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Abstract

The image of the Gauss map of any oriented isoparametric
hypersurface in the standard unit sphere S"*1(1) is a minimal
Lagrangian submanifold in the complex hyperquadric @, (C). In
this paper we show that the Gauss image of a compact oriented
isoparametric hypersurface with ¢ distinct constant principal cur-
vatures in S"T1(1) is a compact monotone and cyclic embedded
Lagrangian submanifold with minimal Maslov number 2n/g. We
obtain the Hamiltonian stability of the Gauss images of homoge-
neous isoparametric hypersurfaces of classical type with g = 4.
Combining with our results in [25] and [27], we completely deter-
mine the Hamiltonian stability of the Gauss images of all homo-
geneous isoparametric hypersurfaces.

Introduction

In the 1990s, Oh instigated the study of Hamiltonian minimality and
Hamiltonian stability of Lagrangian submanifolds in Kéhler manifolds
[33, 34, 35]. This provides a constrained volume variational problem
for Lagrangian submanifolds in K&hler manifolds under Hamiltonian
deformations. Thus it is natural to ask which Lagrangian submanifolds
in specific Kéhler manifolds are Hamiltonian stable (See Section 1 for
the definitions). After Oh’s pioneering work, there has been extensive
research on Hamiltonian stability of minimal or Hamiltonian minimal
Lagrangian submanifolds in various K&hler manifolds, such as com-
plex Euclidean spaces, complex projective spaces, compact Hermitian
symmetric spaces, certain toric Kahler manifolds, and so on. (see e.g.,
[1, 9, 39, 41, 44, 51] and references therein.) In particular, a com-
pact minimal Lagrangian submanifold L in a compact homogeneous
Finstein—Ké&hler manifold with positive Einstein constant x is Hamilton-
ian stable if and only if the first (positive) eigenvalue A; of the Laplacian
of L with respect to the induced metric equals to x. Hence, in this case,
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to determine the Hamiltonian stability becomes a problem of calculat-
ing the first eigenvalue of the Laplacian, which is an important subject
in differential geometry. However, we do NOT know many examples of
compact Hamiltonian stable Lagrangian submanifolds yet.

A hypersurface immersed in the standard sphere is called isoparamet-
ric if it has constant principal curvatures. Isoparametric hypersurfaces
generalize geodesic spheres in the standard spheres. The theory was
started by Elie Cartan and has been well developed since then. Particu-
larly significant progress on the classification problem of isoparametric
hypersurfaces in spheres was made in the recent works of Cecil-Chi-
Jensen [10], Immervoll [20], Chi [11, 12] and Miyaoka [30]. As the most
fundamental result on isoparametric hypersurfaces in spheres, Miinzner
[31, 32] showed that the number g of distinct principal curvatures of an
isoparametric hypersurface N™ in S"*!(1) must be g = 1,2,3,4,6 and
their multiplicities satisfy my = mg = --- < mg = my = ---. Moreover,
N™ is always real algebraic in the sense that N™ is defined by a certain
real homogeneous polynomial of degree g called the “Cartan—Miinzner
polynomial.”

We observed that the Gauss image—that is, the image of the Gauss
map—of any compact oriented isoparametric hypersurface in the stan-
dard unit sphere is a smooth compact embedded minimal Lagrangian
submanifold in the complex hyperquadric, and the Gauss map is a cov-
ering map over the Gauss images with covering transformation group Z,,
[25, 37]. Thus it can be expected that the Gauss images of isoparamet-
ric hypersurfaces in spheres provide a nice class of compact Lagrangian
submanifolds embedded in complex hyperquadrics and moreover they
should play certain roles in symplectic geometry. Note that the Gauss
image is orientable if and only if 2n/g is even [37]. In this paper we
show the following (see Theorem 2.1).

Theorem. The Gauss image of a compact oriented isoparametric
hypersurface with g distinct constant principal curvatures in S"1(1) is
a compact monotone and cyclic embedded Lagrangian submanifold with
minimal Maslov number 2n/g = my + ma.

Recall that all isoparametric hypersurfaces in the unit standard sphere
are classified as either homogeneous or nonhomogeneous. An isopara-
metric hypersurface N™ in the standard unit sphere S"*1(1) is called
homogeneous if N™ can be obtained as an orbit of a compact Lie sub-
group of SO(n + 2). Every homogeneous isoparametric hypersurface in
a sphere can be obtained as a principal orbit of a linear isotropy rep-
resentation of a compact Riemannian symmetric pair (U, K) of rank 2,
as shown by Hsiang and Lawson [18] and Takagi and Takahashi [46].
Only in the case of g = 4 are there known to exist non-homogeneous
isoparametric hypersurfaces, which were discovered first by Ozeki and
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Takeuchi [42, 43] and extensively generalized by Ferus, Karcher, and
Miinzner [13]. So it is interesting to consider the following.

Problem. Investigate the Hamiltonian stability of those compact
minimal Lagrangian embedded submanifolds in @, (C) obtained as the
Gauss images of isoparametric hypersurfaces in S"*1(1).

This paper is a continuation of [25], where we have already treated the
cases of g = 1,2, and 3. Let N" be an oriented compact isoparametric
hypersurface embedded in S"*1(1). In [44], Palmer showed that the
Gauss map G : N" — @,(C) is a minimal Lagrangian immersion and
that G is Hamiltonian stable if and only if N® = S C S"T1(1), which
corresponds to the case g = 1. In the case when g = 1, N® = S§" is
a great or small sphere and the Gauss image G(N™) = S™ is totally
geodesic and strictly Hamiltonian stable. More strongly, it is stable as a
minimal submanifold [47]. When n is even, it is homologically volume
minimizing because it is a calibrated submanifold by an invariant n-form
[15]. The recent result of [21] implies that it is Hamiltonian volume
minimizing for general n. In the case when ¢ = 2, N™ = §™1 x §"2
(n = my +mag,1 < my < mg) is the Clifford hypersurface and the
Gauss image G(N") = Qmi+1,me+1(R) = (8™ x §™2)/Zy C Qn(C)
is also totally geodesic. Then G(N™) C @,(C) is NOT Hamiltonian
stable if and only if mo — my > 3, where the spherical harmonics of
degree 2 on the sphere S™ C R™ ! of smaller dimension give volume
decreasing Hamiltonian deformation of G(N™). If ma—m; = 2, then it is
Hamiltonian stable but not strictly Hamiltonian stable. If mq —mq < 2,
then it is strictly Hamiltonian stable. In the case when g = 3, the Gauss
image G(N") C Q,(C) is strictly Hamiltonian stable [25].

Using harmonic analysis on compact homogeneous spaces and fibra-
tions on homogeneous isoparametric hypersurfaces, we obtain the main
result as follows:

Theorem. Suppose that N is a homogeneous isoparametric hypersur-
face in S"TY(1) given by the isotropy orbit of rank 2 Riemannian sym-
metric pair (U, K) of classical type. Then the Gauss image L = G(N)
is not Hamiltonian stable if and only if ma —mq > 3.

Combining with our results in [27] on exceptional types, we obtain
the following.

Theorem. Suppose that (U, K) is not of type EIlL; that is, (U, K) #
(E6,U(1) - Spin(10)). Then the Gauss image L = G(N) is not Hamil-
tonian stable if and only if mg —mq > 3. Moreover, if (U, K) is of type
EIll—namely, g = 4 and (my,mq) = (6,9)—then L = G(N) is strictly
Hamiltonian stable.
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Hence we solve the above problem for ALL homogeneous isopara-
metric hypersurfaces, and our solution provides new examples of com-
pact Hamiltonian stable minimal Lagrangian submanifolds embedded in
Q,(C) and interesting relations between hypersurfaces in S"*!(1) and
minimal Lagrangian submanifolds in @,,(C).

This paper is organized as follows: In Section 1 we review the no-
tions and basic properties of Hamiltonian minimality, Hamiltonian sta-
bility and strict Hamiltonian stability of Lagrangian submanifolds in
Kahler manifolds. In Section 2 we briefly explain properties of min-
imal Lagrangian submanifolds in complex hyperquadrics obtained as
the Gauss images of isoparametric hypersurfaces in spheres. In Section
3 we explain the method of eigenvalue computations of our compact ho-
mogeneous spaces that are the Gauss images of compact homogeneous
isoparametric hypersurfaces. The method is based on the fibrations on
homogeneous isoparametric hypersurfaces by lower dimensional homo-
geneous isoparametric hypersurfaces. In Sections 4-8, we determine the
strict Hamiltonian stability of the Gauss images of compact homoge-
neous isoparametric hypersurfaces with ¢ = 4 obtained as principal
orbits of the isotropic representations of Riemannian symmetric spaces
of classical type.

Acknowledgments. The main results were already announced in [26].
This work was done during the first author’s stay at Osaka City Univer-
sity Advanced Mathematical Institute (OCAMI) in 2008-2009 and the
second author’s visit to Tsinghua University in Beijing. The authors are
grateful to both institutes for their generous support and hospitality.
They also would like to thank Professors Quo-Shin Chi, Josef Dorfmeis-
ter, Reiko Miyaoka and Zizhou Tang for their continuous interest and
helpful conversation on this work.

The first author is partially supported by NSFC grants No. 10971111
and No. 11271213, NKBRPC No. 2006CB805905, and a scholarship from
the China Scholarship Council. The second author is partially supported
by JSPS Grant-in-Aid for Scientific Research (A) No. 17204006, (S)
No. 23224002, (C) No. 24540090, and the Priority Research of Osaka
City University “Mathematics of knots and wide-angle evolutions to
scientific objects.”

1. Hamiltonian minimality and Hamiltonian stability

Assume that (M,w, J,g) is a Kéahler manifold with the compatible
complex structure J and Kéhler metric g. Let ¢ : L — M be a La-
grangian immersion, and let H denote the mean curvature vector field
of ¢. The corresponding 1-form ay := w(H,-) € Q'(L) is called the
mean curvature form of ¢. A smooth family of Lagrangian immersions
pt : L — M is called a Hamiltonian deformation with ¢y = ¢, if the
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1-form ay, := w(V4, ) is exact for each ¢, where V; := % is the varia-
tional vector field. For simplicity, throughout this paper we assume that
L is compact without boundary.

Definition 1.1. Let M be a Kéhler manifold. A Lagrangian immer-
sion ¢ : L — M is called Hamiltonian minimal (briefly, H-minimal) or
Hamiltonian stationary if it is a critical point of the volume functional
for all Hamiltonian deformations {;}.

The corresponding Euler—Lagrange equation is dag = 0, where § is
the co-differential operator with the respect to the induced metric on L.

Definition 1.2. An H-minimal Lagrangian immersion ¢ is called
Hamiltonian stable (briefly, H-stable) if the second variation of the vol-
ume is nonnegative under every Hamiltonian deformation {p;}.

The second variational formula is given as follows ([35]):

d2
@VOl (L, 05 9) 1o

:/L ((Apa, @) — (R(a), ) — 2{a ® a ® o, S) + (am, a)?) dv,

where AlL denotes the Laplace operator of (L, ¢*g) acting on the vector
space Q(L) of smooth 1-forms on L and « := w(V,-) € BY(L) is the
exact 1-form corresponding to an infinitesimal Hamiltonian deformation
V. Here

R(a),a) i= 3 Ric (e, ¢;)ales)ales)
ij=1
for a local orthonormal frame {e;} on L and
S(X.Y.2) == w(B(X.Y), Z)

for each X,Y,Z € C*°(TL), which is a symmetric 3-tensor field on L
defined by the second fundamental form B of L in M. The index of ¢
is defined as the dimension of the maximal vector subspace of B*(L) on
which the second variation is negative definite.

For an H-minimal Lagrangian immersion ¢ : L. — M, we denote by
FEo(p) the null space of the second variation on B'(L), or equivalently
the solution space to the linearized H-minimal Lagrangian submanifold
equation, and we call n(p) := dim Ey(p) the nullity of ¢.

If H'(M,R) = {0}, then any holomorphic Killing vector field on M
is a Hamiltonian vector field, and thus it generates a volume-preserving
Hamiltonian deformation of ¢. Namely,

{¢*ax | X is a holomorphic Killing vector field on M}
C Eo(p) € BY(L).

Set npr(p) = dim{p*ax | X is a holomorphic Killing vector field on
M}, which is called the holomorphic Killing nullity of .
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Definition 1.3. An H-minimal Lagrangian immersion ¢ is called
strictly Hamiltonian stable (briefly, strictly H-stable) if ¢ is Hamiltonian
stable and npi(p) = n(p).

Note that if L is strictly Hamiltonian stable, then L has locally min-
imum volume under each Hamiltonian deformation.

In the case when L is a compact minimal Lagrangian submanifold
in an Einstein—K&her manifold M with Einstein constant x, the second
variational formula becomes much simpler. We see that L is H-stable if
and only if the first (positive) eigenvalue \; of the Laplacian of L acting
on smooth functions satisfies \; > & [33]. On the other hand, it is known
that the first eigenvalue A1 of the Laplacian of any compact minimal
Lagrangian submanifold L in a compact homogeneous Einstein—Ké&hler
manifold with positive Einstein constant x has the upper bound A\ < k
[38, 39]. In this case, L is H-stable if and only if \; = .

Assume that (M, w, J,g) is a Kéhler manifold and that G is an ana-
lytic subgroup of its automorphism group Aut(M,w, J, g). A Lagrangian
orbit L = G-z C M of G is called a homogeneous Lagrangian subman-
ifold of M. An easy but useful observation can be given as follows.

Proposition 1.1. Any compact homogeneous Lagrangian submani-
fold in a Kahler manifold is Hamiltonian minimal.

Proof. Since ayy is an invariant 1-form on L, dagg is a constant func-
tion on L. Hence by the divergence theorem we obtain dag = 0. q.e.d.

Set
G :={a € Aut(M,w, J, g) | a(L) = L}.
Then G C G and G is the maximal subgroup of Aut(M,w, J, g) preserv-

ing L. Moreover, we have np,(¢) = dim(Aut(M,w, J, g)) — dim(G).

2. Gauss maps of isoparametric hypersurfaces in a sphere

2.1. Gauss maps of oriented hypersurfaces in spheres. Let N"
be an oriented hypersurface immersed in the unit standard sphere
S"+1(1) ¢ R™*2. Denote by x its position vector of a point p of N,
and denote n the unit normal vector field of N in S"*1(1). It is a fun-
damental fact in symplectic geometry that the Gauss map defined by

G:N" 3 p— x(p) An(p) = [x(p) + V=In(p)] € Gra(R"*?) = Q,(C)
is always a Lagrangian immersion in the complex hyperquadric @, (C).
Here the compleXNhyperquadric Q,(C) is identified with the real Grass-
mann manifold Gro(R"™*?2) of oriented 2-dimensional vector subspaces
of R""2, which has a symmetric space expression SO(n +2)/(SO(2) x
SO(n)).

Let ggg(c) be the standard Ké&hler metric of @,(C) induced from

the standard inner product of R"*2. Note that the Einstein constant
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of ggg(c) is equal to n. Let k; (1 = 1,--- ,n) denote the principal cur-
vatures of N* C S"*1(1), and let H denote the mean curvature vector

field of the Gauss map G. Palmer showed the following mean curvature
form formula [44]:

(2.1) ag=-d (f: arc cot /i,) =d <Im <log ﬁ(l + \/—_L‘i,))) .
i=1 =1

Hence, if N™ is an oriented austere hypersurface in S"*1(1), introduced
by Harvey and Lawson [17], then its Gauss map G : N — Q,(C) is a
minimal Lagrangian immersion. In particular, since any minimal surface
in $3(1) is austere, its Gauss map is a minimal Lagrangian immersion in
Q2(C) = 52 x $? [9]. Note that more minimal Lagrangian submanifolds
of complex hyperquadrics can be obtained from Gauss maps of certain
oriented hypersurfaces in spheres through Palmer’s formula [22].

2.2. Gauss maps of isoparametric hypersurfaces in spheres.
Now suppose that N™ is a compact oriented hypersurface in S™"*1(1)
with constant principal curvatures—that is, an isoparametric hypersur-
face. By Miinzner’s result [31, 32], the number g of distinct principal
curvatures must be 1, 2, 3, 4, or 6, and the distinct principal curvatures
have the multiplicities mq = mg = ---, mg = my = - - -. We may assume
that mq < meg. It follows from (2.1) that its Gauss map G : N — @Q,(C)
is a minimal Lagrangian immersion. Moreover, the “Gauss image”of G is
a compact minimal Lagrangian submanifold L™ = G(N") = N"/Z, em-
bedded in @Q,(C) so that G: N® — G(N™) = L™ is a covering map with
the Deck transformation group Z, [25, 26, 37]. Note that the Gauss
image G(N") is orientable if and only if 2n/g is even ([37]).

Here we mention the following symplectic topological properties of
the Gauss images of isoparametric hypersurfaces.

Theorem 2.1. The Gauss image L = G(N™) is a compact monotone
and cyclic Lagrangian submanifold embedded in Q,(C) and its minimal
Maslov number Xy, is given by

g 2my, if g is odd.

We need to use the following result from H. Ono [38] which generalizes
Oh’s work [36].

Lemma 2.1 ([38]). Let M be a simply connected Kdhler—FEinstein
manifold with positive scalar curvature with a prequantization complex
line bundle E. Then any compact minimal Lagrangian submanifold L in

M is monotone and cyclic. Moreover, the minimal Maslov number ¥,
of L satisfies

(2.2) nLYL = 2%,

2n { mi1 4+ me, if g is even,
EL = — =
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where
Ve, = min{c; (M)(A) | A€ Hy(M;Z),c1(M)(A) >0} € Z
1s called the index of a Kdhler manifold M and
np :=min{k € Z | k> 1, E, V)L is trivial}.

Using this lemma and the properties of isoparametric hypersurfaces
in a sphere, we shall prove Theorem 2.1.

Proof. Tt follows from Lemma 2.1 and the minimality of the Gauss
image L = G(N™) that L is a monotone and cyclic Lagrangian sub-
manifold in @, (C). Note that the index of @, (C) is known as follows
[6]: ve, = nif n > 2 and v, = 2 if n = 1. So in order to find the
minimal Maslov number ¥ of L, we only need to compute np. Let
N™ be the Legendrian lift of N™ to the unit tangent sphere bundle
UTS" (1) = Va(R™?2). Then 7 : Vo(R"2)|p — L = G(N") is a
flat principal fiber bundle with structure group SO(2) and the covering
map 7 : N* — G(N™) with Deck transformation group Z, coincides
with its holonomy subbundle with the holonomy group Z,. Let E be
a complex line bundle over @, (C) associated with the principal fiber
bundle 7 : Va(R™2) — Gry(R™2) 2 Q,,(C) by the standard action of
SO(2) = U(1) on C. Then E|y, is a flat complex line bundle over G(N™)
associated with the principal fiber bundle 7 : Vo(R"*2)|, — G(N™) by
the standard action of SO(2) = U(1) on C. The tautological complex
line bundle W over Q,(C) € CP"*! is defined by W, := C(a++/—1b)
for each [a + v/~1b] € Q,(C). Then E = W if n > 2 and ®?E = W
if n = 1. Indeed, c;(W)(CP') = 1 if n > 2. Here CP! denotes the set
of 1-dimensional complex vector subspaces in a 2-dimensional isotropic

/ 27
vector subspace of C"*2. For k =1,--- , g, the generator e 19 of the
/ 27k
holonomy group Z, on E|;, induces the multiplication by e 1% on

®FE|r. Thus the holonomy group of ®*FE|;, is generated by e\/__l%
of Z4. Hence ®*E| has nontrivial holonomy for k = 1,--- ,g — 1, and
®IFE|r has trivial holonomy. Therefore, ny = g if n > 2 and ny = 2 if
n = 1. Thus the conclusion follows from (2.2). q.e.d.

A hypersurface N in S"T1(1) is homogeneous if it is obtained as an
orbit of a compact connected subgroup G of SO(n + 2). Obviously any
homogeneous hypersurface in S"1(1) is an isoparametric hypersurface.
It turns out that N™ is homogeneous if and only if its Gauss image
G(N™) is homogeneous [25].

Consider

2
G:N">p+—x(p) An(p) € évrg(R””) C /\R”+2.
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Here A?R"™2 2 o(n + 2) can be identified with the Lie algebra of all
(holomorphic) Killing vector fields on S"+1(1) or Gro(R"2). Let £ be
the Lie subalgebra of o(n + 2) consisting of all Killing vector fields tan-
gent to N™ or G(N™), and let K be a compact connected Lie subgroup
of SO(n + 2) generated by £. Take the orthogonal direct sum

2

AR =E+V,
where V is a vector subspace of o(n + 2). The linear map
V3 X — axlgn) € Eo(G) C BHG(N™)
is injective, and npx(G) = dim V. Then G(N™) C V, and thus
G(N™) C Gra(R™2) N V.

Indeed, for each X € € and each p € N, (X,x(p) An(p)) = (Xx(p),

n(p)) — (x(p), Xn(p)) = 2(Xx(p),n(p)) = 0.

Note that G(N™) is a compact minimal submanifold embedded in the
unit hypersphere of V and that by the theorem of Tsunero Takahashi
each coordinate function of V restricted to G(N™) is an eigenfunction of
the Laplace operator with eigenvalue n. Then we observe the following.

Lemma 2.2. The number n is just the first (positive) eigenvalue of
G(N™) if and only if G(N™) C Qn(C) is Hamiltonian stable. Moreover
the dimension of the wvector space V is equal to the multiplicity of the
(resp. first) eigenvalue n if and only if G(N™) C Qn(C) is Hamiltonian
rigid (resp. strictly Hamiltonian stable).

Next we mention a relationship between the Gauss images G(N") of
isoparametric hypersurfaces and the intersection Gro (R"2)NV. In [26]
we showed that if N™ is homogeneous, then G(N™) = Gry (RN y.

Define a map 4 : Gra(R™2) — A2R"2 by

2
p:GraR™?) 5 [W]—anbe AR 2 o(n+2) =t+V.

The moment map of the action K on évrg(R””) is given by p; =
mop: Gro(R™2) — £, where mpro(n+2) — £ denotes the orthogonal
projection onto €. For any p € N", we have

K(x(p) An(p)) € GIN") € GraR™2) NV = i (0).

It is obvious that N is homogeneous if and only if K (x(p) A n(p)) =
G(N™). On the other hand, assume that G(N™) = CAJ;"Q(R"”) NV. Then
K(x(p) A n(p)) = G(N™), that is, N" is homogeneous. Therefore we
obtain (see [26]) that N™ is not homogeneous if and only if

K(x(p) An(p)) S G(N™) S Gra(R™2) NV = = 1(0).
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All isoparametric hypersurfaces in spheres are classified as either ho-
mogeneous or nonhomogeneous. By Hsiang and Lawson [17] and Takagi
and Takahashi [46], any homogeneous isoparametric hypersurface in a
sphere can be obtained as a principal orbit of the isotropy represen-
tation of a compact Riemannian symmetric pair (U, K) of rank 2 (see
Table 1).

Compact homogeneous minimal Lagrangian submanifolds obtained
as the Gauss images of homogeneous isoparametric hypersurfaces are
constructed in the following way (cf. [25]). Let u = £+p be the canonical
decomposition of u as a symmetric Lie algebra of a symmetric pair
(U, K) of rank 2, and let a be a maximal abelian subspace of p. Define
an AdU-invariant inner product ( , )y, of u from the Killing—Cartan form
of u. Then the vector space p equipped with the inner product ( , ), can
be identified with the Euclidean space R"*2? and S™"*1(1) denotes the
(n+1)-dimensional unit standard sphere in p. The linear isotropy action
Ad, of K on p and thus on S""1(1) induces the group action of K on
Gra(p) 2 Q,(C). For each reqular element H of an S"1(1), we get a
homogeneous isoparametric hypersurface in the unit sphere

N™ = (Ad,K)H C S""'(1) c p 2 R"™2
Its Gauss image is
L" = G(N") = K - [a] = [(Ad, K)a] C Gra(p) = Qu(C).

Here N and G(N™) have homogeneous space expressions N = K/Kj
and G(N") = K/K|y, where we define

Ko:={ke K|Ady(k)(H)=H}

={k € K | Ady(k)(H) = H for each H € a},
Ky :={k € K | Ady(k)(a) = a},
Kq == {k € Ky | Ady(k) : a — a preserves the orientation of a}.

The deck transformation group of the covering map G : N — G(N") is
equal to K /Ko = W(U, K)/Zy = Z4, where W (U, K) = K,o/K is the
Weyl group of (U, K).

Since we know that Adp,K is the maximal compact subgroup of
SO(n + 2) preserving N and/or G(N™) [18, 25], in this case its nul-
lity is given as

nhie(G) = npe(G(N")) = dim SO(n + 2) — dim K.

3. The method of eigenvalue computations for our
compact homogeneous spaces

3.1. Basic results from harmonic analysis on compact homo-
geneous spaces. Now we review the basic theory of harmonic analysis
on general compact homogeneous spaces (cf. [48]). Let D(G) be the
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Table 1. Homogeneous isoparametric hypersurfaces in spheres

g | Type (U,K) dimN | mi,msg K/Ko
1] Stx (ST x SO(n +2),S0(n + 1)) n n sm
BDII (n>1)[R& A
2 | BDIIx (SO(p+2) x SO(n+2—1p), n p,m—p SP x Sn—P
BDII SO(p+1) x SO(n+1—p))
(1<p<n—-1)[A1 & 4]
3| Al (SU(3), SO(3)) [A2] 3 1,1 ;2‘1?2
3] an (SU(3) x SU(3), SU(3)) [Az] 6 2,2 R0
3] All (SU(6), Sp(3)) [A2] 12 4,4 5&%@
3| EIV (B, Fu) [As] 24 8,8 S
4| by (SO(5) x SO(5),SO(5)) [Ba] 8 2,2 2O
4| A1, (SU(m +2),S(U(2) x U(m))) am —2 2, S(Uggggfggggﬁggﬂ))
(m > 2) [BC2](m > 3), [B2](m = 2) 2m — 3
4| BDI, (SO(m + 2), SO(2) x SO(m)) o2m — 2 1, %ﬁfﬁ’gf
(m > 3) [B2] m— 2
S Sp(m
4| oI, (Sp(m + 2), Sp(2) x Sp(m)) 8m — 2 4, Sp(l);;?g) ;’S(p({n 53
(m > 2) [BC2](m > 3), [Bz2](m = 2) dm —5
4| DIII, (SO(10),U(5)) [BC] 18 4,5 W
4| EII (Eg,U(1) - Spin(10)) [BCx] 30 6,9 %’w
6| o (G2 x Ga,G2) [G2] 12 2,2 22
6] G (G2, SO(4)) [G2] 6 1,1 sz

complete set of all inequivalent irreducible unitary representations of a
compact connected Lie group G. For a maximal abelian subalgebra t of
g, let 3(G) be the set of all roots of g and X7 (G) be its subset of all
positive root o € ¥(G) relative to a linear order fixed on t. Set

[(G) :={§ e t]exp(§) = e},
Z(G):={A et | A(§) € 2nZ for each £ € T'(G)},
D(G) :={A € Z(G) | (A,a) >0 for each o € =1 (G)}.

Then there is a bijective correspondence between D(G) > A +—
(Va,pa) € D(G), where (Vj,pa) denotes an irreducible unitary rep-
resentation of G with the highest weight A equipped with a pa(G)-
invariant Hermitian inner product ( , )y, . Let ( , )4 be an AdG-invariant
inner product of g. For a compact Lie subgroup H of G with Lie sub-
algebra b, we take the orthogonal direct sum decomposition g = +m
relative to ( , )g. Set

(3.1) D(G,H) :=={A € D(G) | (Va)u # {0}},
where

(3.2) (Vg :=={w e Vi | pala)w =w (Va € H)}.
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Let A € D(G, H). For each w®@wv € (Vi) ® Va, we define a real analytic
function fgg, on G/H by

(3-3) (fogv)(aH) := (v, pr(a)w)v,

for all aH € G/H. By virtue of the Peter—Weyl theorem and the Frobe-
nius reciprocity law, we have a linear injection

(3.4) (VA E R VA2 W0 ®v+— fage € C°(G/H,C)

and the decomposition

(3.5) C*(G/H,C)= P (WueW
AED(G,H)

in the sense of C'*°-topology. Via the natural homogeneous projection
7 : G — G/H, the vector space C>*°(G/H,C) of all complex val-
ued smooth functions on G/H can be identified with the vector space
C*(G, C) g of all complex valued smooth functions on G invariant un-
der the right action of H. Let U(g) be the universal enveloping algebra
of Lie algebra g, which is identified with the algebra of all left-invariant
linear differential operators on C*°(G, C). Let

U(g)g :={D € U(g) | Ad(h)D = RpoDo Ry, = D for each h € H}

be the subalgebra of U(g) consisting of elements fixed by the adjoint
action of H. Here (Ry,f)(u) := f(uh) for f € C®(G, C). For each D €
U(g)m, we have D(C*(G,C)n) C C*°(G,C)u. The Casimir operator
Caym, ), of (G, H) relative to (, )q is defined by C = Cq/p,( ), =
S (X;)?, where {X; | i=1,---,n} is an orthonormal basis of m with
respect to ( , )g. Then Cg/pr,( . ), € U(g)m and by the AdG-invariance of
(, )g and Schur’s Lemma there is a nonpositive real constant c(A, ( , )q)
such that

(3.6) Caym,( ), (faww) = (N, (, )g) foow

for each w @ v € (Va)}; ® Va. The eigenvalue c(A, ( , )4) is given by the
Freudenthal’s formula

(37) C(A7 < ) >g) = _<A7A + 26>97

where 26 = 3 e (@) @

Now we shall consider our compact homogeneous spaces N" = K/Kj
and L" = G(N") = K/K[q ([25]). Let (U, K) be the set of (restricted)
roots of (u,€), and let X1 (U, K) be its subset of positive roots. We have
the following root decompositions of £ and p as follows:

t=18 + Z E«,, p=a-+ Z Py

~EXH(U,K) ~EST(U,K)
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where

b ={Xect|[X

={Xct|[X H = for each H € a},

£, ={X €t| (adH)*X = (y(H))*X for each H € a},

py :={Y €p | (adH)?Y = (y(H))?Y for each H € a}.
For each v € X1 (U, K), set m(y) := dim¢, = dimp.,. Define
(3.8) m:= Z ¢, and ot = Z Py

~ESH(U,K) ~ESH(UK)

Then the tangent vector spaces Tek,(K/Ko) and Ter, (K/K[y) can be
identified with the vector subspace m of £. We can choose an orthonormal
basis of m and a’ with respect to (, ),

{X’y,i € E’Y ‘ v E 2+(U7K)7Z = 1727"’ 7m(7)}

,]}

and

(39) {Y’Yﬂ' < Py ‘ 7€2+(U7K)7i: L2, 7m(7)}

such that

(3.10) [H, X:] = \/_7( Woi, [H, Y] = _\/__17(H)X

for each H € a. Let (, ) denote the Ady(Kp)-invariant inner product
of m corresponding to the induced metric G* ggg(c) on K/Ky. Thus we

know (see [25]) that

1 .
{WX'Yyi ’ fye 2+(U7K)7ZZ 1727"’ 7m(7)}
u

is an orthonormal basis of m relative to ( , ).
The Laplace operator AY,, = dd acting on O (K /K, C) with respect
to the induced metric G* ggg(c) corresponds to the linear differential op-

erator —Crn on C°(K, C)g,, where Crn € U(¥) is the Casimir operator
relative to the Adp(Kjp)-invariant inner product ( , ) of m defined by

(3.11) Coni= Y. Z||7||2 i)

veXSH(U,K)
Note that Cpn € U(¥) g, because of the Ady (Kp)-invariance of ( , ).
Suppose that (U, K) is irreducible. Let 7y denote the highest root

of X(U, K). For g = 3,4, or 6, the restricted root system (U, K) is of
type As, Ba, BCy, or G5. Then we know that for each v € X7 (U, K),

1 if X(U, K) is of type Ao,
vz ) 1or1/3 if ¥(U, K) is of type Ga,
Ivll2 ] 1or1/2 if X(U, K) is of type Bo,

1,1/2 or 1/4 if ¥(U, K) is of type BCs.

I
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Set
(3.12) ST K) = {y e SHU,K) | Il = holl3}-
Define a symmetric Lie subalgebra (uq,%) by

¢ = E0 + Z E’yv p1i=a+ Z Py

yex! (UK) vex! (U,K)
u =¥ +ps.
Let K7 and U; denote connected compact Lie subgroups of K and U

generated by €; and u;.
Suppose that X7 (U, K) is of type BCs. Define

(313) X3 (U,K):={y e U, K) | [l = [nolli or [lholl:/2}-
Define a symmetric Lie subalgebra (ug, £2) by

ty =ty + Z £, p2i=a+ Z Py,

€35 (UK) v€53 (UK)
ug 1= € + po.
Let K5 and U; denote connected compact Lie subgroups of K and U

generated by € and uy. We have the following subgroups of K in each
case:

Ky C K, if X(U, K) is of type As,
KyCc Ky CK, if 3(U, K) is of type By or Gy,
KycKicKyCcK, if 2(U,K) is of type BCs.
Set
m(7y)
Cr /Ko, o *= Z Z (X54)%,
~eSH(UK) i=1
m(v)
(3.14) CK1 /Ko, Ju 7= Z Z(X%i)za

vexy (U K) =1

m(7)
Chasio b= D, D (X302

veXy (UK) =1

Then Cr/ky:Ck, /Kos Ciayio € U(E)K,, and the Casimir operator Cpn
can be decomposed as follows:



HAMILTONIAN STABILITY OF THE GAUSS IMAGES. I 289

Lemma 3.1.

1 . .
o Hch/Ko, e i E(UK) is of type Az,

3 2 ‘ ‘
Ioll2 Cr/Kod \ hu = oll2 Cky /Ko,y f E(U,K) is of type Ga,

o=y 2 i | .
H%”ch/KOx( e T ||QCK1/K0x( v if 2(U, K) is of type B,
u

4 2

Ioll2 Cr/Ko( 2 )u ~ ol Cra/Kou( , hu — TolZ H2 Cry /Ko, )
if (U, K) is of type BCs.

Moreover, by direct computations we obtain the following.

Lemma 3.2. The Casimir operators Crk,,Crk, /K, (and Ck,/K,)
commute with each other.

See also Theorem 1.5 and Theorem 3.6 in [5] for more general results.
The commuting property implies the existence of simultaneous eigen-
functions for the Casimir operators. The choice of such eigenfunctions
will be performed concretely in our settings.

3.2. Fibrations on homogeneous isoparametric hypersurfaces
by homogeneous isoparametric hypersurfaces. For ¢ = 4 or 6,
(U,K) is of type Gg, Bg, or BCy as indicated in the 3rd column of
Table 1.

In the case when (U, K) is of type By or G2, we have one fibration as
follows:

N" = K/K,

K /Ky

K/K,

In the case when (U, K) is of type BC5, we have the following two
fibrations:
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N = K/K, K/K,
K, /Ky Ky/Ky
Ky /Ky
K/K, / K/Ko

3.2.1. In the case ¢ = 6 and (U,K) = (G2,50(4)), (m1,mg) =
(1,1).
NS = K/Ky = SO(4)/(Z3 + Z2)

K1/Ko = SO(3)/(Zs + Z2)

K/K, =50(4)/S0(3) = §3

Here U, /K, = SU(3)/SO(3) is a maximal totally geodesic submanifold
of UK = G2/SO(4). K/Ky = SO(4)/(Z2 + Z3) is a homogeneous
isoparametric hypersurface with ¢ = 6, m; = mg = 1, and K;/Ky =
SO(3)/(Zs + Z5) is a homogenous isoparametric hypersurface with g =
3, mip = mo = 1.

REMARK ([24]). Maximal totally geodesic submanifolds embedded
in Go/SO(4) are classified as SU(3)/SO(3), CP?, §%. 52,
3.2.2. In the case g = 6 and (U, K) = (G2 x G2,G2), (m1,me) =
(2,2).
N2 = K/Kq = Go/T?

K1 /Ko = SU(3)/T?

K/K) = Gy/SU(3) = S°

Here Uy /Ky, = (SU(3) x SU(3))/SU(3) is a maximal totally geodesic
submanifold of U/K = (G3 x G3)/Ga. K/Ky = Go/T? is a homoge-
nous isoparametric hypersurface with ¢ = 6, m;y = mo = 2, and
Ki/Ky = SU(3)/T? is a homogenous isoparametric hypersurface with
g=3,m; =mo=2.
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REMARK ([24]). Maximal totally geodesic submanifolds embedded
in Gy are classified as G/SO(4), SU(3), S2 - S3.

3.2.3. In the case g = 4 and (U,K) = (SO(5) x SO(5),50(5)),
(ml,mg) = (2,2).

N8 = K/Ky = SO(5)/T?
Ki1/Ko = SO(4)/T?

K/K, = S0(5)/S0(4) = §*

Here Uy /K; = (SO(4) x SO(4))/SO(4) = SO(4) = $3 . S3 is a maxi-
mal totally geodesic submanifold of U/K = (SO(5) x SO(5))/SO(5) =
SO(5). K/Ky = SO(5)/T? is a homogeneous isoparametric hypersur-
face with g = 4, m; = mg = 2, and K1 /Ko = SO(4)/T? =2 S? x §% is a
homogeneous isoparametric hypersurface with g = 2, m; = mo = 2.

REMARK ([24]). Maximal totally geodesic submanifolds embedded
in Sp(2) = Spin(5) are classified as Gra(R?), St - S3, 83 x §3, 4.

3.2.4. In the case g =4 and (U, K) = (S0O(10),U(5)), (m1,ms) =

(4,5).
. U(s) = _ U(5)
N'® = SU(2)xSU(2)xU(1) K/Ko = SU(2)xSU(2)xU(1)
lKl/Ko%SleI K2/K0%75U(2[fi4s)m)
U(s Kz/Kl%GT’Q(C4) U(s
K/K, = U(2)><UE2;><U(1) K/Ky = 7U(4)>(<[)](1)
Here Uy /Ky — SOBX502) o SOB®) o __SO®) _ o~ G (RS) is a
2/ 2 U@)xU(1) — U@ ~— SO@)xS0(6) — 2
maximal totally geodesic submanifold of U/K = SO(10)/U(5), but
Ui /Ky = SOU(?%XXSUO((;;)XX&%Q) >~ Gro(R*) is not a maximal totally geo-
desic submanifold of Us/K5. Notice that K/Ky = SU(2)xgl(J5()2)xU(1) is a
homogeneous isoparametric hypersurface with g = 4, (m1, ma) = (4,5),
Ky/Ky = Ui)xU) ~ S92)x506) ¢ 5 homogeneous isopara-
2/ 480 SU@XSURIXU(L) —  Z2xSO0(d) g P

metric hypersurface with ¢ = 4, (m1,mq) = (1,4), and K;/Ky =

URxU@xUQ) ~ U@2) . UQ)
SU@)=XSURXU() — 30 X 3UR)
metric hypersurface with g = 2, (mq, mo) = (1,1).

X

=~ S1 x S1 is a homogeneous isopara-
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REMARK ([24]). Maximal totally geodesic submanifolds embedded

Sg((;)o) are classified as Gro(R3), Gra(C?), SO(5), S2 x CP3, CP%.

REMARK ([24]). Maximal totally geodesic submanifolds embedded
in Gry(R®) are classifed as Gro(R7), SP - S9 (p + ¢ = 6), CP3.

3.2.5. Inthe case g =4 and (U, K) = (SO(m+2),S0(2)xSO(m)) (m > 3),
(m1,me) = (1,m —2).

m— SO(2)xSO(m
e i = S0

S0(2)xS0(2)xSO(m=2) ~ SO(2)xS0(2) ~
Ko/ Ko = S92)x5001x50(n=2) & S0()1500) & g1 g1

- SO(2)xSO(m) ~ SO(m) ~ m
K/Ky = SO(2)><SO(>;)><SO(m—2) = somxsom=y = Gr2(R )

Here Us /K1 = sotsomssom = Gra(R*) = 57x5? is not a maxi-

mal totally geodesic submanifold of U/K = % = évrg(Rm”).
Notice that K/Ky = %m is a homogeneous isoparametric hy-
persurface with g = 4, (mi,m2) = (I,m — 2), and K;/Ky =

SO(2)xSO(2)xSO(m=2) ~, SO(2)xSO2) ~ alo al : .
Z3x50(m=2) & Z >~ §*xS* is a homogeneous isopara-

metric hypersurface with g = 2, (mq, mo) = (1,1).

REMARK ([24]). Maximal totally geodesic submanifolds embedded
in Gro(R™+2) (m > 3) are classified as Gry(R™H1), SP-S9(p+q = m),

m }

cplzl,
3.2.6. In the case ¢ = 4 and (U,K) = (SU(m + 2),S(U(2) x
U(m)) (m > 2), (m1,mz) = (2,2m — 3).

(i) m =2, (U’ K) = (SU(4)’S(U(2) X U(2))7 (m17m2) = (27 1)

_ _ S(U((2)xU(2))
N = K/Kq = S(U(l)iU(l))

_ SUM)xU)xU)xU(1)) ~
K1/Ko = ( (SX(Ugl)iUgl))X W = g1 x 51

_ S(U(2)xU(2)) ~
K/K, = S(U(1)><U(1)>>§U(1)><U(1)) = 5% x 5

S ~ . .
Here Uy /K1 = S(U(l)x(gg;iggg)xml)) ~ G2 % S? is not a maximal
totally geodesic submanifold in U/K = % =~ Gry(CH) =

@‘Q(RG). Notice that K/K, = W is a homogeneous
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isoparametric hypersurface with ¢ = 4, (m1,m2) = (2,1), and
Ki/Ky = S' x S! is a homogeneous isoparametric hypersurface
with g = 2, (m1,m2) = (1,1).

(ii) m >3
Nim—2 _ K _ S(U(2)xU(m)) = K _ S(U(2)xU(m))
= Ko = SO XUDORTm=2)) Ko = STMXUDXTm=2)
K1 o S(UM)xU@M)xU1L)xU(1)) Ko o, S(U(2)xU(2)
l Koo SO <T M) P 1 l Ko = S(U()xU(D)
K _ S(U(2)xU(m)) K COPXCP e sw@xum)
K = SUOXUD <UD XUDXTm=2)) K = SU@XU@XUm=2)

Here Uy/Ks = Gra(C*) is not a maximal totally geodesic sub-

manifold of U/K = % > Gry(C™*2) and Uy /K, =

S(U2)xU(2)xU(m—2)) ~ . .
S(U(l)x(UglgiUglg:Ugl)xU)(m—z)) =~ CP! x CP! is not a maximal to-

tally geodesic submanifold of Us/Ks. Notice that K/K, =

S(U(%[ng()lx)gg]n&_m) is a homogeneous isoparametric hypersurface

. ~ SUR)xU®?2) .
with ¢ = 4, (m1,m2) = (2,2m — 3), Ky/Ky = % is
a homogeneous isoparametric hypersurface with g = 4, (mq, ms)
= (2,1), and K;/Ky = S x S! is a homogeneous isoparametric

hypersurface with g = 2, (m1,mg) = (1,1).

REMARK. (][24]) Maximal totally geodesic submanifolds embedded in
Gro(C™F2) (m > 3) are classified as Gro(C™ 1), Gro(R™*2), CPP x
CPY (p+q=m), HPIZ],

3.2.7. Inthe case g =4 and (U, K) = (Sp(m+2), Sp(2)xSp(m)) (m >
2), (ml,mQ) = (4,4m — 5).
(i) In the case g = 4 and (U, K) = (Sp(4),Sp(2) x Sp(2)) (m = 2),
(m17m2) = (473)

_ _ Sp(2)xSp(2)
N = K/Ky= SZ<1)XSZ<1>

K1 /Ko = Sp(l)XgigBiggEBXsp(l) ~ 63y g3

_ Sp(2) x Sp(2) ~ ~ 4
K/K1 = gymsspmxspmsspm = BPT x HPT = 8% x 9

_ Sp(2)xSp(2) ~ 1 1 :
Here Uy /Ky = Sp(l)xsg(l)isg(l)xsp(l) ~HP' x HP" is a maximal
totally geodesic submanifold of U/K = W@gpm =~ Gro(H?).
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Notice that K/Ky = % is a homogeneous isoparamet-

ric hypersurface with ¢ = 4, (mi,ma) = (4,3), and K, /Ky =
Sp(l)xgzggigz%xsﬁ(l) =~ §3 x $3 is a homogeneous isoparametric
hypersurface with g = 2, (mq1,mo) = (3, 3).

(i) m >3
N8m-2 _ K _ S5p(2) x Sp(m) = Ko Sp(2)x Sp(m)
— Ko = Sp(1)xSp(1)xSp(m—2) Ko = Sp(1)xSp(1)xSp(m—2)
Ky~ Sp(1)xSp(1)xSp(1)xSp(1) Ko ~, Sp(2)xSp(2)
Ko™ Sp(1)xSp(1) X Ko~ Sp(1)xSp(1)
KoopplxHP!
K _ Sp(2)xSp(m) K1 K _ Sp(2)xSp(m)
K1 = Sp(1)xSp(1)xSp(1)xSp(1)xSp(m—2) Ko = Sp(2)xSp(2)xSp(m—2)

Here Uy /Ky = Sp(%pi?px(g)px(n;p_(g_z) =~ Gre(H?) is not a maximal
Sp(m+2)  ~ GT‘Q(Hm+2),

totally geodesic submanifold of U/K = PR =Sp(m) =

Sp(2)xSp(2)xSp(m—2 ~ .
but U/Ky = sy shi sy suspony = HP' x HP! s
a maximal totally geodesic submanifold of Us/Kj,. Notice that

K/Ky = Sp(l)ipéi)(f)ip ézb()m—% is a homogeneous isoparametric hy-

persurface with g = 4, (m1, ma) = (4,4m—>5), Ky /Ky = %
is a homogeneous isoparametric hypersurface with g = 4, (my,ms)
= (4,3), and K;/Ky = S3 x S3 is a homogeneous isoparametric
hypersurface with g = 2, (m1,m2) = (3, 3).

REMARK. ([24]) Maximal totally geodesic submanifolds embedded in
Gro(H?) are classified as Sp(2), HP?, S1 .85 8% x 54, Gry(CH).

Maximal totally geodesic submanifolds embedded in Gre(H™*2) (m >
3) are classified as Gro(H™ 1), Gro(C™+2), HPP x HP? (p + q = m).

3.2.8. Inthecase g =4 and (U, K) = (Es, U(1)-Spin(10)), (m1,ms) =
(6,9).

N30 _ K U(1)-Spin(10) = K _ U(1)-Spin(10)
— Ko = ST.Spin(6) Ko — ~ S1.Spin(6)
Sl (szn(2) (Spin(2)-Spin(6))) ﬁ:U(l)-(Spin(Z)-Spin(S))
ST szn(G}% Ko ST.Spin(6)
2N 8
_ U(1)- pm(lo) =Gra(R) K _ U(1)-Spin(10)
(szn(2) (szn(2) Spin(6))) Ko = U(1)-(Spin(2)-Spin(8))
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Here Uy /Ky = U(1)%f§1;3£5€2i)r-b(sl;zz()i)¢z(8)) = @Q(Rlo) is a maximal totally geo-
desic submanifold of U/K = W, but U;/Ky =

S1.Spin(4)-Spin(6) ~ Q2 2
ST Epm(2) Spim@) SpmE) = O XS

submanifold in Us/Kj,. Notice that K/Ky = %W is a homo-

geneous isoparametric hypersurface with g = 4, (mi,m2) = (6,9),
_ U@1)-(Spin(2)-Spin(8)) ~ Spin(2)-Spin(8) ~ SO(2)xSO(8) .
Ka/Ko = ST-Spin(6) = Spin(6) = TZyxS0(6) B @ ho-
mogeneous isoparametric hypersurface with g = 4, (my,m2) = (1,6),

1.(Spin(2)-(Spin(2)-Spi
and Kl/KO _ S (szn(?l(ggzzgzg Spin(6)))
isoparametric hypersurface with g = 2, (my,mg) = (1,1).

is not a maximal totally geodesic

=~ §! x S! is a homogeneous

REMARK ([24]). Maximal totally geodesic submanifolds embedded
in Eg/U(1) - Spin(10) are classified as Gro(H*)/Zo, OP?, S% x CP?,
SO(lO)/U(5), GTQ(C6), GTQ(RIO).

The cases described in 3.2.1, 3.2.2, and 3.2.8 are treated in [27].

4. The case (U, K) = (SO(5) x SO(5),S0(5))

Now (U, K) is of type By, and U = SO(5) x SO(5), K = {(z,z) €
U|ze SO(5)}. Let u= ¢+ p be the canonical decomposition, where
u=o005)do(5), t={(X,X)| X €0(5)} =o0(5), and p = {(X,—-X) |
X € 0(5)}. Let a be a maximal abelian subspace of p given by

0 ¢ 0 0 0

& 00 0 0 O
a=<(H,-H)|H=H(,&)=|0 0 0 =& 0f,64,6€R

0 0 & 0 0

0 0 0 0 O

= t={H(, &) [ &,6 € R Co(5).

Then the centralizer Ky of a in K is given by
A 0 0
Ko={|0 B 0||ABecSO?2), =17
0 0 1

which is a maximal torus of SO(5), and N = K/Ky = SO(5)/T? is a
maximal flag manifold of dimension n = 8. Moreover, K[ is described
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as
10
Ib 00 01
Kg=[0 L of-7?u |1 0 T?
0 01 0 -1
-1
1 0 1 0
0 -1 0 -1
U 10 T*U |10 -T2,
0 —1 01
1 -1

The deck transformation group of the covering map G : N® — G(N®) is
equal to Kq/ Ko = Zy.

4.1. Description of the Casimir operator. Choose (X,Y), :=
—tr(XY) for each X, Y € ¢ = s0(5). The restricted root system (U, K)
of type Ba, can be described as follows (cf. [7]):

Y(U,K) ={£(e1 — €2) = £, tes = tag, £(e1 + €2) = £(aq + 2c2),
+e = :|:(041 + 042)}.
Then the square length of each v € X(U, K) relative to (, )¢ is

if ~ is short,

IyII =
1 if v is lon
5 Y g.
In this case, K = SO(5) D K; = SO(4) D Ky = T?. The Casimir
operator Cy, of L™ relative to the induced metric from 9252(0) becomes
C 2 —=C ! —C
L= K/Ko,(, K1/Ko,(,
[ ET) s
(4.1) = 4Ck /Ko w — 2CR1 /Ko, ()

=2Ck/K, — Ck,y /Ko
= Cr/ko + Ck /Ky
where Cr/k, and Cg,/k, denote the Casimir operators of K/Kq and
K, /Ky relative to (, )¢ and (, )¢le,, respectively.
4.2. Descriptions of D(K) and D(K;). Since the maximal abelian
subalgebra t of £ can be given by

0 —&

&0

t= 0 —-& ’fl,fgeR Ct Cé
& 0
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we have
LK) =T(Ky)
0 &
&0
= &= 0 =& | £1,&2 € 2nZ

& 0
0

Denote by ¢; (i = 1,2) a linear function ¢; : t 3 £ — & € R. Then
D(K) = D(S0(5)) = {A = kie1 + kaea | k1, ko € Z, k1 > kg > 0},
D(Kl) = D(SO(4)) = {A = ki€e1 + koeo ‘ ki,ko € Z,ky > ’kz’}
4.3. Branching law of (SO(5),S0(4)).

Lemma 4.1 (Branching law of (SO(5),SO(4)) [19]). Let A = kie1 +
kaea € D(SO(5)) be the highest weight of an irreducible SO(5)-module
VA, where k1,ky € Z and ki1 > ko > 0. Then Vi contains an irreducible
SO(4)-module W, with the highest weight A" = kje1+khea € D(SO(4)),
where Ky, kb, € Z, k) > |k, if and only if

(4.2) k1> Ky > ko > |Kb).

4.4. Descriptions of D(K,Kj) and D(Ki, Kj). Define an Ad(K)-
invariant inner product of by (X,Y)e := —tr(XY) (X,Y € £t =0(5)).

Let {a}] = €1 — €2, a2 = €1 + €2} be the fundamental root system of
SO(4), and let {A] = J(e1 — €2), A, = L(e1 + )} be the fundamental
weight system of SO(4). Then:

Lemma 4.2 ([52]).

D(K1,Ky) = D(SO(4),T?)

={ & = Klex + Kpeo = mi A} + miyAh = plaf + phats |
“3) kie Z, k) > |Ky|,mi e Z,m) >0,p. € Z,pl >

i s V1 — 27mi€ 7mi_07pi€ 7pi_17
mizki—ké=2p’120,m§=k3+ké=2p’220}.

The eigenvalue formula of the Casimir operator Cr,  k, relative to
(X, Y )ele, is

1
—en = (k) + (ky)* + 2ky),
for each N = kje1 + khea € D(K1, Ky).

Let {a1 = €1 — €9, a9 = €3} be the fundamental root system of SO(5),
and let {A1 = €1, A = (61 + €2)} be the fundamental weight system of
SO(5). Then:
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Lemma 4.3 ([52]).
(4.4)
D(K,Ky) = D(SO(5),T?)

:{A = ki€ + kaea = miA; + malo = prag + paas |
k«’z’GZJ{?lZk’zZojmiezymiZO,piGZaPiZL

my = 2p1 —p2 > 0, mo = —2p1 + 2po 20,P1=k‘1,p2=k‘1+k‘2}-

The eigenvalue formula of the Casimir operator Cg k, with respect to
the inner product (X,Y )¢ is

1
—cp = 5(k:% + k2 4 3ky + ko),
for each A = k€1 + koeg € D(K, Ky).

4.5. Eigenvalue computation. By Lemmas 4.2 and 4.3, we have the
following eigenvalue formula for Cy:

—cL = — 2CK/K, T CKy /K,
1
= (K + k3 + 3ky + k) — 5((k:’l)2 + (k)% + 2k)).

Since
—Cr = —Ck/ry — Cst = —Crg Ky
the condition —cy, < n = 8 implies that —cy < 8. We have the following.

Lemma 4.4. A = kyey + kaea € D(SO(5),T?) has eigenvalue —cp, <
8 if and only if (k1, ko) is one of {(0,0),(1,0), (1,1), (2,0), (2,1), (2,2)}.

Proof. Assume that —cy = %(k‘% + k:% + 3k1 + ko) < 8. Then it follows
from Lemma 4.3 that k1 < 2. Moreover, if k; = 1, then ks = 0 or 1. If
ki1 =2, then k9 = 0,1 or 2. q.e.d.

Suppose that (k:l,k‘g) = (1,0). Then dimc Vpy = 5. It follows from

Lemma 4.1 that (k|,k}) = ( 0) or (1,0). By Lemma 4.2, we have
— 11

(p17p2) - ( ) (575) bUt A‘plpz (00 A‘p1p2 :(%7%) Q

D(SO(4),T?). Hence A = (1, ) ¢ D(SO(5),T?) = D(K, Ko).

Suppose that (k1,k2) = (1,1). Then dimcVy = 10, Vo = 0(5,C)
and Kp/Ko acts on (Va)g, = (£)© = a via the action of Weyl
group W (U, K). Thus it must be (Va)x,, = {0}. Hence A|g, ry)=1,1) €
D(K, Kpy).

Suppose that (k1, k2) = (2,0). Then (m1,m2) = (2,0) and dimc Vaa,
14. It follows from Lemma 4.1 that (k’l,k;z) (0,0),(1,0), or (2,0).
By Lemma 4.2, we have (p},p5) = (0,0), (2,2) or (1,1). Note that
A| p’,p4)=(0,0)> A/|(pf1,p/2):(%,%) ¢ D(SO(4),T?). If (py,ph) = (1,1), then
(m},mb) = (2,2) and —cp =5, —cpr = 4, and thus

—cr, = —2cp +ep=10—4=6 < 8.
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On the other hand, we observe that
Van, =Symy(CP)

_C. (‘%14 ‘i) @{@ 8) | X € Symg(CY)}

@{(tOZ g) |ZGM(4,1;C)}

=Win=0 © Wany1an, © Wariay,

and
61]2
(V2A1)KO = coly c1,c9,c3 € C,2c1 +2c0+c3=0
c3
As
0O 01 O 0 0O 0 1 0 O
0O 00 -1 0 c1ls 0O 0 01 0
1 0 0 O 0 ol 1 0 0 0 O
01 0 O 0 cs 0O -1 0 0 O
000 0 -1 0O 0 0 0 -1
62[2
= el ;
c3
we get
<1
(‘/2/\1)1{[(1]:{( a4 C> ’CGC}:WA’:O
Thus

sar42ny N (Vany) iy = {0}

Suppose that (ki,k2) = (2,1). Then (mi,m2) = (2,1) and
dime Vap,+a, = 35. It follows from Lemma 4.1 that (k7,%5) = (1,0),
(1,-1), (1,1), (2,0), (2,—1), or (2,1)—that is, (m},mb) = (1,1), (2,0),
0,2), (2,2), (3,1), 0 (1,3), and thus

Vani+ar = Warpny © Wopy @ Wopny © Woprpony, @ Wangyay © Wariany,-

By Lemma 4.3, we have (p},ph) = (2, 2) (1,0), (0 1), (1,1), (2,2) or
(2, 2) Then by Lemma 4.2 we see that A’ | 11y , N | (0t ) =(1,0)
é\ | ;u)l,p2 (0,1)s N |(p1 2h)=(3,1) AN |(p1,p (1.3 ¢ D(SO( ) ?). If (p},py) =

that is, (m}, m}) = (2,2)—then —cp =6, —cpr = 4, and thus
—c, = —2cp+ep =12—4=28.

So we need to determine the dimension of (W, A2 A’Q) Ko 7 {0}.
Since Wapr 4oy, = sl(2,C) K sl(2,C) and

(Wang 2any) ko = (s1(2, C) Bsl(2,C))xc, = CRC,



300 H. MA & Y. OHNITA

we have dimc(Wan, o1, ) K, = 1. Let A’RY = 50(10) = ady(s0(5)) + V.
Then A2C10 = (/\2R10) = 50(10,C) = ad(s0(5))€ + V€ = 50(5,C) +
VC, where {0} # V€ C Vap,4a,. By the irreducibility of Vo, 4a,, we
see that V€ = Vaa,+A,- Since

{0} # (V) Ky = Wanr oy iy © (Wangsons) K

and dimc(Wanr yony ) Ky = 1, we get

{0} # (V) ki = Wanr oy iy = (Wang4aas) K

and dimc(Waar yony) Kk, = 1. Hence 2A1 + Ay € D(K, K|g) and its

multiplicity is equal to 1.

Suppose that (ki1, k2) = (2,2). It follows from Lemma 4.1 that (k], k}) =
(27 0)7 (27 1)7 (27 2)7 (27 1) (2 _2) By Lemma 4.2, we have (p17p2)
(1,1), (3,2),(0,2), (3,1), or (2,0), and thus A’ ]( ') A | (ot p)=(0,2)

=(3:3)
A/‘(pll,plz):(% % N ‘ (p,p5)=(2,0) Q D(SO( ) ) If (p17 /2) ( )7 then
—cp = 8, —cpr = 4, and hence

—cr = —2cp+cepy =16 —-4=12 > 8.

Now we obtain that the Gauss image L8 = G(SO(5)/T?) C Qs(C) is
Hamiltonian stable. Moreover, it also follows that

n(L¥) = dimc(Vap, +4,) = 35 = dim(SO(10)) — dim(SO(5)) = npp(L?).
Hence the Gauss image L® = G(SO(5)/T?) C Qg(C) is Hamiltonian
rigid.

From theses results we conclude the following.

Theorem 4.1. The Gauss image L® = G(SO(5)/T?) = %g C
Qs(C) is strictly Hamiltonian stable.

5. The case (U, K) = (S0O(10),U(5))

In this case, (U, K) is of BCy type and K = U(5) C U = SO(10).
Here each A++/—1B € U(5) can be identified with an element ( g _AB > €
SO(10) with A, B € gl(5,R). The canonical decomposition u = £+ p of
u and a be a maximal abelian subspace of p are given by u = s0(10),

ez{@( )3*/> €s50(10) | - X' = X,Yt:Y}

~y(5) = {T=X+V-1Y €gl(5,C) | T* = -T},
:{(J; _&) €s50(10) | X,Y 650(5)}
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and
0 -&
& 0
H 0
a= o | Hy = 0 —& (1,2 € R
0 H,
& 0
0
Then the centralizer Ky of a in K is as follows:
Ky
air +ib11 ar2 +1ibyo 0 0 0
—aig +ibi2  apr —ibyy 0 0 0
= 0 0 agg +ibgy  ao1 + ibgy 0
0 0 —a91 + 1by; a9y — iboo 0
0 0 0 0 ass + ib33

€ U(5)} = SU(2) x SU(2) x U(1),

and N = K/Ky = U(5)/SU(2) x SU(2) x U(1) is of dimension 18.
Moreover,

10 1
0 1 -1
K[a} =Koul|l O - Ko U 1 - Ky
0 -1 -1
1 1
1 0
0 -1
ul1 o K.
01
1

This means that the deck transformation group of the covering map
G: N — G(N'8) is equal to K/ Ko = Zy.

5.1. Description of the Casimir operator. Choose (X,Y), :=
—tr(XY) for each X, Y € u = s0(10). The restricted root system X (U, K)
of type BC5 can be given as follows ([7]):
(U, K)
:{:|:62 = +aq, :|:(61 — 62) = tag,Fe = :|:(Oé1 + 012),
+ (€1 + €2) = £(201 + a2), £2¢1 = (201 + 2a2), 262 = +20 }.

Then the square length of each v € X(U, K) relative to (, )y is

11
72 = 550 or 1.
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Hence the Casimir operator Cr, of L™ with respect to the induced metric

from 932(0) can be expressed as follows:

(5.1)
4 1 2

CL:—C u_—c u_—c .
ol /5ot e g T K de g T e

=4Ck/Ko () — CK1/Ko (e — 2CKa /Ko ()
1
=2Cx/ky — CKa/Ko — 5 Cr, /Ko

where C i, Crey /iy a0d Ci, /i, denote the Casimir operator of K /Ko,
Ky /Ky, and K;/Kj relative to (, )|e, (, )e,, and (, )|e , respectively.
Here, (X,Y) := —tr(Re(XY)) for all X,Y € ¢ = u(b).

5.2. Descriptions of D(K),D(K;) and D(K3). Using a maximal
abelian subalgebra t of £ given by

w0 0 0 0
0 4o 0 0 0
t= \% -1 0 0 Y3 0 0 ’ Y1,Y2,Y3,Y4,Ys S R C E7
0 0 0 ys 0
00 0 0 ys
we have
T(K) = I'(K») = T(K)) = T(Ko)
&€ 0 0 0 0
0 & 0 0 0
= g: V-1 0 0 63 0 0 | 51752753754755 €21l )
0 0 0 & 0
0 0 0 0 &

[(C(K)) = 2nZIs.
Then D(K), D(K7), and D(K3) are given as follows:
D(K) =D(U(5))

={A=piyi+--+psys | p1,-- .05 € Z,p1 > p2 > p3 > ps > ps},
D(K3) =D(U(4) x U(1))

={A=piyi+--+ps5ys | p1,-- - ,p5 € Z,p1 > p2 > p3 > pat,
D(K1) =D(U(2) x U(2) x U(1))

={A=piyi+ - +p5ys5 | p1,- - ,p5 € Z,p1 > p2,D3 > D4}

5.3. Branching laws of (U(m +1),U(m) x U(1)).

The branching laws for (SU(m + 1), S(U(1) x U(m))) was shown by
Ikeda and Taniguchi [19]. It can be reformulated to the branching laws
for (U(m +1),U(m) x U(1)) as follows:
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Lemma 5.1 (Branching laws for (U(m + 1),U(m) x U(1))). Let
A =piyi+-+pmym € D(U(m)) be the highest weight of an irreducible
U(m)-module Vp, where p; € Z (i = 1,--- ,m) and p1 > py > -+ >
Pm- Then the irreducible decomposition of Vo as a U(m) x U(1)-module
contains an irreducible U(m) x U(1)-module Vi: with the highest weight
Var=qyr+- -+ qmym € D(U(m) xU(1)), where ¢; € Z and q1 > g2 >
<o > gm, if and only if

PL2qL2P22¢22P324G3 2 2 Pm—1 = Gm—1 = Pm,

m m
Zpi = Z 4;-
i=1 i=1

In particluar, the multiplicity of Vas is 1.

In the next subsection we use the branching laws of (U(m+1),U(m) x
U(1)), and (U(m),U(2) xU(m—2)) in the case of m = 4. The branching
laws of (U(m),U(2) x U(m —2)) are described in Lemma 7.1 of Section
7.

5.4. Descriptions of D(K, Ky), D(K2, Ky), and D(K, Kj).
Each A € D(K) = D(U(5)) is expressed as

A =piy1 + - psys,
where p; € Z, p1 > pa > p3 > pg > p5. Then by Lemma 5.1 in the case
of m =4, V) can be decomposed into irreducible U(4) x U(1)-modules
as . .

VA = @ V/(; = @ W[/‘/u X Uqws’

i=1 i=1
where A} = q1y1 + qaye +q3y3 + quya + gsys € D(K2) = D(U(4) x U(1)),
Ay = qy1 + @v2 + @3y3 + quya € D(U4)), gsys € D(U(1)), and ¢; €
Z (i=1,2,3,4,5) satisfy

P1=2q12P22G22P32G3 2 Pa > Qa2 Ps,

5 5
sz‘ = Z q;-
i=1 j=1

By the branching law for (U(4),U(2) x U(2)) in Lemma 7.1, each W7},

1z

can be decomposed as
! " " "
WA’M - EBW "= EBW]\U L W;W
where A" = kiyr + koys + k3ys + kays € D(U(Q) X U(2)),

kaoys € D(U(2)), 1~\p = ksys + kqys € D(U(2)), and k; € Z (i = 1,
satisfy
(1) i ki = i di

(i) ¢1 > k1> g3, g2 > ka2 > qu;

kiy, +
2,3,4)
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3 i+1 —(r;i+1
3 (xritl — x—(rit1)
(iii) in the finite power series expansion in X of 2_1((X —x1)2 ) ,
where 7;(i = 1,2, 3) are defined by
1 =q1 — max(kzl, Q2)7
ro :=min(ky, g2) — max(ka, q3),

rg :=min(k2, g3) — g4,
the coefficient of X*3~%4*1 does not vanish. Moreover the value of
this coefficient is the multiplicity of the U(2) x U(2)-module W},.
By the branching law of (U(2),SU(2)) (see Section 7), as SU(2)-
modules they become
" " " "
W[XU =W o’ WA,):WAP’

k1 —k ks — k
L_22(y; —y2) € D(SU(2)), A, = & 5 Lys —ya) €

where A, =

D(SU(2)).

Hence one can decompose a K-module V), into the irreducible K-

modules
Va=EP P Wi, RWY R Uy

Now assume that A € D(K,Kj). Then there exists at least one
nonzero trivial irreducible Kp-module in the above decomposition for
some ¢ and p. So in this case, we have

kl—kgzo, kg—k4:0, Q5:0.

So we know that
4

5
2k + 2ks = ZQi = ija
=1

i=1

q2 > k1 = k2 > g3,

L =q1—q2

ry =k1 — k2 =0,

T3 =q3 — q4,
and in the finite power series expansion in X of

(Xo—aetl _ x—(@-aeth))(xe-atl _ x—(@-atl)
X-X-1 ’

the coefficient of X does not vanish. Moreover, the value of this coefhi-
cient is the multiplicity of the U(2) x U(2)-module.

Therefore, in the above notations for each A € D(K, Kj) given by
A = p1y1+poya+p3ys+payst+psys, where pi, - -+ ,ps € Z, p1 > pa > p3 >
pa > ps, each A" € D(Ky, Ko) is given by A’ = q1y1 + qay2 + q3y3 + qaya,
where g1, @1 € Z, 1 > @2 > q3 > qay D1 Pi = Z?Zl q;- Moreover,
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each A" € D(K1, Ky) is given by A" = kyy1 + kaya + ksys + kays, where
koo ka € Zy ky = ko, kg = ka, 2k1 + 2ks = Y5 q;.

5.5. Eigenvalue computation. For each A = p1y; + poys + p3ys +
Pays + psys € D(K, Ko), with p; € Z, p1 > p2 > p3 > ps > ps, the
eigenvalue formula of the Casimir operator Crf,, with respect to the
inner product (X,Y )y = —Tr(Re(XY)) for any X,Y € ¢ = u(5) is given
by
.2 .2, .2 2 2
—cn = pi+py +p3+pi+p5 +4Ap1 + 2p2 — 2ps — 4ps.

For each A" = qiy1 + qay2 + q3y3 + quys € D(K2, Ko) with ¢; € Z
and g1 > g2 > q3 > qu, the eigenvalue formula of the Casimir operator
Ck, /K, With respect to the inner product (, )¢[e, is given by

—en =GB GE G 30+ 2 — g3 — 3q

For each A" = kyy1 + koyo + k3ys + kays € D(K1, Kp) with k1 = ko
and k3 = ky, the eigenvalue formula of the Casimir operator Cr, /k,
with respect to the inner product (, )¢l¢, is given by

—CA” :k%+k%+k§+k2+k1—k2+k3—k4
=k + k3 + k3 + k3.
Hence we have the following eigenvalue formula:
1
—cp, = —2cp +cepn + §CAN
= 2(pf + P3 + p3 + P+ PE + 4p1 + 2p2 — 2ps — 4ps)
—(6f + 5+ a5+ df + 301+ g2 — a3 — 3q4)
1
- 5(k:% + k3 + k3 + k7).

Lemma 5.2. A = p1y; + poy2 + p3ys + pays + psys € D(K, Ky) has
eigenvalue —cr, < 18 if and only if (p1, p2, p3, P4, P5) is one of

{0, (0,-1,-1,-1,-1), (1,1,1,1,0), (1,1,0,0,0), (0,0,0,—1,—1),
(1,0,0,0,-1), (2,1,1,0,0), (0,0,-1,-1,-2), (1,1,0,—1,—1) }
Proof. Since
1 1 1
—Cp = _ch/Ko —Cr/Ky — §CK/K1 > _ch/Km
the condition —c;, < n = 18 implies that —cy < 36. From

—ca=(p1 +2)%+ (p2 + 1)+ p2 + (pa — 1)? + (ps — 2)* — 10 < 36,

it follows that |p;| < 2. Using the eigenvalue formula (5.2), we obtain
the result. q.e.d.
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Denote by wy,ws,ws,ws the fundamental weight system of SU(5).

Suppose that A = (1,1,1,1,0). Then dim V) = 5. By the branching
law of (U(5),U(4)xU(1)), A" =(1,1,1,1,0) or (1,1,1,0,1), where A’ =
(1,1,1,1,0) € D(K3, Kp). By the branching law of (U(4),U(2) x U(2)),
A=(1,1,1,1) € D(Kl,Ko). Thus —cp =8, —car = 4, —cpr = 4, and
—cp, = —2¢cp +cpr + CAN =10 < 18.

On the other hand A = Ag + w4, where Ag = = ZZ 1 Yi- The group
K =U(5)=C(U(5))-SU(5) acts on dimVj =5 and V = C ® C° by
pn, X s, where fi5 denotes the conjugate representation of the standard
representation of SU(5) on C®. For each element

A
go = B € Ky

and each element v ® w € C ® C°, where A, B € SU(2) and 6 € R,

Pa(90) (1 ® W) =pay (€T O15) (1) @ po, (¢~ 7 P go)w

\/_ A w1
4/=T w2
—e 5 u® Lo ws
Wy
e_wsje
0
0
Hence (VA)k, =spanc{l®@ | 0 |}
0
1
10
0 1
For a generator g=1 1 0 € K[q C Kz in Zy,
0 -1

1

pa(9)(u @ es) = pag(€¥ 15 Is) (1) @ puy (e7V 15 g)(es)
\/_?ﬂu & e\/_s e; = —u X es.

So (Va)ky, = {0}, that is, A = (1,1,1,1,0) € D(K, K|)). Similarly, we
get A= (0,—-1,—-1,—1, —1) (K, K[q))-

Suppose that A = (1,1,0,0 0) Then dim V4 = 10. By the branch-
ing law of (U(5),U(4) x U(1)), A" =(1,1,0,0,0) or (1,0,0,0,1), where
A =(1,1,0,0,0) € D(Ks, Ky). By the branching law of (U( ), U(2) x
U(2), A" = (1,1,0,0), (0.0,1,1), or (1,0,1,0), where A” = (1,1,0,0)
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r (0,0,1,1) € D(K;y,Kp). Thus —cp = 8, —cpr = 6, —cpr = 2 and
—cr, = —2cp +cpr + %CAN =9 < 18.

On the other hand, A = Ag + wy, where Ag = %Z?:l yi- Vo =
C @ A2C. Let {e1, ez, e3,e4,e5} be the standard basis of C°. For each

element gy € Ko expressed as above and each element u ® e; A e; € Vj
(1<i<j<h),

pA(90)(u @ €; A ej) = pa, (e 5 I5)(“) ® sz(e_gego)(ei N ej)

/12 _v1 VI
= eV @ (7T Pg0ei AeTTE Ygoey).

It follows from this that (Vi)x, = spanc{l ® (e1 A e2),1 ® (e3 Aey)}.
For the generator g € K| of Z4 given above, we have

A(Q)(l@@l/\eg) = —1®e3Aey,

P
a(g)(1®esNey) = 1®Re Aes.

Hence (Vi)k,, = {0}, that is, A = (1,1,0,0,0) € D(K, K. Similarly,
we get A = (0,0,0,—1,~1) ¢ D(K, Kq)-

Suppose that A = (1,0,0,0,—1). Then dim V) = 24. By the branch-
ing law of (U(5),U(4) x U(1)), A = (1,0,0,0,—1), (1 0,0, —1,0),
(0,0,0,0,0), or (0,0,0,—1,1), where A} = (1,0,0,— 0) AL, =
(0,0,0,0,0) € D(Ks, Ky). By the branching law of (U(4), U( ) X ( ))s
Alll = (170707_1)7 (17_17070)7 (0707070)7 (0 0717 )7 ( 17170)7
where A = (0,0,0,0) € D(K1, Kp). Also, A] = (0,0,0,0) € D(Kl,KO)
Thus —cp = 10, —cpnp = 8, —Cpny = 0, —cp, = —2cp +cp + cAu =12<
18 and —cpy, =0, —cpy =0, —cp =20 > 18.

On the other hand, A = wy 4+ wy corresponds to the adjoint represen-
tation of SU(5):

1
—=I; 0 0

) 1
VA—C®<C<0 >®C<00>

* 0
eC - 0 |pC- *
* 0 0 0 = O

!/

= V00000 ® V{1,00.-1.0) © V1000,-1) ® Y0.00,-1,1);

c11s
(VA)KO = coly ‘ ci1,c9,c3 € C,2c1 +2c0+¢c3=0
3

! !
V0,0,000) P V(1,00,-1,0)-
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By direct calculations, we get that for a generator g € K[ C K3 in
Z, as above,

cilo colp
Ad(g) Cg[g = 61[2
C3 C3

Hence

e
(VA gy = {< a c> |ce C} = V(/O,O,O,O,O)‘

But this 1-dimensional fixed vector space corresponds to the larger
eigenvalue 20.

Suppose that A = (2,1,1,0,0). Then dim V, = 45. By the branch-
ing law of (U(5),U(4) x U(1)) that V) can be decomposed into the
irreducible Ky = U(4) x U(1)-submodules

Va = ‘/(/2,1,1,0,0) ® V(/1,1,1,0,1) ® ‘/(/2,1,0,0,1) ® ‘/(/1,1,0,0,2)7
where A’ = (2,1,1,0,0) € D(Ks, Kp). By the branching law of (U(4),
U(2)xU(2)), A" =(2,1,1,0), (2,0,1,1), (1,1,2,0), (1,1,1,1), or (1,0,2, 1),
where A” = (1,1,1,1) € D(K3,Kp). Thus —cp = 16, —cpr = 12,
—cpar =4, —cp, = —2¢cp +opnr + %CAN = 18.

On the other hand, since ‘/'(’1’171’071) $5) V(/2,1,0,0,1) @ ‘/'('1’170’072) has no
nonzero vectors fixed by Ky, we see that (Vy)k, C ‘/(/271,1,0,0)' Note that
N =2y +ys+ys = Zle Yi +y1 — ys € D(Ks, Ky) corresponds to
the tensor product of C'(U(4)) representation with the highest weight
S v, the adjoint representation of SU(4) with the highest weight

y1 — Y4, and the trivial representation of U(1). Then for each element
go € Ko and each element u® X ® v € C®su(4) ® C = Vy,

pA/(go)(u®X®v):u®Ad< 4 B)(X)@v.

Thus (Vi) k, = span{l ® < L2 I ) ® 1}. For the element g € Kiq C
—I>
K27

I gy -1
PA’(Q)(U@( 2 _12>®v):eﬁu®< 2 I2>®v.

It follows that (Vi) k, = (VA) ko, that is, A = (2,1,1,0,0) € D(K, Ky))
with multiplicity 1. Similarly, A = (0,0, —-1,~1,-2) € D(K, Kq) with
multiplicity 1 and it also gives the eigenvalue 18.

Suppose that A = (1,1,0,—1, —1). Then dim V}, = 75. By the branch-
ing law of (U(4),U(2)xU(2)), Va can be decomposed into the irreducible
Ky, =U(4) x U(1)-submodules:

Va= ‘/(/1,1,0,—1,—1) ©® ‘/(/1,1,—1,—1,0) ©® V(/l,o,o,—l,()) @ ‘/(/1,0,—1,—1,1)7



HAMILTONIAN STABILITY OF THE GAUSS IMAGES. I 309

where A} = (1,1,—1,-1,0) and A}, = (1,0,0,—1,0) € D(K>, Kj). For
AL, by the branching law of (U(4),U(2) x U(2)), Ay = (1,0,0,—1),
(1,-1,0,0), (0,0,—1,-1), (0,0,0,0), or (0, —1,1,0), where A = (0,0,0 0) €
D(K1, Ky). Therefore —cp = 16, —cpy = 8, —cpy = 0, and —cp, =
—2ca+ey, +4 3CAy = 24 > 18. For A}, by the branching law of (U (4), U(2) x
U(2)), A”—(l,l,—l, 1), (1,0,0,-1), (1,—1,1,-1), (0,0,0,0), (0,—1,1,0)
or (—1,—1,1,1), where A}, = (1, 1,-1,-1), Ay, = (-1,-1,1,1), Af5 =
(0,0,0,0) S D(Kl,KQ). Thus —cpy = 16, —cpr = 12, —Cp = A, = 4,
—Cpy, = 0, —cr, = —2cp +cpr + %cAu = 18,18, or 20. Moreover, from
the above irreducible Ks-decomposition of Vi and eigenvalue calcula-
tions, we only need to determine dim(Vi)x,,, N (Vi] @ V{3) since the
fixed vectors in this subspace by K|, give the eigenvalue 18. Here we
set V{] == VA’,{I and V{} := V[(’,l,Q.

Recall that the irreducible representation of SU(4) with the highest
weight Al = y1 + y2 — y3 — ya = 2w9 can be described as follows ([14]):

Sym?(A%2C*) = I(Gry(Ch))o @ V/(/l,
where I(Gry(C*))z, the ideal of the Grassmannian Gre(C*), denotes
the space of all homogeneous polynomials of degree 2 on P(/\204*) that

vanish on Gry(C*). Here I(Gra(C%))y =2 A'C* =2 C can be written
down explicitly in terms of a basis {er, e, e3,e,} of C*:

I(GTQ(C4))2 = span{(e; Ne2) - (esAey) + (e1 Ney)  (e3 Aes)
— (e1 A eg) . (eg A 64)}.

Thus a basis for Vl{,l can be given explicitly. For any element gy € K,

denote g, = g€ SU(2) x SU(2) C U(4). The representation of

Kj on any element u®X®w€C®V’,1®CiS

palg)(u® X @ w) = po(1)(u) ® pay (9)(X) ® pole¥ 1) (w).
By direct computations, we obtain
(Va)k, N V/\,1 =spanc{ 1 ® (e1 Aez) - (e1 Ne2) ® 1,
1®(esNhes)-(esNe)®1, 1@ (e1 Nea) - (e3Ahey) @1},

where (e; Aeg) - (e1 Aey) € Vi1, (e3Ney) - (e3 Aes) € VY and (e; A
e) - (e3 A eq) € Vj3. For the generator g € K C K3, denote ¢’ =
1

. The representation of g on u ® X ® w is

-1

pa(9)(w® X ®w) = pole T ™ Ia) (w) ® pa (T "¢ )(X) © po(1)(w).
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It follows that
(VA) Ky N V/\'l =spanc{l ® (e; Nez) - (e3Neq) ® 1,
l®(e1Ney)-(eg1Ne) @1 — 1®(eg/\e4)'(e3/\e4)®1}.

In particular, A = (1,1,0,—1,-1) € D(K, K[,) and
(VA)K[a] N (Vlli ® Vl/é)
= Spanc{l ® (e1 VAN eg) . (e1 VAN eg) ®R1-—1® (93 A 84) . (e3 A 84) ® 1}

with dimension 1, which corresponds to the eigenvalue 18.
Now we obtain that the Gauss image L'® is Hamiltonian stable. More-
over,
n(L'®) =dim Vi0,0-1,-1,—2) +dim V(g 11,00) + dim V{110 -1,-1)
=45 4+ 45 + 75 = 165 = dim SO(20) — dim U (5) = npe(L'®).

Hence the Gauss image L'® is Hamiltonian rigid.
Therefore, we conclude that the Gauss image L'® is Hamiltonian sta-

ble.
; 18 _ U(s) _
Theorem 5.1. The Gauss image L g GUOXSU@=TM)
U(5) - C Q18(C) 1is strictly Hamiltonian stable.

SU@XSUR)XU))Z

6. The case (U,K) = (SO(m +2),50(2) x SO(m)) (m > 3)

In this case (U, K) is of type Bs. The canonical decomposition u =
€+ p of u=o0(m + 2) and a maximal abelian subspace a of p are given

as
t= {(1(;1 1%) | 71 €0(2),T2 € o(m)} = 0(2) + o(m),
_t
P= {@ 0X> | X € M(m,%R)},
0 =t 0
- = = (& O
a_{H_H(£1’£2)_ g 8 8 |£_<0 £2>7£17£2GR}.
Then
Ky = {(ioh g) T e SO(m—2)}
=75 x SO(m — 2).
Moreover

K[a} = (Z2 X SO(m — 2)) . Z4
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consists of all elements
A

0 O
0 B 0| eK=_580@2)xS0(m),
0 0 B

!/

where

(a,8) =+

= O
_— o = O
N—— —0

@)

(
(
(0 0)6 o) (o)
0 0) GG ) (G)

Here note that K ¢ K1 = SO(2) x SO(2) x SO(m —2). Thus the deck
transformation group of the covering map G : N 2m—2 _, G(N 2m_2) is
equal to Kiq/Ko = Z4. The element

7~ N7 N7 N N

0 1
-1 0
g = 0 1 S K[a}
10
B/
represents a generator of K [a] /Ko = Zy.

6.1. Description of the Casimir operator. Denote (X,Y), :=
—%trXY for each X,Y € u = o(m + 2). The restricted root system
Y (U, K) of type By can be given as follows ([7]):

2+(U,K) = {61 — € =1, €9 = Qo, €1 + €3 = a1 + 29, €1 = Q1 +a2}.

Then, relative to the above inner product (, ), the square length of any
restrict oot v € (U, K) is ||7]|2 = 1 or 2. Hence the Casimir operator
Cr, of L with respect to the induced metric from Qg,,—2(C) is given as
follows:

2 1
CL = —C _ —C
H’YOHL% K/Ko.{ Ju Hfmua K1 /Ko, )u

1
= CK/KO - 5 CK1/K07

(6.1)

where K = SO(2) x SO(m) D K; = SO(2) x SO(2) x SO(m —2) D
Ko = Zz x SO(m —2) and Cg /g, Cx, /i, denote the Casimir operators
of K/Ky and K;/Kj relative to ( , )yle and (, )ule,, respectively.
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6.2. Branching laws for (SO(n + 2),S0(2) x SO(n)). We need the
branching laws for (SO(n + 2),S0(2) x SO(n)) by Tsukamoto [49].

Lemma 6.1 (Branching laws for (SO(2p+2), SO(2)xSO(2p)),p > 1).
Let A = hoeg + hier + -+ + hp—16p—1 + €hpep € D(SO(2p + 2)), where

e=1or —1 and ho, h1,--- , h, are integers satisfying

(6.2) ho>hy >+ >h,>0

and N = kogo + kie1 + -+ + kp—16p—1 + €'kpep € D(SO(2) x SO(2p)),
where € =1 or —1 and ko, k1,--- ,kyp are integers satisfying

(6.3) ki > >k, >0.

The irreducible decomposition of Vi as a SO(2) x SO(2p)-module con-
tains an irreducible SO(2) x SO(2p)-module V3, if and only if

hii>2ki>hipn (1<i<p-1),
hp—l > kp > 07
and the coefficient of X*0 in the finite power series
p—1 Xli"l‘l _ X—lz‘—l

Xee’lp H < x
=0

does not vanish, where
lo := ho — max{hy, k1 },

(6.4) l; :=min{h;, k;} — max{h;y1,kiy1} (1<i<p-—1),
lp == min{h,, k,}.

Moreover, the coefficient of X*0 is equal to the multiplicity of Vi ap-
pearing in the irreducible decomposition.

Lemma 6.2 (Branching laws for (SO(2p + 3),SO(2) x SO(2p+1)),
p>1). Let A = hoeg + hier + - - + hp_16p—1 + hpep € D(SO(2p + 3)),
where ho, hy,- - , hy are integers satisfying (6.2) and A" = koeo + ki1 +
s k’p_1€p_1 + k‘p€p S D(SO(Q) X SO(Qp + 1)), where ko, k1, -+ - ,k’p
are integers satisfying (6.3). The irreducible decomposition of Vi as an
SO(2) x SO(2p+1)-module contains an irreducible SO(2) x SO(2p+1)-
module VY, if and only if

hic1 > ki > hiy1, (1<i<p-—1)
hp—1 >k, >0,

and the coefficient of X*0 in the finite power series

Pl il _ x—Li-1\ bty _ x—lb—3
X -Xx-! X3 - X3

1=0
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does not vanish, where integers lo, 1y, -+ ,1, are defined by (6.4). More-
over, the coefficient of X*0 is equal to the multiplicity of Vi, appearing
in the irreducible decomposition.

6.3. Description of D(K, Kj) and eigenvalue comp1~1tati0ns.
Form =2p(p >2)orm =2p+1(p > 1), each A € D(K) =
D(S0(2) x SO(m)) can be expressed as

A = kogo + krer + -+ -+ kpep,

where kogg € D(SO(2)), A = kie; + -+ + kpep, € D(SO(m)), and
ko, k1,--- ,k, € Z satisfying

ki >ky> - >kp_1 > |kp| if m=2p,

by >ky > >hy 1 >k, >0 ifm=2p+1.
Then we have

f/[\ = Ukoao ® V.
Note that
D(K,Ky) = D(SO(2) x SO(m),Zs x SO(m — 2))
D(SO(2) x SO(m),SO(m — 2)),
D(K1, Ky) = D(SO(2) x SO(2) x SO(m —2),Zy x SO(m — 2))
D(SO(2) x SO(2) x SO(m —2),S0(m — 2)).

N

N

By applying Lemmas 6.1 an
SO(2p—2)) and (SO(2p), SO(2)

as follows:

2 to both cases (SO(2p), SO(2) x

d 6.
xS0 (2p—1)), we can describe D(K, Ky

Lemma 6.3. Assume that p > 2. Let A € D(K). Then an irreducible
K-module V~ with the highest weight A contains an irreducible K-
module V/{, wzth the highest weight A’ € D(K) satisfying ( A,)KO # {0}
if and only if

A= koeo + k1e1 + kogg € D(K),
N = koeo + k’i&l S D(Kl),

where ko, k1, ko, k] € Z, k1 > ko > 0 satisfy the following conditions:

(i) The coefficient of XK1 in  the finite series ezpansion
Xki—ketl _ x—(k1i—k2+1)

X —X-1
(ii) ko + K} is even.
In particular, — (k1 — ko) < ki < (k1 — k2). Here the coefficient is equal
to the multiplicity of V7 ,.

of X does not vanish;
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6.3.1. The case m =2p (p > 2).
Suppose that m = 2p (p > 2). For each

/~\ = koeog + k11 + koeo € D(K, Ko)
= D(SO(2) x SO(2p),Zy x SO(2p — 2))
with A’ = kogo + kie1 € D(K1,Ko) = D(SO(2) x SO(2) x SO(2p —

2),Z3 x SO(2p—2)) as in Lemma 6.3, —Cg/k, and —C, /x, have eigen-
values

—cx = kg + K + k3 +2(p— Dk +2(p — 2)ko,
1 2
— CA/ — §(k(2] + kll)

Hence by the formula (6.1) the corresponding eigenvalue of —Cy, is

1
—cL = —ci + 50]\,
(65) 2 2 2 1 2 2

Denote A = kogg + ki1 + kaga € D(K, Ko) by A = (ko, k1, k2).
For each A = kgeg = (k’o,0,0) S D(K, Ko), as k’i =0, kg = ko + k‘ll is
even and —cy, = %k%, we see that

(6.6) —c, < 2m — 2 =4p — 2 if and only if K < 4(2p — 1).
Since ‘7]\ & Ukpey @ C = Uyye, We have
Prozo(9) (v ® 1) = V3R (v @ 1),
Hence
(6.7) (ko,0,0) € D(K, K|q)) if and only if kg € 4Z.

(i) The case G(N®) = % — Q(C) with p = 2.

Lemma 6.4. A = kozg + ki1 + koo € D(K, Ky) has eigenvalue
—cr, <6 if and only if (ko, k1, k2) is one of

{0, (£2,0,0), (+1,1,0),(0,1,1), (£2,1,1),(0,2,0), (0,1, 1), (2,1, —1)}.

Proof. Since —Cp, = —%CK/KO — %CK/Kl > —%CK/KO, the condition
—cr, > 6 implies that —c; = —ck/k, < 12. Using the eigenvalue formula
(6.5), we obtain the result. q.e.d.

Suppose that A = (42,0,0). Then by (6.7) A = (+2,0,0) € D(K, K[y).

Suppose that A = (£1,1,0). Then dim Vj; = 4 and Vi & Uy, ® C%,
where A = 1 € D(K) corresponds to the matrix multiplication of
SO(4) on C*. Tt follows from the branching law (Lemma 6.1, p = 2) of
(SO(4),50(2) x SO(2)) that k{ = £1. Hence —c;, = £k3 + 3. Note that
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Ukoeo ® C* can be decomposed into irreducible SO(2) x SO(2) x SO(2)-
modules as
UkOEO ® C4 = (Ukoao ® (02 @ {0})) D (Ukoao ® ({0} @ C2))

There is no nonzero fixed vector by Zs x SO(2) in Uy, ® ({0} ® C?).
Moreover, since

iy w1
2 wo
Pkoeco+er _I2 (U & 0 )
T

0

—wq w1
— V- Tmhoy —(1)02 — oV Tnlkot1)y wy ’

0 0

it follows that (V3)r, = (V3)z,xso@@) # {0} if and only if ko is odd,
and then (VA)ZQXSO(2) = Ukpeo ® (C? @ {0}). Let ko be odd. However,

since
w1 W
w — w
Phoco+e1(9)(V @ 02 ) = eV T30y 01 |
0 0

Ukoeo ® (C% @ {0}) has no nonzero fixed vector by (Zz x SO(2)) - Zy,
and hence (ko,1,0) € D(K, K[g)). In particular, (+1,1,0) ¢ D(K, K])-

Suppose that A; = (ko,1,1) and Ay = (ko,1,—1). Then dimVz =
dim ‘7]\2 =3 and ‘7[&1 &) ‘7~2 ~ C ® A?C*. Tt follows from the branching
law (Lemma 6.1, p=2) (SO(4),SO(2) x SO(2)) that

‘7]\1 = "7(/]‘:07171) @ "V/(/k()’_l’_l) @ "V/(/k()’ovo)’

where (kg,0,0) € D(K1, Kp). Thus —cy, = %k% + 4, which is equal to 4
when ko = 0 and 6 when ky = £2.
Let {e1,e2,e3,e4} be the standard basis of C*. Then we have

‘77\1 = span{ej; Aeg,e1 Neg —ex Aeg,e1 Neg+ex Aest,
‘7;\2 = span{ez Aeg,e1 ANeg+ex Aeg,e1 Aeg—ex Aest.

Since e; A es € A2C? is fixed by the representation of SO(2) x SO(2)
with respect to the highest weight Aq,

(Vi) ko = span{1 ® (e1 A e)}.
Moreover,

i, (9) (W@ (e1 Aea)) = eV 150 @ (e Aey).
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Hence Ay = (0,1,1) & D(K, Kgj) but Ay = (£2,1,1) € D(K, K[,) and
(‘71~\1)K[a] = C ® C{ey Aeg} for kg =2 or —2, both of which give eigen-
value 6. Similarly, Ay = (0,1,—1) & D(K, Kg) but Ay = (+2,1,-1) €
D(K, K|g)) and (VAQ)K[C(] = C® C{esz Aey} for kg = 2 or —2, both of
which give eigenvalue 6.

Suppose that A = (0,2,0). Then dim TN/[\ =9 and TN/[\ ~ C ® S3(CY),
where the corresponding representation of SO(4) is just the adjoint
representation on S3(C*). It follows from the branching law of (SO(4),
S0(2) x SO(2)) that k; = 0,42. Thus —cz, = 8 — 1k}*. When k| = +2,
—cy, = 6; otherwise, —c, = 8 > 6. On the other hand, S3(C*) can be
decomposed into the following SO(2) x SO(2)-modules:

Vae, 2 S3(CY) = S3(C?) & SH(C?) & M(2,2:C) & C <12 _12> '

Thus S3(C*HaC <12 _12> is fixed by {—1I>} x SO(2) and dim(V3 )k, =
3. Moreover,

a b —a b
pilg)v®@ | b —a )=v® | b a ,

Hence

Notice that the first summand lies in the SO(2) x SO(2) x SO(2)-module
Vy., ® V!, , which gives eigenvalue 6 and the second summand lies in
the SO(2) x SO(2) x SO(2)-module with respect to weight (0,0,0) €
D(K, Ky), which gives eigenvalue 8 > 6. Therefore, A= (0,2,0) €
D(K, K, () and the multiplicity corresponding to eigenvalue 6 is 1.

Now we know that G(N®) C Qg(C) is Hamiltonian stable. Since A =
(2,1,1), (=2,1,1), (2,1,-1), (~2,1,~1), (0,2,0) € D(K, K[) give the
smallest eigenvalue 6 with multiplicity 1 and

n(LO)
=dim ‘7(27171) + dim ‘7(_27171) + dim ‘7(2717_1) + dim ‘7(_2717_1) + dim ‘7(07270)
=3+3+3+3+9=21=dimSO(8) — dim(SO(2) x SO(4)) = nux(LO).
Hence we obtain that G(N®) € Qg(C) is strictly Hamiltonian stable.

(ii) The case G(N*#~2) = (253592())?2?)(—)(22)?24 — Q1p—2(C) with p > 3.
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Suppose that A = (ko,0,0) and ko € 4Z \ {0}. Then k¥, = 0 and
by (6.6) A € D(K,Ky). As p > 3, we have 16 < 20 < 4(2p — 1).
Hence by (6.7) we see that for every ky € 4Z \ {0} such that 16 <
k¢ < 4(2p — 1) we have eigenvalue —c, = $kZ < 4p — 2. Therefore,

G(NH—2) (zf%%éi?%)m — Qu4p—2(C) is not Hamiltonian stable if
p=3.

Theorem 6.1.
L4772 = (SO(2) x SO(2p))/(Zs x SO2p - 2)Zs (p > 2)

is not Hamiltonian stable if and only if (m —2) —1=2p—3 > 3. If
p = 2, then it is strictly Hamiltonian stable.

REMARK. The index i(L*~2) goes to oo as p — oo.

6.3.2. The case m=2p+1 (p>1).
Assume that m =2p + 1 (p > 2). For each

A= koeo + k1e1 + koeg € D(K, KQ)
— D(SO(2) x SO(2p + 1), Zs x SO(2p — 1))

with A’ = kogo + Kje1 € D(K1, Ko) = D(SO(2) x SO(2) x SO(2p —
1),Z2x SO(2p—1)) as in Lemma 6.3, —Cg /g, and —Cg, /k, have eigen-
values

—ci = k3 + K + K3+ (2p — D)k1 + (2p — 3)k2,
1 2
Y U —§(k8 + k7).
Hence by the formula (6.1) the corresponding eigenvalue of —Cy, is
—cr, = —CA+§C]\,

(6.8)
|
=k K+ B3+ (2p — Dk + (2p = B)ky — 5 (k) + ).

Denote /~\~: koco + kig1 + koeo € D(K, Ko) by 1~\ = (k?(], k1, k’g)
For each A = koeog = (ko,0,0) € D(K, Ky), as k] =0, ko = ko + k| is
even and —cy, = $kZ, we see that

(6.9) —cp < 2m — 2 = 4p if and only if k2 < 8p.
As TN/[\ = Ugpep ® C = Uyye,, We have

Proco(9)(0 ® 1) = V150 (0@ 1),
Hence
(6.10) (ko,0,0) € D(K, Kg) if and only if kg € 4Z.

(i) The case g(N4) = % — Q4(C) with p = 1.
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In this case, K = SO(2)xSO(3), K1 = SO(2)xSO(2), and Ky = Zso,
—014 (1) > € U = SO(5). Let Vi be an
irreducible SO(2) x SO(3)-module with the highest weight A = koeo +
kie1 € D(K) = D(SO(2) x SO(3)), where ko, k1 € Z and k1 > 0. It
follows from the branching law of (SO(3),S50(2)) that Vi contains an
irreducible SO(2) x SO(2)-module V3, with the highest weight AN =
koeo + Kie1 € D(K1) = D(SO(2) x SO(2)), where k| € Z, if and only
if |k4| < k1. Then we see that A’ € D(SO(2) x SO(2),Zs) if and only
if ko + k| is even. By the formula (6.1) the corresponding eigenvalue of
the Casimir operator —Cy, is

where Zs is generated by <

1 1 1
(6.11)  —cr = kg +kf +ky — 5 (kg + K = k6 K+ k- §k’§.

Denote A = kogg + kie1 € D(SO(2) x SO(3),Z2) by A = (ko, k1). Using
the eigenvalue formula (6.11), we compute the following.

Lemma 6.5. A = koeg + kie1 € D(K, Ky) has eigenvalue —cp, < 4
if and only if (ko, k1) is one of

{ 0, (£2,0), (£2,1), (+1,1), (0,1), (0, 2) }

Suppose that A = (£2,0). Notice that for any v®@w € f/kogo 2 CRC,

Pkoeo (g)(v ® w) = eﬁkog?} X w,

A = kogo € D(K, Kiq) if and only if kg € 4Z. Hence A = (£2,0) ¢
D(K, Kq). i i

Suppose that A = (ko,1). Then dim V; = 3. The complex represen-
tation of K = SO(2) x SO(3) with the highest weight A corresponds

to
‘7[& = Ukoso & Vel = Ukoeo & CS = (Ukoso ® 02) D (UkOEO ® Cl)'
For each v ® w € Uy ® C? and diag(—1Ia, —I2,1) € Ky, where w =
(w1, wa, ws)! € C3, the representation of Ky is given by
pi(diag(—TIa, =I5, 1)) (v ® w) = eV=Thomy, (—w1, —wa, w3)".
Then (Vi)k, = C® C(0,0,w3)" = C® C if kg is even and (V})k, =
C ® C(wy,ws,0)! =2 C ® C? if kg is odd. Moreover,
w2

P ew) ="M [ w
Thus A € D(K,K[) if and only if ky = 2mod4 and its multiplic-
ity is 1. In particular, A = (0,1) or (1,1) ¢ D(K, Kiq) and A =
(£2,1) € D(K, Kq)). For A = (£2,1), it follows from the branching



HAMILTONIAN STABILITY OF THE GAUSS IMAGES. I 319

laws of (SO(3),S0(2)) that |k}| < ki thus k] = 0 such that ko + k] is
even. Hence —cy, = 4. ~

Suppose that A = (0,2). Then dimc V; = 5. It follows from the
branching law of (SO(3),SO(2)) that kj = 0 or £2. If ¥} = £2, then
—c, = 4. If k¥ = 0, then —¢;, = 6 > 4. On the other hand, A =
2¢1 € D(SO(3)) corresponds to Vj = S2(C?), and the representation of
SO(3) on S3(C3) is just the complexified isotropy representation of a
symmetric pair (SU(3), SO(3)). Thus S3(C?) can be decomposed into
irreducible SO(2)-modules as

Vae, = S3(CY)

283(02)@{(5 § g) |a,beC}€BC<I2 _2)

Sl Yoo by )
0 0 1 o0 1

@c(o 0 \/__1>@C(0 0 —\/—_1)690(12 _2>
1 V=1 0 b—v-1 0

= ‘/2/81 EB Vi281 @ ‘/8/1 EB Vi81 EB ‘/0/'

Using this expression, we can directly show that
~ I
(Vi)k, = (C® S3(C?) @ <C ®C ( ’ —2>)

and (VA)K[a]%C®C<\/O_—1 \/?>ea(0®0<12 _2>>.

Hence A = (0,2) € D(K, K () with multiplicity 2. Note that the first
summand of (Vi) lies in C® (V3. @ V., ), which gives eigenvalue 4
with multiplicity 1 and the second summand of (Vj)k, lies in C® Vg,
which gives eigenvalue 6(> 4) with multiplicity 1.

Now we obtain that G(N*) C Q4(C) is Hamiltonian stable. Moreover,
since

n(L4) = dlm ‘7(271) + dlm ‘7(—2’1) + dlm ‘7(0’2) = 3 + 3 + 5
=11 = dim SO(6) — dim(SO(2) x SO(3)) = nhk([})7

L* = G(N*) C Q4(C) is Hamiltonian rigid. Therefore, G(N*) C Q4(C)
is strictly Hamiltonian stable.

(ii) The case G(N®) = % — Qs(C) with p = 2.

Denote A = kogo+k1e1 +kogo € D(K, Kq) = D(SO(2) x SO(5), Zy x
SO(3)) by A = (ko, k1, ko). Let A = koeg + kier € D(Ki,Kp) =
D(SO(2) x SO(2) x SO(3),Z3 x SO(3)) as in Lemma 6.3. Then, using
the eigenvalue formula (6.8), we compute the following.
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Lemma 6.6. A = kozg + ki1 + koeo € D(K, Ky) has eigenvalue
—cr, < 8 if and only if (ko, k1,k2) is one of

{0,(£4,0,0),(£1,1,0),(£3,1,0),(0,1,1),(£2,1,1),(0,2,0) }.

Suppose that A = (£4,0,0). Then dim f/;\ = 1. It follows from the
branching law of (SO(5), SO(2)x SO(3)) that kj = 0. Thus —cz, = 8. On
the other hand, it follows from (6.10) that A = (+4,0,0) € D(K, Kq)-

Suppose that A = (kg, 1,0). Then dimf/;\ =5 and TN/[\ > Ukpeo @ C?,
where A = ;1 € D(K) corresponds to the matrix multiplication of
SO(5) on C°. Tt follows from the branching law of (SO(5),SO(2) x
SO(3)) that kf = +1. Hence —cy, = 1k3 + I. Notice that U, ® C°
can be decomposed into the SO(2) x SO(3)-modules

Ukoeo ® C® = (Ukoao ® (C2 ®{0})) & (Ukoeo ® ({0} @ CS))a

where Uy,g0 ® ({0} @ C?) has no nonzero fixed vector by Zs x SO(3).
If k¢ is odd, then

w1 —w1 wq

—1I5 Wa —w2 w2
Procoter ~L | e| o |)=e""ue| 0 | =ve]| 0
T 0 0 0

that is, (~A)Z2®SO(3) = Upoeo ® (C% @ {0}) if ko is odd. But since

w1 w9

w9 w1
Proco+er (@) (v @ | 0 |) = eV ~1zkoy @ 01,

0 0

0 0

Ukoeo @ (C? @ {0}) has no nonzero fixed vector by (Zz x SO(3)) - Zy,
i.e., neither (£1,1,0) and (£3,1,0) is in D(K, Kq)).

Suppose that A = (ko,1,1). Then dim TN/[\ =10 and TN/[\ ~ CA2CP. It
follows from the branching law of (SO(5), SO(2) x SO(3)) that &} = 0.
Thus —cy, = %k‘g + 6. On the other hand, since e; A es € A2C® is fixed
by SO(2) x SO(3), v ® (e1 Aez) € C® A2C? is fixed by Zo x SO(3) C
SO(2) x SO(2) x SO(3). Moreover,

Pkoeo+e1+e2 (9)(v® (e1 Nea)) = e\/—_lgkov ® (e2 A eq).
Hence A = (0,1,1) ¢ D(K,K[g) but A = (£2,1,1) € D(K, K|q) and
(V]\)KM = C®C{e1Nea} for ky = 2 or —2, both of which give eigenvalue
8.

Suppose that A = (0,2,0). Then dim VA = 14 and VA 2 C®
Sym2(C®), where Sym3 is the space of traceless symmetric matrices
and the representation of SO(5) with highest weight 2¢; is just the
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adjoint representation on Sym3(C®). It follows from the branching law
of (SO(5),S0(2) x SO(3)) that k; = 0,£2. Thus —c; = 10 — 2k;°.
When k] = £+2, —¢;, = 8; otherwise, —¢;, = 10 > 8. On the other
hand, Sym3(C®) can be decomposed into the following SO(2) x SO(3)-
modules:
Vae, 2 Symg(CP)
— Sym2(C?) @ Sym3(C?) @ M(2,3;C)

ZIQ o
@{( 0 w13> ]2,w€C,22+3w—0}.

Thus Sym3(C?) is fixed by {—I»} x SO(3) and
N 31
(A)KO:C®Sym(Q)(C2)@C®C< 2 —213>'

Moreover,

pCRC 31 . Therefore,
0 —213

= (0,2,0) € D(K, K[a}). Notice the first summand lies in ‘7(’072’0) @

which gives eigenvalue 8, and the second summand lies in

‘7/
(07070)7
ing to eigenvalue 8 is 1.

Since A = (47 0, 0)7 (_47 0, 0)7 (27 1, 1)7 (_27 L, 1)7 (07 2, 0) € D(Kv K[a])

give the smallest eigenvalue 8 with multiplicity 1 and

which gives eigenvalue 10. Hence the multiplicity correspond-

n(L®) = dim V{4 0,0) + dim V{_40,0) + dim Vig,1 1) + dim V{51 1
+ dim 17(0,270)
=14+14+104+10+14 =36
> 34 = dim SO(10) — dim SO(2) x SO(5) = np (L),

G(N®) C Qs(C) is not Hamiltonian rigid. Therefore, G(N®) C Qg(C) is
Hamiltonian stable but not strictly Hamiltonian stable.

(iti) The case G(N?) = GREGEIETA — Qup(C) with p > 3.

Suppose that A = (ko,0,0) and ko € 4Z \ {0}. Then K, = 0 and by
(6.9) A € D(K, Kiq). As p > 3, we have 16 < 24 < 8p. Hence by (6.10)
we see that for every ko € 4Z \ {0} such that 16 < k3 < 8p we have
eigenvalue —cy = %k‘g < 4p. Therefore, G(N) = (220&25522(_2{3;124 —

Q4p—2(C) is not Hamiltonian stable if p > 3.
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Therefore, we obtain the following.

. SO(2)xSO(2p+1
Theorem 6.2. The Gauss image L = % — Qu4p(C)
(p > 1) is not Hamiltonian stable if and only if (m—2)—1 =2p—2 > 3.
If p = 1, then it is strictly Hamiltonian stable. If p = 2, then it is

Hamiltonian stable but not strictly Hamiltonian stable.

REMARK. The index i(L*) goes to oo as p — oo.

7. The case (U,K) = (SU(m +2),S(U(2) x U(m))) (m > 2)

In this case, U = SU(m +2) and K = S(U(2) x U(m)) with m > 2.
Then (U, K) is of By type for m = 2 and BCj type for m > 3.

In this case, we use the formulation by the unitary group U(m) rather
than one by the special unitary groups SU(m). It seems to work more
successfully in our argument of applying the branching laws. Here we
will also indicate the relations between both formulations. Let U :=
Um+2), K:=U22) xU(m), Ko :==U(2) xU(2) xU(m —2), K; :=
U)xUQ)xU((1)xU(1)xU(m—2), and Ko := U(1)xU (1) xU(m—2).
Then U =C(U)-U, K =C(U) - K, Ky = C(U) - Ky, K; = C(U) - K1,
and Ky = C(U) - Ko, where C(U) is the center of U.

Let u=¢+p and &t = &€ + p be the canonical decomposition of u and
u corresponding to (U, K) and ((7 K ), respectively. Let a be a maximal
abelian subspace of p, where

a={<_]0{11t2 ]{)12>\H12=<£01 502 8 8>7§17§2€R}.

Then the centralizer Ko of a in K is given as follows:

1S

e .
~ ezt
Ko=4qP= e's | T € Ulm —2)
cit
T
2U1) xUQ1) xU(m —2).
Moreover,
K = KoU (Q - Ko) U (Q? - Ko) U (Q* - Kp),
where
0 1
-1 0 i i
Q= 0 -1 €Ky CK.

Im—2

Thus the deck transformation group of the covering map G : N 8m—2 _,
G(N*™=2) (m > 2) is equal to K/ Ko = K/ Ko = Zy. Remark that
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we will use P and @ to denote the element in K, and the generator of
Z, in K[ throughout this section.
7.1. Description of the Casimir operator.

Define an inner product (X,Y), := —trXY for each X,Y € u =
su(m+2) or for each X,Y € t = u(m +2) . The restricted root system
Y(U,K) is of type By for m = 2 and type BC5 for m > 3. Then the
square length of each restricted roots with respect to ( , )y, is given by

I ||2_ 1 or 2, m =2,

Ve = %,1or2, m > 3.

Hence the Casimir operator Cp, of L with respect to the induced metric
std

from 9O (C) CAD be expressed as follows:
Cr/ky — 3 Cry /K, m =2
71 Cr = /Ko — 2 “K1/Ko» )
( ) g { 2CK/KO_CK2/K0 _%CKl/Kov m237
where Cr/ k5 Ci, /K> and Ci, /i, denote the Casimir operator of K/ Ko,
Ky/Ky, and K;/Kj relative to (, Yule, (, Jule, and (, )ule,, respec-
tively. ~
7.2. Descriptions of D(U), D(U) and etc.

D(U), D(C(U)), and D(U) are described as follows:
D) = DU(m+2)) = {A = pryn + -+ + s 2z | B, sz € 2,
Bi — Pis1 >0 (izl,...,m—i—l)},
1
D(C(0)) = DICWm +2)) = {A = polys + -+ +vms2) | po € ——Z},

m—+2
D) = D(SU(m+2)) = {A = prys + -+ + Prsaymsa | D pi =0,

i=1

Pi — Pmt2 € Z,pi — pit1 >0 (izl,...,m—i—l)}.

l?ach A=pryi+-- + Pmt2Yms2 € D(U(m + 2)) can be decomposed as
A =A%+ A, where

1 m+2 m+2
AY = <m—+2 Z ﬁi) <Z yz) € D(C(U(m +2)))
=1 i—1

and
1 m-+2 1 m-+2
A= (pj————— D; Do ————— D ) Ym D 2)).
(B m+2;p)y1+ + (P m+2;p)y +2 € D(SU(m +2))

Note that this projection D((j) — D(U), A A s surjective.
D(K) = D(U(2) x U(m))
={A = Giy1 + Goyo + G3ys + - + Gmr2Yma2 |
gi EZ (Z: 17"'7m+2)7q~1_62 zoaqi_Qi-i-l 20 (12377m+1)}7
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D(K) = D(S(U(2) x U(m)))
m+2

={A =gy + @u2 + asys + -+ Gmi2t¥miz | D 6 =0,¢i—q; €Z
i=1

(iaj:1727---7m+2)7Q1—QZ207%—%’4—1
>0(i=34,...,m+1)},
D(K5) = D(U(2) x U(2) x U(m — 2))
={A = Giy1 + Goyo + G3ys + Gaya + Gsys + -+ Gmr2Ymt2 |
GEZ(i=1,...,m+2),
qQ1—G2,G3 — G4,Gi — Gi+1 > 0 (i =5,...,m+ 1)},
D(IKs) = D(S(U(2) x U(2) x U(m — 2)))
m+2

—{A = quy1 + q2y2 + @3Y3 + Qaya + Gs5Ys + - + Gmroymia | Y 4 =0,
1=1

qi — 45 S/ (i7j:1727"'7m+2)7(h — 42,43 — 44,4; — 4i+1
>0(i=5...,m+1)},
D(E1) = DWU(1) x U(1) x U(1) x U(1) x U(m — 2))
={A = G1y1 + Goyo + G3y3 + daya + Gsys + -+ Gmr2Ymre |
GeEZ(i=1,...m+2),G—Gs1>0@G=5,...,m+1)},
D(K)) = D(SWU(1) x U(1) x U(1) x U(1) x U(m — 2)))
m—+2
Z{A = @Y1 + q2y2 + 43Ys + qaya + Gsys + -+ dmt2Ym2 | Z ¢ =0,
=1
G4 €2 (ij =1, m+2),q; = G120 (1= 5,....m+1) |,
D(Ky) = D(U(1) x U(1) x U(m — 2))
={A = G1y1 + Goyo + G3y3 + daya + Gsys + -+ Gmr2Ymre |

g3=0q1 € %Z,q~4=q~2€ %Z,quGZ (i=5,...,m+2),
Gi — Giy1 >0 (i =5,6,...,m+1)},
D(Ky) =D(S(U(1) x U(1) x U(m — 2)))
={A = qy1 + @y2 + @3y3 + Quys + ¢5ys + - - - + Gm+2Ym+2 |

m+2

Zqz:ov(h_qj €Z (Z7]:177m+2)7

i=1

93 =q1,q94 = q2,¢ — ¢i+1 > 0 (i =5,...,m+ 1)}.
The natural maps D(K) — D(K), D(Ks) — D(K5), D(K;) —
D(K;) and D(Ky) — D(K)) are also surjective.
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7.3. Branching laws of (U(m),U(2) x U(m—2)). The branching laws
for (SU(m),S(U(m) x U(2))) given in [29] can be reformulated to the
branching laws for (U(m),U(2) x U(m — 2)) as follows:

~ Lemma 7.1 (Branching law of (U(m),U(2) x U(m — 2))). For each
A =piyr+- -+ DPmYm € D(U(m)), an irreducible U(m)-module Vi with
the highest weight A can be decomposed into the direct sum of irreducible
U(2) x U(m — 2)-modules as follows:
Vi = ay Vi,
AeD(U(2)xU(m—2))

Here Vi contains an irreducible U(2) x U(m — 2)-module V3, with the
highest weight N' = qiy1 + -+ + Gmym € D(U(2) x U(m —2)) if and
only if the following conditions are satisfied:

(i) @1 —p1 €Z;

m Xn-—i—l —_ X~ ri+1
(iii) 4n the finite power series expansion in X of HZ:2((X I S AT ),

where
ro = ]51 - max((j3,]52),
ri = min(G, pi—1) — max(Gi+1,p:), (3<i<m—1),
T'm = min((jmaﬁm—l) - ﬁmy

the coefficient of X1 =211 does not vanish. Moreover, the value of
this coefficient is equal to the multiplicity of the irreducible U(2) x
U(m — 2)-module V3,

7.4. Branching law of (U(3),U(2) x U(1)). Now following Lemma
5.1 the branching law of (U(3),U(2) x U(1)) is described as follows.

Lemma 7.2. Let VA be an irreducible U(3)-module with the highest
weight A = pry, + Pay2 + P3ys € D(U(3)), where p; € Z (i = 1,2,3) and
P1 > P2 > p3. Then Vi can be decomposed into irreducible U(2) x U(1)-
modules as

P1—P2 P2—P3
7 !/
VI31y1+152y2+:53y3 = @ @ V(ﬁl—a)y1+(ﬁ2—ﬁ)y2+(ﬁ3+a+5)y3
a=0 B=0
7.5. Descriptions of D(K, Ky), D(K», Ky), D(K1, Kg). Let
A=piy1 + Poys + Psys + -+ + Pmt2yms2 € D(K) = D(U(2) x U(m)),
where p1,...,Pmao € Z, p1 > P2, P3 =+ > Pmaso. Thus Ay = pry1 +
Pay2 € D(U(2)), Ar = P3ys + -+ +I5m+2ym+2 D(U(m)) and
pi =0 &7 eDK)=DU(?2) x Ulm)),
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where o € D(U(2)), 7 € D(U(m)).
By Lemma 7.1, an irreducible U(m)-module V, with the highest
weight A, can be decomposed into the direct sum of irreducible U(2) x

U(m — 2)-modules as
Ve = @ VZ/ )

where A/ = Zm+2 Giyi € D(U(2) x U(m — 2)) with §3,...,¢m+2 € Z,
Gi — Giv1 > 0 (1 = 3,5,...,m + 1). Note that setting A¢ := G3ys +
qays € D(U(2)) and A’y = @5Y5 + + Gmt2Ymt2 € D(U(m —2)), Vj is
decomposed into the direct sum of irreducible Ko-modules as

Vi =P, BV, RV,).

Y
By the branching law of (U(2),U(1) x U(1)) (see Lemma 5.1),
pP1—D2
Vo = Voryr+pay: = EB ‘/(/131—a)y1+(;52+a)y27
a=0
43—q4
!
Vo= Vc’1'3y3+¢i4y4 = @ ‘/(113—5)3/34-(644‘5)?/4
B=0

Thus V3 is decomposed into the direct sum of irreducible K1-modules as

DP1—P2 §3—qa

!
Vi=D B D Vis—apisiarar ® Vii-sys @ty

a=0 B=0
X V115y5+~~~+¢§m+2ym+2)'
Since as a U(1) x U(1)-module

/
Y

p1—a)y1+(P2+a)y2 gv(tls —B)

y3+(Ga+B)ya
"

L(Pr+az—a—B)(y1+ys)+3 (Pa+da+a+p) (ya+ya)’

V3 is decomposed into the direct sum of irreducible Ky-modules:

Vi
= @(‘/ﬁlyl‘f‘ﬁﬂﬂ X Vr'1'3y3+¢i4y4 X Vti5y5+~'+¢im+2ym+2)
g?’y
P1—D2 43 —G4
-D D PV RV
- p1 a)y1+(P2+a)y2 (@3—B)ys+(da+B)ya
sy a=0 g=0

X v@5y5+~~~+qm+2ym+2)
P1—P2 §3—Ga

_EB EB EB 2(P1+q3 a—PB)(y1+y3)+ 5 (P2+Gato+B) (y2+ya)

s,y a=0 B=0

X Vsts ++Gmy2yYm+2 -
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Thus we obtain that A € D(K, Ko) if and only if there exist a, 3 € Z
with 0 < a < p1 — P9 and0<6§cj — {4 such that

"
_ _ X Vs .
L(Pr+ds—a—B)(y1+ys)+3 (Po+data+8)(ya+ya) Vasys +-+ms29m+2

is a trivial Ky-module, that is,
p1+g—a—p=0,
P2+ @ ta+p=0,
g5 =" = qmt+2 = 0.

Hence we have the following.
Lemma 7.3. A € D(K,Ko) if and only if
D5 =P ="+ =Pm =0,
P3 > P4 >0, Pmt2 < Pmy1 <0,
D1+ P2 + P3 + Pa + Dm+1 + Pmy2 = 0.

If m > 4, then each A € D(K, Ky) is expressed as

A = pry1 + Payo + Psys + Paya + Pt Ymr1 + Pms2Ymer2,
where p; € Z, p1 > P2, D3 > Pa > 0 > Pmy1 = Dm+2,
P1+ D2 +P3 + Ps+ Dmg1 + Pmg2 = 0.
If m = 3, then each A € D(K, Ky) is expressed as

A = p1y1 + P2y2 + P3ys + Paya + Psys,
where p; € Z, p1 > P2, P3 > Pa > Ps, p3 > 0, p5 <0,
P1+p2+p3+ps+ps=0.
If m = 2, then each A € D(IN(, f(o) is expressed as

A = pry1 + Paya + P3y3 + Paya,

where p; € Z, p1 > p2, p3 > Pa, D1 + P2+ P3 +pa = 0.

Correspondingly, each A’ € D(KQ,KO) is expressed as A = piy; +
DP2Y2 + q3y3 + qaya, where p1,p2,q3,q4 € Z, p1 > P2, G3 > Ga, p1 + P2 +
g3 +qs = 0; in other words, p1 + P2+ P3+pPa+Pm+1+Dmy2 = 0if m > 4,
P1+ D2+ Ps+ Pa+ ps =0 if m = 3. Each A” € D(K;, Kp) is expressed
as A” = (ﬁyl + 653/2 + q~éy3 + q~z,1y47 where q&)dé)dév (ﬂl € Z7 qll + Qé = 07
¢+q,=0,q =—a+p1, ¢h=a+p; for some a =0,...,p1 — P2, and
(jé: _B+q37 q~§1:5+§4 for Som65:07"'7q3_q~4-
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Moreover, the coefficient of X®~%+1 in
1

X -X-1

(Xﬁm+1—ﬁm+2+l _ X—(ﬁm+1—ﬁm+2+1))

(Xﬁ3—154+1 _ X—(ﬁa—m—i-l))

:p3§f’4(X(ﬁ3_ﬁ4)+(ﬁm+l_ﬁm+2)—2i+1 . X(ﬁg—ﬁ4)—(ﬁm+1—ﬁm+2)—2i—l)
i=0

is equal to the multiplicity of the f(g—module with the highest weight

N = Ay + AL = Pry1 + Payz + Gsys + Gays € D(Ka, Ko).

7.6. Eigenvalue computation when m = 2. For each A = p1y1 +

Pay2 + Psys + Paya € D(K, Ko) and A" = Gly1 + Ghyz + dhys + qaya €
D(K 1, Ko) defined as above, the corresponding eigenvalue of —Cy, is

—CL = — CA + 56[\//
(7.2) = Py + P5 + D3 + b1 + (P1 — Pa2) + (B3 — Pa)
1, N N N
— 5(((1’1)2 + (@)% + (d5)* + (4))*)-

Since
—CL = —5Ck/ro — 5CK/ K0 2 —5CK /Ko
the first eigenvalue of —Cr, —c; < n = 6 implies —c; < 12. Notice that
—ci = Py + D5 + 55 + Pi + (1 — P2) + (B3 — Ba) > 2(55 + p3);
we know p3 +p3 < 6, which follows that the possible choice for ps and j,

is [p2| = 0,1 or 2 and |p4] = 0,1 or 2. Taking into account Z?:l pi =0
and using the eigenvalue formula (7.2), we obtain the following.

Lemma 7.4. A = p1y1 +Paya+pays+hays € D(K, Ko) has eigenvalue
—cr < 6 Zf and only Zf (ﬁ17ﬁ27ﬁ37]§4) is one Of

{(0,0,0,0),(1,1,—1,—1) (1,0,0,-1),(1,~1,0,0), (1,~1,1, —1),
(1,1,0,-2),(2,0,~1, 1), (0, ~1,1,0), (0,0,1, 1),
(0,-2,1,1),(~1,-1,2,0), (-1 —1,1,1)}

Denote A = p1y1+Paya+Psys+Paya € D(K, Ko) by A = (p1, P2, P3, a)-
Suppose that A = (1,1, -1, —1). Then dimc V; = 1. By the branch-
ing law of (U(2),U(1)xU(1)), (ci’l,qé,qé,,qm (1,1,-1,-1) € D(K1, Ko).
Then —cg =4, —cj» = 4, — —ci + ch,, 2 < 6. On the other
hand, V; = C X C, which is ﬁxed by the px| &,-action. But for a gen-
erator @ of Zy in Ky, p5(Q) = —Id on V3. Hence A = (1,1,-1,-1) ¢

D(K,K[a}) Similarly, A= (—1, —1, 1, 1) ¢ D(K, K[a])
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Suppose that A = (1,0,0,—1). Then dimc Vi = 4. It follows from
the branching law of (U(2),U(1) x U(1)) that (¢},q5) = (1,0) @ (0,1)
and (q~£’nq~4/l) = (0,-1) or (_170)’ Then (Q~/17q~é7q~é7q~4/l) = (1707—170) or
(0,1,0,-1) € D(IN(l,K'O). Hence —c; = 4, —cjn = 2, —c = —cj; +
%C[\,, =3<6.

Recall that the complete set of all inequivalent irreducible unitary
representations of SU(2) is given by

D(SU(2)) = {(Vin, pm) | m € Z,m = 0},

where V,,, denotes the complex vector space of complex homogeneous
polynomials of degree m with two variables zg, z; and the representation
pm of SU(2) on V,, is defined by (p,(9)f)(z0,21) = f((20,21)g) for each
g € SU(2). Set

m 1 -
(7.3) v,g ) — Rk ey, (k=0,1,...,m),
and define the standard Hermitian inner product of V,,, invariant under
pm(SU(2)) such that {v(()m), e ,v%n)} is a unitary basis of V;,,. Then
V]\ = ( @ V1) K ( ® V).

Mool € Vg (i,5 = 0,1) is given by

/ ’
W% (y1+y2) W—%(m +y2)

The representation of Ko on v

pa(P)w @ )')

Jf_lésft)

e 1

41 ( _ﬁ(st)>] (”z( ))
e 2

Jf_lésft)

e 1

p1 ( _ﬁ(st)>] (U]( ))
e 2

:e\/—_l(s—t)[l—(i-i-j)]vi(l) ® U](_l).
Then (V3)z, = spanc{fugl)@v(()l),fuél)@wgl)}. But for diag(1,1,-1,—1) €
Kig and i,j = 0,1, pA(Eiiag(l,l,—l,—l))(vi(l) ® zi](-l)) = g Y§1)-
So (VA)[{M = {0}~ aI~1d A = (1,0,0,-1) ¢ D(K,K). Similarly, A =
(0,—-1,1,0) ¢ D({(, K).

Suppose that A = (1,—-1,0,0). Then dimc V; = 3. It follows from
the branching law of (U(2),U(1) x U(1)) that (¢},q,) = (1,—1),(0,0),
or (—1,1) and (dd) — (0,0). Then (@},d,dhd,) — (0,0,0,0) €
D(K, Ky). Hence —cg =4, —cz» =0, —cp = —c; + %CA,, =4<6.0On
the other hand, V; = Vo C. The representation of Ky on 1)2(2) ®w e Vy
is given by

&

P[\(P)(vz@) Rw) = e\/—_l(s—t)(l—i)vz@) ® w.



330 H. MA & Y. OHNITA

Then (V})g, = spanc {vl ® w}. But for the generator Q € K, [a]>

p[\(Q)(vf) Rw) = —vf) R w.

So (Vi )K[] = {0} and A = (1,—1,0,0) ¢ D(K, [a]) Similarly, A =
(0,0,1,— )¢D(K,K )

Suppose that A = (1,-1,1,-1). Then dimc Vi = 9. It follows from
the branching laws of (U(2),U(1)xU(1)) that (cj’l,(jé) = (1,-1) or (0,0)
and (q~é7q~£1) = (17—1) (070) Then (6/17Q27Q37Q4) = (1 -1,-1, 1)
(=1,1,1,—1), or (0,0,0,0) € D(K, Ky). When (44,45, 45, 4;) = (0,0,0,0),
—c; =8, —cin =0, —cp, = —c; + 2czn =8 > 6. When (q, ¢, &, @) =
(1,-1,-1,1) or (-1,1,1,-1), —c; =8, —cjn =4, —cL = —cj+3Cin =
6. On the other hand, Vi = V3 X V5. The representation of K; on

o ©ol? € V3 (1,4 =0,1,2) is given by

pa(P)e” @ v”)

\/jlésft)

e 2

P2 < _\/_1(315))] (U]( ))
e 2

— Vs 2—(i+5)],, (2) ® ,U( )

®

Hence (V})g, = spanc{v(()2) ®v§2),v§2) ®v§2),vé )®v((]2)}. Moreover, the

action of the generator Q of Z4 in K, [a] O1 UZ-( ) ® 1)5»2) is given by
P Q@ @) = (—1P 7l @ ol

Therefore, (VA)K[ ] Span{v0 ® v(2) vg )@ v(2) ( )® U1 } and A =

(1,-1,1,-1) € D(K,K[a}). Note that the f([a]—ﬁxed vector vg ) ®v§ ) €

Vi, which corresponds eigenvalue 8, and the K [a-fixed vector v(()2) ®v§2) —

( ) ® v(2) € Vy,1—yz—y3+y4 eV L 1 +yatys—ya» Which gives eigenvalue 6.

Suppose that A = (2,0,—1,—1). Then dimc Vi = 3. It follows from
the branching law of (U(2),U(1) x U(1)) that (cj’l,(jé) = (2,0),(1,1),
or (07 2) and (qg’n qﬁl) = (_17 _1)' Then (gi7q~éa Q37 Q4) (17 L1, _1) S
D(K, Ky). Hence —c; =8, —¢j» =4, —cp = —c; + %c]\,, = 6. On the
other hand,

Vi = (1h®C)RC.
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The representation of Ky on vZ@) ®@w e Vi (1 =0,1,2) is given by
(
pi(P)(v;

_ e\/—71(s-i-t)

2 ® w)

e\/7_1£87t)
2 V(s
P2 ( _ﬁ(st))] (Uz( )) ®e Lty
e 2

— oV I(s=1)(1=1),(2) ® w.

i

Hence (V) Ro = spanc{fugz) ® 1}. Moreover, the action of the generator
Q of Zy in K[a} on 02 @w is given by pA(Q)(v@) ®1) = (_1)1‘iv§2_)i®1.

(3 (3

Therefore, (V[\)f([a] = span{v§2)®1} and A = (2,0,—1,-1) € D(IN(,IN(M),
which gives eigenvalue 6. Similarly, A = (—-1,-1,2,0), (1,1,0,-2),
(0,—2,1,1) € D(K, K [a]), Which give eigenvalue 6 and with multiplicity
1, respectively.

Moreover, we observe that

n(L%) =dimc Vig,0,—1,-1) + dime V(_1,—120) + dime V{1,1,0,-2)

+ dimc ‘/(0’_2’171) + dimc ‘/(1’_1’17_1) =3+3+3+3+9

=21 = dim SO(8) — dim S(U(2) x U(2)) = nux(L°).

Therefore, we obtain that LS = G(
Hamiltonian stable.

W) C Q6(C) is strictly

7.7. Eigenvalue computation when m = 3. For each A= p1Ly1 +
DPay2 + P3ys + Paya + Psys € D(K, Ko), A" = pry1 + pay2 + Gsys + quya €
D(K3, Ko), and A" = ¢yy1 + Gaye + @3y3 + Gyya € D(K1, Ko) given as in
Subsection 7.5, the corresponding eigenvalue of —Cy, is

1
—C[, = — 20]\ + C]\/ + §CAH
(7.4) = Pt + D5 + 2(P3 + P + 53) + (B — P2) + 4(Ps — Ps)
g N 5 5 1, - - N
—(B+a@) — (@3 — @) — 5((q’1)2 + () + (35)° + (41)?)-

Since —Cr, > —%CK/KO, the condition —c;, < n = 10 implies that —c; <
20. Notice that

—cg =Pt + D5 + D3 + 1 + B3 + (1 — P2) + 2(Fs — Ps) > 255 + 3p3,
and we have
2p5 + 3p3 < 20,
pi€Z, Y p? <20,
S0 G =0, p1>pa, P3>Pa > P

Then by the similar calculations we obtain the following.
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Lemma 7.5. A = p1y1 + Payo + Psys + Paya + Psys € D(K, Ko) has
eigenvalue —cy, < 10 if and only if (p1, P2, P3, P4, P5) 1S one of
{(07 07 07 07 0)7 (17 _17 17 07 _1)7 (27 07 07 _17 _1)7 (07 _27 17 17 0)7
(17 17 07 07 _2)7 (_17 _17 27 07 0)7 (17 _17 07 07 0)7 (17 07 07 07 _1)7
(07 _17 17 07 0)7 (17 17 07 _17 _1)7 (_17 _17 17 17 0)7 (07 07 17 07 _1)}
Suppose that A = (1,-1,1,0,—-1). Then dimc V; = 24. It follows
from Lemma 7.2 that (§s,q4,G5) = (1,—1,0) or (0,0,0). When
(q~3yq~4a(j5) = (07070)7 by the branching law of (U(2)7U(1) X U(l))7
(@1, @, @5, d4 @5) = (0,0,0,0,0). Hence —cp, = —2¢; +c3, —I—%c;\,, =16 >
10. When (§s, 44, q5) = (1, —1,0), by the branching law of (U(2),U(1) x
U(l))v ((j/bqé)qévqﬁbgé)N = (17_17_17170)7 (070707070)7 or
(—1,1,1,-1,0) € D(K, Ky), respectively. Hence —cy, = —2c; + ¢z, +
%c]\,, =10, 12, or 10, respectively. On the other hand, now
(‘N/f\)f(o C (Wy,—y, I Wyy—yy I Wo) & (Wy, -y, I Wy K W)
2 (VKVKLXC) d (V,KCXC),

where the latter is a Kg—module. The representation pz of K'o on u; ®
vy@we VLR RVL,KC (4,7 =0,1,2) is given by

pi(P) (0" @ vl @ w)

v—1s
e 2
( oV Tt > (Uz( )) @ Pyz—ya

= e\/__l(s_t)(z_i_j)vlgz) ® U](_z) R w.
The representation pz of Ky on ”1(2) Ruew e VBhXCKXC (i=0,1,2)
is given by

e\/TIS
= Py1—y2

v—1s
pﬂmw9®v®m=%rw<e

@
V=T )(vl )RV w

—eVIs=0)(1-1) ) o o gy

Thus (f/f\)f(o = spanc{v§2) ®v(()2) ®uw, v((]z) ®v52) ®uw, v§2) ®v§2) ®uw, vf) ®
v ® w}. Moreover, the action of the generator @ of Z4 in K [a] OLL WP @

@) '

vy, ®@ w is given by

0 1
@@ ® v @ w) =p2< 10 > )
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2)

and the action on v;”” ® v ® w is given by

pA(Q)(UZ(Q) ®’U®'w) = p9 ( _01 (1) > (Uz(2)) RV R w
2)

= (—1)*f?

Therefore, (VZ\)RM spanc{v2 ®v(2) QW — 0(2) ®v(2) W, 0(2) ®v(2) ®
w} and A = (1,-1,1,0,—1) € D(K,f([a]). Notice that the K[a]-ﬁxed
vector fug ) & 0(2) ®w € Vg, which corresponds eigenvalue 12, where
A" = 0. And the K[ j-fixed vector vg ) ® 0(2) ®w — (2) ® 0(2) ®w €
VA’{ &3] VA’2’7 which gives eigenvalue 10, where A’l’ =(1,—-1,-1,1,0) and
Af = (-1,1,1,-1,0).
Suppose that A = (

QU w.

2,0,0,—1,—1). Then dimc Vi = 9. It follows from
the branching law of (U(3),U(2) x ( )) that (qg,q4,q5) (0,-1,-1)
or (—1,—1,0). When (§s, q4,G5) = (—1,—1,0), by the branching law of

(U(2)7U(1) X U(l)) (Q17Q27Q37Q47q5) (1717 _170)' Hence —CL =
—2ci + ¢+ %c]\,, = 10. On the other hand,

(VA)RO (W2y1 g W (y3—|—y4) ‘ZI W()) = V2 g C ‘ZI C,

and the representation pj of Ky on fug )®U®w € bRCKC (1 =0,1,2)
is given by

PP @ v w)

e\/__ls @) e\/—_ls
=P2y; oV Tt (0;7) @ P—ys—ys oV Tt (v) @w

— V= T(s=1)(1-i),, (2) QU w.

Thus (V5) R0 = spaunc{vl2 ® v ®w}. Moreover, the action of the gener-
(2)

ator Q) of Z4 in K[a] onv;” ®v®w is given by

A @ v w) = py, ( 0 )(vf’)

1
0
0 -1
© P—(ys+ya) ( -1 0 > (v) @ w

— ()"l @ v w.

Therefore, (VA) = spang {v%z) ®uvw}, where dimc(f/[\) R = 1 and
A= (2,0,0,—1, —1) € D(IN(, f([a]), which gives eigenvalue 10. Similarly,

A= (0,-2,1,1,0) € D(K,K[a]), which gives eigenvalue 10 and with
multiplicity 1 and dimension 9.
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Suppose that A = (1,1,0,0,—2). Then dimc Vj = 6. It follows from
Lemma 7.2 that (g3, G, ¢5) = (0,0,—2),(0,—1,—1), or (0,—2,0). When
(q~3yq~4a(j5) = (07_270)7 by the branching law of (U(2)7U(1) X U(l))7
(&, 8, @1, @) = (1,1,—1,-1,0). Hence —cg, = —2cj + cj, + 35 =
10. On the other hand,

(Vi)g, C WoRW_g, RIWy = CRV, K C,

and the representation pj of Ky on u®vi(2) ®@w € CRV,LXC (i =0,1,2)
is given by

pi(P)(u®vl? ©w)
( oV—Ts

6\/?15
=Py1+y2

oV Tt > (u) ® pay,
—oVI(s—0)(1-4),, ® U(2) ® w.

i
Thus (‘7[\) &, = spanc{u ® v§2) ® w}. Moreover, the action of the gen-

2)

)

erator (Q of Z,4 in f([a] onu@u
pa(Q)(u @ v © w)

0 1 0 -1 2 2
:Py1+y2<_1 0>(U)®P—2y4<_1 0 >(v§))®w:u®vé_)i®w.

Therefore, (f/[\) R = spanc{u ® U§2) ® w}, where dimc(f/;\) Ra = 1

and A = (1,1,0,0,-2) € D(f(,f([a]), which gives eigenvalue 10. Sim-
ilarly, A = (=1,-1,2,0,0) € D(K,K[a]), gives eigenvalue 10 and has
multiplicity 1 and dimension 6.

Suppose that A = (1,—1,0,0,0). Then (q1, G2, G3, 44, G5) = (1,—1,0,0,0).
It follows from the branching law of (U(2), U(1)xU(1)), (¢}, ¢4, @5, 44 @5) =
(0,0,0,0,0) € D(Ky, Ky). Hence —cy, = —2c; + ¢, + %c;\,, =4 < 10.
On the other hand, f/j\ = Wy, —y, XWy = V5K C, and the representation
P of Kgonu; @w € VoXC (i =0,1,2) is given by

® w is given by

e\/__l.Sgt
Pi(P)(u; ® w) = pa ( et > (u;) ®w

e 2
= V1000, @ 4,

Thus (V3) &, = SPang {u1 ® w}. Moreover, the action of the generator Q
of Z4 in Kg on ug ®@w is given by p3(Q)(u1 ®w) = —u1 @ w. Therefore,
(Vi)g,, = {0} and A = (1,-1,0,0,0) & D(K, Kg).

Suppose that A = (1,0,0,0,—1). It follows from Lemma 7.2 that

(637647(15) = (0707_1) or (07_170) When (637(147@5) = (07_170)7 by
the branching law of (U(2),U(1) x U(Q)), (¢1,%,%5.41:05) =
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(1 0,-1,0,0) or (0,1,0,—1,0) € D(K1, Ky). Hence, —c;, = —2c5+cj,+

tcin = 5,5 < 10. On the other hand, (V Vg C Wy KWy, KWy =
Vi X V) ® C, where the latter is the Ky = U(2) x U(2) x U(1)-module.
The representation pj of K, on vgl) ®v§»1) @we VIRVIKC (i,7 =0,1)
is given by

pi(P)Y @ vl © w) = eV TTE00-1-0 ) g o) @,

Thus (Vf\)f(o = spanc{vgl) ® vél) ® w,up ® U&l) ® w}. Moreover, the

action of the generator ) of Z4 in f([a] on vi(l) ® v%l_)l @w (i =0,1) is
given by

Q" ®ol; @ w) = (~1) o, © ol © w.
Therefore, (VA)K[aJ = {0} and A = (1,0,0,0,—1) ¢ D(K, K|y). Simi-
larly, A = (0,—1,1,0,0) & D(K, Kpy).

Suppose that A = (1,1,0,—1,—1). It follows from Lemma 7.2 that
(637q~47 (15) = (07 _17 _12 OI'N( 1 -1 0) For the element (ﬁlvﬁ% (137 64765)
(1,1,-1,-1,0) in D(Kz, Ko), by the branching law of (U(2),U(1) x
U(l)) ((117q~é7q~é7q~§1) (17 17 17 ) € D(KviO) Hence —CL = _26A+
i+ 5cin = 6 < 10. On the other hand, (VA)RO C Wy IW_yy_y, X
Wy = CX C X C, where the latter is the Ky = U(2) x U(2) x U(1)-
module. The representation p; of Kgon u®@v®@w € CRCKC is given
by

pi(P)(u®v@w) =eV 1y @ e VIt g uw =ugv @ w.

It follows that (V) &, = spanc{l ® 1 ® 1}. Moreover, the action of the

generator Q of Z, in K [ ON U ® v ® w is given by

P Q) (u®@rv®W) =-u®v®w.
Therefore (VA)R[a] = {0} and A = (1,1,0,-1,-1) ¢ D(K, K;). Simi-
laYIY7 A = (_17 _%7 1, 170) ¢ D(K7R0)

Suppose that A = (0,0,1,0,—1). It follows from the branching law
of (U(3),U(2) x U(1)) that (G, ds,ds) = (1,0, ~1), (0,0,0), (1, -1 ,0) or
(0,—1,1). For the element (p1, P2, 43, G4, qg5) = (0,0,0,0,0) in D(KQ,K())
by the branching law of (U(2), U(1 )XU( ), (44,45, d5,4)) = (0,0,0,0) €
D(K,, Ky). Hence —cj, = —2c5 +cjt 5 CA// = 12 > 10. For the element
(1, Doy G3, da, G5) = (0,0,1,—1,0) in D(Ky, Ky), by the branching laws
of (U( )7U( ) X U( )) ((117q~27q~37(j4) (0 0 0 0) € D(KlyKO) Hence
—cp = —26A + ci + 3¢ = 8 < 10. On the other hand, (VA)R0 C
V(/o 0,0,0,0) V(o 0,1,-1,0)° We are concerned with only V(o 0,1,-1,0) since it

corresponds to the smaller eigenvalue 8. Note that V(o 0,1,-1,0) = Wo X
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Wys—ys Wy = CX Vo X C, which is a IN(Q—module. The representation

(2)

pi of Koonu®uv,” @w € ‘7(’0’071’_1’0) (1 =0,1,2) is given by

03 (P ® v ® w) = /6000y 5 o g u,

Thus (‘N/f\)f(o =spanc{l ®v; ® 1} & 17(’(] 0,0,0,0)- Moreover, the action of
the generator Q of Z, in K| [a] OD U® v%z) ® w is given by
N (2)
Pi(Q)(u®@uv” ®w)

0 v—1 2
:U®P2(<\/_—1 0 ))U1®w:—U®U§)®’w.

Therefore, 1 ® v§2) ®1¢g (\N/[\)f([a] and (VZ\)R[ 17(0 0,0,0,0) which gives

a larger eigenvalue 10.
Moreover,

”(Llo) =dimc V(1,-1,1,0,—1) + dimc V(2,0,0,—1,—1) + dimc V(g,—2,1,1,0)
+ dime Vi1,1,0,0,—2) + dimc V(—1,-1,2,0,0)
=244+94+94+6+6=54
=dim SO(12) — dim S(U(2) x U(3)) = nuk(L'7).
Therefore we obtain that L1 = G( S(l}g((lz)]i%?l[;igl)f)(l)) ) C Q10(C) is strictly
Hamiltonian stable.

7.8. Eigenvalue computation when m > 4. For each A = pyy; +
P2y2 + P3Y3 + Paya + Pmt1Ym+1 + Pmt2Ym+2 € D(K Ko), N = plyl +
Pay2 + Gsys + daya € D(Ka, Ko), and A” = Q1y1 + dyy2 + G3ys + qyya €
D(K 1 Ko) given as in Section 7.5, the corresponding eigenvalue of —Cy,
is given by

1
—cp =—2¢5 e+ 2CAr

= DT + 55+ 2(55 + D3 + D1 + Do)
+ (p1 — p2) + 2(m — 1)(P3 — Dm+2) + 2(m — 3)(Ps — Dm+1)

@B R~ @5~ @)~ @+ @+ @+ @),

In case A = (ﬁ17ﬁ27ﬁ37]§47ﬁm+17]§m+2) (p17p270 0 0 0) € D(KvKO)v
since p3 = P4 = Pm+1 = Pm+2 = 0, we have g3 = ¢4 = G5 = -+ =
Gm+2 = 0 and thus ¢4 = ¢} = 0. Since py —I—pg = 0, by the branching law of
(U(2),U(1)xU(1)) we have ¢; = —a+pi, QQ a+ps =a—p = —q~1 for
somea=0,1...,p —pg = 2p1 A € D(K, Ky) implies that G =3¢=0
since ¢ + @5 =0 and ¢4 + @4 = 0. Then —cg, = 2p1(p1 + 1).
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Now A = pry1+paye = 2p15(y1 —y2). Set £ := 2p;. Then V5 = V,KC.
The representation p; of Ky on vy) ®w € V3 is given by

V=I(s—1)/2 0
{4 e ¢
P[\(P)(”Z( ) ®w) = [PZ ( 0 e_\/—1(5—15)/2)] (”z( )) @ w

@(5_%) U(Z)

=e ;. Qw.

Hence (TN/[\) &, = Sbang {”;1(3? ® w}. On the other hand, the action of the
generator Q of Z, in K [a] is given by

Pi(Q)(vy) @ w) = {Pe <_01 é)} (W) o w=(-1)" o) o w.

Therefore, (TN/[\)KM = Spanc{vé? ® w} for py is even. As m > 4, for
every even number p; > 2 such that 12 < 2p1(p1 + 1) < 4m — 2,
A =pi(y1 —y2) € D(K, f([a]) has eigenvalue 12 < —cp, = 2p1(p1 + 1) <
4m—2. This means that L*™~2 C Q4,,,_2(C) is NOT Hamiltonian stable
for m > 4.

From these results we conclude the following.

Theorem 7.1. The Gauss image L*™2 = S(U(l)sx(gg;iggz)—)m)-m C
Qam—2(C) (m > 2) is not Hamiltonian stable if and only if m > 4. If

m =2 or 3, it is strictly Hamiltonian stable.

REMARK. The index i(L™~2) goes to oo as m — oo.

8. The case (U, K) = (Sp(m +2),Sp(2) x Sp(m)) (m > 2)

In this case, K = Sp(2) x Sp(m) C U = Sp(m+2), (U, K) is of type
By for m = 2 and type BCy for m > 3. Let u = £ 4 p be the canonical
decomposition of 1 and a be a maximal abelian subspace of p, where

u =sp(m + 2)

:{<—AB g)|Aeu(m+2),B6M(m—|—2,C),Bt:B}
Cu(2m +4),
&= sp(2) + sp(m)
Ay 0 By 0

_ 0 A2 0 Bag
)| -Bu 0 An 0
0 —DBy 0 A

‘ A11 S u(2),Bll c M(2, C),B{l = B117

Ay € u(m),322 S M(m,C),B§2 = BQQ},
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Q Aio 0 Bio
p:{—AtH 0 B, 0

0 —By9 0 Al2

‘Alg S M(2,m;C),Blg S M(2,m;C)},

0 Hp 0 0

L { —H, 0 0 0
0 0 0 Hp

0 —Hl, 0

0
_ fl 0O 0 --- 0
e = <O & 0 -+ 0 &1,8 € Ro.
Then the centralizer Ky of a in K is given as follows:
Ko =Sp(1) x Sp(1) x Sp(m — 2)

aq 0 bl 0
0 a9 0 bg
aq 0 bl 0
0 as 0 b
_ ~ A1 Ag |
o —by 0_ a; O
0 —b2 _ 0 as
—b1 0_ aq 0
0 —b2 0 a9
A21 A22
al b1 a9 b2 All A12
T = 7 ) eSp(l)=SU(2
<—b1 a1> ’ <—b2 a2> p( ) ( )7 <A21 A22>
€ Sp(m — 2)}
Moreover,
K[a} =KyU (Q - Kop) U (Q2 - Kp) U (Q3 - Ky),
where
0 1
1 0
D= 0 1 andQ:z(lg g)
-1 0
Im—2

Thus the deck transformation group of the covering map G : N2 —
G(N®"=2) (m > 2) is equal to Kg/Ko = Zy.
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8.1. Description of the Casimir operator.

Denote (X,Y), := —3trXY for each X,Y € sp(m +2) C u(2m +4).
Then the square length of each restricted root relative to the above inner
product ( , )y, is given by

9 1 or 2, m =2,
V=19 1
3,lor2, m2>3.
Hence the Casimir operator Cr, of L, with respect to the induced metric
std

from 9Ogm_»(C) CaN be expressed as follows:

Cr/io — 3 Cr /K m =2
8.1 Cr = /Ko — 2 “K1/Ko> )
(8:1) t { ZCK/KO_CKQ/KO_%CKl/KO, m > 3,
where C 5 Crey /iy, a0d Ci, /i, denote the Casimir operator of K /Ko,
Ky /Ky, and K;/Kj relative to (, )ule, (, )ule,, and (, )ule,, respec-
tively.

8.2. Descriptions of D(Sp(m)) and D(Sp(2) x Sp(m)).
Let G = Sp(m) and K = Sp(2) x Sp(m — 2) in this subsection. Their
Lie algebras are g and €, respectively.

t= {é.:\/__1diag(§17”’757717_517”’7_5771) ’617’”75777, S R}

is a maximal abelian subalgebra in both g and . Let y; : & — &; be
a linear form on t. Then the fundamental root system of g relative
to tis given by {a1 = y1 — Y2y, ¥m—-1 = Ym—1 — Yms¥m = 2Um},
and the fundamental root system of ¢ relative to t can be given by
{O/ =Y1—Y2, o = 2y2,0z§ =Y3—Yqy--- 70411—1 = Yn—1"Ym,; a;n = 2ym}
Thus each A € D(G) for G = Sp(m) relative to t is uniquely expressed as
A=piyi+- 4+ PmYm with pr,...,pm € Zand p1 2 p2 > -+ 2 pm 2 0.
And also each A € D(K) for K = Sp(2) x Sp(m — 2) relative to t is
uniquely expressed as A’ = q1y1 + -+ + @mYm With ¢1,...,¢n € Z and
@ >q22>0,932 > qgm>0.

8.3. Branching law of (Sp(2), Sp(1) x Sp(1)).

Lemma 8.1 (Branching law of (Sp(2), Sp(1) x Sp(1)) [23, 49]). Let
VA be an irreducible Sp(2)-module with the highest weight A = p1y; +
poy2 € D(Sp(2)), where p1,p2 € Z and py > pa > 0. Then V) contains
an irreducible Sp(1) x Sp(1)-module Vi, with the highest weight A’ =
q1y1 + q2y2 € D(Sp(1) x Sp(1)), where q1,q2 € Z and ¢1 > 0,92 > 0, if
and only if

(i) p1>q2 >0, and

N . . . . [T (x7mitl—x—(ri+1))

(ii) in the finite power series expansion in X of “=C"p—<=y ,
where r;(i = 0,1) are defined as

o := p1 — max(p2,g2), 71 := min(pa, q2),
the coefficient of X9t does not vanish.
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Here that coefficient is equal to the multiplicity of a Sp(1)xSp(1)-module
Var in V.

8.4. Descriptions of D(K, Ky) and D(K, Kjy) when m = 2.

For each A = p1y1 + pay2 + p3ys + paya € D(K) = D(Sp(2) x Sp(2))
with p1,...,p4 € Z and p1 > ps > 0, p3 > pgs > 0, we know that
p1y1+p2y2 € D(Sp(2)), psys +paya € D(Sp(2)) and Vi = Wy, y, 4poy, B
Whsys+paya- By Lemma 8.1, Wiy, 4poy, and Wy, 4p,y, can be decom-
posed into irreducible Sp(1) x Sp(1)-modules as

p1y1+p2y2 - @ q1y1+q2y27 p3y3+p4y4 - @ q3y3+q4y4’
q1,92 q3,q4

where ¢1, ¢o and g3, g4 vary as in Lemma 8.1. Thus we have a decomposi-
tion of V into the direct sum of irreducible Sp(1)x.Sp(1)xSp(1)xSp(1)-

modules:
!
Va= @ @ q1y1+q2y2 X Wq3y3+q4y4)

41,92 43,44
Further, by the Clebsch—Gordan formula it can be decomposed into the
sum of irreducible Sp(1) x Sp(1)-modules as

q3 q4
- @D (@ U) 2 (D Urarss
J=0

41,92 93,94 \i=1

Here we assume that q; > ¢3 > 0 and g2 > ¢4 > 0. Hence we have the
following.

Lemma 8.2. A € D(K, Ky) if and only if there exist i,j € Z with
0<i<q3and0 < j < qq such that Uy 4gy—2i R Ugyqq,—25 @5 a trivial
Sp(1) x Sp(1)-module. Then it must be that (q1,q2) = (q3,q4).

8.5. Eigenvalue computation when m = 2. For A = p1y; + poyo +
p3y3 +pays € D(K, Ko) and A = q1y1 + qay2 + q3y3 + qays € D(K71, Ko)
with ¢1 = ¢3, g2 = q4 as in Lemma 8.2, the corresponding eigenvalue of
—Cy, is

(8.2)

1
—c1, = —CA+§CA/

1
= (ZP? +4p1 + 2py + 4dps + 2174) - (Q% + a5+ 2q1 + QQ2)-
=1

Denote A = p1y1 +p2y2 +p3ys +pays € D(K, Ko) by A = (p1,p2, p3, pa)-
Since —Cr, > —%CK/KO, the eigenvalue of —Cy, —cy, < n = 14 implies
—cp < 28. Notice that

4
—cp = ZP? + 4py + 2py + 4p3 + 2py > 2(p3 + p3) + 6(p2 + pa),
=1
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we have
p3 + i+ 3(p2 + pa) < 14,
pi€Z, i p}<28,
p1=2p2=>0, p3=>ps=>0.

Then by the similar calculations using the eigenvalue formula (8.2), we
obtain the following.

Lemma 8.3. A = p1y1+poy2+p3ys+pays € D(K, Ky) has eigenvalue
—cr, < 14 if and only if (p1,p2, 3, pa) is one of

{(0,0,0,0),(1,1,0,0), (0,0,1,1),(1,0,1,0),(1,1,1,1),
(1,1,2,0),(2,0,1,1) }.

Suppose that A = (1,1,0,0). Then dimcVy = 5. It follows from
Lemma 8.1 that (¢1,¢92) = (0,0) or (1,1) and (¢3,¢q4) = (0,0). Then
(ql,qQ,qg,q4) = (0,070,0) S D(Kl,Ko). Hence —cp = 8, —cpr = 0,
—c;, = —cp + %CA/ = 8 < 14. On the other hand, there is a dou-
ble covering 7 : Sp(2) — SO(5), and w(Sp(1) x Sp(1)) = SO(4).
Let A5 denote the standard representation of SO(5), and let 1 de-
note the trivial representation of SO(5). Then the complex represen-
tation of K = Sp(2) x Sp(2) with the highest weight (1,1,0,0) is
(A5 ®1) ® C and V) = CP. It is easy to see that (V))g, = Ceq, where
e; = (1,0,0,0,0)* € C°. However, for

01
10

GK[a] C K, a¢ Ky,

= O
S =

0 1
-1 0

m(a) = diag(—1,1,—-1,—1,-1) ¢ SO(4) and w(a)e; = —e; # ej.
Therefore, (Vi) = {0} and A = (1,1,0,0) ¢ D(K, K[y)). Similarly,
A=(0,0,1,1) ¢ D(K, K[

Suppose that A = (1,0, 1,0). Then dimc V) = 16. The irreducible rep-
resentation with the highest weight A is just the complexified isotropy
representation Ad,(K)C. Hence, A ¢ D(K, K [a])-

Suppose that A = (1,1,1,1). Then dimcVy = 25. By Lemma 8.1,
(¢g1,2) = (1,1)or (0,0) and (g3,q4) = (1,1)or (0,0). Then
(q1,92,93,q4) = (1,1,1,1) or (0,0,0,0) € D(K1, Ko). If (q1,92,43,q1) =
(1,1,1,1), then —¢;, = 10 < 14. If (¢1,92,93,94) = (0,0,0,0), then
—cg, = 16 > 14. On the other hand, V{; 11 1) is explicitly given as

‘/'(1717171) — C5 |Z C5 = M(5, C)
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There are doubly covering homomorphisms

m: K = Sp(2) x Sp(2)
7|k, + K1 = Sp(1) x Sp(1) x Sp(1) x Sp(1)
W’Kg Ky = Sp(l) X Sp(l) — 50(4)

—
—

The representation of K on V) is realized as the action of m(K) =
SO(5) x SO(5) on M(5,C) in the following way: For each (A, B) €
SO(5) x SO(5), X € M(5,C) is mapped to AXB~! € M(5,C). Then
as a Ki-module,

o ={(0 e {( )}={6 0}={C )

= W1,1,00 D W0,0,1,1) D W0,0,0,0) @ Wi1,1,1)-

PRk k]

K acts on M (5, C) by the adjoint action as a diagonal subgroup of Kj.
Hence

01600 = { (5 ,0,) 1o e ).

(M(5,C))i, = C (é 8) — W(0,0,0,0).

Though A = (1,1,1,1) € D(K, K|), by the preceding computation
(in case (q1,92,93,94) = (0,0,0,0)), we see that a nonzero element in
(M(5,C)) Kk, = W(0,0,0,0) gives eigenvalue —cp =16 > 14.

Suppose that A = (1,1,2,0). Then dimcVjy = 50. It follows from
Lemma 8.1 that (¢1,¢2) = (1,1) or (0,0) and (g3,q4) = (0,2),(1,1), or
(2,0). Thus

Va= WayBUpg2) © Wy RUq) © (Waiy BUqgg))
®© W00 ®Uo,2)) © W00 ®U1,1)) © (Wio,0) ¥ U(2,0))-

Here Only (Q17 q2, 93, q4) = (17 17 17 1) (W(1,1)|Z|U(1,1)) belongs to D(K17 K0)7
and the corresponding eigenvalue is —c;, = 14. On the other hand, the
representation of K with highest weight A = (1,1,2,0) is A5 X Adgm).
Set Ay = (p1,p2) = (1,1) € D(Sp(2)). Then

Vi, = C° = Ce; @ spanc{es, e3,eq,e5} = Wigg) & Wi 1)

Using the quaternionic representation

sp(2) = {X € M(2,H) | X* + X =0},
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we chose the following basis of sp(2):

(0 1 (0 4 (0 g (0 E
B= (0 0) m= (0 o) m=(] ) m=(} §).
(v 0 _(J 0 (kO
= (g o) o= (5 o) B (5 o)

where {i, 7, k} denote the unit pure quaternions.
Set Ao = (p3,p4) = (2,0) € D(Sp(2)). Then

Vi, = spanc{E1, Eq, B3, E4} @ spanc{Es, Eg, E7} @ spanc{Es, Eg, E10}
= Wi1,1) © Wiz0) @ Wio,2)-

By a direct computation, we get that

(VA)KO = spanc{e2 RF +es®FEy+es Q@ F3+e;® E4}
= (Vi) € Way @ Uay-

Therefore, A = (1,1,2,0) € D(K, K;)), which gives eigenvalue 14 with
multiplicity 1. Similarly, we can show that A = (2,0,1,1) € D(K, K),
which gives eigenvalue 14 with multiplicity 1.

Moreover, we observe that

Tl(L14) = dlmc ‘/(171’270) + dlmc W2’071’1) = 100
= dim SO(16) — dim Sp(2) x Sp(2) = npp(L').

From these results we obtain that L% = g(%) C @Q14(C) is

strictly Hamiltonian stable.
8.6. Eigenvalue computation when m > 3. For each
A =piy1 + p2y2 + p3ys + - + Pm+2Ymt2 € D(K, Ko)
with p; € Z, p1 > p2, p3 > pa > -+ 2 pmy2 > 0,
N = qy1 + qay2 + q3y3 + Qaya + ¢5Ys + - + Gmr2Ymr2 € D(K2, Ko),

withgi € Z, 1 > ¢2>0,¢g3>q1>0,¢ >+ > ¢my2 >0, 1 = p1,
g2 = p2, and

A" = kyyr + kaya + ksys + kays + ksys + - - + kmaoYmto € D(K1, Ko)

with k; € Z, k; > 0 for 1 <14 <4, k‘52k’62"'2k’m+220,k‘j:qj'
for 5 < j < m+ 2, the corresponding eigenvalue of —Cy, is expressed as
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follows:
(8.3)
1
—cp, = — 2cpA +cpr + §CA//

m+2

= 2(2 P} +4p1 + 2p2 + 2mps + (2m — 2)ps + - + 2pm+2)
i=1
m—+2

— (D0 aF + 40+ 202 + 43 + 204 + (2m — A)g5 + -+ + 22
=1
m—+2

1
(§ k?+2k1+2k2+2k3+2k4+(2m—4)k5+~-~+2km+2),
=1

2

where ¢; = k; for 5 <i <m+2, p1 = q1, p2 = q2, and k1 = k3, ko = k4.

Suppose that A = (p1,p2, ..., Pma2) = (2,2,0,...,0) € D(K). Then
by using the branching law of (Sp(2), Sp(1) x Sp(1)), we see that A €
D(K7 K0)7 A = (qlv qz2, - .- 7Qm+2) = (27 2707 s 70) € D(K27 KO) and
A = (k‘l, ko,..., k‘m+2) = (0, 0,0,... ,0) € D(Kl,K(]). Hence by (83)
the corresponding eigenvalue is —¢;, = 20 < 8m — 2 for m > 3. On
the other hand, the irreducible representation of K with the highest
weight A = (2,2,0,...,0) is a 14-dimensional representation PSym? cnHX
I of Sp(2) x Sp(m), where PSym2(C) is the composition of the natural
surjective homomorphism Sp(2) — SO(5) and the traceless symmetric
product representation of SO(5) on Sym3(C?) := {X € M(5;C) | X! =
X,trX = 0}. Here each A € SO(5) acts on Sym3(C®) by Sym3(C?®) >
X+ AX A' € Sym?(C?). So

Symy(C%) =C- (é _§I4> o <8 )‘2,) | X' € Symg(Ch )

0 Z
@ {<Zt 0) 1 Z ¢ M(1,4;C)}
=C @ Sym,(C*) @ C*
and
(Symy(C?)) —c. (! Y )=c
0 SO(4) 0 _%14 .

Under the natural surjective homomorphism Sp(2)(C SU(4)) — SO(5),
the element

01
10

corresponds to diag(—1,1,—1,—1,—1) € SO(5), denoted by @’. By a di-
rect computation, we know that (SymO(C5))Q/,SO(4)ﬁ(SymO(C5))SO(4) =



HAMILTONIAN STABILITY OF THE GAUSS IMAGES. I 345

(Symo(cs))50(4)- Thus

1 0
(VA:(2,2,0,...,0))K0 =C- <O 1[4) HCe

and, moreover,

1 0
(VA=2,20,...0)) K = C- (O —il4> X C.

This means that A = (2,2,0,...,0) € D(K, K[g) has multiplicity 1,
which corresponds to eigenvalue 20 < 8m — 2. Therefore, L¥™2

Q8m—2(C) is not Hamiltonian stable.
From our results of this section we conclude the following.

, _ S5p(2) xSp(m)
Theorem 8.1. The Gauss image L = (Sp(l)XSI;J(l)XSI;J(m—Q)}Z;; -

Qsm—2(C) (m > 2) is not Hamiltonian stable if and only if m > 3.
If m = 2, it is strictly Hamiltonian stable.
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