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RATIONAL CURVES ON COMPACT KAHLER
MANIFOLDS
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Abstract

Mori’s theorem yields the existence of rational curves on pro-
jective manifolds such that the canonical bundle is not nef. In this
paper we study compact Kahler manifolds such that the canonical
bundle is pseudoeffective, but not nef. We present an inductive ar-
gument for the existence of rational curves that uses neither defor-
mation theory nor reduction to positive characteristic. The main
tool for this inductive strategy is a weak subadjunction formula for
log-canonical centres associated to certain big cohomology classes.

1. Introduction

1.1. Main results. Rational curves have played an important role in
the classification theory of projective manifolds ever since Mori showed
that they appear as a geometric obstruction to the nefness of the canon-
ical bundle.

Theorem 1.1 ([38, 39]). Let X be a complex projective manifold
such that the canonical bundle Kx is not nef. Then there exists a ra-
tional curve C C X such that Kx - C < 0.

This statement was recently generalised to compact Kéhler manifolds
of dimension three [29], but the proof makes crucial use of results on
deformation theory of curves on threefolds which are not available in
higher dimension. Mori’s proof uses a reduction to positive character-
istic in an essential way and thus does not adapt to the more general
analytic setting. The aim of this paper is to develop a completely differ-
ent, inductive approach to the existence of rational curves. Our starting
point is the following

Conjecture 1.2. Let X be a compact Kéhler manifold. Then the
canonical class Kx is pseudoeffective if and only if X is not uniruled
(i.e. not covered by rational curves).

Key words and phrases. MMP, minimal model program, rational curves, Kahler
manifolds, relative adjoint classes, subadjunction.
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This conjecture is shown for projective manifolds in [37, 9] and it is
also known in dimension three by a theorem of Brunella [10] using his
theory of rank one foliations. Our main result is as follows:

Theorem 1.3. Let X be a compact Kahler manifold of dimension n.
Suppose that Conjecture 1.2 holds for all manifolds of dimension at most
n— 1. If Kx is pseudoeffective but not nef, there exists a Kx-negative
rational curve f: Pt — X.

Our statement is actually a bit more precise: the K x-negative ra-
tional curve has zero intersection with a cohomology class that is nef
and big, so the class of the curve lies in an extremal face of the (gener-
alised) Mori cone. Theorem 1.3 is thus a first step towards a cone and
contraction theorem for Kéahler manifolds of arbitrary dimension.

In low dimension we can combine our theorem with Brunella’s result:

Corollary 1.4. Let X be a compact Kdahler manifold of dimension
at most four. If Kx is pseudoeffective but not nef, there exists a Kx-
negative rational curve f : Pl — X

1.2. The strategy. The idea of the proof is quite natural and inspired
by well-known results of the minimal model program: let X be a com-
pact Kahler manifold such that Kx is pseudoeffective but not nef. We
choose a Kahler class w such that a := Kx + w is nef and big but not
Kahler. If we suppose that X is projective and w is an R-divisor class
we know by the base point free theorem [25, Thm. 7.1] that there exists
a morphism

w:X = X'

such that o = p*w’ with o’ an ample R-divisor class on X’. Since «
is big the morphism g is birational, and we denote by Z an irreducible
component of its exceptional locus. A general fibre of Z — u(Z) has
positive dimension and is covered by rational curves, in particular Z
is uniruled. More precisely, denote by k£ € N the dimension of u(Z2).
Since a = p*w’ we have (a|z)**1 = 0 and (a|z)* is represented by some
multiple of F' where F' is an irreducible component of a general fibre
of Z — u(Z). Since F' is an irreducible component of a p-fibre the
conormal sheaf is “semipositive”, so we expect that

(1) K ,W*wuiwimZ—k—l < T Kx|p- ﬂ*w’c}imz—k—1,

where 7 : F/ — F is a desingularisation of F. Since «|p is trivial and
Kx = a — w we see that the right hand side is negative, in particular
K is not pseudoeffective. Thus we can apply [37, 9] to F’ and obtain
that F' is uniruled. Since F'is general we obtain that Z is uniruled. The
key idea of our approach is to prove a numerical analogue of (1) that
does not assume the existence of the contraction.
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Indeed if X is Kéhler we are far from knowing the existence of a
contraction. However, we can still consider the null-locus

Null(a) = U Z.

[z alg™#=0

It is easy to see that if a contraction theorem holds also in the Kéhler
setting, then the null-locus is exactly the exceptional locus of the bimero-
morphic contraction. We will prove that at least one of the irreducible
components Z C Null(a) is covered by a-trivial rational curves: let
m: Z' — Z be a desingularisation, and let k£ be the numerical dimen-
sion of a7 (cf. Definition 2.5). We will prove that

(2) Ky - 7r*oc|]§ . 7r*w|%imz_k_1 <7'Kxl|z- 77*041% ) 7r*w|%imz_k—1'

Note that the right hand side is negative, so Conjecture 1.2 yields the
existence of rational curves. Recall also that if the contraction u ex-
ists, then 7r*04|’% is a multiple of a general fibre, so this inequality is a
refinement of (1). The inequality (2) follows from a more general weak
subadjunction formula for maximal lc centres (cf. Definition 4.4) of the
pair (X, ca) (for some real number ¢ > 0) which we will explain in the
next section. The idea of seeing the irreducible components of the null
locus as an lc centre for a suitably chosen pair is already present in
Takayama’s uniruledness of stable base loci [46], in our case a recent
result of Collins and Tosatti [15, Thm. 1.1] and the work of Boucksom
[8] yield this property without too much effort.

While (2) and Conjecture 1.2 imply immediately that Z is uniruled
it is a priori not clear if we can choose the rational curves to be Kx-
negative (or even a-trivial): for the simplicity of notation, let us suppose
that Z is smooth. If Z was projective and «|z an R-divisor class we
could argue as in [29, Prop. 7.11] using Araujo’s description of the
mobile cone [2, Thm. 1.3]. In the K&hler case we need a new argument:
let Z — Y be the MRC-fibration (maximally rationally connected, see
[11, 33]) (cf. Remark 6.10) and let F' be a general fibre. Arguing by
contradiction we suppose that F' is not covered by a-trivial rational
curves. A positivity theorem for relative adjoint classes (Theorem 5.2)
shows that Ky +alz is pseudoeffective if Kp+ alF is pseudoeffective.
Since Ky is pseudoeffective by Conjecture 1.2 this implies that Kz +«|z
is pseudoeffective, a contradiction to (2).

Thus we are left to show that Kr + «a|f is pseudoeffective, at least
up to replacing a|p by Aa|p for some A > 0. Since «|p is not a rational
cohomology class this is a non-trivial property related to the Nakai-
Moishezon criterion for R-divisors by Campana and Peternell [13]. Us-
ing the minimal model program for the projective manifold F' and Kawa-
mata’s bound on the length of extremal rays [31, Thm. 1] we overcome
this problem in Proposition 6.9.
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1.3. Weak subadjunction. Let X be a complex projective manifold,
and let A be an effective Q-Cartier divisor on X such that the pair
(X, A) is log-canonical. Then there is a finite number of log-canonical
centres associated to (X, A) and if we choose Z C X an lc centre that
is minimal with respect to the inclusion, the Kawamata subadjunction
formula holds [32] [20, Thm. 1.2]: the centre Z is a normal variety and
there exists a boundary divisor Az such that (Z, Ay) is klt (kawamata
log-terminal, see [34]) and

Kz +Az ~q (Kx +A)|z.

If the centre Z is not minimal the geometry is more complicated, how-
ever, we can still find an effective Q-divisor A; on the normalisation

v:Z — 7 such that!
KZ+AZ ~Q V*(Kx+A)|Z.

We prove a weak analogue of the subadjunction formula for cohomology
classes:

Theorem 1.5. Let X be a compact Kdhler manifold, and let o be a
cohomology class on X that is a modified Kdhler class (cf. Definition
4.1). Suppose that Z C X is a mazimal lc centre of the pair (X, «), and
let v: Z — Z be the normalisation. Then we have

*
K;-wi-. .. Wiimz-1 SV (Kx +a)lz-wi ... Wdimz-1,
where w1, . ..,Wdim z—1 are arbitrary nef classes on Z.

Our proof follows the strategy of Kawamata in [32]: given a log-
resolution w : X — X and an lc place E; dominating Z we want to
use a canonical bundle formula for the fibre space plg, : E1 — Z to
relate p*(Kx + a)|p, and K;. As in [32] the main ingredient for a
canonical bundle formula is the positivity theorem for relative adjoint
classes Theorem 3.4 which, together with Theorem 5.2, is the main
technical contribution of this paper. The main tool of the proofs of
Theorem 3.4 and Theorem 5.2 is the positivity of the fibrewise Bergman
kernel which is established in [4, 5]. Since we work with lc centres that
are not necessarily minimal the positivity result Theorem 3.4 has to be
stated for pairs which might not be (sub-)klt. This makes the setup of
the proof quite heavy, but similar to earlier arguments (cf. [5, 41] and
[21, 45] in the projective case).

The following elementary example illustrates Theorem 1.5 and shows
how it leads to Theorem 1.3:

Example 1.6. Let X’ be a smooth projective threefold, and let
CcXx

!This statement is well-known to experts, cf. [3, Lemma 3.1] for a proof.
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be a smooth curve such that the normal bundle N¢,x/ is ample. Let
i : X — X’ be the blow-up of X’ along C and let Z be the exceptional
divisor. Let D C X’ be a smooth ample divisor containing the curve C,
and let D’ be the strict transform.

By the adjunction formula we have Kz = (Kx + Z)|z, in particular
it is not true that Kz - wy < Kx|z - wy for every nef class w; on Z.
Indeed this would imply that —Z|z is pseudoeffective, hence N/, /X is
pseudoeffective in contradiction to the construction. However, if we set
a = p*c1(D), then « is nef and represented by p*D = D'+ Z. Then the
pair (X, D'+ Z) is log-canonical and Z is a maximal lc centre. Moreover
we have

Kz wi=(Kx+2)|z- w1 <(Kx+D +2)|z -wi=Kx+a)|z w

since D'|z is an effective divisor.
Now we set w1 = alz, then a|z -wy = oz|22 = 0 since it is a pull-back
from C. Since Kx is anti-ample on the p-fibres we have

Kz-a|Z :KX|Z’CY|Z < 0.

Thus K7 is not pseudoeffective.

1.4. Relative adjoint classes. We now explain briefly the idea of the
proof of Theorem 3.4 and Theorem 5.2. In view of the main results in
[4] and [42], it is natural to ask the following question:

Question 1.7. Let f: X — Y be a fibration between two compact
Kahler manifolds, and let F' be the general fiber of f. Let ax be a
Kaéhler class on X and let D be a klt Q-divisor on X such that

c1(Kr) + [(ax + D)|F]

is a pseudoeffective class. Is c1(Kx/y) + [ax + D] pseudoeffective?

In the case ¢1(KF) + [(ax + D)|r| is a Kéhler class on F, [42, 24]
confirm the above question by studying the variation of Kéhler-Einstein
metrics (based on [44]). In our article, we confirm Question 1.7 in two
special cases: Theorem 3.4 and Theorem 5.2 by using the positivity
of the fibrewise Bergman kernel which is established in [4, 5]. Let us
compare our results to Paun’s result [42, Thm. 1.1] on relative adjoint
classes: while we make much weaker assumptions on the geometry of
pairs or the positivity of the involved cohomology classes we are always
in a situation where locally over the base we only have to deal with
R-divisor classes. Thus the transcendental character of the argument is
only apparent on the base, not along the general fibres.

More precisely, in Theorem 3.4, we add an additional condition that
c1(Kx/y + [ax + D]) is pull-back of a (1,1)-class on Y (but we assume
that D is sub-boundary). Then we can take a Stein cover (U;) of YV
such that (Ky/y + [ax + D])| -1y, is trivial on f~1(U;). Therefore
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[ax +D]|f-1(v,) is a R-line bundle on f~YU;). We assume for simplicity
that D is klt (the sub-boundary case is more complicated). We can thus
apply [5] to every pair (f~1(U;), Kx/y + loax + D]). Since the fibrewise
Bergman kernel metrics are defined fiber by fiber, by using 99-lemma,
we can glue the metrics together and Theorem 3.4 is thus proved.

In Theorem 5.2, we add the condition that F' is simply connected and
HY(F,0%) = 0? . Then we can find a Zariski open set Yy of Y such that
R'f.(Ox) =0 on Yy for every i = 1,2. By using the same argument as
in Theorem 3.4, we can construct a quasi-psh function ¢ on f~1(Yp) such
that g@(Kx/y) +ax+dd°p > 0on f~1(Yy). Now the main problem
is to extend ¢ to be a quasi-psh function on X. Since ¢;(Kp + ax|r) is
not necessary a Kéahler class on F', we cannot use directly the method
in [42, 3.3]. Here we use the idea in [35]. In fact, thanks to [35, Part II,
Thm. 1.3], we can find an increasing sequence (ky;)men and hermitian
line bundles (F,, hyn)men (not necessarily holomorphic) on X such that

VT VT

-1 1
(3) ||?@hm(Fm) - kM(?@(KX/Y) + ax)lge(x) = 0.

Let X, be the fiber over y € Yy. As we assume that H°(X,, Qg(y) =0,
the hermitian bundle F,,| x, can be equipped with a holomorphic struc-
ture Jx, m. Therefore we can define the Bergman kernel metric associ-
ated to (Fin|x,, Jx,,m» hm). Thanks to 00-lemma, we can compare olx,
and the Bergman kernel metric associated to (Fm]Xy, JIx,ms hm). Note
that (3) implies that F),, is more and more holomorphic. Therefore,
by using standard Ohsawa-Takegoshi technique [5], we can well esti-
mate the Bergman kernel metric associated to Fi,|x, when y — Y\ Yo.
Theorem 5.2 is thus proved by combining these two facts.

Acknowledgements. This work was partially supported by the A.N.R.
project CLASS? and the A.N.R project “Convergence de Gromov-
Hausdorff en géométrie kahlérienne” (ANR-GRACK).

2. Notation and terminology

For general definitions we refer to [27, 30, 16, 18]. Manifolds and
normal complex spaces will always be supposed to be irreducible. A fi-
bration is a proper surjective map with connected fibres ¢ : X — Y
between normal complex spaces.

Definition 2.1. Let X be a normal complex space, and let f: X —
Y be a proper surjective morphism. A Q-divisor D is f-vertical if
f(Supp D) € Y. Given a Q-divisor D it admits a unique decompo-

2If F is rationally connected these two conditions are satisfied.
3ANR-10-JCJC-0111
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sition

D = Dy yor + Dfyert
such that Dy ¢ is f-vertical and every irreducible component £ C
Supp D.por surjects onto Y.

Definition 2.2. Let X be a complex manifold, and let F be a sheaf
of rank one on X that is locally free in codimension one. The bidual
F** is reflexive of rank one, so locally free, and we set ¢;(F) := ¢1 (F**).

Throughout this paper we will use positivity properties of real co-
homology classes of type (1,1), that is elements of the vector space
HY(X) N H?(X,R). The definitions can be adapted to the case of a
normal compact Kéahler space X by using Bott-Chern cohomology for
(1,1)-forms with local potentials [29]. In order to simplify the notation
we will use the notation

NYX):= HYY(X)n H*(X,R).
Note that for the purpose of this paper we will only use cohomology

classes that are pull-backs of nef classes on some smooth space, so it is
sufficient to give the definitions in the smooth case.

Definition 2.3 ([18, Defn. 6.16]). Let (X,wx) be a compact Kéahler
manifold, and let o € N'(X). We say that « is nef if for every e > 0,
there is a smooth (1,1)-form . in the same class of o such that ae >
—€eEWx.

We say that « is pseudoeffective if there exists a (1, 1)-current 7 > 0
in the same class of a. We say that « is big if there exists a € > 0 such
that o — ewx is pseudoeffective.

Definition 2.4. Let X be a compact Kahler manifold, and let o €
N'(X) be a nef and big cohomology class on X. The null-locus of « is

defined as
Nullle)= ) 2

fZ a'%im Z:0

Remark. A priori the null-locus is a countable union of proper sub-
varieties of X. However, by [15, Thm. 1.1] the null-locus coincides with

the non-Kéhler locus E, i («), in particular it is an analytic subvariety
of X.

Definition 2.5 ([18, Defn. 6.20]). Let X be a compact Kéhler man-
ifold, and let « € N'(X) be a nef class. We define the numerical
dimension of a by

nd(a) := max{k € N | o #0 in H**(X,R)}.

Remark 2.6. Thanks to [19, Thm. 0.5], a nef class « is big if and
only if [, a®™X > 0, which is of course equivalent to nd(a) = dim X.
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By [18, Prop. 6.21] the cohomology class (@) can be represented
by a non-zero closed positive (nd(«),nd(«))-current T'. Therefore

/ and(a) /\w;i(imX—nd(oc) >0
X

for any Kahler class wy.

Definition 2.7. Let X be a normal compact complex space of di-
mension n, and let wi,...,w, 1 € N'(X) be cohomology classes. Let
F be a reflexive rank one sheaf on X, and let 7 : X’ — X be a desin-
gularisation. We define the intersection number ¢y (F) - wy - ... - Wp—1
by

aA((WF)™) prwr oo prwnp_1.

Remark. The definition above does not depend on the choice of the
resolution m: the sheaf F is reflexive of rank one, so locally free on
the smooth locus of X. Thus pu*F is locally free in the complement
of the p-exceptional locus. Thus 7 : X{ — X and mp : X) — X
are two resolutions and I' is a manifold dominating X| and X} via
bimeromorphic morphisms ¢; and g2, then ¢jn{F and ¢375F coincide
in the complement of the 7w o g1 = 9 o go-exceptional locus. Thus their
biduals coincide in the complement of this locus. By the projection
formula their intersection with classes coming from X are the same.

3. Positivity of relative adjoint classes, part 1

Before the proof of the main theorem in this section, we first recall
the construction of fibrewise Bergman kernel metric and its important
property, which are established in the works [4, 5]. The original ver-
sion [5] concerns only the projective fibration. However, thanks to the
optimal extension theorem [7, 23] and an Ohsawa-Takegoshi extension
theorem for Kéhler manifolds [47, 14], we know that it is also true for
the Kéahler case:

Theorem 3.1 ([5, Thm. 0.1}, [23, 3.5], [47, Thm. 1.1], [14, Thm.
1.2]). Let p : X — Y be a proper fibration between Kdhler manifolds
of dimension m and n respectively, and let L be a line bundle endowed
with a metric hy, such that:

1) The curvature current of the bundle (L, hy) is semipositive in the
sense of current, i.e., \/—10p, (L) > 0;

2) there exists a general point z € Y and a non zero section u €
HY(X,,mKx, + L) such that

2
(4 [l < +oe.
Xz

Then the line bundle mK x/y+L admits a metric with positive curvature
current. Moreover, this metric is equal to the fibrewise m-Bergman
kernel metric on the general fibre of p.
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Remark 3.2. Here are some remarks about the aZbove theorem.

(1): Note first that as u € H*(X,,mKx, +L), |u]hEL is a volume form
on X,. Therefore the integral (4) is well defined.

(2): The fibrewise m-Bergman kernel metric is defined as follows:
Let x € X be a point on a smooth fibre of p. We first define a hermitian
metric b on —(mKx/y + L), by

() - €

1€][7 == sup 2
Xy Tl

where ¢ is a basis of —(mKx/y + L), and the ‘sup’ is taken over all
sections 7 € HO(Xp(x), mKxy + L). The fibrewise m-Bergman kernel
metric on mKx/y + L is defined to be the dual of h.

It will be useful to give a more explicit expression of the Bergman
kernel type metric. Let wy and wy be Kahler metrics on X and Y
respectively. Then wx and wy induce a natural metric hx/y on Kx/y.
Let Yy be a Zariski open set of Y such that p is smooth over Yp. Set
ho == hg(”‘/y - hr, be the induced metric on mKx,y + L. Let ¢ be a

function on p~1(Yy) defined by

1
p(x) =sup — In |7|p, (),
TeA

where

2
s {f 1 € By mixyy + D) and [ |fIjs @R /5f) = 1)
p(z)

We can easily check that the metric hg-e 2™ on mK /v + L coincides
with the fibrewise m-Bergman kernel metric defined above. In particu-
lar, ho - e 2™ is independent of the choice of the metrics wx and wy.
Sometimes we call ¢ the fibrewise m-Bergman kernel metric.

(3): Note that, by construction, if we replace hy, by f*c(y) - hy, for
some smooth strictly positive function ¢(y) on Y, the corresponding
weight function ¢ in unchanged.

For readers’ convenience, we recall also the following version of the
Ohsawa-Takgoshi extension theorem which will be used in the article.

Proposition 3.3 ([5, Prop. 0.2]). Letp: X — A be a fibration from
a Kdhler manifold to the unit disc A € C". and let L be a line bundle
endowed with a possible singular metric hy, such that /=10y, (L) > 0
in the sense of current. Let m € N. We suppose that the center fiber
Xy is smooth and let f € HO(XO, mKx, + L) such that

2
/ I < +oo.
Xo
Then there exists a F € H°(X, mKxy + L) such that
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O Fl,=f
(ii) The following L= bound holds

2 2
Awm<@éym,

where Cy is an absolute constant as in the standard Ohsawa-Take-
goshi theorem.

Moreover, thanks to [23], we can take Cy as the volume of the unit
disc A.

Here is the main theorem in this section.

Theorem 3.4. Let X and Y be two compact Kdahler manifolds of
dimension m and n respectively, and let f : X — Y be a surjective

map with connected fibres. Let ax be a Kdhler class on X. Let* D =
k

—d;D; be a Q-divisor on X such that the support has simple normal
=2

J
crossings. Suppose that the following properties hold:

(a) If dj < —1 then f(Dj) has codimension at least 2.

(b) The direct image sheaf f.Ox([—D]) has rank one. Moreover, if
D = D" + DU is the decomposition in a f-horizontal part D"
(resp. f-vertical part DV) then we have (f,Ox([—D"]))** ~ Oy.

(c) ei(Kx/y +ax + D) = f*B for some real class 3 € HY(Y,R).

Let wi,wa, - ,waimy—1 be nef classes on'Y . Then we have
(5) B wi Wdimy—1 > 0.

Proof. Step 1: Preparation.
We start by interpreting the conditions (a) and (b) in a more analytic
language. We can write the divisor D as

D=B-F'—F"
where B, FV, F" are effective Q-divisors and F? (resp. F"*) is f-vertical
(resp. f-horizontal). We also decompose F" as
FU=FY + FY

such that codimy f(Fy) > 2 and codimy f(E) = 1 for every irreducible
component £ C FY.

Let X, be a general f-fibre. Since d; > —1 for every D; map-
ping onto Y (cf. condition (a)), the divisors [—D] and [F"] coin-
cide over a non-empty Zariski open subset of Y. Thus the condition
rank f.Ox([—D]) = 1 implies that

WXy, [FMlx,) = L.

4The somewhat awkward notation will be become clear in the proof of Theorem
1.5.
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Therefore, for any meromorphic function ¢ on X, we have
(6) div(¢) > —[F"] Ix, = ¢ is constant.

Since d; > —1 for every D; mapping onto a divisor in Y (cf. condition
(a)), the divisors [—D"] and [F"] coincide over a Zariski open subset
Y1 C Y such that codimy (Y \ Y1) > 2. In particular the condition
(f:Ox([—-D"]))** ~ Oy implies that (f.Ox([—D"]))|y, = Oy,. So for
every meromorphic function ¢ on any small Stein open subset of U C Y7,
we have

(7) div(¢o f) = —[F"1| -1 = ¢ is holomorphic.

Step 2: Stein cover.

Select a Stein cover (U;);er of Y such that H%'(U;, R) = 0 for every
i. Let 6 be a smooth closed (1, 1)-form in the same class of ¢1(Kx/y +
ax + D+ [F°+ FM)).

Thanks to (c¢), we have

c(Kxyy +ox + D)1, € fH(HY (U, R)) = 0.
There exists thus a line bundle L; on f~1(U;) such that
Kyx)y +Li~[F'+F"  on f ().

Moreover, we can find a smooth hermitian metric h; on Ky /y + L; over
f~1(U;) such that
V-1

(8) ?ehi(KX/Y + LZ‘) =0 on fﬁl(UZ‘).

Step 3: Local construction of metric.
We construct in this step a canonical function ¢; on f~1(U;) such
that

(9)  O+ddp; > [FY +F"  over f7X(U;)  for every i.

The function is in fact just the potential of the fibrewise Bergman kernel
metric mentioned in Remark 3.2. A more explicit construction is as
follows:

Note first that c1(L;) = ax + D + [FY 4+ F], we can find a metric
hr, on L; such that

V=10y,, = ax+[DI+[F'+F"] = ax+[Bl+([F*+F"|=[F'+F"]) > 0

in the sense of current. Moreover, we can ask that h;/hz, is a global
metric on KX/Yv i.e., hz’/hL,- = hj/hL]. on fﬁl(Ui N Uj).

Thanks to the sub-klt condition (a) and the construction of the metric
hr,, we can find a Zariski open subset U, of U; such that for every
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y € Ui, f is smooth over y and there exists a s, € H(X,, Kx/y + Li)
such that

(10) JR
Xy

Recall that |sy|%L_ is a volume forme on X, (cf. Remark 3.2). Using
the fact that 1

(11) hO(Xy,KX/y + L) = %X, [F']) =1 for every y € U, ,

we know that s, is unique after multiplying by a unit norm complex
number. There exists thus a unique function ¢; on f~1(U; ) such that
its restriction on X, equals to In|sy|y,. We have the following key

property.
Claim. ¢; can be extended to be a quasi-psh function (we still denote
it as ;) on f~Y(U;), and satisfies (9).

The claim will be proved by using the methods in [4, Thm. 0.1]. We
postpone the proof of the claim later and first finish the proof of the
theorem. The properties (6) and (7) will be used in the proof of the
claim.

Step 4: Gluing process, final conclusion.
We first prove that

(12) 0 = @ on f~HU; NTy).
Let y € U; o N Ujp. Thanks to
(Kx/y + Li)lx, = (Kx/y + Lj)lx, = [F* + F"|x,;
we have L;| X, = L;| x,- Under this isomorphism, the curvature condi-
tion (8) and d0-lemma imply that
(13)  hrlx, =hylx, e for some constant ¢, on X,

where the constant ¢, depends ony € Y. As h;/hy, is a metric on Kx/y
independent of ¢, we have

(14) hi’Xy = hj|Xy e % on Xy.

By (11), there exist unique two sections s,; € H"(X,,Kx/y + L)
and s, ; € HY(X,, Kx/y + Lj) (after multiply by a unit norm complex
number) such that

2 2
/ fsy,z'\hLi =1 and / ‘Sy,j|hL. =1
X, X J

Yy Y
Thanks to (13), we have (after multiply by a unit norm complex number)

Sy
Syvi =ez2 Syvj'
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Together with (14), we get

(15) @il x, =In[syiln, =In|sy;ln; = @jlx,-

Since (15) is proved for every y € U;o N Ujo, we have ¢; = ¢; on
f~YUioNUjp). Combining this with the extension property of quasi-
psh functions, (12) is thus proved.

Thanks to (12), (¢;)ier defines a global quasi-psh function on X which
we denote by ¢. By (9), we have

0 + ddp > [FY + FM over f~H(U;) for every 1.
Therefore
0+ ddp > [FY + FM over X.
Then c¢1(Kx/y + ax + D + [Fy]) is pseudoeffective on X. Together
with the fact codimy f.(Fj) > 2, the theorem is proved. q.e.d.

The rest part of this section is devoted to the proof of the claim
in Theorem 3.4. The main method is the Ohsawa-Takegoshi extension
techniques used in [5]. Before the proof of the claim, we need the fol-
lowing lemma which interprets the property (7) in terms of a condition
on the metric h;.

Lemma 3.5. Fiz a Kdhler metric wx (resp. wy) on X (resp. Y).
Let sp (resp. Spv,Spn) be the canonical section of the divisor B (resp.
FY and F"). Let 1 be the function of the form

(16) Y =Inlsp| —In|spv| — In|spn| + C*,

where | - | is with respect to some smooth metric on the corresponding
line bundle. Let Y1 be the open set defined in Step 1 of the proof of
Theorem 3.4 and let Yo C Y1 be a non-empty Zariski open set satisfying
the following conditions:

(a) f is smooth over Yy;

(b) F(D") € ¥\ Yo;

(c) Fh\Xy is SNC' (simply normal crossings, see [34]) for every y € Yy;
(d) The property (6) holds for every y € Yp.

Then for any open set A € Y1 NU; (i.e., the closure of A isin Y1 NU;),
there exists some constant C(A,Y1,U;) > 0 depending only on A, Yy
and U;, such that

(17) / WU/ F > CA YL U  for everyy € AN Yo,

Xy

where m (resp. n) is the dimension of X (resp. Y ).

Remark 3.6. (17) means that, for any sequence (y;);>1 converging
to some point in Y7 \ Yy, the sequence (ny e~ YW/ f*wi);>1 will not
tend to 0.
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Proof. Fix an open set A such that A € A; € Y1 NU;. Let yo be a
point in A NYy and let ¢y, be a constant such that

(18) |cMA2J/ R fu = 1.

Yo
Let sp be the canonical section of [FV+ F' 1. By applying Proposition
3.3 to (f1(A1), Kx + L;,hz,) and the section

ey ® sip1 € HY(Xyy, Kx + L),
we can find a holomorphic section 7 € H°(f~1(A1), Kx + L;) such that

T|Xy0 = Cyo ® S[F]

and
(19) [ <o [ i, =

f=1H(A) ‘ Xyo '
where (] is a constant independent of yy € A N Y.

Set 7 := 5;1. Then 7 can be extended to a meromorphic function
(we still denote it by 7) on f~1(A;) and (19) implies that
(20) / 7P < Oy
f~H(A)

Therefore
(21) div(7) > —[F’ﬂ — [FY] on f71(AY).

We now prove that 7 is in fact holomorphic on f~1(A;). For every
point y € A NYp, thanks to (b), F¥ N X, = (). Together with (21) and
(c), we have

div(7lx,) > —[F"|x,]  on X,
for every y € A1 N'Yy. Combining this with (d), 7|x, is constant for
every y € A1 NYy. Therefore 7 comes from a meromorphic function on
A1. Then 7 does not have poles along Supp(F") and (21) implies that
div(7) > —[F"].
Together with (7), we can find a holomorphic function ¢ on A; such
that 7 =Co f.

We now prove the lemma. Let M € N large enough such that the
Q-divisor 3/ F? + 4 F" is klt. Thanks to (20) and the Hélder in-
equality, we have

(22) / 7
F~H(Ay)

2
M—1 _
<(f  preyn(f L L e
f7H(A) f=HAY) |spvspn|M-T
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for some uniform constant Cy. Since 7 = ( o f and ( is holomorphic on
Aj and A € Ay, by applying maximal principal to ¢, (22) implies that

sup[C](2) < Cs - (Co)M,
zEA

where (5 is a constant depending only on A and A;. In particular, the
norm of ¢y, = 7[x, = ((yo) is less than Cj - (Co)M. Combining this
with (18) and the fact that Cy and C3 are independent of the choice of
Yo € A, the lemma is proved. q.e.d.

Now we prove the claim in the proof of Theorem 3.4.

Proof of the claim. Let U; o be the open set defined in Step 3 of the
proof of Theorem 3.4. Thanks to Theorem 3.1, ¢; can be extended as
a quasi-psh function on f~1(U;) and satisfying

(23) 0 +ddp; >0  on fHU).
Let spy be the canonical section of [ F" +Fh]. Then £ P is well defined
on f=Y( io)\(F”—FFh).

point of div(F"Y + Fh). Let y be a generic point in U; . By the con-
e¥i ‘ |5y|hi
STF1IY ST

struction of s, and (6), Sfi} is a constant on X,. Then

the generic point of div(F h).
For any A € Y; NU;, thanks to Lemma 3.5, there exists a constant
¢ > 0, such that

/ eV (WR/fH(wy)™) > ¢ for every y € ANYj.

Xy

Together with the facts that

S
|— |262¢=/ lsylh, =1
/Xy S[F] x, i

Yy

and ;—Ii] is constant on X, we see that Seij} is uniformly upper bounded

on f~1(ANYp). Since codimy(Y\Yl) > 2 and f.(FY) is of codimension
1 by assumption, the functio

generic point of div(FY).

per bounded near the generic point of dlv(F V4 "), the Lelong numbers
of ddp; at the generic points of div(FY + F") is not less than the Lelong
numbers of the current [F}y 4 F"] at the generic points of div(Fy + F").
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Together with (23), we have
(24) 0+ dd°p; > [FY + F"].  on fY(Uy),

and the claim is proved. q.e.d.

4. Weak subadjunction

Definition 4.1 ([8, Defn. 2.2]). Let X be a compact Kéhler mani-
fold, and let o be a cohomology class on X. We say that « is a modified
Kahler class if it contains a Kéhler current 7" such that the generic
Lelong number v(T, D) is zero for every prime divisor D C X.

By [8, Prop. 2.3] a cohomology class is modified Kéahler if and only if
there exists a modification p: X — X and a Kahler class & on X such
that p.&@ = a. For our purpose we have to fix some more notation:

Definition 4.2. Let X be a compact Kéahler manifold, and let a be
a modified Kéhler class on X. A log-resolution of « is a bimeromorphic
morphism g : X — X from a compact Kihler manifold X such that
the exceptional locus is a simple normal crossings divisor Z?Zl E; and

there exists a Kihler class & on X such that @ = Q.

The definition can easily be extended to arbitrary big classes by using
the Boucksom’s Zariski decomposition [8, Thm. 3.12].

Remark 4.3. If 1 : X — X is a log-resolution of a one can write
k
o= da+ Z i E;
j=1

and r; > 0 for all j € {1,...,k}. For R-divisors this is known as the
negativity lemma [6, 3.6.2], in the analytic setting we proceed as follows:
let T' € a be a current with analytic singularities such that the generic
Lelong v(T, D) is zero for every prime divisor D C X. Resolving the
ideal sheaf defining 7" and pulling back we obtain

k
oo + 3 T 2w,
j=1
where w is a Kéhler form, r; > 0 for all j € {1,...,k} and o is semi-
positive with null locus equal to U?ZlEj. For 0 < g; < 1, the class

k
~, Pyp— / . .
a:=o — E gjl;
Jj=1

is Kahler, so the statement holds by setting r; := 7‘; +€j.

Definition 4.4. Let X be a compact Kéhler manifold, and let a be
a modified Ké&hler class on X. A subvariety Z C X is a maximal lc (log-
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canonical, see [34]) centre if there exists a log-resolution p : X — X of
a with exceptional locus Z?Zl E; such that the following holds:

e 7 is an irreducible component of u(Supp Z?Zl Ej);
e if we write

k
Kg¢+a=p"(Kx+a)+ ) dE),
j=1
then d; > —1 for every E; mapping onto Z and (up to renumbering)
we have p(E1) = Z and dy = —1.

Following the terminology for singularities of pairs we call the co-
efficients d; the discrepancies of (X, ). Note that this terminology is
somewhat abusive since d; is not determined by the class o but depends
on the choice of & (hence implicitly on the choice of a Kéhler current
T in « that is used to construct the log-resolution). Similarly it would
be more appropriate to define Z as an lc centre of the pair (X,7T) with
[T] € a. Since most of the time we will only work with the cohomology
class we have chosen to use this more convenient terminology.

We can now prove the weak subadjunction formula:

Proof of Theorem 1.5. Step 1. Geometric setup. Since Z C X is a max-
imal lc centre of (X, a) there exists a log-resolution x : X — X of a
with exceptional locus E?Zl E; such that Z is an irreducible component
of p(Supp 2?21 E;) and
k
(25) Kg+a=p"(Kx+a)+ ) dEj,
j=1

satisfies d; > —1 for every E; mapping onto Z and (up to renumbering)
we have u(F1) = Z and d; = —1. Let 7 : X’ — X be an embedded
resolution of Z, then (up to blowing up further X ) we can suppose that
there exists a factorisation ¢ : X — X’. Let Z’ C X’ be the strict
transform of Z. Since 7 is an isomorphism in the generic point of Z’,
the divisors E; mapping onto Z’ via ¢ are exactly those mapping onto Z
via p. Denote by Q; C Z’ the prime divisors that are images of divisors

E1 N Ej via ¢|g,. Then we can suppose (up to blowing up further X )
that the divisor

k
S Wle) @+ Y BN E

l =2
has a support with simple normal crossings. We set

k
f=v|g, and D:—Zdej,
=2
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where D; := E; N E;. Note also that the desingularisation 7|z factors
through the normalisation v : Z — Z, so we have a bimeromorphic
morphism 7 : Z' — Z such that |z = vor1. We summarise the
construction in a commutative diagram:

A priori there might be more than one divisor with discrepancy —1
mapping onto Z, but we can use the tie-breaking technique which is
well-known in the context of singularities of pairs: recall that the class
& is Kéhler which is an open property. Thus we can choose 0 < ¢; < 1

for all j € {2,...,k} such that the class & + E?:z e;E; is Kéhler. The
decomposition

k k
Kg+(a+Y &E)=p"(Kx +a)—Ei+ Y (dj+¢)E;
=2 j=2

still satisfies the properties in Definition 4.4 and E; is now the unique
divisor with discrepancy —1 mapping onto Z. Note that up to perturb-
ing €; we can suppose that d; +¢; is rational for every j € {1,...,k}. In
order to simplify the notation we will suppose without loss of generality,
that these properties already holds for the decomposition (25).

Outline of the strategy. The geometric setup above is analogous to
the proof of Kawamata’s subadjunction formula [32, Thm. 1] and as
in Kawamata’s proof our aim is now to apply the positivity theorem
3.4 to f to relate Kz and (7|7 )*(Kx + «)|z. However, since we deal
with an lc centre that is not minimal we encounter some additional
problems: the pair (Ej, D) is not necessarily (sub-)klt and the centre
Z might not be regular in codimension one. In the end this will not
change the relation between Ky and (7|2 )*(Kx + a)|z, but it leads
to some technical computations which will be carried out in the Steps
3 and 4.

Step 2. Relative vanishing. Note that the Q-divisor —K ¢ — Ey +
Z?:Q d;F; is p-ample since its class is equal to & on the p-fibres. Thus
we can apply the relative Kawamata-Viehweg theorem (in its analytic
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version [1, Thm. 2.3] [40]) to obtain that
k
R'u.0g (=B + > [d;j1E;) = 0.
j=2

Pushing the exact sequence

k k
0= Ox(—=Er+ ) [d;1Ej) = 03> [dj1E;) = Op,([-D]) = 0
j=2 j=2
down to X, the vanishing of R! yields a surjective map
k
(26) (O (D [d51E5)) = (ulpy)«(Om, ([-D1))-
j=2

Since all the divisors F; are p-exceptional, we see that

k
(0 (> [dj1E;))
=2
is an ideal sheaf Z. Moreover, since d; > —1 for all £; mapping onto Z
the sheaf 7 is isomorphic to the structure sheaf in the generic point of
Z. In particular (u|g,)«(Og, ([—D])) has rank one.

Step 3. Application of the positivity result. By the adjunction formula
we have
k
(27)  Kg +dlg — Y dj(E;NE) = f*(n|2)"(Ex + a)|z.
j=2

Since f coincides with pu|p, over the generic point of Z’, we know by
Step 2 that the direct image sheaf f.(Og,([—D])) has rank one. In
particular f has connected fibres.

In general the boundary D does not satisfy the conditions a) and b) in
Theorem 3.4, however, we can still obtain some important information
by applying Theorem 3.4 for a slightly modified boundary: note first
that the fibration f is equidimensional over the complement of a codi-
mension two set. In particular the direct image sheaf f.(Opg, ([—D]))
is reflexive [28, Cor. 1.7], hence locally free, on the complement of
a codimension two set. Thus we can consider the first Chern class
c1(f«(Og,(]—D]))) (cf. Definition 2.2). Set

L= (n|z)"(Kx + )|z — Kz,
then we claim that
(28) (L +c1(fe(Op, ([-D])))) -wi -+ Waimz—1 = 0

for any collection of nef classes w’; on Z'.
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Proof of the inequality (28). In the complement of a codimension two
subset B C Z’ the fibration f| 7-1(z"\B) is equidimensional, so the direct
image sheaf O, ([—D"]) is reflexive. Since it has rank one we thus can
write

£+(0p,([-D"1) ® Oznp = Ozn5(>_ Q)

where ¢; € Z and @Q; C Z' are the prime divisors introduced in the
geometric setup. If e; > 0 then e; is the largest integer such that

(fly-1znB))" (@@Qi) C [-D"].

In particular if D; maps onto @), then d; > —1. If ¢; < 0 there exists a
divisor D; that maps onto @; such that d; < —1. Moreover if w; is the
coefficient of Dj; in the pull-back (f|s-1(z1p))* @i, then ¢; is the largest
integer such that d; — ejw; > —1 for every divisor D; mapping onto @);.
Thus if we set

D:=D + Z elf*Ql,

then D has normal crossings support (cf. Step 1) and satisfies the
condition a) in Theorem 3.4. Moreover if we denote by D = D" + DV
the decomposition in horizontal and vertical part, then D" = D" and
DV = D'+ > erf*Q. Since we did not change the horizontal part, the
direct image f.(Op, ([—D])) has rank one. Since 3. ¢;f*@Q; has integral
coefficients, the projection formula shows that

(fe(Op, ([=D"1)* = (f(Or, ([-D"1))™* © Oz1(= Y aiQi) ~ Oz
Thus we satisfy the condition b) in Theorem 3.4. Finally note that
Kz +alg, +D=f(L+> Q).
So if we set L := L + 3 ¢;Qy, then
(29)  L+a(fOp,([-D1) = L+ a1 (f(Or, ([-DD))-
Now we apply Theorem 3.4 and obtain
E-wi-...-wéimzul > 0.

Yet by the conditions a) and b) there exists an ideal sheaf Z on Z’ that
has cosupport of codimension at least two and

f«(Op, ([~D1)) ~ I ® Oz(B)

with B an effective divisor on Z’. Thus ¢;(f.(Og, ([-D]))) is repre-
sented by the effective divisor B and (28) follows from (29).

Step 4. Final computation. In view of our definition of the intersec-
tion product on Z (cf. Definition 2.7) we are done if we prove that

L~T*wl-...'7'*wdimz_1 ZO,
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where the w; are the nef cohomology classes from the statement of
Theorem 1.5. We claim that

(30) a1 (f+(Og, ([-D]))) = A1 + Az,

where A is an effective divisor and Ag is a divisor such that
7| 2/ (Supp Az)

has codimension at least two in Z. Assuming this claim for the time
being let us see how to conclude: by (28) we have

(1) (L4alfu(Op([-D1))))  Twr- ...  T"wdimz—1 = 0.

Since the normalisation v is finite and |z (Supp Az) has codimension
at lfzast two in Z, we see that 7(Supp Az) has codimension at least two
in Z. Thus we have

c1(f«(Op, ([=D1))) - mwi ... T'Waim z—1 = —A1 T w1+ . .- T Wdim 21,
which is negative. Hence the statement follows from (31).
Proof of the equality (30). Applying as in Step 2 the relative Kawamata-
Viehweg vanishing theorem to the morphism ¢ we obtain a surjection
k
B0 (Y1) = (lm)+(Op, ([-D1).
j=2

In order to verify (30) note first that some of the divisors E; might
not be -exceptional, so it is not clear if w*(OX(Z;?ﬁ [d;]|Ej)) is an
ideal sheaf. However, if we restrict the surjection (26) to Z we obtain a
surjective map

(32) I @oyx Oz = (7| z)«(f+(Or, ([=D1))),

where Z is the ideal sheaf introduced in Step 2. There exists an analytic
set B C Z of codimension at least two such that

Z'\mY(B)— Z\B

is isomorphic to the normalisation of Z\ B. In particular the restriction
of 7 to Z"\ m#~(B) is finite, so the natural map

(7| 2)" (7] )+ (f+ (O, ([=D1))) = f+(Op, ([-D1))

is surjective on Z’ \ m~}(B). Pulling back is right exact, so com-
posing with the surjective map (32) we obtain a map from an ideal
sheaf to f.(Og,([—-D])) that is surjective on Z’ \ #=1(B). An ideal
sheaf is torsion-free, so this map is an isomorphism onto its image
in J C f«(Og,([-D])). In the complement of a codimension two
set the sheaf J corresponds to an antieffective divisor —A’l. Since
the inclusion J C f.«(Op, ([—D])) is an isomorphism on Z’ \ 7=1(B),
there exists an effective divisor A} with support in 7—!(B) such that
c1(f«(Op, ([—-D]))) = —A}+AlL. We denote by A; the part of A} whose
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support is not mapped into B (hence maps into the non-normal locus of
Z\B) and set Ay := AL+A;—A). Then we have ¢1(f«(Og, ([-D]))) =
—A1+As and the support of Ay maps into B. Since B has codimension
at least two this proves the equality (30). q.e.d.

Remark 4.5. In Step 3 of the proof of Theorem 1.5 above we intro-
duce a “boundary” ci(f«(On([—D]))) so that we can apply Theorem
3.4. One should note that this divisor is fundamentally different from
the divisor A appearing in [32, Thm. 1, Thm. 2]. In fact for a minimal
lc centre Kawamata’s arguments show that ¢ (f«(On([—D1))) = 0, his
boundary divisor A is defined in order to obtain the stronger result that
L — A is nef. We have to introduce ¢1(f«(Op([—D]))) since we want
to deal with non-minimal centres.

5. Positivity of relative adjoint classes, part 2

Convention. In this section, we use the following convention. Let
U be a open set and (f,,)men be a sequence of smooth functions on U.
We say that

| frnllgoe(ry = 0,
if for every open subset V' € U and every index «, we have

10 finllcovy — 0.

Similarly, in the case (fm)men are smooth formes, we say that

| fmllcoe @y — 0

if every component tends to 0 in the above sense.

Before giving the main theorem of this section, we need the following
lemma proved in [35, Part II, Thm. 1.3]:

Lemma 5.1 ([35, Part II, Thm. 1.3]). Let X be a compact Kdihler
manifold and let o be a closed smooth real 2-form on X. Then we can
find a strictly increasing sequence of integers (Sm)m>1 and a sequence of
hermitian line bundles (not necessary holomorphic) (Fi, D, , hE,, )m>1
on X such that

VA |
(33) im0, (F) — smallo ) = 0.
Here Dp,, s a hermitian connection with respect to the smooth hermit-
ian metric hg,, and O, (Fn)= D, o DF,,.

Moreover, let (W;) be a small Stein cover of X. Then for every j,
we can find an orthonomal frame er,, ; of Fulw,, i-e., |ler, jlln, =1
such that under the basis er,, j, the (0,1)-connection DY, = of Dp,, can
be written as

3, 30,1
Dy =090+ 8,

m,j’
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and
4 L o1 <
(34) 15— Bm,jllos ;) < Cllallo=x),
m
where C' is a uniform constant independent of j and m.

Proof. Thanks to [35, Part II, Thm. 1.3], we can find a strictly in-
creasing integer sequence (S, )m>1 and closed smooth 2-forms (ayy,)m>1
on X, such that

. _ _ )
mgrﬂooﬂam Sma|ceo(x) = 0 and am € HY(X,Z).

Since (WW;) are small Stein open sets, we can find some smooth 1-forms
Bm,; on W; such that

1 1
(35) o dBm,j = am on Wj, and ||?5m,j\|cw(wj) < COllalleoex)

for a constant C' independent of m and j.
By using the standard construction (cf. for example [17, V, Thm.
9.5]), the form (B, ;); induces a hermitian line bundle (Fy,, Dy, hE,,)

on X such that Dp|w, = d + %Bm,j with respect to an orthonomal
frame ep,, j of Fiy|w,;. Then
v-—1

H?@hzrm (Fm) — SmaHCW(X) = |lam — SmO‘HC“(X) — 0.

Let Bg;lj be the (0, 1)-part of 5, ;. Then (35) implies (34). q.e.d.
Now we can prove the main theorem of this section.

Theorem 5.2. Let X and Y be two compact Kahler manifolds and
let f: X =Y be a surjective map with connected fibres such that the
general fibre ' is simply connected and

HO(F, Q%) = 0.

Letw be a Kdhler form on X such that c1(Kr)+|w|F| is a pseudoeffective
class. Then c1(Kx)y) + [w] is pseudoeffective.

Proof. Being pseudoeffective is a closed property, so we can assume
without loss of generality that ¢;(Kr) + [w|p] is big on F.

Step 1: Preparation, Stein Cover.
Fix two Kéhler metrics wyx, wy on X and Y respectively. Let h be
the smooth hermitian metric on Kx/y induced by wy and wy. Now we

set a := g@;l(Kx/y). Thanks to Lemma 5.1, there exist a strictly

increasing sequence of integers (sm)m>1 and a sequence of hermitian
line bundles (not necessary holomorphic) (Fy,, Dr,,, hE,, )m>1 on X such

that
v—1
(36) H?@hpm(Fm) = Sm(a +w)l[geo(x) = 0.
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By our assumption on F' we can find a non empty Zariski open subset
Yy of Y such that f is smooth over Yy and R'f,Ox = 0 on Y| for every
i =1,2. Let (U;);er be a Stein cover of Yy. Therefore

(37) HO?(f~Y(U;),R) =0  for every i € I.
Step 2: Construction of the approximate holomorphic line bundles.
Let @Eﬁ;i)(Fm) be the (0,2)-part of O, (Fy). Thanks to (37) and
(36), @g)pi) (Fy,) is 0-exact on f~1(U;) and

02
(38) 10502 (Fn) oo (-1 7y = 0-

We first construct a sequence of (0,1)-formes S, on f~1(U;) such
that
(39) @g(;fj(Fm) =3B and | Bullos(srwy) = 0.

In fact, for every y € U;, as X, is compact and H%?(X,) = 0, we can
find smooth (0, 1)-forms 6,, on f L(U;) such that for every y € U;

(40) (O (F) = B0u)|x, =0 and  [[Bmllcoe (1) = O-

Therefore 6( )( Fp,) — 00, = > [*(dtj) Aym,j, where (di;) is a basis

of NOL(U;) and [Vm.gllcee (71 (w,)) — 0. Note that @( )( F,) — 00, is
O-closed. Then Ovpj|x, = 0. As H*'(X,) = 0, we can find O j On
f7HU;) such that (ym —EH;W)IXZI =0 and (|6}, ;[lce(s-1;)) = 0. As
a consequence,

O (Fo) — 0(0n +Zf (dE;) A 0L, ) = [y

for some closed (0, 2)-form ~ on UZ- and ||7||¢ee ;) — 0. Together with
the fact that U; is Stein, we can thus find 3, satisfies (39).

Thanks to (39), we can find holomorphic line bundles L; ,,, on f~1(Uj;)
equipped with smooth hermitian metrics h; ,, such that

V-1 V-1
1) 158, (Fm) = 5 —=On; (Lim)ll o (s-1 ) = 0-
By construction, we have
) ) e
“5 i (Lism) = sm=—5—On(Kxy) = =5 —=On;n(Lim) = smax
s 27 27
e N
= (g Ot (Lim) = 250 Onr, ()
v—1

+(?@th (Fm) — Sm(O[ + (JJ)) + Smw.
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Thanks to the estimates (36) and (41), the first two terms of the right-
hand side of the above equality tends to 0. Therefore we can find a
sequence of open sets U;,,, € U;, such that Up>1Uim = Us, Uiy €
Ui m+1 for every m € N, and
V-1 V-1 _
(42) 5O, (Ligm) = $m~5—On(Exyy) 20 on [~ (Uim).
27 : 27
Step 3: Construction of Bergman kernel type metrics.

Let ¢; m be the s,,-Bergman kernel associated to the pair (cf. Remark
3.2)

(43) (Lz,m = Sme/y + (Lz,m — Sme/y), hi,m)
i.e., Yim(z) :=sup 2 In|g|p,,, (), where
geA "™ '

2 . .
(44) A= {g]g € H'(Xyay Lum)s [ laliz, o0/ ™ =13,
f=)

Thanks to (42), we can apply Theorem 3.1 to the pair (43) over
f7Y(Uim). In particular, we have

(45) (v + w) 4+ dd°pim >0 on f_l(Ui’m).
We recall that ¢; ,, is invariant after a normalisation of h; ,,, namely,
if we replace the metric hi,m|Xy by c-h¢,m|Xy for some constant ¢ > 0, the

associated Bergman kernel function ¢; | X, is unchanged cf. Remark
3.2 (3).

Let y € U; be a generic point. Thanks to the above remark and (41),
after multiplying by some constants, we can assume that

-1
cy < himlx, < ¢,

for some constant ¢, > 0 independent of m. Therefore, by applying
mean value inequality to (44), @im| x, is uniformly upper bounded.
Therefore we can define

;== lim (sup @im)",
k—+4o0 m>k

where « is the u.s.c regularization. Thanks to (44), ¢; cannot be identi-
cally —oo. Therefore ¢; is a quasi-psh. As Up,>1U; pm = U;, (45) implies

(46) a+w+ddp; >0 on f~1(U;) in the sense of currents.

Step 4: Final conclusion.
We claim that

Claim 1. ¢; = p; on f~Y(U;NU;) for every i, j.
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Claim 2. For every small Stein open set V in X, we can find a
constant Cy depending only on V such that

wi(z) < Cy for every i and x € V N fHT;).

We postpone the proof of these two claims and finish first the proof
of the theorem.

Thanks to Claim 1, (¢;);es defines a global quasi-psh function ¢ on
f~%(Yo) and (46) implies that

a+w+ddp >0 on f1(Yp).
Thanks to Claim 2, we have ¢ < Cy on V N f~1(Yy). Therefore ¢ can
be extended as a quasi-psh function on V. Since Claim 2 is true for
every small Stein open set V', ¢ can be extended as a quasi-psh function
on X and satisfies
a+w—+ddp >0 on X.

As a consequence, ¢1(Kx/y) + [w] is pseudoeffective and the theorem is
proved. q.e.d.

We are left to prove the two claims in the proof of the theorem.

Lemma 5.3. The claim 1 holds, i.e., ; = ¢; on f~(U;NU;) for
every i,j.

Proof. Let y € U; N U; be a generic point. Thanks to (41), we have

) V=1 V=1
(47)  lim |[5—On,,, (Lim)|x, — —5—On; . (Ljm)|x,llc=(x,) = 0.
21 2

m=—r+00
When m is large enough, (47) implies that

c1i(Limlx,) = e1(Limlx,) € H'Y(X,) N H*(X,,Z).
As 71 (X,) = 1, we have Pic’(X,) = 0. Therefore
(48) Lim|x, = Ljmlx, for m > 1.

Under the isomorphism of (48), by applying dd-lemma, (47) imply the
existence of constants ¢,, € R and smooth functions 7,,, € C*°(X,) such
that

hig = hjme™ ™ on X, and ml—l>r£oo [T llcee (x,) = O-

Combining with the construction of ¢; ,, and ¢;,,, we know that
l0im — eimllcox,) < lmmlleocx,) = 0
Therefore
(49) vilx, = ¢ilx,-
As (49) is proved for every generic point y € U; N Uj, we have
pi=w; on fHUNU).
The lemma is proved. q.e.d.
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It remains to prove the claim 2. The idea is as follows. Note that
(Lim, him) is defined only on f~1(U;), we can not directly apply Propo-
sition 3.3 to (Ljm, him). The idea of the proof is as follows. Thanks
to the construction of F, and L; ,,, by using dd-lemma, we can prove
that, after multiplying by a constant (which depends on f(z) € Y), the
difference between hp  |x o) and hjm|x o) 18 uniformly controlled for
m > 1° . Therefore (Fm|Xf<z>,th) is not far from (Li’m]Xf(z),h@m).
Note that, using again (36), F,,|y is not far from a holomorphic line
bundle over V. Combining Proposition 3.3 with these two facts, we can
finally prove the claim 2. More precisely, we have

Lemma 5.4. The claim 2 holds, i.e., for every small Stein open set
V in X, we can find a constant Cy depending only on V' such that

vi(z) < Cy for every i and x € VN f~HT;).

Proof. Step 1: Global approximation.

Fix a small Stein cover (Wj)éyzl of X. Without loss of generality,
we can assume that V' € Wy. Let (F,,, D, , hE,, )m>1 be the hermitian
line bundles (not necessary holomorphic) constructed in the step 1 of the
proof of Theorem 5.2. Thanks to Lemma 5.1, we can find an orthonomal
frame er,, of Fi|w, such that, under the basis ef,,, the (0, 1)-part D,
of D, |w, is of the form

D}, =0+ B%,

where 89" is a smooth (0, 1)-form on W) satisfying

1
(50) 1Bt lle=wny < Culla + wllo(x)

m

for a uniform constant C; independent of m.

Step 2: Local estimation near V.

Thanks to (36), we know that F, is not far from a holomorphic line
bundle. In this step, we would like to give a more precise description of
this on Wj.

Since W7 is a small Stein open set, thanks to (36), we can find the
(0, 1)-formes {o%' }n>1 on W such that

= 0,2 i
80'221 = _eglpm) (Fm) and ml—1>I£oo Ho-gn’,lHCoo(Wl) =0.

Then we have

(51) (Do + oit)? =0 on Wi,
and

V-1

=

By DY Aot (Fin) — sm(a+ w)loex) — 0,

®The bigness of m > 1 depends on f(z).
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where © 1" 01 (Fy,) is the curvature for the Chern connection on
th 7DF mTom

F,,, with respect to complex structure Dﬁm + 02! and the metric h F,, -
Note that ‘é—?@hﬂn (Fy,) is a closed (1,1)-form on Wj. By

DY o
00-lemma, we can find smooth functions {1, }m>1 on Wi such that
(i) 2£7T1@ 1(Fy) = sm(a+w) on Wy for each m € NO

the*¢m7D¥,7m+U.9,L
.. . 0,1 _
(ii) mgfﬂm(|10m oo (W) + [[¥mllcoe (wry)) = 0.

Thanks to (51), 011 o0t is D-closed. Applying standard L2-estimate,
by restricting on some a little bit smaller open subset of W; (we still

denote it by Wi for simplicity), there exists a smooth function 7,, on
W7 such that

(52) O = Bt + o2t on Wy
and ) o
2
S*H"?mllcw(wl) < S*HB% + ol s ()
m m

for a constant Cy independent of m. Combining this with (50) and (i),
we get

— 1
(53) hmm—>+o<>87H77mHC°0(W1) < Cr-Co.

m
By (52), e~ - ep,_ is a holomorphic basis of (W7, Fm’D%m + U?n’l).

Step 3: Final conclusion.

Let z € VN f~1(U;) and set y := f(z).
Claim. For m large enough, there exists a

g€ H' (X, NW1, Fy, D +o2b),

such that
2 .
(54 [l el pugimy <
X,OWy ™
and
1 ~
(55) Pin(x) < gl (@) +2

m

We postpone the proof of the claim later and first finish the proof of
our lemma.

_ . . . 1
As e™m -ep, is a holomorphic basis of (W1, Fi,, DY, +o0, ), we have
g= f . e_nm . eFm

SHere ©,, 4001 (Fm) is the curvature for the Chern connection on Fy,

,m m

e—¥m ,D;i

with respect to complex structure D}é’m + 0%! and the metric hr,, - e ¥m,
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for some holomorphic function f on W7 N X,. Thanks to (53), we can
find a uniform constant Cs > 0 independent of m such that

2
(56) Oyt < e -eFm|,j’:m < Cs on Wj.

Together with (54), we have
| g < 20,
yW1

By applying the Ohsawa-Takegoshi extension theorem [5, Prop. 0.2], we

know that |f |% is uniformly controled. Together with (56),
ﬁ In[glny, (x) is controled by a uniform constant Cy. Combining this
with (55), the lemma is proved. q.e.d.

It remains to prove the claim in Lemma 5.4.

Proof of the claim in Lemma 5.4. By (36) and Pic’(X,) = 0, when m
is large enough, we can find a smooth (0, 1)-forms 7" on X, such that

(57) mgrﬂw 7o leee(x,) = 0 and (Fp, D+ 75 |x, ~ Limlx,-

Let ©,  o1(Fn|x,) be the curvature calculated for the Chern connec-

tion with respect to hr,, and the complex structure D%m + 79! for the
line bundle F,|x,. Thanks (36) and (57) imply that

(58) im0, oi(Fulx,) ~ On (Limlx,owex,) = 0.

By using 00-lemma over Xy, under the holomorphic isomorphism of
(57), (58) implies the existence of a constant ¢, , and a smooth function

Ym on X, such that

(59) hE,, - e~Vm = im € ™Y on X,,
and
(60) o[l cee x,) = 0-

Here ¢, 4 is a constant on X, which depends only on m and y.

By the definition of ¢; ,,, there exists a g € HO(Xy, L; ) such that

1 e im im
(61 pimle) = o nlgla,,.(2) and [ gl w1

m Xy

Using the holomorphic isomorphism (57) and the metric estimations
(60) and (59), we can thus find a g € H°(X,, Fpn, D}, + )7 such

Tt means that g is a holomorphic section of Fy, on X,, with respect to the complex

" 0,1
structure Dp, + 7.
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that
2
2 1
62 [ lali, oA/ =1 and (@) < 0 Gl (@) + 1
Y

m
where m is large enough. Here we use Remark 3.2 (3) and the fact that
Cm,y 1s constant on X, (although it might be very large).

Now we prove the claim. Thanks to (57) and the fact that 7" — o'

is O-exact on the Stein open set X, N Wi, there exists some smooth
functions ¢, on X, N W1, such that

ECm = 7'79;1 — oWl on X, N W1

m

1
(63) = lmlle o, mmy

Cyi 01 o1
= mLHJrrloo Sm HT Om HCOO(Xymwl) =0,

for a constant C, independent of m, but depending on y.

Set § = e - . Then § € H(X, N Wi, Fy, DY+ om'). Thanks to
(63) and (62), when m is large enough, we have

2 . .
(64 [, e iy <
X,nwy

and

1
(65) pim(2) < —lIn[glng, (2) +2.

m
The claim is proved. q.e.d.

6. Proof of the main theorem

We start with an easy, but important lemma relating null locus and
lc centres.

Lemma 6.1. Let X be a compact Kdhler manifold, and let o be
a nef and big class such that the null locus Null(«) has no divisorial
components. Let Z C X be an irreducible component of Null(«). Then
there exists a positive real number ¢ such that Z is a maximal lc centre
for (X, ca).

Remark. The coefficient ¢ depends on the choice of Z, so in general
the other irreducible components of Null(«) will not be lc centres for
(X, ca).

Proof. By a theorem of Collins of Tosatti [15, Thm. 1.1] the non-
Kahler locus E,, k() coincides with the null-locus of Null(a). Moreover

by [8, Thm. 3.17] there exists a K&hler current 7' with analytic singu-
larities in the class a such that the Lelong set coincides with E, k().
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Since the non-Kéahler locus has no divisorial components the class « is
a modified Kéahler class [8, Defn. 2.2]. By [8, Prop. 2.3] the class «
has a log-resolution u : X — X such that wx@ = «. In fact the proof
proceeds by desingularising a Kahler current with analytic singularities
in the class a, so, using the current 1" defined above, we see that the u-
exceptional locus maps exactly onto Null(«). Up to blowing up further
the exceptional locus is a SNC divisor. By Remark 4.3 we have

k
,u*a =a+ ZT]‘D]‘,
j=1
with r; > 0 for all j € {1,...,k}. Since « is nef and big, the class & +

mu*a is Kéhler for all m > 0. Thus up to replacing the decomposition
above by

~ k
N a+muta Z Tj

b Zm+1
for m > 0 we can suppose that r; < 1 for all j € {1,...,k}. Since X is
smooth we have K¢ = pu*Kx + Z?Zl ajF; with a; a positive integer.

Since r; < 1 we have a; —r; > —1 for all £/; mapping onto Z. Thus we
can choose a ¢ € RT such that aj — crj > —1 for all E; mapping onto
Z and equality holds for at least one divisor. q.e.d.

As a first step toward Theorem 1.3 we can now prove the following:

Theorem 6.2. Let X be a compact Kdhler manifold of dimension
n. Suppose that Conjecture 1.2 holds for all manifolds of dimension at
most n — 1. Suppose that Kx is pseudoeffective but not nef, and let w
be a Kahler class on X such that a := Kx + w is nef and big but not
Kahler.

Let Z C X be an irreducible component of maximal dimension of
the null-locus Null(@), and let © : Z' — Z be the composition of the
normalisation and a resolution of singularities. Let k be the numerical
dimension of m*al|z (cf. Definition 2.5). Then we have

Kz -m*alfy - mrw|fmZ=F1 <.

In particular Z' is uniruled.
Proof of Theorem 6.2. Since a = Kx + w and 7T*Oé|l%+1 = 0 we have

T Kx|z - m*all = —1*w|z -t alk.
By hypothesis k < dim Z so dim Z — k — 1 is non-negative. Since 7r*oz|’}
is a non-zero nef class and w is Kahler this implies by Remark 2.6 that
(66) 7 Kx|z-7mrall rmrw|imiThml = x| dm Tk gk < 0.
Our goal will be to prove that

Kz -m*alfy - mrw|fmZ=k=1 < 0.
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This inequality implies the statement: since Kz is not pseudoeffective
and Conjecture 1.2 holds in dimension at most n—1 > dim Z’ we obtain
that Z’ is uniruled.

We will make a case distinction:

Step 1. The null-locus of a contains an irreducible divisor. Since Z
has maximal dimension, it is a divisor. Since Kx is pseudoeffective we
can consider the divisorial Zariski decomposition [8, Defn. 3.7]

c1(Kx) = ZeiZi + P(Kx),

where e; > 0, the Z; C X are prime divisors and P(Kx) is a modified
nef class [8, Defn. 2.2]. Arguing as in [29, Lemma 4.1] we see that the
inequality (66) implies (up to renumbering) that Z; = Z and

(67) ™ (c1(0z(2))) - mall - Tw|E 2 <0,

Thus the normal bundle Ny, x ~ Oz(Z) is negative with respect to
these nef classes. Moreover there exist effective Q-divisors on Dy and
D5 on Z' such that

Kz :W*(Kx—l-Z)—l—Dl — Do

and 7(D1) has codimension at least two in Z (cf. [43, Prop. 2.3]). Thus
we have

Kz -mrally - mw|3 "2 < (Kx + Z) - m*ally - mrw|3 2.

Combining (66) and (67) we obtain that the right hand side is negative.

Step 2. The null-locus of o has no divisorial components. In this
case we know by Lemma 6.1 that there exists a ¢ > 0 such that Z is a
maximal lc centre for (X, ca). The classes 7*alz and 7*w|z are nef, so
by Theorem 1.5 we have

KZ’ -W*Oé‘]% . ﬂ_*w‘%imz—k—l S W*(KX + COJ)’Z . W*Oé’% . W*w’%imZ—k:—l.

Since k is the numerical dimension of 7*«|z we have ¢ 7T*oz|]}+1 .
[P Z=k=1 — 0. Thus (66) yields the claim. q.e.d.

Remark 6.3. We used the hypothesis that Z has maximal dimension
only in Step 1, so our proof actually yields a more precise statement:
Null(«r) contains a uniruled divisor or all the components of Null(«) are
uniruled.

We come now to the technical problem mentioned in the introduction:

Problem 6.4. Let X be a compact Kahler manifold, and let a €
N1(X) be a nef cohomology class. Does there exist a real number b > 0

such that for every (rational) curve C' C X we have either a- C' =0 or
a-C >b7
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Remark 6.5. If « is the class of a nef Q-divisor, the answer is ob-
viously yes: some positive multiple ma is integral, so we can choose
b .= % If o is a Kahler class the answer is also yes: by Bishop’s theo-
rem there are only finitely many deformation families of curves C' such
that a-C < 1, so a- C takes only finitely many values in |0, 1[. However,
even for the class of an R-divisor on a projective manifold X it seems
possible that the values « - C' accumulate at 0 [36, Rem. 1.3.12]. In the
proof of Theorem 1.3 we will use that « is an adjoint class to obtain the
existence of the lower bound b.

The problem 6.4 is invariant under certain birational morphisms:

Lemma 6.6. Let 7 : X — X’ be a holomorphic map between normal
projective varieties X and X'. Let o' be a nef R-divisor class on X' and
set a:= /.

a) Suppose that there exists a real number b > 0 such that for every
(rational) curve C' C X" we have o/ - C" =0 or o' - C" > b. Then for
every (rational) curve C C X we have a-C =0 or - C > b.

b) Suppose that there exists a real number b > 0 such that for every
(rational) curve C C X we have a - C = 0 or - C > b. Suppose
also that X has klt singularities and © is the contraction of a Kx-
negative extremal ray. Then for every (rational) curve C' C X' we have

o - C'"=0o0ra- -C">b.

Proof of a). Let C C X be a (rational) curve such that o - C # 0. the
image C’ := 7(C) C X' is a (rational) curve and the induced map
C — (' has degree d > 1. Thus the projection formula yields

a-C=1"d-C=d -m,(C)=dd"-C">db>b.

Proof of b). Let C' C X' be an arbitrary (rational) curve such that
o - C" # 0. By [26, Cor. 1.7(2)] the natural map 7~ 1(C’) — C’ has
a section, so there exists a (rational) curve C' C X such that the map
7|c : C — C’ has degree one. Thus the projection formula yields

o - C'=d 1 (C)=71"a-C>0.
q.e.d.

Remark 6.7. It is easy to see that statement a) also holds when X
and X’ are compact Kahler manifolds and o/ is a nef cohomology class
on X'

Corollary 6.8. Let X be a normal projective Q-factorial variety with
kit singularities, and let o be a nef R-divisor class on X. Suppose that
there exists a real number b > 0 such that for every (rational) curve
C Cc X we have a-C =0 ora-C >b. Let p : X --» X' be the
divisorial contraction or flip of a Kx-negative extremal ray I' such that
a-T'=0. Set o := ps(a). Then o is a nef R-divisor class on X' and
for every (rational) curve C C X we have ao-C =0 or a- C > b.
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Proof. If p is divisorial the condition a - T' = 0 implies that o = p*o/
[34, Cor. 3.17]. Thus Lemma 6.6, b) applies. If pisaflip,let f : X — Y
be the contraction of the extremal ray and f’ : X’ — Y the flipping
map. Since « - I' = 0 there exists an R-divisor class ay on Y such that
a = f*ay [34, Cor. 3.17]. Moreover we have o = (f")*ay since they
coincide in the complement of the flipped locus. Thus we conclude by
applying Lemma 6.6,b) to f and Lemma 6.6,a) to f’. q.e.d.

Proposition 6.9. Let F' be a projective manifold, and let o be a nef
R-divisor class on F'. Suppose that there exists a real number b > 0 such
that for every rational curve C' C F such that - C # 0 we have

(68) a-C >0b.
Then one of the following holds

e F is dominated by rational curves C'C F' such that - C = 0; or
o the class Kp + %a is pseudoeffective.

Proof. Note that, up to replacing o by MTmFoz, we can suppose that

(69) a-C>2dimF

for every rational curve C C F that is not a-trivial. Suppose that Kp+a«
is not pseudoeffective, then our goal is to show that F' is covered by a-
trivial rational curves. Since K + « is not pseudoeffective, there exists
an ample R-divisor H such that Kr+a+ H is not pseudoeffective. Since
H and o + H are ample we can choose effective R-divisors Ay ~r H
and A ~g a+ H such that the pairs (F, Ag) and (F, A) are klt. By [6,
Cor. 1.3.3] we can run a K + A-MMP

(F,A) =: (Fo, Ag) =5 (F1, A1) 225 25 (B, Ap),

that is for every ¢ € {0,...,k — 1} the map pu; : F; --» F;11 is either
a divisorial Mori contraction of a Kp, + Aj;-negative extremal ray I';
in NE(X;) or the flip of a small contraction of such an extremal ray.
Note that for every i € {0,...,k} the variety F; is normal Q-factorial
and the pair (F;, A;) is klt. Moreover Fj admits a Mori contraction
of fibre type ¥ : Fy — Y contracting an extremal ray 'y such that
(KFk+Ak)‘Fk < 0.

Set Apo = Ag,ap = a and for all ¢ € {0,...,k — 1} we define
inductively

At = (i)« (Ami)s g = (i)« ().
Note that for all ¢ € {0,...,k} we have

We claim that for all i € {0,...,k} the R-divisor class «; is nef and
a; - I'; = 0. Moreover the pairs (X;, Ap;) are klt. Assuming this for
the time being, let us see how to conclude: since ¥ : Fp, — Y is a
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Mori fibre space and the extremal ray I'y is ag-trivial, we see that F}, is
dominated by ag-trivial rational curves (Cy)ier. A general member of
this family of rational curves is not contained in the exceptional locus of
Fy --» Fy, so the strict transforms define a dominant family of rational
curves (C})ier of Fy. Since all the birational contractions in the MMP
Fy --» F} are a,-trivial, we easily see (cf. the proof of Corollary 6.8)
that
a-Cl=a-Cy=0.

Proof of the claim. Since «q is nef, we have
0> (KFO + Ao) Ty = (KFO + AH70 + ao) Ty > (KFO + AH70) -Tp.

Thus the extremal ray I'g is K g, + Ap o-negative, in particular the pair
(F1,Aq) is kit [34, Cor. 3.42, 3.43]. Moreover there exists by [31, Thm.
1] a rational curve [Cp] € T'g such that (Kg, + Amp) - Co > —2dim F.
Thus if ag - Cp # 0, the inequality (69) implies that

(KFO +A0)-Co = (KFO +AH70)~C()+C¥0-CO > 0.

In particular the extremal ray I'g is not Kp, + Ag-negative, a contra-
diction to our assumption. Thus we have ag - Cy = 0. By Corollary 6.8
this implies that «; is nef and satisfies the inequality (69). The claim
now follows by induction on 3. q.e.d.

Remark 6.10. For the proof of Theorem 1.3 we will use the MRC
fibration of a uniruled manifold. Since the original papers [33, 11] are
formulated for projective manifolds, let us recall that for a compact
Kahler manifold M that is uniruled the MRC fibration is defined as
an almost holomorphic map f : M --» N such that the general fibre
F' is rationally connected and the dimension of F' is maximal among
all the fibrations of this type. The existence of the MRC fibration
follows, as in the projective case, from the existence of a quotient map
for covering families [12]. The base N is not uniruled: arguing by
contradiction we consider a dominating family (C})er of rational curves
on N. Let M; be a desingularisation of f~!(C;) for a general C}, then
M, is a compact Kéahler manifold with a fibration onto a curve My —
Cy such that the general fibre is rationally connected. In particular
HO(Mt,Q?Wt) = 0 so M; is projective by Kodaira’s criterion. Thus
we can apply the Graber-Harris-Starr theorem [22] to see that M, is
rationally connected, a contradiction.

Proof of Theorem 1.3. Let w be a Kéhler class such that « := Kx 4w is
nef and big, but not Kéhler. By Theorem 6.2 there exists a subvariety
Z C X contained in the null-locus Null(e) that is uniruled. More
precisely let m : Z’ — Z be a desingularisation, and denote by k the
numerical dimension of o := 7*«a|z. Then we know by Theorem 6.2
that

Kz -o'F o pr|fmZ=k=1 0,
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rk+1

Since « = 0 this actually implies that

(71) (K7 +Aa') - o/ * | fmZ=k=1 < vV A>0.

Our goal is to prove that this implies that Z contains a K x-negative
rational curve. Arguing by contradiction we suppose that Kx - C > 0
for every rational curve C' C Z. Since w is a Kéahler class this implies by
Remark 6.5 that there exists a b > 0 such that for every rational curve
C C Z we have

(72) a-C=(Kx+w) - C>w-C>b.

By Lemma 6.6a) and Remark 6.7 this implies that for every rational
curve C' C Z' we have o -C'=0or o - C" > b.

Since Z’ is uniruled we can consider the MRC-fibration f: Z' --» Y
(cf. Remark 6.10). The general fibre F is rationally connected, in par-
ticular we can consider o/|p as a nef R-divisor class. Moreover the
inequality above shows that o/|p satisfies the condition (68) in Propo-
sition 6.9. If F' is dominated by «o/|p-trivial rational curves, then Z’ is
dominated by o/-trivial rational curves. A general member of this dom-
inating family is not contracted by 7, so Z is dominated by a-trivial
rational curves. This possibility is excluded by (72), so Proposition 6.9
shows that there exists a A > 0 such that K+ A\/|p is pseudoeffective.

We will now prove that Kz + Aa is pseudoeffective, which clearly
contradicts (71). If v : Z” — Z is a resolution of the indetermina-
cies of f such that Kz + v*(Aa) is pseudoeffective, then Kz + Ao =
(V)«(Kzr + v*(Aa)) is pseudoeffective. Thus we can assume without
loss of generality that the MRC-fibration f is a holomorphic map. Let
w’ be a Kahler class on Z’, then for every € > 0 the class Ao/ + ew is
Kéhler and Kr + (Aa + ew)|p is pseudoeffective. Thus we can apply
Theorem 5.2 to f: Z' — Y to see that

KZ//Y—|—)\()£+EOJ

is pseudoeffective. Note now that Y has dimension at most dim X — 2
and is not uniruled (Remark 6.10) Since we assume that Conjecture 1.2
holds in dimension up to dim X — 1, we obtain that Ky is pseudoeffec-
tive. Thus we see that Kz + Aa + ew is pseudoeffective for all € > 0.
The statement follows by taking the limit € — 0. q.e.d.
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