J. DIFFERENTIAL GEOMETRY
113 (2019) 519-566

MINIMAL HYPERSURFACES AND BOUNDARY
BEHAVIOR OF COMPACT MANIFOLDS
WITH NONNEGATIVE SCALAR CURVATURE

S1yuaN Lu & PENGzI Miaof

Abstract

On a compact Riemannian manifold with boundary having pos-
itive mean curvature, a fundamental result of Shi and Tam states
that, if the manifold has nonnegative scalar curvature and if the
boundary is isometric to a strictly convex hypersurface in the Eu-
clidean space, then the total mean curvature of the boundary is
no greater than the total mean curvature of the corresponding Eu-
clidean hypersurface. In 3-dimension, Shi-Tam’s result is known
to be equivalent to the Riemannian positive mass theorem.

In this paper, we provide a supplement to Shi-Tam’s result by
including the boundary effect of minimal hypersurfaces. More
precisely, given a compact manifold 2 with nonnegative scalar
curvature, assuming its boundary consists of two parts, ¥, and
Y., where 3, is the union of all closed minimal hypersurfaces
in Q and ¥, is assumed to be isometric to a suitable 2-convex
hypersurface ¥ in a spatial Schwarzschild manifold of mass m,
we establish an inequality relating m, the area of ¥, and two
weighted total mean curvatures of £, and X.

In 3-dimension, our inequality has implications to isometric em-
bedding and quasi-local mass problems. In a relativistic context,
the result can be interpreted as a quasi-local mass type quantity
of X, being greater than or equal to the Hawking mass of 3,,. We
further analyze the limit of this quantity associated with suitably
chosen isometric embeddings of large spheres in an asymptotically
flat 3-manifold M into a spatial Schwarzschild manifold. We show
that the limit equals the ADM mass of M. It follows that our
result on the compact manifold €2 is equivalent to the Riemannian
Penrose inequality.

1. Introduction and statement of results

The main goal of this paper is to prove the following theorem:
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Theorem 1.1. Let (2", §) be a compact, connected, orientable,
(n+ 1)-dimensional Riemannian manifold with nonnegative scalar cur-
vature, with boundary OS2. Suppose ON) is the disjoint union of two
pieces, ¥, and X, , where

(i) X, has positive mean curvature H; and
(ii) X, if nonempty, is a minimal hypersurface (with one or more
components) and there are no other closed minimal hypersurfaces
Let MM denote an (n+1)-dimensional spatial Schwarzschild manifold,
outside the horizon, of mass m > 0. Suppose ¥, is isometric to a
closed, star-shaped, 2-convex hypersurface X" C ML with Ric(v,v) <
0, where Ric is the Ricci curvature of Mt and v is the outward unit
normal to 3.

If n <7, then
n—1
1 1 /12 o 1
(1.1)  m+ /NHmd02<|H|> + / NH do.
nwy, Jx 2\ wp nwn Jx,

Here H,, is the mean curvature of ¥ in M%! do is the area element
on X and X, wy, is the area of the standard unit sphere S, N is the
static potential function on M given by

B Sl 1

N—__2"
1+ Zx|t—n

if one writes

_1_ _4
it = (R {lel < (5) ™ (1 el ) g )

where g, 1s the Buclidean metric, N is also viewed as a function on X,
via the isometry between ¥ and ¥, |X,| denotes the area of ¥, and
|X,,| is taken to be 0 if X, = 0.

Moreover, if equality in (1.1) holds, then

n—1
1712 1\ =
H=H,, and 2<| H|> =m

Wn,
In particular, ¥, must be nonempty in this case.

REMARK 1.1. Compact manifolds (£, g) satisfying conditions (i) and
(ii) in Theorem 1.1 exist widely. For instance, given any compact,
connected, orientable Riemannian manifold (Q,§) with disconnected
boundary €, if the mean curvature vector of 9 points inward at each
boundary component, then by minimizing area among all hypersurfaces
that bounds a domain with a chosen boundary component, one can al-
ways construct such an (€2, g) (under the given dimension assumption).
In a relativistic context, a compact manifold (€2, g) satisfying conditions
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(i) and (ii) represents a finite body surrounding the apparent horizon of
the black hole in a time-symmetric initial data set.

REMARK 1.2. A hypersurface ¥ C M™*! is called 2-convex if o > 0
and oo > 0, where o1 and oy are the first and second elementary sym-
metric functions of the principal curvatures of ¥ in M™%F!, respectively.

REMARK 1.3. Let Ei = OM! be the minimal hypersurface bound-

N
12

Wn

ary of M. Using the fact m = 3 ( ) ' , we can write (1.1)

equivalently as
(1.2)

n—1 n—1
123\ " 1 1/1Z, 0\ » 1
- Q + /NHdeZ @ + / NHdo.
2 Wn, nwWy, Jx 2\ wp nwn Jx,

Such an inequality has the following variational interpretation. Let g
denote the induced metric on ¥ from the Schwarzschild metric g on
M2+ Let F(x,g) be the set of fill-ins of (X, g) with outermost horizon

inner boundary, i.e. ]3(279) consists of all compact, connected, orientable
manifolds (2, g) with nonnegative scalar curvature, with boundary sat-
isfying (i) and (ii) such that ¥, = ¥ and g|s, = g, where g|s_ is
the induced metric on ¥, from g. Let N be the function on ¥, = X,
which is the restriction of the static potential on M7t to ¥. On .7%(279),
consider the functional

n—1
1 /2 o 1
(Q,9) — = <H|> + / NH do.
2\ wy nwn Jx

Inequality (1.2) asserts that this functional is maximized at (2%, g),
where 9 is the domain in M, bounded by ¥ and %9. (Such an in-
terpretation of (1.2) in terms of fill-ins relates to the work of Mantoulidis
and the second author [30].)

Treating the assumption that X, is isometric to X C M2+ as a
condition of having an isometric embedding of >, into M, we have
the following result.

Theorem 1.2. Let (M3, §) be an asymptotically flat 3-manifold. Let
S, denote the coordinate sphere of coordinate radius r in a coordinate
chart defining the asymptotic flatness of (M3, §). Let g, be the induced
metric on S,.. Then, given any constant m > 0, there exists an isometric
embedding

X, : (Sy,g9,) — M2,

for each sufficiently large r, such that ¥, = X,(S,) is a star-shaped,

convex surface in M3, with Ric(v,v) < 0 where v is the outward unit
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normal to %,.; moreover,

) 1
(1.3) Tlggo <m + o . (Hy, — H) da) =m,
and
(1.4) V(r) = Vin(r) = 2nr?(m — m) + o(r?), as r — oco.

Here m is the ADM mass of (M3,§), H is the mean curvature of S,
in (M3,§) and H,, is the mean curvature of ¥, in M2,, N is the static
potential on M3, N and H,, are viewed as functions on S, via the
embedding X,., V (r) is the volume of the region enclosed by S, in (M3, §)
and Vi, (r) is the volume of the region enclosed by ¥, in M3 .

Now we explain the motivations to and the implications of Theorem
1.1. Our first motivation to Theorem 1.1 is the following theorem of Shi
and Tam [41].

Theorem 1.3 ([41]). Let ("1, §) be a compact, Riemannian spin
manifold with nonnegative scalar curvature, with boundary 9. Let 3,
1 < i <k, be the connected components of Q. Suppose each ; has
positive mean curvature and each X; is isomeric to a strictly convex
hypersurface £; C R"L. Then

(1.5) /H0d0'>/ H do,
$, 2,

where Hy is the mean curvature of f]l in R™Y and H is the mean
curvature of ¥; in (2, §). Moreover, if equality holds for some i, then
k=1 and (Q,§) is isometric to a domain in R,

Theorem 1.3 is a fundamental result on compact manifolds with non-
negative scalar curvature with boundary, obtained via the Riemannian
positive mass theorem [42, 46]. For the purpose of later explaining the
proof of Theorem 1.1, we outline the proof of Theorem 1.3 from [41] as
follows. For simplicity, we assume k = 1 and denote ¥; by . Iden-
tifying ¥ with its isometric image in R"*! and using the assumption
that ¥ is convex in R"*! one can write the Euclidean metric g, on E,
the exterior of ¥, as g, = dt* + g;, where g; is the induced metric on
the hypersurface 3; that has a fixed Euclidean distance ¢ to %. Given
the mean curvature function H > 0 on X, one shows that there exists
a function u > 0 on E such that g, = u?dt? + ¢; has zero scalar curva-
ture, (E, g,) is asymptotically flat, and the mean curvature H,, of 3; in
(E, g,,) satisfies H, = H at 3¢9 = X. A key feature of such an (E, g,,) is
that the integral

1

Wy,

(1.6)

/Et(Ho ~H)do



BOUNDARY BEHAVIOR OF COMPACT MANIFOLDS 523

is monotone nonincreasing and it converges to m(g,), where m(g,) is
the ADM mass [1] of (E,g,). By gluing (€, §) and (E, g,) along their
common boundary ¥ and applying the Riemannian positive mass the-
orem, which is still valid under the condition that the mean curvatures
of ¥ in (Q,§) and (E, g,) agree (see [41, 33]), one concludes that

/Z (Hy — H)do = m(g) > 0,

L) — /(HO—H) do > lim
nwy Js t—00 MWy,
which proves (1.5).
One of the most important features of Theorem 1.3 is that, when
n = 2, by the solution to the Weyl embedding problem ([38, 39]),
Theorem 1.3 implies the positivity of the Brown-York quasi-local mass
([9, 10]) of 99, under the assumption that 9 is a topological 2-sphere
with positive Gauss curvature.

REMARK 1.4. When n > 2, Kichmair, Wang and the second author
[17] proved that Theorem 1.3 remains valid if each component ¥; is
isometric to a star-shaped hypersurface with positive scalar curvature
in R"*!, It was also noted in [17] that the spin assumption therein can
be dropped when n < 7. Recently, Schoen and Yau [43] proved that
the Riemannian positive mass theorem holds in all dimensions without a
spin assumption. Therefore, by the argument in [17], results in [41, 17]
also hold in all dimensions without a spin assumption.

To motivate Theorem 1.1 from Theorem 1.3, one may consider the
setting k > 1 of Theorem 1.3. In this case, given any boundary compo-
nent Y;, there exists a minimal hypersurface .S;, possibly disconnected,
in the interior of (€, §) such that S; and ¥; bounds a domain € satisfying
conditions (i) and (ii) in Theorem 1.1. Thus, besides the nonnegative
scalar curvature, one wants to understand the influence of S; on X;.
This is indeed related to the following Riemannian Penrose inequality,
which is our second motivation to Theorem 1.1.

Theorem 1.4 ([26, 4, 6]). Let M™ ! be an asymptotically flat mani-
fold with nonnegative scalar curvature, with boundary OM , where n < 7.
Suppose OM is an outer minimizing, minimal hypersurface (with one or
more component), then

n—1
laMl)"

Wn

1
(1) m() > L (
where m(M) is the ADM mass of M and |OM]| is the area of OM.
Moreover, equality holds if and only if M is isometric to a spatial

Schwarzschild manifold outside its horizon.

When n = 2, Theorem 1.4 was first proved by Huisken and Ilmanen
[25, 26] for the case that OM is connected, and later proved by Bray [4]
for the general case in which M can have multiple components. For
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higher dimensions, Bray and Lee [6] proved inequality (1.8) for n < 7
and established the rigidity case assuming that M is spin. (Without the
spin assumption, the rigidity case follows by combining results of Bray
and Lee [6] and McFeron and Székelyhidi [31].)

To compare Theorem 1.1 and Theorem 1.4, we can write (1.1) equiv-
alently as

n—1
1 1 /12 o
(1.9) m+ / N(Hy, — H)do > <|H|>
nwn Jyx, 2\ wy

by identifying 3, and . The quantity on the left side of (1.9) depends
only on the assumption on the (outer) boundary component X, of €,
while the mass m(M) in (1.8) is determined solely by the asymptotically
flat end of M. In this sense, Theorem 1.1 can be viewed as a localiza-
tion of Theorem 1.4 to a compact manifold with boundary satisfying
conditions (i) and (ii). Indeed, by (1.3) in Theorem 1.2 and the fact
that our proof of Theorem 1.1 uses (1.8), Theorem 1.1 is equivalent to
the Riemannian Penrose inequality (1.8) when n = 2. In this case, the
right side of (1.9) is the Hawking quasi-local mass [24] of X, and (1.9)
describes how X, which models the apparent horizon of black hole,
contributes to the quasi-local mass of a body surrounding it.

REMARK 1.5. In [14], Chen, Wang, Wang and Yau introduced a no-
tion of quasi-local energy in reference to a general static spacetime. Set-
ting 7 = 0 in equation (2.10) in [14], one sees that the quasi-local energy
of a 2-surface ¥ defined in [14] with respect to an isometric embedding
of ¥ into a time-symmetric slice of Schwarzschild the Schwarzschild
spacetime with mass m is given by % Js N(H,, — H) do, which agrees
with the surface integral on the left side of (1.9) with ¥ =X .

To illustrate that Theorem 1.1 provides a supplement to Shi-Tam’s
result, we want to make a connection between (1.9) and an inequality
that can be obtained by directly combining (1.8) and Shi-Tam’s proof
of Theorem 1.3. Only for the convenience of making a comparison, we
list the following inequality in a theorem format:

Theorem 1.3°. Let ("' §) be a compact Riemannian manifold
with nonnegative scalar curvature, with boundary 0N, satisfying condi-
tions (i) and (i) in Theorem 1.1. Suppose 3, # 0 and X, is isometric
to a strictly convex hypersurface ¥ C R*"1. Ifn < 7, then

(1.10) ! /2 (Ho — H)do > % <|EH>1

nwn Js, Wn

where Hy is the mean curvature of ¥ in R T,

The proof of (1.10) is identical to Shi-Tam’s proof of Theorem 1.3
outlined earlier, except that in the final inequality of (1.7), one replaces
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the Riemannian positive mass theorem by the Riemannian Penrose in-
equality to yield

1
/ (Hy— H)do > lim
%

nwn Js, t—00 NWn,

/(HO—H)dJ
¢
(1.11)

=m(gu) > 5

125!
2 Wn
The fact that (1.8) is applicable to the manifold obtained by gluing

(©,9) and (E, g,) was demonstrated in [35] for n = 2 and in [32] for
n<T7.

REMARK 1.6. By the argument in [17], (1.10) holds with the assump-
tion that ¥ C R™*! is strictly convex replaced by that ¥ is star-shaped
with positive scalar curvature. Such a statement is precisely the m = 0
analogue of Theorem 1.1 for the case X, # 0.

Inequality (1.10) takes a simpler form than (1.9), however it is al-
ways a strict inequality. This is because, if the first inequality in (1.11)
were equality, the function u would be identically 1 (implied by the
monotonicity calculation of (1.6) in [41, 17]), consequently Hy = H
identically, which would show 0 > |X,,|, contradicting the assumption
¥, # 0. A more intuitive reason for (1.10) to be strict is that, though
¥,, is a nonempty minimal hypersurface in Q"*1, (1.10) is obtained by
comparing ¥, to a hypersurface in R**1 which is free of closed minimal
hypersurfaces.

For the above reason, we consider an assumption Y, is isometric to
an ¥ C M?%t in Theorem 1.1. In particular, (1.9) does become an
equality when ) itself is the domain in M bounded by ¥ and the
Schwarzschild horizon Ei.

The fact that (1.9) gives a refined estimate on |X |, sharper than
(1.10), can be illustrated by the case in which ¥, is isometric to a
round sphere. In the following example, for simplicity, we take n = 2.

ExXAMPLE 1. Suppose 2 is a compact 3-manifold with nonnegative
scalar curvature, with boundary 052, satisfying conditions (i) and (ii) in
Theorem 1.1. Suppose ¥, # 0 and X, is isometric to a round sphere
with area 47 R2. Then (1. 10 shows

5,
1.12 R— — Hdo
(1.12) / > W

On the other hand, Theorem 1.1 applies to any M3, with m € (O, %R)

since X, is isometric to a rotationally symmetric sphere in such an M3,

Thus, by (1.9),

1 2 =,
1.1 = [ N(NZ_-H)do>,/ 28!
(1.13) m+87r/go < R ) 7=\ 16r
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with N = 4/1— %”. Let ®(m) denote the quantity on the left side of
(1.13). (The left side of (1.12) equals lim,,—,o+ ®(m).) By (1.13),

by
(1.14) min_ ®(m) > 4/ M
0<m<§ 167

Note that either (1.12) or (1.13) implies 0 < g2 [, Hdo < 1. There-
o

fore, via direct calculation, one has

(1.15)

2
1 1
R— — Hdo > min @(m)zﬁ 1- / Hdo
87 Js, O<m< L 2 SR Jx,

> ‘ZH’.
— V 167

(It is clear that, if € is the region bounded by a rotationally symmetric
sphere and the horizon boundary in some M3 | then min,_,_r ®(m) =
2
[Egl
167 °
is achieved at m = m, where m,, determined by N = ﬁ fE Hdo,
o

) In (1.15), it is also intriguing to note that ming_,,, 1 o(m)

agrees with min,_,, . ®(m), i.e.

(1.16) ms = min_ P(m).

0<m<§
This means that an optimal background M3, that is used to be com-
pared with € is indeed determined by the minimal value of ®(m).

REMARK 1.7. Calculation in relation to the example above was first
carried out in [35] where the special case of Theorem 1.1 in which X,
is isometric to a round sphere was proved. The implication of (1.16) on
the quasi-local mass of such round surfaces was also discussed in [35].

Next, we comment on the implication of Theorem 1.1 on isometric
embeddings of a 2-sphere into a Schwarzschild manifold M, with m >
0. It was proved by Li and Wang [28] that, if o is a metric on the
2-sphere S?, an isometric embedding of (S?,0) into M3 may not be
unique. Indeed, it was shown in [28] that, if o, is the standard round
metric of area 47r? with » > 2m, then (S?,0,) admits an isometric
embedding into M, that is close to but different from the standard
embedding whose image is a rotationally symmetric sphere. For this
reason, one knows that inequality (1.1) does depend on the choice of
the isometry between ¥, and ¥. (This contrasts with inequality (1.5)
which only depends on the intrinsic metric on ¥;.) However, in the
following example, we demonstrate that (1.1) can be applied to reveal
information on such different isometric embeddings into M3,.
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EXAMPLE 2. Let ¥ C M3, be a closed, star-shaped, convex surface
with RIC(I/ v) < 0. Let H,, denote its mean curvature. Suppose ¢ :
Y — ¥ is an isometry between ¥ and another surface ¥ C M3, with
properties

(a) X bounds a domain D with the Schwarzschild horizon Eg = OM3,,
and

(b) % has positive mean curvature H,, with respect to the outward
unit normal.

Then Theorem 1.1 is applicable to the domain D to give

ES
(1.17) m+/NH do > ’6 87T/NH do

with N = N o/ '. (Note that, if (a) is replaced by an assumption
¥ = 0D for some D, then the term involving |ES] will be absent in

(1.17) and the inequality is strict.) Since m = 4/ \1267T|7 (1.17) shows
(1.18) /NHm do > / NH,,do
b 5

with equality holds only if H,, o ™! = H,,. Now suppose we consider
the special case in which X is a rotationally symmetric sphere, then N
is a constant on ¥, hence N is also a constant that equals N. In this
case, (1.18) becomes

(1.19) /Hmdaz[ﬁmda.
P >

(In the case of 3 = D, one has 8tmN ' + Js Hndo >[5 H,, do.)
Since H,, is a constant, equality in (1.19) holds only if H,, is a constant.

By the result of Brendle [7], we conclude that ¥ must be ¥ when equality
holds in (1.19).

We now outline the proof of Theorem 1.1. The first step in our
proof is to generalize the monotonicity of the Brown-York mass type
integral (1.6) in Shi-Tam’s proof of Theorem 1.3 to the monotonicity of
a weighted Brown-York mass type integral

(1.20) N(H — Hy)do
p

in a general static background on which NN is a positive static potential
function. The idea of imposing a suitable weight function in (1.20)
to obtain monotonicity goes back to the work of Wang and Yau [45]
in which isometric embeddings of surfaces into hyperbolic spaces are
considered. Given a static Riemannian manifold (N, g) (see Definition
2.1), let {Z;} be a family of closed hypersurfaces evolving in (N, g) with
speed f > 0, we show that, as long as Y; is 2-convex and %—]X > 0,
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(1.20) is monotone nonincreasing along the flow. Here 2-convexity of
Y+ means that o1 > 0 and o9 > 0, where o1 and o9 are the first and
second elementary symmetric functions of the principal curvatures of >
in (N, g); v denotes the unit normal giving the direction of the flow; and
H, H, denote the mean curvature of ¥; with respect to g = detQ
9ty Gy = n?dt? + g;, respectively, where gn is taken to have the same
scalar curvature as g. (The idea of considering such a metric g, goes
back to Bartnik [3].) To apply this monotonicity formula, in the next
step we study a family of closed, star-shaped, hypersurfaces {¥;} in a
spatial Schwarzschild manifold M7, given by ¥; = X (¢,S"), where
X :[0,00) x S — M2+ is a smooth map evolving according to

0X n—101
- = —VU.
ot 2n g9

(1.21)

We show that, if the initial hypersurface X is 2-convex with Ric(v,v) <
0, then (1.21) admits a long time solution {3 }o<t<oo S0 that each ¥; is
2-convex and has positive scalar curvature. Writing the Schwarzschild
background metric § on the exterior region E of ¥g as § = f2dt> + gy,
we then demonstrate that there exists a positive function n on E such
that g, = n?dt? + g; has zero scalar curvature, the mean curvature of
Yo in (E, g,)) equals H which is the mean curvature of 3, in (€2, g); and
(E, gn) is asymptotically flat with mass

. 1 —
(1.22) m(gy) =m+ tlgglo o . N(H — Hy)do.
Finally, by gluing (€2, g) and (E, g,)) along ¥, (which is identified with
¥ = ¥p) to get an asymptotically flat manifold (M , ﬁ), we conclude

(1.23)
1 _
—H)do > m+ lim — | N(H — H,)do

t—00 nwy, Jx,

=m(gy) = 5 <’Z ‘) 1,

where in the last step we used the fact that the Riemannian Penrose
inequality holds on such an (M, h) (see [35, 32]).

It is worth of mentioning that, similar to the fact that Shi-Tam’s
proof of Theorem 1.3 gives an upper bound of the Bartnik mass m, (3)
[2] for a 2-surface X that is isometric to a convex surface in R? in terms
of its Brown-York mass, our proof of Theorem 1.1 yields

(1.24) m,, () <m+/N m— H)do

for a surface ¥ that is isometric to a convex surface with Ric(v,v) < 0
in an M2, (see Theorem 5.1). Such an estimate on the Bartnik mass
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verifies a special case of Conjecture 4.1 in [34], which is formulated
for a surface that admits an isometric embedding into a general static
manifold.

This paper is organized as follows. In Section 2, we derive the mono-
tonicity formula of the weighted Brown-York mass type integral (1.20)
in a general static background. In Section 3, we study a family of in-
verse curvature flows in a spatial Schwarzschild manifold M, which
includes (1.21) as a special case. In Section 4, we prove that a warped
metric of the form g, = n?dt® + g4, with zero scalar curvature, exists on
the Schwarzschild exterior region E swept out by the solution {¥; }o<t<oco
to (1.21), and show that g, is asymptotically flat and its mass is given
by (1.22). In Section 5, we attach (E,gy,) to (©2,g) along ¥, and ap-
ply the Riemannian Penrose inequality to prove Theorem 1.1. We also
discuss the implication of our work to the Bartnik mass. We end the
paper by proving Theorem 1.2 in Section 6.

Acknowledgments. The authors want to thank the anonymous referee
whose valuable comments and suggestions helped improve and clarify
this manuscript.

2. Monotonicity formula in a static background

The Euclidean space R"! and the spatial Schwarzschild manifolds
M72H! both are examples of a static Riemannian manifold according to
the following definition.

Definition 2.1 ([15]). A Riemannian manifold (N, g) is called static
if there exists a nontrivial function N such that

(2.1) (AN)g — D*N + NRic =0,

where Ric is the Ricci curvature of (N, g), D2N is the Hessian of N and
A is the Laplacian of N. The function N is called a static potential.

Throughout this section, we let (N, g) denote a static Riemannian
manifold with a static potential N. The scalar curvature R of such an
(N, g) is necessarily a constant (see [15, Proposition 2.3]). Consider a
smooth family of embedded hypersurfaces {¥;} evolving in (N,g) ac-
cording to

0X
(2.2) 5 = fr,
where X denotes points in ¥, f > 0 denotes the speed of the flow,
and v is a unit normal to ;. Let o1 and o9 be the first and second
elementary symmetric functions of the principal curvatures of >; in
(N, g), respectively. In particular, o1 equals the mean curvature of ¥;.
The metric g over the region U swept by {¥;} can be written as

(2.3) g= f2dt* + g,
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where g; is the induced metric of ;. Now consider another metric
(2.4) gn = n°dt* + gu,

where n > 0 is a function on U. We impose the condition that the scalar
curvature R(gy,) of g, equals the scalar curvature of g, i.e.

(2.5) R(gy) = R
Proposition 2.2. Under the above notations and assumptions,

d _

— N(H — Hy)d

dt < 5, ( 77) U)

_ _ ON _
— [ 0= PR do | Now - pldo,
b ov oy

where H and H,, are the mean curvature of ¥ with respect to g and gy,
respectively.

Proof. Denote A and A, the second fundamental form of ¥; with
respect to g and g, respectively. By (2.3) and (2.4),

(2.6) H,=n"'fH, A,=n"fA

By the second variation formula,

(2.7) %H _ _Af— (AP + Ric(v, )
and

(2.8) ;Hn = —An —n(|Ay|* + Ricg, (v, v)),

where A is the Laplacian operator on (¥, g;) and Ric,, is the Ricci
curvature of g,.

Let R denote the scalar curvature of (3, g;). Let o2, be the second
elementary symmetric functions of the principal curvatures of >; in
(N, gy). By Gauss equation,

R-R
(2.9) 02 =—5

Together with (2.6), we have

R—R
2

+ Ric(v,v), o3, = + Ricy, (v,v).

Ricg, (v,v) =Ric(v,v) + 02, — 02
=Ric(v,v) + o2(n 2% - 1).

Putting (2.7), (2.8) and (2.10) together, we have
0

O (H ~ Hy)

= A(n— f) = f|AP + Ric(v,v)) + n(|Ay|* + Ricg, (v, v))
= A(n— f) + Ric(v,v)(n — ) + AP~ f2 = f) + o2(n ' £ — ).

(2.10)
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Using the formula %da = fHdo, (2.6) and integrating by part, we thus
have

% < g N(H — Hn)do—>

— [ a0 gt o+ [ NEQ gl fHdo
pI ov ¢

+/E (AN(n— f) + NRic(v,v)(n - f)) do
+ /Z (NIAP( ™12 = 1) + Noa(n™' f* =) do

= / (n—1) (AN+NR_Z'C(V, V) +77_1f£faN> do
po ov

+ | Noy2(f =0 'f2)+n ' f>—n)do

= / (n—1f) (AN+NR_ic(V, V) +771fH8N> do
S ov

The static equation (2.1) implies

AN + NRic(v,v)
_ _ _ ON - _ ON
— Y g2t ; — g2
= AN —-D*N(v,v) — H 5 + NRic(v,v) H 5
Therefore, we conclude

% < g N(H — Hn)da>

- ON
= [0 pren s - [ Now o - 1o

_ _ON _
——/ " 1(n—f)QlTi’(Td(f— Noon™!(n — f)?do.
b v Ty q.e.d.

Corollary 2.3. Suppose (N,g) has a positive static potential N.
Along {X+}, suppose

ON
(2.11) 7 >0and o; >0, i =1,2.
Then N(H — Hy))do is monotone nonincreasing and it is a constant

¢
if and only if n = f.
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3. Inverse curvature flows in Schwarzschild manifolds

Corollary 2.3 suggests one consider foliations {3} satisfying condi-
tion (2.11) in a static manifold with a positive static potential. In this
section, we use an inverse curvature flow to construct such foliations in
the Schwarzschild manifold M.

We begin by fixing some notations. Henceforth, we will always use g
to denote the metric on M. We write

(3.1) (M, g) = (10, 00) x 8", dr? + ¢*(r)o),

where o is the standard metric on the unit n-sphere S™ and ¢ = ¢(r) > 0
1

satisfies ¢(0) = (2m)»-1 and

(3.2) ¢ =\/1—2mol—n.

In terms of this coordinate r, the static potential function IV in Theorem
1.1 equals ¢'. We use R(,-,-,-), Ric(-,-) to denote the curvature tensor,
the Ricci curvature of g, respectively. The scalar curvature R of g is
identically zero.
Given any integer 1 < k < n, the Garding’s cone I'y C R™ is defined
by
Fk:{(/ﬁl,...,/ﬁn) eR" | 0j >0, 1 S] Sk},

where o; is the j-th elementary symmetric function of (k1,...,k,). We
also define 09 = 1. A hypersurface ¥ C M7 is called k-convex if its
principal curvature (K1, ...,Ky) € Tg.

Theorem 3.1. Let ¥{} be a star-shaped, k-convez, closed hypersurface
in MM, Consider a smooth family of hypersurfaces {¢}t>0 evolving
according to

oX _ v
ot F’

where v s the outward unit normal and F = n

(3.3)

C’ﬁ_l ok . .
O oo > 0 which is

evaluated at the principal curvatures of ;. Then (3.3) has a smooth
solution that exists for all time, each X; remains star-shaped, and the
second fundamental form h of ¥; satisfies

|h;¢ - 5;’ < Ce_atv

where ¢ is evaluated at Xy and C, a depends only on Y, n, k.

We remark that inverse curvature flows in Euclidean spaces were first
studied by Gerhardt [19] and Urbas [44]. They considered the flow
equation (3.3) where F' is a concave function of homogeneous degree
one, evaluated at the principal curvature, and proved that the solution
exists for all time and the normalized flow converges to a round sphere
if the initial hypersurface is suitably star-shaped. For flows in other
space forms, Gerhardt [20, 21] proved the solution exists for all time
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and the second fundamental form converges (see also earlier work by
Ding [16]). Recently, Brendle-Hung-Wang [8] and Scheuer [40] proved
that the same results hold in anti-de Sitter-Schwarzschild manifold and
a class of warped product manifolds for the inverse mean curvature flow,
i.e. F = 01. However, as pointed out by Neves [37] and Hung-Wang
[27], for the inverse mean curvature flow, the rescaled limiting hypersur-

face is not necessarily a round slzhere in an anti-de Sitter-Schwarzschild
-1
C(T}ﬁ GZ:
manifolds was analyzed by Lu [29] and Chen-Mao [13] independently.
They proved that the flow exists for all time and the second fundamen-
tal converges exponentially fast if the initial hypersurface is star-shaped
and k-convex.
In what follows, we prove Theorem 3.1 following the steps in [29].
We divide the proof into a few subsections.

in anti-de Sitter-Schwarzschild

manifold. The case of F' = n

3.1. Basic formulae. We first collect some well-known formulae in
Schwarzschild manifold. Given a hypersurface X" C M™%H we always
use g to denote the induced metric on ¥. Define

2(r) = [ olodio. u=(ogv).

where v is the outer unit normal of ¥ and (-, -) also denotes the metric
product on ML Let 4, 5.. € {1,...,n} denote indices of local coordi-
nates on X. Let h be the second fundamental form on X.

The following formula is well-known (see [22] for instance),

where “;” denotes the covariant differentiation on X.
Let R(-,-,-,-) be the curvature tensor of g on ¥. The Gauss equation
and Codazzi equation are
(3.5) Rijri = Rijii + (highji — hahg)
(3.6) Vihij — Vihix = Ryijk,

and the interchanging formula is

(3.7) ViVjhi =V Vihij — bl (hiphyj — hijhpr) — h?(hpihkl — hithpk)
+ WY Rigjp + hg?Rik,p + ViRijiw + ViR

Here V is another notation for the covariant differentiation on X.

The function u is known as the support function of 3. We have (see
in [29])

Lemma 3.2.
Viu = g"hip V@,
ViViu = g"VihijVi® + ¢'hij — (h*)iju + g™V @Ry i,
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where (h2)ij = gklhikhﬂ, Ry jki is the curvature of ambient space.

As for the curvature, we have the following curvature estimates, for
proof, we refer readers to [8].

Lemma 3.3. The sectional curvature satisfies
R(9:, 05,0, 01) = 6% (1= 6 (inerjt — ouo)
R(az’, Or,0;,0,) = *¢¢”0'ij'
Together with (3.2), this gives
R(5;, 0;,0k,0)) = 2m¢3_”(oikaﬂ — 0il0jk)
R(,0r,05,0r) = —m(n — 1)¢* "oy,
thus
Raﬁw = O(r_"_l), vﬂRaﬁw = O(r_"_l).

Here {0;} is the coordinate frame on S™, o;; is the standard metric of
S", and {e.} denotes an orthonormal frame on ML

We also need the following two lemmas regarding to oy, see in [29]
for detailed proof.

k—1
Lemma 3.4. let F = ncg,k UZ:, thus F' is of homogeneous degree

1, and F(I) = n, then we have

2
S Pz
n

7

k—1
Lemma 3.5. Let F = ncc,”—ﬁaz: and (N\;) € T'y, then
n < ZFﬁ < nk

)

3.2. Parametrization on graph and C' estimate. Since the initial
hypersurface ¥ is star-shaped, we can consider it as a graph on S”, i.e.
X = (z,r) where z is the coordinate on S"” and r is the radial function.
By taking derivatives, we have

(3.8) X, =0;+ ’I"i@T, Gij = Tirj + ¢20’ij
and
(3.9) V= 1 (—rz@- + 8r) ,

v @2

. Note that all the

N|=

2
where v is the unit normal vector, v = (1 + ‘V¢2| )

derivatives are on S™.
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Thus
dr 1 rt
.
dt  Fv ¢?Fu
we have
or dr W
3.10 o i Y
(3.10) ot —at U T F
By a direct computation, cf. (2.6) in [16] we have
1 2¢'rr;
(3.11) hij = —(=rij + ¢d'0ij + qb;”j )-
Now we consider a function
T
1
(3.12) o= [ =
ro @
thus
T i Py
(3.13) Pi = ga%‘j = E - 32
If we write everything in terms of ¢, we have
dp v
3.14 - = —
(3:14) ot oF
and
(3.15)
l .. _ .o SOZQP-]
0= (L4 IDpP)E gy = Ploig + o) g =072 (o8- 227
Moreover,
¢
(3.16) hij = (¢'(0ij + wiws) — ©ij) ,
/
. . 1,
h; = glkhkj = %5; - %Um%@kj’

s .. i j
where 0¥ = g% — ‘pvf .

Lemma 3.6. Let 7(t) = supgn 7(-,t) and r(t) = infgn (-, t), then we

have
(3.17) $(7(1)) < €/ (7(0))
$(r(t)) = /"¢ (r(0)).
Proof. Recall that % = &, where F' is a normalized operator on

(hé) At the point where the function r(-,¢) attains its maximum, we
have Vr = 0, (r;;) < 0, from (3.13), we deduce that Vo = 0, (¢;;) <0

at the maximum point. From (3.16), we have (h;) > (%5}), where
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we may assume (g;;) and (h;;) is diagonalized if necessary. Since F is

homogeneous of degree 1, and F'(1,---,1) = n, we have
9 9 . / . n¢/
v: =1+ |Vp|" =1,F(h}) > —F(58;) = —,
¢ ¢
thus
d o(7(1))
—7r(t) <
" = i)
ie.

which yields to the first inequality. Similarly, we can prove the second
inequality, thus we have the lemma. q.e.d.

3.3. Evolution equations and C'! estimate. Before we go on with
the estimate, let’s derive some evolution equations first. We have

Qi i Re.
(318) gzj = Ffjv v = g FQZGJ,
and
(3.19) b= —Lpipk _viv, (1 —RZ
. j Ia k' J F vjv*

Together with the interchanging formula (3.7), we have

(3.20)

hi=— lhi h’? + qu’mhpqihrsj B 2Fp‘1hptiTShTsj

/ F? F3 - 7R:/j1/
kszq [ l
+ Rl Rkpjl + b Ripgr + VpRijgw + ViRjpgw),
where F = 6571’ and FPOTs — % .

We also need the evolution equation for the support function
0
u={¢p—,v),
(#5)

¢ o9 Fir;
FT R

Now, we need to consider the curvature term. By Lemma 3.3, (3.8)
and (3.9), we have

which is given by

(3.21) i =

Rugui = "2 (60" — (1= (&) + "0 (9" + (1 - )

(%
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Note that g™ = ¢—2 (ap” — ZZ; ) where rP = gPir,. Thus

- _ V|26, —rir
(3:22)  g"Vyp®Ryjnk = <qu)f;3”> (~o0" - (1-¢™) <0.
Lemma 3.7. Along the flow, [V¢| < C, where C depends on ¥g,n, k.

Proof. By (3.14) and (3.16), we have

dp v? 1

ot ng F(¢’5 — Gikey;) ek

where F = ¢uF.

ij _ oG ok _ OG 6G
Let GY = B G = G Gy, then

y 1o~ ..
G = — S FiaY, GwzvﬁF;w”.

Let w = 1|V¢|?, we have

Hw k k;
5 = VioVip = _@VkG = —@ (G”s%k + Gloy + Gw%)
1 .
=20 (Flaljap Pijk — U 2Glw, — QFZ-Z(é(b”w) .

We want to write the term 6 @ijk in terms of second derivative of w.
Note that

wij = SOkij‘Pk + SOkW?
= 0ije" + (0ij0kp — Oik0ip)PPP" + riph
= ije" + 05| Vol* — s + Pl
and
5% (04| Vepl* — witps) = 61| Veol* — @i
Thus we have

(3.23)
ow 1 . . .
= e (Fi5Yu; = FiIVP + Fioig — v*Gloy — 2F6¢'w)

L .
- @Flzaj‘;oki@j-

Note that —F}|V|? +Fli<pigol <0 and —Fli&ljgoki@;? < 0, thus by the
maximum principle, we have

w(-,t) < supwyp. q.e.d.

Lemma 3.8. Along the flow, u > ce%, where u is the support func-
tion and ¢ depends on Xg,n, k.

Proof. Recall that u = (¢0,,v). By Lemma 3.6, > Cen by Lemma
3.7, (Op,v) > C. Tt follows that u > cen. q.e.d.
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Lemma 3.9. Suppose Ric(v,v) < 0 for Xg, then Ric(v,v) < 0 for all
i If k> 2, this implies R > 0 for all ¥;.

Proof. By Lemma 3.3, we have

Ric = ((n = 1)(1 = ") = 60" ) gon —n-r*.
0;

Together with (3.9), i.e. v =1 (8,, — %), we have

¢" | (n—1)(1-¢?) —p¢"

Ric(v,v) = —nW + peT Vr|?
d)// 1)1 — ¢/2 o ¢¢//
=l o) med ey
_]_ 1_¢/2 _¢¢1/ 1_¢/2_’_¢¢//
= (n —1)( g ) —(n— 1)—q§21)2 .

Since ¢ = /1 — 2mel—", thus
1-¢%=2m¢' ™, ¢¢" =m(n—1)p' "
Thus
Ric(v,v) =m(n—1)¢ F ™ —m(n—1)(n+ 1)¢p" 102

On the other hand, v? = 1 + |V¢|? and, by Lemma 3.7, |V¢| is
bounded above by the initial data. Thus it follows that, if initially
Ric(v,v) <0, i.e. [Vp|? < n, then it remains true along the flow.

To prove the second assertion, it suffices to note that

R
02 =5 + Ric(v,v) > 0
along the flow. Thus R > 0 along the flow. q.e.d.

3.4. Bound for principal curvature.

Lemma 3.10. Along the flow, F¢ < C, where C depends only on
20, n, k.

Proof. Consider F¢, at the maximum point, we have

¢ F
LA
p + 7=
and
i ¢ij | Fiy  FL
Py T, PigTu ol o
i U eh s e S
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By (3.10) and (3.19), we have

< _t _7hzh —_V'V. | = i
0 — F F F k'Yj J F RV]V

v F/ iy VIViE G VIEVGE 1
——hh 2 — =R

' 1, iVip 1 -
0< d’+<— h;hﬁ—vvﬂb—Rl-)

~F¢ F\ F F¢  F WV
_ ?;/d) + = (—h;;hﬁ - Rijy) - 52; (¢"rir; + ¢'riy)
= ﬁ;’) + ?; (—hth Rijy)

— o (s o (o600 + 250 )
=220 B (ninds + )

FZ 2 ,’i .
_ F2¢ (¢//TiTj "‘d)/ (¢¢/Uij+ Qb; 7”])>.

By Lemma 3.3 and property of ¢, we have

(Zs/ Fj Fz
FT? F2 hk + CF2¢n+1

Fz " 2 2 T F’Lj /
T % <¢ Tirj + (¢2b7"73) JF<¢) .

By Lemma 3.4, we have

dv 1 F!
<92V _ 2 J
0 F¢ n + CF2¢n+1

_ B <¢// + (¢')2Tﬂ“j> _ Floii(¢')?
riry .

0 <2

F2¢ qb F2
Using the fact that F r;rj > 0, we have
0<o¥v 1 o F_ FYoy(@)
Fqb n F2¢n+1 F2 '

Note that o;; = gij;;i i we have

$v L. . FF($)? Fnr(d)
F(Z) n F2¢”+1 F2gz52 F2¢2

(3.24) 0<2
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By Lemma 3.7, we have ¢¥ < C¢2, it follows that
o e (A /
PR o
Together with Lemma 3.5 and property of ¢, we have
P
- F¢ n F2<Z)”+1 F2¢2’
thus F'¢ is bounded above. q.e.d.

Lemma 3.11. Along the flow, |¢| < C, where C' depends on ¥o,n, k.
Proof. By (3.14) and (3.16), we have
dp v v? 1

at  oF F(¢'8;; — 5% ppj) e

where F = ¢vF.

ij _ 0G. k _ OG 8G
Let G —&p_,G Dor Gy then

G =~ FiY, G, = 5 Figd,
thus
9P G
EZTﬁ:GKW%+G%+%@
1 i
2G2 (E g (plj - U2G ng‘ - F1¢¢,/(10)
By maximum principle, we conclude that || is bounded above. q.e.d.

Lemma 3.12. Along the flow, F'¢ > ¢, where ¢ depends on Xg,n, k.

Proof. Since ¢ = by Lemma 3.11, we have

¢F’

v
— <<
oF ¢

thus F'¢ > c. q.e.d.

Lemma 3.13. Along the flow, |k;¢| < C, where k; is the principal
curvature of 3¢, C' depends on ¥qg,n, k.

Proof. Consider logn — logu + %, where
n = sup{hy;&'¢ : g€l =1},
WLOG, we suppose that the maximum point occurs at n = h%, and we
have
hl 2
3.25 e >0
( ) h1 U + n
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and
Rl h% Uji

3.26 i —, o< T
( ) hi U Rt~ w
By (3.20), (3.21) and the critical equation, we have
(3.27)

1 1oy p  FPomshytheg  2FPIh,  Froh.g 1 -
0 ghl (— —hih 72 — o — —Rl,h,

k‘lppq
+ T(hkl ,Pq hgl(hkmhpl - hk:lhmp) - hT(hmkhpq - hkqhmp)

+ thRkplm + hganpqm + vaquu + kalpqu)>

¢ PgUFr; 2

Fu F2y n

1
Consider the term Ig;q h}lll , by (3.26) and Lemma 3.2, we have

(3.28)
1
FPa h 7 Fre Upg
F? h1 F2

FPa _
- 2y (gklhquq)l + @' g — (hQ)pqu + gklvlq)RVpkq) .
Inserting (3.28) into (3.27), together with the concavity of F', yields
(3.29)
k’leq
O S thi (hmRkplm + h1 Rk;pqm + V Rquy + kalqu hgnh’mkhpq)
1
1 1 1k grtEra _
+ E < - Fhllchl Rulu) 2y vlq)RVpkq +
By (3.22), we have
(3.30)
glepq i - B ~ .
0< h1F2 (hq Rkplm + hl Rkpqm + vaquy + Vlepql, — hl hmkhpq)
1
1 1 1.k 2
+ E < - Fh’k’hl Rl/ll/> + E

By Lemma 3.3, all terms involving curvature terms of the ambient
space are uniformly bounded by C¢~17", i.e.

gk‘lppq
2
C’FZ

F2gn+1

(h;anplm + hTRkpqm + vaquV + kalqu)

| /\

——i_pl < Chi,
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where we have used Lemma 3.5 and Lemma 3.12 in the last inequality.
Plug it into (3.30), we have

1/ 2, 1 C
0 < hl (_Fh’khl RV1U> +C < hl < Fgf)hkh ng—}— ¢n+1> +C

< —Chlgp+ < +C,

hio
ie. hig <C.
By Lemma 3.6 and Lemma 3.8, cer <u<op< C’e%, the lemma now
follows by the definition of the test function. q.e.d.

Lemma 3.14. Along the flow, F is uniformly elliptic.

Proof. 1t follows directly from Lemma 3.10, Lemma 3.12 and Lemma
3.13. q.e.d.

3.5. Asymptotic behaviors.

Lemma 3.15. Along the flow, [Vp| < Ce™, where C, o depends on
20, n, k.

Proof. We proceed as in Lemma 3.7, by (3.23), we have

ow 1

S = g (Bt — FiIVel + Fpi' — v*Glay — 2Fig¢'w)

1 o .
~ 2t eridl-

By Lemma 3.14, F is uniformly elliptic, i.e. F¥ is uniformly elliptic,
by Lemma 3.10, ¢F is bounded above, then consider & = we?, at the
maximum point, we have

oW < 1
at = 02G2 <;52F2
thus @ is uniformly bounded, we have |V¢| decays exponentially. q.e.d.

Lemma 3.16. Along the flow, F¢ < n+ Ce=*, where C, o depends
only on Xg,n, k.

(—F;'\Vgoy? + ngoicpl) Mo < (— +N)@,

Proof. We proceed as in Lemma 3.10, by (3.24), we have

¢/ 1 1. o Fz B Fiz‘(d)/)Q N Fij?”irj((ﬁ/)?
2Fo n  CRgm T g F242

By Lemma 3.14, F' is uniformly elliptic, by Lemma 3.15, |V| decays
exponentially, then

0<

2 1
0< 2 _1_ Ceot,
—F¢ n F2¢>2+

i.e.

Fop<n+Ce ™, q.e.d.
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Lemma 3.17. We have
|higp — 6| < Ce ™

where C,a depends only on ¥g,n,k. Moreover, for any p,q > 0, we
have

a b q .2 1 —at
‘(m) (V) $*Vhi| < Ce

where V is the unit gradient on ¥y and C' depends in addition on p,q.

Proof. To prove the lemma, we first notice that by (3.16) and (3.14),
we have

¢’ ik
h; %5‘; — %UZ QOk-]
and
9 v _ v
ot ¢ F’
where
o 1

By the Lemma 3.7 and Lemma 3.13, we know that V¢ and VZp is
uniformly bounded. By Evans-Krylov, we have |plz, < C. By stan-
dard interpolation inequality, we have V2 decays exponentially as V¢
decays exponentially by Lemma 3.15. Thus from the definition of h;
above, we have the first inequality.

By Schauder estimate, we have |¢|; < Ce™® for all [ > 1.

By the definition of hi-, we have

1 /2 /
o= (-5 g0

o
+¢2v02k90kjvr+¢ s o0V

1. . 1
+ —VioFor; + VSDkSOZSij — —5* V.

z dv du
Since |p|; < Ce ™ for all [ > 1, this implies
[¢*Vhi| < Ce™.
By induction, we have
| (8>p (¢V)? ¢*Vhj| < e
ot 7

for all p,q > 0. q.e.d.
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Lemma 3.18. Let g;; = gZ)_Qgij be a normalized metric, then
|Gij — 04 < Ce™,

where o;; is the standard metric on S™ and C, a depends only on o, n, k.

Moreover, for any p,q > 0, we have
d\" -

‘ (02&) (¢V)? ¢V gij

where V is the unit gradient on ¥ and C' depends in addition on p,q.

S Ce—at7

Proof. Following the step in [19], we consider the rescaled hypersur-
face as X = Xe~#. Then we have 7 = 7“6_%, thus

Gij = ¢*(F)ouj + Fif'j.

By Lemma 3.6 and Lemma 3.15, we have ¢y < # < Cp uniformly, and
75| < Ce™, thus

coo < g < Coo

for t large enough, i.e. § is well defined.
Now let’s prove that g converges to goo. By Lemma 3.15, we have
9Gij

e (V1 e o . . —at
Y 20(7)¢' (7) <F6 e ) oij + T (ri75) < Ce

Thus § converges exponentially fact to §o,. To prove that .o is a
round metric, we only need to prove that 7 is constant. Since 7 is
defined on S™, we take derivative of S™ on 7 to obtain

|Ven?| = |Vgnre_%| < Ce
Thus 7 is constant for ¢ = oo, i.e. we have
r=roen + O(e(%_o‘)t)
and
o(r) = roe% + O(e(%_o‘)t).
Hence, at time t, we have

2t 2
gij = (Z)Q(T) (Uij + SOiSOj) = rgeﬁa—ij + O(e(g—Qa)t)

9

and the normalized metric g;; satisfies
Jij = ¢ %gij = 0ij + O(e™™).

Similar to the previous lemma, high regularity decay estimates follows
by Lemma 3.15 and the definition of g;;. q.e.d.



BOUNDARY BEHAVIOR OF COMPACT MANIFOLDS 545

REMARK 3.1. Let k& > 2. Let g be a metric on S"” so that (S™,g)
isometrically embeds into Mt as a star-shaped, k-convex, closed hy-
persurface in M7 with Ric(v, ) < 0. Combining results in this section
and arguments in [12, Section 3|, one knows that g can be connected to
a round metric within the space of positive scalar curvature metrics on
S™. Therefore, repeating the proof in [12], we know that the conclusion
of [12, Theorem 1.2] holds for such a metric g.

4. Bartnik-Shi-Tam type asymptotically flat extensions

Let ¥" € M7 be a closed, star-shaped, 2-convex hypersurface sat-
isfying
(4.1) Ric(v,v) <0.
Here Ric(+, ) is the Ricci curvature of the Schwarzschild manifold M7t

and v is the outward unit normal to X. By Theorem 3.1, there exists a
smooth solution {¥;}o<¢<oo, consisting of star-shaped hypersurfaces, to

0X n—-1o
g a1,
ot 2n o9

(4.2)

with initial condition ¥y = 3. By Lemma 3.9, condition (4.1) implies
that the scalar curvature R of each 3 is positive.

Let E denote the exterior of ¥ in M., which is swept by {2 }o<i<oo-
On E, the Schwarzschild metric g can be written as

g =12’ + g,
where g; is the induced metric on ¥; and

1
el Y

2n o9

/=

Prompted by Proposition 2.2, we are interested in a new metric g, on
[, which takes the form of

gn = 772dt2 + Gt

and has zero scalar curvature. Here > 0 is a function on E.
We first derive the equation for 1. Adopting the notations in Section
2, by (2.6), (2.8) and Gauss equation (2.9), we have

0

aHn =—An— U(’AW‘Q + Ricgn(’/y v))

- - R
=—An—n (n 2FAR + 02 fPoy — 2)

o - R
=—An—n AP - 1f202+577-
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On the other hand,

9 o fH FHOp 10
Bpiin = 815( )—_TQJF a*(f )-
Thus
CfHOm 10 o iy 1 R
26t+ a(fH)— An—u= fHA]" —n f02+277
i.e.
o n? R 2 512 L 42
4. Iy T A= A H
(4.3) +an 7] fo\\+faz+ (f)

Equatlon (4.3) is as the same as (5) in [17]. The following assertion on
the long time existence of ) on E follows directly from [17, Proposition 2]
and Lemma 3.9.

Lemma 4.1. Let X be a closed, star-shaped, 2-convex hypersurface
in M with Ric(v,v) < 0. Given any positive function ¢ > 0 on X,
the solution to (4.3) with initial condition n|i=o = 1 ezists for all time
and remains positive.

In what follows, we analyze the asymptotic behavior of gj,.

4.1. C° estimate of 7. For the convenience of estimating 7, we con-
sider

w= f1n.
By (4.3), (2.7) and (2.9), it is easily seen that w satisfies the equation

2
(4.4) —%:+w(wa+2VwVf) 577 (FR=20f) (w* —w).

Lemma 4.2. w satisfies the estimate
lw—1] < Co' ™™,
where C' depends only on %o and n.
Proof. It suffices to focus on w for ¢ > ty where % is sufficiently large.
Following the steps in [41], we define
fR—2Af

A(t) = min e, B(t) = max

fR—2Af

By Lemma 3.17, Lemma 3.3 and Gauss equation (2.9), we have
JR-2Af n-1
7 =
thus both A(t) and B(t) are positive for t > t.
We first seek an upper bound for w. Define

4 Cefat’

=

P(t) = <1 _ Oy exp(— / tA(s)ds)) .

to
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with €1 = 1— (maxy, w+ 1)=2. Tt is clear that P—w > 0 at to. Taking

derivative, we have

3
1 t —3 t
iP(t) =—= (1 — Chexp(— A(s)ds)) Crexp(— | A(s)ds)A(t)
= %P?’(P_Q — 1A= %(P — P3)A.
At the minimum point of P — w, we have
d

a(P—w)go, Vw =0, V?w <0,

thus
0> 2(P— PY)A+ — (fR—2Af) (w® — w)
(P — — — w” — w).
-2 2H
Since A < %,W@ have

0>P—-P+uw—w,

i.e. P—w >0 as P > 1. Therefore, w < P for all time ¢t > t.
Next, we seek a lower bound of w. We consider two cases.

Case 1: miny, w > 1. Define

N |=

Qt) = <1+02exp(— /tB(s)ds))_ ,

to

where Cy = (ming, w)~2 — 1. It’s clear that w — Q > 0 at tq.

similar computation as above, we have

d 1
%Q(t) - 5(@ - QS)B-

At the minimum point of w — @,

%(w—@)go, Vw=0, Vw>0.
Thus
0> 5 (FR—280) (w —w) ~ 5(Q - QY)B.

Since B > L;Af, we have
OZUJ—’LU?’—FQB—Q;
which implies w > @ as Q > 1. Thus, w > @ for all t > t;.

Case 2: miny, w < 1. Define

o=

a0 = (1+ (o (= [ (46— as) )

to

By a
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For € small enough, we have

Qlto) = (1+Cy + 6)_% < minw.

S,
Suppose now at some #; > to, we have miny, (w — Q) =0 and, for

to <t <t1, we have w — Q > 0. Then at ¢1,

%(w—é))go, Vw =0, Vw>0.
Since
N
5@ =5(@-Q)(A—e),
we have
02 — 5 (FR=2Af) (0 — w) = 5(Q ~ G¥)(A - o).

Since A — e < L;Af, the above implies
0>Q-@Q"
Contradict to the fact Q < 1. Since € is arbitrary, we thus have
1
-3

t A(s)ds))

to
n=l 1 + O(e=*), we have

w > <1 + Coexp(—

Finally, note that A(t)

t
exp(— / ) < Ce™ "t < Cotm.
t

0

Therefore, w > 1—C¢'~™. Similarly, w < 1+C¢'~™. Thus, we conclude
lw—1] < Cp'™™. q.e.d.

2. Asymptotic behavior of w. Following [41], we consider the
rescaled metric

Gij = 29
on each ;. Here we omit writing ¢ for the sake of convenience. Note

that by Lemma 3.18, g;; converges to o;; exponentially fast.
For any function h and [,

< Vh, VI >5=¢* < Vh, VI >, .
Henceforth, for convenience, we simply write the above as
VhVI = ¢*VhVI.
Direct calculation gives

A=¢ 2 A+ (n—2)p3VeV.
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In terms of g;;, equation (4.4) becomes

3w w?

e v
(4.5) He?

22 (fR —2072Af = 2(n - 206706V f) (0 — w),

(wa +(n—2)f¢ 'VopVuw + Q@w@f)

which can be re-written as

fw
f \e 2 e A
-ty <H¢2>Vw_1$¢2<(”_2)f¢ 1v¢+2Vf)Vw

+ 57 (FR=2072Af —2(n = 2)07*V6V ) (0* —w).

By Lemma 4.2, this is a uniformly parabolic PDE. In addition, the
ter has a good sign and the coefficient of Vw is uniformly

bounded. Thus we may directly apply standard Moser iteration to con-
clude that w € C°.

By considering the equation for w—1 and applying Schauder estimate
and Lemma 4.2, for any k,l > 0, we have

k
(4.6) () Tw-ni=co,
ot
where C' depends only on ¥, n and k,[. As in [41], we define

(4.7) m—= %gb"‘l(l —w).

Lemma 4.3. There exists a constant mq, such that
Im —mo[ 4 [Vom| +\ ! < Ce ™,

where V is the standard gradient on S™ and C,a depends only on X
and n.

Proof. By (4.6) and definition of m, for any k,l > 0, we have

k
| (;) Vim| < C,
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where C' depends only on ¥, n and k,l. By (4.5), m satisfies

om n—-1,,, B n—1 —36“’
e AL I LU
- 1¢”’2¢’vf(1 —w?)
(bn 3
+ (wa+(n—2)fgz5 1V¢Vw+2VwVf)
n—1 _
_2¢H7w3 (fR—Qqs*?Af—Q(n—z)qs 3V¢Vf) (w® — w).

Denote by p any function that satisfies

\" -
| ( 8t> pl < Ce™™,
for any k,l > 0, where C, « is uniform constants may depend on k, .
By Lemma 3.7 and Lemma 3.17, we have

o'V =p, ¢ 'Vf=p.
Thus

g Fo VoV = (gzs”—lw) (¢> 1v¢) /

Huwae?

Similarly,

¢n 3
Huw =D,

Sty = (o7%0) (+51) 51
1

Ho

¢n71
Huw3

6 Af(w® —w) = (6" (L —w?) (¢7'AS) = =p.

and

O 6% (- w)
Huw3

= (0" - w ) (67195) (671V0) g7 =

p.

Hence,

(9m_n—1 o Ly ¢n_3f~ ¢n 1fR
5= 3 PV uf(l—w ) + T Aw — ¥

On the other hand,

(1-w™?)+p.

— n—1
e —wt) - L )

n—1 a2
_ e, <<n — )¢l - fl) —p.
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Therefore,
Note that
Vm ="~ w?) 4 ¢V,
and
Am === s - w?) + M A0 - w )

+2(n — 1)¢" 2w 3VeVw — 36" Lw™ |Vl + ¢" w3 Aw.
Thus,
Am = —3¢" 1w Vw2 + ¢" P Aw + p = ¢" w3 Aw + p.
Therefore,

om (bnigf 1-n. 3 A 1—
o _ A n, 3 )
Fr T (gf) w’Am+ ¢ "wp ) +p
2
Z—Am = —Am
=5 o +p= +p.

By Lemma 3.18, we have g;; = o;;+p, where o;; is the standard metric
on S". Thus Am = Agm+ p, where Ay is the standard Laplacian on S".
Now, by Lemma 2.6 in [41], we conclude that there exists a constant
mg, such that

am —at
[m = mo| + [Vom| + | 5| < Ce. qed.

Lemma 4.3 directly implies the following asymptotic expansion of w.

Lemma 4.4. Ast — oo, w satisfies
w=1+ m0¢1_n +p7

where p = O(¢'"*) and |Vop| = O(¢™""). Here Vo denotes the
standard gradient on (S", o).

4.3. ADM mass of g,. We now verify that the metric g, is asymptot-
ically flat and we compute its ADM mass. Note that

gy = F2dt* + g+ (n* — fAdt* = g+ (w? — 1) f2dt?,

where g is the metric on the Schwarzschild manifold M%! with mass
m.

Let r be the radial coordinate in (3.1). Let z = (z1,...,2p41) de-
note the standard rectangular coordinates on the background Euclidean
space

R = ([0, 00) x S™, dr® +r 0)
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Writing g = g;;dz;dz; and g, = g;jdz;dz;, we have

(4.8) 9ij = Gij + bij,
where
ot ot
bij = (w® — 1) f?
i = (' = 1)f 02 0z
We need to analyze the term 7. As r = |z|,

_i T
0., = rar+<azi> ,

where (0., )7 is tangential to S*. By definition,

O ah(0.) = (V4,005 = 17 (0.3
8zl-
Plugging in v = (9, — %), we have
ot 1 [z 1/ T\
aizz — ﬁ (7" - ?< ¥R (azz) >g>
(49) N .
— (= _30H.
= 7 (2 -7 @.007)
Thus,
w? —1 Z; z
=B (o ) (201

By Lemma 4.4, Lemma 3.7 and the fact that |(0.,)7] <1, we have
[bij| = O(I2]"™).
Similarly computation gives
[110:bij] + 2[7]0:0:bi5] = O(|2['™").
This shows that g, is asymptotically flat.
Lemma 4.5. The ADM mass of g, = n?dt® + g¢ equals m + my.

Proof. The ADM mass of g, is given by

1 . agn" Ogn.. 1
lim < 822] — 762; " zido.

2nwy, 00 Jgn
By (4.8) and the fact that the ADM mass of g is m, the above limit is

equal to
bij  Obii\
lim (8 J 0 )r” 1zjda.

Wy, T—00 O0z; 0z

(4.10) m+
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Thus it suffices to calculate % and %. We have
J

L )
0z 2wf 0z; 0z; 0z +2(w - 1) 0z; 0z 0z
0t ot ot 0%t )

2 2 (¥ ¥ ¥ re ey
* (w 1)f <8Zz2 8zj + 82’7; 82’j82’i

Similarly,

8[)2'2' 28w ot 2 2 af

=9 — [ == 2 -1
0z wf 0z <8zz> 2w 1) 0z 8,22
ot 9%t
2
+ ( -0f 02 020z

Thus,

Obi;  Oby; o2 ot ot 87111 ot ow Ot

0z; 8,2] 0z; \ 0z Bz] Gzy Gzl

of ot af ot
+ ( )fﬁzl <8z1 0z B 0z 82i>

9%t ot ot 0%
2 _qyp2(0tOL Ot O7t
Flwt=1f <8zi2 0zj 0z azjazi) '

By Lemma 4.4, we have

0
8: (1 —n)mod "1z, + O(¢7"%).
By Lemma 3.7 and (4.9), we have
81& - 1 Zi l—a
9z " fe T

Therefore,
Oow Ot  Ow Ot
2 2 — —n—ay
! 8zl (82, 0z 8zj 82'1) O )

On other hand, by Lemma 3.17 and straightforward computation,
of _ zi o
9% no +0(o7).
Thus,
ot (of ot of ot e
2 2 NfF— (=L 2= 2L 7" ) = n—ay
(w ) 0z; <8zi 0zj 0z 821-) O )

Again by Lemma 3.17, Lemma 3.7 and (4.9), we have
9t n(n—2) 0%t 2n
62-2 N ¢2 822‘823‘ (f)4

7

+O0(p7%7),

2z 4+ 0(¢p7E).

553
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n’ z
? fo

= 2nm0¢*17"zj +O0(p™ " 9).

2 2
0% ot ot 9t >:2m0¢>1_”f2

2 _qyp2(O0tO0 Ot
(w )f 8zi2 0zj 0z 0z;0%

Therefore, we conclude

Pii_ Dit _ onmgg' ="z + 0(6~),

azi aZj
which implies that the ADM mass of g, is m 4+ mg by (4.10). q.e.d.

REMARK 4.1. A more geometric way to compute the ADM mass of g,
is as follows. The foliation {X;} is a family of nearly round hypersurfaces
according to Definition 2.1 in [36]. Thus, if m(g;,) is the mass of g,, then
by Theorem 1.2 in [36],

2n(n — 1)w,m(gy)

1
Y\ -1
lim <|t‘) / (R — an) do
t—oo \ Wy, o n

1
= lim (|Et‘>n/ <R—n_1ﬁ2+n_1(1—w_2)ﬁ2>da
t—00 \ W, 2, n n

= 2n(n — 1wy (m + myp),

(4.11)

where we have used the fact g has mass m and

(4.12) lim | (1 —w ?)H?do = 2n*w,my,

t—o00 hon

which follows from Lemma 4.4, Lemma 3.17 and Lemma 3.18.

Lemma 4.6.

lim N(H — Hy)do = lim / NH(1 —w Ydo = nmowy,.
t—o0 Et t—o0 Et

Proof. Similar to (4.12), this is a direct consequence of Lemma 4.4,

Lemma 3.17 and Lemma 3.18. q.e.d.

We summarize the results in Lemmas 4.1, 4.4, 4.5 and 4.6 in the
following theorem.

Theorem 4.7. Let X" C M7 be a closed, star-shaped, 2-convexr
hypersurface with Ric(v,v) <0, where Ric(-,-) is the Ricci curvature of
M2+ and v is the outward unit normal to . Let E denote the exterior
of X" in ML which is swept by a family of star-shaped hypersurfaces
{Et}o<t<oo that is a smooth solution to

0X n—1 01
el 1,
ot 2n g9
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with initial condition X9 = X™. On E, writing the Schwarzschild metric
g as
g=f2dt* + g,

where g; is the induced metric on ¥y and f = "2—;1% Then, given any

smooth function ¢ > 0 on X, there exists a smooth functionn > 0 on E
such that

(i) nls = v, the metric g, = n?dt? + g; has zero scalar curvature, and
n satisfies
fln=14mee' " +p,
where mq is a constant, p = O(¢1 ™) and |Vop| = O(¢~"%);
(ii) the Riemannian manifold (E,gy,) is asymptotically flat; and
(iii) the ADM mass m(gy) of g, is given by

m(gy) =m—+mo=m+ tlim N(H — Hy)do.

—00 Wy, Jy,

REMARK 4.2. Since (E, g,,) is foliated by {¥;}o<¢<cc, which has posi-
tive mean curvature for each ¢, the boundary OE = ¥ is outer minimizing
in (E, g,), meaning that ¥ minimizes area among all hypersurfaces in E
that enclose X.

5. Geometric applications

In this section, we give applications of results in Sections 2—4. First,
we prove Theorem 1.1.

Proof of Theorem 1.1. Let ("1 §) be a compact manifold given in
Theorem 1.1. By assumptions (i), (ii) and the standard geometric mea-
sure theory, ¥, minimizes area among all closed hypersurfaces in (€2, g)
that encloses X ,.

Let E denote the exterior of ¥" in M%F!. Let n > 0 be the smooth
function on E given by Theorem 4.7 with an initial condition

(5.1) nls = flsH 'Hp,.

This condition implies that the mean curvature of ¥ in (E, g,) agrees
with the mean curvature H of ¥, in (£,g). Since X, is isometric to
¥ = OE, we can attach (E, g,) to (€, g) along ¥ = ¥, by matching the
Gaussian neighborhood of ¥ in (E, g,) to that of ¥, in (€2, g). Denote
the resulting manifold by M and its metric by h. By construction, h is
Lipschitz across ¥ and smooth everywhere else on M; h has nonnegative
scalar curvature away from 3; and the mean curvature of ¥ from both
sides in (M , lAz) agree. Moreover, OM =% , 1s a minimal hypersurface
that is outer minimizing in (M , ﬁ) This outer minimizing property of
¥, is guaranteed by the fact that ¥ is outer minimizing in (I, g,) and
¥, minimizes area among closed hypersurfaces in (€2, g) that encloses
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%,. On such an (M,h), it is known that the Riemannian Penrose
inequality, i.e. Theorem 1.4, still holds. (For a proof of this claim, see
pages 279-280 in [35] for the case n = 2 and Proposition 3.1 in [32] for
2 < n <6). Therefore, we have

n—1
1L/S, 0\ 7+
5.2 > | —=
(52 i) > 5 (22))
By (iii) in Theorem 4.7, this gives

(5.3) m + lim
t—00 nwy Jy,

. Xy

N(H — Hy,)do >

(11 - 1) Q(WH

On the other hand, since %—]X > 0 as X is star-shaped and ¥; has
positive oy and o9 in M™%F! Corollary 2.3 applies with (N, g) given by
M™%+ to show that

N(H — Hy)do
p

is monotone nonincreasing. At ¥ = X, we have H,, = H and H = H,.
Therefore,

/ N(Hy, — H)do = N(H — Hy)do
(5.4) >0
> 7 _
tlg})lo . N(H — Hy)do

Therefore, it follows from (5.3) and (5.4) that

(5.5) Wn/N m— H)do >2(|in’> :

which proves (1.1). If equality in (5.5) holds, then [y N(H — Hy)do
is a constant for all . By Corollary 2.3, we have n = f on E, hence
H = H,, by (5.1). Consequently,

n—1
_ L EL
2\ wy

This completes the proof of Theorem 1.1. q.e.d.

REMARK 5.1. We conjecture that, when equality in (1.1) holds, (€2, §)
is isometric to the domain enclosed by ¥ and the horizon boundary
2% in MF. It is clear from the above proof that in this case (5.2)
becomes equality. Thus, if one can establish the rigidity statement
for the Riemannian Penrose inequality on manifolds with corners (cf.
[33, 41, 31]), then this conjecture will follow.

Next, we note an implication of Corollary 2.3 and Theorem 4.7 on the
concept of Bartnik mass [2]. Given a pair (g, H), where ¢ is a metric
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and H is a function on S?, the Bartnik mass of (g, H), which we denote
by m, (g, H), can be defined by

m, (g, H)
= inf {m(h)| (M, h) is an admissible extension of (S®, g, H)} .

Here m(h) is the ADM mass of (M, h) which is an asymptotically flat
3-manifold with boundary OM. (M, h) is called an admissible extension
of (S?, g, H) provided (M, h) has nonnegative scalar curvature, M is
isometric to (S?,g), and the mean curvature of M in (M, h) equals H
under the identification of M with (S?, g) via the isometry. Moreover,
it is assumed that either (M, h) contains no closed minimal surfaces or
OM is outer minimizing in (M, h) (see [2, 4, 5, 26]).

Theorem 5.1. Given a pair (g, H) on S?, suppose H > 0 and (S?, g)
is isometric to a closed, star-shaped, convex surface ¥ with Ric(v,v) <0
in a spatial Schwarzschild manifold MY with m > 0. Then

1
mB(g,H)gm—i—/N(Hm—H)da.
87'(' b

Moreover, equality holds if and only if H = Hy, and my(g, H) = m.

Proof. Taking n = 2 in Theorem 4.7, let n be the function given on
E with an initial condition 5|y = f|sH 'H,,. The asymptotically flat
manifold (E, g,) is an admissible extension of (S?, g, H). Therefore, by
(iii) in Theorem 4.7,

(5.6) (g H) < mlg) =m+ lim — [ NI - H,)do.

t—o00 T 5,

By Corollary 2.3,

(5.7) /N H)do > lim N(H — H,) do.

t—o0 pon

The inequality now follows from (5.6) and (5.7). If equality holds, then
(5.6) and (5.7) are equalities. In this case, by Corollary 2.3, n = f.
Therefore, H = H,, and m,(g, H) = m. q.e.d.

REMARK 5.2. Indeed our method shows the following is true — given a
pair (g, H) on S?, suppose (S?, g) is isometric to the boundary of a static,
asymptotically flat manifold (N3, g) with a positive static potential N.
Suppose (N, g) satisfies:

(i) ¥ = ON has positive o1 and o3;
(ii) the inverse curvature flow (1.21) in (N, g), with initial condition
Yo = X, admits a long time, smooth solution {¥;}o<t<oo With

ON .
s > O, and
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(iii) the warped metric g, defined by (2.4), satisfying R(g,) = 0 on
N and H, = H at ¥, can be constructed on N such that g, is
asymptotically flat with

_ . 1 _
m(gy) = m(g) + Jim 8t Js, N(H — H,;) do.

Then, by Corollary 2.3, the Bartnik mass of (g, H) satisfies
1 _
(5.8) my(g. H) < mig) + - [ NUT - H)do:
b

Here m(g) is the ADM mass of (N, g) and H is the mean curvature of
Y in (N, g). Estimate (5.8) appeared as Conjecture 4.1 in [34].

6. Limits along isomeric embeddings of large spheres into
Schwarzschild manifolds

In this section, we prove Theorem 1.2 which was inspired by the
results of Fan, Shi and Tam [18]. We divide the proof into two parts,
the existence of the embedding and the calculation of the limits.

6.1. Isometric embedding of large spheres. In [38], Nirenberg
shows that a 2-sphere with positive Gauss curvature can be isomet-
rically embedded in R3 as a strictly convex surface. By adopting the
iteration scheme used in the proof of the openness part in [38], one can
verify that a perturbation of a standard round sphere can be isometri-
cally embedded in a 3-dimensional Schwarzschild manifold with small
mass. This assertion, which is the main tool we use in this section, is
indeed a special case of [28, Theorem 1] (see also [11]).

Proposition 6.1 ([11, 28]). Let o be the standard metric on S? with
area 4. There exists € > 0 and & > 0, such that if & is a metric on S?
with |G — o||c2.« < € and if m is a positive constant with m < §, then
there exists an isometric embedding X of (S2,6) in

1
(61) M%’L = <[2m, OO) X SQ, 1_727mdp2 + p20'> .
p

Moreover, X can be chosen so that
(6.2) |X — X||c2a < C||6 — 0|20
Here X is the isometric embedding of (S?,0) in M2, given by X (w) =
(l,w), Vw e S2.

REMARK 6.1. Estimate (6.2) is not stated in the statement of theo-
rems in [11, 28], but it follows from both proofs therein.

We now consider an asymptotically flat 3-manifold (M, g) given in
Theorem 1.2. Precisely, this means that, outside a compact set, M
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is diffeomorphic to R? minus a ball and with respect to the standard
coordinates on R3, § satisfies Gij = 0ij + pij with

(6.3) Ipij| + |2||0pij| + |2 |?|00pi;| + |z]*|000pi;| = O(|=|™7)

for some constant 7 > %, where 0 denotes the partial derivative. More-
over, it is assumed that the scalar curvature of ¢ is integrable on (M, g).
Under such assumptions, the ADM mass of (M, g) is well defined, which
we will denote by m.

Given a large constant r > 0, let S, = {|z| = r} denote the coordinate
sphere in (M, §). Let g, be the induced metric on S, and let §, = r~2g,..
Identifying S, with S? = { |y| = 1} via a map y = r 'z, one can deduce
from (6.3) that

(6.4) 1gr —ollcs < Cr77

(see (2.17) in [18] for instance). Here o is the standard metric on S?
with area 47 and C > 0 is a constant independent on 7.

Let m > 0 be any fixed constant. Define m, = r~"m. Applying
Proposition 6.1 and (6.4), we conclude, for sufficiently large r, there
exists an isometric embedding

1

- 1
XT : (Sz,gr) — M?TLT = ([er,oo) X 82, mdﬂQ + p20>
— 2
satisfying
(6.5) HX} — Xollgze =O(r™7),
where X, (w) = (1,w), Y w € S%. It follows from (6.5) that X, (S?) is
star-shaped and convex; moreover, if 7, is the outward unit normal to

X, (S?), then
(6.6) U= (14+0("7)) 0y + O(r "), + O(r™ "),

where w;, i = 1,2, are local coordinates on S2.
Let Ric, denote the Ricci curvature of M,?’m. In the rotationally sym-
metric form, it is given by Ric, = m,p~ 3V, where

2
w:_Ti%ﬂﬁ+fa
By rn
By (6.5) and (6.6),

ﬁr(ﬁr’ 7)7“) = mrp_gqj(i)ru Dr)
= 2, (1+0(7)).
In particular,NﬁT(ﬂr, vy) < 0 for large .
The map X, leads to an isometric embedding of (S, g,) in M2, be-

cause M, and MZ’M only differer by a constant scaling. More precisely,
consider the map

(6.7)

F M2, — M2,
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where F,(p,w) = (rp,w). Define X, = F, o X,, then
Xy (Sr,9r) — M;’n

is an isometric embedding such that X,.(S,) is a star-shaped, convex
surface with

(6.8) Ric(vy, 1) = —2mr 3 (1+0(r™7)).

Here v, is the outward unit normal to X,.(S?) in M2, and (6.8) follows
from (6.7). Thus, we have proved the first part of Theorem 1.2 on the
existence of the desired isometric embedding of (S, g,) into M3,.

6.2. Evaluation of the limits. To prove the remaining part of Theo-
rem 1.2, we write X, = (p;,6,). By (6.5), we have
(6.9) lpr = 7|2 = O,

Similarly, if H,, denotes the mean curvature of X,(S,) in M?,, then
(6.5) gives

(6.10) Hy=2r"t 4+ 0@,

1
2

We first compute fSr NHdo, where N = ( — 27m> is the static

potential on M, and H is the mean curvature of S, in (M, §). Let A(r)
be the area of (Sy, g,). By [18, Lemma 2.1],

H=2"14+0@""") and A(r) =4nr®+0(*").
By [18, Lemma 2.2],

/ Hdo =Y A(r) + 47r — 87m + o(1).
Therefore, by (6.9),

= —mr~! o+o
(6.11) SrNHd,cr_ / (1 ) Hdo + o(1)

= LA(r) + 47 — 87m — 8tm + o(1).

Next, we compute fSr NH,,do. Identifying S, with its image ¥, =
X,(S,), we carry out the computation in M3,. Following notations in
Section 3, we rewrite the Schwarzschild metric g,,, = ﬁdp2 + p?0 as

9m = d52 + ¢2(S)U
by setting s = [+ ~dt- Then #(s) = p and ¢'(s) = N. Define

:/ o(t)dt and u = (90s,v,).
0

On %,, (3.4) becomes

(6.12) Dij = &' grij — hiju,
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where h is the second fundamental form of 3,. Taking trace of (6.12)
gives

(6.13) 0=2[ ¢do— / Hyudo.
ET‘ T

Now we apply [23, Lemma 2.5] to get another Minkowski type identity.

Precisely, let oy = gg? = 019, — h¥. Contracting o5 with ®;; shows
ij

(6.14) / o5 ®ido = / Hpy¢'do —2 / oaudo.
r S’V‘ Sr
Integrating by parts and applying the Codazzi equation, we have
/ Jéjfb;ijda = — / (a;j);jq);i do = / Ric(vy, V®) do,
where V@ is the gradient of ® on %,. By (6.9),
(6.15) IVO|? = g,7®,®.,; = O(r*™?7).
This combined with the fact |Ric(v;, )| = O(r~3) shows

/ a;jq);ijda =o0(1).

T

Therefore, by (6.14),

(6.16) / Hod do — 2/ oo do + o(1).
S, s,
Note that u? = |V®|? — |V®|?, where V denotes the gradient on M3,.
Thus, by (6.15),
(6.17) u=r+0(@"T).

Now let K be the Gauss curvature of (S, g,). By [18, Lemma 2.1}, if
we let K = K —772, then K = O(r=2-7). Thus, by the Gauss equation
and (6.8),

0y = K + Ric(vp, 1) = K + 772 = 2mr—2 4 o(r™3).
Following the steps in [18], we have
(6.18)

/ H,¢'do = 2/ (K +r ?udo — 4m7°_3/ udo + o(1)
= 2r_2/ (V®,v)dvol +2 | Kudo — 16mm + o(1)
™ ST‘

—6r2 [ ¢dvol + 27«/ (K —r7%)do — 16mm + o(1)
Q. ",

= 67“2/ @' dvol + 8mr — 2r L A(r) — 16mm + o(1),
Qr
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where §2,. is the bounded domain enclosed by 3, and the horizon bound-
ary of M, and dvol is the volume element on M3 .
Next, let H,, = H,, —2r~!. By (6.10), H = O(r~'~7). By (6.13),

2 ¢’d0—/ Hmuda—/ (2r ' + Hp)udo
X r

r

=6r ! / ¢'dvol + / H,,udo.
Qr ™

Since u = 7+ O(r'"") and ¢/ = N = 1+ O(r~ 1), we have u = r¢’ +
O(r'=™). Thus,

(6.19)

2 ¢ do = 6r—1 ¢'dvol + ﬁm(ﬂﬁl + O(TI_T)) do
s, Qr S

=6rt ; gb'dvol—l—r/ H,,¢' do — 2 . ¢ do + O(r?727).

Since ¢/ = N =1 —mr~1 + O(r~177), we also have

(6.20) / ¢ do = A(r) — dmmr + O(r'™7).

T

Thus, it follows from (6.19) and (6.20) that
(6.21) / Hp,¢' do = —67’2/ ¢'dvol + 4r~ P A(r) — 16mm + o(1).
r Q,

Combining (6.18) and (6.21), and replacing ¢’ by N, we have

A
(6.22) NH,,do = 4nr + Alr) _ 16mm + o(1).
S r

By (6.11) and (6.22), we therefore conclude
(Hy, — H)do = —8mm + 8mm + o(1),
Sr
or equivalently

1
lim (m—i—/ N(Hm—H)da> =m,
s Sy

700

which proves (1.3).
To prove (1.4), by (6.18) and (6.21), we also have

1 2
(6.23) N dvol = ¢ dvol = —rA(r) — =713 + o(r?).
Q Q, 2 3

Let V (r) be the volume of the region enclosed by S, in (M, g). By (2.28)
in [18],

1 2
(6.24) Vir)= 57'A(r) — §7TT'3 + 2mmr? + o(r?).
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Hence, it follows from (6.23) and (6.24) that
(6.25) N dvol — V (r) = —2rmr? + o(r?).
Qr
Next, let V,,(r) denote the volume of 2, in M3,. We claim

(6.26) / N dvol = Vin(r) — 2mmr? + o(r?).

To see this, let D, denote the region in M, bounded by the rotationally
symmetric sphere with area 47p? and the horizon boundary. Let pg >
2m be a fixed constant such that, for any p > po,

(-2

where C1 > 0 is independent on p. By (6.9) and (6.27), for large r, we
have

(627) < CLO—27

Ndvol = / N dvol + O(1)
Q. r\Dpg

(6.28) = / (1 — > dvol + O(r)

Q:\Dp, p

= Vu(r) — / ™ dvol + O(r).
r\Dpqy
By (6.9), we also have
/ p~Ldvol < / p Ldvol < / p~Ldvol,
(D )\Dﬂo QT\DPO (D7-+c7»1—7)\DP0
which implies
(6.29) / p~tdvol = 2712 + o(r?).
Q,\Dp,

Thus, (6.26) follows from (6.28) and (6.29). By (6.25) and (6.26), we
conclude that

r—Crl=T7

V(r) — Vin(r) = 2m(m — m)r2 + 0(7"2),

which proves (1.4) of Theorem 1.2.
We end this paper with the following corollary.

Corollary 6.2. Let (M3, §) be an asymptotically flat 3-manifold with
nonnegative scalar curvature, with boundary OM being an outer mini-
mizing minimal surface (with one or more components). Let S, denote
the large coordinate sphere in (M?3,§) with the induced metric g.. Let

m = %. For large r, let X, be the isometric embedding of (Sy, gr)

into M2, given by Theorem 1.2. Let V(r) and Vi, (r) be the volume of
the region enclosed by S, in (M?3,§) and the region enclosed by X, (S;)
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in M, , respectively. Then
Vi(r)-1V,
lim (7“)—2771(7') exists and is > 0,
T—00 27r

and “=" holds if and only if (M3,q) is isometric to M3, .

Proof. This follows directly from (1.4) and the 3-dimensional Rie-
mannian Penrose inequality. q.e.d.
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