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COHOMOLOGY AND HODGE THEORY
ON SYMPLECTIC MANIFOLDS: 1

LI-SHENG TSENG & SHING-TUNG YAU

Abstract

We introduce new finite-dimensional cohomologies on symplec-
tic manifolds. Each exhibits Lefschetz decomposition and contains
a unique harmonic representative within each class. Associated
with each cohomology is a primitive cohomology defined purely
on the space of primitive forms. We identify the dual currents of
lagrangians and more generally coisotropic submanifolds with el-
ements of a primitive cohomology, which dualizes to a homology
on coisotropic chains.

1. Introduction

The importance of Hodge theory in Riemannian and complex geome-
try is without question. But in the symplectic setting, although a notion
of symplectic Hodge theory was discussed in the late 1940s by Ehres-
mann and Libermann [7, 15] and re-introduced by Brylinski [4] about
twenty years ago, its usefulness has been rather limited. To write down
a symplectic adjoint, one makes use of the symplectic star operator g,
defined analogously to the Hodge star operator but with respect to a
symplectic form w instead of a metric. Specifically, on a symplectic man-
ifold (M,w) with dimension 2n, the symplectic star acts on a differential
k-form by

AN x A = (w (A, A') dvol
1 CNidd 1\iod i w
= E(w 1) 1J1 (w 1) 2J2 (w 1) kJk A’iliz...’ik A,/jlj2~~~jk F

with repeated indices summed over. The adjoint of the standard exterior
derivative takes the form

dt = (=) g d g,

n

acting on a k-form. A differential form is then called “symplectic har-
monic” if it is both d-closed and d*-closed. As for the existence of such
forms, Mathieu [17] proved that every de Rham cohomology H (M)
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class contains a symplectic harmonic form if and only if the symplectic
manifold satisfies the strong Lefschetz property; that is, the map

HE(M) — H27F(M), A— [w]"™" A A,

is an isomorphism for all k£ < n.

As it stands, the set of differential forms that are both d- and d*-
closed lacks certain intrinsic properties that we typically associate with
harmonic forms. Concerning existence, one would like that a symplectic
harmonic form exists in every cohomology class for any symplectic man-
ifold. But Mathieu’s theorem tells us that the existence of a symplectic
harmonic form in all classes of the de Rham cohomology requires that
the symplectic manifold satisfies the strong Lefschetz property. Unfor-
tunately, many known non-Ké&hler symplectic manifolds do not satisfy
strong Lefschetz. One would also like the uniqueness property of har-
monic forms in each cohomology class to hold. But consider for instance
one-forms that are d-exact. They are trivially d-closed, and it can be
easily shown that they are always d*-closed too. Uniqueness of d- and
d™-closed forms within the de Rham cohomology class simply does not
occur. These two issues, of existence and uniqueness of d- and d*-closed
forms, indicate that perhaps the de Rham cohomology is not the ap-
propriate cohomology to consider symplectic Hodge theory. But if not
de Rham cohomology, what other cohomologies are there on symplectic
manifolds?

Here, we introduce and analyze new cohomologies for compact sym-
plectic manifolds. In our search for new cohomologies, a simple approach
is to start with the requirement of d- and d*-closed and try to attain
uniqueness by modding out some additional exact-type forms. Having
in mind the properties (d)? = (d*)? = 0 and the anti-commutivity
dd™ = —d*d, we are led to consider the cohomology of smooth differen-
tial forms 2*(M) on a symplectic manifold

ker(d + d) N QF (M)
k
Hiran (M) = = 20 Qk(M)

noting that ker dNker d* = ker(d+d") in QF(M). Conceptually, in writ-
ing down such a cohomology, we have left behind the adjoint origin of
d® and instead are treating d® as an independent differential operator.
Hence, our choice of notation, d*, differs from the more commonly used
0 symbol, denoting adjoint, in the literature. By elliptic theory argu-
ments, we shall show that for M compact, H 5 (M) is indeed finite

+dA
dimensional. And since H 5 ah (M) is by construction invariant under
any symplectmorphisms of a symplectic manifold, it is a good symplec-
tic cohomology encoding global invariants.
As for the notion of harmonic forms, we will define it in the standard

Riemannian fashion, utilizing the Hodge star operator, which requires a
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metric. On any symplectic manifold (M,w), there always exists a com-
patible triple, (w,J, g), of symplectic form, almost complex structure,
and Riemannian metric. And it is with respect to such a compatible
metric g that we shall define the Hodge star operator *. We will require
the symplectic harmonic form for this cohomology to be not only d-
and d*-closed, but additionally also (dd™)* = (=1)k¥*1x (dd™)* closed.
A unique harmonic form can then be shown to be present in every co-
homology class of H§+dA(M).
Appealingly, the cohomology H n 4 (M) has a number of interesting
properties. As we will show, it commutes with the Lefschetz’s decom-
position of forms, and hence the Lefschetz property with respect to
2qnr (M), instead of the de Rham cohomology Hj(M), holds true on
all symplectic manifolds. It turns out that if the symplectic manifold
satisfies the strong Lefschetz property with respect to H C]‘f(M ), which is

equivalent to the presence of the dd*-lemma [19, 9], then H 5 Lar (M) be-

comes isomorphic to de Rham H¥(M). Essentially, A (M) contains
the additional data of the symplectic form w (within the d* operator).
It is therefore a more refined cohomology then de Rham on a symplec-
tic manifold, with possible dependence only on w and always Lefschetz
decomposable.

From Hj, ga (M), we are led to consider other new finite-dimensional
cohomologies. For the de Rham cohomology, there is a natural pair-
ing between the cohomologies H%(M) and Hfl”_k(M ) via the wedge
product. For H . 4a (M), there is also a natural pairing via the wedge
product. However, the pairing is not with itself but with the cohomology

ker dd® N QF (M)
(im d +im dd) N QF (M)’
We will show that H% ar (M) and Hflg[\_ (M) forms a well-defined pair-
ing that is non-degenerate. As may be expected, we will also find that
7aa (M) exhibits many of the same properties found in its paired coho-
mology H (M), including being Lefschetz decomposable. These two
cohomologies are indeed isomorphic to one another.

In a separate direction, we can use the fact that the three new co-
homologies we have introduced are Lefschetz decomposable to consider
their restriction to the subspace of smooth primitive forms, P*(M).
Such would be analogous on a Kéhler manifold to the primitive Dol-
beault cohomology. As an example, the associated primitive cohomology

Hc]lgd/\ (M) =

of Hj, ;1 (M) can be written for k < n as
ker d N P*(M)
k _
PIT[cH-dA (M) - ddAPk(M) ’

which acts purely within the space of primitive forms P*(M). These
primitive cohomologies should be considered as more fundamental as for
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instance PH 5 . qr (M) underlies H 5 ar (M) by Lefschetz decompositon,

and indeed also HY (M), by isomorphism with Hfl:z_;f(M ).

The appearance of primitive cohomologies is also interesting from a
different perspective. As we shall see, the currents of coisotropic sub-
manifolds turns out to be exactly primitive. That this is so is perhaps
not that surprising as the coisotropic property is defined with reference
to a symplectic form w, just like the condition of being primitive. Mo-
tivated by de Rham’s theorem relating Hy(M) cohomology with the
homology of chains, the existence of primitive cohomologies is at once
suggestive of the homology

_keronC(M)
PHM) = 9Cry1(M)

where C; with n <[ < 2n consists of the subspace of [-chains that are
coisotropic (and if with boundaries, the boundaries are also coisotropic).
We will associate such a homology with a finite primitive cohomolgy that
is a generalization of PH  4a(M). A list of the new cohomologies we
introduce here can be found in Table 1.

The structure of this paper is as follows. In Section 2, we begin
by highlighting some special structures of differential forms on sym-
plectic manifolds. This section will provide the foundation on which
we build our analysis of symplectic cohomology. In Section 3, we de-
scribe the de Rham and Hga (M) cohomologies that have been stud-
ied on symplectic manifolds, and we introduce the new cohomologies
Hyygan(M)andHgga (M), and their associated primitive cohomologies.
We demonstrate the properties of these new cohomologies and also com-
pare the various cohomologies in the context of the four-dimensional
Kodaira—Thurston manifold. In Section 4, we consider the identifying
properties of dual currents of submanifolds in M. We then show how the
currents of coisotropic chains fit nicely within a primitive cohomology
that can be considered dual to a homology of coisotropic chains. We
conclude in Section 5 by briefly comparing the cohomologies that we
have constructed on symplectic manifolds with those previously studied
in complex geometry.

Further discussion of the structures of primitive cohomologies and
their applications will be given separately in a follow-up paper [23].
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Cohomologies and Laplacians
ker(d + d) N QF (M)
1. HY (M)=
(M) im dd® N QF(M)

d+dA
Agigr = ddM(dd™)* + N(d*d + d**d?)

ker d N PF(M)
k _
PHd—i—dA (M) - ddA’Pk(M)
AL = ddM(ddh) + X d*d
ker dd® N QF
2. HY L (M)=

(im d + im dA) N QF
Aggs = (ddM)*dd™ + \(dd* + dhdr)

ker dd™ N PF(M)
k _
PHddA(M) - (d—|— LH—ldA)pk—l + AP+l
AP\ = (dd*)*dd™ + Xatdh

Table 1. Two new cohomologies, their associated primi-
tive cohomologies, and their Laplacians (with A > 0). An
additional primitive cohomology PH 5 (M) is introduced
in Section 4.1

2. Preliminaries

In this section, we review and point out certain special structures
of differential forms on symplectic manifolds. These will provide the
background for understanding the symplectic cohomologies discussed in
the following sections. For those materials covered here that are stan-
dard and well known, we shall be brief and refer the to the references
([25, 26, 16, 4, 27, 9, 12, 5]) for details.

Let (M,w) be a compact symplectic manifold of dimension d = 2n.
Let QF(M,R) denote the space of smooth k-forms on M. Using the
symplectic form w = 3 % wij dr Adz? (with summation over the indices
i,j implied), the Lefschetz operator L : QF(M) — QFF2(M) and the
dual Lefschetz operator A : QF(M) — QF=2(M) are defined acting on a
k-form Ay € QF(M) by

L: L(Ay) =wA A,

1 L )
A AR = 507 i, ia, Ar,
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where A and ¢ denote the wedge and interior product, respectively,
and (w™1)¥ is the inverse matrix of w;;. In local Darboux coordinates
(P1s---3Pny @15 - -+, Gn) Where w =) dp; A dgj, we have

0 0
NA, = (= )i(=—) Ag.
p= il )il ) A
L and A together with the degree counting operator

H=>) (n-kI,
k

where TIF : Q*(M) — QF(M) projects onto forms of degree k, give a
representation of the s/(2) algebra acting on Q*(M),

(2.1) AL =H, [HA =2\ [HL=-2L

with the standard commutator definition [a,b] := ab — ba.
Importantly, the presence of this si(2) representation allows for a
“Lefschetz” decomposition of forms in terms of irreducible finite-dimen-
sional s/(2) modules. The highest weight states of these irreducible si(2)
modules are the space of primitive forms, which we denote by P*(M).

Definition 2.1 A differential k-form B with k& < n is called primitive,
i.e., By, € P*(M), if it satisfies the two equivalent conditions: (i) A By =
0; (ii) L"*1B, =0 .

Given any k-form, there is a unique Lefschetz decomposition into
primitive forms [25]. Explicitly, we shall write

1
(2.2) Av= Y, L Brar
r>max(k—n,0)
where each Bj_s, can be written in terms of Aj as

By _9r = (g, j—or) (L, A) Ay,

— 1 SAT+S
(23) = <Z Qr s yL A ) Ak,

s=0

where the operator @ ;_o.y(L,A) is a linear combination of L and A

with the rational coefficients a, s’s dependent only on (d, k,r). We em-

phasize that the Lefschetz decomposed forms { By, Bx_o, . ..} are uniquely
determined given a differential form Aj. We give a simple example.

Example 2.2 For a four-form A, in dimension d = 2n = 6, the Lef-
schetz decomposed form is written as

1
A4:LB2+§L2B0.
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Applying A and A? to A4 as written above and using the s/(2) algebra
in (2.1), the primitive forms {Bs, By} are expressed in terms of A4 as

1
By = ®y9(A4) = (A — 3 LA Ay,

1
By = ®y0(A4) = G A%A,.

2.1. Three simple differential operators. Three differential oper-
ators have a prominent role in this paper. The first is the standard
exterior derivative d : Q¥(M) — QFFL(M). Tt interacts with the si(2)
representation via the following commutation relations

(2.4) [d,L]=0, [dA]=d" [d H]=d

The first and third relations follow trivially from w being symplectic and
the definition of H, respectively. We take the second relation to define
the second differential operator

(2.5) dd = dA - Ad.

Notice in particular that d* : Q¥(M) — QF~1(M), decreasing the degree
of forms by 1. (The d® operator we define here is identical to the § oper-
ator in the literature, though some authors’ definition of the A operator
differs from ours by a sign (see, for example, [4, 5]). Our convention is
that AL (f) =n f, for f a function.)

Though not our emphasis, it is useful to keep in mind the original
adjoint construction of d* [7, 15, 4]. Recall the symplectic star operator,
g 0 QF(M) — Q2=F(M) defined by

ANx A = (w_l)k(A, A" dvol

1
TR
for any two k-forms A, A’ € QF(M). This definition is in direct anal-
ogy with the Riemannian Hodge star operator where here w™! has re-
placed g~!. Notice, however, that *, as defined in (2.6) does not give a
positive-definite local inner product, as A A x,A’ is k-symmetric. Thus,
for instance, Ax A *xsA = 0 for k odd. The symplectic star’s action on a
differential form can be explicitly written in terms of its action on each
Lefschetz decomposed component %LT’BS (as in (2.2) with s = k — 2r).
It can be straightforwardly checked that [25, 9]

n

—1\i11d —1y\izj —1yikj 3
(w )21]1 (w )22]2‘ .. (w )Zk]k Ai1i2..-ik A;ljz---jk E’

(2.6)

1 T _ 7S(S+1) 1 n—s—r
(27) *g g L BS = (—1) 2 m L BS7
for B, € P*(M) and r < n — s. This implies in particular

*gkg = 1.
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The symplectic star operator permits us to consider A and d* as the
symplectic adjoints of L and d, respectively. Specifically, we have the
relations [27]

A = %, L %4
and [4]
(2.8) dh = (=D)L« dxg,
acting on Ay € QF. Thus we easily find that d® squares to zero, that is,
d*dt = — x5 d*x5 = 0.
And by taking the symplectic adjoint of (2.4), we obtain the commuta-
tion relation of d* with the sl(2) representation
(2.9) @\ L] =d, [dA=0, [d* H]=—d"

The third differential operator of interest is the composition of the

first two differential operators, dd® : QF — QF. Explicitly,
dd* = —dAd = —d"d,

which implies in particular that d and d* anticommute. Besides not
changing the degree of forms, dd* has a noteworthy property with re-
spect to the sl(2) operators. Using equations (2.4) and (2.9), and also
the commutation property [ab, c] = a[b, ¢] + [a, c]b, it is easily seen that
dd® commutes with all three sl(2) generators

(2.10) [dd®, L) = [dd™, A] = [dd", H] = 0.

This implies in particular when it acts on primitive forms, dd* : P*(M) —
PE(M); that is, dd® preserves primitivity of forms.

To summarize, we write all the commutation relations together.

Lemma 2.3. The differential operators (d,d™,dd™) satisfy the fol-
lowing commutation relations with respect to the sl(2) representation
(L A H):

(2.4) [d,L] =0, [d,A] = db, [d, H] = d,
(2.9) [d*, L] = d, [d*, A] =0, [d*, H] = —d*,
(2.10) [dd™, L] = 0, [dd™, A] =0, [dd™, H] = 0.

2.2. d, d*, and dd" acting on forms. Consider now the action of the
differential operators on a k-form written in Lefschetz decomposed form
of (2.2). Straightforwardly, we have

1 T

(2.11) d4;, = HZL dBj—ay,
1

(2.12) Ay, = o > L7 (dBg—gr—2 + d*Bi_sy),
1

(2.13) dd* Ay = > Ldd“ By,
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where By, € P¥(M). The first and third equations are simply due to
the fact that d and dd® commute with L. The second follows from
commuting d* through L" and repeatedly applying the relation that
[dM L] = d.

Lefschetz decomposing dBj, we can formally write

1
(2.14) dBy, =B +LBp_+...+ L Biioa o

But in fact the differential operators acting on primitive forms have
special properties.

Lemma 2.4. Let By, € P*(M) with k < n. The differential operators
(d, dA,ddA) acting on By take the following forms:

(i) If k <n, then dBj, = By, + L B__,;

(i') if k =mn, then dBy = L B} _,;

(i) d*By, = —-HB} | =—-(n—k+1)B}_;

(iii) dd*By = B)* = —(H + 1)dB}_,;
for some primitive forms B°, B*, B € P*(M).

Proof. (i) is the simple assertion that the Lefschetz decomposition
of dB), contains at most two terms, or equivalently, A2dB = 0. This
follows from considering 0 = d*A B = Ad®B = —AAdB, having used
the relation [d*, A] = 0. (") removes the BY 41 term on the right-hand
side of (i) since primitive forms are at most of degree n. For (ii), it
follows that

d*B, = —AdB;, = —A(LB}_,)=—HB}_,
=—(n—k+1)Bi_y,

having used (i) and the primitivity property ABy = AB}_; = 0. And
as for (iii), the dd* operator preserves degree and commutes with A.
Therefore, we must have dd*Bj, = B,gl and specifically B,gl =—(n—
k+1)dB}_, = —(H 4 1)dB}_, applying d to (ii). q.e.d.

Let us recall the expression for the Lefschetz primitive forms:
(2.3) By _2r = @, j—2r) (L, A) Ag.

This useful relation makes clear that Bj_o, is explicitly just some com-
bination of L and A operators acting on Ay. Since dd® commutes with
L and A, this together with (2.13) implies the equivalence of the dd’-
closed and exact conditions on Ay and its primitive decomposed forms
Bj._o,. Specifically, we have the following:

Proposition 2.5. Let Ay, A} € QF(M). Let By_o, B} _, € P*(M)
be, respectively, their Lefschetz decomposed primitive forms. Then:

(i) dd*-closed: dd™ Ay, = 0 iff dd"By_s, =0 for all r;

(i) dd*-exzact: Ay, = dd™ Al iff By_op = dd*B),_,, for allr.
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Proof. Tt follows straightforwardly from (2.3) and (2.13) that dd®
commutes with L and A. q.e.d.

Note that similar type of statements cannot hold for d or d”, individ-
ually. As seen in the commutation relations of Lemma 2.3, d generates
d* when commuted through A, and d* generates d when commuted
through L. But imposing d and d® together, we have the closedness
relation

Proposition 2.6. Let Ay € QF(M) and By_a,. € P*(M) be its Lef-
schetz decomposed primitive forms. Then dA, = d™Ay, = 0 if and only
if dBg_or = 0, for all r.

Proof. Starting with (2.3), we apply the exterior derivative d to it.
Commuting d through ®;, _2,)(L,A), the d- and d*-closedness of Ay,
immediately implies dBg_o, = 0. Assume now dBj_o. = 0, for all

Bj_ar. Note that this trivially also implies d*Bj_9, = —AdBj_o9y =
0. With the expressions (2.11) and (2.12), we therefore find dA; =
d A, = 0. q.e.d.

In the proof, we have made use of the property that dBy = 0 implies

d* By, = 0. Note, however, that the converse does not hold: d*Bj, = 0
does not imply dBj = 0.
2.3. Symplectomorphism and Lie derivative. The three differen-
tial operators d, d*, and dd® are good symplectic operators in the sense
that they commute with all symplectomorphisms of a symplectic man-
ifold. Under a symplectomorphism, ¢ : (M,w) — (M, w), the action on
the constituents d and A are

" (dA) = d(¢"A),
" (AA) = A(p™A),
implying all three operators commute with .
Let us calculate how a differential form varies under a vector field V

that generates a symplectomorphism of (M,w). The Lie derivative of
Ay, follows the standard Cartan formula

(2.15) Ly Ay = iv(d Ag) + d(iv Ag).

Since V preserves w, Lyw = 0 and there is a closed one-form associated
to V,

(2.16) v =iyw, where dv = 0.

Of interest, the Lie derivative of V' preserves the Lefschetz decomposi-
tion of forms and allows us to express the Lie derivative in terms of the
d operator.

Lemma 2.7. Let V be a vector field V' that generates a symplec-
tomorphism of (M,w). The action of the Lie derivative Ly takes the
form



COHOMOLGY AND HODGE THEORY ON SYMPLECTIC MANIFOLDS: I 393

(i) LvA =Y L L7 (LyBy—2r);
(ii) Ly By = —dMv A By) — v A dBy,.

Proof. (i) follows from Lyw = 0. It can also be shown by using Car-
tan’s formula (2.15) and the property iy (Ax A A},) = iy (Ag) A AL +
(=1)kAg Ady(A,,). For (i), note that V and v in components are ex-
plicitly related by V* = (w_l)jiv]—. Therefore, acting on a primitive form
B, we have iy B = —A(v A B). Thus, we have

LyB =iy(dB)+d(iyB) = =A(v AdB) + v A (AdB) — d[A(v A B)]
= (Ad—dAN)(vAB)+vA(Ad)B
= —d*(vAB)—vAd*B.
q.e.d.

In addition, if V' is a hamiltonian vector field—that is, v = dh for
some hamiltonian function h—then the Lie derivative formula simplifies
further in the following scenario.

Proposition 2.8. Let Aj, € QF(M) and V' a hamiltonian vector field
with its associated one-form v = dh. If dA, = d Ay, = 0, then

(2.17) Ly Ay, = dd™(h Ay).

Proof. By Proposition 2.6, Aj being d- and d*-closed implies that
the Lefschetz decomposed primitive forms, Bj_o,, are d-closed for all
r. Now, dBj_o, = 0 implies d*Bj_o, = 0, and so Lemma 2.7(ii) with
v = dh becomes

Ly By_g, = —d(dh A Bj_s,) = dd™(h Bj_,).

The expression (2.17) for Ly Ay is then obtained using the commu-
tativity of both the Lie derivative and dd® with respect to Lefschetz
decomposition, as in Proposition 2.7(i) and (2.13). q.e.d.

That dd® naturally arise in the hamiltonian deformation of d- and
d®-closed differential forms is noteworthy, and we will make use of this
property in the following sections in our analysis of cohomology.

2.4. Compatible almost complex structure and Hodge adjoints.
Since the d* operator may not be as familiar, it is useful to have an al-
ternative description of it. We give a different expression for d* below
making use of the compatible pair of almost complex structure and its
associated metric that exists on all symplectic manifolds.

An almost complex structure J is said to be compatible with the
symplectic form if it satisfies the conditions

w(X,JX) >0, VX #0,
w(JX,JY) = w(X,Y).
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These two conditions give a well-defined Riemannian metric g(X,Y") =
w(X,JY), which is also hermitian with respect to J. (w, J, g) together
forms what is called a compatible triple. We can use the metric g to
define the standard Hodge * operator. The dual Lefschetz operator A is
then just the adjoint of L (see, for example, [12, p. 33]),

(2.18) A=L"=(-1DF«Lx.

We can write d® in terms of a standard differential operator in complex
geometry. We will make use of the Weil relation for primitive k-forms
Bk [25]7

s(k+1) 1
k(k2+1 'Ln_k_rj(Bk),

1 T
(2.19) L Be= ()T

where

J = Z(\/__l)p—q 124

projects a k-form onto its (p,q) parts times the multiplicative factor
(vV—1)P~%. Comparing (2.19) to the action of the symplectic star oper-
ator (2.7), we have the relations

(2.20) x =T *g.
This leads to following relation.

Lemma 2.9. Given any compatible triple (w,J,g) on a symplectic
manifold, the differential operator d® = [d, A] and the d¢ operator

d¢:=7J71J7,

are related via the Hodge star operator defined with respect to the com-
patible metric g by the relation

(2.21) dh = d = — xdx.

Proof. This can be shown directly starting from the definition of d* =
dA — Ad and making use of (2.18) and (2.19), as in, for example, [12,
p. 122]. Alternatively, we can write d* as the symplectic adjoint of d and
then apply (2.20). Acting on a k-form, we have
(2.22)
dA _ (_1)k+1*sd*s _ (—1)k+1*j_1d* j_l — (—1)k+1>kdc>kj_2 _ dc*,

having noted that J 2 = (—1)¥, acting on a k-form. q.e.d.

Thus, making use of an almost complex structure, we have found
that d” is simply d°*. We do emphasize that none of the formulas above
requires the almost complex structure to be integrable. In particular,
d® # +/—1(0 — 9) in general. From Lemma 2.9, we again easily find
d*d* = 0 since d°d° = 0.
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Having expressed d® in terms of the Hodge star operator, we shall
write down the standard Hodge adjoint of the differential operators.
With the inner product

(2.23) (A, A)) = / ANA = / g(A, Aydvol A, A € QF(M),
M M

they are given as follows.

(2.24) d* = — % dx,
(2.25) dM = ([d,A])* = [L,d*] = *d™+,
(2.26) (dd™)* = —d*Ld* = (—=1)**! « dd™ « .

The following commutation relations are easily obtained by taking the
Hodge adjoints of the relations in Lemma 2.3.

Lemma 2.10. For any compatible triple (w,J,g) on a symplectic
manfiold, the commutation relations of the Hodge adjoints (d*, d™*, (dd™)*)
with the sl(2) representation (L, A, H) are

(2.27) [d*, L) = —d™*, [d*,A] =0, [d*,H] = —d*,
(2.28) (@, L] =0, [dA] = —d~, (@™, H] = d**,
(2.29)  [(dd™)*, L] =0,  [(dd™)*,A] =0, [(dd™)*, H] = 0.

3. Symplectic cohomologies

In this section, we discuss the cohomologies that can be constructed
from the three differential operators d, d*, and dd®. We begin with the
known cohomologies with d (for de Rham Hy) and d® (for Hy). In the
relatively simple case of the d* cohomology, we show how a Hodge theory
can be applied. Then we consider building cohomologies by combining
d and d” together.

3.1. d and d* cohomologies. With the exterior derivative d, there is
of course the de Rham cohomology

er k
(3.1) i) =

that is present on all Riemannian manifolds. Since d*d® = 0, there is
also a natural cohomology

ker d N QF(M)
k —
(3.2) Hij\ (M) = S A OE (M)

This cohomology has been discussed in [4, 17, 27, 9].

From the symplectic adjoint description of d*, the two cohomologies
can be easily seen to be related by the symplectic *; operator. Expressing
dd = (—1)Fx,d 4, there is a bijective map given by , between the space
of d-closed k-form and the space of d*-closed (2n — k)-form. For if A
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is a d-closed k-form, then x,A}, is a d®-closed (2n — k)-form. Likewise,
if Ay =dA),_, is d-exact, then (—1)% x5 A = (—=1)F 5, d 5 (x4}, _|) =
dA(*sAz_l) is d®-exact. This implies the following proposition.

Proposition 3.1 (Brylinski [4]). The *s operator provides an iso-
morphism between HY(M) and H;f_k(M) Moreover, dim HE(M) =
dim H23~%(M).

Proceeding further, we leave aside d*’s symplectic adjoint origin and
treat it as an independent differential operator. We utilize the com-
patible triple (w,.J,g) on M as discussed in Section 2.3 to write the
Laplacian associated with the d* cohomology:

(3.3) Agn = ddd + dhdh,

where here d** is the Hodge adjoint in (2.25). (Note that if we had
used the symplectic adjoint, we would have obtained zero in the form of
dd® 4+ d™d = 0.) The self-adjoint Laplacian naturally defines a harmonic
form. By the inner product,

0= (A,ApnA) = [d" Al + [|a** A2,
we are led to the following definition.

Definition 3.2 A differential form A € Q*(M) is called d*-harmonic
if AjnA =0, or equivalently, d*A = d** A = 0. We denote the space of
d*-harmonic k-forms by H%, (M).

From Proposition 3.1, we know that H §A (M) is finite dimensional.
One may ask whether ’H’;A (M) is also finite dimensional. Intuitively, this
must be so due to the isomorphism between HY%, (M) and H2F(M).

However, it will be more rewarding to address the question directly by
calculating the symbol of the d* Laplacian.

Proposition 3.3. Ay is an ellipitic differential operator.

Proof. To calculate the symbol of A a, we will work in a local unitary
frame of T*M and choose a basis {#',...,6"} such that the metric is
written as

g=0"R0+0 =0,
with 4 = 1,...,n. The basis one-forms satisfy the first structure equa-
tion, but as will be evident shortly, details of the connection one-forms
and torsioin two-forms will not be relevant to the proof. With an al-
most complex structure J, any k-form can be decomposed into a sum
of (p,q)-forms with p + ¢ = k. We can write a (p, ¢)-form in the local
moving-frame coordinates

Apq = Aiy ipjr..dg O A AP ANGTLA LA B,
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The exterior derivative then acts as

(3-4) dAp,q = (8Ap,q)p+1,q + (5Ap,q)p,q+1
+ Aiyijrge AO A NOP NG AN G,
where

(0Ap.q)p1.q = Oipir Airiin.gg 0P NOUA LU AOP NN LN G
(5Ap7q)p7q+1 = 5jq+1Ai1...ipj1...jq GIatt AGUA L NG ANGTIN LA G,
In calculating the symbol, we are only interested in the highest-order
differential acting on A;,. ;,j...j,- Therefore, only the first two terms of
(3.4) are relevant for the calculation. In dropping the last term, we are
effectively working in C” and can make use of all the Kéahler identities
involving derivative operators. So, effectively, we have (using ~ to denote

equivalence under symbol calculation)

d ~ 040,
(3.5) dd =d ~ =1(0 - 9)F = V—1(9* — 0,
where we have used the standard convention, 0* = — % 0% and 0* =

— % J*%. We thus have

AdA — dA*dA —l—dAdA* — dcdc* —l—dc*dc
(0— 5)(8* — 5*) + (0" — 5*)(8 — 5)
~ 90* +0*0+ 00" 4+ 0*0

12

(3.6) ~ Ay,
where Ay = d*d + dd* is the de Rham Laplacian. Clearly then, A a is
also elliptic. q.e.d.

Applying elliptic theory to the d* Laplacian then implies the Hodge

decomposition

Qk — HSA e dAQk+1 e dA*Qk_l.

Moreover, ker d* = Hya ®im d* and ker d** = Hya ®im d**. Therefore,
every Ha cohomology class contains a unique d® harmonic representa-
tive and ”HSA =~ H 5/\ (M). We note that although the explicit forms of
the harmonic representative depend on g, the dimensions dim ’H’;A (M) =
dim H 5/\ (M) are independent of g (or J). In fact, by Proposition 3.1,
we have dim HSA = by, Where by are the kth-Betti number.

As is clear from Proposition 3.1, the H (M) cohomology does not
lead to new invariants as it is isomorphic to the de Rham cohomol-
ogy. We have however demonstrated that with the introduction of a
compatible triple (w, J, g), it is sensible to discuss the Hodge theory of
Hya(M). In the following, we shall apply methods used here to study
new symplectic cohomologies.
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3.2. d+ d" cohomology. Having considered the cohomology of d and
d" operators separately, let us now consider forms that are closed under
both d and d®, that is, dA;, = d*A; = 0. These forms were called
symplectic harmonic by Brylinski [4]. Notice that any form that is dd*-
exact, Ay = aldAA§C are trivially also d- and d*-closed. This gives a
differential complex

(3.7) QF Y ok S g g g1,
Considering the cohomology associated with this complex leads us to
introduce
ker(d + d) N QF (M)
: HY (M) =
(3.8) arar M) = = A QF(M)

Such a cohomology may depend on the symplectic form but is otherwise
invariant under a symplectomorphism of (M, w). It is also a natural co-
homology to define with respect to hamiltonian actions. By Proposition
2.8, the Lie derivative with respect to a hamiltonian vector field of a
differential form that is both d- and d*-closed is precisely dd®-exact.
Hence, we see that the H 5 LA (M) cohomology class is invariant under
hamiltonian isotopy.

Of immediate concern is whether this new symplectic cohomolgy is
finite dimensional. We proceed as for the Ha (M) case by considering
the corresponding Laplacian and its ellipiticity.

From the differential complex, the Laplacian operator associated with
the cohomology is

(3.9) Agyagr = dd*(dd™)* + Nd*d + d**dP),
where we have inserted an undetermined real constant A > 0 that gives
the relative weight between the terms. With the presence of dd* term in

the cohomology, the Laplacian becomes a fourth-order differential oper-
ator. By construction, the Laplacian is self-adjoint, so the requirement

0= (A AgpgnA) = [[(dd®)" Al* + A(|dA|* + [ld*A|?).
give us the following definition.

Definition 3.4 A differential form A € Q*(M) is called d-+d*-harmonic
if Ay, g0 A =0, or equivalently,

(3.10) dA=d*A=0 and  (dd“)*A=0.
We denote the space of d + d*-harmonic k-forms by H . (M).

d+d?
We now show that Hj ,(
space of its harmonic forms.

M) is finite dimensional by analyzing the

Theorem 3.5. Let M be a compact symplectic manifold. For any
compatible triple (w, J, g), we define the standard inner product on QF (M)
with respect to g. Then:
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(i) dimHE, 0 (M) < oo

(ii) There is an orthogonal decomposition
(3.11) OF =k oy @ dd QF @ (a4 ath .

(iii) There is a canonical isomorphism: ’HngdA(M) = H5+d/\ (M).
Proof. One can try to prove finiteness by calculating the symbol of
Ay, gr- This turns out to be inconclusive as the symbol of A, 41 is not
positive. However, we can introduce a related fourth-order differential
operator that is elliptic. Consider the self-adjoint differential operator

(312) Dyign = (dd™)(dd™)* + (dd™)*(dd™) + d*da*d + dP*dd*d®
+ \(d*d 4 a**dt),

with A > 0. Although D, 41 contains three additional fourth-order dif-
ferential terms compared with A;, ja, the solution space of Dy, 2 A =0
is identical to that of Ay, a2 A = 0 in (3.10). For consider the require-
ment,

0= (A, Dy A) = ||(dd*)"A|I? + ||dd* Al + [|a**dA|[? + [|a*a" A
+ (A + | Al).

The three additional terms clearly do not give any additional condi-
tions and are automatically zero by the requirement dA = d*A = 0.
Essentially, the presence of the two second-order differential terms en-
sures that the solutions space of Ay, 0 A =0 and Dy, ja A = 0 match
exactly.

We now show that Dy, 4 is elliptic. The symbol calculation is very
similar to that for the Hga(M) cohomology in (3.6). Keeping only
fourth-order differential terms, and again using ~ to denote equivalence
of the symbol of the operators, we find

Dyign =~ dd“d“*d* + d*d*dd® + d*d*d*d + d**dd*a*
~ dd*d*d** + d*dd**d" + d*dd"a* + dd*d**a®
~ (d*d+dd*)(d*d" + ddM) = AgAgs
(3.13) ~ AL
In the above, as we had explained for the calculations for A in (3.6),
only the highest-order differential needs to be kept for computing the
symbol, and so we can freely make use of Kéhler identities. And indeed,

we used in line two and three the Kihler relations (with d* = d°* from
Lemma 2.9)

drd* ~ —d*d>  and dMd~ —dd**,

and Agn ~ Ag in line four of (3.13). In all, the symbol of Dy a is
equivalent to that of the square of the de Rham Laplacian operator.
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Dy, 4a is thus elliptic and hence its solution space, which consists of
H§+d/\ (M), is finite dimensional.

With Dy, 4 elliptic, assertion (ii) then follows directly by applying
elliptic theory. For (iii), using the decomposition of (ii), we have ker(d +
dA) = H4*+4" @ im dd®. This must be so since if d* A1 + dM A, s
d- and d*-closed, then

0= (App1, d(d* Apsy + d¥ A1) + (Ap_y, dN(d* Apgr + d™ A1)
= (d* Apyy + d Ay, d* Apyy +dM AL )
= ||d* A1 + d™ Ay |

Thus, every cohomology class of Hy, 4a (M) contains a unique harmonic

representative and H§+dA(M) = H§+d/\ (M). q.e.d.

Corollary 3.6. For (M,w) a compact symplectic manifold,

dimHerdA(M) < 0.

In short, we have been able to apply Hodge theory to H,, 41 (M) by
equating the harmonic solution space with those of Dy, 41, which we
showed is an elliptic operator. Having demonstrated that Hy, 42 (M) is
finite-dimensional, we shall proceed to consider some of its properties.

3.2.1. Lefschetz decomposition and d + d* primitive cohomol-
ogy. Consider the Lefschetz decomposition reviewed in Section 2. It is
generated by the sl(2) representations (L, A, H). Let us note that the
d + d* Laplacian has the following special property:

Lemma 3.7. Ay, ja commutes with the sl(2) triple (L, A, H).

Proof. Since Ay gn : QF(M) — QF(M) preserves the degree of forms,
[Agiqn, H] = 0 is trivially true. The commutation relations of L and A
follow from Lemma 2.3 and Lemma 2.10,

[Agian, L) = Nd*d + d**a*, L] = X ([d*, L)d + a**[d*, L]) = 0,
[Agign, Al = Nd*d + @**d™, A] = X (d*[d, A] + [@**,A]ld") =0,
having noted that both dd* and (dd™)* commute with L and A. q.e.d.

It is worthwhile to point out that in contrast, the de Rham Laplacian
and the d Laplacian Ay (3.3) do not by themselves commute with
either L or A. In fact, the elliptic operator D, 4 also does not commute
with L and A. That Ay, 42 commute with the s/(2) representation is
rather special. It also immediately implies the following.

Corollary 3.8. On a symplectic manifold of dimension 2n, and a
compatible triple (w, J, g), the Lefschetz operator defines an isomorphism

k. H];erA > ’Hfli;f for k <n.
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Proposition 3.7 and the isomorphism of H g, ga (M) with Hy g (M)
points to a Lefschetz decomposition of the d+ d* cohomology. This can
also be seen directly from the definition of the d+d” cohomology. Recall
from Proposition 2.6 that the condition ker d N ker d* is equivalent to
all the Lefschetz decomposed forms be d-closed. And Proposition 2.5(ii)
implies that the primitive components of dd*-exact forms are also dd*-
exact. This leads us to following primitive cohomology:

kerd N P*(M)  kerdn P*(M)

14 PHE (M) = =

(3.14) arar M) = 5gm A PE(M) — ddMPR(M)

The second equivalence is non-trivial. It is the statement that this co-

homology can be considered as a cohomology purely on the space of
primitive forms P*(M). This equivalence holds by the following lemma.

Lemma 3.9. On a symplectic manifold (M,w), if By, € P*(M) is
dd”-ezact, then there exists a Bj, € P¥(M) such that By = dd"Bj,.

Proof. That By, is dd®-exact means only that By, = d/alAAf,C for some
Al € QF(M). Lefschetz decomposing A}, and imposing the primitivity
condition give

1
0=ABy = Add A} = dd" —A L'B),_,,

r>0
1.
=dd* )" L Yn—k+4+r+1)B}_,,
r>1
=> Lps [(n—k 2) dd" B,
= ] n—k+s+2) k—2—2s]7
s>0

where in the second line we have used the identity [A, L] = L™ "1 (H —
r + 1) and in the third line have set s = r — 1. The last line can be
interpreted as the Lefschetz decomposition of a (k — 2)-form A}, with
primitive components By _, ,. = (n—k+s+2) ddAB,’g_Q_zs. But since
Al o =0and (n —k+s+2) > 0 (since k& < n), the uniqueness of
Lefschetz decomposition for the form A} _, = 0 implies aldAB,fc_Q_25 =0
for all s > 0. Thus, we find By = dd*A} = dd*Bj, where Bj, is the
primitive part of A} = B, + LB, _, +.... q.e.d.

For this primitive cohomology, we also have primitive harmonic forms
that follow directly by imposing Ay, 2B = 0. Because the forms are
now primitive, the Laplacian simplifies to

(3.15) AP = dd(dd) + Nd*d,

with A > 0. Note that AfH_dAB = 0 implies Ay, 2B = 0 since for a

primitive form, dB = 0 implies d*B = 0 (see Lemma 2.4). Thus, we
define:
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Definition 3.10 A differential form B € P*(M) is called (d + d*)-
primitive harmonic if A” apar B =0, or equivalently,

(3.16) dB=0, (dd“)*B=0.

We denote the space of (d + dM)-primitive harmonic k-forms by
P Hd+d/\( )

Theorem 3.11. On a compact symplectic manifold (M,w) of dimen-
sion 2n, H*, (M) satisfies the following properties:

d+dr
(i) There is a Lefschetz decomposition
k—2
d+dA @ r PHd+dX M),
k—2
7'lderA @ L P%clerK )

(ii) Lefschetz property: the Lefschetz operator defines an isomorphism

L Hy (M) = HV N (M) for k<.
Proof. Assertion (i) follows from Lefschetz decomposing the forms
and applying Proposition 2.6 and Proposition 2.5 as discussed above.
(ii) follows from (i) by applying L?"~* to the Lefschetz decomposed

form H* drar (M). q.e.d.
3.2.2. de Rham cohomology and the dd*-lemma. We now explore
the relationship between d 4+ d® cohomology and de Rham cohomology

Hi(M). There is a canonical homomorphism Hd+dA(M) — HE(M).

Trivially, the space of d- and d*-closed forms is a subset of d-closed
forms and likewise the space of dd™-exact forms is a subset of d-exact.
However, the mapping between the two cohomologies is neither injective

nor subjective. A trivial class in H* drqr (M) certainly maps to a trivial

class in H g(M ), but a non-trivial class in H* d-dh

HY(M). For instance, a d-exact form can be non-trivial in H

(M) can be trivial in

since in general, it may not be also dd*-exact. A d-exact form is only
always dd™-exact if the below dd”-lemma holds.

Definition 3.12 (dd"*-lemma) Let A be a d- and d*-closed differential
form. We say that the dd*-lemma holds if the following properties are
equivalent:
(i) A is d-exact;
(ii) A is d™-exact;
(iii) A is dd™-exact.

Without the dd*-lemma, the canonical mapping H5+d,\ (M) — HY(M)

is generally not injective. As for surjectivity, a de Rham cohomology
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class need not have a representative that is also d*-closed. As mentioned
in the Introduction, Matheiu [17] (see also [27]) identified the existence
of a d- and d“-closed form in every de Rham class with the strong
Lefschetz property, which is not satisfied by every symplectic manifold.
Interestingly, as shown by Merkulov [19] and Guillemin [9] (see also [5])
the existence of the dd*-lemma on a compact symplectic manifold M is
equivalent to M having the strong Lefschetz property. Therefore, this
implies

Proposition 3.13. On a compact symplectic manifold (M,w), the
dd™-lemma holds, or equivalently the strong Lefschetz property is satis-
fied, if and only if the canonical homomorphism H§+d,\ (M) — HE(M)
18 an isomorphism for all k.

Proof. Assuming first the dd®-lemma. Injectivity is then assured. Sur-
jectivity follows from the existence in each de Rham cohomology class
of a d- and d”-closed representative when the strong Lefschetz prop-
erty holds (Mathieu’s theorem [17]). Conversely, using again Mathieu’s
theorem, if the map is surjective, so that each de Rham class has a
representative that is also d”-closed, then the strong Lefschetz holds.
q.e.d.

If the canonical homomorphism is an isomorphism, then the dimen-
sions of the two cohomologies are equal. We thus have the following
corollary.

Corollary 3.14. On a compact symplectic manifold (M,w), if the
dd™-lemma holds, or equivalently if the strong Lefschetz property is sat-

isfied, then dim HY (M) = dim H} (M) for all k.

3.3. dd* cohomology. The d+d" cohomology followed from the short
differential complex

A A
Ok _4d°_ ok d+d Qk+L @ Qk—1,

Interestingly, simply reversing the arrows gives another differential com-
plex,
Ok+1

dA
e Sk o
Qk—l /d7

This leads us to introduce the dd®* cohomology

ker dd* N QF
(im d + im d*) N QF°
As may be expected, this dd® cohomology is closely related to the d+d*

cohomology. In fact, they are dual to each other, as we will explain below
in Section 3.3.2. For now, let us proceed to describe some its properties.

(3.17) HE (M) =
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The associated Laplacian operator of the dd® cohomology is also
fourth-order

(3.18) Aggr = (dd™)*dd™ + \(dd* + d*d™)
where A > 0. A harmonic form of this Laplacian satisfies

0= (A Aggr A) = [|ldd* A|* + X (|| A|I* + ||la**A|1?)
which leads us to the following definition.

Definition 3.15 A differential form A € Q*(M) is called dd”-harmonic
if Aggn A =0, or equivalently,

(3.19) dd*A=0, d*A=0, d*™A=o.

We denote the space of dd"-harmonic k-forms by 7—[5 ga (M).

Similar to Ay, g1, Agga is also not an elliptic operator. But as before,
we can consider an elliptic operator whose space of solution is identical
to that of Agga. Let
(3.20)  Dgga = (dd™)*(dd™) + (dd™)(dd™)* + dd**d*d* + d*d*dd™*

+ \(dd* 4 d*dM).
Let us show that D 4 is elliptic using the same method of the previous
subsections. Again labeling symbol equivalence by ~, we have
Dy~ dMd*dd® + ddhdM d* + ddMdrd* + dAdrddM
~ dd*d*d** + d*dd**d" + d*dd"d* + dd*d**at
~ (d*d+dd*)(dMdD + dhdM) = AgAg
~ A?l-

Then by applying ellliptic theory arguments, we have proved

Theorem 3.16. Let M be a compact symplectic manifold. For any
compatible triple (w, J, g), we define the standard inner product on QF (M)
with respect to g. Then:

(i) dimHE \ (M) < oo.

(ii) There is an orthogonal decomposition

(321) Qk — ,HgdA D (ko—l + dAQk-‘rl) @ (ddA)*Qk
(iii) There is a canonical isomorphism: H% (M) = HY  (M).

Also,

Corollary 3.17. For (M,w) a compact symplectic manifold,

dimHngdA(M) < 0.
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3.3.1. Lefschetz decomposition and the dd”* primitive cohomol-
ogy. Like the d+d” cohomology, the dd® cohomology exhibits Lefschetz
decomposition. The arguments are very similar to those in section 3.2.1,
so we will mainly state results here and focus on the differences.

The starting point is again to note:

Lemma 3.18. A ;n commutes with the sl(2) triple (L, A, H).
This implies the following corollary:

Corollary 3.19. On a symplectic manifold of dimension 2n, and a
compatible triple (w, J, g), the Lefschetz operator defines an isomorphism

LR Hh (M) = HIR (M) for k<.

Hence, this leads to a Lefschetz decomposition of the dd*-harmonic
forms and also of H 4 (M) by the canonical isomorphism of Theorem
3.16(iii). The dd® primitive cohomology takes the form

(3.22)
ker dd® N P*(M) ker dd® N PF(M)

k _ —
PHaan (M) = (e d S im dA PR (d+ LH P - dhprit’

1
where H™! = Dk p— II* is the inverse of the degree-counting opera-
n—

tor H. Here, we have again written the cohomology as defined solely on
the space of primitive forms. This is possible by the following property
of d + d*-exact primitive form.

Lemma 3.20. On a symplectic manifold (M,w), if By € P*(M)
is d + d™-exact—that is, By, = dA, | + d/AA’k’Jrl —then there exist two
primitive forms §2—1 and B\gﬂ such that By = (d + LH_ldA)E,;_l +
dAE//

k—+1-

Proof. Since By, is primitive, k < n. Lefschetz decomposing Aj _, and

Ay, we have

;c—lzBl/f—l—i_"'? Z+1=BIZ+1+LB;Z_1+...,
with By, = 0 if k = n. In the above, we have only written out the first
few terms of the decomposition; the other terms will not play a role.
Now

dAj_y=(BY+ LB} o) +...,

AN AYy = —HB + (B + LB{ .y — LHB,) + ...

where superscripted primitive forms BY ; and Bl_; are the primitive

components of dB; = BY,; + L B!_; as in Lemma 2.4(i). To write down
the second equation, we have used the relations [d}, L] = d in Lemma
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2.3 and d*B; = —HB!_, of Lemma 2.4(ii). Since d4)_, + dAAk_i_1 is
primitive, we must have

By = dAj_, +d*A}_, = BY + B}° - HB}",

with any additional terms on the right with powers of L vanishing. Let
us now define

B, =B}, +Bj_, BIZH = By 1.
We only need to check
(d+LH'd)Bj_, +d*B{,, = BY - HB}},
— (B + B//O) HB//l Bk,

noting that in general the differential operator (d + LH~'d") : B, —
BY.,. q.e.d.

(Acting on a primitive form, (d + LH 'd*)B, = (1 — LH 'A)dB, =
BY. . Hence, this operator consists of the exterior derivative followed
by a projection onto the first primitive component of the Lefschetz de-
composition. Properties of this operator will be discussed more fully in
23]

Let us now describe the harmonic forms of the dd® primitive coho-
mology. We shall impose A ;1 B = 0. But with the forms now primitive,
the Laplacian simplifies to
(3.23) AZ A =
with A > 0. In the above, we have noted that for primitive forms,
d** B = 0 implies d* B = 0. This follows from the commutation relation
[d™*, A] = —d* in Lemma 2.10. Let us define the following:

Definition 3.21 A differential form B € P*(M) is called dd™-primitive

harmonic if AP 42 B = 0, or equivalently,

(3.24) dd*B =0, d“B=0.

= (dd™)*dd™ + N adr,

We denote the space of dd™-primitive harmonic k-forms by P’Hlj ga (M).

We collect the Lefschetz decomposition properties.

Theorem 3.22. On a compact symplectic manifold (M,w) of dimen-

sion 2n, H} \(M) satisfies the following properties:

(i) There is a Lefschetz decomposition
ddA @ L"p Hfd/\% )7

HE A (M @ L PH’; (M)
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(ii) Lefschetz property: the Lefschetz operator defines an isomorphism

LF e HY (M) = HZORM)  for k<.

3.3.2. Duality with d + d* cohomology. As is evident, H} .\ and
H; ah share many properties. Indeed, just by comparing the expressions
of their respective Laplacians in (3.9) and (3.18), one finds:

Lemma 3.23. The Laplacians of the d + d* and dd® cohomology
satisfy

*Ad—l—dA = AddA * .

The following proposition then follows straightforwardly.

Proposition 3.24. On a symplectic manifold (M,w), Hd+dA,7-[§7fr;/]f
HddA,’H%_k are all isomorphic. For k < n, we have the diagram

dd?
Hd—i—d/\( ) - H?[ZA k( )
Lnfk Anfk Anfk: Lnfk

The uniqueness of the harmonic representative in each cohomology
class then imply the following.

Corollary 3.25. On a compact symplectz'c manifold (M,w),

M) = H;;LA K(M) and hence dlmH M) :dimelleA B(M).

M) and H} (M), are

Hd+dA(

Being isomorphic, the cohomologies, Hj, (
also naturally paired.

d+dh (

Proposition 3.26. On a compact symplectic manifold (M,w), the
natural pairing

Hd—i—dA (M) H[?SA k(M) — R,

defined by
A Al — / ANA,
M
is non-degenerate, that is, a perfect pairing.
Proof. Notice first that the integral is well defined; that is, it is
independent of the choice of the representative in either of the two
cohomology classes. To show non-degeneracy, we can then choose A

and A’ to be the respective harmonic representatives. In particular, let

A€ Hd+d/\( )and A" = %A € ’Hfﬁ,\ F(M). We thus have for A # 0,

A®*A—>/ AN 5A = |JA|2 > 0.
M

q.e.d.
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k=0| k=1 k=2 k=3 k=4

HC]} 1 Jej,er,e3|w,e19—es3q,€13, €24 wAep,wAeg, wAey %wz

HCIlfA 1 |ei,ez,eq|w,era—e34,€13,€24 wAer,wAeg, wAes %wz

H§+dA 1 Jei,eo,e3|w,e19—e34, €13, €94, €23 | WAET, WAEY, WAES %w2
H[I;dA 1 Jei,eo,eq4|w,e19—e34, €13, €94, €14 | WAET, WAECY, WAEY %w2

Table 2. Bases for Hyg, Hyn, Hy gn and Hgga of the
Kodaira—Thurston fourfold in terms of the one-forms e;
(3.25) and symplectic form w (3.26).

3.4. Example: Kodaira—Thurston nilmanifold. It is helpful to have
an explicit example showing clearly the differences between the differ-
ent cohomologies discussed above. For this we consider the following
Kodaira—Thurston nilmanifold.

Let M = M* be the nilmanifold defined by taking R* and modding
out by the identification

(x1,x9,23,24) ~ (x1 + a,x2 + b, 23+ ¢, 24 + d — bxg),

with a, b, ¢,d € Z. The resulting manifold is a torus bundle over a torus
(or more specifically here, an S! bundle over T%) with a basis of cotan-
gent one-forms given by

(3.25) ey = dry, eo = dxo, e3 = dxs, eqs = dxy + xo dxs.
We take the symplectic form to be
(3.26) w=e1Ney+e3Aey.

Such a symplectic nilmanifold, discussed by Kodaira [13] and Thurston
[21], admits a complex structure, though not a Kéhler stucture since its
first Betti number b; = 3 is odd. A compatible almost complex structure
can be expressed in terms of a decomposable (2, 0)-form

(3.27) Q= (e1+ie) A(es+ieq) = (e13 — eaq) + i (€23 + €14),
using the notation e;,4, i, = €;; Aej, A .. Ae;, . However, €2 is not closed;
dReQZO, dImQ:—elgg.

Hence, the almost complex structure is not integrable.

The various symplectic cohomologies can be calculated by writing
out explicitly the global differential forms. The globally defined forms
will not depend on the fiber z4 coordinate. A basis for the various co-
homologies of Kodiara—Thurston manifold are given in Table 2.

Notice first that for k& even, all five cohomologies share at least one
element. This follows from the general fact that powers of the symplectic
form, w™ for m = 0,1,...,n, are always d- and d*-closed, and hence,
they are non-trivial elements for the five cohomologies.
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Let us also point out certain properties of some of the differential
k-forms on M. For k = 1, e3 is d- and d®-closed. However, it is also d®-
exact as e3 = d*ey4. The form, e4, on the other hand, is d*-closed, but
it is not d-closed. For k = 2, eq3 is certainly d-closed; however, it is also
d-exact and dA—exact, €93 = dey = dA€124, but not dd*-exact. Thus ey3
is an explicit example showing that the dd®-lemma fails for M*. (The
dual submanifold associated with es3 has an interesting property that
we discuss in Section 4, Example 4.2.) Also noteworthy is ej4, which is
dd™-closed but not closed under either d or d*.

With the Kodaira-Thurston nilmanifold not satisfying the dd*-lemma,
we also see that the strong Lefschetz property does not hold for the de
Rham and d™-cohomology. However, as required, strong Lefschetz cer-
tainly does hold for H; ah and H; ga- From Table 2, we also see the

natural pairing between H 5 Lan and H;;Ak, while Hj and Hj, pair with
themselves.

4. Dual currents of submanifolds and primitive cohomology

A striking feature of the new symplectic cohomologies introduced in
the last section is that they all commute with Lefschetz decomposition
and hence naturally led us to cohomologies on the space of primitive
forms. One of the two primitive cohomologies, PHy, 41 (M), consists of
primitive elements that are d-closed. Hence, elements of this primitive
cohomology are also elements of the de Rham cohomology. With de
Rham’s theorem relating Hy(M) to the homology of singular chains, a
natural question is what special subsets of cycles/chains of a smooth
compact symplectic manifold M are dual to elements of primitive co-
homologies. In this section, we begin to explore this issue by analyzing
the dual currents of the special submanifolds (e.g., coisotropic, isotropic,
and symplectic) on a symplectic manifold M. (Recall that a submanifold
X C M is coisotropic if for every x € X, the symplectic complement of
the vector subspace 1T, X C T, M is also in T, X, ie. (T,X)Y C T, X.
Moreover, X is lagrangian if (7, X)“ = T, X, isotopic if T, X C (T,X)*,
and symplectic if T, X N (T, X)“ = {0}.) We will find that the dual cur-
rents of lagrangians and coisotropic submanifolds are in fact primitive,
and thus they can be considered as possible dual elements of primitive
cohomologies. We then introduce a homology on the subset of chains
that are coisotropic.

Let X C M be a compact codimension m submanifold, possibly with
boundary. The dual current associated with X denoted by px is de-

fined by
/i*a:/ alpx,
b's M
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where i : X < M is the embedding map and « is an arbitrary test
(2n — m)-form [6]. If « is taken to be an element of the de Rham coho-
mology class, then the dual current is just the standard Poincaré dual,
or equivalently, the Thom current of the normal bundle.

For the special submanifolds of interest on M, the dual current can
be expressed simply in local coordinates (see, for example, [18]). In a
local tubular neighborhood U of X C M (assumed here not to con-
tain any boundary), we can work in the local Darboux coordinates
(P1y--+yPnsq1, - - -, Gn) such that the symplectic form takes the standard
form

w=Y_dp; Adg,

and X, having codimension m = mj 4+ mao, is the zero locus of

PIl=...=Dmy =@ =¢2=...=qmy, =0.

The dual current then has the canonical form

pX:5(p17"'7pm17(h7"'7Qm2)dp1/\---/\dpml/\dQIA---/\de27

with the §-function distribution defined as 6(f) = f(0). Clearly, for any
closed submanifold, we find dpx = 0.

Bahramgiri [2] has shown that the dual current of a closed submani-
fold is not only d-closed but also d*-closed if and only if X is coisotropic.
A sharper statement is that the d*-closedness property is due to the fact
that px is primitive when X is coisotropic. We give the property of the
dual current for coisotropic, isotropic, and symplectic submanifolds.

Lemma 4.1. Let X C M be an embedded compact submanifold with
dual current px. Then
(i) px is primitive if and only if X is coisotropic.
(il) *5px is primitive if and only if X is isotropic.
(iii) If X is symplectic with codimension m = 21, then A¥px # 0 for
k=1,...,1.

Proof. One can prove the lemma by making use of the canonical local
coordinates described above and applying the defining property of the
submanifolds. The proof we give here follows from the integral definition
of the dual current.

(i) Note first that if the submanifold is codimension m = 1, the
statement holds trivially, as X would be automatically coisotropic and
the dual 1-current is trivially primitive. Now, in general, a coisotropic
submanifold X2"~™ M of codimension m satisfies the condition

n—m-+1 =0.
X2n—m

w

In the case m = n, this condition reduces to the lagrangian condition.
Integrating a test form o = w1 A B,,_o with B, arbitrary over
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X?2r=m e find

0= / i*(w"_m+1 A Bm—2) = / WA B_o A px.
X2n—m M

But since B,,_s is arbitrary, we must have w™ ™! A px = 0, which
is precisely the primitive condition (Defintion 2.1) for the m-current
px. Thus, X coisotropic implies px primitive. Conversely, if X is not
coisotropic, then there exists a test form [,,_o such that the integral is
nonzero. Then py cannot be primitive, as w1 A px # 0.

(ii) Similarly, let X* be an isotropic submanifold with 1 < k < n.
The cases k = 0,1 are trivially true. The isotropic condition is that

w‘xk =0.

Now let the test form a = w A Bp_o with Si_o arbitrary. We find

O:/ z'*(w/\ak_g):/ wAag_oApx,
Xk M

which implies L px = 0 or, equivalently, A(x; px) = 0. Therefore, the
k-current xz px is primitive or px = ﬁ L"*ox with ox being the
primitive k-current. The converse statement similar to the proof (i) is
straightforward.

(iii) Note that Alpx # 0 implies A¥px # 0 for k = 1,2,...,1 — 1.
So we only need to show Alpx # 0 for X a symplectic submanifold.
Such a statement basically follows from an argument due to Bahramgiri
[2], which we reproduce here. For a symplectic submanifold X 201 we
have

' O‘)n—l wn—l o‘)l
07 /szﬂ <<n— z>!> B /M (n—n " /M <7> hox
!
o ! IVaR]

Hence, we find Alpy # 0. q.e.d.

Note that the above lemma holds without regard to whether the
submanifold is closed or not. If X is in fact closed, then as mentioned
it is clear that px is d-closed.

Example 4.2 We give some examples of dual currents of closed sym-
plectic and lagrangian submanifolds of the Kodaira—Thurston manifold
M*, discussed in Section 3.4. With the symplectic form w = eqs + 34,
submanifolds that wrap around (x1,z2) and (x3,x4) are symplectic.
Their dual currents pg can, for instance, take the form

(x1,22) 1 ps = 0(x3,24) €34, (x3,24) 1 ps =6(x1,22)e12.

Clearly Aps # 0. Submanifolds that wrap around (z1,z3), (x2,24), Or
(r1,x4) are lagrangian. Note that there is no submanifold wrapping
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around (r2,73) as the S! bundle has no zero section. A representative
set of dual currents py, for these lagrangians are

(z1,23) : pr = d(w2,73) €24,
(x2,24) : pr =0(x1,23) €13,
(x1,24) : pr = (a2, 23) €a3.

And certainly all py, are primitive.

It is interesting to point out that although es3 represents a non-trivial
class of H (M %), it is a trivial element in H3(M*). The submanifold,
Ly4, wrapping around (z1,x4) is a lagrangian but not strictly a two-
cycle. Further, using the compatible almost complex structure of (3.27),
we find that ReQ|r,, = 0 and Im|1,, = vol(Ly4) and so that L4 is
in fact a special lagrangian submanifold. However, since dIm € # 0,
Lq4 is actually an example of a generalized calibrated submanifold as
discussed in [10]

4.1. Homology of coisotropic chains. Having seen that closed co-
isotropic submanifold are associated with d-closed primitive dual cur-
rents, we proceed now to describe how a primitive cohomology can be
dual to a homology on coisotropic chains.

Beginning with the primitive cohomology

ker d N P*(M)
k
PHaran ) = =gmpriary

we note that while the exterior derivative d is dual to the boundary
operation 9 acting on submanifold, the dual chain operation for the d*
operator is not as clear. We will sidestep this issue here by introducing
the following d-primitive cohomology

kerd N P¥(M)  kerdNP*(M)
k _ —

where P'*(M) C P*(M) is the space of d*-closed primitive forms; that
is, B € P'(M) if AB =0 and d*B = 0. Such a primitive space has the
following desirable property.

Lemma 4.3. Let By, € P*(M). Then dBy is primitive if and only if
dMBy, = 0, that is, By, € P™*(M). In particular, fork < n, d : P*(M) —
Plk+1(M).

Proof. This follows simply from Lemma 2.4. If d By, is primitive, then
0 = —AdBy, = d*B;, = 0. Conversely, assume now By, € P'*(M); then
d*By = —HB]_, = 0. Therefore, dB, = B}, + LB}_, = BY_,, which
is primitive. This shows that d : P’*(M) — P¥T1(M). Continuing, we
have dAB,g 41 = d*dB, = —dd“Bj, = 0, which implies in particular
BY., € PRHY(M). q.e.d.
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With @ : Pk — Pkl and dA* = 0, it is clear that the image of
dd™PF is contained within d P’*~1. The two images coincide if the dd*-

lemma holds. Therefore, we see that PH%(M) C PH§+dA (M), and this

implies in particular that PH C’l“ (M) must also be finite dimensional.

Proposition 4.4. On a compact symplectic manifold (M,w), for
k<n,
dim PHj(M) < dim PH};, ;s (M) < cc.

Let us now consider the cohomology PH §(M ) defined on the space
of primitive currents instead of forms. This leads us to a natural dual
homology on (M,w).

Let C;(M) be the space of I-chains that are coisotropic. If the co-
isotropic chains contain boundaries, we require that their boundaries are
also coisotropic. With 0 denoting the operation of taking the oriented
boundary, we introduce a homology on coisotropic chains

(4.2) PHy(M) = —kearg:ﬁ\% )

for n <1 < 2n.

The homology PH;(M)can be seen to be naturally dual toPHﬁ”_l(M)
of (4.1). The requirement that any boundary of C;;1 is also coisotropic
ensures that 0 : C;y1 — C;. This is precisely dual to the requirement
that d®P’ = 0, which ensures d : P'?*~I=1 — P2n—l Explicitly, let

Cl(l), Cl(2), 1(121) € C«(M) and suppose Cl(2) = Cl(l) + 30&21); that is, the
(12)

boundaries of lel are coisotropic. Integrating over the test form «, we

have
O:/ o —/ e —/ e
c® o 9012

+1
= / ahph), - / ahph) - / danph?,
M M M
2 1 12
= / an <P§n)_l - Pén)—l - (_1)ldpénll—1) g
M

where p&)_l, p;i)_l, p;f_)l_l € P*(M) are the respective dual primitive

currents. Since « is arbitrary, we find p;i)_l — p&)_l = (—1)ldp§1n2zl_1;
hence, dpgfl ;—1 must also be primitive, and by Lemma 4.3, ar pgfl —1 =

0 and therefore pélle_l € P'?~I=1(M). The converse statement can
also be shown straightforwardly, and we see that the dual current is an
element of P'(M) if and only if the boundary of the coisotropic chain is
also coisotropic.

Furthermore, if we consider an infinitesimal symplectomorphism, not
necessarily hamiltonian, the homology class of both the closed primitive
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current and the coisotropic cycle (i.e., a closed coisotropic chain) re-
mains invariant. For the closed primitive current, since the Lie derivative
Ly B = d(iy B) must be primitive, Lemma 4.3 implies iy B € P'(M).
For a closed coisotropic cycle of dimension [, an infinitesimal symplecto-
morphism sweeps out a coisotropic chain Cj1, of one higher dimension.
That this Cj41 is coisotropic can be shown by using local Darboux co-
ordinates in the tubular neighborhood.

We have shown that PHY(M) is finite dimensional over differential
forms by comparison with PH 5 g+ (M). Demonstrating the same on the
space of currents involves a more direct proof of finite dimensionality
of PH g(M ) over smooth forms. This and other properties of primitive
cohomologies will be discussed in follow-up papers [23, 22].

5. Discussion

We have introduced new finite-dimensional symplectic cohomologies—

Hy 2 (M) and Hj,\(M)—using the differential operators d + d® and

dd™. These cohomologies are all isomorphic to the de Rham cohomol-
ogy when the dd*-lemma holds on M. And conversely, when they dif-
fer from the de Rham cohomology, this implies the dd”-lemma and the
strong Lefschetz property both fail. As Kéhler manifolds satisfy the dd”-
lemma, the new cohomologies are particularly suited for distinguishing
the more intricate geometries of non-Kéahler symplectic manifolds.

It is interesting to compare the symplectic cohomologies with the
known differential cohomologies on complex manifolds, N, not necessar-
ily Kahler. Besides the standard ones of deRham and Dolbeault, there
are two others that have also been studied: the Bott-Chern cohomology

ker 0 Nker 9) N QP4(N)
1 HPL(N) = ( =
(5.1) so(N) im 90 N Qr~La—L(N)

and the Aeppli cohomology [1]

ker 99 N QP4(N)
(im 8 +im 9) N QP4(N)’
These two cohomologies are similarly paired and share many analogous
properties that we have shown for the pair H5+d,\ (M) and HfdA(M)
defined on symplectic manifold. Indeed, both can be shown to be finite
dimensional by constructing self-adjoint fourth-order differential opera-
tors [14, 3] (see also [20]). Explicitly, the fourth-order operators are
(5.3) o B B o B B o
Dpc = (00)(070")+(0"9%)(00)+(070)(0*0)+(0"0) (0" 0)+ (0" 0+070),

(5.4)
Dy = (90)*(99) + (99)(8)* + (95" )(80*) + (90" )(dF") + A(90* + HF*),

for real constants A > 0. Indeed, they are analogous to D y4a and D ga
in (3.12) and (3.20), respectively.

(5:2) H(N) =
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In the spirit of mirror symmetry—in the most general sense that
certain properties of complex geometry are directly associated with cer-
tain properties of symplectic geometry—we should identify the symplec-
tic differential pair (d,d") with the complex pair (9,0). An immediate
question that arises is what is then the dual of the de Rham cohomology
(d = 0+ 0) on a symplectic manifold M? This suggests looking at the
cohomology of type
H(M) = .ker(d +d) ‘

im (d + dM)

But notice that (d-+d™)? = 0 only if we consider the space of differential
forms Q*(M) partitioned not into fixed degrees, that is QF(M), but
into the space of even and odd degrees—Q°¢’(M) and Q°%(M). This
would then be a cohomology acting on the formal sums of even or odd
differential forms. Doing so, one can then show by means of a basis
transformation (as in [5, p.89]) that H (M) above is indeed isomorphic
to the de Rham cohomology.

Having noted the similarities of cohomologies in complex and sym-
plectic geometries, it is natural to consider extending the cohomolo-
gies to the generalized complex geometries introduced by Hitchin [11]
(see also [8, 5]). As generalized complex geometry brings together both
complex and symplectic structures within one framework, there should
certainly be an extension of the new symplectic cohomologies in the
generalized complex setting, and it would be interesting to work them
out explicitly (see [24]).
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