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Abstract

The nonlocal s-fractional minimal surface equation for ¥ = 0F

where F is an open set in RY is given by
Hi(p) = /RN de =0 forall pe3X.

Here 0 < s < 1, x designates characteristic function, and the
integral is understood in the principal value sense. The classical
notion of minimal surface is recovered by letting s — 1. In this
paper we exhibit the first concrete examples (beyond the plane)
of nonlocal s—minimal surfaces. When s is close to 1, we first
construct a connected embedded s-minimal surface of revolution
in R?, the nonlocal catenoid, an analog of the standard catenoid
|z3| = log(r++/r2 — 1). Rather than eventual logarithmic growth,
this surface becomes asymptotic to the cone |z3| = r/1 —s. We
also find a two-sheet embedded s-minimal surface asymptotic to
the same cone, an analog to the simple union of two parallel planes.

On the other hand, for any 0 < s < 1, n,m > 1, s—minimal
Lawson cones |[v| = alul, (u,v) € R™ x R™, are found to exist. In
sharp contrast with the classical case, we prove their stability for
small s and n + m = 7, which suggests that unlike the classical
theory (or the case s close to 1), the regularity of s-area minimizing
surfaces may not hold true in dimension 7.

1. Introduction

1.1. Fractional minimal surfaces. Phase transition models where
the motion of the interface region is driven by curvature type flows arise
in many applications. The standard flow by mean curvature of surfaces
Y(t) in RY is that in which the normal speed of each point z € ()
is proportional to its mean curvature Hyy)(z) = Zfi}l ki(x) where
the k;’s designate the principal curvatures, namely the eigenvalues of
the second fundamental form. Evans [14] showed that standard mean
curvature flow for level surfaces of a function can be recovered as the
limit of a discretization scheme in time where heat flow u; — Au = 0
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of suitable initial data is used to connect consecutive time steps, which
was introduced in [20]. When standard diffusion is replaced by that
of the fractional Laplacian u; + (—A)%u = 0 in order to describe long
range, nonlocal interactions between points in the two distinct phases
by a Levy process, Caffarelli and Souganidis [7], see also Imbert [17],
found that for 1 < s < 2 the flow by mean curvature is still recovered,
while for 0 < s < 1, the stronger nonlocal effect makes the surfaces
evolve in normal velocity according to their fractional mean curvature,
defined for a surface ¥ = OF where E is an open subset of RY as

sov . [ xe(®) = xBe(r)
(1.1) H3\(p) := /RN o — pits dx forpe X.

Here x denotes characteristic function, £¢ = RV \ E and the integral is

understood in the principal value sense,

XE(7) — XEe(7)
dx.
|z — p| N+ X

Hg,(p) = lim

0=0 JRN\B; (p)

This quantity is well-defined provided that 3 is regular near p. It agrees
with usual mean curvature in the limit s — 1 by the relation

(12) lim (1 — ) H(p) = ex Hs(p),

see [17]. Stationary surfaces for the fractional mean curvature flow are
naturally called fractional minimal surfaces. We say that ¥ is an s-
minimal surface in an open set 2, if the surface ¥ N Q) is sufficiently
regular, and it satisfies the nonlocal minimal surface equation

(1.3) Hi\(p) =0 forallpe ¥NQ.

For instance, it is clear by symmetry and definition (1.1) that a hy-
perplane is a s-minimal surface in RY for all 0 < s < 1. Similarly, the
Simons cone

Cr = A{(u,v) € R™ xR™ / o] = [ul}

is a s-minimal surface in R?"™\ {0}. As far as we know, no other explicit
minimal surfaces in RV have been found in the literature. The purpose
of this paper is to exhibit a new class of non-trivial examples. The
hyperplane is not just a minimal surface but also established in [6] to
be locally area minimizing in a sense that we describe next.

Caffarelli, Roquejoffre and Savin introduced in [6] a nonlocal notion
of surface area of 3 = OF whose Euler—Lagrange equation corresponds
to equation (1.3). For 0 < s < 1, the s-perimeter of a measurable set

E c RY is defined as
/ / dx dy
c |ﬂ7 — |N+S

The above quantity corresponds to a total interaction between points of
E and E¢, where the interaction density 1/|z — y|V** is largest possible
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when the points x € E and y € E°¢ are both close to a given point of
the boundary. Zs(E) has a simple representation in terms of the usual
semi-norm in the fractional Sobolev space H %(RN ). In fact,

xE(z) = x£(y))?
Zy(E) = [xel ;s ®RN) T /]RN /RN |x—y|N+S dz dy.

Alternatively, we can also write

IxE(7) — XxE(Y)]
Is(E s
(E) = [XEwlRN /]RN/RN |x_ |N+s dz dy.

If F is an open set and ¥ = JF is a smooth bounded surface we have
that

(1= $)Z.(E) — exHY-1(%) = /RN Vyl,

where the latter equality is classically understood in the sense of func-
tions of bounded variation. Zg can also be achieved as the I'-limit as ¢ —
0 of the nonlocal Allen-Cahn phase transition functional [ %\Vguﬁ +
+(1 —u?)? along functions that e-regularize xp — xge. See [23, 26].
This nonlocal notion of perimeter is localized to a bounded open set
Q by taking away the contribution of points of £ and E° outside {2,

formally setting

dx dy dx dy
wa- [ f e o oo
ez =yt Jpnae Jpenae [z —y[N s

This quantity makes sense, even if the last two terms above are infinite,
by rewriting it in the form

(B,9) / / dx dy / / dx dy
enaJee |z —y |N+s Enqe JEena [T — ’N+S

Again, if E is an open set with 3 N Q smooth, > = JF. The usual
notion of perimeter is recovered by the relation

lim (1 — 5)Z,(E, Q) = enHYTHENQ),
S—r

see [9]. Let h be a smooth function on ¥ supported in 2, and v a normal
vector field to ¥ exterior to F. For a sufficiently small number ¢ we let
Eyp, be the set whose boundary 0FEy, is parametrized as

OFEy, = {z +th(x)v(z) | z € OE}.

The first variation of the perimeter along these normal perturbations
yields precisely
d

GTEn | _ =~ [ Hh,

and this quantity vanishes for all such h if and only if (1.3) holds. Thus,
3, = OF is an s-minimal surface in €2 if the first variation of perimeter
for normal perturbations of E inside 2 is identically equal to zero.
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If ¥ = OF is a nonlocal minimal surface the second variation of the
s-perimeter in €2 can be computed as

d? s
(1.4) o Peru (B, )| = —Z/ij[h] h,
see Appendix B. We call J3[h] the fractional Jacobi operator. It is
explicitly computed as
(1.5)
h(z) — h(p) (v(p) — v(2), v(p))

jshp:/dx—l—hp/ de, peX,

SN = [ = W) s

where the first integral is understood in a principal value sense. In
agreement with formula (1.4), we say that an s-minimal surface ¥ is
stable in € if

—/jgs[h]h>0 for all h e CF°(XNN).
N

Naturally we get the correspondence between this nonlocal operator and
the usual Jacobi operator

(1L6)  lm(1— )T = exTolb],  Tslh] = Ash + | Asl*h,
where Ay is the Laplace-Beltrami operator and |Ax|? = ZZ]\LEI k?
the k; are the principal curvatures.

A basic example of a stable fractional minimal surface ¥ = OF
is a fractional minimizing surface. In [6] the existence of fractional
perimeter-minimizing sets is proven in the following sense: let 2 be a
bounded domain with Lipschitz boundary, and Ey C Q€ a given set. Let
F be the class of all sets F' with F'N ¢ = Ey. Then there exists a set
E e F with

where

Moreover, OE N is a (N — 1)-dimensional set, which is a surface of
class C1® except possibly on a singular set of Hausdorff dimension at
most N — 2. Minimizers FE are proven to satisfy in a viscosity sense
the fractional minimal surface equation (1.3). In fact, a hyperplane is
minimizing in the above sense inside any bounded set. No other example
of embedded smooth fractional minimal surface in RY (minimizing or
not) is known.

1.2. Axially symmetric s-minimal surfaces. After a plane, next in
complexity in R? is the azially symmetric case, namely the case of a
surface of revolution around the x3-axis. In the classical case, the mini-
mal surface equation reduces to a simple ODE from which the catenoid
(1 is obtained:

Cy = {(z1,22,23) / |z3| =log(r + V12 —1), r= \/x% —I-ZL'% > 1},
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Figure 1. Fractional catenoid.

A main purpose of this paper is the construction of an axially symmetric
s-minimal surface Cy for s close to 1 in such a way that Cs — Cy as
s — 1 on bounded sets. We call this surface the fractional catenoid. A
striking feature of the surface of revolution Cj is that it becomes at main
order as  — 0o a cone with small slope rather than having logarithmic
growth. It is precisely in this feature where the strength of the nonlocal
effect is felt.

Theorem 1. (The fractional catenoid) For all 0 < s < 1 suffi-
ciently close to 1 there exists a connected surface of revolution Cs such
that if we set € = (1 —s) then

sup  dist (z,C4) < Civ
x€CsNB(0,2) | log €|
and, forr = \/x? + 23 > 2 the set Cs can be described as |z3| = f(r),

where

10g(r+\/r2—1)+O<T E) if r<i€,

[loge|
h@+0m%dﬂ%ﬂﬁﬁﬂ if o>

The usual catenoid C; cannot be obtained by an area minimization
scheme in expanding domains since it is linearly unstable, hence, non-
minimizing, inside any sufficiently large domain. It is unlikely that Cj
can be captured with a scheme based on the results in [6]. In fact, even
worse, this is a highly unstable object compared with the classical case:
there are elements in an approximate kernel of its s-Jacobi operator that
change sign infinitely many times. The Morse index of Cj is infinite in
any reasonable sense (unlike the standard catenoid, whose Morse index
is one). Indeed, as we will see in Section 2, the equation H¢ =0 for

)=

r>> ﬁ, is well-approximated by the following equation for f(r):

(1.7) Awf=§
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Figure 2. Two-sheet s-minimal surface.

Radial solutions to this problem are all asymptotic to the exact solution
fo(r) = y/er. Hence, the linearized mean curvature, s-Jacobi operator
is in correspondence with the Hardy operator Apg2 + %2 The radial
elements of the kernel of this operator oscillate infinitely many times.

As we have mentioned, a plane is an s-minimal surface for any 0 <
s < 1. In the classical scenario, so is the union of two parallel planes, say
x3 = 1 and x3 = —1. This is no longer the case when 0 < s < 1 since the
nonlocal interaction between the two components deforms them and, in
fact, equilibrium is reached when the two components diverge becoming
cones. Our second results states the existence of a two-sheet nontrivial
s-minimal surface Dy for s close to 1 where the components eventually
become at main order the cone x3 = +ry/c. As in the s-catenoid, the
asymptotic profile of this surface is governed by equation (1.7), and,
thus, we expect this to be a highly unstable object.

Theorem 2. (The two-sheet s-minimal surface) For all 0 <
s < 1 sufficiently close to 1 there exists a two-component surface of
revolution Ds = D¥ U D7 such that if we set e = (1 —s) then DT is the
graph of the radial functions xs = +f(r) where f is a positive function
of class C? with f(0) =1, f/(0) =0, and

145240 (er if o< L,

0= {rvrom ot o 1o s

ry/€ er) if >
As we shall discuss in Section 9, Theorem 2 can be generalized to the
existence of a k-sheet axially symmetric s-minimal surface constituted

by the union of the graphs of k radial functions z3 = f;(r), j =1,...,k,
with

fi> fa> > f,

where asymptotically we have

(1.8) fi(r) = ajrve + Oer) asr — +oo.
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Here the constants a; are required to satisfy the constraints

(1.9) ay > ag > - > ag, Zaizo,

and the balancing conditions

1)ititl
(1.10) a2—2§7; p— forall i=1,...,k.
e

A solution of the system (1.10) can be obtained by minimization of

E(ay,...,ax Za +Z 1) log(|a; — aj|)

1=1 1#]

in the set of k-tuples a = (ay, ..., aj) that satisfy (1.9). If this minimizer
or, more generally, a critical point a of E constrained to (1.9) is non-
degenerate, in the sense that D?E(a) is non-singular, then an s-minimal
surface with the required properties (1.8) can, indeed, be found. This
condition is evidently satisfied by a = (1, —1) when k = 2.

The method for the proofs of the above results relies on a simple
idea of obtaining a good initial approximation ¥ to a solution of the
equation Hs, = 0. We do this in Section 2. Then we consider the surface
perturbed normally by a small function h, Y. As we will see, we can
expand

Hs, = Hg, + J5,[h] + N(h),

where N (h) is at main order quadratic in h. In the classical case, N (h)
depends on first and second derivatives of h with various terms that
can be qualitatively described (see [18]). We shall see in Section 4
that for our approximation Y the error Hy issmalline =1-—s and
has suitable decay along the manifold. Then the problem is solved by
a fixed point argument. To do so, we need to identify the functional
spaces to set up the problem, that take into account the delicate issues
of non-compactness and strong long range interactions. These spaces
are such that a left inverse of ,,750 can be found with good transfor-
mation properties. We carry out these analysis in Sections 5, 6 and
7. The nonlinear operator N(h) has a small Lipschitz dependence for
the corresponding norms, as we establish in Section 8. This issue is
especially delicate for N(h), since it contains strongly singular integral
nonlinear operators involving fractional derivatives up to the nearly sec-
ond order. The transformation properties of these nonlinear terms have
suitable analogs with those found by Kapouleas [18], but the proofs in
the current situation are harder.

The procedure we set up in this paper, and the associated computa-
tions, apply in large generality, not just to the axially symmetric case.
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For instance, most of the calculations actually apply to a general set-
ting of finding as s — 1 a connected surface with multiple ends that are
eventually conic and satisfy relations (1.9), where the starting point is
a multiple-logarithmic-end minimal surface. This paper sets the basis
of the gluing arguments for the construction of fractional minimal sur-
faces, in a way similar that the paper [18] did for the construction by
gluing methods of classical minimal and CMC surfaces.

1.3. Fractional Lawson cones. The pictures associated to Theorems
1 and 2 resemble that of “one-sheet” and “two-sheet” revolution hyper-
boloids, asymptotic to a cone |x3| = ry/1 — s. It is reasonable to believe
that a cone of this form, with aperture close to /1 — s is a fractional
minimal surface with a singularity at the origin. We consider, more in
general, for given n,m > 1, and 0 < s < 1 the problem of finding a
value o > 0 such that the Lawson cone

(1.11) Co = {(u,v) € R™ xR" / |v| = alul}
is a s-minimal surface in R™*™\ {0}. For the classical case s = 1 this

is easy: since ¥ = C, is the zero level set of the function g(u,v) =
[v| — aul, for (u,v) € Cy we have

H(uv)—div(vg>— ! [n—lam—l]
P Val) ~ Vitar | Il | |

and the latter quantity is equal to zero on X if and only if n =m =1

and a =1 or
n—1
n=>2 m2=>2 o=, .
m—1

Following [19], we call this one the minimal Lawson cone C},. For
the fractional situation we have the following result which is proved in
Section 10.

Theorem 3. (Existence of s-Lawson cones) For any given m > 1,
n>1,0<s <1, there is a unique o« = a(s,m,n) > 0 such that the
cone Cy, given by (1.11) is an s-fractional minimal surface. We call this
C7 (s) the s-Lawson cone.

A notable different between classical and nonlocal cases is that in the
latter, a nontrivial minimal cone in R"

Cr7H(s) = {(a',2n) €R™ / |zl = an(s)l2'| },

with n > 3 does exist. This is not true in the classical case. The
bottomline is that when aperture becomes very large (« small), in the
standard case mean curvature approaches 0, while the nonlocal inter-
action between the two pieces of the cone makes its fractional mean
curvature go to —oo. For n = 2, C%(s) is precisely the s-minimal cone
that represents at main order the asymptotic behavior of the revolution
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s-minimal surfaces of Theorems 1 and 2. Letting e =1 — s — 0, we
have, as suspected

ax(s) = Ve + O(e),
so that the two halves of the minimal cone become planes. In the
opposite limit, s — 0, there is no collapsing. In fact, if n < m we have

li—% a(s,m,n) = ag,

where ag > 0 is the unique number « such that

o] 7fn—l o tn—l
a (141t2) 2 0 (1+1¢2) >

An interesting analysis of asymptotics for the fractional perimeter Z
and associated s-minimizing surfaces as s — 0 is contained in [12].

Minimal cones are important objects in the regularity theory of clas-
sical minimal surfaces and Bernstein type results for minimal graphs.
Simons [25] proved that no stable minimal cone exists in dimension
N < 7, except for hyperplanes. This result implies that locally area
minimizing surfaces must be smooth outside a closed set of Hausdorff
dimension at most N — 8. He also proved that the cone Cj (Simons’
cone) was stable, and conjectured its minimizing character. This was
proved in a deep work by Bombieri, De Giorgi and Giusti [5].

Savin and Valdinoci [22] proved the nonexistence of fractional min-
imizing cones in R2, which implies regularity of fractional minimizing
surfaces except for a set of Hausdorff dimension at most N —3, thus, im-
proving the original result in [6]. Figalli and Valdinoci [15] prove that,
in every dimension, Lipschitz nonlocal minimal surfaces are smooth, see
also [2]. Also, They extend to the nonlocal setting a famous theorem of
De Giorgi stating that the validity of Bernstein’s theorem as a conse-
quence of the nonexistence of singular minimal cones in one dimension
less.

In [9], Caffarelli and Valdinoci proved that regularity of non-local
minimizers holds up to a (N — 8)-dimensional set, whenever s is suffi-
ciently close to 1. Thus, there remains a conspicuous gap between the
best general regularity result found so far and the case s close to 1. Our
second results concerns this issue. Its most interesting feature is that,
in strong contrast with the classical case, when s is sufficiently close to
zero, Lawson cones are all stable in dimension N = 7, which suggests
that a regularity theory up to a (N — 7)-dimensional set should be the
best possible for general s.

Theorem 4. (Stability of s-Lawson cones) There is a so > 0 such
that for each s € (0, sp), all minimal cones C),(s) are unstable if N =
m+n <6 and stable if N = 7.

We will prove this result in Section 11.
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Besides the results in [25, 5], we remark that for N > 8 the cones
Cl' are all area minimizing. For N = 8 they are area minimizing if and
only if |m — n| < 2. These facts were established by Lawson [19] and
Simoes [24], see also [21, 10, 3, 11].

The rest of this paper will be devoted to the proofs of Theorems 1-4.
The proof of Theorem 2 is actually simpler than that of Theorem 1. We
will concentrate on the proof of Theorem 1, explaining the variations
needed for Theorem 2 in Section 9. We provide a detailed scheme of the
proof of Theorem 1 in Section 2. There we shall isolate the main steps
in the form of intermediate results which we prove in the subsequent
sections. The proofs of Theorems 3 and 4 rely on explicit computations
of singular integral quantities, and are carried out in Sections 10 and 11.

We leave for the Appendix self contained proofs of asymptotic for-
mulas (1.2), (1.6) in Section A, and the computation of first and second
variations of the s-perimeter in Section B.
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1130360, 1150066, Fondo Basal CMM and Millenium Nucleus CAPDE
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of this paper. Part of this work was concluded while J. Déavila and M.
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2. Scheme of the proof of Theorem 1

In this section, we shall outline the proof of Theorem 1, isolating the
main steps whose proofs are delayed to later sections. We look for a set
E C R? with smooth ¥ = JF such that

(2.1)  Hi(z):= /]R 3 XE&’)_ yﬁﬁs(y) dy=0, forall z€X,
where 0 < s < 1, 1 — s is small and the integral is understood in a
principal value sense.

We look for E in the form of a solid of revolution around the z3-axis.
More precisely, let us represent points in space by = = (2, z3) with
2’ € R? and denote r = |2/|. We shall construct a first approximation
for E of the form
(2.2)

Ey={z=(2',23) e RZxR:|2/| < 1or (2| >1and |z3] > f(|2']))},

where f is a positive and increasing function on [1,00). The surface of
revolution constituted by the boundary of Ey, ¥ = 0Ej will be a good
approximation to a fractional minimal surface, namely of a solution of
Equation (2.1), for a choice of a function f(r) which makes Ej coincide
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with the usual catenoid for r < == and ¢ = 1—s. For larger r, the surface

NG
Yo asymptotically becomes a cone of revolution, f(r) ~ \/er. After this
is done, we shall solve equation (2.1) as a small normal perturbation of
0. To do so, we will develop a solvability theory for the corresponding
linearized equation on which we will base a fixed point argument. As
a matter of fact, for surfaces X close to ¥y, we will see that Equation
(2.1) reads at main order as

(2.3) —9Hs(z) + —

0,

Jas]

where Hy(z) is the usual mean curvature of ¥ at x.
For the construction of 3y we take the standard catenoid parametrized
as

z3| = fo(r), r=I2"[>1,
where

(2.4) fo(r) =log(r +Vr2—-1), r>1.
If we describe ¥ = OF with E as in (2.2) and assume that for r
large f'(r) is small, then for large © = (2/,x3) € 3, Hy(z) = V -

\/ﬁ ~ Af and ﬁ = %, so (2.3) is approximated by

€
2.5 Af ==,
(2.5) 7
This motivates us to define f.(r) as solution of the initial value problem
1 € 1
1" !/ — =
+ 7f = 7> r>e 2,
(2.6) Tt f
1 1 1 1
fee™2) = fele™2), file2) = fole ).
Let

Fe(r) = Jo(r) +n(r — e 2)(f(r) = fo(r), r>1,
where n € C*°(R) is a cut-off function with

(2.7) nt)=0 fort<0, n(t)=1 fort>1.
We define the surface %o by

(2.8) Yo ={|zs| = Fe(r),r > 1}.

Then

Yo=0Ey, Eo={r<1, orr>1and |zx3] > F.(r)}.

Next we perturb the surface Xy in the normal direction. For this, let
vy, (z) be the unit normal vector field on X such that vs3(z)xs > 0. We
consider a function A defined on Xy, and define

Yh={x+h(x)vg,(z) /| x € 3¢ }.
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If h is small in a suitable norm, then ¥, is an embedded surface that
can be written as X = 0E}, for a set Ej that is close to Ey. We can
expand, for a point x € ¥y and xp = = + h(x)vy,(z):

(2.9) Hs, (xn) = H, (2) + 275, (h)(2) + N (h)(2),

where J3  is the nonlocal Jacobi operator given by

I, (h) () = /E Mdy+h(x) / (5o (@) = v, (), v (2)) .

0 |x_y|3+s Yo |x_y|3+s

for x € ¥, and N(h) is defined by equality (2.9).
The objective is then to find A such that

(2.10) Hg, + 2%, (h) + N(h) = 0.

We note that, assuming h is smooth and bounded,

L R e +00)

as € — 0, where Ay, is the Laplace-Beltrami operator on ¥ (see
Lemma A.2). Therefore, it is more convenient to rewrite (2.10) as

eHs, +2eJ5 (h) +eN(h) =0 in Xo.

It is natural to expect that h has linear growth, and, therefore, we will
work with weighted Holder norms allowing such behavior. For 0 < o < 1
and v € R, we define norms for functions defined on Xy or R? as follows:

e |f(l‘) B f(y)‘

[f]y,a = sup min(1 + |z|,1 + |y|) P—

Ay
1l = 1A+ 2" fllzee + [fly,as

)

and
(2.11)
18]l = (1 + |z)) " hllzoe + VRl + (1 + |2]) DR[| Lo + [DA]1 0.

Then we look for a solution h of (2.10) with ||A|ls < oo and measure
eJs, (h) in the norm

(2.12) 1 flh=zate = (L + 2D fllzee + [fli—care.
More explicitly,
I Fll—ease = (14 |2[)' 7 fllp

: [f(z) = f(y)l
+ supmin(1 + |z|, 1 + |y|)TeL2l AP
supmin(1-+ o], 1+ |y L

An outline of the proof of Theorem 1 is the following. In Section 4,
using estimates for f. obtained in Section 3, we will prove:
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Proposition 2.1. For e > 0 sufficiently small we have
Ces

||1fz-:,a+s < 0
|loge|

The next result is about invertibility of the operator J3 on a
weighted Holder space.

(2.13) |leHg,

Proposition 2.2. There is a linear operator that to a function f
on Xy such that f is radially symmetric and symmetric with respect to
xz3 = 0 with || f|l1—c,a+e < 00, gives a solution ¢ of

eJ5 (6)=f in %o,

Moreover, ¢ has the same symmetries as f and

(2.14) [6]l« < Cllfll—eate-

The proof is given in Section 7, based on preliminaries in Sections 5
and 6.
In Section 8 we obtain the estimate

Proposition 2.3. There is C' independent of € > 0 small such that
1
for ||hil|« < ooe2, i = 1,2 we have
1
(2.15) €[N (h1) = N(h2)lli-c,a4e < Ce2([lhall« + [h2ll4)[[h1 — halls.

Here o9 > 0 is small and fixed.
With these results we can give a

Proof of Theorem 1. We need a solution h to (2.10) which we look

for in the Banach space
X ={h e C>*(), |||l < oo},

loc

with norm || ||«. Consider also the Banach space
Y={f€ Czoéjs(zo)v [ fll1—e,a+e < o0},

with norm || ||1—¢,a+e. In both spaces we restrict functions to be axially
symmetric and symmetric with respect to zz = 0.

Let T be the linear operator constructed in Proposition 2.2. Then we
reformulate (2.10) as

2h = A(h) :=T(—eHs,, —eN(h)).
We claim that for € > 0 small, A is a contraction on the ball
1
£2
log]”
if we choose M large. Indeed, for h € B, by (2.13), (2.14) and (2.15)
[AMR) ||« < ClleH$, li-c.ate + ClleN(h)[1-c,ate

B={heX: ||, <M

< 6% 2 5%
~ [loge]

) <M

(C

+ T
[Toge” = " [loge]



124 J. DAVILA, M. DEL PINO & J. WEI

if we take M = 2C' then let € > 0 be small. Next, for h1, hy € B,
_1
[A(h1) = A(ho)ll« < Ce™2([[hlls + [lh2]l«) A1 — hall.

But ¢ 2(||h1||* + ||he2lls) < “Og i and so A is a contraction on B for

€ > 0 small. q.e.d.

3. The ODE of the initial approximation

The purpose of this section is to analyze the solution f.(r) of (2.6),
which is used in the construction of the initial approximation. Thanks
o0 (2.4) we have

fole™h) = fe(e™8) = 5 llogel +1og2 + O),
FUe™2) = fhle™7) = VE(L+ O(e)).

Note that fl(r) > 0 so, in particular,

(3.1)

1

(3.2) Fo(r) > fo(e72) forally >e 2.
Lemma 3.1. We have
C1lloge| < |fe(r)] < Collogel,  |fL(r)] < Cet,
O < 13+ o
for ez <r< |log€\57%.
Proof. We make the change of variables f.(r) = |log 5|f(e%r). Inte-

grating the ODE satisfied by f and using (3.2) the desired conclusion
follows. q.e.d.

Now we study the asymptotic behavior of f.(r) as r — oo. For this
let us write

=

1
. = |log | £{& (== for r > ——
(3.3) fe(r) = |logel fy (|1 |r) or r > Toge]
for a new function féa). Then fé ) satisfies
@ _ L 1
Jo f(SE) o= |log €|
and from (3.1)
() 1 B 1 log 2 €
(]loga\)_ 2 |loge] O(|10g5])7
@1
R G |
5 () = 1+ 0C).

as ¢ — 0.
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Lemma 3.2. For any rg > 0 there is a C > 0 such that for alle > 0
sufficiently small we have

C

@ - <o e -1 <2,

r

= 1Q

/)" ()] <

for allr > rg.
Proof. We make the change of variables
(3.4) F90) = rg(t),  where r =,
for t > —log|loge|. Then .(t) > 0 and satisfies the equation

1
V2L +ahe = o for t > —log|loge|.

£

Using a standard Lyapunov functional for this autonomous equation we
obtain that

[WL(E)| + e (t) — 1] < Ce™®/2, for all t >0,

with C' and 4 independent of €. Linearizing around the equilibrium
1) = 1, phase plane analysis leads to

(3.5) (L) + [=(t) — 1] < Ce™",  forall t >0,
and, hence, the lemma follows. q.e.d.
It will be useful for later purposes to also have estimates for the
elements in the linearization of (3.3). Namely consider
1

(3.6) Az + P ENTRGA 0, forr>
(fo )*(r)

|loge|
The function
(3.7) 2(r) = f57 = r[f1 )

satisfies (3.6), since equation (3.3) is invariant by the scaling fy(r) =
% f(Ar), A > 0. We may construct a second independent solution Z of
(3.6) by solving this equation with initial conditions

Zy(ro) = —Z1(ro), Zy(ro) = Z1(ro).
Here r¢ > 0 is fixed.

Lemma 3.3. Fix rg > 0. We have

[a(r) <O, |Z5(n)] < —,

¢
T

forallr >rg, i =1,2.
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Proof. In terms of ¢ defined in (3.4), we may write
Z1(r) = —ry/(log(r)),

so that the boundedness of Z; is consequence of (3.5). For Za, we may
consider the equation

¢" +2¢' +2¢ =g, fort>log(rg),

with kernel given by (i (t) = e~ cos(t), (2(t) = e 'sin(t). Then we may
express Zo as a perturbation of the correct linear combination of (i, (s.
q.e.d.

4. Approximate equation and error

The main result in this section is the proof of Proposition 2.1, namely
the estimate
1

Cez
_ < .
Hl 8,()é+€ — ylogg‘

For x € ¥ we compute Hy, (z) by splitting

leHs,

XEo(Y) — xE:(Y)
4.1 HE (z) = OV dy =1I; + I,
(1.1) g 0) = [ XLy 1+
where
I XEo(y) — x5(¥) I XEo(y) — x(¥)
T | _ |47€ y7 o — i ‘ _ ’475 y
Cr(x) z ) Cr(z)c € Yy

are inner and outer contributions respectively. The inner part is the in-
tegral on a cylinder Cr(x) of radius R centered at = and the outer con-
tribution the rest. We take R as a function of z € Xy, x = (2/, F.(2')),
defined by

(4.2) R = (1—n(]2'| = Ro))R1 +n(|2'| — Ro) F=(|2']),
where Ry > 0 is fixed large, R; > 0 is a small constant and 7 is as in
(2.7).

To define the cylinder, let 1I;, IIo be tangent vectors to Xy at =z,
orthogonal and of length 1, and vy, be the unit normal vector to Xy
oriented such that vy, (z)z3 > 0. Introduce coordinates (t1,t2,t3) in R?
by

(t1,t2,t3) = tally + tolly + tavs,.
Define the cylinder of center z, radius R and base plane the plane gen-
erated by Iy, Ily as

CR(.%') = {.Z' + t11I1 + toIls + t3l/20(1') : t% + t% < R2, ‘tg‘ < R}

For the computation of the inner integral, we represent the surface
Yo near x as the graph over its tangent plane at x. More precisely, if
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R; > 01in (4.2) is chosen small and ||h||. is small, there is a function
g = g: : Br(0) C R? to R of class C*® such that

(4.3) Yo NCr(z) = {z+ 1t +vs,9(t) : |t| < R},
where t = (t1,t2) and
IT = [IIy, IIy).
Then
9(0) =0, Vg(0) =0, Ag(0) =2Hx,(z),

where Hy,, is the mean curvature of ¥y at x.
In the following statements we use the notation

v(x) —v
o ap @0
vyeD,aty [T = Y|
Lemma 4.1. For z € £y and R = R(x) given by (4.2) we have

5
WHEO Ef)R

(4.4) I, = -2 + Restq,

where
(4.5)  |Resti| < C[D?gla,pro) R + ClID* gl L0 0n B
Here C' remains bounded as s — 1 (i.e., ¢ = 0).

The main contribution from the outer integral is given in the next
result.

Lemma 4.2. For x = (2/, F.(2')) € 9 and R = R(x) given by (4.2)
we have

C
(4.6) o] < Rl
and if |2'| > 5_%,
T

= i (1 + O(z-:%)) .

By (4.4) and (4.7) we see that the equation Hy, (z) = 0 takes the
form

(4.7) I,

—QHEO(CC) + ~ 0,

£
R
which motivates (2.3).

Lemma 4.3. Let x € X, and write x = (2, F.(2')), r = |2/|. There
is 8o > 0 and g : B,(0) — R of class C*“ such that

YoNCp(x) ={z+ It +vg(t): |t| < p},
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where p = dor. In particular, g is well defined in Br(0) where R is
defined in (4.2). Moreover, g satisfies
Ceir if r > 0| log 8’8_%,
1
19|l (Br(0)) < C% if e72 <r <4 loge\s_%,
CREr <o)

r2

1 1
Cez ifr>e 2,
1Dgll Lo (Br0)) < {C

1
057 . —
=== afr>c¢
D%l <4 0 1T
r2 ZfT S € )

The proof of Lemma 4.3 follows from an application of the implicit
function theorem.

Proof of Lemma 4.1. We compute

— YEe 9(t) 1
I :/ X5, (y) fﬁ(y) dy = _2/ / ity dt
Cr(z) 1T =Y l<rJo  (|t]2+12)72

Let us decompose

Ii =11+ 1o+ I3,

where
Liy =2 / 29O
’ [t|<R |t ’
Y U LU
’ [t|<R [t[4—e ’

94— o [ . 79(t) -
a0 [ O O

and D?g denotes the Hessian matrix of g. Then
A e H €
AgOF_, Hs, (@R

Iiy = —
€ €

and we estimate
| Iiz| < CID*g)Br0).aRYe,  |Lis| < C||D?gl|7 R**,
and (4.5) is proven. q.e.d.

Proof of Lemma 4.2. Let x € ¥g, x = (a/, F-(2)). We change vari-
ables y = Rz and write T = z/R

/ XEo(Y) — X5 (Y) 1 / XEo/R(%) = XEg/R(%)
Cr(z)° C1(ZRr)°

dy =
Y ip — 2t<

’x _ y|4—a Rl—a dz’
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where C1(Zg) denotes the cylinder of radius 1 centered at g and base
plane given by the tangent plane to 0Ey/R at Zr. Then (4.6) follows
since

/ X£o/R(2) — XEg/R(2) il <c
C1(ZR)°

’i'R _ 2’4—5

To obtain the second estimate we first note that for any dy > 0 fixed,

zZ)— c z
/ XEO/R( ) X4E_OE/R( )dz < 06%7
|Zr—2|>00e™ 2 — 2]

and, therefore, we need to prove
/ XEO/R(Z) - XEg/R(Z)
C1(3R)° |Ep—2|<0e— 3 |Tr — 2|*®

We note that

dz —m

/ Xjzsl>1] ~ X[jzsl<1] ;.
Cr(FR)e,|o—in|<boe— 2 12— TR[*TF

(here z = (2/,23), 2’ € R?, e3 = (0,0,1)). Indeed,

=7+ 0(c?)

X[|zs|>1] — X[|zs|<1
/ Mo ~ Xlol<t] g,
C1(ZR)%|2—ER|<doe™ 2 |z — Zg]
X[|zs|>1] — X[|zs|<1
:/' | Mel>1) ~ Xeal<t]
|e—grl>1)—grl<toe 2 |2~ TR

since by symmetry the difference of the two integrals is zero. Since

/‘ Xlizsl>1) = Xllesl<1] 7. (3)
|z—ZR|>d0e™ 2

|z — Zg|te
we get,
/ Xljzs|>1] = Xflzal<1] ;.
. - _1 _ 4 l4—e
C1(ZR)C,|2—TR|<Soe™ 2 |Z xR‘
:/ X[|z3]>1] ~—X4[|_z2\<1} dz + O(e})
lz—Zg|>1 |z — TR
=7+ O(e2).
Therefore,
7)) — Ype,p(Z
/ 1 XEO/RE ) XEO/R( )dZ—7r <
C1(XR)e | Xp—Z|<Goe ™2 | Xr—Z|*
/ XEo/R(Z) = X||zs|>1] + X[jzs|<1] — XEg/R(Z) o
C1(XR)e | Xp—Z|<Goe ™2 | Xr—Z|*
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w/

Note that the point Zr has the form Zp = (%,1). Inside the region
Ci(Zr)N{z:|zgp— 2| < (506_%}, O0Ey can be represented by
1
5] = S ERIZ).

As a consequence of Lemma 3.2 we have

d, 1 1

—(=F:(R < Cez,

dT(R 5( T))| —
in Ci(zr)N{z : |Zp — 2| < 506_%}. Let us consider the upper part,
namely C1(Zr)°N{z:|Zr— 2| < 506_%} N {z3 > 0}. Inside this region,
the symmetric difference of the two sets Ey/R and |z3| > 1 is contained
in the cone

ip+{(7,23) €EREx R : |2/| < doe 2, |23] < Cez||}.

Therefore, we can estimate

/ XEo/R(2) = X[|z3|>1] T X[|zs]<1] — XEg/R(2) "
01(:ER)C,|iR7Z‘§50€7%,Zg>O |jR - 2‘4_8
1 1
< s | =t s e
%S‘Z’|S50€7§,|23|§C€7‘Z| |Z|

The integral over Cy(zg)*N{z : |Zr — 2| < 505_%} N {z3 < 0} can be
handled similarly. q.e.d.

Proof of Proposition 2.1. Let x € X, x = (2/, F-(2')) where |2/| > 1.
Let R = R(x) be given by (4.2).
By (4.1), (4.4) we can write

eHs, (v) = —2mHyxy R* + eRestq + €l,.

: : L 1
Since ¥ is a minimal surface for r = |z| < 72, we have

(4.8) EH%O (a:) =F1 + FEs+ FEs+ E4 + E5,
where
3
El = TI'RE’I’]E(—2HEO + E),
t) — 5D?g(0)[t?
Fam 2 [ SOZIDNOFL,
[t|<R ‘t‘

— 2204 — 2 [T Tg(t) drd
A e s i
Ey=¢l,(1—n.),

e

b5 = (SIO - ﬁ)na
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and n.(r) = n(r — s_%) with 7 is the cut-off function (2.7). Here g is
a function such that we have the representation of ¥y near X as the
graph of g over the tangent plane of ¥ at X, as in (4.3).

We start with Ey. For r > e 2 + 1, F. satisfies AF, = £, so

- 1 (FO)F!
E, =7nF; (AFS(I 1+ (Fsl)Q) (1+ (F1)?) 3/2)

But for this range F!(r) = O(E%), Fl'(r) = O(£2), F.(r) < Cesr if
r> 56_%\ loge| and F.(r) < C|loge| if eir < 55_%]10g€\, so
sup  rTE|E| = O(E%), as e — 0.

r>e~1/241
1

For r € [e72,¢ 3+ 1] we have Af, = O(“Og€|) Afc = O(g?), and
so (fe — fo) = <|loga|)7 fe—fc= (|1oga\) in this region. Then for
these r

g g g
AP+ ==+
: F 775f€ 775fs+(1_77€)f0

- (1= 7k)AfC —2n.(fe — fo)' — An(f: — fo)
= O( ).

Toge
It follows that

N|=

_ €
wp PR =0(E ),
_1 1 | log |
rele” 2,67 241]
In a similar way, we obtain the bound
1
£2
sup 2 f|E|(r)| < C i :
r>e—1/2 |log €|

From here, the desired estimate for the Holder part of the norm,
[E1]1—¢,a+e readily follows.

Similar arguments can be used to obtain the same estimates for the
remaining terms in decomposition (4.8). We omit the details.  q.e.d.

5. Limit problem in ¥

We want to build a right inverse for the operator

Lo(h) = Ah + Fo(r )2776( r)h,

which arises as the linearization of the approximate problem (2.5). Here

e is any family of continuous cut-off functions with 7.(r) = 0 for r <
1 1 . .

e~ 2 and n.(r) = 1 for r > §|logele™2, where § > 0 is a sufficiently

small number.
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We then consider the equation
(5.1) Lo(¢) =g, inR?
and work in the class of radial functions.

Proposition 5.1. Let 1 < v < 2. If e > 0 is small there is
C > 0 such that for g radially symmetric with ||[(1 + |z])7g|lp~ <
+oo there exists a radially symmetric solution of (5.1) ¢ = T(g) with
(1 + |2])720||L= < +o0 that defines a linear operator of g with

2" 2@l < ClIA+ |2])gllze,
and ¢(0) = 0.

Proof. Since all functions are radial, we have to solve
1 €
/! /
= —— = 0.
¢+ Fs(r)gne(?”)qﬁ g, r>

We solve this ODE with initial condition ¢(0) = ¢'(0) = 0. For a fixed
small § > 0 and r < §|log 5|57% we directly obtain

(14" (7] + o(r)| < Cr*~7)[(1 + |2]) gl £oe -
Let us consider the range r > r; where r; = §|log 5]5_%. We write the

solution ¢ in terms of the elements of the kernel of the linear operator
A+ %, which are given by

e3r | loge|
R
| log e

zi(r) = 51'( 1

where Z; is the functions introduced in (3.7). Using the estimates in
Lemma 3.3 and the variation of parameters formula we obtain the de-
sired estimate for ¢ for r > ry. q.e.d.

6. Fractional exterior problem

In this section, we will construct a linear bounded operator that maps
f defined on X to ¢ defined also on ¥ with the property

(6.1) eJ5,(9)(x) = f(z) for xz € X, |z| > R,
where R > 0 will be a large fixed constant.
Proposition 6.1. If R is fized large, there is a linear operator f — ¢

defined for radial, symmetric functions f on 3o with || f|[1—c,ate < 00,
such that ¢ is radial, symmetric, satisfies (6.1) and

[6ll+ < Cliflli—cate-

Here the norms || ||« and || ||1—c,a+e are the ones defined in (2.11),
(2.12).

We will also need a version of this result for right hand sides with
fast decay. Let 0 < 7 < 1.
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Proposition 6.2. If R is fized large, there is a linear operator f — ¢
defined for f radial, symmetric and |||x|2+T—5fHLoo(gO) < 00, such that
@ is symmetric, satisfies (6.1) and

2™l oo (s0) < O P77 fll oo ()

In order to prove Propositions 6.1 and 6.2 we study first

(6-2) LE(¢) + We(r)¢ =f in RQ’
where
(6.3) L)) =e 2pv. [ 2=
m R2 [T — Yl
and
€
We(r) = W%(T)a r=|xz|,
where
(6.4) ne(r) =n(e2r = 1),

and 7 is a smooth cut-off function with n(¢t) =1 for ¢ > 1 and n(t) =0
for t <0.
We start with a version of Proposition 6.1 for problem (6.2).

Lemma 6.1. There is a linear operator that given a radial function
[ in R? such that || f||1-c.a+e < 00 produces a radial solution ¢ of (6.2)
with the property

(65) H(b”* < CHle—a,a—i-a'

Then norms are the ones defined in (2.11), (2.12) in the context of
functions defined on R2.
For smooth bounded functions h, L.(h) has the expansion

L.(h) = Ah(x)+O(e) ase—0,
so equation (6.2) can be considered a perturbation of
Ah+W(z)h=g inR?
where

W(x) = ﬁmm.

The next lemma is a standard estimate for convolutions.

Lemma 6.2. Assume -y, <2, v+ 8 > 2. Let ||(1+4 |z|)7f||p~ < 0.
Then
1

L e ) ] < I+ Jal) e (1 f
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Lemma 6.3. Let g be radial with ||(1 + |z|)7 %g|lr~ < oo where
v € (1,2). Then for e >0 small (6.2) has a radial solution h depending
linearly on g with h(0) = 0. Moreover,

1L+ [2]) 2R o < Ol + J2]) gl zoe
Proof. Instead of looking directly for a solution of (6.2) we will solve
2] — (g, )

Weh —g)d
5 \l‘—y!2+5( € g) Y,

(6.6)  Dyh(z) = carp.v. /R

for a radial function h with h(0) = 0. Here D, is the radial derivative.

The idea is that equation (6.2) is the same as (—A)'=5/2h+W.h = g
and, hence, it makes sense to look for solutions as fixed points of
h(z) = ¢ [ge ﬁ(g(y) — We(y)h(y))dy. But we are looking for so-
lutions with growth, and besides, we would like to treat this equation
as a perturbation of the case e = 0, so we choose instead to take a radial
derivative. Note that for g radial the convolution ng ﬁ g(y)dy is a
radial function, and

2

1 Zi Ti—Yi

D / —g(y)dy=—e>_ — | ——Z—g(y)dy.
g [z -yl — |z| Jpz |z —y|**e

This yields equation (6.6), for some appropriate constant ca .
In (6.6) the integral converges if ||(1 + |z|)Y"¢(Wzh — g)||z < o0 by
Lemma 6.2. Equation (6.6) is equivalent to

(6.7) Dyh — Ac(h) = Be(g),

where
A(0)(a) = cacpv. | WWE(W@) y,
Bulo)(w) = —cacpv. | me .

Let Ag be the operator

Ag(h)(z) = cap.v. /]R? WW(y)h(y) dy.
Then (6.7) is equivalent to
(6.8) Drh — Ao(h) = Ac(h) — Ao(h) + Be(9)-

We claim that given v radial in R? with [|[(1 4+ 7)Y 14|/ < oo we
can find a radial solution A to

(6.9) Dyh — Ag(h) =
satisfying h(0) = 0 and
(6.10) 1L+ 7) 77 0 oo + (1772 Rl e < CJI(L+ 1) 79| e
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Indeed, we need to solve
/ W(s)h(s)sds = (r) for all r > 0.

Let
- /0 (s)ds, h(r) = h(r) — B(r).

Then we look for h satisfying

/ W(s)h(s)sds = —/ W(s)Y(s)sds,
which we write as

Ah+ W (r)h(r) = W(r)p(r), 0<r < oco.
We solve this equation using Proposition 5.1 and obtain
1L+ 7) 7 R oo + (177 Rl e < CJ[(1+ 1) 24| 1.

Then h = h + 1) satisfies (6.9), h(0) = 0 and estimate (6.10).
Let T denote the operator that to a radial function ¢ € L>(R?) gives
the radial solution A to (6.9) just constructed, and note that by (6.10)

(6:11) 7@l < CIL+r) 1.
where

Jilla = el =2l + (1 + )~ Vepl .
We rewrite (6.8) as
(612 h=T(Ac(h) — Ao(h) + B(9))

in the space X = {h € W,5>°(R?) : h is radial, |h]|, < oo} with norm

o

We solve (6.12) by the contraction mapping principle. After some
computation, we find that for some b > 0
|(Ac(h) = Ag(h))(@)] < (1 + |2)' ([ ]la-

It follows that the map from X to itself given by T'(A:(h) — Ao(h) +
B.(g)) is a contraction for ¢ > 0 small, and, hence, it has a unique fixed
point h. This fixed point satisfies

Ihlla < CIT(B:(g)la < ClI(1+ 1) Be(g)l| e

by (6.11). Using then Lemma 6.2 we find that
[Pl < O+ [2)7 gl Lo,

and we check that this h, indeed, solves (6.2). q.e.d.
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Proof of Lemma 6.1. The proof is based on the following apriori es-
timate for radial solutions h of (6.2) such that |||x|~1h||p~ < oo

(6.13) ] Al o < CIIA + [2]) !~ gllze,

and we claim it holds if € > 0 is sufficiently small.
We argue by contradiction, assuming that there are sequences €; — 0,
radial functions g;, h; solving (6.2) and satisfying

(6.14) 2| hillzoe =1, (1 +|2)' gl o — 0

as i — 00. Let z; € R? be such that
_ 1
(1 [ai) = Ri(as)| > 5

Assume first that z; remains bounded and, up to a subsequence x; — =
as i — oo. The bounds (6.14) and standard estimates for L., uniform
as ¢ — 0, show that h; is bounded in C’ll(;?. Therefore, passing to a
subsequence we find h; — h locally uniformly in R?. Let ¢ € C5°(R?).
Multiplying (6.2) by ¢ and integrating we find

/ hiLe, () + We, hiwi :/ gitp-
R2 R2

Taking the limit we find that & is harmonic in R?. But also |h(z)| > 1,
h is radial and |h(r)| < r for all » > 0, which is impossible.
Suppose that z; is unbounded so that up to subsequence r; = |z;| —
o0 as ¢ — 0o. Let
T 1 1—Ei

hi(z) = ;h(n{r), gi(x) =r; “'g(rx),
1
so that ) )
Le,(hi) + Wi(z)h; = §; in R?,
where )
gine, (riz)ry "
Wi(z) = e Tt
Z(x) ng (Til’)ZiSi
Also
@]~ halle =1, ||| GillLe — 0

as ¢ — oo. Up to subsequence iLZ — h locally uniformly in R? and
z;/ri — &. Moreover, |h(2)| > 1.

_1
If ¢, *|loge;|r;' — oo as i — oo then Wi(z) — 0 uniformly on

compact sets and we reach a contradiction as before.

If 5;%]log eilr; ' — Ry, then W;(z) — W(x) uniformly on compact
sets where W (z) is bounded for |z| < Ry and W (x) = ﬁ for |x| > Ro.
Then h solves

Ah+Wh=0 inR?
with |h(r)| < r for all » > 0. This implies h = 0, a contradiction.
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Finally, if €, *|loge;|r; * — 0, then h satisfies

1
Ah+Wh:0 in R?\ {0},

with |h(r)| < r for all » > 0. Again this implies that h is trivial.

Existence of a solution to (6.2) can be deduced from the solvability
obtained in Lemma 6.3 and the apriori estimate (6.13), with an approx-
imation argument. Namely, let ¢ be radial with ||(1 4 |2])'~¢g|z~ < 0o
and 7 be a smooth cut-off function with n(z) =1 for [z| <1, n(z) =0
for |x| > 2. Thanks to Lemma 6.3 there is a radial solution h,, of (6.2)
with right hand side gn(z/n). By (6.13) we have ||(1+]|z|) thy|lz~ < C
and by standard estimates h, is bounded is C’llo’?. Up to subsequence
h, converges to a solution h satisfying

11+ [a)) " hllze < O+ 2])'~#gll 2o

Finally, estimate (6.5) follows from a standard scaling argument and

Schauder estimates for L., which is (—A)% up to constant, and which
are uniform as € — 0. q.e.d.

Next we give a result analogous to Lemma 6.1 but for functions with
fast decay.

Lemma 6.4. There is a linear operator that given a radial function
f in R? such that ||(1 + |z)>7 75 f||L~ < oo produces a solution ¢ of
(6.2) with the property

(6.15) 27 ¢l o < CII(L+ |a))* 75 || o

Proof. Let Y denote the space of radial functions in R? satisfying
l|z|" || e < co. We claim there exists ¢ € Y that depends linearly on
f satisfying

(6.16)
Vo) =ere [ (e - ) (700 - o)) an

and the estimate (6.15). This function is the desired solution. Here
6275—>%a35—>0.
Similar to Lemma 6.2 we have the following estimate. Assume 0 <

f<2,2<y<3andy+p>2 Let |(1+]|z])7f|lre < oo. Then

rT—Y x o
/RZ <|96‘—y|5Jrl B |m’5+1> f) dy’ < O+ |]) f | poo 22

Using this estimate with § = 1+ ¢ we see that the integral (6.16) is well
defined if ||(1 + |2)277 ¢ f|loo < 00 and ¢ € Y.



138 J. DAVILA, M. DEL PINO & J. WEI

We treat (6.16) as a perturbation of the case ¢ = 0. So first we
consider the equation

Ad + Z—;(b: f iR
with 7. as in (6.4), for which we want to construct a solution such that
(6.17) ]7 Ml oo g2y < 1L+ |2) 27 f|| oo 2y
For r > e72 + 1 the equation is given by
Yo+ po=1 rzeh,
hence, we take ¢ of the form

o(r) = cos(log(r)) /00 sin(log(t))tf(t)dt

N

— sin(log(r)) /OO cos(log(t))tf(t)dt,

for r > e 3 + 1. From this formula we get directly
sup 170(r)] < 12+ fll .

r>e”2

For0<r < 2 + 1 we define ¢ as the unique solution of the equation

1
—(r¢)' + 775(27‘) =f r<eEi4l,
T T

with initial conditions at £~ 2 + 1 to make ¢ a global solution for r €
(0,00). Note that
147

$(e72) = 0(c2), ¢(e2)=0(c?).

1
2. Then for r < ry we can represent

r ol [To
o(r)=c1+c log(r—) —|—/ s/ tf(t)dtds,
0 r s
where c¢1, co have to satisfy
c1 = ¢(ro) = 0(e7), 2 =194 (ro) = O(e2).
With this formula we can verify (6.17). The previous solution satisfies
1 1 ne(lyl)
¢(x) = — | log <fy - o(y) | dy + Alog|z| + B,
@) =5 Rz |7 =yl ) ly[? |

where A, B depend on f and are such that ¢(z) — 0 as |z| — oo.
Therefore, for the gradient we have

Vo) = = [ T (p) - EWD ) ayat
]

T2 Jpe |z — y)? ly]

61 =5 [ (G pe) (0 - ) o

Let ro =¢
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Let ¢ = T(f) denote the operator that associates the function V¢
constructed above, so that, in particular, (6.17) and (6.18) hold. To
find a solution of (6.16) it then suffices to find ¢ € Y such that

Vo =T(B:(f) + Ao(¢) — Ac(9)),

where the operators B., Ag, A. are defined as

B = [ (hﬁ_“w |x12+5> ) dy,
)

Aa(¢)($)—c2,€/ <‘xi_‘2+a |x’2+5 MLyL y) dy,
o) =enc [ (== o) By o

and ¢ is defined from V¢ by integration such that lim|,|_,. ¢(z) = 0
(here all functions are radial). Similarly, as in Lemma 6.3 we can show
that for ¢ > 0 small the map from Y to Y given by ¢ — T(B:(f) +
Ap(¢) — Az()) is a contraction. q.e.d.

For the proof of Proposition 6.1 we need an estimate of

ae(x):é_/z 1_<V20(y)’1/2°(y)>dy.

|z —yli—e

Lemma 6.5. Let © = (2/, F.(2')) € Xg. Then

— A 21 ..1€E ; #
as(x) = m|As,[[2] +O((1+‘x’)Q—g)+O(1Og(’x‘)2—€)xlz‘§g_%
3
+7Tw(1+0(1)) ‘ |>€ 1,

where |Ax,| is the norm of the second fundamental form of ¥o and O(),
o() are uniform x as e — 0.

For the proof, we locally represent the surface g as a graph of a
smooth function on a tangent plane at a given point, as given in Lemma
4.3. We omit the details.

Proof of Propositions 6.1 and 6.2. The idea is to reduce problem (6.1)
to one in R2. Suppose that ¢ is a radial function on ¥g, symmetric with
respect to x3 = 0 vanishing in Byr(0). Here R > 0 is large and fixed,
to be chosen later. Since ¢ is symmetric with respect to 3 = 0, we can
define ¢ globally in R? by

o(x) = ¢z, £F.(z)), |z| >R,
and ¢ = 0 in Bg(0). Let Cr be the cylinder

Cr = {(z1,22,23) € R® : 2] + 23 < R*}.
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Then, for X € ¥y of the form X = (z, F.(x)) with |z| > R, we have

oY) — o(X)
p.v. LO\CR W dY

o [ W =@ AT NEGEd
®2\By (2 — g? ) ()T
3(y) - d(a) RTT
+/RQ\BR (o —yi+ (R + Ry = ¥ T IVEORY.
Then we find for | X| > R, X = (z, F.(x)),

OY) —0(X) () - )

s, IV = X|AE B g2 |y —x[i7e

dy+b(z)d(x)+B1(9)(x),
where

1 1
b(a :/ dy—/ dy,
@ = == Y foe, (@ @) = YT

B = [ (3 - aw)
fory (B0 = 562)

R2\Bp

( VRGP 1 )dy
(le =y + (Fola) - F(y)») 5 o=yl

¢~>(3/)—¢~>( 1 VF 2d
+/W\BR<\m—y\2+<F<>+F<>> FVIHIVEGR

o) = [ 1= Pl Shay.

Let

Then (6.1) reads as
(6.19)
Le(@) + [ —E_§() + eBi()(x) + (eb(x) + ac — Jﬁ)ém = f(a),

where f(:{) = f(z, F.(z)) and L. is the operator (6.3). We look for ¢ of
the form ¢ = np, where n is a smooth radial cut-off function such that
n(z) =1 for |z| > 3R and n(z) = 0 for |z| < 2R. Then we ask that ¢
solves
(6.20)

Lel() + i+ 2Bale) +n(eble) +a: = E)p = fla) iR,

where

Bs(p)(x) = en(x) /R 2 SO@)M

‘x _ y‘4—s dy + 577(ZE)B1 [7750](1')7
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and where 77 is another radial smooth cut-off function such that 77(z) =1
for |z| > 5R, f(x) = 0 for |z| < 4R. If ¢ solves (6.20), then ¢ = ny will
satisfy (6.19) for |x| > 5R. Let T denote the operator constructed in
Lemma 6.1, so that ¢ = T'(f) is a radial solution to (6.2) satisfying the
estimate (6.5). Then we rewrite (6.20) as the fixed point problem

¢ = T(==Ba(p) = n(eb() + 0z — ]7 o+ ).

We can apply the contraction mapping principle by the following esti-
mates
leB2(@)l1—c.0 < 0(1)H<P||*’
e
[n(eb(z) + ac — e T2 )Plli-ea < o(D)lle]l,

where o(1) — 0 as ¢ — 0 and R — oo, which can be proved using
Lemma 6.5.

The proof of Proposition 6.2 follows the same lines as the one of
Proposition 6.1. q.e.d.

7. Linear theory

The purpose here is to construct a linear operator f — ¢ which gives
a solution to the problem

(7.1) eJ5,(¢) = in X,
where J3  is the nonlocal Jacobi operator

P(y) — oz )dy+¢( )/ (v(z) —v(y)) - v(z)

j20(¢)($) =p-v. o | |4 € Yo ‘I - y‘4_5

and Yy is the surface defined in (2.8).

The main result is stated in Proposition 2.2, which we recall: there
is a linear operator that to a function f on Xy such that f is radially
symmetric and symmetric with respect to x3 = 0 with || f|j1—z,a+e < 00,
gives a solution ¢ of (7.1). Moreover,

qu”* < C”le—s,a—l-s-

The norms || ||1—¢,a+e and || ||« are defined in (2.12), (2.11).
As ¢ — 0, X approaches the standard catenoid C on compact sets,
which can be described by the parametrization

y € R (V1432 cos(6), /1 + 7 sin(0), log(y + /1 + %)),
with y € R, 0 € [0, 27]. Hence, for smooth bounded ¢ we have
T
eJ5,(8) = 5 (Bco +[A[9),

uniformly over compact sets as € — 0, where A¢ is the Laplace-Beltrami
operator and |A| the norm of the second fundamental form of C (see
Lemmas A.2 and A.4).

dy,
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Let us recall the standard nondegeneracy property of the Jacobi op-
erator A¢ + |A|? on the catenoid. Linearly independent elements in its
kernel are the functions

(12) Z1(y) = —o—, Za(y) = —1+ —o—log(y + /> + 1).
ye+1

Vi +1 V
The knowledge of these elements in the kernel of Ac + |A|?, plus its

explicit representation as a regular second order linear operator, see, for
instance, [1] immediately yields

Lemma 7.1. If ¢ is a bounded azially symmetric solution of Ac¢ +
|A|2¢ = 0 in C then ¢ = cZy for some c € R.

et (Vs (1), vs (2))
1—(vs,(y), v, (x

as(r) =€ dy,

() /zo |z — y[3+s Y

and
be(z) = as(z)n:(x),
where 7. is smooth, radial, n(z) = 0 for |z| > e 241, and n(x) =1 for
lz| < ea.
Let us write
o) ~ o)

5, |t —yl*~e

L.(¢)(x) = ep.v.

)

and consider the equation

(7.3) Lc(¢) +be(x)p = f in Xo.

We will consider from now only right hand sides f : ¥y — R which are
symmetric with respect to the plane x3 = 0, and symmetric solutions ¢.
Let 0 <7 < 1.

Proposition 7.1. Fore > 0 small there is a linear operator that takes
f symmetric with respect to x3 with ||y*T7 ¢ f|| L~ < 00 to a symmetric
bounded solution ¢ of (7.3). Moreover,

8]l < Clly* ™= fl|z,

(7.4) 1+ YD) TVl < Clly* = fllz=,

and lim |, ¢(7) exists.

The counterpart of this result for the Jacobi operator Ac + |A|?
without assuming any symmetry on f or ¢ is: if |||y|?>T7 f||z~ < oo and
fc fZ1 =0, there is a bounded solution ¢ of

Acp+|APp=f nC,

and this solution is unique except a constant times Z;. Moreover, ¢ has
limits at both ends, which have to coincide. In the nonlocal setting, to
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simplify we work with functions that are symmetric with respect to xs,
so in some sense the condition fC fZ1 = 0 is automatic.

For the existence part in Proposition 7.1 we study the truncated
problem

75 Le(¢) +bedp=f in¥oN BR(O)a
(75) ¢»=0 on X\ Bgr(0).
Let
_1+s_1_£
o=—= 5

Given in f € L?(3o N Bg(0)) there is a weak solution ¢ € H? (%) of
— L.(¢) = f in X9 N Br(0),
gb =0 on EO \ BR(O)

By weak solution we mean ¢ € H? (%), ¢ =0 on Xy \ Br(0) and

/ / () = @)(elw) = 0@) ya = [ ¢(2)p(a) da
Yo J X0 o |

|33 _ y‘2+20'

for all ¢ € H?(Xp) with ¢ = 0 in ¥ \ Br(0). This solution can be
found by minimizing the functional

1 (6(y) — o(2))?
P L e [ soto) e

|z

over the space {¢ € H7(3g) : ¢ =0 on Xy \ Br(0)}. For f locally
bounded and & > 0 small (o is close to 1), the solution belongs to C’llo’?.
First we establish an apriori estimate for solutions of (7.5).

Lemma 7.2. Suppose f is symmetric and |||y|* " f|lL= < oc.
There are €9, Ry, C > 0 such that for 0 < ¢ < g9, R > Ry, and any
symmetric solution ¢ of (7.5) we have

9]l < Cllly*7 f |l oo

Proof. If the conclusion fails, there are sequences ¢, — 0, R,, — o0,
¢n solving (7.5) for some f,, such that

nllzee =1, [[ly**7=5" fall oo =0
as n — 0o. We show that for any p > 0 fixed

sup  |¢n| =0 asn — oco.
S0NB,(0)

If not, then passing to a subsequence, for some z, € ¥y N B,(0),
¢ (@n)| =2 6 > 0.

By standard estimates, ¢, is bounded in C}} .. Hence, by passing to a

new subsequence, ¢, — ¢ locally uniformly as n — co. We pass to the
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limit in the weak formulation and obtain a bounded symmetric solution

¢ #0 of
Aco+|APP¢=0 inC.

But by Lemma 7.1 the only bounded solution is c¢Z;, which is odd.
Hence, ¢ = 0 and this is a contradiction.
We claim that

|Pnll Lo (5onBR,, (0)) = O
as n — oo, which is a contradiction.
Indeed, let w =1 — §|y|~". One can check that
Len(w) S _cand‘y’_T_2+anﬂ

for |y| > R where R is large and fixed and c., converges to a positive
constant as e, — 0. Next we choose ¢ > 0 such that infynp_ o) w > 0.
We claim that

(7.6) On < C19]l Lo (zonB o)) + Ny fall Lo )w

in ¥9 N (Bg,(0) \ Bi(0)). Note that (7.6) holds for C' large depending
on ¢, because ¢, is bounded. The claim is that this holds for C' = Cj
with

Cy = ) inf —1’ ‘fn‘ )
’ max< (zom1§R<o>>w) oy
The comparison can be done by sliding. q.e.d.

Using the Fredholm alternative, we deduce the following result.

Lemma 7.3. Suppose f is symmetric and |||y|**" ¢ f|| L=~ < co. For
0 <e <egand R > Ry there is a unique symmetric solution ¢ of (7.5).

Proof of Proposition 7.1. We fix 0 < &€ < gg for R > Ry and let ¢p
be the solution of (7.5). Then for a sequence R; — 0o, ¢ = lim; . ¢r;
exists and is a solution of (7.3).

Estimate (7.4) is obtained by scaling and the gradient estimates of
Caffarelli and Silvestre [8]. Finally, lim|,_, ¢(7) exists because of
(7.4). q.e.d.

We need a solvability theory with a constraint on the right hand side
so that the solution decays. For this we consider the equation

(7.7) Lo(¢) +bep = f —cZom  in o,

where 71 is a smooth radial symmetric cut-off function on 3y, such that
m(z) = 1for |x| < Ay, m(x) =0 for |x| > A1+ 1 and A is a fixed large
constant. The function Zsn; in the right hand side can be replaced by
any fo with fo(z) = O(|z[7>77), [§, foZa #0.
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Proposition 7.2. There is eg > 0 such that for all 0 < e < g¢ and
any f symmetric with respect to x3 with |||y|*t7 ¢ f||L~ < oo there is a
unique solution ¢, c of (7.7) such that ¢ is symmetric and |||y|"@| L~ <
00. Moreover,

Iyl ll oo + le < Cllly** = fll .

Proof. First we prove existence. For this we let ¢y be the solution of
(7.3) constructed in Proposition 7.1 with right hand side Zan;. Then
lim, 00 @o(7) = Ac exists. Testing equation (7.3) against Z» and in-
tegrating on X, after some computation we find that Ag = lim._,9 A¢
exists and it is strictly positive.

Now, we let ¢ be the solution of (7.3) constructed in Proposition 7.1
with right hand side f. Then, subtracting off a suitable multiple of
$o from ¢ we find a solution ¢ of Problem (7.7) for some ¢ which is
uniformly estimated thanks to estimate (7.4).

Let us prove uniqueness. Suppose that for a sequence €, — 0 there
is a nontrivial solution ¢y, ¢, of (7.7) with f = 0. We can assume

(7.8) Ilyl"dll oo = 1.

To estimate ¢, we multiply equation (7.3) by Z, and integrate on X,
to find that
¢, —> 0 asn — oo.

As in Lemma 7.2, ¢, — 0 uniformly on compact sets. Then by (7.8)
there is a point x,, € ¥ such that

(1 + [2n])"|¢n(zn)| =

I

N | —

and |z,| — oo. By scaling and translating we obtain a non-trivial ¢
satisfying
A =0 inR*\ {0},
with
|¢(z)| < Cla] ™7,

which is impossible. q.e.d.

Next we establish an a priori estimate for decaying solutions of (7.1).
We do not expect solutions of this problem to decay, but that this will

be the case if f satisfies a constraint. For this reason, instead of (7.1)
we consider a projected equation

(7.9) eJ5y(¢) = f —cfo in X,

where fp is an appropriate function. For fy we can take almost any
smooth function with compact support, but it will be important that

foZa #0,
Yo
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and that we have a solution ¢g with ||¢g|/« < oo of

eJs,(¢0) = fo in Xo.

One possibility to achieve this is the following. Let R > 0 be the number
given in Proposition 6.1. For p > R let n,(x) = n(x/p) where 1 is a
smooth radial cut-off function in R?, such that n(x) =1 for |x| < 1 and
n(xz) =0 for |z| > 2. Let f, = Zon, and ¢, be the function constructed
in Proposition 6.1. We recall that it satisfies

eT5%,(¢p)(X) = fo(X) for X €%, |X| = R,

and the estimate

[@pll+ < Cllfpll1—c,ate-
Note that

1 folli—c,ate < Cplog(p),

and that since f, is smooth, ¢, is also smooth. Using elliptic estimates
we deduce that [|¢,lc2.e(p,) < Cplog(p). Let

fp = &725)0 ((bp)-

Then
foZs —/ 5~7§30(¢p)z2+/ Z31p-
Yo SoNBr Yo\Br
Since
| e002:=0losto), [ i, = erlog(p (1o(1)
YoNBgr EO\BR

as p — 0o, where ¢ > 0, we find that for p > 0 large

prQ 7é 0.
Yo

We fix p large and take
(7.10) b0 = ¢p, fo=F.

Lemma 7.4. Assume |||z[*T77¢ f|| Lo (5,) < 00 and ¢, ¢ is a solution
of (7.9) such that |||x|" @[l Leo(sy) < 00. If € is small enough, then there
is C independent of f, &, ¢ such that

27l oo 20) + lel < Cll** 75 £l oo ()

Proof. Assume by contradiction that there are sequences ¢, — 0, ¢y,
¢p, solving (7.9) with right hand side f,, such that

1L+ [2))Gnllroomg)y = 1, N+ 2> full Lo sg) = 0

as n — oo. Recall that g = Xg(ey).
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To estimate ¢, let Za be given as in (7.2). We test equation (7.9)
with Zan, where n, is a smooth cut-off function such that 7, (r) = 1 for
r < Ry, and n,(r) =0 for r > 2R,,, with R,, — oo and

[NIES

R, << en?.
We get

M (Y) — () .
n /2 o /E " dy

|z —y|t=en

+ / Gn(Y)1n(y) Ty (Z2)(y) dy
So(en)

:/ fnZQUn - Cn/ fOZQT/n-
20(571) Z0(5'n)

By a calculation

N (y) — ()
- /2 o /E D dyde o

v — y[ten

as n — oo, and

/ () (1) Ty [ Z5])(y) dy — 0
So(en)

as n — o0o. It follows that
cn, —> 0 asn — oo.

There is a point z, € Xg(e,) such that

N

(1 + [20])7|Pn(zn)] >
If x,, remains bounded, then up to subsequence ¢, — ¢ uniformly on
compact sets of the catenoid C and ¢ is a nontrivial solution of

Acd+|AP6=0 onC,
with |¢(z)] < (1+|z|)”". By Lemma 7.1 ¢ must be zero, a contradiction.

Hence, z, is unbounded. By scaling and translating we obtain a

non-trivial ¢ satisfying

Ag+—Lp=0 inR?

T
with
[¢(z)| < Cla| ™7,

where 0 < 77 < 1 is a radial, non-decreasing function such that 77 = 1 for
all |z| > m, where m > 0. For r > m we get

¢(r) = acos(log(r)) + bsin(log(r)),
but then a = b= 0, so ¢ =0, a contradiction. q.e.d.
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Proof of Proposition 2.2. We want to solve (7.1) where f is radial and
symmetric such that || f|l1—ca+e < 00. First we reduce the problem to
one where the right hand side has fast decay. Let ¢ = ¢(f) be the
function constructed in Proposition 6.1 with right hand side f, namely
¢ satisfies

eJ5,(0)(X) =f X €X%,[X| =R,
where R > 0 is fixed in this proposition. Then we look for ¢ of the form
¢ = ¢1 + n¢ where n € C*(R?) is a cut-off function such n(z) = 1 for
|z| > 2R, n(x) = 0 for |x| < R. The function ¢; then needs to satisfy

eJs,(#1) = fi in Xy,
where
_ - 1y) = n(z)
fi(z) =@ =n(@)f(x) —e | oy) T dy
o ly — |

Since the second term decays like |z|~#*¢ as |z| — oo, f1 has fast decay,
meaning ||(1+ [2)+7= || =z, < 0.

In the sequel, we assume that f is symmetric, radial with ||(1 4
|2[)2T 7 fll Lo (syy) < 00. First, we claim that it is possible to find a
solution ¢, ¢ to (7.9), which depends linearly on f and such that

1L+ [2)7gllzee + le] < CIA+ 2> fl| .
We construct this solution by looking for it in the form

¢ =+ not,

and we ask that

(7.11) Le(p) + bep = —[Le,mo) () + (1 —mo) f +cfo  in o,
(7.12) Le(¥) +acp = —a-(1 = ne)p + f in X \ Bgr(0).

Here

[Le,nl(¥)) = Le(noy)) — moLe(1) = ep.v. : ¢(y)W dy.

and R is the same as in Proposition 6.2. The smooth cut-off functions,
no and 7. are radial in R? and such that

no(z) = 0 for |z| < R, no(z) =1 for |z| > 2R,

Ne(z) =1 for |z| < 5_%, Ne(x) = 0 for |x| > e72 4 1.
We rewrite this system as a fixed point problem as follows. Let Y
be the space Y = {p € L®(Zg) : (1 + |z|)7¢||re < oo} with the
norm ||¢lly = [[(1 + |z|)7¢||ree. Given ¢ € Y we solve (7.12) using
Proposition 6.2 and obtain a solution ¢ = 1(p). With this 1) we solve
now problem (7.11) using Proposition 7.2 and obtain a solution ¢ =

o(p) € Y. Let T(p) = ¢(p) denote the operator defined in this way, so
that T : Y — Y is an affine linear operator.
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We claim that T is compact. Assume that ¢, is a bounded sequence
in Y, and let 1, be the corresponding solution of (7.12). By Proposi-
tion 6.2 ||¢, ||y < C. Let ¢y, ¢, be the solution of (7.11) with 1) replaced
by ¥, and ¢ by ¢,. We claim that up to subsequence ¢,, converges in
Y. By standard regularity ¢, is bounded in Cllo’g(Zo) (any 0 < a < 1).
Then for a subsequence (denoted the same), ¢, — ¢ uniformly on com-
pact sets of ¥g as n — oo. Let 7/ € (7,1). Then note that [Lg, n][tn]
and (1 —no)f + ¢nfo have fast decay uniform in €, more precisely

1L+ |27 == (= [Le, mo) (vn) + (1 = 1m0) f + enfo)llz < C.
By Proposition 7.2
1L+ )™ Gallz= < C,
and, hence, also ||(1 4 |z])” @z~ < co. Tt follows that for any r > 0
limsup sup (14 |z])"|@n —¢| =0,

n—oo  ¥oNB,(0)

limsup sup (14 |z))7|@n — @] < Cr™ 7,
n—oo  ¥g\B;(0)
so that limsup,, . |#n — @lly < Cr™=7'. Since r is arbitrary, ||@, —
@&lly — 0 as n — oo. This proves that T" is compact. By Lemma 7.4 and
the Fredholm alternative there is a unique solution of the system (7.11),
(7.12) and, hence, we find a unique solution ¢ to (7.9). Moreover,

1L+ [2))7gllzee + le] < CIA+ 2> 75 fll =,
by Lemma 7.4.

Finally, we solve (7.1) when [|(1 + |z])**7 ¢ f|| 1~ < oc. For this let
¢o be defined by (7.10). We look now for a solution ¢ of (7.1) of the
form ¢ = ¢1 + agp, where we want ¢; to have fast decay. Then (7.1) is
equivalent to

e T30 (1) = f —afo.
Given a € R, by the previous results we know that there exists ¢; =
c1(a) and ¢ = ¢1 () of fast decay solving

eJs, (¢1) = [ — (a+ c1(a)) fo.
We claim that it is possible to choose a such that ¢;(«) = 0. For this,
consider the function Zy of (7.2) and n a smooth cut-off function on
%o such that n(z) = 1 for |#| < R and 5(z) = 0 for |z| > 2R with R
such that R — oo and eR?log(R) — 0. By the same calculation as in
Proposition 7.2 we get

[ oo [ 20" dydet [ ot T (2w dy
(7.13)

= [ fZm—(a+tc(a)) | foZam.
Yo 3o
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For the first 2 terms, we have

[ o [ Zop) T =D 4

|:U _ y|4—£
= o(D[|(1 + |z[)" o1l
<o(M)(I(1 + )T f | + [al),

and

[ 1) 75 (22)0) dy] — o(D||(L+ [2])" 1=

< o)1+ [2z)* 7 fll Lo + |al),

where o(1) — 0 as R — oo and € — 0. Then equation (7.13) for « is
uniquely solvable if € is small. q.e.d.

8. The nonlinear term

Consider hi, ho defined on Xg with ||h;|. < o0e2, where o > 0 is a
small constant. The main result in this section is the following estimate
stated in Proposition 2.3:

_1
eN(h1) = N(h2)ll1-c,a+e < Ce™2(||hallx + [[hall«) |1 — holl«
Note the “extra” 5_% in the left hand side.

We rewrite the fractional mean curvature in the following way. For
a point x = (2/, F.(2)) € Xo let x5, = = + vy, (z)h(x) and let Ly(z)
denote the half space defined by
Lh($) = {y S R3 : <y - $h,1/2h($h)> > 0}7
where vy, is the unit normal vector to 0Ej, pointing into Ej. Then

XE,(Y) = Xy (@) (Y)
H3 =2 -
A /R3 |z, — y[3+s

)

which has the advantage that the integral is convergent.

To compute the previous integral restricted to a ball around =z, let
us represent Y near this point as a graph over the tangent plane to
Yo at X. We start with r, 60 polar coordinates for z € R?, ie., =

(rcos@,rsinf) and let # = "”7/ = (cosf,sin0)T, § = (—sinb,cosh)T.
Given a point = € 3o, z = (2/, Fz(2')) we let
1 P é] 3
Ii(z) = —/———— , 1a(z) = € R,
1) = A FI(a)2 [Fé(x’)} () [0
IT = [I14, ITo].
The unit normal vector to ¥y at X pointing up is then given by
1 —F/(z")r
5030 =~ [T
1+ Fl(2')?
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Then we consider coordinates t = (¢1,t2) and t3 defined by

(tl, to, t3) — II; (l‘)tl + HQ(ﬁU)tQ + vy, (x)tg.
Let

R, = |z,
where § > 0 is a small fixed constant, and let us define ¢ty = to(z) such
that II(x)to is the orthogonal projection of = onto the plane generated
by T4 (x), Tha(a). 1
Using the implicit function theorem, given h on 3¢ with || k||« < ope2,

we can represent OE), near xj, = = + vy, (z)h(z) as

(@)t 4+ vy (@)gn(t), [t —to(z)] < 2Ry,

where gy, is of class C>% in the ball Byg, (to(z)). We call G, the operator
defined by

(s.) = Galh).
Let
(52) () = ol o,

where n € C*°(R) is such that 7(s) =1 for s <1 and n(s) = 0 for s > 2.
We also require ' < 0.

Let us write

Hpp, (xn) = Hi(h)(x) + Ho(h)(),
where
X5, (Y) = XL, @) (Y)
|z — y[+e
Hy (1) () = 2/ (1 mly—z ))th(y) — XLo@) (¥)
° " R3 ’ " |zp — y[Fs

Let us explain the choice of cut-off function (8.2). For this, let us

write

9

H;(h)(zp) = 2/R3 N:(y — 1)

Dp,(z) = {l(x)t +z:t €R? |t —to(z)| < R.},
which is a 2-dimensional disk on the tangent plane to ¥ at x, centered
at x, and of radius R, = d|x|. Let us call

1
C(e) = ()t + by, (x) + 71 € B2, [t~ to(a)| < Re 3] < 1)
the cylinder with base the disk Dg, and height ez |z /100, and

2[a]
C(x) = (@)t + tsvm, (@) 4ot € B, [t —toa)] < 2Ra, |ts] < 1),

which is a similar cylinder with twice the radius and height. The cut-off
function (8.2) is zero outside the C(x), while it is one on C(x). Since
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we assume | b, < oe?, we have |Dgp||Lee = 0(8%) and then the set
Y, separates from Yy in the vy (x) direction an amount bounded by
O(E%QRx) = O((Seélx\) over the disk Dap, (z). By choosing § << 100
we achieve that the parts of ¥j and the plane 0Lj inside C(z) are, in
fact, contained in a cylinder with base Dyg, (z) but height 0(55%|x\),

which is much small than the height of C(x).
We expand H;, Hy
H;(h)(zn) = Hi(0)(x) + H;(0)(h)(x) + Ni(h)(x),
Ho(h)(xn) = Ho(0)(2) + Hy(0)(h)(z) + No(h) ().
Estimate (2.15) will follow from similar estimates of N,(h) and N;(h),
which we state in the next lemmas.

Lemma 8.1. There is C independent of € > 0 small such that for
1
|hill« < ope2, i = 1,2 we have
C
< —

1Ni(h1) = Ni(ho)ll1-c.ocre < — (lhalls + [lh2ll) 71 = hals.

Lemma 8.2. There is C independent of € > 0 small such that for
1
|hill« < ooe2, i =1,2 we have

[No(h1) = No(h2)ll1-c,a+e < —5 ([1hall + [lh2ll)llh1 = hal|«

el O

For the integral involved in H; we can write

1t
) =2 [T (Yol

Ba, (0) [t137° It]

gn(t +to(z)) — gn(to(z))
i )

—(

where

s dr
Y= |,

For a given C%“ function g defined on Bag, (to()) let

L

- (w) [, V(to(z))t
Halg) = 2/BQRZ(0) \t\?’R_E ( ( It] )

8l to(s) — oto(@))
vt 0 )

so that

where G, is the operator defined in (8.1).
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For the expansion of Hy it will be convenient to rewrite it as

L
fxto) =2 [ [ TEE (Ao) Bla) deat.

where

Alg)(X, 2) = tg(z + to(X)) — g(to(X)) (-1
' ’ 2]

g(z +to(X)) — g(to(X)) — Vg(to(X))Z_

E

Vg(to(X))z

||

)

B(g)(X7 Z) =

Note that

DH;(h)[h] = DHx(Gx(h))[DGx (h)[h]],
D*H;(h)[h1, ho] = D*Hx (G x (h))[DGx (h)[h1], DGx (h)[ha]]
+ DHx(Gx (h))[D*Gx (h)[h1, ha]],

and

1zl
Diix(o)lo] = [ Tif;xs) [ (A44(9) (X, ) A1) (X, 2) Bg) (X, 2

+¢I(At( )(X’ Z))B(gl)(Xv Z)] dz,
D*Hx(g)[g1 92]

IZ\

/ /R2 /// (9)(X,2))B(9)(X, 2)A:(g1)(X, 2) A (g92) (X, 2)

|Z|3 €
+¢”( +(9)(X, 2))Ae(g1) (X, 2) B(92) (X, 2)
+ " (A(9) (X, 2)) Ae(g2) (X, 2) B(91) (X, 2)] dzdt.

For later computations we will need the following properties of DG x,
D2Gx.

Lemma 8.3. Let ||h|s, [|h1]]s, |[hol« < 00e2, X € Sy and
g=Gx(h), gi=DGx(h)[hi] i=1,2, §=D>Gx(h)h1,hs].

Then
Gx(h)ls < C,

where

lglle = 1XI7 gl Lo Bx) + 1Vl Lo (B
+IX[1D?gl Lo (8y) + X1 [D?la, By s
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and Bx = Bapr, (to(X)). Also, for z € Bx:

(83) |A(9)(X, 2)| < C|[h]l-,
2]l
(8.4) |B(g)(X,2)| < C x| 2],
(8.5) |A¢(9:)(X, 2)| < C|lhill-,
ol
(8.6) |B(g:)(X, 2)| < |X| |2].

These estimates follow, after some computation, from an application
of the implicit function theorem.

Lemma 8.4. Let h, hy, hy be defined on o with ||h|, |hill« < ooe?.
Let X € ¥y and

g=Gx(h), gi=DGx(h)[h] i=1,2, ¢=D>Gx(h)h1,hs].
Then

~ . C
e|DHx (9)[g)(X)] < X[ e P llsllhalls,

E)Dng)[gl,gz 17 ||| 2

‘—’X‘l —€

Proof. Let us start with the first term in DHx (g)[g1]. Using (8.3),
(8.5)

BEIN
/R n(Rfa)W'(At(g))At(gl)B(g) dz

e

< IWIILwllAt(gl)HLw/ [B(g)| d=

Bary (0

1
<Clmll. [ 7= |Bla)| d=.
Bary (0) |2|

|‘3€

Then by (8.4)

i Il i
B(g)]d= < i
/BQRX@ i X oo

Bory
< C ..
=X X[

Therefore,

C
\X|1 €

||
L. ’,7(3 Lo Adan) B d Il
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For the second term observe that

iED
[ aeypa:

‘Z‘?’ €

<C |A¢(9)B(g1)| dz
BQRX (0)

< ol
= X[ 91llv;

which is obtained using (8.3) and (8.6).
For the first term in D?H (g)[g1, g2], we have, using (8.4) and (8.5),

jEdN
/R 1t) 41 44(9) Ar(r) Au( ) B(g) d

9 ’2‘3 €
< Hw”’llmHAt(gl)HLoollAt(ga)\Loo/B NE ‘3 == Bg)ldz
C
< ————||ha]|« || 2]+
< p=z il

Similarly, for the second and third terms

|2]
/ ”(|3 ) 1 A4u(g)) A1) Blga) d-

<Al [ Bl s
Bar 0
C
< h h .e.d.
< el ol e

Computations of the same kind as those in the above proof allow us
to estimate the Holder part of the norm || ||1—¢ q4e. We have:

Lemma 8.5. Let X1 = (x1, F:(21)), X2 = (29, F-(x2)) € X9, be such
that ‘Xl‘ S ‘Xg‘ and ’Xl —Xg’ § %|X1| Let

ng = GXj (h) .7 = 1727
9i,X; = DGXj (ho)[hz] 1,7 =1,2.
Then
|D2I~_IX1 (gXI ) [91,X1 ) 92,X1] - DQﬁXz (gXQ)[gLXQ ) g2,X2]|
[X1 = Xp|**

C
< — * * - *
< Z(lhalls + flh2]l)lihs = he| X [Lhe

Proof of Lemma 8.1. Write
N;(h1) — Ni(he) = Hi(h1) — Hi(ha) — DH;(0)[h; — ha]

1 1

— / / D2H, (s(thy + (1 — t)hs))
0 0

X [hl — hg, thl + (1 - t)hg] dsdt.
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Using Lemma 8.4 we get

INi(h)(X) — Ni(ha) (X)) < pﬁ

By Lemma 8.5, if | X1 — X»| < {5 min(|X1], | X2),
[Ni(h1)(X1) — Ni(h2)(X1) — (Ni(h1)(X2) — Ni(he)(X2))|

C ’Xl _ X2’a+€
= & min(| Xy, [X2)1+e

1P = hall«(llhall« + [[R2]]+)-

[P = hall«(lhall« + [[h2]]+)- q.e.d.

Proof of Lemma 8.2. By a direct and long computation we obtain

c
———I1hll«llhzlls,

géml—e

el D*Ho(h)[h1, ha)(x)| <

for x € 20, and if xr1,T2 € Zo, ‘1‘1 — :E2| < %0‘1‘1’, then

e|D?Ho(h)[h1, ho](x1) — D*Ho(h)[ha, ha](x2)]

i x2|a+6

|
<C ([ [[«][ ||

E%|351|1+a

Then the lemma follows as in the proof of Lemma 8.1. q.e.d.

9. Proof of Theorem 2 and multi-component fractional
minimal surfaces

Proof of Theorem 2. The proof is essentially the same as for Theo-
rem 1. This time we look for a set E C R? of the form

E = {(«/,23) :€ R? : |z3] > f()},

where f : R? — R is a positive radially symmetric function. We take as
a first approximation

Eo={(2',23) :€ R®: |2s| > fo(a')},

where f. is the unique radial solution to
€

Ea
with f.(0) = 1. Then f.(z) = fi (8%56) where f; is the radial solution of
Af = % with f1(0) = 1. The same analysis of Section 3 applies to show

Af. = f->0, inR?

that f1(r) =r+ O(1) as r — oo and one obtains the same estimates for
fe as for F.. This leads to the estimate

leH3, ll1-c,a4e < Ce.

As before, we construct the surface 3 and the corresponding set F
by perturbing the surface ¥y in the normal direction vy, (it could also
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be done using vertical perturbations). That is, for a function h defined
on Y (small with a suitable norm) we let

Y= {$ + h(x)ugo(l‘) / T € 20}.
As before, we are led to find h such that
H + 275, (k) + N(h) = 0.

We solve for h in this equation using the contraction mapping principle,
employing the same norms as in (2.11), (2.12). The solvability of the
linearized problem

eJs,(h) = f in X,

in weighted Holder space and the estimates for N(h) are very similar to
the ones in Theorem 1. q.e.d.

We can also construct axially symmetric solutions with multiple lay-
ers. Suppose that

fi>fo>...> fi,

are radially symmetric functions on R™ and consider the surface ¥ de-

fined by
Y= {(z,rp41) ER" xR : 2,11 = fi(x), for some i}.

It turns out that it is possible to choose the f;s in such a way that X is
s-minimal for s close to 1.

Similar computations as in Section 4 yield that the f;’s should ap-
proximately satisfy the Toda-type system

Z+J+1

—CEZ f , L.k,

for some ¢ > 0. Scaling out the factor ce we get the system

z+]+1

Afz—QZ ,
o fz fj

and look for a solution of the form
1
(9.1) fi=aifo, Afo=—.
fo
Then the a; have to satisfy

z+j+1

(9.2) _22 p—

Note that Zle fi is harmonic and radially symmetric, so it is constant.
Since > fi = foY_ a; is a constant we must have > a; = 0.
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A solution of the system (9.2) can be obtained by minimization of
k
E(ar,...a Za + 3 (~1) log(la — ay0),
LI
subject to Zle a; = 0. Indeed, it is not hard to see that E attains a
minimum over the set

A:{(al,...,ak) ERkZ ap > a2 > ... > ag, G;
= —Qkg—j+1 Vj e {17 SRR k}}
There is, however, a further restriction on a solution a = (ay,...,ax)

to (9.2) that we need to impose for our method to work, which is the
nondegeneracy of a as a critical point of E. Indeed, the linearized
operator around the approximate solution (9.1) is given by

¢z ?;
—9 z—l—j J
2 — i)
J#i
Let us write this operator acting on the vector ® = (¢1, ..., ¢x) as
1
AdD + S AP,
1o
where A = (a;;) has entries
—1)it+ e .
- 27((%_)%)2 if ¢ # j,
aij = (_1)i+k

Note that fy ~ r as r — 00, so the linearized operator is asymptotic to

AD + %A(ID,
r
as r — oo.

As done before, a natural space to find the solution ® should involve
norms allowing linear growth. We see that it is possible to find such
solutions for a given right hand side of the form ~ 1/r if the matrix
A has no eigenvalue equal to —1, since otherwise, ®(r) = rv with v an
eigenvector of A associated to eigenvalue 1 would be in the kernel of the

operator.
We note that

) _ 2(—1)”’“7(%_1%)3 | if i # k,

ik 1=23 () oty ifi=k,
so that

D?’E =1+ A.

At a local minimum of E, D?>E > 0 which means that eigenvalues of A
are greater or equal than —1. If (a;,...,ax) is a non degenerate local

minimum of E then D?E > 0 and the eigenvalues of A are all greater
than —1.
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10. Existence of s-Lawson cones

Proof of Theorem 3. Let us write
(10.1) E,={z=(y,2) : yeR™, zeR", |z]| > aly| },
so that C, = 0F,,.

Existence. We fix N, m, n with N = m +n, n < m and also fix
0 < s < 1. If m = n then C; is a minimal cone, since (1.1) is satisfied
by symmetry. So we concentrate next on the case n < m.

Before proceeding we remark that for a cone C, the quantity appear-
ing in (1.1) has a fixed sign for all p € C,, p # 0, since by rotation we
can always assume that p = rp, for some r > 0 where

L (o™ qe™)

Pa = Sizae » eq
with
(10.2) ™ = (1,0,...,0) e R™,

and, similarly, for egn). Then we observe that
/ XEo(T) = xEe(T) 1 / XEo(T) — XEe (7)
V. dr = —p.v. dx.
RN RN

|x_rpa|N+s s |x—pa|N+S

Let us define

(10.3) H(a) = p.v./
RN

and note that it is a continuous function of a € (0, c0).

Claim 1. We have
(10.4) H(1)<0.

XE. (T) — XEe ()
|ZL‘ _ pa’NJrs

dx,

Indeed, write y € R™ as y = (y1,y2) with y1 € R™ and y, € R™™™.

Abbreviating e; = egn) = (1,0,...,0) € R™ we rewrite

. 1
H(].) - hm 1 1 N+s
205 Iy — el + [gel? + 2 — Zzel?) 2
. 1
— lim

N+s

0208y (ly1 — Jserl? + Jy2l* + |z — Jzea|?) 2

where

1 1
As = {12 > 1 * + |wl?, 1 — —=e1l* + |yl* + |z — —=e1|* > 6%},

V2 V2

1 1
Bs ={|2]> < [p1* + |w2l?, ly1 — —=e1]> + [yol* + |z — —=e1|* > 6°}.

V2 V2
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But the first integral can be rewritten as

1
N-+s
/Aé (Iy = el + el + |2 = Jer?)

N+s )

1
/As (Iy1 = Jzerl? + lyal? + 12 — J5eal?) 2

where

. 1 1
As = {lyi* > 21> + [y2l?, |1 — 7261\2 + g2 + [z — —=e1* > 6}

V2 V2

(we just have exchanged y1 by z and noted that the integrand is sym-
metric in these variables). But As C Bs and so

/ XE, (%) — X (7) J
_ N+s x
RN\B(p1,5) 1T — P

= — ! <0.
/B\A (I = Jgerl? + Il + |2 = Jper) 2"~
s\As (|1 2 1 Y2 V2 1

This shows the validity of (10.4).

Claim 2. We have
(10.5) H(a) - 400 asa— 0.

Let 0 < § < 1/2 be fized and write

H(a) =1y + Ja,

where
I, = / Xa (7) 2% @) g
EM\B(pao)  |T = PalT*
Jo = p.v./ XEa (7) = f&‘s(x) dzx.
B(pa,d) |z — pal
With & fized
10.6 lim I, = / ————dz > 0.
(10.6) a—0 RN\ B(pa,5) [T — polV+s
For J, we make a change of variables x = o + po and obtain
XE, (T) — XEe (7)
10.7 Joy = p.v./ = = dx
( ) e} B(pad) ’.T _ pa‘N—l—s
o / XFo (%) — xFg(T)
s B(0,5/) |Z|NFs ’

where F,, = é(Ea — Do). But

XFo(T) = XFe(T) / XFy (T) — XxFg ()
p.v./ - e——dx — p.v dx
B(0,6/a) |Z|N+s RN ||V s
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as o — 0 where Fy = {x = (y,2) : y € R™, z € R", \z—l—egn)\ > 1}. But
writing z = (21, ...,2n) we see that

XFy (x) — XFg (.’L‘) / X[z1>0 or z1<—2] — X[~-2<21<0]
. dx > p. dx
p U/RN [N+ R [V Fs

X[ |z1]>2 ]
> =t ld
= /R Vs 0

and this number is positive. This and (10.7) show that Jo, — 400 as
a — 0 and combined with (10.6) we obtain the desired conclusion.

By (10.4), (10.5) and continuity we obtain the existence of o € (0, 1]
such that H(a) = 0.

Uniqueness. Consider 2 cones Cy,, Cq, with a; > ag > 0, associated
to solid cones E,, and E,,. We claim that there is a rotation R so that
R(E.,) C E,, (strictly) and that

/ / XR(Eay) (T) = XR(Ea, ) ()
H(ap) =p.v. ~ dzx.
RN JRN |~’U— ag| VP

Note that the denominator in the integrand is the same that appears in
(10.3) for ap and then

(a V/ / XR( Eal — XR(Ea,)° e(w )dac
=P RN JRN |€U— o | VS

XEay (7) = XEg, (7)
(10.8) < p.v. /RN /RN |;_ |N+23 dx = H(az2).

This shows that H(«) is decreasing in « and, hence, the uniqueness.
To construct the rotation let us write as before x = (y, z) € RN, with
y € R™ z € R" and y = (y1,y2) with y; € R", yp € R™™" (we assume
always n < m). Let us write the vector (y1, 2) in spherical coordinates
of R?" as follows

cos(¢1)
sin(p1) cos(p2)
yi=p sin(ip1) sin(2) cos(p3) :
|sin(1) sin(2) sin(pa) ... sin(gn1) cos(¢n) |
sin(¢1) sin(ps) sin(es) . . . sin(py, ) cos(@n+1)
Z=p )

sin(ip1) sin(pz) sin(ps) . . sin(ip2-2) cos(i22n-1)
[sin(p1) sin(p2) sin(ips) . . sin(n—2) sin(pan_1)

where p > 0, p2,-1 € [0,27), ¢; € [0,7] for j =1,...,2n — 2. Then

= p?sin(1)?sin(p2)? .. .sin(py)?, |y l* + |2]* =
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The equation for the solid cone E,,, namely |z| > a;|y|, can be rewritten
as
p?sin(p1)?sin(2)? .. sin(pn)? > of (Jy1* + [y2/?).
Adding o?|z|? to both sides this is equivalent to
2
. . . . Y2
sin(g1)?sin(p2)? . . . sin(py,)? > sin(8:)(1 + ”;),
where f; = arctan(a;). We let § = 51 — 2 € (0,7/2), and define the
rotated cone Ry(FE,,) by the equation
2
. . . . Y2
sin(p1 + 0)%sin(gp9)?. . . sin(pn)? > sin(B1)?(1 + %)
We want to show that Ry(FE,,) C Eq,. To do so, it suffices to prove that
for any given ¢t > 1, if ¢ satisfies the inequality |sin(y + 0)| > sin(B1)t
then it also satisfies |sin(p)| > sin(f2)t. This in turn can be proved
from the inequality

arccos(sin(f1)t) + 6 < arccos(sin(f32)t),

for 1 <t < m For ¢ = 1 we have equality by definition of . The
inequality for 1 <t < m can be checked by computing a derivative
with respect to t. The strict inequality in (10.8) is because R(E,,) C

E,, strictly. q.e.d.

11. Stability and instability

We consider the nonlocal minimal cone C)!(s) = 0E, where E, is
defined in (10.1) and « is the one of Theorem 3. For 0 < s < 1 we
obtain a characterization of their stability in terms of constants that
depend on m, n and s. For the case s = 0 we consider the limiting cone
with parameter ag given in Proposition 11.2 below. Note that in the
case s = 0 the limiting Jacobi operator jgao is well defined for smooth
functions with compact support.

For brevity, in this section, we write ¥ = C7},(s).

11.1. Characterization of stability. Recall that

; _ ¢(y) — ¢(x) 1 - (v(z),v(y))
TIs[¢)(x) = p.v. . mdy + ¢(z) /E iz — y|N+s Y
for ¢ € C§°(X\ {0}). Let us rewrite this operator in the form

- X m,n,s 2
o e e )

s oy N

where

Ao(m,n, 8)2 _ /Z <V(ﬁ‘)ﬁ__l/x(‘f€'\2;5(ﬁ)>dm >0,
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and this integral is evaluated at any p € 3 with |[p| = 1. We can think of
1+s
Fo+ M%Jﬁs(b

for which positivity is related to a fractional Hardy inequality with
best constant, see Herbst [16]. This suggests that the positivity of
Jx is related to the existence of 8 in an appropriate range such that
Je]|z|7P] <0, and it turns out that the best choice of 3 is g = H=2==.
This motivates the definition

1
H(m,n,s) = p.v./ -
w |p—ylNTs
where p € ¥ is any point with |p| = 1.
We have then the following Hardy inequality with best constant:

Js as analogous to the fractional Hardy operator —(—A)

dy,

Proposition 11.1. For any ¢ € C§°(X \ {0}) we have

r)? 1 ) — 2
(11.1) H(m,n,s)/E ri(‘llsdxg 2/2/2dedy,

and H(m,n,s) is the best possible constant in this inequality.

As a result we have:

Corollary 11.1. The cone C}(s) is stable if and only if H(m,n,s) >
AO(m7 n, 3)2'

Other related fractional Hardy inequalities have appeared in the lit-

erature, see, for instance, [4, 13].

Proof of Proposition 11.1. Let us write H = H(m,n, s) for simplicity.
To prove the validity of (11.1) let w(z) = |z| =% with 8 = ¥=2=% 5o that
from the definition of H and homogeneity we have

p.v./ wly) = w(x)dy + A w(z) =0 forall z € ¥\ {0}.
X

|y—x|N+S |x|1+s

Now the same argument as in the proof of corollary B.1 shows that

(11.2)
// )dxdy
‘m_y‘NJrs

[ i [ S ),

for all ¢ € C§°(X\ {0}) with ¢ = E € C§°(X\ {O})
Now let us show that H is the best possible constant in (11.1). As-

sume that
= [ o(x)? 1 (¢(x) — d(y))?
H il A~ PAI))
Lt <3 [ dey
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for all ¢ € C§°(X\ {0}). Using (11.2) and letting ¢ = wep with ¢ €€
C5°(X\ {0}) we then have

~ w(z)?yY(x)?
i (|:z|1+(s)d”“’

<o [ PO e g [ OO vy

For R > 3 let g : ¥ — [0, 1] be a radial function such that ¢¥p(z) =0
for |x| < 1,9¢r(z) = 1for2 < |z| < 2R, Yg(x) = 0 for |x| > 3R. We also
require |[Vigp(z)| < C for |z| < 3, |Vyr(z)| < C/R for 2R < |z| < 3R.
From a direct computation we find the estimates

2 2
aglog(R) — C < /2 de < aplog(R) + C,

where ag > 0, C' > 0 are independent of R, while

(Yr(x) — YY) *w()w(y)
/ ]a; — N dxdy| < C.
Letting then R — oo we deduce that H < H. q.e.d.

11.2. Minimal cones for s = (0. Here we derive the limiting value
oo = limg_,0 a5 where a; is such that Cy, is an s-minimal cone.

Proposition 11.2. Assume that n < m in (10.1), N =m +n. The
number ag 1s the unique solution to

00 tn—l a tn—l
a (1+1t2)2 0 (1+1¢2)2
Proof. We write = (y,z) € RY with y € R™, 2z € R™. Let us
assume in the rest of the proof that n > 2. The case n = 1 is similar.
We evaluate the integral in (1.1) for the point p = (e; (m) aegn)) using
spherical coordinates for y = rw; and z = pwy where 7, p > 0 and

(11.3)

cos(61)
sin(61) cos(62)
wlzwl(ﬁl,...,ﬂm,l): ,
sin(61) sin(#s) . . . sin(6,,—2) cos(0,—1)
_sin(91) sin(92) . sin(@m,g) sin(Gm,l)_

and wa(p1,. .., ¢n—1) defined similarly, where 6; € [0,7] for j =1,...,
m—2, 61 € [0,27], ¢; € [0,7] for j =1,...,n—2, pp_1 € [0,27].
Then

|(y,2) — (egm) ozegn))|2 =724+ 1—2rcos(6r) + p? + a® — 2pacos(p1).
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Assuming that o = ag > 0 is such that C,, is an s-minimal cone, (1.1)
yields the following equation for «

(11.4) p.v. /000 7 (Ag s(r) — Bas(r))dr =0,

where

n 1o 0 m—2 o; n—2
/ [ S S
(r2 +1 —2rcos(f1) + p? + a2 — 2pacos(p1)) 2

n 1sin 0 m—QSin n—2
/ / / ) €2) ~s dbdprdp,

241 —2rcos(f1) + p? + a? — 2pacos(p1)) 2
which are well deﬁned for r # 1. We get
—m—s o
Aps(r) = cmpr /a m
as r — oo and this is uniform in s for s > 0 small. Here ¢, ,, > 0 is
some constant. Similarly,

B,

2fnfl
dt+O(r~" 71

n—1

@ t
BQ’S(T) = Cmmr—m_s/ 76# + O( —m—s—l).
o (1+ £2)"%3

Then (11.4) takes the form

2 [e'e)
0—/...dr—i—/ .o.dr
0 2

— O(1) + Cy(a) /:O P 15dr = O(1) +

o] tn—l o 7fn—l
Cula :/ dt—/ S
5( ) o (1+t2)% 0 (1+t2)N;—s

and O(1) is uniform as s — 0, because 0 < a; < 1 by Theorem 3,
and the only singularity in (11.4) occurs at » = 1. This implies that
ap = lim,_,0 a5 has to satisfy Cy(ag) = 0. q.e.d.

2_8
. Cs(a),

where

11.3. Proof of Theorem 4. In what follows we will obtain expressions
for H(m,n,s) and Ag(m,n,s)? form >2,n>1,0<s < 1. We always
assume m > n. For the sake of generality, we will compute

C(m, n,s, 6) = p.V. . mdiﬁ,

where p € ¥, [p| = 1, and 8 € (0,N — 2 — s), so that H(m,n,s) =

C(m,n,s, X 22 ).




166 J. DAVILA, M. DEL PINO & J. WEI

Let © = (y,z) € ¥, with y € R™, z € R". For simplicity in the

next formulas we take p = (e(lm) aegn)) (see the notation in (10.2)), and

h(y,z) = ly| 7, so that
Lo h(p) — h(z)
Tpv. | g
/2 lp — x|V +s

C(ma n,s, 6) - (1 + 042)

Computation of C(m,1,s,3). Write y = rw;, z = *ar, with r > 0,
wi € S™7L. Let us use the notation 3 = X N[z > 0], X = XN[z < 0].
Using polar coordinates (61, ...,60,_1) for w; as in (11.3) we have

) 2 ( 2 _ .2 2 2
lz—p|? = |r; —ey™ |2+ a2 |rh —e™)? = r? +1—2rcos(61) +a’(r—1)%,
for z € ¥F and
|z —p|* = |rfy — )| +a?|ro, —eg 2 = 12 41— 2rcos(fr) +a2(r+1)2,
for x € ¥ . Hence, with h(y, 2) = |y|=*

(11.5) p.v./zh(p)_h(x)da:

|:E _p|N+s

—Vir . [0 L) + L)

where
s <in(@ m—2
I (r) :/ i Nts db,
0 (r241—2rcos(61) +a?(r—1)%?)2
m—2
I(r)= sin(61) _db,,

(r2+1—2rcos(0y) + a?(r + 1)2)1\;;9

and A, denotes the area of the sphere S¥ C RFf!. From (11.5) we
obtain

(11.6)
C(m,1,s,5)

3+s

:(1+a2) 2

1
Am_g/ (rN=2 — pN=278 ps —pPESY (I () 4 1_(r))dr.
0
Computation of Ag(m,1,s)%. A similar computation shows that

1
A s /0 (PN2 (T4 () + T (),

3+s

Ag(m,1,8)* = (1+a?) 2

where
2 ™ _ : m—2
To(r) = e i / (1 — cos(61)) sin(6y) a6,
L+ a® Jo (12 41— 2cos(61) + a2(r — 1)2) %
™ 2 2 : m—
J(r) = 1 2/ [2 4+ o — a® cos(fy)) sin(6;) - ;.
l+a (r241—2rcos(h) + a?(r+1)?)2
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Computation of C(m,n, s, ) for n > 2. Similarly, we obtain

(11.7)
C(m,n,s,p)
, 1
=1+ O‘)%Am—ZAnﬂ/ (P72 — pN720 s BT (1) dr,
0

where

T T . m—2 43 n—2
0J0 (r24+1—2rcos(br) + a?(r24+1—2rcos(¢1))) 2

Computation of Ay(m,n,s)? for n > 2. Similarly, we obtain

1
A()(m, n, 8)2 = (1 + 042)3J2rSAm—2An—2/ (TN72 + TS)J(T)dT7
0

where
( 1
1 1+a2
(14 a? — a?cos(f1) — cos(p1)) sin(f1)™ 2 sin(p1 )2
Nis d@ld(pl.
(r2+1—2rcos(f1) + a2(r2 +1—2rcos(p1))) 2

In Table 1 we show the values obtained for H(m,n,0) and Ag(m, n, 0)?,

divided by (1+ oz2)3J2£Am_2An_2, from numerical approximation of the
integrals. From these results we can say that for s = 0, X is stable if
n +m = 7 and unstable if n +m < 6. The same holds for s > 0 close
to zero by continuity of the values with respect to s.

Remark 11.1. We see from formulas (11.6) and (11.7) that C(m,n,

s, 3) is symmetric with respect to W and is maximized for g =
N—2—s
.

Remark 11.2. One may conjecture that for m = 4, n = 3 there is sg
such that the cone is stable for 0 < s < sy and unstable for sy < s < 1.

Appendix A. Asymptotics

We prove convergence of geometric fractional quantities as s — 1
(e=1-s5—0). Let ¥ C R""! be a smooth embedded hyper surface.

Lemma A.1. Assume ¥ = OE. Then for any X € ¥

(1-s) /R N X’E)((Y) Y’fffis ) 4y = — Hy(X)nwn + O(1 — 5)

as s — 1, where Hy,(X) = ®1E=tbn s the mean curvature of ¥ at X
and w, 1s the volume of the unit ball in R™.
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Table 1. Values of H(m,n,0) and Ag(m,n,0)? divided
by (1 + 052)32£Am7214n72

2 [ H [0.8140 | 1.0679
A3 | 3.2669 | 2.3015

3| H [1.1978 ] 1.2346 | 0.3926
A2 | 2.5984 | 1.7918 | 0.4463

4 | H [1.3968 ] 1.3649 | 0.4477 | 0.1613
A2 | 2.0413 | 1.5534 | 0.4288 | 0.1356

5| H | 1.5117| 1.4570 | 0.4895 | 0.1845 | 0.06978
A2 ] 1.7332] 1.3981 | 0.4118 | 0.1398 | 0.04849

6 | H | 1.5833 | 1.5231 | 0.5215| 0.2031 | 0.08013 | 0.03113
A2 | 1.5318 | 1.2841 | 0.3955 | 0.1412 | 0.05173 | 0.01885

7| H | 1.6303 | 1.5719| 0.5465 | 0.2182 | 0.08885 | 0.03583 | 0.01416
AZ|1.3872 | 1.1951 | 0.3802 | 0.1409 | 0.05381 | 0.02051 | 0.007704

Proof. Let us fix R > 0 and X € ¥ and assume X = 0 for simplicity.
Let X be ¥ intersected with the cylinder Br(0)x(—R, R), Br(0) C R™.
After rotation, we describe Xi as the graph of ¢ : BR(O) — R with

9(0) =0, Dg(0) =0,

and assume F lies above Y g.
Note that

xe(Y) = xg(Y)
dY =0
/(BR(O)X(R,R))C | X — Y |nt1ts (1)

as s — 1. We compute

I—/ xe(Y) = xge(Y)
Br(0)x(—R,R) \X Y|"+1+S

:_2/ / st
BrCEn |t|2+t2 (2 + 12)25

A direct computation then shows that as s — 1,
waAg(0)RY S Hy(X)R'™®
1—s (1—3)
For the next results we assume that there is C' such that for all 0 <
s<land X €¢X

dy

I=-— +0(1) = —nuw, +O0(1). q.ed.

1
————dY < C.
/mz,y-xg | X — Y[ntits
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Lemma A.2. If h is C%%(X) and bounded,

h(Y) — h(X) Wy,
as s — 1, where Ay, is the Laplace—Beltrami operator on X and w, =
area(S™ 1)

- is the volume of the unit ball in R"™.

For the proof we use the following computation.
Lemma A.3. If ¢ € C>*(Bg(0)),

(A1) 1 s) /BRCRH W dt = %Agﬂ)(o) +O(1-s)

as s — 1.
Proof. We expand
o(t) = ¢(0) + Dg(0)t + %D%(O)[t?] +O(jt] ) ast— 0.

This gives as s — 1:

&(t) — ¢(0 1 D?¢(0)[t?
[ e Lt

2 ’t|n+1+s

B larea(snfl) R=s
2 n 1-—s

Ap(0) +O0(1). qed.

Proof of Lemma A.2. Let us fix R > 0 and X € ¥ and assume X =
0 for simplicity. Let ¥p be ¥ intersected with the cylinder Bgr(0) x
(=R, R), Br(0) C R™. After rotation, we describe X as the graph of
g : Br(0) — R with
9(0) =0, Dg(0) =0.

h(Y) = h(X) .o,
/E% X ypeedY = o(1)

Then

as s — 1. We have

h(Y)—-h(X) . h(g(t)) — h(g(0))
/E Y) = WX) oy /BR(O) e I+ DgO dt.

R | X =Yt (g(1)2 + |t]?

The previous lemma also holds if ¢ depends on s and ¢ — ¢ in C%®
as s — 1. We apply (A.1) to

hg(®) = hg(0) r—5-m
¢S(t) = 2 ntlts 1+ |Dg(t)\2,
(G + 17
and note that ¢; — ¢ as s — 1, where

o) = ") = M9O) Dy P,

( HE + 1)n+2
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and

ZD h o g)(0) = Axh(0). q.e.d.

Lemma A.4. Let v be smooth choice of normal vector v on 3. Then

|J) _ y|n—|—1+s

as s — 1, where A(z)|> = Y| k2 with k1, ..., kn are the principal
curvatures at x.

Proof. We apply Lemma A.2 with h(y) = v(y) - v(z) — 1 and use that
Axh(z) = —|A(z) 2. q.e.d.

Appendix B. The Jacobi operator

In this section, we prove formula (1.4) and derive the formula for the
nonlocal Jacobi operator (1.5).

Let £ ¢ RY be an open set with smooth boundary and Q be a
bounded open set. Let v be the unit normal vector field of ¥ = OF
pointing to the exterior of E. Given h € C§°(22N X) and ¢ small, let
Ey, be the set whose boundary 0FEy, is parametrized as

OEy, = {z + th(z)v(x) / x € OF},
with exterior normal vector close to v.

Proposition B.1. Let ¥, = 0Fy,. For p € ¥ fized let pp = p +
th(p)v(p) € X4 Then for h € C(X) N L>¥(X)

(B.1) S, (0| = 270)
Proposition B.2. For h € C'(‘)’O(Q nx)
d2
(B.2) —aPers(Em, Q)| = —2/52 /h2HHE,

where Jy. is the nonlocal Jacobi operator defined in (1.5), H is the
classical mean curvature of ¥ and Hs, is the nonlocal mean curvature
defined in (1.1).

In case that ¥ is a nonlocal minimal surface in {2 we obtain formula
(1.4).

A consequence of proposition B.1 is that entire nonlocal minimal
graphs are stable.

Corollary B.1. Suppose that 3 = OF with
E={(«,F(z") e RN : 2/ ¢ RV}
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18 a nonlocal minimal surface. Then
(B.3) —/ Jslhlh > 0 forall he C§O(%).
%

The proof of Proposition B.2 goes along the same lines of Proposition
B.1 so that we will only carry out the latter.

Proof of Proposition B.1. Let v(x) denote the unit normal vector to
OE, at x € OF; pointing outwards E;. Note that v(z) = vy(x). Let L
be the half space defined by Ly = {z : (x — py,4(p¢)) > 0}. Then

XE (€) = XL, (%) — xBe (%) + x1¢(2)

|N+s dx.

(B4)  H, () = /

RN |93 — Dt

Note that the integral in (B.4) is well defined and

s XE't(x) — XLt(x)
H =2 dz.
Zzh(pt) /]RN |$—pt|N+s x

For 6 > 0 let n € C°(RY) be a radially symmetric cut-off function
with n(z) = 1 for || > 2, n(x) = 0 for |z| < 1. Define ns(x) = n(z/d)

and write
/ XE (%) — xr,(2)
RN ’.% _ pt‘N+S

dx = fs(t) + g5(1),

where

fott) = [ X (o ) da,

|13 _ pt|N+s

and gs(t) is the rest. After some computation we obtain

Ho = [ WW ) de

e |z —
+ h(p) /M ! T;iﬁf}fff” ns(x — p) d,

and that g5(t) — 0 as 6 — 0, uniformly for ¢ in a neighborhood of 0.
Letting § — 0 we find (B.1). q.e.d.

Proof of Corollary B.1. Invariance of the nonlocal minimal surface
equation under translations in the N-th direction implies that the pos-
itive function w = (v, en) satisfies

(B.5) p.v. /E Wdy +w(x)A(x) =0 for all x € 3,

where

o) = [ LD =H e,

‘.Z’ _ y‘N—i-s
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As in the classical setting this implies that 3 is stable in the sense
that (B.3) holds. Indeed, let ¢ € C§°(X). Substituting h = wi) in the
quadratic form (B.3) and using (B.5) we get

1 (h(z) — h(y))?
// P dxdy

y))2w(z)w(y
/A( z)2dx + = // |x— |>N+£ Ju )d:L‘dy,
and this shows (B.3). q.e.d.

Proof of Proposition B.2. Let

1
Kg(Z) = ‘Z‘N+S776(Z)7

where ns(x) = n(z/d) (6 > 0) and n € C®(RY) is a radially symmetric
cut-off function with n(z) =1 for |z| > 2, n(z) =0 for |z| < 1.
Consider

(B.6) Pers s(En, Q / / (x —y)dydx
Ep,NQ RN\Eth

+ / / Ks(z — y)dydz.
Een\Q JOQ\Eyp,

We will show that <4 T Pers 5(Ew, Q) approaches a certain limit Dy(t) as
6 — 0, uniformly for ¢ in a neighborhood of 0 and that

opﬁg/gmh—/ﬁﬂg.
% %

First we need some extensions of v and h to RYN. To define them, let
K C ¥ be the support of h and Uy be an open bounded neighborhood
of K such that for any x € Uy, the closest point & € ¥ to x is unique
and defines a smooth function of x. We also take Uy smaller if necessary
as to have Uy C Q. Let 7 : RV — RY be a globally defined smooth
unit vector field such that 7(x) = v(2) for x € Uy. We also extend h to
h: RN — R such that it is smooth with compact support contained in 2
and h(z) = h(z) for € Up. From now one we omit the tildes (*) in the
definitions of the extensions of v and h. For t small z — Z + th(z)v(Z)
is a global diffeomorphism in RY. Let us write

uw(z) = h(@)v(z) for T e RY,

Loooov), w=(@t. .. u)

and let
Ji(%) = Jidytu(T)
be the Jacobian determinant of id + tu.
We change variables

r=I+tu(T), y=7+tuy)
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n (B.6)

Pery s(Eum, Q / / (& — y)Ji(2)Ju(§)dgdz,
Eng:(2) JRN\E

+ / / Kj(z — y) Ju(y)dyd.
E\¢e(Q) J o (D\E

where ¢; is the inverse of the map Z — Z + tu(Z).
Differentiating with respect to t:

d
—Pers s(Ew,, Q)

dt
/ / — ) (u(z) — (@) (@)1(5)
ENg¢(Q) JRN\E
+ K —y)(J(@ >Jt< )+ Ji(@)J}()) | dydz
/ / [VEs(z — y)((@) — u() J:(2) 1i(9)
E\¢¢ (2 t(Q\E
+ Ky — ) (J(@)1(5) + (@) J}(5)) ] didz,
where

H(@) = (@)

Note that there are no integrals on d¢(£2) for ¢ small because u vanishes
in a neighborhood of 9.

Since the integrands in %Per&g(Eth,Q) have compact support con-
tained in ¢(Q2) (¢ small), we can write

girersa ) = [ [ [0kt ) @)~ u@) i@

+ Ks(w — y) (@) Ju(5) + (@) T} (7)) | dgdz.

Differentiating once more, after some computation we get
2

ﬁPersjg(Eth, Q) ‘

. / Ks(z — y)h(@)2(v(@)v(y) — 1) dy do
oOF JOFE

t=0

2 / W) | Ks(x - y)(h(y) — b)) dyda
oFE oFE

- / W) H(z) / (xE W) — XB- W) Ks(z — y) dy do.
oOF RN

Taking the limit as 6 — 0 we find (B.2). q.e.d.
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