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SHARP STABILITY INEQUALITIES
FOR THE PLATEAU PROBLEM

G. DE PHIiLipPIS & F. MAGGI

Abstract

The validity of global quadratic stability inequalities for uniquely
regular area minimizing hypersurfaces is proved to be equivalent
to the uniform positivity of the second variation of the area. Con-
cerning singular area minimizing hypersurfaces, by a “quantita-
tive calibration” argument we prove quadratic stability inequali-
ties with explicit constants for all the Lawson’s cones, excluding
six exceptional cases. As a by-product of these results, explicit
lower bounds for the first eigenvalues of the second variation of
the area on these cones are derived.

1. Introduction

1.1. Overview. The aim of this paper is to start the study of global
stability inequalities for area-minimizing surfaces, along the lines de-
veloped in recent years for isoperimetric-type problems (see, e.g., [Fu2,
Ful, H, HHaW, FMaPr, Mal, FiMaPr, CL]). We shall focus on the
codimension 1 case. The case of uniquely area-minimizing regular hy-
persurfaces with positive definite second variation is addressed in sharp
form, as discussed in Section 1.2. This result leaves open the problem
in the case of a generic area minimizing hypersurface with singularities,
which may occur in (ambient space) dimension 8 or larger. However,
by a “quantitative calibration” argument, we prove global quadratic
stability inequalities with explicit constants for all the Lawson’s cones,
except for six exceptional low-dimensional cases; see Section 1.3. In Sec-
tion 1.4 we briefly discuss the relationship between stability inequalities
and foliations, while Section 1.5 describes the organization of the paper.

1.2. From infinitesimal to global stability inequalities. We de-

note by M the family of the smooth, compact, orientable hypersurfaces
M C R"! with smooth boundary bdry M. We say that M € M is
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Figure 1.1. If M and M’ have the same boundary, then
MAM' is H™-equivalent to the boundary of a Borel set
E. If M is uniquely area minimizing, then the area mini-
mality of M should imply a control of H"(M') —H" (M)
on L"T1(E). The picture refers to the planar case n = 1.

uniquely area minimizing in M if, denoting by H" the n-dimensional
Hausdorff measure on R**1,

(1.1) H'(M') > H" (M), VM’ € M, bdry M' = bdry M,

with H™"(M'") = H™(M) if and only if M’ = M. If M, M’ € M, then
there exists a Borel set F C R"*! with finite Lebesgue measure £"*1(E)
bounded by MAM' = (M \ M")U(M'\ M) (see Figure 1.1 and Lemma
2.2). We thus seek necessary and sufficient conditions for the existence of
a positive constant k (possibly depending on M) such that, if bdry M’ =
bdry M, then the “global” stability inequality

(12) Hn(M,) — ’Hn(M) > K min {£n+1(E)2 7£n+1(E)n/(n+1)}

holds true. The exponents n/(n+1) and 2 on the right-hand side of (1.2)
are motivated by the analysis of two limit regimes for the inequality,
namely,

H"(M') — +oo and  H"(M') — H"(M).
In the first limit regime, (1.2) follows by the Euclidean isoperimetric
inequality, as
H'(M') —H" (M) =~ H"(M') +H" (M) = H"(OF)
> (n+ 1)("}7111—(?4—1) En—l—l(E)n/(n—l—l)’

where wy, denotes the Lebesgue measure of the unit ball in R¥. In the
second limit regime, H™(M') is very close to H"(M), and, since M is
uniquely area minimizing, we expect M’ to be a small normal deforma-
tion of M. In other terms, if vy € C°°(M;S™) is a normal vector field
to M, then we expect

(1.3) M’%{x+t<p(:z:)l/M(:E):x€M},
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for some small ¢t and some smooth ¢: M — R that vanishes on bdry M.
In this way,

(1.4) H (M) —H (M) =~ t2/ VM2 — 11|22 dH™ + O(t3),
M

Q

(15) £NE) ~ [ Jelane + o),

M
where the first order term in (1.4) vanishes because M has vanishing
mean curvature. Here, VM denotes the tangential gradient of ¢ with
respect to M, and II,; is the second fundamental form of M. If the first
eigenvalue of the second variation of the area is strictly positive at M,
that is, if there exists A > 0 such that

(1.6) / VMo — [Ty |%p? dH™ > )\/ ©? dH™,
M M

whenever ¢ € CH(M) = {¢ € C1(M) : p = 0 on bdry M}, then, in view
of (1.4) and (1.5), we expect H"(M') — H"(M) to control L*1(E)2.

These considerations suggest that if M € M is uniquely area mini-
mizing in M, then the global stability inequality (1.2) is equivalent to
(1.6), the positivity of the second variation of the area at M. However,
due to the possible presence of singular area-minimizing hypersurfaces,
this very natural statement may fail to be true, at least in dimension
n > 7. To explain what may go wrong, let us introduce the class

Mo

of the bounded sets My in R™*! such that, for some non-empty closed
set X C My with H™(X) = 0, My \ X is a smooth, bounded, orientable
hypersurface. Even if M € M is uniquely area minimizing in M, there
could still exist some My € Mg with H"(My) = H™ (M), such that M,
and M has the same boundary in the sense of Stokes theorem

(1.7) /dw:/ dw,  YweD'HR™,
M My

where DF(R"*1) denotes the space of smooth k-forms in R™*! and
where dw is the exterior derivative of w (note that the integral on
the right-hand side of (1.7) is unaffected by the presence of X, since
H™(X) = 0). If My € M, then it is possible to construct a sequence
{Mp}rhen € M with bdry M, = bdry M for every h € N (in the sense
of (1.7)), H™(M}) — H™(My) as h — oo, and, if F}, denotes the region
bounded by MyAM,, with L1 (F},) — 0 as h — oo. Since MNMg = 0,
it is necessarily M # Mj, and denoting by Ej the region bounded by
MAM,, it must be limy,_,o £*T(E},) > 0, thus contradicting inequal-
ity (1.2). In other words, even if M is uniquely area-minimizing in M,
the boundary of M nevertheless may also span a singular area minimiz-
ing hypersurface My, thus breaking down the global stability inequality
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(1.2). In order to prove global stability inequalities, we have thus to
work with a stronger uniqueness assumption than being uniquely area
minimizing in M.

Our first main result, Theorem 1, below, asserts the equivalence be-
tween the infinitesimal stability inequality (1.6) and the global stability
inequality (1.2), provided M is assumed to be uniquely mass mini-
mizing as an integral n-current, rather than merely uniquely area
minimizing in M. In Section 2, we shall discuss this notion of minimal-
ity in detail. For the moment, it suffices to notice that it amounts to
asking that

H"(My) > H" (M), YMy e MUMg, bdry My = bdry M,
with H"(Mp) = H"(M) if and only if My = M. We also notice that
if 1 <n <6 and M is uniquely area minimizing in M, then, by the
regularity theory for integer mass-minimizing currents [Fel, Chapter 5],
M is uniquely mass minimizing as an integral n-current.

Theorem 1. Ifn > 1 and M € M is uniquely mass minimizing as
an integral n-current, then the two following statements are equivalent:

(a) The first eigenvalue \(M) of the second variation of the area at M,
(1.8)

AM) = inf

{/ (VM2 — Iy |2 p?dH" - ¢ € cg(M),/ PRAH" = 1} :
M M
18 positive.

(b) There exists k > 0, depending on M, such that, if M' € M and
bdry M’ = bdry M, then, for some Borel set E C R"! with OF equiv-
alent up to a H™-null set to MAM’,

(1.9) H"(M') —H"(M) > k min {ﬁ"“(E)?7 £"+1(E)n/(n+1)} .

Remark 1. We are not able to link in any explicit way A(M) to
the constant « appearing in (1.9). This is probably not so surprising
due to the level of generality allowed by the assumptions of Theorem 1
itself. The relation between these two quantities may be subtle, as shown
by the example in Figure 1.2. We further notice that the positivity of
A(M) is in fact equivalent (by a standard compactness and regularity
argument) to asking that

(1.10) / (VM2 — |12 dH™ > 0, Vo € CH(M)\ {0}.
M

Of course, we may hope to prove inequalities like (1.9) with an explicit
constants x on explicit examples. We discuss this problem in sections
1.3 and 1.4.
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Figure 1.2. In the two pictures on the left, we consider
the length-minimizing curves spanned by a sequence of
four points converging to the vertexes of a square in the
plane (round points are charged positively, square points
are charged negatively). For every h € N, let k; denote
the best constant for inequality (1.9). The competitors
M2h lie at uniformly positive distance from the corre-
sponding M{‘ (and are, of course, local length minimiz-
ers). Their presence forces k;, — 0 as h — oco. At the
same time, \(MJ') = (H'(M})/2m)? is converging to a
positive constant as h — co. See Remark 4 for a proper
reformulation of Theorem 1 in the situation considered
here.

Remark 2 (Local stability and uniform convexity). The stability
inequality (1.9) is easily seen to hold with respect to C'-small graph-
type variations of M supported at a sufficiently small scale. Let ry > 0 be
the scale, which implicitly depends on M, such that, in any ball of radius
ro, M is representable as the graph of Lipschitz functions u: R® — R,
with Lip(u) < 1 over a disk D,, C R" of radius ro. In this case, u is
a Lipschitz minimizer of the area functional, and therefore, if M’ is a
variation of M supported in the corresponding ball of radius rg, which
corresponds to a Lipschitz function v: R — R with v = v on D,, then,

setting p = v —w and f(§) = /1 + [£|?, £ € R, we find

(M) = H (M) = A f(Vo) - . f(Vu)

— [ 9w Ver [ 9v0)(ve.0) +0llcler) [

Vel
DTO Dro 0

o
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Now fDro Vf(Vu)- Ve =0 since u solves the minimal surface equation

in weak form and ¢ = 0 on dD,,, while V2f(¢) is positive definite
(depending on the dimension n only), uniformly on || < 1. Hence,
provided ||¢[|c1 is small enough (depending on the dimension n only),
by the Poincaré inequality on D,, we find, as claimed,

neag n 2 o ¢(n) 2
W) =100 = el [ 9ok =S [l
>

d(n) ? e (M) i1y 2
s ([1el) =ty eenimy

wn g \JD Wn T

Remark 3 (Strategy of proof). It was proved by White [Wh] that if
M is a smooth hypersurface with boundary, with vanishing mean curva-
ture and strictly positive second variation of the area, then M is locally
area minimizing, where “locally” means “in a small L*°-neighborhood.”
Recently, Morgan and Ros [MoR]| have extended this result, replacing
L*>-neighborhoods with L'-neighborhoods, at least if n < 6. Hence, the
main new feature of Theorem 1 is that of providing a global stability
inequality (rather than a local minimality condition) starting from the
strict positivity of the second variation of the area and a natural and
necessary uniqueness assumption. This is achieved by developing in the
context of the Plateau problem some ideas recently introduced by Ci-
calese and Leonardi [CL| in connection with the stability problem for
the Euclidean isoperimetric inequality, and by Acerbi, Fusco, and Morini
[AFM] in the study of relative isoperimetric problems. Let us roughly
explain how these ideas are employed in proving Theorem 1. One starts
noticing that, given €y > 0, up to decrease the value of x in correspon-
dence to the smallness of ¢y and thanks to the Fuclidean isoperimetric
inequality, in proving (1.2) we may directly consider surfaces M’ with
bdry M’ = bdry M such that the £L"t1(E) < ¢y (see Lemma 3.7 and
3.8). This said, we introduce the variational problems

(1.11) inf{?—["(M’) . bdry M’ = bdry M , L (E) = s}

(see Figure 1.3) that we shall consider for ¢ € (0,e9) (actually, for
technical reasons, we shall need to relax the constraint £"T'(E) = ¢
into £L"M1(E) > ¢; see (3.1) and (3.2)). In the terminology of Cicalese
and Leonardi, this will be our “selection principle.” For the minimizers
M, in (1.11) (of course, in order to actually prove the existence of such
minimizers we shall need to reformulate this variational problem in the
language of currents), we shall see that

(1.12) lim H"(M.) = H" (M),
e—0t
(1.13) lim £"Y(E.) =0,

e—0t
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Figure 1.3. The selection principle allows to reduce the
proof of the global stability inequality (1.2) to the case
of those surfaces M, that minimize area under the con-
straint of enclosing at least a volume of size & with the
aid of M. Of course, in the planar case, M is a segment,
and each M. is an arc of circle, which flattens against M
ase — 0T,

for the region E. bounded by MAM,. Starting from the minimality of
M, in (1.11), and taking (1.13) into account, we reduce the proof of (1.2)
to the case that M’ = M,. To address this case, we develop a suitable
variant of a lemma by Almgren [All, Proposition VI.12] (see Lemma
3.3), which is used to prove the existence of a constant A, independent
of €, such that each M, satisfies the A-mass minimality condition

(1.14) HM(M.) < HMY(M') + A L"T(EL),

whenever bdry M’ = bdry M. = bdry M and where E. denotes the
region bounded by M.AM’. Starting from (1.14), and thanks to the
interior and boundary regularity theory for A-minimizing currents, we

finally prove the C''-convergence of M, to M as e — 0. This will imply,
in particular, the existence of functions {¢e}.c(0,¢o) C CY(M) such that

M. ={a+e@vu(@) weM},  lim leclean =0,
e—0t

for a suitable unit normal vector field vy, € C*°(M;S" 1) to M. On
this kind of competitors, by (1.4) and (1.5), the stability inequalities
(1.2) and (1.6) are easily seen to coincide up to higher order terms in

”905”201(]\/[)-

Remark 4 (Stability inequalities and non-uniqueness). As it will be
evident from its proof, Theorem 1 can be immediately generalized to
the following situation. We are given N hypersurfaces {My}_, C M,
sharing the same boundary and minimizing mass as integral n-currents,
so that v = H"(Mjy,) for every k = 1,...,N. This is the situation, for
example, of Figure 1.2 or, in dimension 3, of a catenoid spanned by two
circles bounding a pair of disks with the same total area as the catenoid.
In this case, one can prove that min{\(My) : 1 < k < N} > 0 if and
only if there exists k > 0 such that

n N _om > : n+1 2 pntl n/(n+1)
H' (M) 7—“1£?N{£ (Ew)”, L7 (E) }
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where Ej, is a Borel set in R"t! bounded by MiAM’, with £"*!
(Ek) < 00.

1.3. Quantitative calibrations and Lawson’s cones. The main
reason for Theorem 1 to be restricted to smooth hypersurfaces is our
lack of understanding of the “close to singularities” behavior of area-
minimizing hypersurfaces. We would need area-minimizing hypersur-
faces to be locally diffeomorphic, at singular points, to their singular
tangent cones. Such a result, if true, is of course far beyond the presently
known regularity theory, as, for example, even the uniqueness of singu-
lar tangent cones is still conjectural. This said, an extension of Theorem
1 to generic area-minimizing hypersurfaces seems problematic. We thus
turn to the study of stability inequalities on explicit examples of area-
minimizing hypercones. We consider the Lawson’s cones

X
Mkh:{(:ny)ekaRh \/]L‘_l—\/}‘ly’_l}, 2<k<h,

which are known to be area minimizing provided (see [BDGG, La, S,
MasMi, Da, DPP))

(1.15) either h+k>9

(1.16) or (k,h) € {(4,4),(3,5)}.

Our second main result, Theorem 2, provides global quadratic estimates
for all the Lawson’s cones but for six exceptional cases. Here, sz and
Bﬁ denote the balls of radius R and center at the origin in R* and R”,
respectively.

Theorem 2. If R>0, m=h+k, h >k > 2 satisfy (1.15), (1.16),
and

(1.17)  (k,h) £1{(3,5),(2,7),(2,8),(2,9),(2,10), (2,11)},
then for every smooth, orientable hypersurface M' with My ,AM' CC
Hi = BEXBE there exists a Borel set E with OF equivalent to My, , AM’

up to H™ -negligible sets, such that

m 2 m—1 / m—1
(1.18) <£RERE)> o oA mETR)Rm%1 (Mi.0 )

Possible values for C are

(L19) €= @H( _1>3/2, i (k) # (4,4),

(1.20) 0—128w4, if (k) = (4,4).

In fact, as a by-product of our argument, the following explicit lower
bounds on the first eigenvalues of the second variation of the area at
the Lawson’s cones can be deduced. These bounds show in a quantita-
tive way that the minimality of the Simons’ cones My, is increasingly
stronger as h — oc.
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Theorem 3. If R, m,h,k are as in Theorem 2 and

weali) =int { [ g2 ity P et [
My p, My p,

=1, spto CC BR},

then
(1.21)
1 (k=1\"* (m—2)!/2
o1 (k=1 (m—2)Y2 .
)\kh(R)_ 29R2 <h—1> (h—1)1/4 s lf (k,h)#(4,4),
(1.22)
V2
> V2
Aa(B) 2 757

Remark 5 (Strategy of proof). The proof of Theorem 2 and Theo-
rem 3 is based on a “quantitative calibration” argument, which we are
now going to describe. We shall regard the Lawson’s cone My as the
topological boundary of the open cone

] |
(1.23) Kkh:{(x,y)eka}Rh.\/k_1<\/h_1}.

The area-minimizing property of the Lawson’s cone M} 5 implies that
(1.24) ! (BR N Mkh) < Hm-! (BR N M’),

whenever R > 0 and M’ is a smooth, orientable hypersurface such that
M'AMj, CC Bp. The validity of (1.24) is usually proved by the cali-
bration method, which consists of showing the existence of a (suitably
regular) vector field g: R” — R"™ with

(125) 9 =VKpp» on Mkha
(1.26) lg| <1, on R",
(1.27) divg =0, on R™,

where vk, , is the outer unit normal to K. Indeed, if M "is a smooth,
orientable hypersurface such that M’AMj; CC Bg, then we may con-
struct a Borel set F' such that Ky, AF CC Bpg, and (1.24) takes the
equivalent form

(1.28) m-t (BR N 8Kkh) < Hm-! (BR N aF) :

see Figure 1.4. By (formally) applying the divergence theorem to the
vector field g over the set Ky, AF, and by taking (1.27) into account,
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‘RP

Figure 1.4. If M'AM,;, CC Bg, then we may find a
set F' with Ky, AF CC Bpg such that (1.24) takes the
form (1.28).

Ky, NOF
/ :Rh

Figure 1.5. Quantitative calibrations and the proof of (1.33).

we find
0 = / divg = / g-vpdHm !
Ky nhAF BRrNOF
- / g Vi, dH™

BrNOK

by (1.25) = / g - I/Fde_l — ™! (BRﬂaKkh>
BrNOF

by (1.26) < oyl (BR n aF) _yml (BR N K, h),

that is, (1.28). A major difficulty in constructing such a calibration
is achieving the divergence-free constraint (1.27). In the present situ-
ation, however, the considered hypersurfaces are actually boundaries,
and (1.27) can be replaced by the two softer requirements

(1.29) divg >0, on R™\ Kjp,

(1.30) divg <0, on Kyp.

Indeed, if these conditions hold in place of (1.27), then by (again, for-
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mally) applying the divergence theorem to g on Ky \ F', and thanks to
(1.29), we find (see Figure 1.5)

0o > / divg:/ g Vi, , dH™
Ky p\F (BRNOK )\

— / g-vpdH™ !
BrNK ,NOF

= Hm—1<(BRﬂ(‘9Kkh)\F) —/ g’VFde_l

BrNK ,NOF
(1.31) > Hm_1<(BRﬂ(‘9Kkh)\F)—Hm_l(BRﬂKkhﬂaF>.

The divergence theorem applied to g on F'\ Kjj and (1.30) similarly
implies

(1.32) Hm_l((BRﬂc‘)F)\Kkh> < Hm_1<8KkhﬂBRﬂF>.

Adding up (1.31) and (1.32), we come to (1.28). Replacing condition
(1.27) with (1.29) and (1.30) not only reduces (ideally speaking) the
difficulty of proving the area-minimizing property of Myy: it also pro-
vides a first term on the right-hand side of the identity

(1.33)

7-[""”‘1<BRH8F>—Hm_l(BRmaKkh>:/K AFyding/B .
kh R

—(g-vr) dH™ 1,

which, if the signs in (1.29) and (1.30) are strict, may be used to control
L™Ky, AF)?. Indeed, we shall prove that the vector fields g = V.f/|V f|
corresponding to the functions f: R¥ x R" — R, defined at (z,y) €
R* x R" as

(1.34)
1/ Jz \* 1/ Jy \* .
f(x,y)=1< k_1> _Z< h_1> . if (k k) £ (4,4),
(1.35)
Flsy) = 2 (a2 = "), i (k) = (4,4),
are such that
(1.36) |div g(2)| > ¢ M, Vz € R™.

|22

Combining (1.33) and (1.36), we shall then deduce Theorem 2 and The-
orem 3.



410 G. DE PHILIPPIS & F. MAGGI

1.4. Minimal foliations and stability inequalities. We close this
introduction with a brief, heuristic discussion about the connection be-
tween minimal foliations and stability inequalities. This is done with a
twofold aim. On the one hand, we roughly indicate how the boundary
term in (1.33) could be used in proving stability inequalities. On the
other hand, we provide some insight on how the constant x appearing
in (1.9) is related to some basic analytic properties of a given minimal
foliation of M. In particular, these considerations may be of some help
in proving global stability inequalities with explicit constants on some
specific example of area-minimizing hypersurfaces.

We now come to describe our argument. Let M be a smooth, com-
pact hypersurface with boundary in R"*!, and, given a bounded open
neighborhood A of M, let f € C%(A) be a foliation of M in A, that is,
let us assume that M C {f = 0}, and that

(1.37) 0<a<|Vf]<b< oo, on A,
. Vf

1.38 div —— =0, on A.

3% i

The divergence theorem, combined with (1.38) only, implies M to be
area minimizing in A (this is, again, the calibration method). In fact,
by the argument sketched below, the validity of (1.37) implies that the
global stability inequality

(1.39) H™M(M') (H”(M’) - H”(M)) > ﬁ (%)2 LrY(E)?

holds true, whenever M’ C A is a smooth, compact hypersurface with
bdry M’ = bdry M that bounds, together with M, an open set E con-
tained in A. Indeed, let E* = EN{f > 0}, E- = ENn{f < 0}, and
assume there exists a normal unit vector field v, to M’, with

vepr H" LOEY = vpp H” |_<M/ﬂ {f> 0}> |§§| H L
H' LOE™ = —vap H" ( / v/ -
p-H"LOE™ = —vpp H" L (M N {f <0} +]Vf] LM,

where {M™, M~} is a suitable partition of M, see Figure 1.6. Let us
now compare the area of M’ in {f > 0} with that of M*:

n ! o n +) — _ V_f /) n
H (M m{f>o}) HO(M) /MIH{M} <|vf| var | dH

Vf / Vf
—l—/ — vy cvps dH".
a0y IV F] vt VAT



SHARP STABILITY INEQUALITIES FOR THE PLATEAU PROBLEM 411

Vgt
/,js\\ A
>0y TR T w
:‘ (/>0 " E M V1|V M oy
T 77,7 N =/
{f<0} AN /

Figure 1.6. The situation in the proof of (1.39).

The second term vanishes, by the divergence theorem (applied on ET)
and by (1.38):

Vf / Vf / Vf
— ey — —— v+ dH", = —— - vp+ dH"
AMWWHVﬂ M vt VAT opt VST

— iv V_f n+l _
= /E+d1 (!Vf]) ac 0.

By (1.37), and recalling that VM f = Vf — (Vf - var)var, we find

Vf
1 (M A {f>0)) —Hr(M* :/ 1—<—-y/>d}z“
( { }> (M) M'N{f>0} v M
1
b Jarngr>o)
1 VYR
b Jaurngrsoy IVFI+ (VE-var)
1

P vM'f 2 dHn,
202 /M’ﬂ{f>0} | |

VA= (Vf-var) dH"

so that, by Holder inequality,

(1.40) 262" (M' N{f> 0}) <”H" <M’ N{f> 0}) - ’H"(M*))

2
z(/ WMvw%ﬂ .
M'N{f>0}

On the one hand, by the coarea formula on hypersurfaces,
(1.41)/ VM fldH™ = / H ! (M’ N{f= s}> ds.
M'N{f>0} 0

On the other hand, by (1.38), for a.e. every s € R, ET N {f = s} is a
minimal hypersurface in R"*!, having M’ N {f = s} as its boundary.
If v e C®°(M' N{f = s};S™) denotes the orientation of M’ N {f = s}
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induced by ET N {f = s}, then by the divergence theorem for hyper-
surfaces and since E* N {f = s} has vanishing mean curvature (see [Si,

(7.1))),
/ g-vdH" ! = / div V=g au™,
M'n{f=s} Etn{f=s}

for every g € CH(R"+1; R"*1). In particular, by plugging in the test field
g(z) = — zp and optimizing in zg € M,

(142)  diam(A4)H" (M' n{f= s}) > nHYET N {f = s)).

Combining (1.40), (1.41), (1.42), (1.37) with the coarea formula (applied
to f on ET),

202 diam(A) H" (M’ n{f> 0}) (H"(M’ A{f >0} — H"(M*))

<n/OOOH"<E+ﬁ{f:s}> ds>2: <n/E+|Vf|d£"+1>2

2 CL2’I’L2£TL+1(E+)2,

v

that is,
LY (EN)? <2 (%(A) 2>2 W (M’ n{f> 0}) (H"(M’ n{f >0}
—’H"(M*)).

Finally, we repeat this argument on £~ and sum the two inequalities
obtained in this way to prove (1.39).

1.5. Organization of the paper. The paper is structured in three
sections. In Section 2, we recall some basic definitions and facts about
currents and sets of finite perimeter. In particular, we generalize Theo-
rems 1 and 2 in this setting, see Theorems 4 and 5, and show how these
generalized statements imply Theorems 1 and 2, respectively. In Section
3 we prove Theorem 4, while in Section 4 we prove Theorem 5, together
with Theorem 3.
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Advanced Grant n. 246923. The work of FM was supported by ERC
under FP7, Starting Grant n. 258685 and Advanced Grant n. 226234
while he was visiting the University of Texas at Austin.

2. Currents and sets of finite perimeter

Rectifiable sets: A Borel measurable set M C R"*1is locally k-rectifiable
if H*(M N Br) < oo for every R > 0 and if there exists a Borel set
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Ny € R™1 open sets {A},}nen in R* and C'-embeddings {f;}nen of
R* into R"*!, with
M=NoU (] fal4n),  HF(No) =0.
heN
If HE(M) < oo, then M is said to be k-rectifiable. For H*-a.e. z € M

there exists a unique k-dimensional plane T, M in R™*!, the approximate
tangent space of M at x such that

lim i/ <p<y_””> d?—lk(y):/ edH*, Yo e CORM).
M =M

r—0+ rk r

Moreover, if M is a k-dimensional surface in R"*!, then M is locally
k-rectifiable and T, M agrees with the classical tangent space of M at x.
Denote by Ay (R™*1) the space of k-vectors in R**1 and, if 7 € A, (R"™1)
is simple, then let (7) denote the oriented k-dimensional plane in R™*!
associated to 7. An orientation of a locally k-rectifiable set is a Borel
map Tas: M — Ap(R™) with 73/(2) a unit simple k-vector such that
(trmi(w)) = T M for H*-a.e. x € M. If M is a k-dimensional orientable
surface of class C, then every orientation 7y; of M is tacitly assumed
to be a continuous map.

Spaces of currents [Fel, Si, Mo, KPa]: We denote by AF(R"*1) the
space of k-covectors in R"*!, and by DF(R"*1) = C°(R"*1; AF(R™H1))
the space of smooth, compactly supported k-forms on R**1. A k-current
in R"*! is a continuous linear functional on DF(R™1). If T is a k-
current, then the boundary 0T of T is the (k — 1)-current defined by

(2.1) (0T, w) = (T,dw),  Vw e DF IR,
The support sptT of T is the smallest closed set C such that w €
DF(R™1), C Nsptw = @, implies (T,w) = 0. The mass of T is defined

as
M(T) = sup {|T(w)| cwe DPFR™Y), sup |w(z)| < 1}.
zeRnt1
If f: R™1 — R™ is smooth and proper, then the push-forward f#T of
T through f is the k-current on R™ defined by

<f#T7 w> = <T7 f#w> ) Vw € Dk(Rm)v

where f#w denotes the pull-back through f of w. A k-current 7T is
k-rectifiable, T € Ry (R™™1), if there exists a k-rectifiable set M in

R™1 a Borel measurable orientation 7j; of M, and a Borel function
0 € LY(H*_M,Z) (called the density of T), such that

(T, w) = /M<w(:17),TM(:E)>9(x) AR @), Y € DRRM.

In this case, we set T' = [M,1pr,0]. If 6 = 1, then we simply set T =
[M,Tar], or even T' = [M], provided we don’t need to specify the choice
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of the orientation 7p; of M. The variation measure ||T'|| of T is the
Radon measure on R"! defined by

i) = [ jelant,
MNE
whenever E C R""! is a Borel set. In this way, of course,
M(T) = [T &) = [ Jolan
M
Finally, we consider the space of k-integral currents
Tp(R™) = {T € Rp(R™): 9T € Rk_l(R"H)},

which naturally contains the family of k-dimensional smooth, compact,
orientable manifolds with boundary. For example, let us consider the
family M of the smooth, compact, orientable hypersurfaces with smooth
boundary in R"*!. If we fix a (smooth) orientation 7p; of M € M, then
T = [M, 1y, 1] defines a n-rectifiable current in R"*1. Moreover, the
orientation 7+ induced on I' = bdry M by Stokes theorem is such that

O[M,ra, 1] = [T, mr, 1];

that is, the boundary of T' in the sense of currents is the current iden-
tified by boundary of M as a classical hypersurface, with the natural
orientation induced by M through Stokes theorem. In the following,
given M € M, we shall always taken for granted that a smooth orien-
tation of M has been fixed and simply write

T=[M], 9r=[r], T =bdryl,

to realize M as an integral n-current 7', with M(T") = H"(M). If M is
now area minimizing in M (as specified in (1.1)), then 7" = [M] is mass
minimizing in Z,,(R"*1), that is

(2.2) M(S) > M(T), VS eZ,(R"), 9S=0T.

Indeed, if S € Z,(R"*1), 9S = 0T, and M(S) = M(T), then it is pos-
sible to construct a sequence {Mp,}peny C M such that O[M] = 0T
and H"(Mp) — M(S) as h — oo. Therefore, there is no difference in
assuming that M is area minimizing in M or that 7' = [M] is mass
minimizing in Z,, (R™*1). The situation is different when we come to dis-
cuss uniqueness. We shall say that M € M is uniquely mass minimizing
as an n-integral current if T = [M] is mass minimizing in Z,(R"*1),
and if S € Z,,(R"*1), M(S) = M(T), 8S = 9T, implies S = T. We are
now in the position to state the following theorem, which we claim to
imply Theorem 1 as a particular case.

Theorem 4. Ifn > 1, M € M, and T = [M] is uniquely mass
minimizing as an integral n-current, then, equivalently

(a) A(M), as defined in (1.8), is positive;
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+1

Figure 2.1. The distance d(S,T) defined in (2.4) is the
mass of the unique (n + 1)-dimensional filling of S — T
in R"*!, In this example, d(S,T) agrees with the area of
the dashed region.

(b) there exists k > 0, depending on M, such that, for every integral
n-current S € T,(R"*1) such that S = 9T, one has

(2.3)  M(S) — M(T) > xmin {d(s, T2, d(S, T)"/(”“)} ,
where we have set (see Figure 2.1)
(24)  d(S,T) = inf {M(X) L X € Ty (R, 0X = S — T}.

Theorem 4 is proved in Section 3. Before proving it implies Theorem
1, we need to introduce some further terminology from the theory of
sets of finite perimeter.

Sets of finite perimeter and functions of bounded variation [AmFP,
G, Ma2]: A function u € L{, (R""!) is of locally bounded variation,
u € BVjoe(R™1), provided

(25)  (Du,p) = —/IR B uVedl™™, o e CPR",

defines a R"*!-valued Radon measure Du on R™*!. If this is the case,
the total variation |Du| of Du defines a Radon measure on R"*!, which
satisfies

(2.6) |Du|(A) =sup {/ udivgdl" ;g € CX(R™TL R,
Rn+1

s lofe)] <1},

zeRn+!
whenever A C R™"! is open. We say that « has bounded variation,
u € BV(R™1) if u € LY(R™) and |Du|(R"') < oo. A Borel set
E c R is of locally finite perimeter if 1z € BV, (R"*1); it is of
finite perimeter if 1z € BV (R"*!). The relative perimeter of E in the
Borel set F C R™"*! is defined as P(E; F) = |D1g|(F), while P(E) =
P(E;R"*1) is called the perimeter of E. If E is of locally finite perimeter
in R"*! then we call up = —D1g the Gauss-Green measure of £, and
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(2.5) becomes
(2.7) / Vpdnt! = / vdug , Vi € C°(R™1).
E Rn+1

In particular, if F is an open set with C''-boundary, then F is of locally
finite perimeter and ugp = vg H" LOFE, where vy denotes the outer unit
normal to E. Let us now consider the set of points of density t € [0, 1]
of E, namely,

r—0+ wpr™

and let 0y, F = E(1/2) denote the set of points of density 1/2 of E.
The structure theory for sets of locally finite perimeter asserts that, for
H"-a.e. x € 01 o F, the limit
. pp(B(z,r)
=1 AR N N A
o) = B (Bl )

exists, belongs to S™, and thus defines a Borel measurable vector field
vp: 09 — S, called the measure theoretic outer unit normal to E.
Moreover,

HE = VE Hn L81/2E,

and vg(x)* is the approximate tangent space to the locally n-rectifiable
set 0o for H"-ae. z € R™*1 In particular, we have

P(E;F) = H"(F N8 ,E), for every Borel set F C R"*,
(2.8)

/divgd£"+1 :/ g-vpdH", Ygec CHR™L, R,

We are now in the position to state the generalized form of Theorem 2.

Theorem 5. If R >0, m=h+k, h >k > 2 satisfy (1.15), (1.16),
and

(29) (k7 h) Q {(37 5)7 (27 7)7 (27 8)7 (27 9)7 (27 10)7 (27 11)}7
then

(2.10)

L™K AF)\? P(F; Hg) — P(Kyn; Hg)
e ) = ¢ fn

whenever F is a set of locally finite perimeter with K, AF CC BﬁxBﬁ.
The values of C' in (2.10) are the same as in Theorem 2.

Theorem 5 is proved in Section 4. Later in this section, we are going
to show that it implies Theorem 2 as a particular case.
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The spaces Tn,i1(R™1Y) and BV(R"1;Z): By [Fel, 4.5.7], X ¢
T,01(R™1) if and only if there exists v € BV(R"T1:Z) with X =
E"*! |y, which means

(X, w) :/ fudl", Vo= fdz' A Ade"T € DY R,
RnJrl

If now J:EZ = (=1)"*tdzy A- - -Adx;_1 AdxiA. . . day, 1, then w € D?(R™T1)
if and only if w = Z?:Jrll .dz;. In this way, if f = (f1,..., fnt+1) denotes
the vector field associated to w, then dw = div fdxy A ...dx,, and, by
(2.1) and (2.5),

(2.11) (0X,w) = / f - Du, Vw € DR,
Rn+1
We thus have, for every open set A C Rt

1X11(A) = /A ul,  [|0X][(A) = [Dul(A).

We shall frequently consider the two subsets Z,", ; (R"*!) and Z,_, ; (R"*!)
of Ty (R71),

(212) T (R™) = {X € Ty (R™Y) : X = B! Ly, u > o},

(213) I

~ LR = {X € T (R : X = B! Ly, u < 0};

see, in particular, the variational problems (3.1) and (3.2).

Lemma 2.1. IfT,S € Z,,(R"*) with OT = 35, then there exists a
unique X € T,11 (R with M(X) < oo such that 0X = S —T. In
particular, d(S,T) = M(X) < cc.

Proof. The existence of X € Z,,,1(R""1) with M(X) < oo such that
0X = S — T follows from the isoperimetric inequality [Fel, 4.2.10]. If
0X1 =0Xy=S5—T, then 0(X; — X2) = 0. By the constancy theorem
[Fel, 4.1.7], X; = X5 + ¢ [R™"!] for some c € Z. Thus, if X; has finite
mass, then M(X3) = oo. q.e.d.

Lemma 2.2. If M, M' € M with bdry M’ = bdry M and T = [M],
S = [M'], then OT = 0S and there exists a set of finite perimeter
E c R™! with OF equivalent up to H"-negligible sets to MAM’', such
that d(S,T) = L"(E) < oo.

Proof. Let 7p; and 74, denote orientations, respectively, of M and
M'. Setting T' = [M, 7] and either S = [M',7pp] or S = [M', —7ar],
we achieve 0T = 0S. Moreover, the Hodge star operation allows us to
define a smooth unit normal vector field vy to M such that (w,7y) =

frvyifw= Z?:Jrll Zd/:;Z € D"(R™1) and f = (f1,..., far1). In this

way,

(T,w) = / f-vamdH"™, Vw € DM(R™).
M
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We similarly define an outer unit normal vector field vy to M’ starting
from S. By Lemma 2.1, there exists X € Z,,11(R"™!) with X =S —T
and M(X) < co. In particular,

(0X,w) = fvayrdH™ — / [ dH”, Yw € DM(R™H),
M M

and, moreover, vy = tvy at H™a.e. x € M N M'. By (2.11), we find
Du=uvyp H" LM — vy H™ L M.

Hence, by the structure theorem for functions of bounded variation
[AmFP, Section 3.9], and since [p,.41 [u| = M(X) < oo, there exists a
set of finite perimeter £ C R™*! such that |u| = 1g, L*T}(E) < 0o and
spt pug is equivalent, up to H™-negligible sets, to M AM’. Finally, up to
modify F on and by a set of Lebesgue measure zero, we may assume the
topological boundary OF of E to agree with spt D1r [MaZ2, Proposition
12.19]. q.e.d.

Theorem 4 implies Theorem 1. Immediate from Lemma 2.1 and Lemma
2.2. g.e.d.

Theorem 5 implies Theorem 2. Let M’ be a smooth, orientable hyper-
surface in R™, with My,AM’ CC Hpg for some R > 0. Arguing as
in Lemma 2.1 and Lemma 2.2, we show the existence of a set of fi-
nite perimeter £ C R™ with topological boundary 0F = spt ug that is
H™ L equivalent to My, AM'. The set F = Kj,,AE is of locally finite
perimeter, with K, AF = FE CC Hg and

lpp| =H™ L <M’ \ Mkh) +H™ L <Mkh N M’).
Since P(Kyp; Hr) = H™ Y(My, N Hg), we thus find
P(F;HR) — P(Kyn; Hr) = Hm_l((M/ \ Mip) N HR)
Hm‘l((Mkh\M’) N HR)
= H™" Y M NHR) — H™ Y (M, N Hg).
By applying Theorem 5 to F', we prove Theorem 2 on M’. q.e.d.

Generalized divergence theorem: We conclude this section with a gen-
eralized form of the divergence theorem that we shall use to justify
some technical aspects of the proof of Theorem 5 (see, in particular,
Proposition 4.1). If u € I/Vli’cl(R"*l), and M is a locally n-rectifiable
set in R™!, then every orientation of M defines a trace operator on
VV;;;(R"H) with values in L (H" L M); see [AmFP, Theorem 3.87]. In
this way, the values of u are unambiguously defined at H™-a.e. point of
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M, and the divergence theorem
(2.14) / div g(x) dx = / g-vpdH"
E 81/2E

holds true for every g € WHL(R*1; R") and set of locally finite
perimeter F.

3. From infinitesimal to global stability inequalities

3.1. Theorem 4, scheme of proof. We start by briefly introducing
the scheme of the proof of Theorem 4. In Section 3.2, we derive the
Taylor expansion of M(S) and d(S,T) when T' = [M] for an area-
minimizing M € M and S € Z,(R"*!) is a small C'-perturbation of
M with 0S = OT. Starting from these results, we immediately deduce
that (b) implies (a). We then turn to the proof of the reverse implica-
tion. In Section 3.3, we prove a lemma that will provide us the major
technical tool in subsequent proofs. This lemma is a sort of generator
of “inclusion-preserving and volume-fixing variations,” modeled after
[Al1, Proposition VI.12]. In Section 3.4, we introduce the variational
problems

(3.1) inf {M(S) X € ThH, (R, 0X = S — T, M(X) > 5},

(3.2) inf {M(S) X € T, (R™),0X = S — T, M(X) > a}

and prove the existence of minimizers S; for € small enough. These e-
approximating currents are crucial in our argument. They provide a sort
of asymptotically worst test sets for the global stability inequality, and
indeed, as we show in Section 3.5, we may deduce that (a) implies (b) in
the general case provided we are able to prove the validity of the global
stability inequality on those S.. To this end, in Section 3.6 we start
proving that they are all A-minimizers of the mass, with A independent
on ¢. From this information we deduce in Section 3.7 that they converge
in C! toward T. In particular, these sets are small C'-perturbation of
the limit area-minimizing hypersurface, so that, as discussed in Section
3.8, the global stability inequality on them follows from the results of
Section 3.2.

3.2. Small C'-perturbations.

Lemma 3.1. If M € M and vy is a smooth unit normal vector field
to M, then there exists a positive constant eq(M) such that, for every
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o € CL (M) with [lpllcoa) < e,

(3.3) M, = {:E+<,0(:E)VM($)Z:EEM} e M,
(34)  H(M,) = /JHZ(HA )H|1+Ajgp|d;qn
/0 ds/M|<,p|j1;[1|1—|—s/\jgp|dH”.

Here, {\;}! are the principal curvatures of M, corresponding to the
principal directions {1;}7_,, and 0; denotes differentiation with respect
to Ti-

Proof. Define f : M — R" ! by f(z) = 2+ ¢(x)vp(x), x € M. Since
Oivar = ATy, we find that 9; f = (14 )\ng) 7; + 0; wvps. Therefore,

(3-50([M], [M])

n

2 n
(3.6)  |Of A AOuf|= |1+ (1+A ) TT1+ el
j=1

=1

In particular, if sup,, |¢| < minj<;<, minps 1/]A;], then f is locally in-
jective. By compactness of M and by the explicit formula for f, we
easily see that, up to further decrease the value of ¢, then f is glob-
ally injective, and thus, that M, € M. By (3.6) and the area formula
between rectifiable sets [Fel, Corollary 3.2.20],

M) = [ g A nou g,
M
so that (3.4) immediately follows. If we now consider the map H :
M x [0,1] — R",
H(z,t) =z +tol@yu(z)  (2,t) € M x[0,1],

then X = H#<[[M]] x [0, 1]]) satisfies 0X = [M,] — [M]. Therefore

JMx[0,1]

(denoting with H the tangential Jacobian; see [Fel, Corollary

3.2.20]),

A, D) = M(Hp(1) < [0.1D) = [ 70 ae,

M x[0,1]

from which (3.5) immediately follows. q.e.d.

We shall also need the following classical remark; see e.g. [GH, The-
orem 1(v), p. 272]. We include the proof for the sake of clarity.

Lemma 3.2. If M € M, A >0, and
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(3.7) /M (VM p|2 — (I 0% dH™ > A /M YrdH", Ve e Cy(M),

then there exists pu > 0 such that
(3.8)

/M (VM2 — Iy 2? dH™ > M/M P2 HIVM o dH™, Yo e CH(M).

Proof. By contradiction: Consider a sequence {¢p, }heny C Cg(M) such
that
(3.9)

/ 02 + VM2 dH™ =1, lim / (VM2 — [Tpy 07 dH™ = 0.
M h—)OO M

By (3.7), we know that [,, ¢2 dH" — 0 as h — oo; hence, [}, |VMpp|?
dH™ — 1, and in particular,

liminf/ VM2 — [Ty 03 dH™ > 1,
M

h—o0

since M is compact and thus sup,; |IIp;| < oo. This contradicts the
second equation on (3.9) and concludes the proof. q.e.d.

Theorem 6. If M € M has vanishing mean curvature, and if for
some A > 0

(3.10) / (VM2 — [T 0% dH™ > A / PrdH", Ve e CH(M),
M M

then there exist positive constants eq(M) and ko(M) depending only on
M such that

(3.11) H™ (M) — H™ (M) > ko d([M,], [M])?,

for every o € C3(M) with lellerary < €0 and M, as in (3.3).

Proof. By (3.4), we have
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(3.12)

H™" (M) —H"(M) =/M <J 1+ZZ <1+87A) H\l—l—)\jcp]—l) dH™.

Taking into account that Hy; = Y ;- A\; = 0, by Taylor’s formula we
find

J +Z<1+)\ ) H| Al
- (141 i@gp)z(l +0llslen)

i=1

(1403 0+ 3N +0llgli))

i=1 i<j

_ <1 +§§<ai¢>2(1 +o<||<,o||01>)> (14632 + OlleliZo)).

i=1 i<j

From the identity

0=\ +--- Z)\2+2ZAAJ,

1<j

and since [I1p/]? = Y1, A2, we finally conclude that

i=1""%"

\ll+z<1+A )H|1+>\J<p|_1

= 2V + @2 3 + (IVM6l? +¢2) Olllelicn)

1<j

1
= 5 (IVMe = 0 Pe?) + (VM6 +62) O(lellcn ).

By (3.10), Lemma 3.2, (3.12), and provided [[¢||c1(ary is suitably small,
we thus conclude that
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n n 1 n
HUM,) = ') = 5 [ (VY = [T P?) ai + Olgln)

/ (VM + %) i
M

> (§+0lelen) [ VYl + ) an

4 [
% n)?
>__ 7
= 4H (M) (/M“”'Cm )

1 n 2
2/1(/0 ds/M|g0|j1;[1|1+s)\j<p|d’}-[ )

= rd([M], [M,])*.
q.e.d.

Proof of Theorem 4, (b) implies (a). For ¢ € CH(M), t € [0,1], define
H;: M — R" as

Hi(z) =z +tp(r)vp(z), x e M,

and set Sy = (Hy)4T, T = [M]. Clearly, 0S; = 0T, so that, by assump-
tion,

(3.13) M(S;) — H™" (M) > kd(S;, T)?.

Now, by the Taylor expansion in the proof of Theorem 6, we have

314 M(s) =100 + 5 [ (9P - ) anr + o),

(3.15)
d(St,T):t/ o] dH™ + O(#2),
M

so that (3.13) immediately implies
2
(3.16) / (VM| — [Ty )2 @ dH™ > 25 (/ ]cp]d'H") .
M M
By Nash’s inequality, for every ¢ € VVO1 2(M) we have

/sz < Clg/M\VMWJFCf (/M¢>2

(where ¢1 and ¢o may be taken independent from M, just on the dimen-
sion n, thanks to the vanishing mean curvature condition Hj; = 0; see
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[Si, Section 18]). We apply this inequality to ¥ = |¢| and combine it
with (3.16) to find that

2c
/ (102 < <61<€+ _2> </ ’V(p’z _ ’HM‘2<,02> —1—016/ ‘IIM’2(,02'

Taking into account that M € M, so that sup,, |IIx/| < oo, we conclude
that

2c
(1—clssup |HM|> / @2§<cle+—2)< / |W|2—|HM|%2)-

By suitably choosing &, we prove (1.8). q.e.d.

3.3. Almgren-type lemma. In the following lemma, we adapt to our
needs a construction originally introduced by Almgren in the proof of
the existence of minimal clusters [Al1, VI]. The idea behind the lemma
is easily explained in the simplified framework of sets of finite perimeter.
We are given two sets of finite perimeter £ and F' with £ C F', and we
seek a way to modify F' inside a small ball so to obtain a new set G
that still contains E and such that |G \ E| is increased with respect to
|F'\ E| by a given (but sufficiently small) amount. Roughly speaking, we
construct a one-parameter family of diffeomorphisms { f; } ;< such that
fi(x) — x # 0 only inside a small ball centered at a regular point xg of
E, and with the property that f; pushes E in the direction vg(xg). We
may arrange things carefully so that E C f,(F), |fi(EF)| is increasing
for t € (0,¢), and (d/dt)P(f:(E)) is bounded. The sets f;(F) provide a
suitable choice for G. Indeed, it turns out that E C fi(E) C fi(F) and
that |f(F) \ E| > |ft(E) \ E| > ct for some positive ¢ and provided
|F'\ E| is sufficiently small. In the framework of currents, the inclusion
property E C F' is replaced by the requirement that S = T + 90X for
some X € ZF, | (R"T1).

Notation 3.1. We introduce the following useful notation. Decom-
posing R*™! as R” x R, we let p: R""! — R” and q: R"*! — R denote
the corresponding orthogonal projections. Moreover, given r > 0, z € R™
and z € R"! we set

D(z,r) ={y e R": |z—y| < r}, C(z,r) = D(pz,r)x(qz—r,qz+r1),

for the n-dimensional disk of center z and radius r in R"™, and for the
cylinder of height 2r and radius r centered at x in R™*1.

Lemma 3.3. If M € M and T = [M], then there ezist positive
constants g, to, co, and Cy (all depending only on M ) with the following
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property. If S € T,(R* 1) with

(3.17) S=T+0X,

(3.18) X =E"" L,
(3.19) u € BV(R"1N),
(3.20) M(X) < bo,

(3.21) M(S) < 2M(T),
then for every t € (0,t), there exists Sy € T,(R™*1) such that
(3.22) Sy =T+ 0Xq,

(3.23) X, =E" Ly,

(3.24) us € BV(R"LN),
(3.25) M(X;) > M(X) +cot,
(3.26) M(S;) < M(S) + C t.

Proof. Given xg € M, there exist ryp and u : R™ — R such that, up
to a rotation,

(3.27) C(xo,2rg) N M = {z +v(z) eny1 : 2 € D(pxyp, 27‘0)},
and, moreover, C(zg,2rg) NT' = @, I' = bdry M. We now fix ¢ €
C(C(wg,2r0)), ¢ >0, ¢ =1 on C(zp,70), and then define

H(z,t) = Hi(z) = v + to(x)ent1, e Rt >0.

Clearly, there exists tg > 0 such that {H;}y<, is a family of smooth
diffeomorphisms of R™*! into itself, with

(3.28) {z : Hi(z) # 2} CC C(xo, 2r9).

Moreover, up to restrict the value of 9y we may find {m,}}_; C
C*(C(z0,2r0); R™*1) such that {r,(z)}?_, is an orthonormal basis of
T, M for every x € C(zg,2ro) N M and

(3'<29;)1 ARERA dxn—l—laen-i-l ANTLA--- A Tn> > ¢, on C(£E0,27"0),

for some positive constant ¢ > 0, where we have also used (3.27). We
now set

(3.30) Ty = (H)4T  Zy = Hy([0,] x T),

for t € (0,tg). Clearly, 0Z; = T; — T and Z; = E""!Lz; for some z €
BV (R"*1: Z) with sptz; cC C(zq,2rg). In fact, z > 0. Indeed, by the
homotopy formula, if f > 0, then

/ () f(x)de = (Zy, fda* A--- Adz™Th)
RnJrl

= / @ fdzt Ao A da™T
[0,¢] x M

Ent1 ANTLA -+ ATy) dH™ T >0,
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as desired. In particular, thanks to (3.29),

(3.31) / 2 = M(Z) = (Zy,dy* A--- N dy™)
Rn+1
> c¢H"(M N C(zg,m0))t =t

We now consider S; = (Hy)xS and V; = (Hy)x X, so that S; € Z,,(R™1),
with

Se=0Y; + T, =T+ 0, + Zy).

Moreover, since Hy is an orientation-preserving diffeomorphism, by (3.18)
and (3.19) we have Y; = E"*lLy;, with y, € BV (R"™!;N). Therefore, if
we set

Xy =Y+ 7y,
then we have X; = E"*! Ly, for u; = y; + 2 € BV(R*"1;N), with

M) = [ lral= [ [ a- M) M),
Rn+1 Rnt+1 Rn+1

M(Y;) = / unglz/ udet DH;
Rn+1 Rn+1

= /Rn+1 u <1 +tdivg —|—0(t)>
> M(X) — CM(X)t > M(X) — Cdot,

where we have set g(x) = ¢(x)e, 1. By (3.31); we thus find that, pro-
vided &y is small enough,

M(X;) > M(X) + (¢ — Cdp)t > M(X) + ¢ t.

By the area formula between rectifiable sets, denoting by Mg and g
the n-rectifiable set carrying S and the density of .S, we find

M(S;) = M((H:)4S) = /M TS B, 05 dH"

_ / (1+tdiv¥sg+o(t)) b5 an™,
Ms

where, again, g(z) = ¢(z)en+1. Hence, by (3.21),

iM(St)‘ = divMs g0g dH™ < sup |[Vg| M(S) < 2 sup |Vg| M(T).
dt t=0 Mg Rn R™

Therefore, up to further decrease the value of ¢y we certainly have
M(S;) < M(S) + 2||DgllcoM(T) t = M(S) + Cy t, vt € (0,to).

q.e.d.
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3.4. Existence of the s-approximating currents. We now prove

the existence of minimizers in the variational problems (3.1) and (3.2).

Lemma 3.4. If M € M and T = [M] are mass-minimizing in
T,(R™*1), then there exists a positive constant ey (depending on M)

such that the variational problem
(3.32)

inf {M(S) S =T+ a(E"+1 Lu),u € BV(R”“;N),/ u > a} ,
RnJrl

admits at least a minimizer Se, provided € € (0,e9). Moreover,

lim M(S.) = M(T),

e—0t

for every family {S:}c~0 of such minimizers.
We first need to prove the following lemma.

Lemma 3.5. If u € BV(R""Y,N), then for almost every r > 0 it
holds that

/ udH"™ < |Du|(By).
OB,

In particular, if S = T + O(E"™ Lu) with v € BV(R"",N) and
sptT CC B,, then

/ wdH" < |IS)/(BY).
OB,

Proof of Lemma 3.5. Since div (xz/|x|) = n/|z| for z # 0, then, by ap-
plying the divergence theorem on B \ B, to the vector field ug for
g(z) = z/|x|, we find that, for a.e. r,s > 0,

0§/ udivg:—/ g-Du—/ ud’H"+/ udH".
Bs\Br Bs\Br OB, OBs

In particular,
(3.33) / udH" < |Du|(By) +/ udH".
0By 0B;

Since [pui1 t = fooo ds faBs udH" is finite, we can find s = s, — oo as
h — oo such that [, udH™ — 0 as h — oo and (3.33) holds true.
Sh
q.e.d.

Proof of Lemma 3.4. We let &g, to, cg, and Cy be as in Lemma 3.3.

Step one: We claim that, if v(¢) denotes the infimum in (3.32), then
(3.34) M(T) < ~(e) < M(T) + Ace, Ve € (0,¢ep),
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where A = Cy/cp and ¢ = ¢ tg. Indeed, applying Lemma 3.3 to X = 0,
we find that, for every t € (0,tg), there exists X; € Z,+1(R"*!) such
that X; = E"*! Ly for u; € BV(R";N) and

(3.35)  M(Xy) >cot,  M(T+0X,) < M(T) + Cot.

In particular, if € < ¢g o, then t(e) =¢/co € (0,tp) and, setting (with a
slight abuse of notation) X. = X, we find M(X.) > ¢. Therefore,

2(e) < M(T + 0X.) < M(T) + Cot(e) = M(T) + L,
co

which is (3.34) (the fact that v(¢) > M(T) being trivial since M is area
minimizing).

Step two: Let € € (0,e¢), and let {S} }ren be a minimizing sequence for
(3.32), with

S, =T+9E"" Luj),  uj € BV(R";N).

By (3.34), supyey | Dug |(R™) < co. By the compactness theorem for
BV functions, there exists u® € LL (R"1;N), with |Duf|(R"™!) < oo,
such that, up to extracting a not-relabeled subsequence,

up —»u®  in Ll (R™F).

In particular, if S° = T + 9(E"™! Luf), then S — S°. The problem
now is that u® may fail to satisfy the constraint

(3.36) / W > e
Rn+1

The next steps of the proof are devoted to showing how to find a min-
imizing sequence 5’2 such that the convergence of the associated a5 to
0 is actually in L'(R™). This will suffice to guarantee that 4 satisfies
(3.36), and hence that S° is a minimizer in (3.32).

Step three: We show that, if € € (0,e¢), {5} }nen and S® are as in step
two, then

(3.37) lim sup lim sup / w < (2h )/

R—oco0  h—oo JBY
Indeed, by (3.34) and by the lower semi-continuity of the variation mea-
sure,

M(T) + Ae

Y

lim sup (HSZH(B]%) + HSZH(BR)>
h—o00

lim sup [|S3[|(B) + lim inf [|.53[| (Br)

h—o00

lim sup ISRII(BR) + [15°1(Br)-
—00

Y

v
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Letting R — oo, and taking also into account that M(S¢) > M(T) by
minimality of M,

(3.38) lim sup limsup ||}, [[(Bg) < M(T) + Ae — M(S°) < Ae.

R—o0  h—oo

Thanks to Lemma 3.5, we have that for a.e. R > Ry (where Ry is such
that M C Bg,),

1S5II(BE,) = / w,  M(SELB) = |SElI(BE) + / 3
0BR OBR

By the Sobolev inequality on BV-functions, and since uj > 1 on its
support,

(3.39)

ISRll(BR) = 5 M(S}, L BR)

(1

which immediately implies (3.37).

n/(n+1)
er(n+1)/n 1
(up,) > 3

vV
N = N

c c
R R

n/(n+1)
u}i) ,

(1

Step four: For e1 < €y to be chosen later, let ¢ € (0,€1), and let {S} }pen
be as in step two. By (3.37), we can find Ry > Ry such that, up to
subsequences,

(3.40) sup / uj, < (3Aep) D/
heN J Bg,

for every R > R;. We now claim that, if we define
Ry = Ry +4(n + 1)(3Ae1)V/",

then for every h € N there exists S’Z € Z,(R"*1), admissible in (3.32),
such that

(3.41) M(S;) < M(S;),  sptSj, C Bp,.
Indeed, let us fix h € N and let S5 =T + 9(E"™! Luf). If we have

/ uj, > €,
Br,

then it suffices to set 5'2 =T+o(E"! L 1B, u;) and apply (3.46) below
in order to achieve (3.41). Therefore, we may directly assume that, for
the considered values of € and h, we have

(3.42) / uj, < €, VR < Rs.
Br
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In order to prove (3.41) in this case, we shall preliminary show the
existence of I;, C (Ry, Ry) with £'(I) > 0, such that

(343)  |S5((BS) > / @ +A [ w,  VRel.
OBg B
Indeed, suppose it holds that
(3.44) ISl < [ wian [
OBr B

for almost all R € (R, R2). If we introduce the non-increasing function,

i = [ . RB>0
By

which, for a.e. R > 0, satisfies (m})'(R) = — faBR ujy, then by (3.39) we

find

(3.45) m§ (R)™ ") < —2(m5)(R) 4+ 2A m5 (R).
Choosing &1 < 1/(3 - 4"A™*1), from (3.40) we find that
S (R n/(n+1)
2Ame (R) < (mh( )2) . VR>R,,
which, combined with (3.45), implies
S(R n/(n+1)
% < —2(mj3) (R), for a.e. R € (Ry, Ra).

In other words,

d . 1/(n+1) 1

— < - f .e. .

dR(mh(R) S I or a.e. R € (Ry, Ry)

Integrating this differential inequality between R; and Ry, and taking
into account equation (3.40), we finally obtain

Ry — Ry

4(n+1)’

which, by the choice of Ry, gives 0 = m§(Ry) = [p. uj, against
Ro

mj,(Rg)V/ ") < (3Aey)V/ (D) —

Jgn+1 65 > € and (3.42). Having proved (3.43), we are now in the posi-
tion of construct S}i satisfying (3.41) also in the case (3.42) holds true.
Indeed, by suitably choosing a radii R € I, we shall construct Sfl by
modifying

T+ oE"™ L1g,u5)
through the use of Lemma 3.3. First, notice that, setting X; =

E"tl L1 Bruj, and taking into account Lemma 3.5, we have
(3.46)

M(T+0X;) = M(T+O(E™! L1p,u;)) = IISZII(BR)+/ up, < M(S3).
OBr
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Moreover, since

(3.47) M(XE) = / ‘< e,
Br

we can apply Lemma 3.3 to X with

€= Jpyun e~ M(X})

t= ,
Co Co
provided
. M(T)
< 0 .
€1 S min {EQ, 0, I }
Indeed, €g = ¢g to, while, by (3.47), M(X}) < € < 1. Moreover,

M(T + 9X5) < M(S5) < M(T) + 2A e < 2M(T),

by equations (3.34) and (3.46), and up to extracting a subsequence.
Thus, by Lemma 3.3, there exists Y7 € I:[H(R"“) such that

M(Yy) = M(X}) +cot =€

and

M(T +0Yf) < M(T+@X;§)+A<e—/ uz>
Br

< M(T+0X,§)+A</ uf;;—/ u;>
RnJrl BR

= M(T+0X})+ A uj,.
Bg
Moreover, as it is evident from the proof of Lemma 3.3, we may safely

assume that sptY;? C Br C Bpg,. Now the previous equation, together
with equations (3.43) and (3.46), implies

M(T +0Y;) < M(T+0X;)+A uj,
B

— ||sz||<BR>+/ W+ A [ g
OBRr Be,

ISR (BR) + (157 1(BR) = M(S},)-

IN

In this case, we set 5'2 = T + 9Y;°. We have thus provided a minimizing
sequence {S’Z}heN in (3.32), with spt S'fl C Bg,. Hence, the correspond-
ing functions 45 € BV (R"1;N) converge in L' to a function 4°, which
satisfies fRnH @ > e. The current S¢ = T + O(E" L4f) is thus a
minimizer in (3.32). q.e.d.
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3.5. Reduction to the c-approximating currents. We now show
that in proving the global stability inequality (2.3) of Theorem 1, one
may directly reduce to consider the inequality on the minimizers of
(3.32). Notice that, in proving this fact, we do not need to assume that
T = [M] for some M € M.

Theorem 7. If T € T,(R™"*1) is a uniquely mass-minimizing integral
n-current with multiplicity 1, and if there exist positive constants g and
Ko such that

M(S.) — M(T) > ko d(S.,T)?,

whenever ¢ € (0,e0), and S: denotes a minimizer in one of the vari-
ational problems (3.1) or (3.2), then there exists a positive constant k
such that

M(S) — M(T) > & {d(5, )%, d(s,T)"/ "D |,
whenever S € T,,(R™™1) with 08 = OT.

Lemma 3.6. If T € Z,(R"™), S = T+ 0X, X = E""! Lu, u €
BV(R™;7), then

M(S) > M(5F) + M(57) — M(T),
where ST =T + 8<E"+1 |_u+> and ST =T — 8<E"+1 |_u_>.

Proof. From the theory of functions of bounded variation, we know
that if u € BV(R"*!;Z) then there exists a locally n-rectifiable set .J,
two Borel functions a,b : J — Z with b > a on J and a unit n-vector-
field 75 : J — A, (R""1) such that

8<E"+1 |_u> =0b-a)TyH"LJ,

where 7;(x) provides an orientation to T,.J for every = € J. Correspond-
ingly, we have

8<E"+1 |_u+) =0 —at) Ty H"  LJ,
8<E”+1 I_’LL_) =(b" —a )TyH"LJ

Mow taking into account that T'= 0y H" L M, with § : M — N and
Tapr(z) which provides an orientation of T, M; denoting for the sake of
brevity

{tm=717} = {zeMnJ:my(x)="15(x)},
{ty=-15} = {zeMnJ:rylx)=—-15x)};



SHARP STABILITY INEQUALITIES FOR THE PLATEAU PROBLEM 433

and recalling that H"((M N J) \ {mar = £75}) = 0, we thus find that
ST = Oy H" L(M\J)
+(t —aT) Ty H  L(J\ M)
+(bF —at + OH" L =75}
+(bT —at - OH" Sy = —75},
ST = Oy H" L(M\J)
+(a@™ —=b )Ty H" (J\ M)
+(a” =" +OH" L{rm =74}
+(a” =b" —OH" L{tm = —Ts},
S = Oy H" L (M\J)
+b—a)TyH" L(J\ M)
+b—a+ OH" {ry =75}
+(b—a—0OH" {rm = —77}.
We may thus compute

M(S) + M(T) — M(S%) — M(S™)
:/ (0—a)— 0" —a*) — (@™ b)) an
J\M
b—a+0|+0—|b" —at +0|—|a” —b" +0|)dH"
o (paroreo -t et ol - )

—I-/ <|b—a—0|—|—9—|b+—a+—0|—|a_—b_—0|)d7—[".
{rm=-7s}

The first integrand is identically zero, while the second and the third
integrand are non-negative, as it may easily be checked. q.e.d.

In proving Theorem 7, we shall first rule out the case in which the
mass of S is not close to the mass of T'. To this end, it is convenient to
introduce the mass deficit of S with respect to 7', defined as

M(S)
0(S;T)=—=—=—1.
If T is uniquely mass minimizing in Z,(R"*!), then §(S;T) > 0 for
every S € Z,(R"™1), with §(S;7) = 0 if and only if S = T. We now
prove two simple preparatory lemmas.

Lemma 3.7. Let T be uniquely mass minimizing in I, (R"*1). If
0(S;T) > 6 > 0, then there exists ¢(n,d) > 0 such that

M(S) — M(T) > ¢(n, 6) d(S, T)™ +1),

Proof. By Lemma 2.1, there exists X € Z,1(R"!) with M(X) =
d(S,T), 0X = S—T, and c(n)M(X)" 1) < M(0X) < M(S)+M(T).
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We conclude since §(S;7T") > 6 implies

M(S) + M(T)

2
> =eq o C@=1+3

0
q.e.d.

Lemma 3.8. If T is a uniquely mass-minimizing integer n-current,
then for every e > 0 there exists 6 > 0 such that if 6(S;T) < § then
d(S,T) <e.

Proof. By contradiction, there exist 9 > 0 and {up}tpen C BV
(R"*1:Z) such that, if we set S, = T + O(E"*! Luy), then M(S,) —
M(T) as h — oo, with d(Sp,T) > ¢ for every h € N. Exploiting the
decomposition Sy, = S;[ + 5, of Lemma 3.6, since T" is uniquely mini-
mizing in Z,(R™*1), we find that both M(S;") and M(S; ) converge to
M(T') as h — oo, with

d(Sh,T):/ |uh|:/ u;+/ wr = d(SF,T) + d(S;, T).
Rn+1 RnJrl RnJrl

In other words, we may have assumed from the beginning that u €
BV(R"1:N). This said, repeating the compactness argument in the
proof of Lemma 3.4, we may construct a {Sp}hen C Z,(R™!) and
S € T,,(R"*1) such that S, — S, S = 0T, M(S,) — M(T) as h — oo,
and d(S,T) > g9, against the fact that 7' is uniquely mass minimizing.
q.e.d.

Proof of Theorem 7. By Lemma 3.7 and Lemma 3.8, we may assume
d(S,T) < gyg. Decomposing S as S = ST + 57, we have d(ST,T) < ¢g
and d(S™,T) < eg. Let us now consider the minimizers S.+ and S.-
in (3.1) and (3.2), corresponding to the choices e™ = d(ST,T) and
e~ =d(S™,T). By construction,

M(ST) — M(T) > M(S.+) — M(T) > ko d(S.+,T)* > kod(ST,T)?,

and, in the same way, M(S™) — M(T) > kod(S~,T)?. By adding
up these inequalities, by Lemma 3.6, and since d(S,T) = d(S*,T) +
d(S~,T), we conclude the proof. q.e.d.

3.6. Properties of the c-approximating currents.

Lemma 3.9. If M € M and T = [M] is mass minimizing in
T,(R™"*1), then there exist positive constants A and o (depending on
M only) such that every minimizer S. in (3.32) with € € (0,£¢) is A-
mass minimizing, in the sense that

(3.48)  M(S:) < M(S: +9Y) + AM(Y), VY € T, 1 (R™Mh).
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Proof. By construction, S, = T + E?(E”H |_u€>, with v, € BV

(R N), fRnH ue > €. Moreover, by Lemma 3.4, we may also assume
that

(3.49) M(S.) < 2 M(T),
for every ¢ € (0,20). We now divide the argument in two steps.

Step one: Let Y € T, 41(R"!) so that Y = E"! Lo for some v €
BV (R Z). We claim the existence of Z € Z,.1(R""!) such that
7 = E""! Lw for some w € BV (R""}; Z) with

w>—u.,  M(S.+07) < M(S. +dY),  M(Z) < M(Y).

Indeed, it suffices to set w = (us + v)T — u.. Clearly, w > —u.. By
Lemma 3.6, and since T is mass minimizing in Z,(R"*!), we have

M(S. +9Y) = M(T +E" L(ue +v)))
> (T FOE™ (e + v)+)>
+ (T A(E™ L(ue + U)—)> — M(T)
> (T FOE™ L(u, + v)+)> = M(S. + d2).

At the same time, since u. > 0,

M) =M(2)= [ ol =lul= [ ol I+ o)

= / (ue +v)~ > 0.
Rn+1

Step two: We are left to prove (3.48) for Y € T, 1(R™™!) such that
Y = E""! Lo for some v € BV(R"™}Z) with u. +v > 0. If we set
X =E""! ((u. +v), then

S.+0Y =T+ 0X,

and, in particular,
M(X) = / Ue + .
Rn+1

If M(X) > ¢, then, by minimality of S; in (3.32), we trivially have
M(S:) < M(S; +9Y), and (3.48) is proved. We may thus assume that

(3.50) M(X) <e.
We may also assume that
(3.51) M(T 4+ 0X) <2M(T).

Indeed, if this were not the case, then, this time by (3.49), we would
have, as required,

M(S.) < 2M(T) < M(T + 0X) = M(S. + 9Y).
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If now tg, cg, dg, and Cy are the constants appearing in Lemma 3.3, then
by (3.50) and (3.51) and provided g9 < dg, for every t € (0,ty) there
exist X; € Z7,; (R™"!) such that

M(X;) > M(X) +cot,  M(T +9X;) < M(T + 9X) + Cy L.

If we further assume that £y < ¢gtg, then the following value of t is
admissible in this construction,

and, correspondingly, we find that M(X;) > ¢ with X; € Z | (R"*1).
Exploiting the minimality property of S., we conclude that

M(S.) < M(T +0X;) < M(T + 8X) + Co t
= M(T +0X) + f—oo (&? - M(X))

< M(T+6X)+@</ ue—/ (ue+v)>
Co Rn+1 Rn+1
< M(T+aX)+@/ lv| = M(S. +9Y) + AM(Y),

provided we set A = Cy/cy. q.e.d.

3.7. C'-convergence of the s-approximating currents. The fol-
lowing theorem provides a standard application of the regularity theory
for A-mass minimizing currents. In the proof, which is briefly sketched
for the reader’s convenience, we shall use Notation 3.1.

Theorem 8. If M € M, T = [M], {Sh}ren C Zn(R™™1) are A-mass
minimizing, that is,
M(S,) < M(Sy +0Y) + AM(Y), VY € T (R,
with 0Sy, = 0T and d(Sy,T) — 0 as h — oo, then there exists {pp }hen C
C3(M) with
(3.52) Sp=(Id + ¢p, I/M)# T,
where vy is a smooth unit normal vector field to M, and

(3.53) hli_{I;O H(Pthl(M) = 0.

Proof. If S € Z,(R™™!) and = € sptS, then the excess of S in C(z,7)
is defined as

M(S L C(x,r)) — M(px(S L C(z,7)))

rm ’
If u : R® — R, then we set Id x u : R® — R 1d x u(z) = (x,u(z))
for x € R™.

e(S,z,r) =
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Step one: First, notice that from the density estimates for A-mass-
minimizing currents (see [DSt1, Lemma 2.2, Lemma 2.3]) and classical
arguments (see, for instance, [Fel, Theorem 5.4.2] and [Ma2, Chapter
3]) the following two properties hold true:
(1) |1Sall = ||T|| as Radon measure in R”, and ||Sy||(R™) — ||T'||(R™).
(ii) spt Sy converges to spt7 in the Kuratowski sense, that is
(a) for every x € spt S there exists {xp }rhen C spt T} converging to
;
(b) if , = x and zp, € spt Sy, then x € sptT.

Step two: Let I' = bdry M. Given z € M \ T and ¢ > 0, there exists
ro > 0 and a smooth function u : R™ — R with Lip(u) < 1/2, such that,
up to a rotation of T,

(3.54) rncC(z,2ry) = 0,

(3.55) TLC(z,279) = (Idx u)#<E" L D(pz, 2r0)>,
and, for every r € (0,rp),

(3.56) px#(TLC(z,27)) = E"_LD(pz,2r),
(3.57) e(T,z,2r) < e

We now claim that if {z;}heny € R™L, 2, — 2, and x3, € spt Sy, then
there exists s € (rp,279) such that, for A large enough,

(3.58) OSp LC(zp,s) = 0,

(3.59) P#(ShLC(zn,s)) = E"LD(pzy,s),

(3.60) e(Sh, rp,8) < 2.

Defining f : R"*! — [0, 00) as

(3.61) fly) = max{lpyl,|ay[},  yeR",

so that C(zp,s) ={y: f(y —zn) < s}, we select s € (rg, 2rp) such that
(3.62) M(Sy, Ly = |f(y—ap)| = s}) =0, Vh € N.

Since 05, = 0T, (3.58) immediately follows from (3.54). By (3.58) and,
thanks to (3.62), by slicing of currents (see [Fel, Section 4.2.1], [Si,
Section 28]),

spt <8<Sh L C(xp, S))) = spt (Sh, f(- — xp), s)
- (sptSh) N{y: fly —xp) = s}.

Moreover, by (3.55), « € sptT, x5, — x, and Lip(u) < 1/2,

(SptT)ﬂ{y tfy—an) = s} C {y 1Py —xn) = s, |a(y —an)| < ZS}-
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Combining the two previous inclusions with the Kuratowski convergence
of spt .Sy, to sptT,

spt(@(Sh LC(mh,s)>) C {y :p(y —xp) = s,]q(y — xp)| < %s} .

By the constancy theorem [Fel, 4.1.7], there exists my, € Z such that

P4 (Sh L C(zp, s)) =mp E" LD(pzp, s).

Again by Kuratowski convergence of spt .Sy, to spt T, we easily see that

P4 (Sh LC(xp, s)) — p# (T LC(x, s))

In particular, by (3.56), it must be mj, — 1 as h — oo, so that my =1

for every h large enough. This proves (3.59). Finally, from [|Sy,|| — ||T|,
(3.56), and (3.59), we deduce (3.60).

Step three: Given x € I' and € > 0, there exists ryg > 0, a smooth
function v : R®™ — R with Lip(u) < 1/2, an open set E C R"™ with
smooth boundary, such that, up to a rotation, 7" satisfies the following
properties:

(3.63) T'NC(x,2r0) = {(y,uly)):y € D(px,2re) NOE},
(3.-64)|ve(y) —ve(z)| < ely—z,  Vy,z € D(pz,2r9) NOE,

(3.65) T LC(z,2r) = (Id x u)#<E" L(D(pz,270) N E)),

and, for every r € (0,7¢),

(3.66) px(T LC(z,2r)) = E".(D(pz,2r)NE),

(3.67) e(T,z,2r) < e

We now claim the existence of s € (¢, 2rg) such that, for h large enough,
(3.68) 0Sp LC(z,s) = [ILC(x,s),

(3.69) p4(SH LC(x,5)) = E"L(D(pa,s)N E),

(3.70) e(Sp,z,s) < 2.

We select s € (rg, 2rg) such that, for every h € N,
(3.71)

M(Sh Ly < [y —an)| = s}) = M((0Sh) L{y : [ £y —wa)| = 5}) =0,

where f is defined in (3.61) and z;, — 2. Since 95, = [I'], (3.68) is
trivial. Repeating the argument of step two, we now see that, for h
large enough,

spt((?((Sh -1T) LC(J:,S))) C {y ply —x) =s,|qy —z)| < %s},
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so that, by the constancy theorem, there exists my € Z such that
P4 ((Sh —T)LC(x, s)) =mp E" LD(pz, s).
However, by (3.66) and since

P4 (Sh L C(zp, s)) — py (T L C(z, s)),
we easily infer that mj; = 0 for h large enough. In particular, (3.69)

follows. The proof of (3.70) is again consequence of (3.67) and (3.69)
and the fact that ||Sp|| = ||T.

Step four: By compactness, we can cover sptT with finitely many cylin-
ders C(x;, so) such that (3.58), (3.59), (3.60) (if z; € M \T') or (3.68),
(3.69), and (3.70) (if z; € T') hold true. By the interior and bound-
ary regularity theory for A-mass-minimizing integral currents (see, e.g.,
[DSt2, Theorem 6.1, Theorem 6.4]), if ¢ < eg(A, s9), h > hg € N, and
v € (0,1/2), then there exist N € N (depending on T) and {uf : 1 <
1 < N}hZho C Cl’w(Rn) with max1<;<N ,h>hg ”U%LHCI,W(Rn) < Cy, such
that, up to a rotation that depends on 4, and for h > hy,

Sp LC(x;,50) = (Id x u)#(E" LD(pa:,-,so)>,
if x; € M\ T, and
SpLC(zi,50) = (Id x u)s (E" L(D(pzi, s0) N E)),

I = (d x w([OE] (D(pas, 50)).

if z; € I'. We thus conclude that (3.52) holds true. Moreover, by the
Kuratowski convergence of sptS; to sptS, and by the uniform Ccl-
bound on the uj}, we obtain (3.53). q.e.d.

3.8. Proof of Theorem 4, (a) implies (b). By Theorem 7, it is
enough to show that there exists g > 0 such that, if € < g9 and S, is a
minimizer in (3.32), then

(3.72) M(S.) — M(T) > rod(S:,T)>.

By Lemma 3.9, there exists A (independent from ¢) such that each S;
is A-mass minimizing. Since T is uniquely mass minimizing, by arguing
as in Lemma 3.8, we see that d(S:,T") — 0 as ¢ — 0. By Theorem 8,
S.=(d +ppve)x T, for . € CF(M), with leellorary — 0 as e = 0.
By Theorem 6, we finally prove (3.72).

4. Stability inequalities for Lawson’s cones

In this section, we present the proof of Theorem 5, introduced in
Section 1.3, and of Theorem 3. We start with a proposition that allows
to make rigorous the argument based on the divergence theorem from
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Section 1.3 (recall that Sobolev functions on R™ are unambiguously de-
fined H™ '-a.e. on (m — 1)-rectifiable sets, and that the the generalized
divergence theorem (2.14) holds true).

Proposition 4.1. If m > 2, E is of locally finite perimeter in R™,
and g € VVli’Cl(Rm;Rm),

(4.1) o<1, on R,
(4.2) divg >0, a.e. in E°
(4.3) divg <0, a.e. in B,
(4.4) g ="VEg, H™ 1 -a.e. on 8,5 F,

then E is a local minimizer of the perimeter in R™, with

(4.5) P(F;A) — P(E; A) :/ ydivgy+/ 1—(g-vp)dH™ !,
AF ANdy )y F

E

whenever A is a bounded open set with EAF CC A C R™.

The second tool used in the proof of Theorem 5 are the “quantitative
calibrations” for the Lawson’s cones constructed in the following lemma.

Lemma 4.1. Forh>k>2, m=k+ h, set

My, = {(x,y) cR™: \/% B \/%}’
Kip = {(‘Tay) €R™: \/% < \/%}
Forp > 2, set
(4.6)
1 z|P "
f(z) = f(x,y) = ]_9 ((k‘ ‘_ ’1)1,;/2 B (h ‘_yll)p/2> ) Z = (l‘,y) € R™,

and define g: R™\ My, — R™ by g =V [/|Vf|. Then Ky, = {f <0},
My ={f =0}, g € WH'(R™;R™), and

9= VK, on 0y /3Kyp,
lg| <1, on R™.

Moreover, if either

(4.7) p =4, h+k>9, and h>12 if k=2
(4.8) or p:;, k=h=4,
then
: c | |zl |yl : |z| |y
d > — - , f > ,
AR el v by { Y s R S
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: c |z| |y : || |y
d <_° _ o < ,
R e el by o by Y/ e S |
where
1 [(k—1\2 ,
(4.9) c=t (m) (k=14 it (k,h) # (4,4),
410) = \1/—65 it (k,h) = (4,4).

We now prove, in order, Theorem 5 and Theorem 3, Proposition 4.1,
and Lemma 4.1.

Proof of Theorem 5 and Theorem 3. Let R > 0. If FF C R™ with
K, ,AF CC Hpg, we set
P(F;HR) — P(Kyp; Hr) o | K h AF|

Rm—1 ’ - Rm™ :
We have « < R™™L™(HpR) = L™(Hy) = wiwp. If 0 > wi wp, then we
trivially find

(4.11) a < wiwp < /wpwp V.

We thus assume § < wy wp. By applying Proposition 4.1 to the vector
field g associated to k and h through Lemma 4.1, we find that

)=

(112) P(F:Hp) = P ) = [ dival,
K AF

(4.13) |divg(z)] > ¢ I%, Vz € R™\ {0},
where we have set, for the sake of brevity,

[zl
VE—-1 Vh—1
and where c is defined in (4.9) if (k,h) # (4,4), and ¢ = /3/16 if
(k,h) = (4,4). We now divide the argument in two steps.

Step one: We prove Theorem 3. By (4.12) and (4.13), we find that, if
EAF CC Hpg, then

) z:(x,y)ekaRh,

p(Z) = p(ﬂ?, y) =

C
(414)  P(F;Hg) — P(Kyni Hr) > —5 / p(z) d=.
KipAF

If now p € CY(Myp), spte N {0} = 0, and spty CC BT, then there
exists tg > 0 such that for every t < tg we may define an open set
F C R™ with 0F \ {0} a smooth hypersurface and EAF CC Hp, such
that

aF \ {0} = {z+t<,0(z) Ve, (2) 1 2 € My \ {0}}.
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By Taylor expansion, and since

p(z) = fLdist(z, Mgp), Vz € R™,

1 1
£ = F—1  ho1
we see that
2
P(F;Hg) — P(Kgp; Hr) = — [VMER Q> — [Ty, [P0 dH™
2 My p,
+ O,
tle(2)]
/ p(z)dz = ((1+0(t)) / d?—[m_l(z)/ sds
KpnAF My 0
0

— 5 902 de—l + O(t?))
M p,

By (4.14), we thus conclude that

(@15) [ (9 ity PE = o [ e,
My, My p,

for every ¢ € C*(Mjyp) such that spt N {0} = 0 and spte CC BE. To
extend (4.15) to every ¢ € C'(My,) with spty CC BY, we consider a
sequence {1;}jen C C°(R™) with Lipy; < 24, ¥; = 0 on By}, and
1j =1on Rm\Bg}j. By standard density estimates, H"™ (M, N B") <
c(m)r™, while Iy, , ()] < Ckn/|z| for every x # 0 since My}, is a cone:
hence, we may pass to the limit as j — oo in (4.15) applied to v; ¢ to
deduce (4.15) on ¢, as required.

Step two: We prove Theorem 5; that is, we prove (2.10). By (4.12) and
(4.13),

‘KkhAF‘ < ‘(KkhAF) N {p > E}‘ + ‘{p < E} ﬂHR‘
2 R?
< — ]Lé)dz—l—‘{p<e}ﬂHR‘
€ (KkhAF)ﬂ{p>E} ’Z‘

2 R?
(4.16) < == <P(F; Hp) = P(Kp; Hp) ) + ‘{p <ein HR(.
We now claim that

R

(4.17) {p<e}n HR‘ <yR™ e, whenever ¢ < ST

where we have set

kh  (k—1\"?
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Indeed, we have

|y

{p<€}ﬂHR‘ = /Bth<{xeB§:m—s
R
|z| ly| })
< d
VEo1 S vhoi o)W
k
k—1 k/2 j[ < |y| >
wk( ) B% 7h—1+6

B ( lyl _€>k dy.
h—1 N
< | +€>k_< | _€>k dy
h—1 h—1 N

k
< i’Ly‘ - + z—:> dy < wp, (b — 1)M/20keh+k,

N

IN

On the one hand,

J
J

On the other hand, since (1 + t)* — (1 — t)¥ < kt for every t € (0,1),

/ < 1y +E>k_< ol _E>’“dy
B%\Bé h—1 h—1

v
vh—1

B 1 / " <1+5\/h—1>k
(h =12 Jpp\pr |

h
evh—1

h
evh—1

hm
( 5\/h—1>k
- (1- dy
[yl
< LH/ yl* = h_ldy
(h =% Jpmpr lyl

- hkﬂﬂhe h+k—2 hk }Wn_l
= —(h—l)(k_l)/z/gmr dréwhm—l(h—l)(k—l)ﬂg’

where, recall, m = k + h. We thus find

{p<eln HR‘ < wpwp(h — D2 (k — 1)k/? <2ksm—1

hk R
m—1(h—1)mD72 )"
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which implies (4.17) since hk/(m —1) > 1 and ¢ < R/(2vV/h—1), so
that
2k R™1 hk Rt
<
— om—1 (h _ 1)(m—1)/2 —“—m—=1 (h _ 1)(m—1)/2
We may thus combine (4.16) and (4.17) to find

2
< Ré—l—ﬁ, whenever €<L.
ce R 2vh —1

2k€m—l

(4.19)

If o(e) denotes the right-hand side of (4.19), then ¢ attains its minimum
on € > 0 at g,

29
Eo = — R.
cy

If eg < R/(2v/h — 1), then, by (4.19),

2 8
(4.20) o < pleg) = =20 = % V.
Otherwise, 1/(2vh — 1) < /26/c~. Hence, by § < wywp, and setting
Yo = V/Wk Wh,
< R ) 4/h + R
2vVh c 2\/

(4.21) < Lc_l5+7”g§ wkwh<ic_l+\/2%>\/5.

Combining (4.11), (4.20), and (4.21), we thus find

(07

a < /wi wp, max{ 8 870} \/5
&
If (k, h) # (4,4), then, by (4.9),
8VA—1 _ (b1 32
c k-1 (k —1)1/4
80 _ g (BT ik 1
c k—1 m—1 (k—1)/4

Since hk > m — 1 and ( )/4<3/2 we have

8 \/ / hk (h—1\%?

s —11/8 m—1\k-1)
where the right-hand side of this inequality is larger than 1 since k/2 <
hk/(m — 1). This proves that o < CV/9, with C as in (1.19), when
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(k,h) # (4,4). If k = h = 4, then c satisfies (4.10), and

8vh—1  8V/316 198
c V3 ’
87 2 _ 16 212
V2= S VB = <6
c 7 V3 7 <
Thus o < CV/4, with C as in (1.20). q.e.d.

Proof of Proposition 4.1. Let F be a set of locally finite perimeter with
EAF cc A C R™. By [Ma2, Theorem 16.3],

KE\F = HE L (F(O) U{ve = —VF}> — pup L EW,
where {vg = —vp} = {x € 010 E N0y )oF : vp(x) = —vp(z)}. Thus, by
applying the divergence theorem (2.14) to g on E \ F, and denoting for

the sake of simplicity by g the trace of g along 0, o F (oriented by vg)
and along 0 o F' (oriented by vr), we find that

divg = /Q'dME\F

= P<E; F(O) U {I/E = —I/F}> —/ g-vp de_l,
EMNg, o F

where (4.1) was taken into account. Since E \ F' C E, by (4.3),

P(E; FOU{vp = —I/F}) +/ |divg| = / g-vpdH™!
E\F EMNy, o F
(4.22)
= P(F;EW) — / <1 —(g- I/F)) dH™ L.
EMWNG, o F

Similarly, again by [Ma2, Section I1.5.1],

MF\E = UF L <E(0) U {I/E = —I/F}) — Up L F(l),

and by applying the divergence theorem (2.14) to g on F' \ E and by
(4.1),

divg = / g dpp\g
F\E n

/ g-vpdH™ ' — P(E; FW).
(EOU{vp=—vp})Nd o F



446 G. DE PHILIPPIS & F. MAGGI

Since F'\ E C E°, by (4.2) we find

P(E; FY) +/ |divg| = / g-vpdH™ !
F\E (BEOU{vp=—vp})Nd, o F

(4.23)
:P(F; EOy {vg = VF}>

—/ 1—(g- VF)) dH™ 1.
(E(O)U{VEZ—VF})ﬁal/QF

Since 9y /o B\ A =8, 5F \ A= {vg =vr}\ A, by (4.22) and (4.23) we
find (4.5). q.e.d.

We finally prove Lemma 4.1. We recall the following elementary in-
equalities,

(4.24) (a? 4+ b)Y < (a® + 02?2 < a4,
(4.25) (a® + b*)'/? < V2max{a, b},

a,b>0, g > 2, and we premise the following remark.

Remark 6. In proving Lemma 4.1-(2), we shall make use of the
following inequality:
(4.26)

5 1
3(1+s+s2+slo+sll+slz)—5(33+34+35+36+s7+38+39) > Z,VS € [0,1].
One can prove this inequality by dividing [0,1] into suitable subin-
tervals, and by exploiting the resulting inequalities on s to prove the
non-negativity of suitably regrouped differences of positive and nega-
tive terms. We omit the details of this rather elementary and lengthy
argument, as it is uninteresting.

Proof of Lemma 4.1. Step one: Since f € C*(R™), with |[Vf| > 0 on
R™\ {0}, it turns out that g € C*°(R™ \ {0};R™), with

VIiPAf—-V2f(Vf,V

Setting Vf = (V. f, Vyf), we now compute from (4.6) that

(4.27) div g

zP 2 p=2
] I |yl v
(k— 1)/ (h—1)p/

We easily deduce that g € WL1(R™;R™). Moreover,

2
V2 — ( vmmf 0 > ,
/ 0 Vi f

vmf =
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where
vis- e (s -2 tEE).
V2 f = —% <1dy (- 2)%) .
Therefore,
v e
Af = (zftpl)—p/? P2 — ((hhtpl)—p/? lyP2,
v = -y (RS ),
VE(VLVE) = (p—1) < (k'f'gf;p - (h“i'?’f)_;p) -
By combining these identities with (4.27), we thus find
(4.28) div g(z) = ]1;78

where we have set

|z|2P=D Jy2=1)
(4.29) N(z) = ((k:—l)l’ + (h—l)P)

((k+p_2) |x|p—2 _ (h+p—2) |y|p—2>

[ T
|z|3P—4 ly[*P—*
(4.30) -(p-1) <(k7 — 1)30/2 o (h— 1)3p/2> ’

3
|z|2(P=1) |y[2—1)
4.31 D(z) = .
(4.31) (2) (\/(kl)P+(h1)P
Step two: We let p = 4 and prove assertion (i). For the sake of brevity,
we set

a=k-—1, B=h-1.
We start by noticing that

6 6 2 2 8 8

[z* [yl atlyl® + B8zl® = 3a?BlzPlyl* — 30|y
o 3 Bt :

N(z)

(4.32)
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We now notice that
! <M N M) _ afp° VBle| + valyl
D) \Va ' VB) ~ (Blalf +allzf)p2 Jap
asf>a > 0 ; VBlz| + Valyl
- - 3/2 a
g2 ((WBlal® + (valyle)” VP
a11/2ﬁ4
4/3
((VBlel)® + (Valy))©)
VBlal + valy
((VBlel)® + (vValy))©)
al1/234
4/3
(Bl + (valy))©)
all/? Qll/2
(1« + WP = ToF

Hence, by (4.28) and (4.32), we conclude that

1/6

by (4.24) >

as f > «a and by (4.24) >

(4.33) divg(z) = A(z) B(2) <% - %) ,
where
a11/2 1 a3/2 1
(434) A(Z) 2 ‘2’8 04454 = /84 W?
B(z) = a'lyl°+ plal® =30 Bla?[y[* — 3a?[x|'y[*.

If [y| > |z] and t = (|z|/|y[)? € [0,1], then
(4.35)  B(z) = max{|z], |y|}° (54 £3 — 308242 — 328t + a4).
If |z > [y| and t = (|y|/|=])* € [0,1], then
(4.36)  B(z) = max{|z|, [y[}° <a4 3 — 302812 — 3a8% + 54).

By Lemma 4.2 and Lemma 4.3, below, provided k+h > 9 and, if k£ = 2,
h > 12, we have

4

(4.37) B3 — 3a6%? — 3026t + ot > %,
4
(4.38) ot t? — 302pt% — 3a8%t + f* > 5

~ 647
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for every t € [0,1]. Combining (4.35), (4.36), (4.37), and (4.38) with
(4.25), we thus find

max{|z], [y[}°a’ _ |z[%"

. > .
(4.39) B(z) > = >
We finally combine (4.33), (4.34), and (4.39) to deduce that

a1 el yl
4.4 i D> |—= - —= R™\ K
( 0) leg(Z) = 512 54 |Z|2 \/a \/B ) on \ kh>
a1 ]yl

4.41 di <———— |—= - —= K.
WA e = “5iopinp [va ~vElr ot

Step three: We let k = h =4 and p = 7/2. In this way (4.28), (4.30) and
(4.31) give

5 (172 = lw2) (Iof? + 1917) = § (122 — lol12)
CERk |

Since (a3/2 _ b3/2)(a5 + b5) — (a13/2 _ b13/2) _ a3/2b3/2(a7/2 _ b7/2) and
(a® +b°)'/5 < (a® + b?)'/2, we find that

3(1al'%/2 — [12) — B o2y /2 (272 — y[ %)

|2[15/2

divg =

div g‘ >

We now notice that

12
2 92 = [y = (a2 = [yM2) D fal /2y 0202,
k=0
6
272 = 2 = (Je]2 = yl2) 3 Jal /2 O,
k=0

so that,

. 2172 _ y 1/2 12 ~
div g‘ > \/§H ’ ‘2’15/\2’ ’ 3Z|x|k/2|y|(12 k)/2
k=0

6

11 —

— 5 Ll fal 2y © “/2).
k=0

If |y| < |z| and we set ¢t = |z|/|y| > 1, then

2l 72 = g2 | = R = 1) 2 )R- )

2=y |lxl = ol

lyl*/? |2[1/2
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By symmetry, we thus find

‘d. ‘ > M 352:’ ‘k/2‘ ’(12—k)/2
1w gl = |Z|8 2 x Y

6

11 _

= a2 3 fal 2y W?).
k=0

Let us now notice that if b > a > 0, then s = a/b € (0,1] and

12 6
h(a,b) = 3 dp"?F - 1 sy > afpik
k=0 2 k=0
12 11 6 12 11 9
— b12<328k__8328k>:b12<3zsk__zsk>
k=0 2 k=0 k=0 2 k=3

= b2 (3(1 + s+ 5%+ 510+ sM 4 512)

2

b12

Ta

by (4.26). Hence, by (4.25),

5
- —(33+34+35+36+s7+38+39))

>

12 6
_ 11 _
33 a2y (122 — 2 faf 2y 42 S a2y 12
k=0

k=0
1 6o L (121\°_ I2I°
P > (2L = &L
In conclusion, | div g(2)| > ||z| — |y||/16 |2|?, as required. q.e.d.

We conclude this section with the proof of the two lemmas used in
step two of the proof of Lemma 4.1. Note that the restriction (1.17) in
Theorem 5 arises in discussing the sign of B*t> —3AB%t2 —3A2Bt + A*,
B=+vh—-1, A=+vk—1ontel0,1] (Lemma 4.2); see also Remark 7.
The sign of A*#3—3A4%2Bt? - 3AB?*t+ B*ont € [0,1] (Lemma 4.3) does
not require putting any further assumption than (1.15) and (1.16) on k
and h. In particular, this fact can be used to prove stability inequalities
for all the Lawson’s cones with respect to compact variations F with
K, AF CC Hp and E C F.

Lemma 4.2. If
(4.42) B>A>1, A+ B >6,
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and, moreover,

(4.43) B >4, if A>3,
(4.44) B >5, if A =2,
(4.45) B > 11, ifA=1,
then

4
p(t) = B*t* — 3AB*t* — 3A*Bt + A* > ‘§—4, vt € [0,1].

Proof. Clearly, we have
J(t) =3B <B3t2 _2ABt — A2),
so that p/(t) = 0 if and only if
A
t=— (1£VI+B).
Thus p/(t) < 0 for ¢ > 0 if and only if
A
= (14 VI+B) = tap.
In particular,
3

p(t) > p(tas) = 4

2 3/2 o >
BZ(AB 2(1+ B)¥/? — 2 3B>, vt > 0.

Let us now set
q(A,B) = AB®> —2(1+ B)*? —2 - 3B.

We now claim that, under the assumptions of the lemma on A and B,
we have

AB?
4.4 A B)> —.
(1.46) (A, B) =
Indeed, let us set
q(A,B) = g AB%? —2(1+ B)*? -2 - 3B,
and prove gy > 0. Let us notice that,
qu 63

4.4 — =—AB-3(1++Vv1+ B).
(4.47) o5 ~ g AB - 3(1+VI+B)
Case A =1:By (4.42) and A =1, we have B > 5 and

qu . 63

= ﬁB—3<1+\/1+B).

In particular, go(1, B) is increasing on B € [6,00). By direct computa-
tion, ¢o(1,10) < —6, while go(1,11) > 0.9. Hence,

QO(17B) > QO(1711) >0, VB > 11,
and (4.46) follows under (4.45).
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Case A =2: By (4.42) and A = 2, we have B > 4 and

dqo 126

gh _ D p_ (1 Vi B).

oB ~ 32 0 ATV
In particular, go(1, B) is increasing on B € [4,00). By direct computa-
tion, ¢o(2,4) < —4, while ¢o(2,5) > 2. Hence,

QO(27B) > QO(275) > 07 VB > 57
and (4.46) follows under (4.44).
Case A > 3: By (4.42) and A > 3, we have B > 3, and

dqo _ 189

990 5 2 p_ (1 Vi B).

oB = 3z U ATV
In particular, go(A, B) is increasing on B € [3,00) for every A > 3.
A direct computation shows that ¢o(3,3) < —0.4, while ¢o(3,4) > 10.
Since qq is increasing on A € R, we find

QO(A7B) > QO(37B) > QO(374) >0, VA > 3,B >4,
and (4.46) is proved under assumption (4.43), too. q.e.d.

Remark 7. If one is not interested in the sharp behavior of min ) p
in the limits A — oo or B — o0, then it would suffice to prove ¢(4, B) >
0 (4.46) in order to prove stability inequalities for the cone corresponding
to a given (A, B). In this way, one could hope to recover some of the
cases that are admissible for (4.42) but that are not covered by (4.43),
(4.44), and (4.45)—namely, (A, B) € {(3,3),(2,4),(1,C) : 5 < C < 10}.
However, as it can be directly checked, even the condition g(A, B) > 0
is characterized by (4.43), (4.44), and (4.45).

Lemma 4.3. If

(4.48) B>A>1,  A+B>6,
then
B4
p(t) = A*t3 — 3A2Bt*> — 3AB*t + B* > o Ve [0,1].

Proof. This time we have p/(t) = 3A<A3t2 — 2ABt — B2>, so that
p'(t) = 0 if and only if

t:%(li\/H—A).

In particular, p/(t) < 0 for ¢t > 0 if and only if

£(1+\/1+—A> = tup.

t<A2



SHARP STABILITY INEQUALITIES FOR THE PLATEAU PROBLEM 453

Case A = 1:In the case A = 1, we see that t; g = B(1++/2) > 1. Hence
we find

p(t) >p(1)=1-3B—-3B>+B*  Vte|o,1].
By (4.48), B > 5, and hence p(t) > B*/4 for t € [0, 1], since
3 3 3
“B'>Z (2532) >3 <20B2 n 253) > 15B2 + 21B > 3B + 3B.
Case A = 2: In this case, (4.48) implies B > 4, which gives tap > 1.
Once again,

p(t) >p(1) =16 —12B —6B* + B*,  vtc[0,1].
Using again B > 4, we find that

3 3 3

SB' > (1632> >3 (832 + 24B> > 6B2 + 248 > 6B2 + 128,

that is, p(t) > B*/4if t € [0, 1].

Case A =3, B > 4: Also in this case we have t3p > 1, and hence
p(t) > p(1) = B'—9B* —27B + 81, vt € [0,1].

Since B > 4 we have

2
234—932—2732 <%—9> 32—27B:Z7B2—27Bzo.

Hence, p(t) > B*/64 if t € [0,1].

Case A > 4: By p/(t) =3A (A3t2 — 2ABt — Bz), we find that p/(t) =0
if and only if

B
= 5 (1 vi+4).

Thus p/(t) < 0 for ¢ > 0 if and only if

t<%<1+\/1+—14> =:taB,

t

and, in particular,
BS
—<A2B 1+ A2 2 3A>, vt > 0.

p(t) = pltas) = —

We now set
@1(A,B) = A’2B—2(1+ A)*? —2-34
and aim to prove that qi(A, B) > A%2B/4. Indeed,

3

ZAQB—2(1+A)3/2—2—3A2ZA3—2(1+A)3/2—2—3A,
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where
9 <§
0A\4
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4214 A2 -34) = JA 304 A3
= 94-3(14+A4)Y2-3>0,

if and only if 34 — 1 > (14 A)Y/2, if and only if 942 > 7A, that is,
A>T7)9. q.e.d.
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