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MEAN CURVATURE FLOWS IN MANIFOLDS OF
SPECIAL HOLONOMY

CHUNG-JUN Tsa1r & Mu-Tao WANG

Abstract

We study the uniqueness of minimal submanifolds and the sta-
bility of the mean curvature flow in several well-known model
spaces of manifolds of special holonomy. These include the Sten-
zel metric on the cotangent bundle of spheres, the Calabi metric
on the cotangent bundle of complex projective spaces, and the
Bryant—Salamon metrics on vector bundles over certain Einstein
manifolds. In particular, we show that the zero sections, as cali-
brated submanifolds with respect to their respective ambient met-
rics, are unique among compact minimal submanifolds and are dy-
namically stable under the mean curvature flow. The proof relies
on intricate interconnections of the Ricci flatness of the ambient
space and the extrinsic geometry of the calibrated submanifolds.

1. Introduction

Calibrated submanifolds [9] in manifolds of special holonomy are not
just minimal submanifolds, they actually minimize the volume func-
tional in their homology classes. Of particular interests are special
Lagrangians in Calabi—Yau, associatives and coassociatives in G, and
Cayley submanifolds in Spin(7). These geometric objects attracted a
lot of attentions in recent years. On the one hand, they are natural gen-
eralizations of algebraic subvarieties in algebraic manifolds and, thus,
are of immense geometric interest. On the other hand, they appear in
various proposals of string theory such as Mirror Symmetry and the
M-theory. The most successful construction of metrics of special holo-
nomy is the Calabi-Yau case, where the celebrated theorem of Yau [29]
shows the homological condition guarantees the existence of the metric.
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All other constructions are based on deformation theory, symmetry re-
ductions or gluing constructions [11] (see also a recent flow approach
for Gy construction in [2, 17]). The scenario of the construction of
calibrated submanifolds is similar [10, 15]. For special Lagrangians in
Calabi—Yau’s, we refer to the work of Schoen—Wolfson [19] and Joyce
(14, 12, 13].

Among all explicitly constructed manifolds of special honolomy, the
most well-known ones seem to be the Stenzel metric [22] on the cotan-
gent bundles of spheres (or the Eguchi-Hanson metric in dimension 4)
and the Calabi metric [3] on the cotangent bundles of complex projec-
tive spaces. Similar constructions of Bryant—Salamon [1] produce Gg
and Spin(7) metrics. All of them are based on bundle constructions and
the zero sections are calibrated submanifolds. In the article, we study
the uniqueness and the dynamical stability of the zero sections of these
manifolds. To be more specific, we consider the following manifolds of
special honolomy in this article.

Assumption 1.1. Throughout this article, M is a Riemannian man-
ifold of special holonomy that belongs to one of the followings:

(i) the total space of the cotangent bundle of S™ with the Stenzel
metric! with n > 1;
(ii) the total space of the cotangent bundle of CP" with the Calabi
metric;
(iii) the total space of S(S%), A% (S*), A% (CP?), or S_(S*) with the
Ricci flat metric constructed by Bryant—Salamon.

In Section 2, 3 and 4, we review the geometry of these metrics in
details. In all these examples, M is the total space of a vector bundle
over a base manifold B. We identify B with the zero section of the
bundle, which is also considered to be an embedded submanifold of M.
In each case, there exists a smooth differential form 2 with the following
properties:

e () has comass one, i.e., at any p € M, Q(L) < 1 for any (oriented)
subspace L C T, M with dimension = dim B. Indeed, (2 is locally
the wedge product of orthonormal 1-forms.

e The form Q characterizes B by the condition that Q(7,B) = 1
for all p € B where T),B is the (oriented) tangent space of B as a
submanifold of M at a point p € B.

The precise definition of €2 in each case can be found in (6.5), (6.11) and
(6.19), respectively. Let d(-) denote the distance function to the zero
section B with respect to the Riemannian metric on M. For a compact
embedded submanifold ¥ of M with dim ¥ = dim B, ¥ is considered to
be CY close to the zero section if d(p) is close to 0 for all p € 3, and ¥ is

"When n = 1, the metric is not only Ricci flat, but flat. We have to exclude this
flat case.
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considered to be C! close to the zero section if Q(7,X) is close to 1 for
all p e 3.
Our first result regards the uniqueness property of the zero sections.

Theorem 1.2. In each case considered in Assumption 1.1, the zero
section is the unique compact minimal immersed submanifold of the
given dimension.

The mean curvature flow is the parabolic PDE system that deforms a
submanifold by its mean curvature vector field, and is formally the neg-
ative gradient flow of the volume functional. A calibrated submanifold
represents a local minimum of the volume functional. It is, therefore,
natural to investigate the stability of a calibrated submanifold along
the mean curvature flow, which is a nonlinear degenerate PDE system.
The nonlinear stability of PDE systems such as the Einstein equation
or the Ricci flow is under intense study. Our next result concerns the
nonlinear C! stability of the zero sections.

Theorem 1.3. In each case considered in Assumption 1.1, there ex-
ists an € > 0 which depends only on the geometry of M such that if
18 a compact embedded submanifold of M and
(1.1) sup (d(p) + 1 — Q(TpY)) <,

peEY
then the mean curvature flow of ¥ ewists for all time and converges to
the zero section smoothly.

Note that (1 — Q(7,X)) is always non-negative since €2 has comass
one.

Remark 1.4. The Ricci flat metric on each manifold M considered
in Assumption 1.1 is constructed under some symmetry ansatz. From
the constructions, one sees that the metric turns out to be uniquely
determined by the volume of the zero section B. That is to say, €
depends on the volume of the zero section (and also n in case (i) and
(i1)).

Theorem 1.2 is proved in Section 5. The main point is to prove the
convexity of the distance square to the zero section. It is also the key
for the CY convergence in Theorem 1.3, and plays an important role for
the C! convergence.

Such a long-time existence and convergence theorem under effective
C' bound for higher codimensional mean curvature flows has been es-
tablished for manifolds of reduced holonomy, namely manifolds that are
locally Riemannian products, see, for examples, [21, 23, 24, 25, 27].
Theorem 1.3, to the best our knowledge, appears to be the first one for
manifolds of special holonomy.

Sections 6 and 7 are devoted to the proof of Theorem 1.3. In Section 6,
we establish estimates on the covariant derivatives of €2, which is needed
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for proving the C! convergence. In Section 7, we put everything together
to prove the stability of the zero section under the mean curvature flow.

Remark 1.5. A stability theorem of the mean curvature flow of com-
pact smooth submanifolds can be derived from Simon’s general stability
theorem for gradient flows [20, Theorem 2] under the assumption that
(1) the initial data is close enough to a stable minimal submanifold in
the W*+22 Sobolev norm for large enough I (which implies at least C?
smallness) and (2) the ambient metric is analytic. Theorem 1.3 is a C*
stability theorem in which the regularity requirement is lower and the
dependence of the smallness constant is explicit.> The proof does not
rely on the analyticity of the ambient metric either. The theorem can be
turned into a Lipschitz stability theorem (by approximating the initial
Lipschitz submanifold by a family of C' submanifolds, see, for exam-
ple, [28]), which seems to be the optimal result for the mean curvature
flow.

1.1. Notations and conventions.

1.1.1. Riemann curvature tensor. In this paper, for a Riemannian
manifold with metric (, ) and Levi-Civita connection V, our convention
for the Riemann curvature tensor is

(1.2) R(X,Y,Z,W) = (VzVwY — ViwVzY — VizwY, X).

Let {e;} be a local orthonormal frame. Denote the dual coframe by

{w'}, and their connection 1-forms by w’. The convention here is
(1.3) Ve; = wg ®e; and Vwl = —wf ® w'.

Throughout this paper, we adopt the Einstein summation convention
that repeated indexes are summed. Since the frame is orthonormal,
w] = —wh. Tt follows from (1.3) that

(1.4) dw’ = —wlj AWt

Its curvature form is

(1.5) R/ = duw!

) )

— wf A wi.
It is equivalent to the Riemann curvature tensor by the following rela-
tion:
(1.6) R (X,Y) = R(ej, 1, X,Y),
for any two tangent vectors X and Y.

2The authors learned from Felix Schulze that it is possible to derive a C' stability
theorem from White’s regularity theorem, the uniqueness of mean curvature flows,

and a limiting argument. However, it seems that the C! bound exists by an argument
of contradiction and cannot be made explicit.
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1.1.2. Bundle projection. Let 7 : M — B be a vector bundle pro-
jection and ¥ be a (locally-defined) smooth differential form on B. The
following abuse of notation is performed throughout this paper: the
pull-back of ¥, 7*W on M, is still denoted by V.

Acknowledgments. The first author would like to thank Prof. S.-T.
Yau for bringing the rigidity question into his attention, and for his
generosity in sharing his ideas. The authors would like to thank Mao-
Pei Tsui and Felix Schulze for helpful discussions and interests in this
work.

2. Geometry of the Stenzel metric

2.1. The Stenzel metric on the cotangent bundle of the sphere.
Consider the n-dimensional sphere S™ with the standard metric for
n > 1. Let {&“}221 be a local orthonormal coframe, and w! be their
connection 1-forms which satisfy (1.4). As a space form with curvature
equal to 1, its curvature form is

(2.1) RY = dwl —w) Awh =W AW

Let {y,} be the coordinate for the fibers of 7%S™ induced by {w*}.
The standard metric on S™ induces the following metric on T%S5™.
(2:2) > (@ + [y — yowp)?)

p=1
where the abuse of Notation 1.1.2 is adopted.

2.1.1. Spherical coordinate for the fibers. There are two naturally

defined 1-forms outside the zero section:

1 1 1
;yu wh and ;y,u dy,u = ;yu (dyu — Y QZ),

where r = (3 u(yu)2)%. The first one is the tautological 1-form rescaled
by 1/r; the second one is the exterior derivative of r. With respect to
(2.2), they are unit-normed and orthogonal to each other.

It is more convenient to consider the metric (2.2) by another coframe,
which is an extension of the above two 1-forms. To start, extend the
vector %(yl, .-+ ,yp) to an orthonormal frame for R™. This can be done
on any simply-connected open subset of R™\{0}. To be more pre-

cise, choose a smooth map 7}’ from a simply-connected open subset
of R™\{0} to O(n) such that

1
T (y) = Y for v=1,2,...,n and y € Domain(T}") C R™\{0}.

For example, the standard spherical coordinate system on R™\{0} will
do. When n = 3 with y; = rsinfsin¢,y2 = rsinf cos¢,ys = rcos¥,

2 _ 10y 3_ 1 Oyu
one can take T)) = <7 and T)] = ;5 8¢7'“_17273'
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The metric (2.2) has the following orthonormal coframe
ot =ThHw",

" = (T (dyy — yyw)) = T (dyy — yy ),

for pe{1,...,n}.

(2.3)

2.1.2. The Stenzel metric. With this coframe (2.3), the Stenzel met-
ric takes the form

n n 2
1\2 7\2 n+1\2 b(r) n+j
(2.4) (c(r)a ) + Z (a(r) o ) + (c(r) o ) + Z (r o )
Jj=2 j=2
The coefficient functions are defined by

1
a? = Eh/(r) cothr,

(2.5) b? = ih/(r) tanh r,

1
= Zh”(r),
where h/(r) is the solution of the ODE

(2.6) ir (W(r))" = 2" n (sinh(2r))"""  with A/(0) = 0.

Here, prime ( )" denotes the derivative with respect to r. The function
h is the Kéahler potential in the paper of Stenzel [22, section 7]. We
remark that the metric here differs from that in [7, section 2| by a
factor of 2"~!/n in (2.6). The normalization here is chosen such that
the restriction of metric (2.4) to the zero section is the metric of the
round sphere of radius 1 and dimension n, and, hence, the volume of

the zero section is 2m 2 /T'(n/2).

2.1.3. Connection and the Ricci flat equation. Take the orthonor-

mal coframe:

wh = ¢(r) ol w! =a(r)o’,

o‘)n-i-l _ C(T) O,n—i—l _ C(T) d?‘, wn+j _ b(T) O,n—i—j
T

(2.7)

)

for 2 < j < n. The indices 4,7, k,... will be assumed to belong to
{2,...,n}.

It is useful to introduce the new radial function p by p = for c(u)du.
Since dp = ¢(r) 6™t and p = 0 at the zero section, in view of (2.4), p
is the geodesic distance to the zero section with respect to the Stenzel

metric. Denoting by dot ( ) the derivative with respect to p, we have

) 1,
f=a
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The connection 1-forms wl of (2.7) can be found by a direct computa-
tion:

1 ¢ 1 j a ntj _ b

= — = — .] —+7
g T “mT g wif=gent
_l’_ .
n+z - C(S] " 7= Aw] wjl' = Bwn'ﬂ’
where
(2.9) A_a2—b2—62 B_b2—a2—c2 C_c2—a2—b2
) N 2abec N Zabc ’ N 2abe
The rest of the components w! " and wn 1 7 satisfy
N o
(2.10) w! =Wt = T) wh T, — (AT)) T},

n [7, section 2], Cveti¢ et al. derived the Stenzel metric in a dif-
ferent way. As a result of their derivations, a,b, ¢ satisfy the following
differential system:

a b é
2.11 — A= — B = s -1 = 0.
1)  S4a=0  J+B=0,  ‘4+@m-1C=0

One can also check these directly by (2.5), (2.6) and (2.9). In fact,
Cveti¢ et al. solved the system (2.11) and reconstructed the Stenzel
metric in the above form (2.4). The expressions of the Kéahler form and
the holomorphic volume form are quite simple in terms of the coframe
(2.7). The Kahler form is >3/, w” Aw"™#, and the holomorphic volume
form is (w! +iw™ M) A (W? +iw™2) A - (W +iw?™). With the above
relations, one can check that these two differential forms are parallel.
With this understanding, the complex structure I in terms of the dual
frame {€1,..., €2, } of (2.7) sends €, to €,4, and sends é,, to —¢, for
any p € {1,...,n}.

2.2. Coefficient functions and the curvature. The geometry of the
Stenzel metric is encoded in the functions A, B and C. In this subsec-
tion, we summarize the properties that will be used later. Note that
(2.6) implies that A’ > 0 and A" > 0 when r > 0. By (2.5) and (2.11),

A _ L (M2
VAW \ W sinh(2r))’

(2.12) Bo__ L (M _2
' VR \ W sinh(2r) )’
1 1 h///

T n— 1R R

Instead of r, we state the estimates in terms of p = fo u)du.

Lemma 2.1. The functions A, B and C are negative when p > 0.
Moreover, there exists a constant K > 1 which depends only on n such
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that |Al/p, |C|/p and |B|p are all bounded between 1/K and K for any
point p with 0 < p(p) < 1.

Proof. 1t follows from (2.6) that
h' (sinh(2r))""
W n [, (sinh( 2u))n_1du7

1 p"  2ncosh(2r) (fo ( sinh( 2u))n_1du> — (sinh(2r))"

1

(2.13)

n—1n" nsinh(2r) <f0 (sinh( 2u))n_1du>

To prove that C' < 0, we estimate

2n cosh(2r) ( /0 ' (sinh(2u))"‘1du> > 2n /0 ' cosh(2u) (sinh(2u))" " du

= (sinh(2r))n,
for any r > 0. It follows from (2.13) that C is negative. For A <0,
' 2 (sinh(2r))" —2n [ (sinh(2u))n_1du
W sinh(2r) nsinh(2r) [; (sinh(2u))n_1du

_2n I (sinh(2u))n_1(cosh(2u) —1)du
nsinh(2r) [; (Sinh(2u))n_1du

for any r > 0. It follows that A < 0. Since B < A, B is also negative.

The second assertion is a direct consequence of the power series ex-
pansion at r = 0. It follows from (2.6) that the Taylor series expansion
of h'(r) near r =0 is

h' = 4r (1 + mr2 + (9(7‘3)> .

> 0,

It then follows that p =7 + O(1?), A = — otz + O(r HC= —n%rzr +
O(r?) and B = —r~! + O(1). This finishes the proof of the lemma.
q.e.d.

We remark that (2.11) and the negativity of A, B and C' imply that
a, b and ¢ are increasing functions. Other quantities we will encounter
are the derivatives of A, B and C' with respect to p. It turns out that
they are degree two polynomials in A, B and C.

Lemma 2.2. The functions A, B and C obey:
A=—-nBC+ A(A+ B+0C),
B =-nAC+ B(A+ B+C),
C=-2AB+(n—-1)C(A+B+0C).
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Proof. Equation (2.9) can be rewritten as

214 B+C=-2  cpa--L  aip-_°
be ac ab

By using (2.11),

B4+C=(B+C)(~A+ B+ (n—1)0),
C+A=(C+A)(-B+A+(n—-1)0),
A+B=(A+B)(—~(n—1)C+A+B).

The lemma follows from these formulae. q.e.d.

2.2.1. The Riemann curvature tensor. In [7, section 2], Cveti¢ et
al. also computed the components of the Riemann curvature tensor of
the metric (2.4).

Note that (2.14) implies that

(A+B)A+C)= =, (B+A(B+C) =,
1

(C+A)(C+B)= .

By applying (2.8), (2.11), (2.14) and Lemma 2.2 to [7, (2.14)], we find
that the components of the Riemann curvature tensor are all degree two
polynomials in A, B and C:

R(&1,&j,¢1,€;) = AB + BC — nCA,
R(e1,n4j,€1,8n4;) = AB + CA —nBC,
ﬁR(él, €nt1,€1,6n+1) = R(€1,En11,€n1j,€5)
= (n—1)(CA+ BC) — 2AB,
R(&i, enyks €, Ent1) = —AB(6ij0p1 + 0udji) + (BC + AC)i1.651,
R(&;,éx,¢;,8) = (AB + BC + CA)(8;0k — d6j1),

and other inequivalent components vanish. Here, €1, ..., €2, is the dual
frame of (2.7). By equivalence we mean that the curvature is a quadri-
linear map R satisfying the condition

(2.15)
R(X,Y,Z,W) = —R(X,Y,W,Z) = R(ZW,X,Y) = R(X,Y,1Z,IW).

The following property of the Riemann curvature tensor will help sim-
plify the calculation in the Stenzel metric case: R(€y, €ntv, Entss €nte) =
0 = R(Eptp, €y, €5, €) for any p,v,0,e € {1,...,n}. It will be used for
the estimate (7.6) in the proof of Theorem 1.3.



540 C.-J. TSAI & M.-T. WANG

3. Geometry of the Calabi metric

The Eguchi-Hanson metric has another higher dimensional general-
ization. There exists a hyper-Kahler metric on the cotangent bundle of
the complex projective space, T*CP"™. The metric is, thus, Ricci flat.
It was constructed by Calabi in [3, section 5] by solving the Kéhler po-
tential under an ansatz. Since we are going to study the Riemannian
geometric properties of the metric, it is more convenient to describe the
metric in terms of a moving frame.

3.1. The Calabi metric on T*CP". Consider the n-dimensional com-
plex projective space CP" with the Fubini-Study metric. Let {6*} be
a local unitary coframe of type (1,0). That is to say, the Fubini-Study
metric is
n
> 1o,

p=1

Denote by 65 the corresponding connection 1-forms. They are deter-
mined uniquely by the relations:

(3.1) dg" = —04 A0¥  and 0+ 00 = 0.
The curvature of the Fubini—Study metric is
Oy =dof —0) NbE = O N GY + 6107 A O

The curvature formula implies that its sectional curvature lies between
1 and 4, and is equal to 4 if and only if the 2-plane is complex. The
detailed discussion of the Fubini—Study metric in terms of the moving
frame can be found in [5, section 8.

Let {z,} be the complex coordinate for the fibers of (T*CP™)(1:0).
Then, the Fubini-Study metric induces the following metric on T*CP".

n

(3.2) > (1047 + |dzy — 2, 04) .

pn=1
The complex structure of CP" induces a complex structure on T*CP",
with respect to which 0 and dz, — z,, 8}, are (1,0)-forms.

Remark 3.1. We briefly explain the convention of the correspon-
dence between real and complex moving frames. Write 0 as w?*~! +
iw?. Then, {gzﬂ_l}ﬁzlu{gzﬂ }i—1 constitutes an orthonormal coframe.
Let {eg,1})=1 U{ea,})i=1 be the dual orthonormal frame. They satisfy
J(egu—1) = €5y, where J is the complex structure as an endomorphism
on the (real) tangent bundle. Denote by w% the connection 1-forms,
where 1 < A, B < 2n. Namely, Vey = gﬁ ® ep. Since J is parallel,
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20 2p—1 2p—1 21 sps . wos
Wy, = Wy, and wy, = —ws, ;. The Hermitian connection 6, is
equal to

2p—1 s 2u _2u . 2u—1
(3.3) Woy—1 T1Wg, 1 =Wy, —1Wy, .

For the total space of the cotangent bundle, write 2, as z, — iy,.
Under the (real) isomorphism

(T*CP)(10) =~ T*CP" (real cotangent bundle),
2, 0" < Re(z, 0M) = z, w1 +y, w?,

the metric (3.2) is equal to

En: ((£2u—1)2 + (g2u)2
pn=1

+H(day — W) — gwwi1)? A+ (dy — 2wy =y g%ff) :

3.1.1. Spherical coordinate for the fibers. Let r = /3~ |zu|? be

the distance to the zero section with respect to the metric (3.2). Again,
the exterior derivative of r and the tautological 1-form are two naturally
defined 1-forms on T*CP". In terms of the complex coordinate, they
read

1_

Re <;Zu (dzy — 2 9Z)> and Re (z,0"),
respectively. Their images under the complex structure give another
two 1-forms, which are the imaginary parts of the above two (1, 0)-forms
multiplied by —1.

With this understood, consider the following complex version of the
spherical change of gauge. It means an extension of %(21, sy zpn) to
a unitary frame for C™, which can be done on any simply connected

open subset of C"\{0}. More precisely, choose a smooth map T}’ from
a simply connected open subset of C"\{0} to U(n) such that

1
Tﬁ(z) = for p=1,2,...,n and 2 € Domain(7};) C C"\{0}.

It follows that the following 1-forms also constitute a unitary coframe
of type (1,0) for (3.2)
ot =Tre",

ot = (T_I)Z (dzy — 24 6)

(3.4) ) =T/ (dz, — 2, 6),

where p € {1,...,n}.



542 C.-J. TSAI & M.-T. WANG

3.1.2. The Calabi metric. In terms of this coframe, the Calabi metric
is of the following form

ety o [P+ [br) o7
j=2

(3.5) s )
+ (h(r)d )2 + <f(7‘) I a"+1> + @ oI
r pecd B
where
a = sinh(r), c=h= \/m’
(3.6) b = cosh(r), = 1 sinh(2r) .
2 \/cosh(2r)

In [8], Dancer and Swann found an easy way to construct the hyper-
Kahler metric. They wrote down the ansatz for the three hyper-Kéhler
forms, and imposed the d-closed condition. One of the Kéahler forms is

h i —
hf dr AImo™ ! + 562 ol Aol
r
(3.7) 12" L ia2d i

z J Nl n+j '

—|-2b Z;U /\cﬂ+2r22;0 A onti,
Jj= Jj=

and the other two are the imaginary and real parts of

: hedr Aot + 2C o™y Aot — LN g7 g g,
(3.8) cdr a—i—r(ma YA o TJZ:;U o

If (3.7) and (3.8) are annihilated by the exterior derivative, the coeffi-
cient functions must obey

2 2 2
da? _opp W 4T 2o
(3.9) dr dr dr
d(ab) = hc, d(fe) =he, and ab= fc.
dr dr

It is a straightforward computation to check that (3.6) does solve (3.9).
One can consult [6, section 4] for the discussion on solving (3.9).

For the connection and curvature computation in the following sub-
subsections, it is more transparent to simplify the expressions by using
the hyper-Kéhler equation (3.9) than by plugging in the explicit solu-
tion (3.6). Note that (3.9) implies that b*> — a? is a constant, which is 1
for the explicit solution (3.6).

3.1.3. Connection 1-forms. To compute the connection 1-forms of
the metric, it is easier to choose a complex structure and take a unitary
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frame. With respect to the complex structure corresponding to the
Kéhler form (3.7), we have the unitary coframe:

(3.10)
=col, & =bo!, T=hdr+ %Ima"“, &t = %J”H,

for j € {2,...,n}. Denote by & the Hermitian connection 1-forms.
They can be found by the structure equation (3.1):

2 1
6% =i <f - f) Im gn—l—l 624—’:%7 %4_1 J; 5 = £n+]7

c2

f

(3.11) f
i n+j n+j 1
£n+1 51 gz—i—k =0, §n+{ = ﬁg = _gj‘

The hyper- Kahler equation (3.9) is used to simplify the above expres-
sions. The components §k and §"+k are related to the connection of the
Fubini-Study metric as follows

n o~ f n
(3.12) =gt =TkonT) - wﬂW+?$mgﬂ

3.1.4. Riemann curvature tensor. In terms of the unitary coframe
(3.10), the curvatures are as follows:

=2 (& AE - g ng)
b (608 - nTH) = o,
% = (& AT - e AT ) = o,
R = (e AT e AT) =,
Ry = —6%6”“ NEL,
R | Gy
R = 5 (68 AT - g AT
+ 0} <Ci4 (g'n e —gmingnT) +Ci2(§"A§—§"“AW)>,

and D‘{Zifg = —f)‘ié‘?. The equality between different curvature compo-

nents is a consequence of the hyper-Kéhler geometry.

4. Geometry of the Bryant—Salamon metrics

In [1], Bryant and Salamon constructed complete manifolds with spe-
cial holonomy. They constructed three examples with holonomy Gs, and
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one example with holonomy Spin(7), each of which is the total space of
a vector bundle.

4.1. Bryant—Salamon manifolds. This subsection is a brief review
on the construction of Bryant and Salamon. We first review the gen-
eral framework of the metric construction on a vector bundle, and then
specialize in their examples.

4.1.1. Bundle construction. Let (B",g) be a Riemannian manifold,

and F 5 B be a rank m vector bundle. Suppose that F carries a bundle
metric and a metric connection. Then, these data naturally induce a
Riemannian metric on the total space E. The construction goes as
follows. With the connection, the tangent space of E decomposes into
vertical and horizontal subspaces. These two subspaces are defined to be
orthogonal to each other. The metric on the vertical subspace is given
by the original bundle metric; the metric on the horizontal subspace is
the pull-back of the metric g.

This metric can be seen explicitly in terms of the moving frame. Take
a local orthonormal coframe {w’ }?:1 on an open subset U C B, and a
local orthonormal basis of sections {s, }]"; that trivializes E|y;. Denote
by V4 a metric connection for E. Let A be the connection 1-forms of
V 4 with respect to s, namely, V45, = Zszl Al s,,. Thus, [AV] is an
o(m)-valued 1-form on U. Let {y#}]' | be the coordinate for the fibers
of Ely induced by {s,};";. The Riemannian metric g, on £ induced
by the bundle metric is

n m

(4.1) g =3 @)+ (dy + ALy

j=1 pn=1
Comparing (4.1) with (2.2) and (3.2), the connection matrices in Sec-
tion 2 and 3 are defined with respect to the Levi-Civita connection on
the tangent bundle, so the induced connection matrices on the cotan-
gent bundle are the negative transposes in (2.2) and (3.2), while the
connection matrices here are on an arbitrary vector bundle.

In our discussion on the bundle construction, the indices i, j, k are
assumed to belong to {1,2,...,n = dim B}, and the indices pu,v,~,o
are assumed to belong to {1,2,...,m = rank E'}.

Here is a relation that will be used later. The exterior derivative of
dyt + AY y¥ can be written as F}' y* — A) A (dy” + A% y7), where

1 . .
(4.2) Flf = dAL+ A AL = SF) ' nd

is the curvature of V4.

4.1.2. Rescaling the metric. Let s = Zu(y“)2 be the distance square
to the zero section with respect to the Riemannian metric g, in (4.1).
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For any two smooth, positive functions a(s), 8(s) defined for s > 0,

(4.3) Jop = Z (agj)2 - Z (B (dy" + A y”))2
I

J
also defines a Riemannian metric on E. Let

(4'4) o.)j — agj and WhTH — 5 (dyu + A’,j yu)'
It follows that

(4.5) ds = %y” W TH,

Note that {w’};—1..., U {w"™#},=1...., form an orthonormal coframe of
the metric (4.3). Their exterior derivatives read

i Jon i 2 i
dw:—gi/\w—@yw/\w ,
dw"tH = BFFy” — AP A" — ﬁy” WTHE A WY,
where gj is the connection 1-form of the Levi-Civita connection of

1
(B,g). By a direct computation, we find that the connection 1-forms of

the Levi-Civita connection of (F, g, g) are

, . B
(4.7) w! = w! ﬁFj‘ij y” Wt
/
wtn _ B opn v g 200
(4.8) w, = 2a2FVijy w of w',
2 !/
(4.9) Wiy = Al + F(y” W =y W),

The mixed component w?ﬂ‘ is different from the other two compo-

nents; it involves only the curvature but not the connection. That is to

say, w:““ is a tensor:

2a0
72(',')(11“%) THXH =V,

where H = 7*T' B is the horizontal subspace, and V = 7*F is the vertical
subspace over the total space of E.

W ew M @s, =BF(, )y s,) —

4.1.3. Examples of Bryant and Salamon. For the examples in [1],
the base manifold B is either a sphere or a complex projective space.
The metric g is the standard metric. The vector bundle E is constructed
from the tangent bundle or the spinor bundle, and the metric connection
is induced from the Levi-Civita connection. In what follows, k is the
sectional curvature of the round metric when the base is the sphere, and
is half the holomorphic sectional curvature of the Fubini-Study metric
when the base is CP2.
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The first example [1, p. 840] is the spinor bundle over the 3-sphere,
S(53). The Go metric has

1

(4.10) als)=(3k)2(1+s)3  and  B(s) =2(1+s)s.

The next two examples [1, p. 844] are the bundle of anti-self-dual 2-

forms over the 4-sphere and the 2-dimensional complex projective space,
A2 (S%) and A2 (CP?). They have

(4.11) a(s) = (2r)

The last example [1, p. 847] is the spinor bundle of negative chirality
over the 4-sphere, S_(.S ) The Spin(7) metric has

(1+s)% and  B(s)=(1+s)1.

=

(4.12)  o(s)=(5k)2(1+s)10  and  B(s) = 2(1+s)75.

We will refer S(S3), A% (S%), A2 (CP?) and S_(S?) with the Ricci flat
metric as the Bryant—Salamon manifolds.

The above coefficient functions are derived from the special holonomy
equation, which is a first order elliptic system. According to their paper,
the special holonomy equation reduces to the following equation:

52 3

(4.13) o =k — and B =~k —,
o' e
for some positive constants x; and k. For S(S%), k1 = x/4 and Ky =
r/8. For A% (S*) and A% (CP?), k1 = ky = K/2. For S_(S%), k1 = 3x/8
and kg = K/4.

One can easily construct some functional equations from (4.13). Here
are two relations that will be used later:

(4.14) <g—z> =2k + ko) = g—z = (%)2 + 2k + Ko)s:
(4.15) (%Y = —(2K1 + 1) g—i.

5. The uniqueness of the zero section

The following lemma is about the rigidity of a compact minimal sub-
manifold. The authors believe it must be known to experts in the field.
Due to the lack of a precise reference, the proof is included for com-
pleteness.

Lemma 5.1. Let (M,g) be a Riemannian manifold. Suppose that
Y is a smooth function on M whose Hessian is non-negative definite.
Then, any compact, minimal submanifold of M must be contained in
the set where Hessys v degenerates. In addition, i takes constant value
on the submanifold if it is connected.
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Proof. Let 3 C M be a compact submanifold, and p be a point in X.
Choose an orthonormal frame {e;} for 7Y on some neighborhood of p
in 3. Consider the trace of the Hessian of ¢ on T'3:

0 < try Hessy = ZHeSSw(ej, ej) = Z (ej(ej(®)) = (Ve,e5)(¥))

J J
= AZ¢ - H(¢)7

where V is the covariant derivative of (M, g), A* is the Laplace operator
of the induced metric on X, and H = 3_,(V,; ej) " is the mean curvature
vector of ¥. When ¥ is minimal, it implies that A*t > 0. The lemma
follows from the compactness of ¥ and the maximum principle. q.e.d.

5.1. The Stenzel metric case. In this subsection, we apply Lem-
ma 5.1 to show that the zero section is the only compact, special La-
grangian submanifold in 7*5™.

Theorem 5.2. When n > 1, any compact, minimal submanifold in
T*S™ with the Stenzel metric must belong to the zero section.

Proof. Consider the smooth function ¢ = p?, which is the square of
the distance to the zero section (with respect to the Stenzel metric).
Due to Lemma, 5.1, it suffices to show that the Hessian of 1) is positive
definite outside the zero section. Since Hess(p) = Vdp and dp = w" !
we compute

Hess(¢y)) = 2w @ w4 2pVw™
By (2.8) and (2.11), we obtain
Hess(¢) = 2w @ W™ — 2p(n — 1)Cw!' @ w!

(5'1) - j j - n+j n+j
—2pAZw]®w3—2pBZw T @ W,

=2 =2
According to Lemma 2.1, Hess(v)) is positive definite when r > 0 (equiv-
alently, when p > 0). This finishes the proof of the theorem. q.e.d.

5.2. The Calabi metric case. In this subsection, we prove that the
zero section is the only compact, minimal submanifold in T*CP".

Theorem 5.3. Any compact, minimal submanifold in T*CP™ with
the Calabi metric must belong to the zero section.

Proof. The function p = [ \/cosh(2u)du is the distance function to

the zero section with respect to the Calabi metric and dp = Re ™11 by
(3.6) and (3.10). Consider the smooth function 1) = p? and compute as
in the last theorem,

Hess(1)) = 2 (Re€"™1) @ (Re€™) + 2p Re(VE™H).
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By (3.11),

Re(ver™) = 21611+ 1 3 6
=2

1 2f n41 n+1 f - n+j|2

G ) e o tme ) 5 3 e
According (3.6), it is not hard to see that Hess(v)) is positive definite
when r > 0, and the theorem follows from Lemma 5.1. q.e.d.

5.3. The Bryant—Salamon metric case. In this subsection, we ex-
amine the uniqueness of the zero section as a minimal submanifold.

Lemma 5.4. Let (B",g) be a Riemannian manifold. Let E — B be
a rank m vector bundle with a bundle metric and a metric connection.
Denote by s the square of the distance to the zero section with respect
to the metric gy (4.1) on E. For any two smooth positive functions o(s)
and 3(s), endow E the Riemannian metric g, g defined by (4.3). Then,
the Hessian of s with respect to g, g is positive definite outside the zero
section if and only if &' > 0 and 8 > 2s|f'| for s > 0.

Proof. Suppose that 1 is a smooth function on E depending only on
s=> M(y“)2. Its exterior derivative is

2 /
(5.2) dy =o' ds = 2/ yH dyt = gy“ WhTH,

Let {€;}7_y U{én+u},2y be the frame dual to the coframe (4.4). Since
€j(1) =0, the Hessian of ¢ along (é;, ;) is

Hess(¥)(e;, ;) = éi(ej(¥)) — (Vaéj)(llf)

4C¥/1/J/ j v o
- af? 50 + 54"y Ey
405/1/1/ i
(5.3) = o 507,

where the last equality uses the fact that [F}'] is skew-symmetric in
p and v. It is not hard to see that the Hessian of 1 along (&,4,,€;)
vanishes. The Hessian of ¢ along (&,4,, €ntv) is

Hess(¢)(€nt-ps €ntv)
= én—i—u(én-i-u(w)) - (vénvwé"""’)(w)

2 5 2 (20/\"\ 48 L,
<@5 ﬁ<6>> g W= s )

/ 4 /
(5:4) :Qﬁ £>¢y <$>W“'
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Substituting ¢ = s, the lemma follows from (5.3), (5.4) and the fact that
the eigenvalues of the matrix [y* y”| are s and 0, where 0 has geometric
multiplicity m — 1. q.e.d.

Applying this lemma to the Bryant—Salamon manifolds leads to the
following theorem.

Theorem 5.5. Any compact minimal submanifold of the Bryant—
Salamon manifolds must be contained in the zero section.

Proof. This follows directly from (4.13), (4.14) and Lemma 5.4. More-
over, by (4.14), we have

BN~ i i
Hess(¢) > 4&153200 Qw

i=1
(5.5) m
+ 2 (2O i + 2K15 Z W @ W TH
a2 \ \ 5(0) '
pn=1
This Hessian estimate will be needed later. q.e.d.

6. Further estimates needed for the stability theorem

In this section, we begin preparations for the proof of Theorem 1.3.
Each manifold in Assumption 1.1 is the total space of a vector bundle
m : E — B. The base B naturally sits inside E as the zero section.
In each case, we introduce a differential form  with the properties
explained in Section 1, and calculate the covariant derivatives of 2. The
calculations will be applied to derive C' estimate of the mean curvature
flow.

6.1. Estimates from linear-algebraic decomposition. Each met-
ric in Assumption 1.1 admits a local orthonormal coframe {w’ };-L:l U
{wrFH}R, such that kerw/ = 7*E. As in Section 4.1.1, The
subbundle 7*F C TFE will be called the wvertical subspace, and will
be denoted by V. The orthogonal subbundle H C TF is given by
ﬂT=1 ker w™ ™, and is isomorphic to 7*TB. This bundle H will be re-
ferred as the horizontal subspace.

In terms of the frame, the n-form Q is w! Aw? A--- Aw”. Let p € E,
and suppose that L C T,E is an oriented n-dimensional subspace with
Q(L) > 0. Then, L can be regarded as the graph of a linear map from
H, to V,. By the singular value decomposition, there exist orthonormal
bases {u;}7_; for Hp, {v,})L, for Vp, and angles 0; € [0, ) such that
{ej = cosfju; +sinjv;}7_, and

6.1
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constitute orthonormal bases for L and L™+, respectively. For j > m, vj
is set to be the zero vector, and 6; is set to be zero. For u > n, u, is
set to be the zero vector, and 6, is set to be zero.

Note that neither the frame {e; }U{ey,4,} nor {u; }U{v,} is necessarily
dual to {w’} U {w"™}. In any event, [w’(u;)];; is an n x n (special)
orthogonal matrix, and [w"**(v,)],,, is a m x m orthogonal matrix.
Denote by

(6.2) § = mjax\sin 6.

The following estimates are straightforward to come by:

(6.3) Z ‘(wj ® wF) (e, e)| <, Z (" @ w!)(es, €3)| < ns,
i=1

i=1

and
‘(wl/\"'/\wn)(en—‘ru?elv'“7a7""e”)|§5’
‘(wl/\"'/\Wn)(en-‘ruaen-i-l/aela"'7é\iv'“7é\j“"e”)|§52’
‘(w"w/\wl/\.-.Aﬁi/\-"/\w")(elv”'ven) < ns,

(6'4) + 1 ® e
‘(w" /"/\W /\-"AwZA"'/\wn)(en-i-l/vela"'761””’en) Sl’
‘(w"Jr”/\w"*”/\wl/\.--AJZ‘/\--'AZJEA“'/\W")(@"”76")

< n(n—1)s%

for any 4,5,k € {1,...,n} and p,v € {1,...,m}. To illustrate, we
briefly explain the derivation of the first and third inequalities in (6.4).

By (6.1), (W' A+ Aw™)(entps €1, , iy ,€,) vanishes unless p = i,
and
|(w1 JARERIAN wn)(ela 61, en-i—’ia e’i-i—la Tt 7671)‘
= ](wl A+ Aw™)(cosbrug, -+, cosB;_qu;—1, — sin O;u;,
08 i 4 1Uiy1, -, €08 Optiy, )|
<s.

For the third one,

‘(w’”“/\wl/\---/\a?"/\---/\w")(el,--- ,€n)
n o~

< Z|w"+“(ek)| ‘(wl/\---/\w"/\---/\w")(el,u- €yt en)| < ns.
k=1

Suppose that ¥ C F is an oriented, n-dimensional submanifold which
satisfies Q(7,X) > 0 for any p € . Applying the above construction to
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T,% gives a continuous function s on ¥. With this understanding, the
remainder of this section is devoted to estimating

n
Ve, and  (trg,s VVQ(T,E) =Y (V2 . Q)(er, -, en),
j=1
in terms of s and the distance to the zero section. These estimates will
be used in the proof of Theorem 1.3.

6.2. The Stenzel metric case. Consider the Stenzel metric on 75",
and let

(6.5) Q=w AW A AW,

where w! and w’/,j = 2,--- ,n are defined in (2.7). The n-form Q is
not parallel. In order to establish the estimates on V and V24, it is
convenient to introduce the following notations:

D =w?A-- A",

D7 = 1(e;)® = (1) w2 A Awi Ao A,
(6.6) 7% = 1(ex)e(e;)®
(—1)+E w2 A -A@/\ AW A AWt ik < g,
{( DIHEFL G2 A AN ADEA - AW if k> j,

for any j, k € {2,...,n}.
By (2.8), (2.10) and (2.11), the covariant derivatives of the coframe
1-forms are as follows.

6.7
( )le = B ew +(n-1)Cw @w" + Aw @ W™t
Vol = —wi QW+ Bw" @w + 4w @ "t — Cw! ® Wt
Vo't = —(n—-1Cw!' @w! — 4w ® W — Bw" ™ @™t
V' = A @w' + Cw' @ w! + Bw"H @t — wi @ wmtk,

We compute the covariant derivative of ® and ®7.
Vo = (Vw!) A DI
= (Bw") @ (WA D) — (Cuw!) @ (W™ A DY)

(68) + (Aw’) @ (W A7),
VI = (Vwk) A o
_ wn+k wl ik wk wn+1 ik
6.9) = (B )@ (w APIF) + (Aw™) @ ( A D)

— (Cwh) @ (W A ®IF) + wf ® O~
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Putting (6.7) and (6.8) together gives the covariant derivative of .

(6.10)
VQ=n-1)(Cuw)® W A®) + (A @ (W A D)
—(Cw) @ (W AW A D) + (Aw?) ®@ (W' Aw™ T A DY),

We also compute the second covariant derivative of €2 by computing
the covariant derivative of the four terms on the right hand side of
(6.10). By (6.7), (6.8) and (6.9):

Vi = —1)T+II+ I+ 1V,
where
=V ((Cw")® (W't A D))
=—(n-1)(C*w'e2u)o0
— (BCW" 7 @w') @ (W A® 4w Aw™T A @)
+ <C W @w - BCw" ® wj) ® (WA ®)
+((n-1DC?w' @w"™ + ACW ® W) @ (W A D)
—(C?Wr @ wh) ® (W AW A B,

1=V ((Aw)) ® (W™ A D))
= (AW Rw)e0
+ AB((w"H @ )@ (W™ A @) + (WP @ W)@ (W AW A BF))
- <Aw"+1 @w + ABw" @ wl) @ (W™ A D)
+ (AW @t — AC W' @ ") @ (W' A P)
ACw! @ W) @ (W A WHE A BF)
A2 WP @ W) @ (W AW A BF),

— (
+

—(C?w'@wh) @ ((n — 1w AW A &)

(C? W' @ wh) @ (W' AW A WTF A BIF)
— (Cw"+1 @uw' — BCWw" ® wj> @ (W Aw™R A DR
(n—1)C?w' @ W™ + AC W ® W) @ (W' A W™ A BF)
— (ACW* @ wh) @ (WHF AWM A DT 4+ Wl AW AW A BF)
—(BCW" @w') @ (W™ A® 4w AW A @),
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IV=V ((Aw)) ® (w' Aw" Tt A ©7))

—(A2W R W) @A+ (A% WF @ W) @ (WP A WL A )
(A W @w + ABW" @ wl) ® (W AW A B
(AW @ W™ — AC W' @ W) @ (wh Aw™! A D7)
(ABw" @ w!) @ (W A D)
—(ABW"* @ W) @ (wh A w"TF A B9)
— (AC W' @ W) @ (W AW AW TR A BIF),

_|_
_|_
_|_

By examining the coefficient functions carefully, we conclude the fol-
lowing lemma. Recall that the p coordinate is the distance to the zero
section.

Lemma 6.1. Consider M = T*S™ with the Stenzel metric (2.4), and
consider the n-form Q = w' A --- Aw™. There exists a constant K > 0
depending only on n with the following property. Suppose that 3 is a
compact, oriented n-dimensional submanifold of M such that p(p) < 1
and QT,X) > 0 for any p € X. Then,

IVxQ|(p) < Kp(p)|X| for any X € T,M, and
K (P0) +50) < (15,0 VL) < K 52(0) — = 02(0)

Here, |V x$| means the metric norm of Vx§ as a section of (A"T*M)|s
with respect to the metric induced by the Stenzel metric.

Proof. In (6.10), the coefficient functions consist of multiples of A
and C', which are of order p by the second assertion of Lemma 2.1.
There are three types of terms in the formula of V2Q.

(i) The first type is in the direction of Q. The first term of each of I,
II, III, IV is of this type and their sum is

n
—(n*—2n+2)C% W' @w! - ZAQij ®uw | ®Q.
j=2

The two-tensor in the bracket is clearly semi-negative definite, and
is of order p? by Lemma 2.1.
(ii) The second one is the linear combination of

n= (W @®w)® W TFAW A AGLA - Aw)
and (&' @ W) @ (WHF AW A AwEA - Aw™),
for i,j,k,l € {1,,...,n}. By (6.3) and the third line of (6.4),
(g, ) (B,)] < s
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On the other hand, the coefficient functions are constant multiples
of A2, AB,BC, AC,C?, A or C. They are at most of order 1 by
Lemma 2.1 and 2.2.

(iii) The third one is the linear combination of

n= (WP @w!) @ W ACH AW A AGEA - AGLA - Aw™),
for i,j,k,l,p,q € {1,,...,n}. By (6.3) and the last line of (6.4),
|(trr s ) (Tp2)] < n’s”.
In these terms, the coefficient functions are multiples of A2, AC
and C2. They are of order p? by Lemma 2.1.
By the triangle inequality, the proof of this lemma is complete. q.e.d.

6.3. The Calabi metric case. For the Calabi metric, we follow the
notations introduced in Section 3 and consider the 2n-form

(6.11) Q=kn (ENENEYVA(ENEN - NEM),
n(n—1)

where k, = (—1) (3)". The 1-forms ¢! and & are given by (3.10).
The restriction of € to the zero section coincides with the volume form
of the zero section. Let u, be the complexified tangent vector defined by
€(u,) = o and &#(u,) = 0. Similar to the case of the Stenzel metric,
let

T = ()2 = (1A NG A NET,
(6.12) =% = ()
_{(—1)j+k§2/\~'/\§A’“/\---/\§Aj/\---/\{" if k< 7,
LD

JHRALE2 A AN ETA - NER A AE iR G,
for any j, k € {2,...,n}.

By (3.11) and (3.12), the covariant derivative of the unitary coframe
reads:

2f 1 2
Ve = —i(c—f - P Ime et - C—f et
ve = LEriad —ded-Ldget,
(6.13) 2 - 2 1 '
an—H _ ?!5?@61 +i(j§ o ?) (Imfn—H) ®§n+1
+é§®9+£5§®¢ﬂ
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It follows that the covariant derivative of = and Z7 are as follows:
== (VY)nE

f

b o
— __ ¢n+tj 1 2N o= — L
(6.14) S e AT -go5- 1

V=S = (Vek) A =ik

g E AT,

b —— = = -

615 =—— g AT - gfeT + gt
6.15

. bizgk@) (Sn-l-l /\Ejk).

By combining (6.13) and (6.14), the covariant derivative of {1 A Z =
EYANE N ANE s

(6.16)
V(E AZ) =i(; - ) Ime™) 9 (€ AD) - ¢l w (€T AT)
—FRET AT -geE D)
f

— 12 g @ E AT AED).
Since () is real,

vQ =k, (V(£1 AE)) A EUAE + (conjugate),
SO

(6.17)
2f n =
VQ:—kn§§1®<§ HFLAZALA )

[1]

e Y i ASAELAE
knio € ® (6 NEAEAE)

f
n b2
where we have also used the fact that 5;‘? is skew-Hermitian, which is
why the second-last term from the right hand side of (6.16) ends up
canceling with its conjugate.

Note that by (3.9), the second coefficient, a/(bc), is equal to f/b.
The next step is to calculate the second order derivative of €2, which is
a sum of the covariant derivative of the six terms on the right hand side
of (6.17). Due to (6.13), (6.14), (6.15), (6.16) and the relations (3.9):
(6.18) V2Q = —k, (I + 11+ 1) + (I+ I + II))
where

— k58 ® (51 ANELANET A ELA E) + (their conjugates),

I:V<26‘§£1® <£"+1/\EA§_1/\E)>

4f2 S .
:C—£(§1®§1)®(§1AE/\§1AE+§"+1/\E/\§"+1/\E>
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+ ((i{) . (Re&™ ) @ ¢! + 2f (i_{ B %) (Im "+ @ ¢!

—45"“ ®¢ - 2%8’ ® &t
4f 51 ® §n+1> <§n+1/\E/\{1/\§>

)

2a° — o
Y Eothe (g"“ AZAEMHT A :)

2% —— o

- n+ 1 1 n+1 —j 1 =
+r (€ J®§)®(§ AETLAEIAE A_)

2b2—_ . ST
+C—4(£"+J®£)®(£ AZAELA

(1|

202 — o
_c%(@@fl)@<fn+1/\5/\£1/\£n+1/\59>,

M=V (%5]’@ (g“ﬂ'AEAFAa))
f2 (@@sﬂ) EES)
- S ag)e (e AEA&TAE)
@y amenrco st (- Pomemioc
f

—c—2§"+ﬂ'®§1— b—4§j®§”+1> ® (§"+MEA§AE>

2
_2i(§®£j)®<£”+j/\EAWA§)
2
f (§k®§]) (§n+j/\5/\m/\§>
ﬁ k J n+1 ntj Aok A TT A=
f2 “k J T N n M=
(o) ® (§ AEAELAgnt A_>7
HI:V<J;€]®(£1A£"+1AEMFA§)>

f2(§]®8> ® (€' AEAETAE)

- c—g(i"*]@fj)@ (§"+1AEA§/\§>
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f) +1 f 2f 1
Re & ] (_ o _> Im n—+ J
_fzﬁ(g)gl — fjgﬂ' ®§"+1> ® <§1 AEVTENZI /\5_1/\§)
c b

f2 (Sk ®§]) (gn—i-l /\gn—i-k INCY /\g/\§>

- (gn+k &)@ (51 NN Ag_lAé)

_2i(§1®fy) (§1A§n+1/\5j/\§nﬁ/\§>

f2

L (E o) e (AT AT AETEAE)

f2 - (Fod)® (§1A§”+1/\Eﬂ'/\§7/\§n+1/\§).

Recall that the distance to the zero section with respect to the Calabi
metric is p = for \/cosh(2u)du, and the asymptotic behavior of the coef-
ficient functions near p = 0 can be found easily from (3.6). By applying
(6.3) and (6.4) on (6.17)and (6.18), a completely parallel argument as
that in the proof of Lemma 6.1 leads to the following lemma.

Lemma 6.2. Consider M = T*CP" with the Calabi metric (3.5),
and consider the 2n-form § defined by (6.11). There exists a constant
K > 0 depending only on n which has the following property. Suppose
that 3 is a compact, oriented 2n-dimensional submanifold of M such
that p(p) < 1 and QUT,%) > 0 for any p € X. Then,

IVxQ| < Kp(p)|X| for any X € T,M, and
1

= K (p*(p) +5°(p)) < (7,5 VQ)L,2) < K 5%(p) = 4 0 (p)-

6.4. The Bryant—Salamon metric case. Consider the n-form
(6.19) Q=w' AW A AW

The notations in this subsection follow those in Section 4, and the 1-
forms w’ are defined by (4.4). Similar to the case of the Stenzel metric,
it is convenient to introduce the following shorthand notations:

(6.20) = 1(e))Q = (1) Wl A AW A Aw™,
(6.21)
QF = i(ep)i(ef)Q

(_1)j+k+1w1/\__,/\wj/\.../\wk/\.../\w" if k> j.
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The covariant derivative of € is
(6.22) VQ = (Vw) A =T @ (WA Y).

For V2Q, one expects that the covariant derivative of the curvature,
VAF € C®(B;T*B® (A*T*B ® End E)), will show up. The coefficient
1-form of V4 F' is

(6.23) (VAF)y]k = dF, u]k Aquj]k F»/f]kA - Fﬁzk W Flfjljlg'
We are now ready to calculate the second order derivative of 2. Since
(6.24) V"™ ="Mool - Ziﬁ ®@w"t  and

(6.25) VO = (Vub) AP = wh @ 0F + w;;+” @ (W A QIF),
the covariant derivative of (6.22) is

(6.26)

V2Q _ ( n4-p ® wn-l—,u) @O+ ( n+v ® wT_L—HL) ® (wn-‘ru A wn-i—l/ A Q]k)
+ (Vw?-hu + wzillj ® wn+zx + wk ® wn-i-,u) ® (wn—i-u A Qj)‘

The first two coefficients on the right hand side of (6.26) can be substi-
tuted by (4.8). We compute the coefficient in the second line of (6.26).
By (4.8),

n B 20/
ij+“ =V (2—F iKY vk ) —v aﬂy”uﬂ
With the help of (4.4), (4.7), (5.2) and (6.24), we have
(6.27)

V< b ijy wk>

2 /
= B <%> Ffjky”y”’w"”@w + —F ]kw”+”®wk

ﬁ 3 :
+ o S Py e @ Wt — " (FL ) (FS ™) w™° @ '
+ %y” (dFlfL —F LAY - Flﬁ‘ﬂg@ ® wk,
and
(6.28)
/ AN /
v/ <2‘; Yyt J> — _; <2‘;> Yy W @ Wi — %;wnﬂb & w
(% (% «
,uF’Y vty ® wk _ 2_0/ oty ® B iand
v k]y Oéﬁy 7

20/ - 20/
+ @yWAgL@w” + @y wk®w
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Due to (4.7) (4.8) and (4.9),

/
Zi';j ® wn-i—l/ _ 552 ( vt y,u wn—l—u) ® w;z-i—u
(6.29) e 4 )
v Y
B Oéiﬁy Ay @w’ £ 2a2y (A“ka) ® W,
and
ntup B Y + n+p
50 —w @ wy, —ﬁijkvan v®wk
( . ) 20/ uk A 52 FM ; i
—i—@y Wi @w” — 22 Y(F g wy) ® W

To summarize the above computations, note that

e the sum of the last terms of (6.27), (6.29) and (6.30) is a multiple
of VAF by (6.23);

e the last term of (6.28) cancels with the second-last term of (6.30);

e the second-last term of (6.28) cancels with that of (6.29).

The above computation is for a general bundle construction. We now
examine the expressions for the Bryant—Salamon metric. It is more
convenient to consider the function s = ) M(y“)z, which is equivalent
to the distance square to the zero section on any compact region.

Lemma 6.3. Consider the n-form Q = w' A --- A w™ on each of
the Bryant—Salamon manifolds. There exists a constant K > 0 which
has the following property. Suppose that ¥ is a compact, oriented n-
dimensional submanifold of M such that s(p) < 1 and Q(T,X) > 0 for
any p € 3. Then,

IVxQ| < K+\/s(p)|X| for any X € T,M, and
1

— K (s(p) +5%(p)) < (trz,x VIQT,) < K8°(p) — =5(p)-

Proof. The coefficient functions « and § have explicit expressions,
(4.10), (4.11) and (4.12). The only property needed here is that «,
$ and their derivatives are uniformly bounded when s € [0,1]. The
estimate on Vx( follows directly from (4.8) and (6.22).

To estimate V2(2, consider (6.26), (6.27), (6.28), (6.29) and (6.30):

e The first coefficient 2-tensor on the right hand side of (6.26) is

non-positive definite, and is of order s when s(p) < 1.
e The second term on the right hand side of (6.26) carries w™# A
WtV AL
o As explalned in Appendix A.1, V4 F = 0. Thus, each term of the
third coefficient 2-tensor on the right hand 81de of (6.26) carries
at least one w"#-codirection.

Then, the lemma follows from (6.3) and (6.4). q.e.d.
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7. The stability of zero sections

Suppose ¥; is a mean curvature flow of n-dimensional compact sub-
manifolds in an ambient Riemannian manifold M and €2 is an n-form on
M. For any point p € ¥, let {e1,---,e,} be an orthonormal frame of
TY; near p and {e,41, - ,€ntm} be an orthonormal frame of the nor-
mal bundle of ¥; near p. In the following, the indexes i, j, k range from
1 to n, the indexes «, 3,7 range from n + 1 to n + m, and repeated in-
dexes are summed. Let haij = (Ve, e, eq) denote the coefficients of the
second fundamental form of ;. Here, V is the Levi-Civita connection
of the ambient manifold M.

We first recall the following proposition from [27, Proposition 3.1]

Proposition 7.1. Along the mean curvature flow ¢ in M, the func-
tion Q0 = Q(ey, - ,e,) satisfies

(7.1)
d
p” * Q=AY % Q—l—*Q(;hiik
-2 Z [Qaﬁ3---nha1khﬁ2k + Qa28.-nharkhgse + - -

a7/Bik

+ Ql...(n_z)aﬁha(n—l)khBNk]
= 2(Ve, D)(ear enhatk =+ = 2AVe,Qer,+  ea)hant

- Z [Qa2.-nRakkt + -+ + Q.(n—1)a Rakkn]
a,k

— (V2 e(er, -+ en),
where A*t denotes the time-dependent Laplacian on Yy,

Qaps..n = Qeaq, €p,€3, - ,€en) etc., and Ropr1 = R(eq, e, ex, €1) etc.
are the coefficients of the curvature operators of M.

When  is a parallel form in M, V) = 0, this recovers an important
formula in proving the long time existence result of the graphical mean
curvature flow in [26].

Remark 7.2. In [27], the frame {e;}}'_, is a geodesic frame at some
pE M, ie., Vezjei vanishes at p. Thus, the last term of (7.1) is

(vgk,ekg) (617 T 7671) - _(vekvekQ)(el7 e 7677,) + (VHQ)(ely e 7677,)7
at p € M. This is exactly the formula in [27, Proposition 3.1].
7.1. Proof of Theorem 1.3 for the Stenzel metric.

Proof. We deal with the Stenzel metric first. Let € be the constant
to be determined and ¥ be a compact submanifold of M that satisfies
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the assumption (1.1). Throughout the proof, K;,i =0,1,2,-- denotes
a positive constant that depends only on the dimension n. Denote by
Y; the mean curvature flow in M with X as the initial data.

We first prove the C? estimate. As in the proof of Theorem 5.2, let
1) be the distance square to the zero section with respect to the Stenzel
metric, or the square of the p coordinate. Its evolution equation along
the mean curvature flow ¥; reads (see the proof of Theorem C in [25])

(7.2) %1/) = A¥tq) — try, Hess ),

where try;, Hess ¢ is the trace of the Hessian of ¢ over ¥; and is always
non-negative by Theorem 5.2. By the maximum principle, the maximum
of ¢ on ¥ is non-increasing, and, thus, ¥; remains close to the zero
section along the flow.

Next, we derive the C! estimate which amounts to showing that *Q =
Q(T,%;) remains close to one. We claim that there exists a small enough
e € (0, 2) and a large enough Ky > 1, both depending only on the
dimension n, such that if the inequality *Q Koy > 1 — € holds on the
initial data, then it remains true on ¥; at any subsequent time as long
as the flow exists smoothly.

For the argument of contradiction, suppose %2 — Kp1 > 1 — € holds
initially, and %) — Kg©» = 1 — € for the first time at Tj. Our goal is to
apply equation (7.1) and the estimates in Section 6.2 to show that for
certain € and K,

d 1
(7.3) (5= Koy) > A% (+0 = Koy) + 5 (0 = Kov) A%,
where |A|? = Zwkhizk Therefore, the minimum of % — Kyt is

non-decreasing in the interval [0,7)) and *Q — Kyt is, indeed, strictly
greater than 1 — € at Tj.
By (7.1) and (7.2), the evolution equation of *Q — Ky is:

(7.4)
v~ Kou) — A% (5 — Kop)

dt
thk Z [ ap3-nhaikhpor + Qap.nhaikhpse + -
Oé,’L,k) QB,

+ Ql...(n_z)aﬁha(n—l)khﬁnk}
2(Ve, ) (€as s en)hatr — - — 2(Ve, Q)(er, - s ea)hank

- Z [Qaz-nRakkt + -+ + Qe n1)a Rakkn]

- (ng,ekg)(ely < yepn) + Kotry, Hess .
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We aim at using the first and last term on the right hand side of (7.4)
to control the rest of the terms. At any p € X4, T, and (7,%)+ have
the following orthonormal bases constructed in Section 6.1:

{ej = cosbjuj +sinbjv;} and {e,q; = —sinbju; + cosOjv;},
respectively. Recall that {u;,v;}j=1,..n, is an orthonormal basis for
T,M such that w'(vj) = w"(u;) = 0 for any i,j, and [w'(u;)];; and
[w"(v;)];.; are both n x n orthogonal matrices. As in (6.2), set s to be
max;{|sin6;|}.

It follows from *Q — Kgip > 1 — ¢ that ¢ = p? < ¢/Ky < 1. In
what follows, the point p is always assumed to be at distance less than
1 from the zero section. It also follows from *Q — Kgy > 1 — € that
#Q = Qe1, - ,en) = [[j_;cos6; > 1 —e. Hence, cosfj > 1—¢€ > 1

and sin?0; < 2¢ for any j € {1,...,n}, and s < %3,
We now analyze the terms on the right hand side of (7.4)
(i) By (5.1) and Lemma 2.1, Hess ¢ > 2= Y% (p? 0/ @ w! + ™ @
w™t7) for some constant K7 > 0. Since

1
cos 0 >§ and Ezlsm 0, >max{sm 0;} = s,
g

(7.5) try, Hessw> Zcos 0, +Zsm 6;) ( p* 4 5%).

(ii) With the second line of (6.4) and the Cauchy-Schwarz inequality,
1Q0p3.-nhatkhsar| < 52A[%
Thus,

2 Z (Qaﬁ3---nha1khﬁ2k + -+ Ql~~~(n—2)a5ha(n—l)khﬁnk) < K2 52"’4‘27
a,B.k

for some constant Ko > 0.
(iii) Due to the first assertion of Lemma 6.1,

2|(vekQ)(eay ce aen)halk + -+ (vekQ)(€1, cet 7ea)homk‘
1
< KaplA| < K3p* + | AP,

for some constant K3 > 0.
(iv) According to the curvature computation in Section 2.2.1, the Rie-
mann curvature tensor of the Stenzel metric satisfies

R(uiavjuvkavl) =0= R('Ui,Uj,Uk,Ul),
for any 4, j,k,l € {1,...,n}. It follows that
(7.6) |R(en+tj, ek, er,€)| < Ka(|sinb;| + |sinby| + |sinb;|) < 3Kyus,
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for some constant K4 > 0. This together with the first line of (6.4)
implies that

Z(Qa2---nRakk1 +- Ql---(n—l)aRakkn) < 3’1’L2K452.
a,k

(v) By Lemma 6.1, there exists a constant K5 > 0 such that

— Z(vgmm(el, ey > — K582,
k=1

It follows that the right hand side of (7.4) is greater than

Ky 1
QAP 4 22 (0" 4 5%) = Kos® A = Kip?

1
- Z|A|2 - (3n2K4 + K5)52.

It is clear that by taking € to be sufficiently small and K, to be suffi-
ciently large, the expression is greater than 1xQ[A|? > 3 (+Q—Kov)|A|*.
This proves the differential inequality (7.3).

Finally, we prove the C? estimate, which amounts to bounding the
norm of the second fundamental form from above. The evolution equa-
tion for the norm of the second fundamental form for a mean curvature
flow in a general Riemannian manifold is derived in [24, Proposition
7.1]. In particular, [A]* = 37 b2, satisfies the following equation
along the flow:

d

M = AT AP = 2V AP + 2[(Ve, R)aijk + (Ve; R)aki]hos
— 4Ryjkhaikhaij + 8Ragjkhgikhaij
— 4Rk haijhai; + 2Rakgihgijhaij

+2 Z (Z ik hymt — hamihoir)?

a,y,i,m k

+2 > O haijhame).

i7j7m7k a

(7.7)

In particular, we have
d
&|«4|2 < APAP = 2| VAP + Kol A|* + K7 | AP + K| Al
1 1
< ABAP = 2[VEAP 4 Kol Al + (K7 + 5 Ke) | AP + S K,

where Kg, K7 and Kg are positive constant that only depend on the
geometry of M. Combining this with equation (7.4) and applying the
method in [26, p. 540-542] yield the boundedness of the second fun-
damental form. The term Kg|A|* on the right hand side, which can
potentially lead to the finite time blow-up of |A|?, is countered by the
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term §(+Q — Kot)|A|*> on the right hand side of (7.3). Standard es-
timates for second order quasilinear parabolic system imply all higher
derivatives are bounded, and we conclude the smooth convergence as
t — oo. In fact, in this case the smooth convergence can be proved
directly by considering the derivatives of the second fundamental form.
It follows from (7.5) and (7.2) that |y, converges exponentially to zero.
Similarly, it follows from (7.3) that (1 —*Q+ Kg)|s, converges to zero,
and, thus, %2 converges to 1. q.e.d.

7.2. Proof of Theorem 1.3 for the other cases. The proofs for
the Calabi metric and the Bryant—Salamon metric are almost the same
as above. We just highlight where it needs to be modified. For the
Calabi metric, the function 1 is taken to be the distance square to the
zero section, (f; /cosh(2u)du)?. For the Bryant-Salamon metric, the
function 1) is taken to be s = Zu(y”)2.

First of all, due to Theorem 5.3 and 5.5, the CY estimate follows from
the same argument. Moreover, as can be seen in their proofs, there
exists a constant Kg > 0 such that

1
Hess () > — (¢ + 5%)
Ky
provided 1 < 1. This is item (i) in the proof of the C' estimate. For
the rest of the items,

e one simply has to replace Lemma 6.1 by Lemma 6.2 and 6.3, re-
spectively;

e according to the curvature computation in Section 3.1.4 and Ap-
pendix A.2, their Riemann curvatures also admit the property
that

R(H,V,V,V) =0= RV, H,H,H).

For C? and all higher derivative estimates, the argument is completely
the same.

Appendix A. The curvature of Bryant—Salamon manifolds

This appendix is a brief summary on the curvature properties of the
Bryant—Salamon manifolds. For these bundle manifolds, the isometry
group of the base acts transitively, and the action lifts to the total
space of the vector bundle isometrically. Hence, it suffices to examine
the curvature at a particular fiber.

Fix a point p in the base, and let w’ be a geodesic frame at p. Thus, at
p, the Levi-Civita connection forms of the base metric vanish, w?|, = 0.
Since the bundle is either the spinor bundle or the bundle of anti-self-
dual 2-forms, {w’} induces an orthonormal trivialization {s,} of the
bundle by representation theory. In other words, the bundle connection
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AY is a linear combination of g{ , and also vanishes at p. It follows that
(dwi)lp = R}y and (dAD)|, = F'|,.

A.1. The bundle curvature of the connection. In order to use
(4.7), (4.8) and (4.9) to compute the curvature of (4.3) over the fiber at
p, we also need to know the exterior derivative of F*', e They are locally
defined functions on the base. Since the metric here is the round metric
or the Fubini-Study metric, these locally defined functions are actually
locally constants. The readers are directed to [1] for the detail of the
curvature computation. We simply write down the answer.

For S(5%),

0 _gzg g13 _gm

(A-l) F:E gzjs 012 gu gii
P ) 0 w ’

g12 _g13 _£23 0

where 0% means @’ Aw’. This matrix is understood as an endomorphism-

valued 2-form with respect to the trivialization {s, }. The components of

the curvature can be read off from the matrix. For instance, F 3 = k/2.
For A% (S*) and A2 (CP?),

0 Sl 2 18 2
(A.2) F=r | wi_w? 0 —w12 3
13 2 12,34 0
For S_(S%),
0 W2 B3t I3 20 23
| —w!? 4 w3 0 R U RS C B
A3) F=Z2 |79,"¢ @ e W e
(A.3) 9 |l — w2t Wl 2 0 —12 3
Sl 2 18 2 12 3 0

By (6.23), it is clear that V4 F vanishes at p. Since the argument
applies to any p € B, VAo F = 0.

A.2. The Riemann curvature tensor of the bundle metric. We
are now ready to compute the curvature of Bryant—Salamon metric (4.3)
over the fiber at p. The notation |, is abused to indicate the restriction to
the fiber at p in the following calculations. The Levi-Civita connection
of (4.3) is discussed in Section 4.

By (4.7), (4.6), (4.13) and (4.15),

. . e
(dw))[p = R — 7nyﬁijF5kzyyw Aw

1
+ 2—2Flf‘” WY A WTH
o
232

+ +
- g(m + ko) By y T W AW,
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2
kil — B pw + n +
(—wi Awp)lp = 4a4Fyikyuwn M/\F«,jkvan 7,
4 2 ) ) 2
(—w ™ Aw n+,u)‘ —%m%swl/\uﬂ 454 Y W Fy? wF AWl

Thus, by (1.6), we have

1 4B 5
Ry = S5 fim = 3 — 18 (9jk0u = 8j100x)
(A4) B2
v I v
4ot Yy 2 Fy + E le FWlFW’f) ’

1 o 2 2 vV Y7 ni4

(A.5) Rjitnap)(ntv) = a2 i+ 047(/{1 + r2)(y Y~y F'”])
. /82
4 4 (F*lylsz;]k - F’YZkFUJk)

In the above expression, R, = R(e;,¢;,¢ex,¢€;) is the Riemann curva-
ture tensor of (B, g), where {e;} is the dual frame of {w?}.
For the curvature component 9%;””‘

2 1 .
(dw!™)|, = —3M WP A W+ 502 Ffw WA W

2 .
+ %“1(%1 + ro)y'y? WY AW’
2

— g(m + /fg)F“wy Y’ WA W

. 2 .
(] A, = Do Bty n

,82
v ol nlti n, ntv i
4 Tty E yt 0T AW
432 432
(= Awpth)lp = ol Kikesw"TH A w' — aimfﬂy Y’ WY AW

B2 ;
+ gmgFﬁijyvy” WY AW,

and then R, ,)in4v); 18

p 452 " g v
— @Hl o ——K1K2S8 5uy5ij + %0 2szz] + —Hly Yy 5ij
(A.6) ﬁz ﬁz
For the curvature component SRn Ty
. . 4
(dw:;ifjﬂ = —Flf‘” W' Aw! + Ko WA WY
@

2

3 o
+ g/ﬁg( YEY Y EN YT W AW
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2
o ?’{2(’%1 + /{2)y'y wn-}—'y A (yu wn-i—u _ yu wn-i—u)’
2
n—i—u/\wn—i_u)‘]ﬂ = @waV Y ]ky w /\wj
/82 . .
- "4’17( VF*‘;lz] - quPIy/U)yﬂy w’ /\wjy
n+ n+ 52 n—+v n+
o AN Wnth)l —a—nz(sw Aw"TH

— Py WY A W — gyt A wnﬂ),

and, thus, R4y (n-+v)(nt)(ntn) 18
(A.7)

(1]

4 432
<2"f2 T oA "133) (0 Ouy — OymOury)
4p° vy v, T oY
+ ?@(2/41 + K2) (Y Y 0 — Y Y 00y + YY" 00y — yHY Op).
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