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ON THE DISCRETENESS OF THE SPECTRUM
OF THE LAPLACIAN ON NONCOMPACT
RIEMANNIAN MANIFOLDS

ANDREA CIANCHI & VLADIMIR MAZ’YA

Abstract

Necessary and sufficient conditions for the discreteness of the
Laplacian on a noncompact Riemannian manifold M are estab-
lished in terms of the isocapacitary function of M. The relevant
capacity takes a different form according to whether M has fi-
nite or infinite volume. Conditions involving the more standard
isoperimetric function of M can also be derived, but they are only
sufficient in general, as we demonstrate by concrete examples.

1. Introduction

Let M be an n-dimensional connected Riemannian manifold. We
denote by Ajs the semi-definite self-adjoint Laplace operator in the
Hilbert space L?(M) associated with the closed bilinear form

(1.1) a(u,v):/ Vu-VodH",
M

defined for u and v in the Sobolev space W12(M). This definition of Ay,
encompasses various special instances. For example, if the space C§° (M)
of smooth compactly supported functions on M is dense in W2(M),
the operator Ajs agrees with the Friedrichs extension of the classical
Laplacian, regarded as an unbounded operator on L?(M) with domain
C3°(M). This is certainly the case when M is complete [Ch, Ro, St],
and, in particular, if M is compact. A different situation occurs when M
is an open subset of R”, or, more generally, of a Riemannian manifold;
in this case, Ajs corresponds to the so-called Neumann Laplacian on M.

We are concerned with the problem of the discreteness of the spec-
trum of Aps. This property is well known when M is compact, or when
M is an open subset of R™ with finite measure and sufficiently regular
boundary. However, the spectrum of A ;s need not be discrete in general.
Special situations, which are not included in this standard framework,
have been considered in the literature. For instance, conditions for the
discreteness of the spectrum of the Laplacian on noncompact complete
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manifolds with a peculiar structure are the object of several contribu-
tions, including [Ba, Bro, Brii, DL, Es, K11, K12|. On the other hand,
a characterization, involving capacities, of open subsets of R™ with fi-
nite measure whose Neumann Laplacian has a discrete spectrum was
established in [MaZ2, Ma3].

It is the aim of the present paper to provide a necessary and sufficient
condition, in a spirit similar to [Ma2, Ma3|, on an arbitrary Riemann-
ian manifold M for the spectrum of Ay to be discrete. Our charac-
terization involves a function associated with M, which will be called
the isocapacitary function of M. Its name stems from the fact that it
is the optimal function of the measure of any subset E of M which can
be estimated by a suitable capacity of F. The relevant capacity takes a
different form according to whether H" (M) < oo or H" (M) = oo. Here,
H" denotes the n-dimensional Hausdorff measure on M, i.e. the volume
measure on M induced by its Riemannian metric, and hence H" (M) is
the volume of M. As a corollary of our capacitary characterization, we
derive a sufficient condition for the discreteness of the spectrum of the
Laplacian on M involving the isoperimetric function of M, namely the
optimal function in the isoperimetric inequality on M. Our conditions
depend only on the asymptotic behavior at 0, and also at infinity if
H"™ (M) = oo, of the isocapacitary or isoperimetric function of M.

Isoperimetric inequalities have a transparent geometric character, and
their applications to the study of eigenvalue problems on Riemannian
manifolds is quite classical—see e.g. [BGM, Cha, CF, Che, Ga, Ma5,
Ya]. One aspect of our discussion that we would like to emphasize is
that, although quite effective when dealing with spectral properties of
manifolds with a sufficiently regular geometry, the use of isoperimet-
ric inequalities yields results that are not the best possible in general.
The criterion in terms of the isoperimetric function of M that will be
established is sharp, in a sense, for the discreteness of the spectrum of
Ajs. However, isocapacitary inequalities are a more appropriate tool,
since they enable us to provide a full characterization of Riemannian
manifolds where Aj; is discrete. Such a characterization applies to cer-
tain manifolds with complicated geometric configurations for which the
approach by the isoperimetric function fails. This will be shown by an
explicit example of a family of manifolds with a sequence of clustering
submanifolds.

Key steps in our approach are criteria, of independent interest, for
the compactness of the embedding of the Sobolev space W2(M) into
L?(M) in terms of the isocapacitary function of the manifold M.
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2. Manifolds with finite volume

In this section we are concerned with the case when H"(M) < oc.

2.1. Discreteness of the spectrum. Given sets £ C G C M, the
capacity C(FE,G) of the condenser (E,G) is defined as

(2.1)
C(E,G) = inf{/ |Vul*dz :u e WH2(M),u>1in F and u < 0
M

in M\ G (up to a set of standard capacity zero)} .

Here, W12(M) denotes the Sobolev space defined as

WY2(M) = {u € L}*(M) : u is weakly differentiable in M
and |Vu| € L*(M)},

and

lallwrzny = /TulZap + 1Vl

for u € W12(M). We refer to [He| for a comprehensive treatment of
the theory of Sobolev spaces on Riemannian manifolds.
The isocapacitary function vy : [0, H"(M)/2] — [0, 0] is given by

2.2
I(/M (l) = inf{C(F,G) : E and G are measurable subsets of M such that
ECGCM and s <H"(E), H*'(G) < H"(M)/2}
for s € [0, H"(M)/2].
The function vy is clearly non-decreasing. The isocapacitary inequality

on M is a straightforward consequence of definition (2.2), and tells us
that

(2.3) vmu(H"(E)) < C(E,G)

for any measurable sets £ C G C M with H"(G) < H™(M)/2. A ver-
sion of the isocapacitary function on open subsets of R was introduced
in [Ma2, Ma3|, and employed to provide necessary and sufficient con-
ditions for embeddings in the Sobolev space of functions with gradient
in L2.

Our characterization of Riemannian manifolds of finite volume with
a discrete spectrum reads as follows.
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Theorem 2.1. Let M be a Riemannian manifold such that H™ (M) <
oco. Then the spectrum of Ay is discrete if and only if

(2.4) s

sl—H>%) I/M(S)

Incidentally, let us mention that condition (2.4) turns out also to
be optimal for the existence of eigenfunction estimates in L9(M), with
q € (2,00) [CM, theorem 2.1]. On the other hand, eigenfunctions of
the Laplacian need not be in L>(M) under (2.4). The boundedness of
eigenfunctions is only guaranteed provided that (2.4) is strengthened to

| <

—see [CM, theorem 2.3].

Theorem 2.1 can be used to derive a sufficient condition for the
discreteness of the spectrum of Ajp; in terms of another function, of
genuinely geometric nature, associated with M. This is called the
isoperimetric function of M and will be denoted by Aps. The function
A c [0, H™ (M) /2] — [0, 00] is given by

(2.5) Av(s) =inf{P(E):s <H"(E) <H"(M)/2}.
Here, P(FE) is the perimeter of E, which can be defined as
P(E)=H""Y(0"E),

where 0*E stands for the essential boundary of E in the sense of geomet-
ric measure theory, and H"~! denotes the (n— 1)-dimensional Hausdorff
measure on M, namely the surface measure on M induced by its Rie-
mannian metric. Recall that 0*F agrees with the topological boundary
OF of E when FE is regular enough, e.g. an open subset of M with a
smooth boundary.

The very definition of s leads to the isoperimetric inequality on M,
which reads

(2.6) A (H"(E)) < P(E)

for every measurable set £ C M with H"(E) < H"™(M)/2.

The isoperimetric function of an open subset of R™ was introduced in
[Mal] (see also [Ma4]) in view of the characterization of Sobolev em-
beddings for functions with gradient in L'. In more recent years, isoperi-
metric inequalities and corresponding isoperimetric functions have been
intensively investigated on Riemannian manifolds as well—see e.g. [BC,
CF, CGL, GP, Gr, MHH, Kle, MJ, Pi, Ri|.

The functions vy, and Ays are related by the inequality

1
(2.7) vy (s) > TN T for s € (0,H™(M)/2),

fs A (r)?
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which follows along the same lines as in [Ma4, proposition 4.3.4/1].
Since M is connected, by an analogous argument as in [Mad4, lemma
3.2.4] one can show that Ay(s) > 0 for s > 0. Owing to inequality
(2.7), var(s) > 0 for s > 0 as well.

The following result is easily seen to follow from Theorem 2.1, via
(2.7).

Corollary 2.2. Let M be a Riemannian manifold such that H" (M) <
0o. Assume that
s
2.8 lim —— =0.
(28) S50 Aar (s)

Then the spectrum of Ay is discrete.

Observe that both Theorem 2.1 and Corollary 2.2 recover, in par-
ticular, the classical result on the discreteness of the spectrum of the
Laplacian on any compact Riemannian manifold M. Indeed, if M is
compact, then

(2.9) Av(s) s n near 0,
and
n—2
s ifn>3
2.10 v ~ _ -
( ) n(s) {(log%) ! ifn=2,

near 0. Here, and in what follows, the notation
(2.11) f=yg near 0

for functions f,g : (0,00) — [0,00) means that there exist positive
constants cq, co, and sg such that

(2.12) c1g(c1s) < f(s) < cag(cas) if s € (0,s0).

Remark 2.3. Assumption (2.8) is essentially minimal in terms of Ay
for the spectrum of Ajs to be discrete, in the sense that (2.8) is sharp in
the class of all manifolds M with prescribed isoperimetric function Apy.
To be more specific, consider any non-decreasing function A : [0,00) —
[0, 00), vanishing only at 0, and such that
Als)

n—1

S n

(2.13)

~ a non-decreasing function near 0.

By [CM, proposition 4.3|, there exists an n-dimensional Riemannian
manifold of revolution M fulfilling

(2.14) A (s) = A(s) near 0.

Note that assumption (2.13) is required in the light of the fact that (2.9)
holds for any compact manifold M, and that Ay/(s) cannot decay more
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slowly to 0 as s — 0 in the noncompact case. Now, if A\ is such that

lim sup,_, ﬁ > 0, then

(2.15) lim sup

>0
s—0  Am(9)

as well. Owing to [CM, corollary 4.2], condition (2.15) is equivalent to

lim sup

>0,
s—0  vMm(s)

when M is the manifold of revolution in question and, by Theorem 2.1,
the latter condition implies that the spectrum of Ay, is not discrete.

2.2. Compactness of a Sobolev embedding. We shall deduce The-
orem 2.1 via Theorem 2.4 below, showing the equivalence of condition
(2.4) and of the compactness of the embedding

(2.16) WL2(M) — L2(M).

Indeed, a standard result in the theory of positive-definite self-adjoint
operators in Hilbert spaces (see e.g. [BS, chapter 10, section 1, theo-
rem 5]) ensures that the discreteness of the spectrum of the operator
—Ajs +1d, and hence of —Ajs, on M is equivalent to the compactness
of embedding (2.16).

Theorem 2.4. Let M be a Riemannian manifold such that H™ (M) <
00. Then embedding (2.16) is compact if and only if (2.4) holds.

In our proof of Theorem 2.4, we need to consider an auxiliary Sobolev
type space V12(M) defined as

V(M) = {u: u is weakly differentiable in M and |Vu| € L?(M)}.

Given any open set w C M such that @ is compact, the expression

VIValagn + lul2a,

defines a norm in V12(M). Different choices of w result in equivalent
norms in V12(M). Clearly,

Wh2(M) = VY2(M) N LA(M).

Note that W12(M) may be strictly contained in V2(M), due to the
lack of a Poincaré type inequality between infecr ||u — cl|z2(ar) and
[Vl £2(ary on noncompact manifolds with an irregular geometry.

Our first result is concerned with the equivalence of the compactness
of the embeddings W12(M) — L?(M) and VV2(M) — L?(M).

Lemma 2.5. Let M be a Riemannian manifold such that H™(M) <
oo. Then the embedding

(2.17) VI2(M) — L*(M)
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1s compact if and only if the embedding
(2.18) Wh2(M) — L*(M)
18 compact.

Proof. The compactness of (2.17) trivially implies the compactness
of (2.18).

Conversely, assume that (2.18) is compact. Then there exists an
increasing function ¢ : [0, H"(M)] — [0,00) fulfilling lims_,o((s) = 0,
and such that for any measurable E C M with |E| < s

(2.19) /Eu2d’H" < g(s)</M |Vu|?dH™ + /M u2d7-[">

for every u € Wh2(M). Given any s € (0, H"(M)) such that ((s) < 1,
let w be any open set as in the definition of the norm in V2(M) such
that H"(M \ w) < s. Such a set w exists since M is, in particular, a
locally compact, separable topological space with a countable basis. We
deduce from (2.19) that

(2.20) /M\w wrdH™ < : E(zzs) < /M|Vu|2d7-["+ /w u2d7-[">

for every u € WH2(M). Inequality (2.20) continues to hold for every
u € VH2(M), as it is easily seen on truncating any such function at
levels t and —t, applying (2.20) to the resulting function (which belongs
to WL2(M)), and then letting t — oo.

Now, let {ug} be any bounded sequence in V%2(M). Thus, there
exists C' > 0 such that

(2.21) /M |Vug|> dH™ + / up dH" < C.

From (2.20) and (2.21), we obtain that
C
Vu 2d7—t"+/ up dH"™ < :
7 =T

By the compactness of embedding (2.18), there exists a subsequence
of {uz} converging in L?(M). The compactness of embedding (2.17)
follows. q.e.d.

The next lemma shows that the embedding V'2(M) — L?(M) is

equivalent to a Poincaré type inequality. In what follows, med(u) de-
notes the median of the function w, given by

med(u) = sup{t : H"{u >t} > H"(M)/2},

and mv(u) stands for the mean value of u, defined as

(2.22) mv(u) = W /MudH".
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Lemma 2.6. Let M be a Riemannian manifold such that H"™ (M) <
oo. Then the embedding

(2.23) VI2(M) — L*(M)
holds if and only if there exists a constant C such that
(2.24) |[u —med(u)|2(ary < ClVullL2(an

for every u in VV2(M).

Proof. We claim that embedding (2.23) is equivalent to the inequal-
ity

(2.25) inf [lu = ¢l 2y < ClIVull 2

for some constant C' and for every u in V12(M). Indeed, assume that
(2.23) holds. Fix any smooth open set w such that @ is compact. From
(2.23) we obtain that

(2.26) lu — el 2y < C(IIVull 2ary + [l — €l r20)

for every u € V12(M) and ¢ € R. Since (2.25) classically holds with M
replaced by w, inequality (2.25) follows via (2.26). Conversely, assume
that (2.25) holds. Since any constant function ¢ € V%2(M), we have
that V12(M) c L?*(M). The identity map from V12(M) into L?(M)
is linear and has a closed graph. By the closed graph theorem it is also
continuous. Hence, embedding (2.23) holds.

Owing to the equivalence of (2.23) and (2.25) just established, in-
equality (2.24) implies (2.23).

In order to prove the reverse implication, it suffices to exploit the
equivalence of (2.23) and (2.25), to recall that

= v () 2 ary = il = el
and to make use of the fact that

(2.27) Ju — med(w)| r2(ary < V2[u = mv (u)] z2(ar)
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for every u € L?(M). To verify (2.27), observe that
(2.28)

o= (1240 = 77777 /. /’ )2 () (@)
1

= 3 (M) ’Hn(M) /{u(y )<med(u)} /u )>med(u)} x) B med(U)
+med(u) — u(y))*dH" (y)dH" (z)

1
= ’Hn(M) /{u(y )<med(u)} /u )>med(u)}
(u(w) — med(u))*dH" (y)dH" (x)

T oo
_|_
HM (M) Jiu(y)<med(w)} J {u(e)>med(u)}
(med (u) — u(y))*dH" (y)dH" (x)

1
> — w(z) — med(u))2dH" (z
25 o () o))

1
— med(u) — u 2dH™
+2Amxm«»( () — u(y)2dH"(y)

= %/M(u(x) — med(u))2dH"™(z) = %Hu - med(u)|]2L2(M) )
g.e.d.

We are now ready to prove Theorem 2.4.

Proof of Theorem 2.4. Assume that (2.4) holds. Let us fix any
€ (0,H™(M)/2), and let E be any compact set in M such that H™ (M \
E) < s (such E certainly exists since M is, in particular, a locally
compact, separable topological space with a countable basis). Let n be
any smooth compactly supported function on M such that 0 < n <1
and n =11in E. Set K = suppn.
Given any u € W12(M), we have that

(2.29) lullL2ary < 11 =m)ullz2any + lInull 2
Let us set

=(1—n)u.
Clearly, v € WY2(M), and suppv C M \ E. Thus, for every ¢t > 0,
{freM:|w| >t} ={zxeM\E:|v|>t}) and H"({z € M : [v| > t}) <
s < H™(M)/2. Hence, by (2.3),

(2.30) /MUZdH": /0 S (o] > 1))
r 0 y 9
< (Sup—( )>/0 C{Jv] > £}, M\ B)d(t2).

r<s VM\T
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We now make use of a discretization argument related to that of [Ma4,
remark 2.3.1]. By the monotonicity of capacity,

(2.31)
/ C{lv| > t}, M\ E)d(t*) <3 2*C({|v| > 2*}, M\ E).
keZ
Let ¥ : R — [0, 1] be the function given by ¥(t) =0if ¢t <0, ¥(t) =1
ift>1,and ¥(t) =t if t € (0,1). Define vy : M — [0,1] as
v = W21 F | — 1)

for k € Z. Note that v, € WLY2(M) for k € Z, since ¥ is Lipschitz
continuous, and vx = 1 in {|v| > 2*} and vy = 0 in {|v| < 2¥7'}. In

particular, vy = 0 on E = M \ (M \ E). Hence, by the very definition
of capacity of a condenser, one has that

(232) Y 2%C({jo] > 2}, M\ B) <Zz2k/ (Vo [2dH

keZ keZ

_ 42/ Vol 2dH"

kez J{2F 1< v <2k}
:4/ |Vol2dH™ .
M

Combining inequalities (2.30)—(2.32) tells us that there exists a constant
C such that

(2.33) / v? dH™ < C'sup 4 / Vo2 dH™ .
M r<s YM(1) S

Thus,
(2.34)

(1 = n)ull2an)

, 1/2
< <Csup T) V(1 - W)U)HLZ(M)

r<s Vm\T

1/2
’
(CSHP M(T)> (HVUHL2(M) + HVU”Loo(M)HUHH(K)) )

r<s V

and, trivially,
(2.35) Inull L2 ary < llull 2
From (2.29), (2.34), and (2.35) we deduce that

1/2
T
230l < (w052 ) 19l + il

M (T)

for a suitable constant C.
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By the standard Reillich compactness embedding theorem, applied on
each element of a finite covering of K with smooth bounded open sets,
the embedding

(2.37) Wh2(M) - L*(K)

is compact. Let {u;} be a sequence in the unit ball of W12(M). By the
compact embedding (2.37), we may assume (on taking a subsequence,
if necessary) that {uy} is a Cauchy sequence in L?(K). An application
of (2.36) with u replaced by ux — up, for k,m € N yields

1/2
(2.38)  [Jur — umllr2(ary < 2C<sup > + Cllur — umll 22 (k) -

r<s VM (T)

Since {uy} is a Cauchy sequence in L?(K), by (2.38)

r >1/2
r<s VM(T) ’

provided that k£ and m are sufficiently large. Owing to the arbitrariness
of s and to assumption (2.4), {u} is a Cauchy sequence in L?(M). The
compactness of the embedding W12(M) — L?(M) follows.

Conversely, assume that the embedding W12(M) — L?(M) is com-
pact. Then, by Lemma 2.5, embedding (2.17) is also compact. Let w
be as in the definition of the norm in V'%2(M), and such that H"(w) <
H™(M)/2. Thus, there exists an increasing function ¢ : (0, H"(M)) —
[0, 00) fulfilling
(2.40) lim ¢(s) =0,

s—0

(2.39) lur — wmll L2y < 30<sup

and such that for any s € (0,H"(M)/2) and any measurable set E C M
with H"(E) = s

(2.41) /Eu2d7-[" < g(s)</Myvu\2dH”+Au2dH">

for every u € V12(M). An application of (2.41) with u replaced by
u — med(u), and Lemma 2.6, entail that

(2.42)
/ |u — med(u)|?dH" < C(s)(/ |Vul|?dH" +/ lu — med(u)lzd’H”>
E M w
< CC(s)/ \Vul|?dH™
M
for some constant C' and for every u € V12(M). Given any measurable

set G D E such that H"(G) < H"(M)/2, let u € VY2(M) be any
function such that v = 1 a.e. in F and u = 0 a.e. in M \ G. In
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Figure 1. A manifold of revolution

particular, med(u) = 0. We thus infer from (2.42) that
(2.43) s = H'(E) < CC(s) / Vi
M

By the definition of capacity, inequality (2.43) implies that
(2.44) s < C((s)C(E,G).

Since vy is a positive non-decreasing function in (0, H"(M)/2), equa-
tion (2.4) easily follows from (2.44), (2.2), and (2.40). q.e.d.

2.3. Examples.

2.3.1. Manifolds of revolution. Basic instances of complete noncom-
pact Riemannian manifolds are provided by manifolds of revolution of
the form R x S”~!, endowed with the Riemannian metric

(2.45) ds?® = dr? + o(r)2dw? .

Here, dw? stands for the standard metric on the (n — 1)-dimensional
sphere S"~1, and ¢ is a smooth function on [0, 00) such that ¢(r) > 0
for r > 0, p(0) = 0, and ¢'(0) = 1. Clearly, H"(M) < oo if and
only if [(@(r)" tdr < oo. Under the additional assumption that
there exists 19 > 0 such that ¢ is decreasing and convex in (rg, o0), the
asymptotic behavior of Ays and vjs can be described [CM, theorem 3.1].
In particular, conditions (2.4) and (2.8) are equivalent for this class of
manifolds [CM, corollary 4.2], and lead to the following characterization
of the discreteness of the spectrum of Ayy.

Proposition 2.7. Let M be an n-dimensional Riemannian manifold
of revolution as above. Then the spectrum of Ap; (which agrees with the
Friedrichs extension of the Laplacian on M ) is discrete if and only if

(2.46) lim # / h ©(p)"tdp = 0.

r—00 (‘D
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Figure 2. A manifold with a family of clustering submanifolds

Condition (2.46) suggests that profiles ¢ with an exponential decay at
infinity are borderline for the discreteness of the spectrum of Aj;. More
precisely, consider the one-parameter family of manifolds of revolution
M where ¢ : [0,00) — [0,00) is such that p(r) = e for large r, for
some « > 0. An application of Proposition 2.7 tells us that the spectrum
of the Laplacian on M is discrete if and only if o > 1. This overlaps
with results of [Bal].

2.3.2. Manifolds with clustering submanifolds. We consider here
a class of noncompact surfaces M embedded in R3, which are reminis-
cent of an irregular open set in R? appearing in [CHJ. This class of
surfaces will demonstrate how Theorem 2.1, involving the isocapacitary
function vys, can actually succeed in proving the discreteness of the
spectrum of Ay in situations where, instead, Corollary 2.2 fails.

The main feature of the manifolds considered in this section is that
they contain a sequence of mushroom-shaped submanifolds {N*} clus-
tering at some point (Figure 2). The submanifolds { N*} are constructed
in such a way that the diameter of the head and the length of the neck
of N* decay to 0 as 27 when k — oo, whereas the width of the neck of
NF decays to 0 as ¢(27), where o is an increasing function such that

(2.47) lim 28 g
s—0 S

Moreover, the distance of {N*} and {N**1} is of the order 2%+ for
k € N. Loosely speaking, a faster decay to 0 of the function o(s) as
s — 0 results in a faster decay to 0 of Aps(s) and vp(s), and hence
in a manifold M with a more irregular geometry. A description of the
asymptotic behavior of Aj; and vjs has been provided in propositions
7.1 and 7.2 of [CM], to which we also refer for a rigorous definition of
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M. In particular, we have what follows. Assume that ¢ € As, namely
a constant c exists such that o(2s) < co(s) for s > 0. Then

(2.48) Au(s) < Co(s'?) for s > 0,
and
(2.49) v (s) < 00(31/2)3_% for s > 0,
for some positive constant C'. If, in addition,

B+
(2.50) is non-increasing for some 3 > 0,

a(s)
and

3

(2.51) o(s) is non-decreasing,
then, in fact,
(2.52) vy (s) = 0'(81/2)8_% near 0.

The manifold M is obviously not complete. This notwithstanding, the
following density result holds.

Proposition 2.8. Let M be the manifold described above, under as-
sumption (2.47). Then

(2.53) O3 (M) = WhH2(M).

Hence, the operator Aj; agrees with the Friedrichs extension of the
Laplacian on M.

Proof. It suffices to prove (2.53). With reference to Figure 2, we denote
a point in R? by 2 = (y,2), where y € R? (the horizontal plane) and
z € R (the vertical axis). Let n € C*°(R) be an increasing function such
that n(s) =01if s <0, n(s) =1 if s > 1. Define, for € > 0, the function
Ne : M —[0,1] as

2
Ne () :n<%> for z € M.
Clearly, n. € C§°(M), n-(xz) = 0 if = belongs to the intersection of M
with the half-cylinder {x € R? : |y| < €%,2 > 0}, and n(z). = 1 if =
belongs to the intersection of M with {z € R3 : |y| > ¢,z > 0}. We
have that

(2.54)

_ [ los(lyl/<?) 1 c
= < log(1/e) )yllog(l/e) = ly|log(1/e)

Ve ()] if . € (M\ (UpN®)) N {z >0},
< n’(log(y|/€2)> L =<2 if z € N*,

log(1/¢) | [yllog(1/e) — log(1/e)
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for some constant C' depending on 7. Here, V denotes the gradient on
M. Next, define K = {k: N¥n{z ¢ R®: 2 < |y| < e} # 0}, and note
that the cardinality of K is of the order log(¢~!). Furthermore, we have
that H2(N*) < €272 for some constant C. Thus,

(2.55)
/ |V77€|2d7-[2:/ V.| dH2_|_Z/ V| 2012
M (M\(UrNF))N{2>0} ke,c
¢ / dy o2k
[ —
_10g2(1/5) {y:e2<|y|<e} |y| log 1/6 Z
C C’
< + log(1
< Tog(1/9) o2 (1/e) 8 /e)
C//
[ —
~ log(1/e)’

for some constants C,C’,C". Now, given any u € W12(M), we have to
show that u can be approximated in W12(M) by a family of functions
from C§°(M). Bounded functions are dense in W12(M). This can be
easily seen on approximating u by its truncation at the levels ¢ and —t¢
and letting ¢ go to +o00. Thus, we may assume, without loss of generality,
that u is bounded. Moreover, smooth functions are well known to be
dense in W2(M) for any Riemannian manifold M, and hence also for
the present one. Thus, we may assume that v € C°(M) N L>®(M).
Now, set u. = n-u, and observe that u. € C5°(M) for ¢ > 0. We have
that

(2.56) [lu — uellwrean < (1 —ne)Vullp2ary + llullzoe (an Vel L2
+ [[(1 = me)ull 2 (-

Owing to (2.55), we infer that u. — u in WH2(M) as e — 0. Hence,
assertion (2.53) follows. q.e.d.

The next proposition relies upon the criterion for the discreteness of
the spectrum of Ay in terms of the isocapacitary function of M given in
Theorem 2.1, and provides us with a characterization of those manifolds
M of the family considered in this section for which the spectrum of the
Laplacian is discrete.

Proposition 2.9. Assume that o € Ag and fulfills (2.50), and that

the function % is monotonic. Then the spectrum of Apy (which, by

Proposition 2.8, agrees with the Friedrichs extension of the Laplacian
on M) is discrete if and only if
$3
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Proof. By Theorem 2.4 and (2.49), condition (2.57) is necessary for
the embedding W12(M) — L2(M) to be compact, and hence for the
spectrum of Aj; to be discrete. By Theorem 2.1, the monotonicity
assumption on %, and (2.52), we have that condition (2.57) is also

sufficient for the discreteness of the spectrum of Ayy. q.e.d.

By contrast, let us emphasize that, owing to (2.48), the use of Corol-
lary 2.2 involving the isoperimetric function Ajps cannot yield the dis-
creteness of the spectrum of the manifold M unless

82

ll—rf(l) o(s) =0,

a condition more stringent than (2.57).

3. Manifolds with infinite volume
We assume throughout this section that H" (M) = co.

3.1. Discreteness of the spectrum. The notion of capacity C(F) of
a subset of M which now comes into play is:

(3.1) C(E)= inf{/ (|IVul? +u?)dx :u € WH2(M),u > 1in E
M

(up to a set of standard capacity zero)} .

Accordingly, the isocapacitary function pps : [0,00) — [0,00] is given
by
(3.2) up(s) =inf {C(E): FE is measurable and s < H"(FE) < oo}

for s > 0.
The isocapacitary inequality takes the form
(3.3) pu(H"(E)) < C(E)

for every measurable set £ C M with H"(E) < oo.
Our characterization of Riemannian manifolds of infinite volume such
that Ajs has a discrete spectrum reads as follows.

Theorem 3.1. Let M be a Riemannian manifold such that H™ (M) =
oo. Then the spectrum of Ay is discrete if and only if
. S . S
(3.4) EB}) (3 =0 and Slggo (3 =0
Defining the isoperimetric function gps : [0,00) — [0,00) of M as
(3.5) om(s) =inf{P(E):s <H"(F) < oo}
results in the isoperimetric inequality on M

(3.6) om(H"(E)) < P(E)



DISCRETENESS OF THE SPECTRUM OF THE LAPLACIAN 485

for every measurable set £ C M with H"(E) < co. The counterpart of
(2.7) is the inequality
1
(3.7) pm(s) > ———7— +s  for s €(0,00),
J. s om(r)?
whose proof follows via an easy modification of that of (2.7).
An analogue of Corollary 2.2 in the present framework follows from

Theorem 3.1 and inequality (3.7).

Corollary 3.2. Let M be a Riemannian manifold such that H™(M) =
00. Assume that

s s
3.8 lim =0 and lim =0
( ) s—0 QM(S) S$—00 QM(S)

Then the spectrum of Ay is discrete.

3.2. Compactness of a Sobolev embedding. Analogously to the
case of manifolds of finite volume, Theorem 3.1 is a consequence of a
compactness result, which is the content of the next theorem.

Theorem 3.3. Let M be a Riemannian manifold such that H"™ (M) =
oo. Then the embedding
Wh2(M) — L*(M)
is compact if and only if (3.4) holds.
Proof. Assume that (3.4) holds. Let u € W12(M). Since the set of

continuous functions is dense in W12(M), we may assume, without loss
of generality, that v is continuous. Given ¢ > 0, set

My = {|u| > 6}

Owing to our assumptions, My is an open set, and H"(M;) < oco. We
have that

(3.9) lullz2ary < NullL2ars) + lullz2 )

The first term on the right hand side of (3.9) can be estimated via an
argument similar to that of the proof of Theorem 2.4. Specifically, fix
any s > 0, and let E' be any compact subset of My such that H™(Ms \
E) < s. Let n be any smooth compactly supported function on Ms such
that 0 <y <land n=1in E. Set K =suppn. We have that

(3.10) lull2arsy < 11— mullpzagy) + lImull 2 ary) -
Let us set
v=(1-n)u.

Then v € WH2(M), and v = 0 on E. Thus, for every t > 0, {x € Mj :
| >t} ={x € Ms\ E : |v] > t}, and H"({z € Ms : |v| > t}) < s.
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Hence, by (3.3),

(3.11) /M6 o2 dH" = /OOO H({z € M; : v > 1})d(t2)
< (s =) [t € Mol > ey,

r<s ,uM

By the monotonicity of capacity,
(3.12) / Cl{z € My : v > 1)) d(t?) < / C{Jv] > 1) d(t2)
<3 2*C({jv] = 27}).

keZ
Let ¥ be the function defined in the proof of Theorem 2.4. Define
v M —[0,1] as
v = U2 F || — 1)
for k € Z. A similar chain as in (2.32) now yields

(3.13) > 2*C({|v| = 27} <Zz2k/ (IVoR|® 4+ v}) dH"
k€EZ keZ

< Z/ (4]Vof? + 22F) awn

kez ” {2F1<|v[<2k}

< Z/ (4]V0f? + 40%) dH"

kez ” {2F1<|v[<2k}
= 4/ (IVol* +v%) dH" .
M
From (3.11)—-(3.13) we infer that there exists a constant C' such that

(3.14) /v2d7-["§0<sup r >/ (IVol* +v?) dH"™.
M r<s W (r) ) Jm

Thus,
(3.15)

(1 = m)ull2(agy)

1/2
< — —
< (e ) (1900 =l + 10~ wuloen)
1/2
< oo
< (e L) " (I9ullzn + 19l + ol )

and, trivially,

(3.16) Imullz2 gy < llwllpe )
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From (3.10), (3.15), and (3.16) we deduce that

1/2
r
3.17 <C —
311 uliogaay < (s L5 ) lulbwran + ol
for a suitable constant C.

Let us now focus on the second term on the right-hand side of (3.9).
We have that

(318) [[ullZaap g = /
PEOMa) ™ <oy

u2dH" = Z/ u2dH™
k=071

62— k—1<|u|<62-k}

SAMH ({|u] > 027F1}).

WE

<

B
Il

0

By the second limit in (3.4), for every € > 0, there exists s, > 0 such
that if s > s., then s < eppr(s). Thus, if § is so small that H™({|u| >
d}) > se, then

(3.19)
ST H M {Jul > 0275 1Y) <> P (M ({Jul > 627F71)))
k=0 k=0

<e) P4FC({Jul = 02751,
k=0
Now, let ¥ be as above, and let

w, = W(2KF257 | — 1),
We have that up = 1 if |u] > 62771, w, = 0 if |u| < 627%2 and
0 <wup <1on M. Moreover, u € Wl’z(M). Thus,
(3.20) C({Ju] > 527+1}) < / (IVul? + u?) dH,
M

and hence
(3.21)

S RarO({Jul > 6275 1) <3 sk / (IVusl® + u3) dH”
k=0 k=0 M

62—k —2<|u|<52-F-1}

<e) ot / (22544672 Vu)? + 1) dH”
k=0 {

< 1662/ (IVul? +u?) dH"

o {827 k-2 <|u| <62 k1)

< 166/ (|Vul* + u®) dH".
{lul<d}
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Combining (3.18), (3.19), and (3.21) yields

(3.22) HUH%?(M\M(;) = 165”“”%{/1,2(1\4\1\45)-
From (3.9), (3.17), and (3.22) we infer that there exists a constant C'
such that
1/2
3.23 u <C| su ullw,
329 ulon <0 (50— )l

+ CEI/zHUHWLQ(M\Mg) + lull L2 (k)

By the first limit in (3.4), sup,.<, u#(r’) < e provided that s is sufficiently

small. Hence, for such a choice of s,
(3.24) [l 2 ary < CeM 2 lullwreqary + ull 2 (x)-

Starting from (3.24) instead of (2.36), we conclude as in the proof of

Theorem 2.4 that the embedding W12(M) — L?(M) is compact.
Assume now that the embedding W12(M) — L?(M) is compact.

Then there exists an increasing function ¢ : (0,00) — [0, c0) fulfilling

(3.25) lim ¢(s) =0,

and such that for any s > 0 and any measurable set £ C M with
H'(E) =s

(3.26) /E wrdH™ < ((s) /M (IVul* + u®)dH"

for every u € W12(M). Moreover, given any sequence {G}}ren of
compact sets Gy such that G, C Gi4q for k € N and UGy, = M, for
every € > 0 there exists k such that

(3.27) / wrdH" < z—:/ (IVul* + u®)dH"™
M\G}, M

for every u € WH2(M). By the definition of capacity, inequality (3.26)
implies that

(3.28) s < OC(s)C(E).

Since vy is a positive non-decreasing function, the first limit in (3.4)
follows from (3.28) and (3.25).
To prove the second limit in (3.4), let us begin by observing that

(3.29) lim ppr(s) = oo.

5§—00

This follows from the fact that for every measurable set £ C M and
every function u € WH2(M) such that > 1 a.e. on E we have

/ (IVul* +u?) dH" > H"(E).
M
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Now, given € > 0, let k be such that (3.27) holds. For any measurable
set F, one has that

HUE) _ WG, HE\GY)

C(E) — C(E) C(E)

Inequality (3.27) applied with any function u € W12(M) such that
u > 1 a.e. on E tells us that

(3.30)

(3.31) H'(E\ Gi) <eC(E).

On the other hand, by (3.29), if H"(FE) is sufficiently large, then
H"(Gr)

3.32 — = <.

Combining (3.30)—(3.32) entails that
H™(E)

3.33 — <2

provided that H"(FE) is sufficiently large. Hence, the second limit in

(3.4) follows. q.e.d.
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