the right-hand side of

(23) is

−
1

2

∫
M

ω
(
grad(trace(δg))

)
vg = −

1

2

∫
M

g∗(ω, d(trace(δg)))vg

= −
1

2

∫
M

g(ω�, gradM (trace(δg)))vg

=
1

2

∫
M

trace(δg) div(ω�)vg

=
1

2

∫
M

〈div(ω�)g, δg〉vg.

�

Theorem 7. Let ϕ : (M, g) −→ (N, h) be a smooth map and let {gt} be a one
parameter variation of g. Then

d

dt
E2,f (ϕ)

∣∣∣
t=0

=
1

2

∫
M

〈S2,f (ϕ), δg〉 vg

where S2,f (ϕ) ∈ Γ(�2T ∗M) is given by

S2,f (ϕ)(X,Y ) = −
1

2
|τf (ϕ)|

2g(X,Y )− fϕ〈dϕ,∇
ϕτf (ϕ)〉g(X,Y )

+fϕh(dϕ(X),∇ϕ
Y τf (ϕ)) + fϕh(dϕ(Y ),∇ϕ

Xτf (ϕ))

−τf (ϕ)(f)
(
e(ϕ)g(X,Y )− h(dϕ(X), dϕ(Y ))

)
.

Proof: By Lemma 5 and (20), we have

d

dt
E2,f (ϕ)

∣∣∣
t=0

=
1

2

∫
M

δ(|τf (ϕ)|
2)vg +

1

2

∫
M

|τf (ϕ)|
2δ(vgt)

=
1

2

∫
M

(
− 2fϕ〈h(∇dϕ, τf (ϕ)), δg〉 − 2fϕh(dϕ(ξ), τf (ϕ))

−2〈dfϕ � h(dϕ, τf (ϕ)), δg〉+ τf (ϕ)(f)〈ϕ
∗h, δg〉

)
vg

+
1

2

∫
M

〈
1

2
|τf (ϕ)|

2g, δg〉vg
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and by Lemma 6, we obtain

d

dt
E2,f (ϕ)

∣∣∣
t=0

=
1

2

∫
M

(
− 2fϕ〈h(∇dϕ, τf (ϕ)), δg〉+ 〈2 sym

(
∇fϕh(dϕ, τf (ϕ))

)
− div

(
fϕh(dϕ, τf (ϕ))

�
)
g, δg〉 − 2〈dfϕ � h(dϕ, τf (ϕ)), δg〉

+τf (ϕ)(f)〈ϕ
∗h, δg〉

)
vg +

1

2

∫
M

〈
1

2
|τf (ϕ)|

2g, δg〉vg.

So that

S2,f (ϕ) = −2fϕh(∇dϕ, τf (ϕ)) + 2 sym
(
∇fϕh(dϕ, τf (ϕ))

)
− div

(
fϕh(dϕ, τf (ϕ))

�
)
g − 2dfϕ � h(dϕ, τf (ϕ))

+τf (ϕ)(f)ϕ
∗h+

1

2
|τf (ϕ)|

2g.

For all X,Y ∈ Γ(TM), we have

2 sym
(
∇fϕh(dϕ, τf (ϕ))

)
(X,Y ) = 2fϕh(∇dϕ(X,Y ), τf (ϕ))

+fϕh(dϕ(X),∇ϕ
Y τf (ϕ))

+fϕh(dϕ(Y ),∇ϕ
Xτf (ϕ))

+X(fϕ)h(dϕ(Y ), τf (ϕ))

+Y (fϕ)h(dϕ(X), τf (ϕ)),

−2dfϕ � h(dϕ, τf (ϕ))(X,Y ) = −X(fϕ)h(dϕ(Y ), τf (ϕ))

−Y (fϕ)h(dϕ(X), τf (ϕ)).

Calculating in a normal frame at x we have

div
(
fϕh(dϕ, τf (ϕ))

�
)
= ei(g(fϕh(dϕ, τf (ϕ))

�, ei))

= ei(fϕh(dϕ(ei), τf (ϕ)))

= ei(fϕ)h(dϕ(ei), τf (ϕ)) + fϕh(∇
ϕ
ei
dϕ(ei), τf (ϕ))

+fϕh(dϕ(ei),∇
ϕ
ei
τf (ϕ))

= h(dϕ(gradMfϕ), τf (ϕ)) + fϕh(τ(ϕ), τf (ϕ))

+fϕ〈dϕ,∇
ϕτf (ϕ)〉.

Let τf (ϕ) = fϕτ(ϕ) + dϕ(gradMfϕ) − e(ϕ)(gradNf) ◦ ϕ be the f -tension field

of ϕ. So

div
(
fϕh(dϕ, τf (ϕ))

�
)
= |τf (ϕ)|

2 + e(ϕ)τf (ϕ)(f) + fϕ〈dϕ,∇
ϕτf (ϕ)〉.
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�

In particular, if f = 1. Then the stress f -bienergy tensor of the smooth map

ϕ : (M, g) −→ (N, h) between two Riemannian manifolds is given by (see [10])

S2,f (ϕ)(X,Y ) = S2(ϕ)(X,Y )

= −
1

2
|τ(ϕ)|2g(X,Y )− 〈dϕ,∇ϕτ(ϕ)〉g(X,Y )

+h(dϕ(X),∇ϕ
Y τ(ϕ)) + h(dϕ(Y ),∇ϕ

Xτ(ϕ)).

Let f1 : M −→ (0,∞) be a smooth positive function if f(x, y) = f1(x) for

all (x, y) ∈ M × N . Then the stress f -bienergy tensor of the smooth map ϕ :
(M, g) −→ (N, h) between two Riemannian manifolds given by

S2,f (ϕ)(X,Y ) = S2,f1(ϕ)(X,Y )

= −
1

2
|τf1(ϕ)|

2g(X,Y )− f1〈dϕ,∇
ϕτf1(ϕ)〉g(X,Y )

+f1h(dϕ(X),∇ϕ
Y τf1(ϕ)) + f1h(dϕ(Y ),∇ϕ

Xτf1(ϕ)).

Theorem 8. For any smooth map ϕ : (M, g) −→ (N, h) between two Riemannian
manifolds, we have

divS2,f (ϕ) = −h(τ2,f (ϕ), dϕ)− 〈∇ϕτf (ϕ), dϕ〉
(
dfϕ − h((gradNf) ◦ ϕ, dϕ)

)
.

Proof: Write S2,f (ϕ) = T1+T2+T3, where T1, T2, T3 ∈ Γ(�2T ∗M) are defined

by

T1(X,Y ) = −
1

2
|τf (ϕ)|

2g(X,Y )− fϕ〈dϕ,∇
ϕτf (ϕ)〉g(X,Y )

T2(X,Y ) = fϕh(dϕ(X),∇ϕ
Y τf (ϕ)) + fϕh(dϕ(Y ),∇ϕ

Xτf (ϕ))

T3(X,Y ) = −τf (ϕ)(f)
(
e(ϕ)g(X,Y )− h(dϕ(X), dϕ(Y ))

)
.

Calculating in a normal frame at x ∈ M we have

(div T1)(ej) = ei(T1(ei, ej)) = ei
(
−

1

2
|τf (ϕ)|

2δij − fϕ〈dϕ,∇
ϕτf (ϕ)〉δij

)
= −h(∇ϕ

ej
τf (ϕ), τf (ϕ))− ej(fϕ)〈dϕ,∇

ϕτf (ϕ)〉

−fϕej(〈dϕ,∇
ϕτf (ϕ)〉)

= −h(∇ϕ
ej
τf (ϕ), τf (ϕ))− ej(fϕ)〈dϕ,∇

ϕτf (ϕ)〉

−fϕh(∇
ϕ
ej
dϕ(ei),∇

ϕ
ei
τf (ϕ))− fϕh(dϕ(ei),∇

ϕ
ej
∇ϕ

ei
τf (ϕ))
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(div T2)(ej) = ei(T2(ei, ej))

= ei
(
fϕh(dϕ(ei),∇

ϕ
ej
τf (ϕ)) + fϕh(dϕ(ej),∇

ϕ
ei
τf (ϕ))

)
= ei(fϕ)h(dϕ(ei),∇

ϕ
ej
τf (ϕ)) + fϕh(∇

ϕ
ei
dϕ(ei),∇

ϕ
ej
τf (ϕ))

+fϕh(dϕ(ei),∇
ϕ
ei
∇ϕ

ej
τf (ϕ)) + ei(fϕ)h(dϕ(ej),∇

ϕ
ei
τf (ϕ))

)
+fϕh(∇

ϕ
ei
dϕ(ej),∇

ϕ
ei
τf (ϕ)) + fϕh(dϕ(ej),∇

ϕ
ei
∇ϕ

ei
τf (ϕ))

= h(dϕ(gradMfϕ),∇
ϕ
ej
τf (ϕ)) + fϕh(τ(ϕ),∇

ϕ
ej
τf (ϕ))

+fϕh(dϕ(ei),∇
ϕ
ei
∇ϕ

ej
τf (ϕ)) + h(dϕ(ej), traceg∇

ϕfϕ∇
ϕτf (ϕ))

+fϕh(∇
ϕ
ei
dϕ(ej),∇

ϕ
ei
τf (ϕ))

= h(τf (ϕ),∇
ϕ
ej
τf (ϕ)) + h(e(ϕ)(gradNf) ◦ ϕ,∇ϕ

ej
τf (ϕ))

+fϕh(dϕ(ei),∇
ϕ
ei
∇ϕ

ej
τf (ϕ)) + h(dϕ(ej), traceg∇

ϕfϕ∇
ϕτf (ϕ))

+fϕh(∇
ϕ
ei
dϕ(ej),∇

ϕ
ei
τf (ϕ))

= h(τf (ϕ),∇
ϕ
ej
τf (ϕ)) + e(ϕ)ej(τf (ϕ)(f))

−e(ϕ)h(∇ϕ
τf (ϕ)

gradNf, dϕ(ej)) + fϕh(dϕ(ei),∇
ϕ
ei
∇ϕ

ej
τf (ϕ))

+h(dϕ(ej), traceg∇
ϕfϕ∇

ϕτf (ϕ)) + fϕh(∇
ϕ
ei
dϕ(ej),∇

ϕ
ei
τf (ϕ))

(div T3)(ej) = ei(T3(ei, ej))

= ei
(
− τf (ϕ)(f)e(ϕ)δij + τf (ϕ)(f)h(dϕ(ei), dϕ(ej))

)
= −ej(τf (ϕ)(f))e(ϕ)− τf (ϕ)(f)ej(e(ϕ))

+ei(τf (ϕ)(f))h(dϕ(ei), dϕ(ej))

+τf (ϕ)(f)h(∇
ϕ
ei
dϕ(ei), dϕ(ej))

+τf (ϕ)(f)h(dϕ(ei),∇
ϕ
ei
dϕ(ej))

= −ej(τf (ϕ)(f))e(ϕ)− τf (ϕ)(f)ej(e(ϕ))

+h(dϕ(gradMτf (ϕ)(f)), dϕ(ej)) + τf (ϕ)(f)h(τ(ϕ), dϕ(ej))

+τf (ϕ)(f)h(dϕ(ei),∇
ϕ
ei
dϕ(ej)).

�

In particular, if f = 1. Let ϕ : (M, g) −→ (N, h) be a smooth map between two

Riemannian manifolds. Then (see [10])

divS2,f (ϕ) = divS2(ϕ) = −h(τ2(ϕ), dϕ).

Let f1 : M −→ (0,∞) be a smooth positive function if f(x, y) = f1(x) for

all (x, y) ∈ M × N . Let ϕ : (M, g) −→ (N, h) is a smooth map between two

Riemannian manifolds. Then

divS2,f (ϕ) = divS2,f1(ϕ) = −h(τ2,f1(ϕ), dϕ)− 〈∇ϕτf1(ϕ), dϕ〉df1
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and we recover the result in [11].
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