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ON THE MICROLOCAL ANALYSIS OF THE
GEODESIC X-RAY TRANSFORM WITH CONJUGATE
POINTS

SEAN HOLMAN & GUNTHER UHLMANN

Abstract

We study the microlocal properties of the geodesic X-ray trans-
form & on a manifold with boundary allowing the presence of
conjugate points. Assuming that there are no self-intersecting
geodesics and all conjugate pairs are nonsingular we show that
the normal operator N' = X% o X can be decomposed as the sum
of a pseudodifferential operator of order —1 and a sum of Fourier
integral operators. We also apply this decomposition to prove in-
version of X" is only mildly ill-posed when all conjugate points are
of order 1, and a certain graph condition is satisfied, in dimension
three or higher.

1. Introduction

Our object of study in this paper will be the geodesic X-ray trans-
form defined on a Riemannian manifold (M, g) with boundary. Loosely
speaking, the geodesic X-ray transform, which we denote in the present
work by X', is the operator which takes a function defined on M to its
integrals along all geodesics of (M, g). The Euclidean version of this
problem provides the mathematical basis for X-ray computerised to-
mography, and has a long history going back at least to the well known
work of Radon [22]. Slightly before Radon, Funk also found an in-
version formula for the case of symmetric functions on the two-sphere
[5]. Study of the general non-Euclidean case began in earnest, to the
author’s knowledge, with Mukhometov [14] in relation to the bound-
ary rigidity problem which is the problem of determining a Riemannian
metric from knowledge of its distance function restricted to the bound-
ary. The boundary rigidity problem arises in seismology when we take
the so-called “travel-time metric” for seismic waves, and consider that
we can measure the amount of time it takes for a seismic wave to travel
from a source to a receiver location. Indeed, the geodesic X-ray trans-
form of a tensor field arises as a linearization of travel time tomography
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[28]. Other applications of the geodesic X-ray transform include ul-
trasound transmission tomography [17] and optical tomography with a
variable index of refraction [12]. It has also been shown that injectivity
of the geodesic X-ray transform can imply identifiability results for the
anisotropic Calderén’s problem in some special cases [3].

Most existing results on the geodesic X-ray transform for manifolds
with boundary concern simple manifolds. A simple manifold (M, g) is
one for which the exponential map centered at any point is a diffeomor-
phism onto M, and OM is strictly convex. Using the energy integral
method originally introduced by Mukhometov [14], it can be shown that
the geodesic X-ray transform is injective, and stability estimates for the
inversion can be obtained, under hypotheses on the sectional curvature
which imply that (M, g) is simple (see [23]). It has also been known for
some time that the normal operator

N=X"oXx

is an elliptic pseudodifferential operator of order —1 when (M, g) is a
simple manifold [9]. The transpose X’ must be defined by placing an
appropriate measure on the space of geodesics. An explicit Fredholm
type formula which can be inverted by a Neumann series in the case of
a simple manifold was found in the two dimensional case in [20]. The
geodesic X-ray transform acting on tensor fields has also been studied
extensively almost completely in the case of simple manifolds. See [19]
and the references therein for a survey of recent progress, and also a
listing of current open problems. See [18] for the most general existing
results on tensor tomography for simple surfaces.

There are few results for non-simple manifolds and most of those that
exist are relatively recent. By applying analytic microlocal analysis in-
jectivity of X can be proven in some non-simple cases [4, 26]. One of
the most general results to date for dimension three or higher was es-
tablished using the scattering calculus and a layer stripping argument
[29], and applies in some non-simple cases. It is difficult, however, to
connect the hypotheses in [29] to other more geometric assumptions on
(M,g). Recent work using tools from dynamical systems also shows
that X, possibly acting on tensors, is injective for manifolds with hy-
perbolic trapped sets, although not including any conjugate points [6].
Similar results for the transform of a connection are shown in [7]. In
the two dimensional case injectivity of the geodesic X-ray transform
was established for some non-simple cases including conjugate points in
[24], although this injectivity should be held in contrast to other recent
work showing that when there are conjugate points present in two di-
mensions it is not possible to establish a stability estimate for inversion
of the geodesic X-ray transform between any Sobolev spaces [13]. Some
results for the tensor problem on a non-simple manifold have also been
found in [2].
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In general, the normal operator A is not a pseudodifferential operator
when (M, g) is not simple. The authors of [27] show that in the case of
fold caustics an appropriately localised version of the normal operator is
the sum of a pseudodifferential operator and a Fourier integral operator.
This result is very much in the same spirit as the results of the current
paper, although here we lessen the restriction to fold caustics. In [13]
the restriction to fold caustics is also removed although only in the case
of two dimensions. In fact, the method of [13] is similar to the current
paper, but here we have analysed the geometry of conjugate points in
more detail in order to reach a more general conclusion.

This paper contains two main results. The first is Theorem 4 which
shows that when there are no singular conjugate points the normal
operator N can be decomposed as an elliptic pseudodifferential operator
of order —1 plus a sum of Fourier integral operators (FIOs). Each FIO
corresponds with conjugate pairs of a given order, and the order of the
FIO depends on the dimension of M and the order of the conjugate
points. The canonical relation of each FIO depends on the geometry of
the conjugate pairs. The theorem is actually a bit more general than
this, allowing for a weight to be included in X. The second result is
Theorem 5 which concerns the use of the decomposition in Theorem 4
to obtain stability estimates for inversion of X'. While results similar to
Theorem 5 have been shown before, for example, see Section 9 in [27],
we are not aware of this exact form which we have included because it
matches with hypotheses in previous literature on the convergence of
Tikhonov regularisation. This is described in more detail in a remark
after the statement of the theorem.

2. Preliminaries

In this section, we introduce the notation which will be used through-
out the paper, a few important definitions, and some preliminary lem-
mas we will use later. Throughout the paper we make the following
assumption on (M, g).

Assumption 1. (M,g) is an n dimensional compact, non-trapping
Riemannian manifold with smooth strictly convex boundary and with
n > 2.

Here non-trapping means that all geodesics starting within M meet
OM in finite time in both directions.

The interior of M will be M™ = M \ M. The unit sphere bundle
for M (resp. M™) will be SM (resp. SM™). We will use 7 for
the projection mapping 7 : SM — M, and igy; for the inclusion map
isy 2 SM — TM. Further, we will use the same notation for 7|gpint
and igps|gpsint (this should not cause any confusion). We will also have
occasion to require other bundle projection mappings, and these will
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always be denoted by 7 with different subscripts indicating the bundle.
For example, for the projection from T*SM®™ (this is the cotangent
bundle of SM™) to SM™ we will write Tp«gpyint.

In referring to points of vector bundles a timeless question is whether
the notation should include the base point. For example, when indicat-
ing points in the tangent bundle 7'M should one use (z,v) € TM or
just v € TM? We do not fully commit ourselves to either choice, but
stipulate that when we write (z,v) € T'M this is actually a short hand
for v € TM and x = 7pp(v). The same holds for points in other vector
bundles.

At the boundary M, the outward pointing unit normal vector will
be v, and the set of inward or outward pointing unit vectors will be

0+SM = {(z,v) € SM : z € IM, +(v,vy) > 0}.

Note that _SM is the set of inward pointing vectors, and 01 .SM is
the set of outward pointing vectors.

For v € TM we write =, for the maximally extended geodesic with
initial data 4, (0) = v. The reader should specifically note here that we
consider 4,(0) to be a point in TM, and so, loosely speaking, this initial
condition is including both the initial position and tangent vector of the
geodesic.

We define two functions 74 initially on SM™ by the formulas

Yo(T£(v)) € OM,

7+(v) > 0, and 7_(v) < 0. These give the backward and forward
“time to the boundary.” Since the boundary is strictly convex 74 €
C>(SM™t), although 74 are not smooth up to the boundary [23].
Nonetheless 74+ extend to smooth functions on SM \ TOM, and, thus,
we have 71 € C®(SM \ TOM).

We will make much use of the smooth mappings F : SM™ — 0_SM
defined by

F(v) = 4o(1-(v)),

and U : D = {(v,5) € SM™ xR :7_(v) < s < 1.(v)} - SM™
defined by

(1) U(v,s) = Yu(s).

The mapping V is the geodesic flow in the unit sphere bundle, and F
takes v € SM to the unique w € d_SM such that the tangent vector
to the geodesic with initial data w equals v at some point along the
geodesic. We will also write W for the geodesic flow on T'M.

On M we have the Riemannian density which we write as |dvy|. Fur-
ther, g induces Liouville densities on SM and dSM which we will write
as |[dSM| and |dOSM| respectively. With these notations the Santald
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formula (see [23]) is

(2)
T4 (w)
M@Mﬂﬂwz—/ / W (5)) (w, vs) ds [dOSM (w),
SM o_SM JO

which holds for h € C(SM). In view of this formula we use |du| =
—(w,vy) |[dOSM]| as the density on 0_SM.
When dealing with FIOs we need to use half densities, and so we

will write Q}V/Iz for the half density bundle on M. The same subscript

notation will be used for half densities on other manifolds such as Qé{ 23 M

for the half densities on d_SM. We will also consider function spaces of

1/2
QMint

of sections of Q}\f which are smooth with compact support contained
inside of M. We now define the main object of our study, the geodesic
X-ray transform, acting on half densities.

sections of half-densities writing, for example, C2°( ) for the space

Definition 1. (Geodesic X-ray transform on half densities)

The geodesic X-ray transform on (M, g) is defined for f € C° (Q}V/ﬁm)
as a half density on _SM by the formula

7+ (v)
XUW0=<A mé@ﬁwwnm)mmmW?

1/2
Mint
In fact, X is an FIO and can be extended to distributions &’ (Ql/ 2

Mint)
and various other spaces (including LZ(Q}V/[ZZM)).

Central tools for our analysis will be the push-forward and pull-back
of half densities which we now define.

It can be shown that X : C°(Q5..) — C (ng 23 ) continuously.

[

Definition 2. (Push-forward and pull-back of half densities)
Let X and Y be two manifolds of dimensions nx and ny, and let G :
X — Y be a smooth submersion. Also, suppose we are given half
densities |dux|"/? and |duy|"? on X and Y. The push-forward G, :

(/%) = C2(03/%) and pull-back G* : C°(/?) — C>=(QY/?) are
defined by the requirement that

h
40 G0 = [ (6w a2 5@

=/wWMﬂm
X

for all f € C(QY?) and h € C(Qy/?).

It can be seen directly from this definition that the pull-back and
push-forward are adjoints of one another. Intuitively the pull-back is
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the precomposition with G, while the push-forward is an integration
over the level sets of G.

Indeed, let us consider the push-forward and pull-back by the map
F : SM™ — 9_SM introduced above using the half-densities corre-
sponding to the densities |[dSM| and |du| also introduced above. Using
Santald’s formula (2) we find that

w w) = LU )2 f(u
ZQMM)MW> mewwxmmerfm

_ h f
- /SM \dpa|1/2 (F(v)) W(v) |dSM (v)]

74 (w) f ‘
- /aSM </0 W(’m(s» dg)

7z e) ldu(u)

T4 (w) f _
L[ s

[dp(w)['/? h(w).

From this we have explicit formulae

T4 (w)
® .mmw=<A MJ%QM@DmyMWW@

and

(4) F[h](v) = W}TI/Q(F(U)) |dSM (v)['/2.

Similar analysis, not requiring the Santalé formula, may be applied to
T SM™ — M to find that

w0 = ([ oot ) s lau (@),

o [dSM|Y/2
and h
* _ 1/2
7 [h](v) = W(”(”)) |ASM (v)]| /2,

Using these formulae and the observation above that the adjoint of a
pull-back is a push-forward, we find that the geodesic X-ray transform
and its adjoint may be written as

X=F,or* and X'=m,0F*.
The normal operator is, thus,
N =m.,0F*ocF,or".
This will be the jumping off point for our analysis of N as an FIO.



MICROLOCAL ANALYSIS OF THE GEODESIC X-RAY TRANSFORM 465

We actually generalise by adding a weight. Given ¢ € C*°(SM) we
will write ¢™ for the operator which multiplies by ¢, and define

Xy =F,o09"o

This is the weighted geodesic X-ray transform, and since it requires little
extra effort to prove our results for Xy we will do so.

We will now show that it is generally true that the push-forward and
pull-back by a submersion are both FIOs. This is certainly a known
result going back to at least [8], but we provide it here for completeness,
and so that we have it in precisely the form required for the rest of the
current paper.

Lemma 1. Suppose we are in the setting of Definition 2. Then the
pull-back G, and the push-forward G* are both FIOs of order (ny —
nx)/4 with non-vanishing principal symbol. The canonical relation of
Gy is

Ca. ={(& DGIL &) : we X, €€ Te,y Y\ {0}},
while the canonical relation of G* is
Ca- = {(DGI, €,€) : w€ X, € € TgyY \{0}}.

Proof. Let Kg, be the Schwarz kernel of G,. From Definition 2, for
any f € CSO(Q}XQ) and h € C(‘:X’(Qi,m) we have

Koo ) = [ e 66) ol ) ),

|dpx
Suppose now that the support of f and the support of i are contained in
the domains of single coordinate charts ¢ : X — R"X and ¢ : Y — R"Y
respectively, that
G=¢oGop ' :R™ 5 R™
is the representation of G in these coordinates, that
J(z) |dz| = ¢«(|dpx])

is the representation of the relevant density in the coordinates on X,
and that

o i = o h
f(:c)—w(cb (@), h(y)—w

Then using the Fourier inversion formula
(5)
(Ka.ho f)= [ WG@) fla) Jw) da

1

= & C@-DTy(y) F(z) J(z) dy dE da.
(2m) /Rn,,anyanX (y) f(z) J(z) dy d¢

(@' ().
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Untwining the definitions we can see that this is a local representation
of the Schwartz kernel of an FIO of order (ny — nx)/4. From the
phase of the local representation (5) we can further see that the claimed
canonical relations are correct. Note that since DG|, is a surjective
map at every v, DG[! is injective and so, in fact, Cg+ and Cg, are
canonical relations. Finally, from the local representation (5) we see
that the principal symbol is equal to J(z) multiplied by an appropriate
non-vanishing half density, and so the principal symbol also does not
vanish. q.e.d.

Since the dimensions of M, 9_SM and SM are n, 2n — 2, and 2n — 1
respectively, Lemma 1 shows, in particular, that

F. e TV40_SM x SM, C; QY% cu)s F* €T V4(SM
1/2
x 0-SM, Clp-; Qa/,SstM)a

7o € UM % SM, CL; QY2 o), and 7 € T/ (SM x M,
1/2
7,r*; QS/MXM)'
Here, and in the rest of the paper, we use the notation of [10] for FIOs.

In this notation Z™(X x Y, C; Q%iy) refers to an operator mapping

sections of Qi,/ % to sections of Q¥2 whose Schwarz kernel is a Fourier
integral of order m with Lagrangian given by the twisted canonical
relation C’. The bulk of the remaining analysis on the normal operator
N will be to show how the clean composition calculus may be applied to
analyse the compositions of these operators. We do differ slightly from
[10] in some of the later analysis (Theorems 2 and 4) in that we allow C
to be merely a local canonical relation (i.e., it can be immersed rather
than embedded). Before moving to the analysis of the compositions, we
review some more preliminary material.

The canonical symplectic form on T*M will be denoted w, and the
corresponding one on 7'M induced by g denoted by w,. Specifically, if
by : TM int _ T*M™ is the musical isomorphism given by g then wy is
defined by

wg(X,Y) = w(Dby X, DbyY),
for any X and Y in T(T'M™*). This symplectic form then induces an
isomorphism by, from T(TM™") to T*(T'M™) at each point defined by

Doy (XY) = we (X, Y) i= ixw, (Y),

for all X and Y in T(TM™) (here iy is interior multiplication by X
which is defined by the previous formula). We denote the inverse of this
map in the usual way by f., .

The geodesic flow on T'M is given by the Hamiltonian

H(v) = 1/2(|lv]l; — 1) € C*(TM).
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Thus, we have for v € TM int the following invariant formula for 4, (0) €
T(TMznt)

F0(0) = X3 (v),
where X;JIQ (v) is the Hamiltonian vector field given by H with respect
to the symplectic form w, evaluated at v. Since SM is a level surface
for H, in fact, X}/ (v) € TSM™ and we see that 4, (0) defines a smooth

vector field on SM™. We record these observations as a lemma which
will be useful later.

Lemma 2. The smooth vector field ng on T M restricts to a smooth
vector field on SM™ and for each v € SM™

3(0) = X (v).

3. Characterisation of N/

In this section, we reach the main result of the paper, which is a
characterisation of NV, as a sum of Fourier integral operators. To do
this we use the decomposition described in the previous section

(6) Ny=meo0p™oF oF,0¢™on™.
Our first result in this direction is the following theorem.

Theorem 1. Define

Ny = F* o F,.
Then Ngy € T-1/2 (SM’” X SM™, Chars QéﬁmthMmt) where

Ongyy = { (DF|L¢, DF[LE) : v, © € SM™, F(v) = F(p),
§ € Tiyd-SM }.
Furthermore, the principal symbol of Nsyr does not vanish.

Remark 1. It is worthwhile to note that, while we are using the
abstract FIO composition calculus to analyze the operators in this the-
orem, in fact, it is not hard at all to find an explicit formula for Ngy;.
Indeed, using (3) and (4) we can see that

T+(v)
Nsultlo) = [ !

¥) W(%(s)) ds [dSM|Y/2.

Proof. The proof will be an application of the clean composition cal-
culus for FIOs. There is an adjustment required since F'* is not properly
supported. However, using the fact that

o 1/2 0o 1/2
Fr: O ) = O i),
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continuously and F* : C¢° (Qé{ 2S Apint) COO(le/Az/[m) there is no issue
defining the composition of the two operators, and we may localize and
reduce to the case of a composition of two properly supported FIOs.
Therefore, the proof is reduced to analysis of the canonical relations.

Using Lemma 1, it is straightforward to see that
CNSI\/I = Cp+ o CF,,

where Cyy,, is defined in the statement of Theorem 1, and so if we can
show that this composition is clean the proof will be almost complete.
To show the composition is clean we must show:

(i) The intersection
(7)  C=(Cp« xCp)N(T*SM™ x A(T*0_SM) x T*SM™)

is clean in the sense that C' is an embedded submanifold, and at
every point ¢ € C the tangent space T.C'is equal to the intersection
of the tangent spaces of the two manifolds being intersected.
(i) The projection map 7¢ : C — T*SM™ x T*SM™ is proper.
(ili) For every ¢ € T*SM™ x T*SM™, 7' (¢) is connected.
Note that point (iii) is added to ensure that Cys,, does not self-intersect.
If we are willing to allow local canonical relations, then point (iii) is not
important. In the present case, point (iii) holds, but in some of the later
results this is no longer true.

In any case, to begin we note that since DF|, is surjective for every
v, DF|! is injective for every v. This implies that ¢ is injective, and
so point (iii) is immediate and assuming the other points are proven the
excess is zero. Since the principal symbols of each of the two operators
is not vanishing this will also show that the principal symbol of the
composition is not vanishing, and so, in fact, all that remains is to
demonstrate points (i) and (ii) hold.

To begin proving point (i) we first observe that #,(0) is in the kernel
of DF|, for all v € SM™ and since DF|, is surjective by a dimension
count the full kernel of DF|, is the span of 4,(0). By Lemma 2 the
range of DF|! is, thus,

{0 e T;SM™ : 6(X;7(v)) =0}.

Letting v vary, and using the non-trapping assumption on (M, g), we
find that the range of the map

G:{(&s)eT*0_SM xR : 0<s <1 (rpesn(&)} — T*SM™

defined by
G(&,5) = DF|:

Voo g 21(6) (8)

§

is precisely the set

(8) {6 € T*SM™ : 0(X} (mr-sm(0))) =0} .
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Again by Lemma 2 the map
T*SMmt 50— 0 (X;)[g(WT*SM(H)))

is a smooth submersion and so the set (8), as the zero level set of
a smooth submersion, is a closed embedded submanifold of T*SM™.
Further, the map G is a diffeomorphism onto that set as can be shown
using the inverse function theorem. We will write the inverse of G
composed with projections onto the £ and s components as Ggl and
G7 ! respectively
Now note that C' can be parametrized by a mapping
Pc :Dp, ={(&§,5,5) € T*"O_SM xR xR : 0<s,5<1(mr=sm(§))}
—C

defined by
Pe(&,5,5) = (DFY!

Vrge s (©)

(6.6,6 DF|! §).

Vg gap 6 (B)

We initially have directly from its construction that Po is an injective
immersion into Range(G) x T*0_SM x T*0_SM x Range(G), and to
show that it is a smooth embedding it only remains to show that the
inverse is continuous. To see the inverse P ! is continuous we note that
it is the restriction to C' of the map

ngt,—l : Range(G) X T*O_SM x T*0_SM x Range(G) - DPC
defined by

ngt7_1(A1,A2,A3,A4) - (GE_I(Al)v G (A, G;I(A4))'

-1

. . . . . . ext : :
Since G is a diffeomorphism, in particular, P,  is continuous, and so

is Py L Thus, Pp is a smooth embedding and C is a 4n — 2 dimensional
embedded submanifold.

To check that the intersection is clean note that, similar to C, Cpx X
CF, can be parametrized by a related mapping

PoyoxCr. : Deoyovcy, = {(6:€,5,5) € T"0_SM x T*0_SM x R xR ;

0<s<tp(mresm(§), 0<35< T+(7TT*SM(£))}
— T*SM™ x T*0_SM x T*0_SM x T*SM"™
defined by

Vrge sar(©)

PC'F* xCp, (675737§) = <DF’t (3)676757 DF‘f'yﬂT*SM(é)(L%)g) .

Suppose that ¢g € C. Then any tangent vector X € T;,(Cp+ x CF,)
comes from a smooth curve

R > a0 (¢).60),s(@),5(a)
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such that Po,. xcp, (5(0),5(0), 5(0), 5(0)) = ¢o via

d

X= 3ol Poronen, (60,605, 5(0))

This tangent vector X is also in T, (T*SM™ x A(T*0_SM)xT*SM™*)
if and only if

d d ~

da| @)= g5 )
Thus, expressed in any local coordinate system ¢ and € agree to first
order at o = 0, and so, in fact,

X= 21 Popcn (60 E0),5(0), 5(0)
d
da

= 21 (e s(a), 3()).

da|,_g

Therefore, X € T,,C, and the intersection is clean. Thus, point (i) is
proven and all that remains is point (ii).

For point (ii) we note that if K € T*SM™ x T*SM™? is a compact
set, then for some constant € > 0 we have that

Kel:= {(e,é) € T*SM™ x T*SM™t .

a=0

diSt(ﬂ' O T g pfint (0), (9M) Z €, dlSt(ﬂ' O Tpx g pfint (0), 8M) Z €,
(I6lly + 1181) < €7},

where L is compact. Now, because the boundary of M is strictly convex
there exists € > 0 such that for (0,6) € L

(F(mpesarine(0)),v4)g < =€ (F(mpegpine(0)),v4)g < —€,

T (mpegapint(0)), T4 (e gapine (0)) > €

T (Tpegppint (0)), T—(Tpegppime(6)) < —
Therefore, there exists M such that
Pot(ng (L) € {(€,5,3) € Dpy = (mreo_sm(€),v4)g < =,
€<s, 8§ <7i(mrea_sm(§)) — €,
|€llg < M}
This last set is compact and since P! (75" (K)) € P! (75" (L)) we have
that P, l(wal(K )) is a closed subset of a compact set, and, therefore,

is compact itself. Since P is a diffeomorphism this implies that w¢ is
a proper map and, thus, completes the proof. q.e.d.
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Now let x € C®(SM™ x SM™). We will eventually need to cut up
the operator Ngys using such functions. Indeed, by the notation xNgas
we mean the operator whose Schwartz kernel is given by x K s,, where
Ky, is the Schwartz kernel of Ngys. With this in mind, for the next
step we consider compositions of the form

(xNsnr) o™,
As we will see in the next theorem this is still a Fourier integral operator.
Theorem 2. Define
L, = (xNsm)om™.

Then L, € Z~HD/A(SM™ x M, C ; le/]\imem) where
(9)

Cr, = {(DF|¢,7) € T*SM™ x T*M™ : ve SM™, 35 SM™
such that 7(9) = w0 (), F(v) = F(0), DF|L¢ = Drlti}.

Furthermore, the principal symbol of Ly only vanishes at points (DF lLg,
1) for which, when v satisfies the requirement in (9), x(v,?v) = 0.

Remark 2. As with Mgy we can easily find an explicit form for the
action of L, which is

T+(v) f

LyfI(v) = / N (5))

) W(%(S)) ds |dSM|1/2-

Proof. Composing the canonical relation for 7* given by Lemma 1
with that for Mgy given in Theorem 1 we obtain Cr  given in (9).
If, as in the proof of Theorem 1, we show that the composition of the
canonical relations is clean then this will complete the proof as before.

We refer to points (i)—(iii) given in the proof of Theorem 1, and again
show that they hold in the present case in which equation (7) is replaced
by

C = (Cngy X Coe) N (T*SM™ x A(T*SM) x T*M™).
First, similar to the previous proof, Dr|! is injective for all v, and so ¢
is locally injective. It is possible here for global injectivity of m¢ to fail
in which case C'r, is only a local canonical relation, but still the excess
is e = 0 assuming (i) and (ii) hold. The statement concerning vanishing
of the principal symbol will follow from the clean composition calculus
as well, and so all that remains is to establish (i) and (ii).

To begin proving the other parts we introduce a sub-bundle V' of
T*SM with fibres over each point v € SM defined by

V, = Range(Drl’,).
For every v, Dr|! is a linear isomorphism from T:(U)M to V,, and we
denote the inverse by (Dr|)~!: V, — T7yM. When these maps for
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each fibre are combined together the result is a bundle mapping which
we will write as D=t : V — T*M. In order to parametrize C we
introduce an embedded submanifold O of V' defined by

(10) o= {g eV : Dri¢(my(0)) = o}.

Using the same mapping G as in the proof of Theorem 1, let us now
show that O = Range(G) NV. Indeed, if ( € V, then

(X3 (mv(Q))) = Dr*¢(Dr X (mv(€))
= D7 ¢ (Y (0)(0))
= Dn~ tC(ﬂ'V )
Since ¢ € Range(G) if and only if C( 7 (mv(¢))) = 0, this proves the
claim that O = Range(G) NV.
Now we use the set O to parametrize C' via the map

Pe:Dp, = {(g, S)EOXR : 1_(ny(Q)) < s < T+(7rv(g))} S
defined by

Po(Cos) = (DR, 8y .96 € ¢ DTC).
where we recall that W is the geodesic flow in SM. Note that since for
any v € SM, and any s where the right hand side is defined,

F(v) = F(¥(v,5)),

we have that
(11) DF;, = DU(:,s)[; 0 DF[g, s
and so DU(-, s)|, preserves Range(G). Thus, we see that Pc is an
injective immersion into Range(G) x Range(G) x Range(G) x T* M. To

show Pp lis continuous we note that it is the restriction to C' of the
map
Pg:ct,—l : Range(G) X Range(G) X Range(G) x T*M — DPC
defined by
ngt’_l(A, B, C7D) — (B, Gs_l(B) — Gs—l(A))

Thus, P !'is continuous, and so Py is a smooth embedding and C'is a
3n — 1 dimensional embedded submanifold.

To complete the proof of (i) in this case note that Chr,, X Cr+ can
be parametrized by the mapping

PeyyyxCoe i Droy . = {(5, (,5,8) € T*O_SM xV xRxR :

o<§<7+(§), NG <s<§}
— T*SM™ x T*SM™ x T*SM"™ x T*M"™
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defined by
N t ¢
PCNSM XCrx (f, 185 S) - (DF Ve SM(g)(g—S)g’ DF"'YWT* SM(&)(g)f’
¢, Dr'¢)
- .8t ) t N
= (D‘W ) 0G0 PFL 08
¢ —t
DF|:Y7"T*SM(§)(§)£’<7D7T <>

We now follow precisely the same reasoning as in the proof of Theorem 1.
Indeed, if ¢y € C, and X € T ,(Cnrg,, X Cr+), then there is a smooth
curve o — (5(01), C(a)v S(OZ), §(Oé)) such that PCNSM X Crx (5(0)7 C(O)7 8(0)7
5(0)) = ¢¢ and the derivative along this curve at zero is X. As in the
previous proof, if X € T, (T*SM™ x A(T*SM") x T*M™) as well
then in any local coordinates

d
/ _ t
¢O =3, ‘azo DEL, . gascecan 6lan&(@)

From this, noting also that

rpeorie)(G—5) =W (v (DFL_ €], =s),

Vrps 501 ()
we conclude that

X - Poyy s ((0),C(0), 5(0), 5(a)

d

da
d

da

a=0
_ Pelc(o). s(e))

and so X € T,,C. This completes the proof of (i) in this case.
The proof of (ii) follows exactly the same procedure as in Theorem 1,
and we will not repeat the details here. q.e.d.

We finally wish to complete the analysis of Ny by considering the
composition

We comment that, following from the previous remarks, it is not difficult
to show that N is given explicitly by the formula

(V)
No[fl(z) = oy (v) (/ ! (7w (s)) ¢(w(s)) dS)

() |dog|t/?
|dS M (v)|2.

The composition of the canonical relations in this case is not as simple
as it was in the previous theorems. Indeed, the composition in general
has multiple connected components with one component giving a pseu-
dodifferential operator, and the others occurring only when there are

(13)
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conjugate points. Under some additional hypotheses the extra compo-
nents which appear in the case of conjugate points give rise to Fourier
integral operators, whose canonical relations and orders can be calcu-
lated. This is shown below in Theorem 4 which is our main result. For
the statement of Theorem 4 we use the following definition, notations,
and lemmas which also clarify the geometric structure of the operators
involved.

Definition 3. (Conjugate pairs) A pair of unit tangent vectors
(v,0) € SM x SM is called a conjugate pair if v and ¢ are both tangent
to one geodesic, and

K3y = ker (Drl 0 DyWl(ur. 7. 3 ) [V ker(Drely) # {0},

If the dimension of K, is k > 1, then (v,?) is a conjugate pair of
order k. We define the set Cr of pairs of regular conjugate vectors to
be the subset of SM" x SM" such that given any (v,7) € Cg there
is a neighborhood U of (v,7) in SM™ x SM™ such that any other
pair (w,w) € U which is also conjugate is conjugate of the same order.
Further, Crj will be the subset of regular pairs of conjugate vectors
having order k. Finally, the set of pairs of conjugate vectors Cs which
are not regular will be called the set of singular conjugate vectors.

Of course it is standard to define conjugate points along geodesics in
terms of vanishing Jacobi fields, and, in fact, Definition 3 is equivalent
to this. We use Definition 3 because it is more convenient in the sequel.
In the following lemma we prove that Definition 3 is equivalent to the
traditional definition of conjugate points.

Lemma 3. If (v,0) is a conjugate pair of order k (as per Defini-
tion 3), then there is a k dimensional space of Jacobi fields along ,
vanishing at both m(v) and 7(v). Conversely, if vy, passes through m(0)
and there is a k dimensional space of Jacobi fields along v, vanishing
at w(v) and 7(0), then (v,0) is a conjugate pair of order k.

Proof. Suppose first that (v,7) is a conjugate pair of order k, and
take
X e K(v,f))-
Suppose that « is a curve in SM such that
X = (0),
and that we have some natural coordinates (27,v7) on TM such that in
these coordinates 5
i
Using X we define a vector field J along ~, by

(14) J(1(t)) = D7y © Du¥le,y X.
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Clearly J vanishes at 7(v) and 7(0), and J is a Jacobi field since it is
the variation field of the variation through geodesics defined by

(15) V(t,s) = m((als),t)).

Finally, to check that the mapping X ~— J is injective (and so there
is a k dimensional space of vanishing Jacobi fields), a calculation in
coordinates, using the fact that J vanishes at 7(v), shows that

(16) VoJ(m(v)) = aja(;.
Here V is the Levi-Civita connection given by the metric g. Thus, the
map from X to V,J(w(v)) is injective, and so the map X ~— J is also
injective.

Conversely suppose that v, passes through 7(0), and there is a k
dimensional space of Jacobi fields along 7, vanishing at 7(v) and 7(0).
Let J be any such vanishing Jacobi field and let (¢, s) be a variation
through unit speed geodesics with variation field J. The geodesics in
the variation can be chosen to be unit speed since J must vanish at two
different points. Then define

0%y
X =—-—7-(0,0)€TSM,
atas( 0)
so that, in particular, X = &(0) where a(s) = %(0, s). Then (15) holds,
and from this we can then see that X and J are related by (14). This
completes the proof. q.e.d.

We now study the structure of the sets Cr . by adapting the method
of [30] to prove the following theorem.

Theorem 3. For each k the set Cry, is an embedded 2n — 1 dimen-
sional submanifold of SM™ x SM™ . Furthermore, the set

Tk = {((v,@), (X, X)) € T(SM™ x SM™) : (v,5) € Cp,
X € Kwa) X = Doz, )7 o)X }
forms a smooth vector bundle of dimension k over Cg .

Proof. The proof of the first point is an extension of methods found in
[30]. Indeed, let us begin by considering the exponential map exp(w) =
V(1) : TM™ D Doy — M™. Let Dpexp be the differential of this
map restricted to the tangent space of the fibres. Note carefully that
we are considering here the exponential map acting on TM™, but this
differential is only in the fibre variables.

Now suppose that (v,0) € Cry. By the results in [30] there exist
coordinates on a neighborhood W of w = (74 (v) — 7.(0))v € TM™
and a neighborhood V' of 7(?) = exp(w) such that the derivative in the
radial direction of the £ — 1st elementary symmetric function applied
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to the eigenvalues of Dpexp expressed in these coordinates, which we
will label o;_1, does not vanish. This implies that 0,;_11(0) corresponds,
through the coordinate map, with an embedded 2n — 1 dimensional
submanifold of Dy \ {0} contained in W with the relative topology.
Note that 0',;_11(0) is precisely the set of vectors in W with conjugate
points of order k or higher in V. Now let U be a neighborhood of (v, )
in SM™ x SM™ such that all other conjugate pairs in U also have
order k and shrink U if necessary so that for all (w,w) € U, Aw € W
for some A € RT.
Next consider the smooth map

P Dexp \ {0} — SM™ x SM™

o (30 (5

From our construction we have that
p(O'k__ll(O) ﬂp_l(U)) = CR,k NU.
Also, p|0_];11(0)ﬂp,1(U) is invertible with inverse defined on its image by
G(v,0) = (14(0) — 74 (v))v.

This formula shows that the inverse may be extended to a continuous
function on all of SM™ x SM™* and, therefore, that pl,—1 (O)p=1(U) is
k—1

defined by

a topological embedding. Since we have already shown that 0,;_11(0) N
p~1(U) is an embedded submanifold of De,, \ {0} we also have that
p|0211(0)ﬂp,1(U) is a smooth mapping and, thus, combining all of this we
conclude that Cr;NU is an embedded submanifold of SM™ x SM™*.
Since (v, 7) € Cp, was chosen arbitrarily this implies that, in fact, Cp
is itself an embedded submanifold of SM™ x SM™,

For the second point we simply comment that Jgj; can be identified
as the sub-bundle of another vector bundle Vg over Cg) obtained
by pulling back the vertical sub-bundle V' of T(SM™ x SM™) (V =
ker(Dm) x ker(Dn)). With this set-up, Jg is the kernel of the bundle

mapping
VR7]€ > (X,X) — X — DU\P|(U,T+(U)—T+(’!~)))X S TSMmt

Since this mapping is constant rank k the kernel is a sub-bundle of Vz
as claimed. This completes the proof. q.e.d.

Now we introduce a bundle mapping defined on Jg ;. that will be used
to describe the canonical relation of the normal operator.

Lemma 4. For each k there is a bundle mapping

Ck . JR,k N T*(Mznt % Mznt) — T*Mmt % T*Mmt
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defined by the requirement that for ((v,9), (X, X)) € Jrx
(iDisM|va97 iDiSM|5Xw9) = DWT(Mi"txMi"t) \fm})ck (((’U, ?7), (X, X))) .

Proof. First we note that for any v € TM™, the kernel of Drrpy,,
which is the tangent space of the fibre, is a Lagrangian subspace of
T,(TM™") with respect to the symplectic form w,. This can be seen
from the fact that b, is a bundle isomorphism. Indeed,

TTM = TT* M ©O bg = DWTM’U = DWT*M‘I)Q(U) ) Dbg‘v

implies that Dby|, maps the kernel of Dmrp|, into the kernel of
Dy M|bg(v)- Since Dby, is invertible, and these kernels have the same
dimension, in fact, Dby, restricted to the kernel of Dmypl, is an iso-
morphism onto the kernel of Dmpsps ‘bg(v) which is a Lagrangian sub-
space with respect to the canonical symplectic form w. Since by is a
symplectomorphism by definition of wy it follows that ker(D7rar|,) is a
Lagrangian subspace. This point can also be shown using coordinates
and the formula (17) below.

Now, for ((v,9),(X,X)) € Jgi we have, since by definition X €
K(v,f)) and X = DU\P|(U,T+(U)—T+(’!~)))X7 that

Drppgly 0 Digprle X =0 and Drppy|s © Disarls X =0.

The remainder of the proof is the same for the two cases, and so we just
consider the first. Indeed, let (z*,v’) be natural local coordinates on
TM in a neighborhood of v. Calculation in these coordinates reveals

i i 0 0 . ; 0 .0
[1Di5M\vag] <a Ot + bj@) = Wy <DZSM’v X, a Ere + bj@)

. ; 0
= Wy <DZSM’1) X, CLZ%> .
In the second equality we have used the fact that ker(Dmpps|,) is La-
grangian and Digps|, X € ker(Dmpaz|y). From this we have

: . 0 P
1Digarle XWg = Wy <DZSM|U X, 8:1:Z> dz’ € image(Dmrp|L).

This shows that a map is defined by the requirement given in the lemma,
and, in fact, from this last formula we can see that it depends linearly on
the fibre variables in Jg ; and smoothly on all the variables. Therefore,
the proof is complete. q.e.d.

It is worth noting that the map Cj, can also be expressed in at least two
other ways, and, in fact, has a rather simple expression in coordinates.
Indeed, if (z*,v") are natural coordinates on T'M,

. 0
D‘ v X: Z—.7
isul “ v
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and
_ i Y
v=_¢ (%J
then in coordinates we can calculate
0
(17) = ¢ I 40i p da' + gij dvd A da

From this we find that '1f (17,17) = Ci((v,0), (X, X)), then in the corre-
sponding coordinates x* on M

n = d'gppda”.
With this in mind, we can see that 7 is also obtained by applying the
inverse of the vertical lift to Digps|, X, followed by b,. Another equiva-
lent coordinate invariant definition is to take the Jacobi field J defined
n (14), and then n = b,V,J(7(v)).
We will prove one more lemma regarding the structure of conjugate

points, which is really the geometric heart of the proof of our main
result.

Lemma 5. Let v and © € SM™, n € T
F(U)ﬁ SM be such that F(v) = F(v),

(18) Dr|ln = DF|L¢, and Dr|i = DF|LE.

Then n(v) =0, 7(0) = 0. If v # ¥ then the pair (v,v) is conjugate, and
if (v,0) € Cry then (n,7) € Cp(Jri). Conversely if (n,7) € Cr(Jrk)
then there is a § € F(U)a SM such that (18) holds.

WM, i€ TigM, € €

Proof. We first observe that since F(7,(s)) is constant with respect
to s

DF‘U(’%(O)) =0,
and combining this with the hypotheses we see that
n(v) = Drlyn(5,(0)) = DF[,£(5,(0)) = £(DF,(5:(0))) =0,
and similarly 77(9) = 0. This proves the first assertion.

Next assume that v # 0. Since F(v) = F(v) if we set s = 74 (v) —
74(0), then ¥(v,s) = 0. Therefore,

(19) F(v) = F(¥(v,5)) = DF|, = DF|5 0 Dy ¥|(,, ),
and so for £ € T, \0_SM
DF[,& = D,¥[(, o o DF[3,

(v)

which implies
(20) Drlin = DU\I’|€U78) o Dr|ts.

Now recall that igys : SM™ — TM™ is the inclusion mapping. Then
we have

m =7y oigy and igy (V(v,s)) = \if(igM(’U), s),
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which implies

(21)

Dﬂ"f} = DZSM’Z o DT('TMH) and D‘I”IE%S) o DZSM’% = DZSM’Z o DU\P’IEU’S).
Therefore, using the fact that the kernel of Digy/| is the span of the
differential of w +— |w|§, (20) implies that

Jwl;

Drrarlyn = Dyl o o Drrarlsi+ o d (T) :

for some «. Applying the covectors on each side of this equation to a
radial vector r based at v we obtain

0= (Drruls o Dol gr) +a
Since Drp M|1~,oDU\if|(v, s)7 is parallel to 0 the first assertion in the lemma
implies that o = 0 and, therefore, we conclude that
(22) Drrarlin = Dv\i’|€v78) o Drpag|b.
We now claim that this implies that (v, 7) is a conjugate pair.
To prove this claim we will set
X = (Drpylym)tes.

We first show that X is in the range of Digys. To do this, take any
Y € ker(Dnrasly). Then

0 = n(DrrarleY) = Drrulin(V) = wy(X,Y).

As part of the proof of Lemma 4 we showed that ker(D7rpzl,) is La-
grangian, and so this implies that X is in ker(Dnras|y). Next take a
natural coordinate system (z%,v") on TM in a neighbourhood of v such
that g;; = 0;; at m(v), and

0
(23) v = DT('TM‘U—axl .
Then since X € ker(D7rpsly), in these coordinates
. 0
X - ‘7—.
v

for some coefficients a’. We, thus, have

0 =n(v) = Drrarlin <%> = wy <X, %) .
Using (17) we finally see that
0=al,
and so X is in the range of Digys. Thus, we can define Digys|, ' X €
TSM. Now we will show below that

(24) X € ker <D7TTM|5 o Dv\if|(v78)) N ker(DwTM|U).
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By (21), after taking transposes, (24) implies that Digy|, ' X € K, 3,
thus, proving that (v, ?) is a conjugate pair.

Let us begin proving (24). We have already shown above that X €
ker(Dmrasly). To finish, take any Y € ker(Dmras|s). Then similarly to
before using also (22) in the second equality we have
(25)

0= Drrarlii (V) = Drralon (DLB[CL)Y) =, (X, DUIGL Y ).
Finally, since v \i/(’u, s) is a symplectomorphism we have
(26) 0= w, <Dv\il|(v,5) X, Y> .

Therefore, DU\P](U,S)X is in the kernel of D7rps|s which completes the
proof of (24). Note that we have actually shown that (Disnlyt X,
Digp|yto DV|, 4 X) € Ky 3), and so noticing also that

to [
Drryplyn = ixwg, and  Drpali = DT, 1y X W90

(the second equality follows from a calculation quite similar to (25) and
(26)) we see that if (v,0) € Cry, then (1,7) € Cy(Jrk)-

Now we assume that (1,7) = Cp((v,7), (X, X)) for some ((v,7), (X,
X )) € Jri. To complete the proof we must show that there exists
§ € T, 0-SM such that (18) is satisfied. We split the proof into
several steps starting by showing that n(v) = 7(0) = 0.

For this first step we take the same natural coordinate system (z?,v?)
on T'M as described above (23). Then since X € ker(Dml|,), in these
coordinates

n
9
; — J
Digarle X = ?_2 o 55

for some coefficients a’. We have

0 . 0 . 0
n(v) = D7T|f)77 (8:171> = Digp|oXWyg <81> = Wy <D25M|v X, 81> .

Using (17) this gives proves that n(v)
that 7(0) = 0.

Now, from the first paragraph of this proof we see that [ €
range( DF|!) if and only if 3(%,(0)) = 0. Since Dr|!n(4,(0)) = n(v) = 0,
we, thus, conclude that there exists € & T*( )8 SM such that Dr|in =

DF|t¢. The same reasoning shows that there exists e T}(U)ﬁ SM

such that Dr|tn = DF |t£ It remains to show that & = €.

For this last step, we begin by noting that a lengthy but routine
calculation similar in flavor to (25), and making use of the fact that
X = D, ¥|, 5 X, shows that

Drlyn = Dy ¥, ) o Drls = DF, § = Dy, 0 DF[; €

. The same argument shows
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Finally, using (19) (transposed) this implies
DFJ, &€ = DFJ; ¢,
and so the injectivity of DF|! completes the proof. q.e.d.

We have now reached our main theorem characterizing the structure
of the normal operator A/. Note that, as in the proof of Theorem 2 we
apply the clean composition calculus without point (iii) (see just below
(7)), and so we obtain local canonical relations which may be immersed
rather than embedded.

Theorem 4. Suppose that Cs = (). Then the sets
CAk = Ck(JR,k) C T*(Mmt X Mmt)

are either empty or are local canonical relations. On the level of oper-
ators, if ¢ € C°(SM) is greater than or equal to zero everywhere and
Ny is defined by (6), then we have a decomposition

n—1 My,
(27) N¢:T+Z<2Ak,m>,
k=1 m=1

where Y is a pseudodifferential operator of order —1, and for each k
either

Ak,m c I—(n—k+1)/2 (Mmt > Mimt7 C,/Ak o Q}\//[?’ntXMint)?

where Ca, , C Ca, for each m, or M}, = 1 and Ay1 = 0 if Ca, = 0.
Furthermore, T is elliptic at every point n € T*M™ such that there
exists a v € SM™ with n(v) =0 and ¢(v) # 0.

Remark 3. In dimension two, there can only be conjugate points
of order one and so this theorem covers all possibilities in that case.
However, in dimension three or higher the generic case includes singular
conjugate pairs. Indeed, according to [1] and [11], using the notation of
[1], singularities of type D4 occur generically in the exponential map in
three dimensions or higher, and correspond to singular conjugate pairs
of order two.

Remark 4. We have the interior sum from 1 to My in (27) because
Ca, may not be connected. The sets Cy, ,, are the connected compo-
nents of Cy, .

Proof. The clean composition calculus does not apply directly to (12),
but as we will see we can apply a partition of unity so that the calculus
applies to each of the separated pieces. Let us begin by looking at the
composition of the canonical relations for the operators in (12) using
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Lemma 1 and (9)
(28)
Cr. 0 Cp = {(77,77) e T*M™ x T*M™ . 3 (v,5) € SM™ x SM™
such that F(v) = F(v), 3¢ € T}(U)ﬁ_SMmt
such that Dr|,n = DF|,¢, Drljn = DF\%{}.

We will split this composition into different pieces corresponding to
different orders of conjugate points. First we note that one piece is the
diagonal

A ={(n,n) € T"M™ x T*M"™},
which can be seen to be contained in Cj, o Cp by taking © = v such
that n(v) = 0 in (28).

Now suppose we have (n,7) € Cy, o C, with n # 7. Suppose v, ¥
and ¢ satisfy the requirements in (28). Then since DF|! and Dl are
injective we must have v # ¢ and we may use the result of Lemma 5
and the hypothesis Cs = () to conclude that

n—1
Cr,oCrp =AU <U CAk> .
k=1
This union may not be disjoint in general, but we will show that we
can still decompose the operator NV into a sum of FIOs each having a
canonical relation contained in one of the sets in the union.

We will take the convention that Cr,, = {(v,v) € SM™ x SM™}.
By the hypothesis that C's = () and the definition of Cr, there exists a
collection of open subsets Uy of SM x SM with disjoint closures such
that for each k =1 ton

Cri C Uy.
We refine this covering further to U;" such that Uy = U,,U;" and for
each m, U contains exactly one of the connected components of Cg .
Thus, it is possible to construct a partition of unity {¢}"} on SM x SM
such that supp(¢}*) C U for k =1 to n, m = 1 to M}, where M, is
the number of connected components of Crj, and

supp(¢p) C (SM x SM) \ <U CR,k) :
k=1

Since this is a partition of unity

n My
No=D_ > ™o Lisgr

k=0m=1

(we take My = 1). By our construction, for each k the wavefront set of
the operator L(¢®¢>)¢;T is contained in the set
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Cl o = { (DFILE, —7) € T*SM™ X T*M™ v € SM™,
39 € SM™such that (v,9) € supp(é}"), 7(¥) = 7w (7),
F(v) = F(2), DF|5¢ = D%t}

Therefore, when we microlocalise in the proof of the clean composition
calculus (see [10]) we obtain smoothing operators except near points in
Cr, o Cp gm- For k = 0 this composition is empty, and so we obtain a
smoothing operator in that case and this is included in T. For k = n
the composition is the diagonal A, and finally for k = 1 to n — 1 we
have Cr, o CL gm = Ca,,,, one of the connected components of Cy, .
We will now show that each of these compositions is clean.

We'll first consider the composition Cr, o Cr,1 = A. Based on our
constructions so far using the results of Lemma 5 we have the following

o = (Cr. % Cra) () (T M 5 A(T*SM™) x T*M™)
= {(77, Drlin, Drlin,m) : ve SM™ ne T;(U)Mi”t, n(v) = 0}.

Using the fact that O introduced in (10) is an embedded submanifold,
we easily see that C,, is also embedded submanifold of dimension 3n — 2.
Furthermore, we can see that the intersection is clean in the following
way. Suppose that § = (d1,09,0d3,04) € C,, and

(Y1,Y5,Y3,Yy) € T5 (Cr, x Cpp)
(T5 (T*M™ x AT*SM™) x T*M™) =: Dy,
where we are considering this set D,, as a subset of
Ts, (T*M™) x Ts,(T*SM™) x Ts, (T*SM™) x Ty, (T*M™).

Then we must have Y5 = Y3, and based on this and an examination of
Cr,, we find that, in fact, Y3 and Y are determined by Y5. Therefore,
the dimension of D,, is at most the dimension of C,, which is 3n —
1. However, we can observe that the requirement 7(v) = 0, which
holds because of the requirement DF|.¢ = DLy in the definition of
Crn,1 and the first part of the proof of Lemma 5, eliminates one more
dimension and so, in fact, the dimension of D, is at most 3n — 2. Since
necessarily T(;C'n C D,, and the dimension of T(;C'n is 3n — 2 we conclude
that the intersection must be clean with excess e = n —2. It is also easy
to see that the projection map m, : Cp, — T*M™t x T* Mt ig proper
and the fibres of this map are exactly

o (nn) = {(n,Dﬂlfm; Drlin,m) : n(v) = 0},

which are certainly connected. The clean composition calculus, thus,
implies that 7. 0 Ligpg)s1 is a pseudodifferential operator of order (1 —
n)/4 —(n+1)/4 + (n — 2)/2 = —1 which is T, modulo a smoothing
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operator, in the decomposition given in our theorem. We comment that
the excess of the clean intersection corresponds with those v € SM™*
such that n(v) = 0, and so a principal symbol for T can be found
by integrating the product of symbols for 7. and Lsgg)g: over this
set. This agrees with formulae which have been found for a principal
symbol of the normal operator in the past for simpler cases, and proves
the statement in the theorem on the ellipticity of T.

Now we turn to the compositions corresponding to conjugate points.
If any of the compositions Cr, oC, 1, are empty, then the corresponding
operator is smoothing, and so can be absorbed into Y. If the composi-
tion is not empty, then as in the last case we have based on Lemma 5
that

Crom = (Cr, X Clgem) [ ) (T*M™ x A(T*SM™) x T* M)

C { <C]1((U, ’D)v (Xv X))v DZSMV; iDiSM\UXwgv DZSMV; iDiSM\Uwa

CR(v,0), (X, X))+ ((0,9), (X, X)) € JR,k}.

Here C,i and Cg are the first and second components of Cp and igps :
SM™ — TM™ is the inclusion mapping. The sets Cy, ,,, are the con-
nected components of the set in the last line. Each C’km is a connected
and embedded 2n+k—1 dimensional submanifold which is parametrized
as shown in the previous formula by Jg j since the mapping

(29)  Jrk 2 ((v,9), (X, X)) = (Dismll ipigyl.xwq) € T*(SM™)

is an embedding when restricted to each of the connected components
of Jr . To see this, note first that the map Jr; > ((v,0), (X, X)) —
(v, X) is a proper injective immersion, on each component of Jgy,
and so a diffeomorphism onto its image. Then, note that the image
of this map is a sub-bundle of the bundle Vg, obtained by pulling
the vertical bundle V' = ker(Dm) back to Cry, since it is the kernel of
D7|50DyV|(y 7. (v)—r4 (3))- The mapping (29) extended by the same for-
mula to Vg, is a diffeomorphism onto the bundle O, defined by (10),
pulled back to Cr . To see that it is a diffeomorphism, note that it is
a bundle map over the identity, and then check in coordinates that it is
invertible in each fibre.

We can see that the intersection is clean by a dimension counting
argument simila}r to the previous case. As before suppose that § =
(517 627 537 54) S Ck and

(YVI7Y27YY37 YZ;) S T(S (Cﬂ'* X CL,k,m)
() Ts (T*M™ x A(T*SM™) x T*M™) =: Dy.
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Just as before we have Y5 determines Y3 and Y. In this case we lose
n — k dimensions from dim(C,) since for fixed (v,?) the set

{D’LSMV; iD%-SM\UXWQ : ((’Uﬂ?)’ (X7X)) S JR,k}
is a k dimensional vector space contained in
{Drlyn : n e Ty,M™}.

Thus, again keeping v fixed, 7 is restricted to be in only a k dimen-
sional subspace of the n dimensional space T;:(v) M Therefore, the

dimension of Dy, is at most 3n — 1 — (n — k) = 2n + k — 1 which is the

dimension of T 5CA’k,m and so as before we conclude that the intersection
is clean with excess k — 1. The projections

Tk : Crom — T*M™ x T*M™

are proper because the inverse images of sets bounded away from the
edge of T*M™ x T*M™ are bounded away from the edge in the larger
space. This implies that Cy, , is a local canonical relation for each k
(provided C4y, ,, # 0) and completes the proof. q.e.d.

We have attempted to make Theorem 4 as general as possible and in
so doing sacrificed some clarity in the statement. We also present the
following simpler corollary which still covers many cases of interest.

Corollary 1. Suppose, in addition, to the hypotheses of Theorem 4
that there are only conjugate pairs of order 1 in SM™ x SM™ . Then
we have a decomposition

My
N¢ =7 + Z Al,mv

m=1
where Y is a pseudodifferential operator of order —1 and
Ay € T2 (M5 M Cly QT i) -
Here the Ca, ,, are the connected components of Cy, .

Proof. Note that by the hypotheses the only nonempty Cy, is Ca,.
Therefore, the decomposition in Theorem 4 becomes the one given in
this corollary. q.e.d.

4. Application to inversion of the normal equation

We now turn to the problem of inverting Ny, or given g solving the
normal equation

(30) Nolf] =g,
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for f. To improve the notation going forward let us write
n—1 M,
1-3 (o)
k=1 \m=1
so that with the decomposition from Theorem 4 equation (30) becomes

T+ Alf] =

One standard approach is to find an appropriate function space on which
this equation is of Fredholm type. Indeed, if A is lower order than Y in
some sense, we may expect this is possible. In the setting of Corollary 1
when the dimension n is at least 3, each A;,, will be lower order as
an FIO, and if C4, is a local canonical graph then, in fact, A has
appropriate mapping properties. It is not always true that Cjy, is a
local canonical graph, see examples in [27], and a more detailed study
of cases in which Cy, is not a local canonical graph may be an interesting
direction for future research, but we will ‘say no more about it here.

To move forward we will need to take (M, g) to be a smooth extension
with convex boundary of (M, g) also satisfying Assumption 1. Precisely
this means M € M and glar = g. Such an extension can always be
found, and related to the extension we have the restriction maps R :

HS(QI/2 ) — HS(Q}V/[?M) which are continuous for s > 0. The adjoints
1/2

Mint) —
H? (Ql/ z.m), which are isometric embeddings for s < 0 by duality. In

view of the comments in the previous paragraph we make the following
additional assumption about the extension (M,g).

of the restriction maps are the extension-by-zero maps i : H*({2

Assumption 2. Aj}ume the dimension n is at least three, that all
conjugate pairs in SM™ x SM™ are of order 1, and that Ca, (see
Corollary 1) is a local canonical graph.

Note that this is a generalisation of the assumption in [27] to the
case allowing any conjugate points of order 1. It should be possible to
construct an extension satisfying this assumption when the same is true
up to the boundary of SM x SM. Thus, the assumption is eliminating
the possibility that there are singular conjugate pairs, or places where
C4, is not a graph over OM x OM.

We will also need to take an intermediate extension M 1 satisfying the
same requirements as M and such that M & M1 € M. We will make
use of all of the same objects defined on M, also defined in the analogous
manner on M and M, although we will add a tilde for objects on M,
and also a subscript 1 for objects defined on M1 Thus, for example,
F: SMint — 9_SM will be the defined in the same way that F' was
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defined just above (1), but with M replaced by M. In the same way we
have the mapping Fy : SM{" — §_SM;.
Next we state the main theorem of this section.

Theorem 5. If Assumption 2 is satisfied, ¢ € COO(SM) s greater
than or equal to zero everywhere and for everyn € T*M t there exists a
v e SM™ with n(v) =0 and ¢(v) # 0, then the kernel of X, acting on

1/2
]\éint)'

Furthermore, if F C L2(Q}V/I2) 18 a closed subspace complementary to
the kernel of Xy then

LQ(Q}V/ﬁ) is at most finite dimensional and is contained in C2°(

(31) HXd)[f]”L%Q})/fSM) ~ ”f”H71/2(QM?)7
for all f € F.

We will provide the proof of this theorem, but first we make a remark
concerning its significance. Indeed, note that, as stated in the introduc-
tion, similar results to this have been obtained in the past, for example,
in [27], but we have proven this specific version in order to establish the
next corollary. Equation (31), which shows stability and continuity of
Xy from F with the H~1/2 norm to L2, is intended to match with the
hypotheses required for convergence of regularizations in Hilbert scales
as originally established in [15]. Indeed, using the result of [15] together
with Theorem 5 we have the following corollary which shows the con-
vergence rate of Tikhonov regularised solutions to the true solution of
the problem assuming that X, is injective.

Corollary 2. Suppose that Assumption 2 is satisfied and Xy is injec-
tive on L2(Q}V/[2). Let ¢ >0 and p > (¢ — 1/2)/2 be given, and suppose
foe HQ(QJl\//[2), and h € LQ(Q;}/ESM) satisfies

B <
Ik X¢[fo]||L2(QifsM) =

Then for w appropriately chosen the unique solution of the Tikhonov
reqularised problem

arg mlnfGHs(Qé/fSM){HX(b[f] - huLz(Q(}j/fSM) +waHHp(QMZ)}
satisfies

1 = Foll o, S €558 L foll P57,

L2(QM ) ™~ Hq(QMQ)

If the geodesic X-ray transform arises as the linearization of a non-
linear problem, as it might in travel time tomography, we also comment
that the condition (31) plays an important role in the analysis of con-
vergence of regularisation methods for the nonlinear problem (see, for
example, [16, 21]).
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We also comment that the use of &} rather than A’ allows the result
to cover also the weighted geodesic ray transform including the limited
data case incorporated by setting ¢ to be a cut-off function.

We now turn to the proof of Theorem 5 which will be broken into a
series of lemmas. The first lemma concerns the continuity of Nj.

Lemma 6. Let Assumption 2 be satisfied and suppose that ¢ €
C>®(SM). Then for —1 < s<0
Ny« HY Q) = H @),
continuously.

Proof. Suppose that M is an open set such that M € M; @NJ\A] int
and take x € C2°(M;) such that y(z) =1 for z € M. Also, let ¢ be a

smooth extension of ¢ to M. By Corollary 1 using Assumption 2 and
the continuity properties of FIOs we have

(32) X" O./\N/'go X" HS(Q%}) — HSH(QJIT/I/?).

We also note that from equation (13) for N, we can see that for f
supported in M

Roy™ o./\N/’go X" oilf] = Nyl f].
Thus, we find that for f € C*(M)
H-/\/:b[f]HHerl(QMQ) = HR © Xm o ]’\7(5 o Xm © i[f”|Hs+1(QMQ)
< CHXm © N(E © Xm o 1[f]HH.s+1(Q%2)
< O i
<C
where the constant C' > 0 may change at each step. The first inequality
follows from the continuity of R on H 8+1(Q%2) when s > —1, the

second from (32), and the third from the continuity of i on H* (Q}V/f)
when s < 0. This completes the proof. q.e.d.

Next we study the continuity of &} and X;).
Lemma 7. Make the same assumptions as in Lemma 6. Then
Xy HOV2(Q7) — L2,

and
1/2 1/2
XL LA %) — HY2Q0),

continuously.
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1/2 .
Proof. Let f € C* <Q z\é > Then using Lemma 6

”X¢[f]”ig(ﬂé/QSM) = <N¢>[f]7 f>L2(QM2)

S CHN(i)[f]”Hlm(Q}VéQ) ”f”H71/2(Q}V§2)

2

As usual, the constant C' may change between steps. This proves the
first portion of the result. The second part follows by duality. Indeed,

for f € C(Qy,°) and h € (2 )

t _
<X¢[h]7 f>L2(Q}\§2) - <h7 X¢[f]>L2(Qé/ESM)

< Hh”LQ(Q}B/fSM)HXd)[f]HL%Q«la/fSM)

< Cllbll a1 L1y

Taking the supremum over f such that ||f|[-1/2(ps) = 1 we obtain the
result. q.e.d.

We now begin the proof of Theorem 5.

Proof of Theorem 5. Let OsM = {x € M : dist(x,0M) < 0}. Then
by the result of [29], since OM is strictly convex, there exists a § > 0
such that if f € Ker(Xy) acting on L2(Q}V/[2), then flp,nr = 0. Now
introduce open sets My, My, and M3 such that

dsM¢ C My, € My € M3 € M™.

Also, let x1 € C°(Ms) and xo € C°(Ms) be such that y;(x) = 1 for
x € My, and xa(x) = 1 for x € M.
By Corollary 1 and Assumption 2 we have a decomposition

N¢=T—|—A,

where Y is an elliptic pseudodifferential operator of order —1 and A is
an FIO of order —n/2 whose canonical relation is a graph.

Since T is elliptic it is possible to construct a parametrix Y~ which
is a properly supported pseudodifferential operator of order 1. This
means, in particular, that

T loY =1d+R,

where R is an operator with smooth Schwartz kernel. Furthermore, we
can construct Y ! such that its Schwartz kernel is supported sufficiently
close to the diagonal so that

X o X=X o X o (x4
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By the hypotheses, constructions above, and mapping properties of
FIOs

X5 o Ao HYQy) — HFA@y?),
and
X o T toyi: HS+3/2(Q}V/[2) — H5+1/2(Q}V/[2)
are continuous for any s. Putting these together and using Sobolev
embedding we find that

x0T o ()2 e Ao s HY()) — H(2),
and
XP o R HY QY — H* Q)
are compact for any s.

Now suppose that f € H S(Q}\éf) has support contained in M;. Then
using the construction from the previous paragraph we find that
(33)
F=x1 X o (X8 o Ny[f] = X" o T o (x5')? 0 Aox ' [f] = xT" o R[f].
By the previous paragraph the operator K : H S(Q}V/[z) — H S(Q}V/[z)
defined by
K=x{"oT o (x5)?oAox!" —x"oR

is compact. Using also the mapping property of x7* o T=!o (x5')? we
find that

B gy < C (VoA s oy + 1Kl o2y ) -

This holds for f with support in M;. For convenience we now introduce
the notation

Hy(,) = {f € B*(Q)) : supp(f) € My},

which is a closed subspace of H® (Q}V/f) From (34) we can establish
using standard methods (see, for example, [25]) that

s/y1/2
ker(X,) N HY (27
is finite dimensional. Also we can show that for any closed subspace F;
of HS(Q}\ﬁ) on which X} is injective
(35) 171 ety < CINGL M ey

for all f € F; and any s € R.

Now suppose that f € Ker(Xy) acting on Lz(Q}V/ﬁ). Then since
flospmr = 0 we have that the support of f is in M;. On the other
hand, from (33) we have

f==xToT " o(x5")? 0 AoxT"[f] — xT" o RIf],
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from which we may conclude that f € H'/ 2(9}\//[2). Repeating this we

obtain by a boot strapping argument that f € C;X’(Q}V/ﬁm) This proves

the first statement of the theorem, and it only remains to prove (31).
Actually, half of (31) has already been proven in Lemma 7, and all

that remains is to prove the stability estimate
(36) 112y < Cll M e, s

for all f € F. For this we apply (35) with M and M; replaced by

the extensions M and M;. Then F; = i[F] is a closed subspace of

Hy Y 2(9}\//[2) on which X~ is injective since the extension-by-zero opera-
1

tor i: H_I/Q(Q}V/[z) — H™ 1/2(91\/,/[ ) is an isometric embedding for s < 0.
Using this embedding property again we find that

1 g2 12y = Wil M m-1720 51 ) < CH/\Nfgoi[fHIHl/z(Q%z)-

Applying Lemma 7 on M to this last estimate we have
HfHH—1/2(Q}V§2) < OHX(; © i[f]||L2(Ql/2 )

o_SM

For the final step we use the fact that R O./\N/:zo i[f] = Nlf] for f
supported in M which we have also used in the proof of Lemma 6 and
follows from equation (13). Using also the fact that R and i are adjoints
we have

H/%;’goi[f”‘ig(gl/2 = <f$oi[f]’X$Oi[f]>L2( 2

a,sz\?) 8_SM

= (fiRoN;oilfl) gy )
= (f,N¢[f]>L2(Qé/fsM)
_ (X¢[f],X¢[f]>L2(91{25M>

= 1l e
Thus, (36) is proven which completes the proof of Theorem 5.  q.e.d.

5. Conclusion

While we have gone some way towards completing the microlocal
analysis of the geodesic X-ray transform for nontrapping manifolds, a
number of questions remain. Microlocal analysis of the two dimensional
case is complete, and, indeed, in [13] it is shown, in the two dimen-
sional case, that when there are conjugate points X can actually cancel
singularities. That is, there exist non-smooth distributions f such that
X[f] is smooth. This has the consequence that stable inversion is not
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possible between any Sobolev spaces, and so the inverse problem of re-
covering f from X[f] in this case is severely ill-posed. We have proven
that this does not occur in three dimensions or higher provided that
Assumptions 1 and 2 are satisfied, and, indeed, that the problem is only
mildly ill-posed in that case. When the assumptions are not satisfied
more work is required to determine the degree of ill-posedness.

The failure of Assumption 2 may occur in at least two ways. Firstly,
as pointed out in Remark 3, in dimension three and higher the hypothe-
sis of Theorem 4 that C's = () fails for generic metrics, although at least
in three dimensions this only happens at isolated points which have
known types singularities. Study of the normal operator Ny near such
points is, therefore, required for a full understanding of the microlocal
properties of Xy in three dimenions (which is likely the most interesting
case for any application), and, in particular, understanding of whether
the inversion is mildly or severely ill-posed.

Another way Assumption 2 may fail is the additional requirement that
Ca, be alocal canonical graph. It is at the moment unclear whether this
is satisfied generically, if not whether it fails only at isolated points, and
what precise impact it might have on the proof of stability estimates as
shown in Section 4. The canonical graph assumption is required for the
continuity of A; ,, between appropriate Sobolev spaces, but weaker ver-
sions of such continuity may still hold even when Cj, is not a canonical
graph.

As mentioned in the introduction, the geodesic X-ray transform for
tensor fields is also of interest and, in fact, arises naturally in travel
time tomography. It is likely the method used in this paper could be
extended to the tensor field case with some adjustments, and this is
reserved for future work.
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