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THE DYNAMICS THEOREM
FOR CMC SURFACES IN R3

WiLLiaMm H. MEEKS, 11T & GIUSEPPE TINAGLIA

Abstract

In this paper, we study the space of translational limits 7 (M)
of a surface M properly embedded in R? with nonzero constant
mean curvature and bounded second fundamental form. There is
a natural map 7 which assigns to any surface ¥ € 7 (M) the set
7(X) C T(M). Among various dynamics type results we prove
that surfaces in minimal 7-invariant sets of 7 (M) are chord-arc.
We also show that if M has an infinite number of ends, then there
exists a nonempty minimal 7-invariant set in 7 (M) consisting
entirely of surfaces with planes of Alexandrov symmetry. Finally,
when M has a plane of Alexandrov symmetry, we prove the fol-
lowing characterization theorem: M has finite topology if and only
if M has a finite number of ends greater than one.

1. Introduction

A general problem in classical surface theory is to describe the asymp-
totic geometric structure of a connected, noncompact, properly embed-
ded, nonzero constant mean curvature (CMC) surface M in R®. In this
paper, we will show that when M has bounded second fundamental
form, for any divergent sequence of points p, € M, a subsequence of
the translated surfaces M — p,, converges to a properly immersed sur-
face of the same constant mean curvature which bounds a smooth open
subdomain on its mean convex side. The collection T(M) of all these
limit surfaces sheds light on the geometry of M at infinity.

We will focus our attention on the subset 7 (M) C T(M) consisting
of the connected components of surfaces in T(M) which pass through
the origin in R3. Given a surface ¥ € 7(M), we will prove that 7 (%) is
always a subset of 7 (M). In particular, we can consider 7 to represent
a function:

T:T(M)— P(T(M)),
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where P(7(M)) denotes the power set of 7(M). Using the fact that
7 (M) has a natural compact metric space topology, we obtain classical
dynamics type results on 7 (M) with respect to the mapping 7. These
dynamics results include the existence of nonempty minimal 7 -invariant
sets in 7 (M) and are described in Theorem 2.3, which we refer to as the
CMC Dynamics Theorem in R?, or more simply as just the Dynamics
Theorem.

Assume M C R? is a connected, noncompact, properly embedded
CMC surface with bounded second fundamental form. In section 3,
we demonstrate various properties of the minimal 7-invariant sets in
T (M). For example, we prove:

Surfaces in minimal T -invariant sets in T (M) are chord-arc.

If M has an infinite number of ends, then T (M) contains a
minimal T -invariant set in which every element has a plane
of Alexandrov symmetry.

If M has finite genus, then any element in a minimal T -
invariant set is a Delaunay surface' .

In the special case that M has finite topology? , this last result follows
from the main theorem in [13], however the full generality of this result
is needed in applications in [21, 23, 24, 26].

In section 4, we deal with C' M C surfaces with a plane of Alexandrov
symmetry. In particular we obtain the following characterization result:

If M is a complete, connected, noncompact embedded CMC
surface with a plane of Alerandrov symmetry and bounded
second fundamental form, then M has finite topology if and
only if it has a finite number of ends greater than one.

The collection of properly embedded CMC' surfaces with bounded
second fundamental form is quite large and varied (see [4, 10, 11, 15,
16, 17]). Many of these examples appear as doubly and singly periodic
surfaces. The techniques of Kapouleas [10] and Mazzeo-Pacard [16] can
be applied to obtain many nonperiodic examples of finite and infinite
topology. Some theoretical aspects of the study of these special sur-
faces have been developed previously in works of Meeks [18], Korevaar-
Kusner-Solomon [13] and Korevaar-Kusner [12]; results from all of these
three key papers are applied here. More generally, the broader theory of
properly embedded CMC' surfaces in homogeneous three-manifolds is
an active field of research with many interesting recent results [2, 5, 9].
In [22], we will generalize the ideas contained in this paper to obtain

'In this manuscript, “Delaunay surfaces” refers to the embedded CMC surfaces
of revolution discovered by Delaunay [3] in 1841.

2A surface has finite topology if it is homeomorphic to a closed surface minus a
finite number of points.
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related theoretical results for properly embedded separating C M C' hy-
persurfaces of bounded second fundamental form in homogeneous n-
manifolds.

In subsequent papers, [21, 23, 24, 26], we apply the results con-
tained in this manuscript. In [26], we prove that the existence of a
Delaunay surface in 7 (M) implies M does not admit any other noncon-
gruent isometric immersion into R® with the same constant mean curva-
ture (see also [14, 29]). In [23], we show that any complete, embedded,
noncompact, simply-connected CMC' surface M in a fived homogeneous
three-manifold N has the appearance of a suitably scaled helicoid nearby
any point of M where the second fundamental form is sufficiently large
(see [30, 31] for related results).

Acknowledgements. We thank Rob Kusner and Joaquin Perez for
their helpful comments on the results and proofs contained in this pa-
per. We also thank Joaquin Perez for making the figures that appear
here. The second author would also like to thank the Mathematics De-
partment at University of Notre Dame, where this work was initiated.

2. The Dynamics theorem for CMC surfaces
of bounded curvature

In this section, motivated by previous work of Meeks, Perez, and Ros
in [19], we prove a dynamics type result for the space 7 (M) of certain
translational limit surfaces of a properly embedded, CMC surface M C
R? with bounded second fundamental form. All of these limit surfaces
satisfy the almost-embedded property described in the next definition.

Definition 2.1. Suppose W is a complete flat three-manifold with
boundary OW = ¥ together with an isometric immersion f: W — R?
such that f restricted to the interior of W is injective. This being the
case, if f(X) is a CMC surface and f(WV) lies on the mean convex side
of f(X), we call the image surface f(X) a strongly Alexandrov embedded
CMC surface.

We note that, by elementary separation properties, any properly em-
bedded CMC surface in R? is always strongly Alexandrov embedded.
Furthermore, by item 1 of Theorem 2.3 below, any strongly Alexandrov
embedded CMC surface in R? with bounded second fundamental form
is properly immersed in R3.

Recall that the only compact Alexandrov-embedded® CMC surfaces
in R? are spheres by the classical result of Alexandrov [1]. Hence, from
this point on, we will only consider surfaces M which are noncompact
and connected.

3A compact surface ¥ immersed in R? is Alezandrov embedded if ¥ is the boundary
of a compact three-manifold immersed in R
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Definition 2.2. Suppose M C R?is a connected, noncompact, strongly
Alexandrov-embedded C M C surface with bounded second fundamental
form.

1) T(M) is the set of all connected, strongly Alexandrov-embedded

CMC surfaces ¥ C R?, which are obtained in the following way.

There exists a sequence of points p, € M, lim,_, |p,| = oo,
such that the translated surfaces M — p,, converge C? on compact
sets of R? to a strongly Alexandrov-embedded CMC' surface ¥/,
and X is a connected component of ¥/ passing through the origin.
Actually, we consider the immersed surfaces in 7 (M) to be pointed
in the sense that if such a surface is not embedded at the origin,
then we consider the surface to represent two different elements in
T (M) depending on a choice of one of the two preimages of the
origin.

2) A C T(M) is called T -invariant if ¥ € A implies 7 (X) C A.

3) A nonempty subset A C 7 (M) is called a minimal T-invariant set
if it is 7 -invariant and contains no smaller nonempty 7 -invariant
sets.

4) If ¥ € T(M) and ¥ lies in a minimal 7-invariant set of 7 (M),
then X is called a minimal element of T (M).

Throughout the remainder of this paper, B(p, R) denotes the open
ball in R? of radius R centered at the point p, and B(R) denotes the
open ball of radius R centered at the origin in R3. Furthermore, we will
always orient surfaces so that their mean curvature H is positive.

With these definitions in hand, we now state our Dynamics Theorem.

Theorem 2.3 (CMC Dynamics Theorem). Let M C R? be a con-
nected, noncompact, strongly Alexandrov-embedded CMC' surface with
bounded second fundamental form. Let W be the associated complete
flat three-manifold on the mean convex side of M. Then the following
statements hold:

1) M is properly immersed in R3.

2) There exist positive constants c1,co depending only on the mean
curvature of M and on an upper bound for the norm of its second
fundamental form, such that for any p € M and R > 1,

Area(M NB(p, R))
(1) o= Volume(W NB(p, R)) = 2.

In particular, for R > 1, Area(M NB(R)) < M%R‘g. Furthermore,
M has a regular neighborhood of radius € in W, where € > 0 only
depends on the mean curvature of M and on an upper bound for
the norm of its second fundamental form.
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3) W is a handlebody* and every point in W is a distance of less
than % from OW , where H is the mean curvature of M.

4) T(M) is nonempty and T -invariant.

5) T(M) has a natural compact topological space structure given by
a metric dryry. The metric dryy is induced by the Hausdorff

distance between compact subsets of R3.

6) If M is an element of T (M), then T (M) is a connected space. In
particular, if M is invariant under a translation, then T (M) is
connected.

7) A nonempty set A C T(M) is a minimal T -invariant set if and
only if whenever ¥ € A, then T (X) = A.

8) Ewvery nonempty T -invariant set of T (M) contains a nonempty
minimal T -invariant set. In particular, since T (M) is itself a
nonempty T -invariant set, T (M) always contains nonempty min-
1mal tnvariant sets.

9) Any minimal T -invariant set in T (M) is a compact connected
subspace of T(M).

Proof. For the proofs of items 1 and 2, see Corollary 5.2 in [25] or
see [20]. The key idea in the proof of Corollary 5.2 is to show that the
immersed surface M has a fixed-size regular neighborhood on its mean
convex side.

We now prove item 3. The proof that W is a handlebody is based on
topological techniques used previously to study the topology of a com-
plete, orientable flat three-manifold X with minimal surfaces as bound-
ary. These techniques were first developed by Frohman and Meeks [8]
and later generalized by Freedman [7]. An important consequence of
the results and theory developed in these papers is that if 0.X is mean
convex, X is not a handlebody, and X is not a Riemannian product
of a flat surface with an interval, then X contains an orientable, non-
compact, embedded, stable minimal surface ¥ with compact boundary.
Suppose now that M C R? is a strongly Alexandrov-embedded CMC
surface with associated domain W on its mean convex side. Since M is
not totally geodesic, W cannot be a Riemannian product of a flat sur-
face with an interval. Therefore, if W is not a handlebody, there exists
an orientable, noncompact, embedded stable minimal surface ¥ C W
with compact boundary. Since X is orientable and stable, a result of
Fisher-Colbrie [6] implies ¥ has finite total curvature. It is well known
that such a ¥ has an end E which is asymptotic to an end of a catenoid
or a plane [28]. We will obtain a contradiction when E is a catenoidal-
type end; the case where F is a planar-type end can be treated in the
same manner. After a rotation of M, assume that the catenoid to which

4A handlebody is a three-manifold with boundary which is homeomorphic to a
closed regular neighborhood of some connected, properly embedded simplicial one-
complex in R®.
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FE is asymptotic is vertical and F is a graph over the complement of a
disk in the (x1, z2)-plane; assume the disk is B(R) N {x3 = 0} for some
large R. Let S? be a sphere in R?® with mean curvature equal to the
mean curvature of M, which lies below E and which is disjoint from the
solid cylinder {(z1, 72, z3) | 22 + 22 < R?}. By vertically translating S?
upward across the (x1,x2)-plane and applying the maximum principle
for CMC surfaces, we find that as S? translates across F, the portions
of the translated sphere that iie above F do not intersect M = 81/1/{.
Thus, some vertical translate S? of S? lies inside . Next, translate S?
inside W so that it touches OW a first time. The usual application of
the maximum principle for CMC surfaces implies that M is a sphere,
which is not possible, since M is not compact.

Note that if some point p € W had distance at least % from oW,
then OB(p, %) is a sphere of mean curvature H in W. The arguments
in the previous paragraph show that no such sphere can exist, and this
contradiction completes the proof of item 3.

The uniform local area estimates for M given in item 2 and the as-
sumed bound on the second fundamental form of M, together with stan-
dard compactness arguments, imply that for any divergent sequence of
points {p,}, in M, a subsequence of the translated surfaces M — p,
converges on compact sets of R? to a strongly Alexandrov-embedded
CMC surface M, in R3. The component M, of M, passing through
the origin is a surface in 7 (M) (if My is not embedded at the origin,
then one obtains two elements in 7 (M) depending on a choice of one
of the two pointed components). Hence, 7 (M) is nonempty.

Let ¥ € T(M) and ¥ € 7(X). By definition of 7(X), any compact
domain of ¥’ can be approximated arbitrarily well by translations of
compact domains “at infinity” in X. In turn, by definition of 7 (M), these
compact domains “at infinity” in 3 can be approximated arbitrarily well
by translated compact domains “at infinity” on M. Hence, a standard
diagonal argument implies that ' € 7 (M). Thus, 7 (M) is 7 -invariant,
which proves item 4.

Suppose now that ¥ € 7 (M) is embedded at the origin. In this
case, there exists an € > 0 depending only on the bound of the second
fundamental form of M, so that there exists a disk D(X) € ¥ N B(e)
with dD(X) C dB(e), 0 = (0,0,0) € D(X) and such that D(X) is a
graph with gradient at most 1 over its projection to the tangent plane
T5D(X) C R3. Given another such X' € T (M), define

dT(M)(Eﬂ EI) = dH(D(E)v D(E/)),

where dy is the Hausdorff distance. If 0 is not a point where ¥ is embed-
ded, then since we consider ¥ to represent one of two different pointed
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surfaces in 7 (M), we choose D(X) to be the disk in ¥ N B(e) contain-
ing the chosen base point. With this modification, the above metric is
well-defined on 7 (M).

Using the fact that the surfaces in 7 (M) have uniform local area and
curvature estimates (see item 2), we will now prove 7 (M) is sequen-
tially compact and hence compact. Let {3, },, be a sequence of surfaces
in 7(M) and let {D(X,)}, be the related sequence of graphical disks
defined in the previous paragraph. A standard compactness argument
implies that a subsequence {D(X,,)},, of these disks converges to a
graphical CMC disk Dy. Using item 2, it is straightforward to show
that D lies on a complete, strongly Alexandrov-embedded surface Y
with the same constant mean curvature as M. Furthermore, ¥, is a
limit of compact domains A,, C ¥,,. In turn, the A,,’s are limits of
translations of compact domains in M, where the translations diverge
to infinity. Hence, Y is in 7(M) and by definition of dz(,s), a sub-
sequence of {3}, converges to X. Thus, 7 (M) is a compact metric
space with respect to the metric dz ). We remark that this compact-
ness argument can be easily modified to prove that the topology of
T (M) is independent of the sufficiently small radius ¢ used to define
dr (- 1t follows that the topological structure on 7° (M) is determined
(e chosen sufficiently small), and it is in this sense that the topological
structure is natural. This completes the proof of item 5.

Suppose now that M € 7 (M). Note that whenever X € 7 (M), then
the path connected set of translates Trans(X) = {X —q | ¢ € X}
is a subset of 7(M). In particular, Trans(M) is a subset of 7 (M).
We claim that the closure of Trans(M) in 7 (M) is equal to 7 (M).
By definition of closure, the closure of Trans(M) is a subset of 7 (M).
Using the definition of 7 (M) and the metric space structure on 7 (M),
it is straightforward to check that 7 (M) is contained in the closure
of Trans(M); hence, Trans(M) = 7 (M). Since the closure of a path
connected set in a topological space is always connected, we conclude
that 7 (M) is connected, which completes the proof of item 6.

We now prove item 7. Suppose A is a nonempty, minimal 7 -invariant
set and ¥ € A. By definition of 7-invariance, 7 (%) C A. By item 4,
7 (X) is anonempty 7 -invariant set. By definition of minimal 7 -invariant
set, T(X) = A, which proves one of the desired implications. Suppose
now that A C 7(X) is nonempty and that whenever ¥ € A, T(X) = A;
it follows that A is a 7-invariant set. If A’ C A is a nonempty 7-
invariant set, then there exists a ¥’ € A’ and thus, A = T (X') C A’ C
A. Hence, A’ = A, which means A is a minimal 7-invariant set and
item 7 is proved.

Now we prove item 8 through an application of Zorn’s lemma. Sup-
pose A C T(M) is a nonempty 7 -invariant set and ¥ € A. Using the
definition of 7-invariance, an elementary argument proves 7 (X) is a
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nonempty 7 -invariant set in A which is a closed set of 7(M); essen-
tially, this is because the set of limit points of a set in a topological
space forms a closed set (also see the proofs of items 4 and 5 for this
type of argument). Next, consider the set A of all nonempty 7 -invariant
subsets of A which are closed sets in 7 (M), and as we just observed,
this collection is nonempty. Also, observe that A has a partial ordering
induced by inclusion C.

We first check that any linearly ordered set in A has a lower bound,
and then apply Zorn’s lemma to obtain a minimal element of A with
respect to the partial ordering C. To do this, suppose A’ C A is a
nonempty linearly ordered subset and we will prove that the intersec-
tion (areas A is an element of A. In our case, this means that we only
need to prove that such an intersection is nonempty, because the inter-
section of closed (respectively 7-invariant) sets in a topological space is
a closed set (respectively 7-invariant) set. Since each element of A’ is
a closed set of 7(M) and the finite intersection property holds for the
collection A’, then the compactness of 7 (M) implies (p/cp A # O.
Thus, aren A" € A s a lower bound for A’. By Zorn’s lemma applied
to A under the partial ordering C, A contains a smallest, nonempty,
closed 7-invariant set 2. We now check that ) is a nonempty, minimal
T -invariant subset of A. If ' is a nonempty 7 -invariant subset of (2,
then there exists a ¥/ € (. By our previous arguments, 7 (X') C ' C Q
is a nonempty 7 -invariant set in A which is a closed set in 7 (M), i.e.,
T7(X') € A. Hence, by the minimality property of Q in A, we have
T(X') =€Q = Q. Thus, Q is a nonempty, minimal 7 -invariant subset of
A, which proves item 8.

Let A C T (M) be a nonempty, minimal 7-invariant set and let ¥ €
A. By item 7, 7(X) = A. Since 7 (X) is a closed set in 7 (M) and 7 (M)
is compact, then A is compact. Since ¥ € 7(X) = A, item 6 implies A
is also connected which completes the proof of item 9. q.e.d.

Remark 2.4. It turns out that any complete, connected, noncom-
pact, embedded CMC' surface M C R? with compact boundary and
bounded second fundamental form is properly embedded in R?, has a
fixed-sized regular neighborhood on its mean convex side, and so has
cubical area growth; these properties of M follow from simple modifi-
cations of the proof of these properties in the case when M has empty
boundary (see [20, 25]). For such an M, the space 7 (M) also can be de-
fined and consists of a nonempty set of strongly Alexandrov embedded
CMC surfaces without boundary. We will use this remark in the next
section where M is allowed to have compact boundary. Also we note that
items 4-9 of the Dynamics Theorem make sense under small modifica-
tions and hold for properly embedded separating CMC hypersurfaces
M with bounded second fundamental form in noncompact homogeneous
n-manifolds N, where 7 (M) is the set of connected properly immersed
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surfaces that pass through a fixed base point of N and which are com-
ponents of limits of M under a sequence of “translational” isometries
of N which take a divergent sequence of points in M to the base point;
see [22] for details.

3. The Minimal Element Theorem

In this section, we give applications of the Dynamics Theorem to the
theory of complete embedded CMC' surfaces M in R with bounded
second fundamental form and compact boundary. Let R be the radial
distance to the origin in R3. We will obtain several results concerning
the geometry of minimal elements in 7 (M), when the area growth of
M is less than cubical in R or when the genus of the surfaces M NB(R)
grows slower than cubically in R. With this in mind, we now define some
growth constants for the area and genus of M in R3.

For any p € M, we denote by M (p, R) the connected component of
M N B(p, R) which contains p; if M is not embedded at p and there
are two immersed components M (p, R), M'(p, R) corresponding to two
pointed immersions, then in what follows we will consider both of these
components separately.

Definition 3.1 (Growth Constants). For n = 1,2,3, we define
Agup(M,n) = limsup sup (Area[M (p, R)] - R™"),

peEM

Apng(M,n) = liminf inf (Area[M(p, R)]- R™"),
peM

Gsup(M, n) = limsup sup (Genus[M (p, R)| - R™"),
peEM

Gint(M, n) = liminf iélﬂf/[(Genus[M(p, R)]-R™™).
P

In the above definition, note that sup,,c,,(Area[M(p, R)] - R™") and
the other similar expressions are functions from (0,00) to R and there-
fore they each have a limsup or a lim inf, respectively.

By item 2 of Theorem 2.3 and Remark 2.4, Ag.,(M,3) is a finite
number. We now prove that Gep(M,3) is also finite. Since M has
bounded second fundamental form, it admits a triangulation 7" whose
edges are geodesic arcs or smooth arcs in the boundary of M of lengths
bounded between two small positive numbers, and so that the areas of
2-simplices in T also are bounded between two small positive numbers.
Let T(M(p, R)) be the set of simplices in T which intersect M (p, R).
Note that for R large, the number of edges in T'(M (p, R)) which intersect
M (p, R) is less than some constant K times the area of M (p, R), where
K depends only on the second fundamental form of M. Hence, the
number of generators of the first homology group Hi(T(M (p, R)),R)
is less than K times the area of M (p, R). Since there are at least
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Genus|[M (p, R)| linearly independent simplicial homology classes in
Hy(T(M(p, R)), R), then

(2) Genus[M (p, R)] < KArea[M(p,R)] for R large.

In particular, since Agup(M,3) is finite, equation (2) implies that
Gsup(M, 3) is also finite.

Definition 3.2. Suppose that M C R? is a complete, noncompact,
connected embedded CMC surface with compact boundary (possibly
empty) and with bounded second fundamental form.

1) For any divergent sequence of points p, € M, a subsequence of the
translated surfaces M — p,, converges to a properly immersed sur-
face of the same constant mean curvature which bounds a smooth
open subdomain on its mean convex side. Let T(M) denote the
collection of all such limit surfaces.

2) If there exists a constant C' > 0 such that for all p,q € M with
dg3(p,q) > 1, dy(p,q) < C - dgs(p,q), then we say that M is
chord-arc. (Note that the triangle inequality implies that if M is
chord-arc and p,q € M with dgs(p,q) < 1, then dp(p,q) < 6C.)

We note that in the above definition and in Theorem 3.3 below, the
embedded hypothesis on M can be replaced by the weaker hypothesis
that M has a fixed-size one-sided neighborhood on its mean convex side
(see Remark 2.4).

We now state the main theorem of this section. For the statement
of this theorem, recall that a plane P C R? is a plane of Alezandrov
symmetry for a surface M C R3? if it is a plane of symmetry which
separates M into two open components M ™, M~, each of which is a
graph over a fixed subdomain of P.

Theorem 3.3 (Minimal Element Theorem). Let M C R? be a com-
plete, noncompact, connected embedded C M C' surface with possibly empty
compact boundary and bounded second fundamental form. Then the fol-
lowing statements hold.

1) If ¥ € T(M) is a minimal element, then either every surface in
T(X) is the translation of a fized Delaunay surface or every surface
in T(X) has one end. In particular, if ¥ € T(M) is a minimal
element, then every surface in T(X) is connected and T(X) =
T(%).

2) Minimal elements of T (M) are chord-arc.

3) Let ¥ be a minimal element of T(M). For all D, e > 0, there
exists a de,p > 0 such that the following statement holds. For
every compact domain X C X with extrinsic diameter less than
D and for each q € 3, there exists a smooth compact, domain
X,e C % and a translation, 7: R® — R®, such that

dZ(Qa Xq,s) < de,D and dH(Xa T(Xq,e)) <g,
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where dx; is the distance function on ¥ and dy is the Hausdorff
distance on compact sets in R>. Furthermore, if X is connected,
then X, can be chosen to be connected.

4) If M has empty boundary and lies in the halfspace {xs > 0}, then
some minimal element of T (M) has the (z1,z2)-plane as a plane
of Alexandrov symmetry.

5) If E is an end representative® of M such that R? — E contains
balls of arbitrarily large radius, then T (M) contains a surface with
a plane of Alexandrov symmetry.

6) The following statements are equivalent:

a) Ape(M,3) =0.

b) Gine(M,3) = 0.

c) T(M) contains a minimal element with a plane of Alezandrov
symmetry.

d) Aine(M,2) is finite.

e) Gint(M,2) is finite.

7) If M has an infinite number of ends, then there exists a minimal
element in T (M) with a plane of Alexandrov symmetry.

8) If T(M) does not contain an element with a plane of Alexandrov
symmetry, then the following statements hold.

a) There exists a constant F' such that for every end representative
E of a surface in T(M), there exists a positive number R(E)
such that

[R® —B(R(E))] C {x € R® | dgs(x, E) < F}.

In particular, if E1 and Eo are end representatives of a surface
in T(M), then for R sufficiently large, for any x € E1 — B(R),
dgs(z, B2 — B(R)) < F}.
b) There is a uniform upper bound on the number of ends of any
element in T(M). In particular, there is a uniform upper bound
on the number of components of any element in T(M).
9) Suppose ¥ is a minimal element of T(M). Then the following
statements are equivalent.
a) Ainf(zv 2) = 0.
b) Gin(2,2) = 0.
¢) X is a Delaunay surface.
d) Apne(X,1) is finite.
)

A
e) Gint(2,1) is finite.

The following corollary gives some immediate consequences of The-
orem 3.3. The proof of this corollary appears after the proof of Theo-
rem 3.3.

5 A proper noncompact domain E C M is called an end representative for M if it
is connected and has compact boundary.
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Corollary 3.4. Let M C R3 be a complete, noncompact, connected,
embedded CMC' surface with compact boundary and bounded second fun-
damental form. Then the following statements hold.

1) Agup(M,3) =0 = Guwp(M,3)=0 =

—  Every minimal element in T (M) has a plane of Alexandrov
symmetry.

2) Agp(M,2) =0 = Gep(M,2)=0 =

= FEvery minimal element in T (M) is a Delaunay surface.

We make the following conjecture related to the Minimal Element
Theorem. Note that item 9 of Theorem 3.3 implies that the conjecture
holds for n = 1.

Conjecture 3.5. Suppose that M C R? satisfies the hypotheses of
Theorem 3.3. Then for any minimal element ¥ € T (M) and for n =
1,2, or 3,

Rlim Area[X NB(R)] - R™" and Rlim Genus[X NB(R)] - R™"

exist (possibly infinite). Furthermore,

Aie(2,7) = Aqp(S,n) = lim_ Avea[S N B(R)] - R

Ginf(2,n) = Geup(X,n) = P}l_rgo Genus[X NB(R)]- R™™.

Proof of Theorem 3.3. We postpone the proofs of items 1, 2, 3 to after
the proofs of the items 4-9 of the theorem.

Assume that M has empty boundary and M C {x3 > 0}. Using
techniques similar to the ones discussed by Ros and Rosenberg in [27],
we now prove that some element of 7 (M) has a horizontal plane of
Alexandrov symmetry, that is, item 4. Let Wj; be the smooth open
domain in R? — M on the mean convex side of M. Note that Wy, C
{zs > 0}. After a vertical translation of M, assume that M is not
contained in a smaller halfspace of {x3 > 0}. Since M has a fixed-
size regular neighborhood on its mean convex side and M has bounded
second fundamental form, then for any generic and sufficiently small
e >0, M. = M N{x3 < e} is a nonempty graph of small gradient
over its projection to Py = {x3 = 0}; we let P, = {3 = t}. Note that
the mean curvature vector to M, is upward pointing. In what follows,
Rp,: R3 — R? denotes reflection in P, while II: R3 — R? denotes
orthogonal projection onto Fy.

For any t > 0, consider the new surface with boundary, . Z\/Zt, obtained
by reflecting My = M N{xs < t} across the plane P;, i.e., M; = Rp,(M;).
Let T = sup{t € (0,00) | for ¢’ < t, the surface My is a graph over its
projection to Py, ]\//Tt/ nNM = 8]\/4\,5/ = 0My and the infimum of the angles
that the tangent spaces to M along 0M; make with vertical planes is
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bounded away from zero}. Recall that by height estimates for CMC
graphs with zero boundary values [27], ¢ < T < %, where H is the
mean curvature of M.

If there is a point p € OMyp such that the tangent plane T,M is
vertical, then the classical Alexandrov reflection principle implies that
the plane Pr is a plane of Alexandrov symmetry. Next, suppose that the
angles that the tangent spaces to Mp make with (0,0, 1) along OMr are
not bounded away from zero. In this case, let p, € dMr be a sequence
of points such that the tangent planes T}, M converge to the vertical
(the dot products of the normal vectors to the planes with (0,0, 1) are
going to zero) and let ¥ € 7(M) be a related limit of the translated
surfaces M — p,. One can check that ¥ N {z3 < 0} is a graph over
Py and that its tangent plane at the origin is vertical. Now the usual
application of the boundary Hopf maximum principle at the origin, or
equivalently, the Alexandrov reflection argument, implies P, is a plane
of Alexandrov symmetry for X.

Suppose now that the tangent planes of M along dMr are bounded
away from the vertical. In this case, Pr is not a plane of Alexandrov
symmetry. So, by the usual application of the Alexandrov reflection
principle, we conclude that My N M = OMrp = OMyp. By definition
of T, there exist 6, > 0, 6, — 0, such that F, = Z\/ZTJrgn N M is not
contained in OMrps, . We first show that not only is II(F},) contained in
the interior of II(M7p), but for some n > 0, it stays at a distance at least
7 from II(OMry) for 6, sufficiently small. In fact, since we are assuming
that the tangent planes of M along OMr are bounded away by a fixed
positive angle from the vertical, if 6 is small enough, the tangent planes
of M along OMp,s are also bounded away by a fixed positive angle
from the vertical. Thus, the previous statement on the existence of an
n > 0 is a consequence of the existence of a fixed-size one-sided regular
neighborhood for M in W)yy,.

The discussion in the previous paragraph implies that there exists a
sequence of points p, € My which stay at a distance at least n from M
and such that the distance from Ry (p,) and M — My is going to zero.
The fact that p, stays at a distance at least 1 from My implies that
for n large there exists an € > 0 such that Ry (B(py,e) N M) is disjoint
from M and it is a graph over II(B(p,,c) N M). Consider the element
Y € T(M) obtained as a limit of the translated surfaces M —II(p,,) and
let limy, 00 prn = p = (0,0,5) € X. From the way ¥ is obtained, p is a
positive distance from 0. Moreover, Rp(p) € ¥ — X7 and iT is tan-
gent to X — X7 and lies on its mean convex side. The maximum principle
implies that Pr is a plane of Alexandrov symmetry which contradicts
the assumption that tangent planes of M along M7 are bounded away
by a fixed positive angle from the vertical. This completes the proof that
there exists a surface ¥ € 7 (M) with the (x1,z9)-plane as a plane of
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Alexandrov symmetry. It then follows from item 8 of Theorem 2.3 that
the nonempty 7 -invariant set 7 (X) C 7 (M) contains minimal element
of T(M) with the (z1,z2)-plane as a plane of Alexandrov symmetry,
which proves item 4.

We now prove item 5 holds. Assume now that M has possibly nonempty
compact boundary and there exists a sequence of open balls B(g,,n) C
R3 — M. Note that these balls can be chosen so that they are at distance
at least n from the boundary of M and so that there exists a sequence
of points p, € 0B(g,,n) N M diverging in R3. After choosing a subse-
quence, we may assume that the translated balls B(gy,,n) — p, converge
to an open halfspace K of R? and a subsequence of the translated sur-
faces M — p,, gives rise to an element My, € 7 (M) with My, contained
in the halfspace R? — K and M, = . By the previous discussion
when M has empty boundary (item 4), 7(Ms) C T (M) contains a
minimal element with a plane of Alexandrov symmetry. This completes
the proof of item 5.

We now prove item 6 in the theorem. First, observe that 6d — 6a
and that 6e = 6b. Also, equation (2) implies that 6a — 6b and
that 6d = 6e. We now prove that 6c = 6d. Suppose that 7 (M)
contains a minimal element 3. which has a plane of Alexandrov symme-
try and let Wy denote the embedded three-manifold on the mean convex
side of ¥. In this case Wy is contained in a slab, and by item 2 of The-
orem 2.3, the area growth of ¥ is comparable to the volume growth of
Wy.. Note that the volume of Wy grows at most like the volume of the
slab which contains it, and so, the volume growth of Wy and the area
growth of ¥ is at most quadratic in R. By the definitions of 7 (M) and
Aing (M, 2), we see that Ajne(M,2) is finite which implies 6d.

In order to complete the proof of item 6, it suffices to show 6b — 6c.
However, since the proof of 6b = 6¢ uses the fact that 6a = 6c,
we first show that 6a = 6c¢. Assume that A;e(M,3) = 0 and we will
prove that 7 (M) contains a surface ¥ which lies in a halfspace of R,
Since Ajn(M,3) = 0, we can find a sequence of points {p,}, C M and
positive numbers R,, R, — oo, such that the connected component
M (pn, Ry) of M N B(py, Ry) containing p, has area less than 1R3.
Since M has bounded second fundamental form, there exists an ¢ > 0
such that for any ¢ € R?, if B(¢g,7) N M # @, then Area(B(q,r + 1) N
M) > e. Using this observation, together with the inequality Area(M N
B(py, Rn)) < 2R3 and the equality Volume (B(py, Ry)) = % R3, we can
find a sequence of points g, € B(py, R,,), numbers k,, with k,, — 0o, such
that B(gn, kn) C [B(pn, %) — M (py, R,)] and such that there are points
Sn € OB(qn, kn) N M (pn, Ry) with |s,| — oo (see Figure 1). Let ¥ €
7T (M) be a limit surface arising from the sequence of translated surfaces
M (pn, Ry) — sn. Note that X is disjoint from an open halfspace obtained
from a limit of a subsequence of the translated balls B(qy, ky) — $n,. Since
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Figure 1. Finding large balls in the complement of M (p,, R;,)

¥ lies in a halfspace of R?, item 4 in the theorem implies 7° (M) contains
a minimal element with a plane of Alexandrov symmetry. The existence
of this minimal element proves that 6a = 6c¢.

We now prove that 6b = 6¢, and this will complete the proof of
item 6. Assume that Gius(M,3) = 0. Since Gine(M,3) = 0, there exists
a sequence of points p, € M and R, — oo, such that the genus of
M (pn, Rn) C B(pn, Ry) is less than 1 R3. Using the fact that the genus
of disjoint surfaces is additive, a simple geometric argument, which is
similar to the argument that proved 6a = 6¢, shows that we can find
a sequence of points ¢, € B(p,, R,) diverging in R® and numbers k,,
with k, — oo, such that one of the following statements holds.

1) Genus(M (gn, kn)) = 0.
2) B(qn, kn) C B(pn, &) — M(py, Ry)] and, as n varies, there exist
points s, € 0B(qn, kn) N M (pn, Ry,) diverging in R,

If statement 2 holds, then our previous arguments imply that 7 (M)
contains a surface ¥ which lies in a halfspace of R® and that 7 (M)
contains a minimal element with a plane of Alexandrov symmetry. Thus,
we may assume statement 1 holds.

Since statement 1 holds, then the sequence of translated surfaces
M — gy, yields a limit surface ¥ € 7 (M) of genus zero. If ¥ has a finite
number of ends, then ¥ has an annular end F. By the main theorem
in [18], E is contained in a solid cylinder in R?. Under a sequence of
translations of E, we obtain a limit surface D € 7 (X) which is contained
in a solid cylinder. By item 4, there is a minimal element D’ € 7 (D) C
7 (M) which has a plane of Alexandrov symmetry; this conclusion also
follows from the main result in [13].
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Suppose now 3 has genus zero and an infinite number of ends. For
each n € N, there exists numbers, T}, with T,, — oo, such that the
number k(n) of noncompact components,

{Zl(Tn)v 22(Tn)7 SRR Zk(n)(Tn)}a
in ¥ —B(T,) is at least n. Fix points p;(n) € ¥;(T,) N9B(2T,,), for each
i € {1,2,...,k(n)}. Note that Zfiq) Area(X(pi(n),T)) < Area(X N
B(37},)). Since ¥ has no boundary, then Area(XNB(37},)) < %WCQ(STn)g

(see item 2 of Theorem 2.3). Therefore, we obtain that for all n, there
exists an %, such that

Area(S(pi(n), Tn) < ~ T3,

for a fixed constant c. By definition of A;n¢(X,3), we conclude that
Aine(2,3) = 0. Since we have shown that 6a = 6¢, 7(X) contains a
minimal element ¥’ with a plane of Alexandrov symmetry. Since 7 (3) C
T (M), T(M) contains a minimal element with a plane of Alexandrov
symmetry. Thus 6b = 6¢, which completes the proof of item 6.

We next prove item 7. Assume that M has an infinite number of ends.
If M has empty boundary, then by the arguments in the previous para-
graph, Ains(M,3) =0 and thus 7 (M) contains a minimal element with
a plane of Alexandrov symmetry. By Remark 2.4, if M has nonempty,
compact boundary, then it has a fixed-size regular neighborhood on its
mean convex side, which is sufficient for item 2 of Theorem 2.3 to hold
and then to apply the arguments in the previous paragraph. This proves
that item 7 holds.

We next prove item 8a. Arguing by contrapositive, suppose that the
conclusion of item 8a fails to hold and we will prove that 7 (M) contains
an element with a plane of Alexandrov symmetry. Since the conclusion
of 8a fails to hold, there exists a sequence of surfaces ¥(n) € T(M) with
end representatives F(n), and positive numbers F(n) — oo as n — oo
such that for any R(n) > 0, there exist balls B, of radius F'(n) such
that

B, € [R® = (B(R(n)) U E(n))]

Choose R(n) > F(n) sufficiently large so that 0E(n) C B(@).
After rotating B, around an axis passing through the origin, we obtain
a new ball K,, € R® — (B(R(n)) U E(n)) of radius F(n) such that 0K,
intersects E(n) at a point p, of extrinsic distance at least @ from
OE(n). After choosing a subsequence, suppose that E(n) —p, converges
to a surface Yoo € T(M) which lies in a halfspace of R® which is a limit of
some subsequence of the translated balls K,, — p,. By item 4, 7 (X)) C
T (M) contains a surface with a plane of Alexandrov symmetry, which
completes the proof of item 8a.

The proof of item 8b is a modification of the proof of item 7. In fact,
if ¥, € T(M) is a sequence of surfaces with at least n ends, n going
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to infinity, then Ajn¢(M,3) = 0, which implies that 7 (M) contains a
minimal element with a plane of Alexandrov symmetry.

We now prove that item 9 holds. First, observe that 9d = 9a and
that 9¢ = 9b. Also, equation (2) implies that 9a = 9b and that
9d = 9e. An argument similar to the proof of 6c = 6d shows that
9¢c = 9d. In order to complete the proof of item 9, it suffices to show
9b = 9c. Let ¥ be a minimal element of 7 (M) satisfying 9b. By
item 6, there exists a minimal element ¥’ € 7 () with a plane of Alexan-
drov symmetry. By minimality of X, ¥ € 7(X’), and so ¥ also has a
plane P of Alexandrov symmetry (the same plane as ¥/ up to some
translation). In particular, ¥ lies in a fixed slab in R3.

After a possible rotation of 3, assume that P = {x3 = 0} and so
Y C {—a < z3 < a} for some a > 0. Since Gint(2,2) = 0, there
exists a sequence of points p, = (z1(n), z2(n),0) € X, numbers R,, with
R, — oo, such that Genus(X(pn, Ry)) < LR2. Similar to the proof
of 6b = 6c, the fact that Gie(X,2) = 0 implies that we can find a
sequence of points ¢, € B(p,, R,,) N P diverging in R? and numbers k,,
with k, — o0, such that one of the following statements holds.

1) Genus(3(gn, kn)) = 0.
2) B(gn, kn) C [E(Pn, &) — S(pn, Ry)] and, as n varies, there exist
points s,, € OB(qn, k) N X(pn, Rn) N P diverging in R3.

We will consider the two cases above separately. If statement 1 holds,
then a subsequence of the translated surfaces Y —gq,, yields a limit surface
Yoo € T(X) of genus zero with P as a plane of Alexandrov symmetry. If
Yoo has a finite number of ends, then it has an annular end. In this case,
the end is asymptotic to a Delaunay surface [13]. Therefore, 7 (¥) con-
tains a Delaunay surface ¥’ and since ¥ is a minimal element, ¥ € 7 (X')
which implies Y itself is a Delaunay surface. Suppose ¥, has an infi-
nite number of ends. Note that Y, lies in a slab which implies that
Area(Xo NB(R)) < C2R? for some constant Cy. In this case, a modifi-
cation of the end of the proof that 6b = 6¢ shows that for each n € N,
there exist numbers 7T, with T,, — oo such that the number k(n) of com-
ponents {31 (Ty), X2(Th), - - -, Vn)(Tn) } in Lo —B(T},) is at least n and,
after possibly reindexing, there is a point p1(n) € ¥1(7},) N OB(2T,), a
constant C' such that Area(31(pi(n),T,) < %Tg This implies that one
can find diverging points ¢, € B(pi(n),T,) N P and numbers r, — oo
such that B(gy,r,) C [B(p1(n), %) —31(p1(n), T,)] and there are points
Sn € OB(gn,rn) N E1(p1(n), T,) such that |s,| — oo. It follows that a
subsequence of the surfaces ¥1(p1(n),T,) — s, converges to a surface
Yoo Which lies in halfspace whose boundary plane is a vertical plane.
Item 6 of Theorem 2.3 implies that 7 (X.) contains a surface ¥’ with
the plane P as a plane of Alexandrov symmetry as well as a vertical
plane of Alexandrov symmetry. Therefore, ¥’ is cylindrically bounded
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and so it is a Delaunay surface [13]. Since ¥ € 7(X'), X is a Delaunay
surface [13].

We now consider the case where statement 2 holds. A modification of
the proof of the case where statement 1 holds (this time translating ¥ by
the points —s,, instead by the points —¢,,) then demonstrates that there
is a ¥ € T(X) with both the plane P and a vertical plane as planes
of Alexandrov symmetry. As before, we conclude that ¥ is a Delaunay
surface. This completes the proof of item 9.

We now prove item 1. Let ¥ be a minimal element in 7 (M). If ¥ has
a plane of Alexandrov symmetry and T(X) contains a surface ¥/ with
more than one end, then Theorem 4.1, which does not depend on the
proof of this item, implies that ¥’ has at least one annular end, from
which it follows that 7 (X) contains a Delaunay surface D. Since ¥ and
D are minimal elements of 7 (X), then ¥ € 7(X) = 7 (D), and so X is
a translation of D. Since ¥ is a Delaunay surface (a translation of D),
then clearly every surface in T(X) is also a translation of a Delaunay
surface, which proves item 1 under the additional hypothesis that > has
a plane of Alexandrov symmetry.

Thus, arguing by contradiction, suppose that ¥ fails to have a plane of
Alexandrov symmetry and T(X) has a surface with more than one end.
Since ¥ is a minimal element, then & € 7(X) for any & € 7(X), and so
no element of 7(X) has a plane of Alexandrov symmetry. By item 8b,
there is a bound on the number of ends of any surface in T(X). Let
¥/ € T(X) be a surface with the largest possible number n > 2 of ends
and let {Eq, Ea, ..., E,} be pairwise disjoint end representatives for its
n ends. By item 8a, the ends E1, Fo, ..., E, are uniformly close to each
other. It now follows from the definition of T(X') that every element of
T(X') must have at least n components, each such component arising
from a limit of translations of each of the ends E1, Es, ..., E,.

By our choice of n, we find that every surface in T(X') C T(X) has
exactly n components. From the minimality of ¥, ¥ must be a com-
ponent of some element X" € T(X'). But then our previous arguments
imply T(X") contains a surface A with n — 1 ends coming from trans-
lational limits of the components of X" different from ¥ and at least
two additional components (in fact n components) arising from trans-
lational limits of ¥ C X”. Hence, T(X"”) C T(X') contains a surface A
with at least n 4+ 1 components, which contradicts the definition of n.
This contradiction completes the proof of item 1.

We are now in a position to prove item 2 of the theorem. The first
step in this proof is the following assertion.

Assertion 3.6. Suppose . € T(M)U{M} and every element in T(X)
is connected. There exists a function f: [1,00) — [1,00) such that for
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every Q € T(X) and for all points p,q € Q with 1 < dgs(p,q) < R, then
da(p, q) < f(R)dgs(p, q)-

Furthermore, if no element in T(X) has a plane of Alexandrov symme-
try, then 3 is chord-arc.

Proof. Suppose ¥ € T(M) U {M} and every surface in T(X) is con-
nected. If there fails to exist the desired function f, then there exists
a positive number R, a sequence of surfaces (n) € T(X) and points
P, qn € (n) such that for n € N,

1< dR3 (pm Qn) <R and n- dR3 (men) < dQ(n) (pna Qn)-

Since by hypothesis every surface in T(X) is connected, T(X) = 7(X).
As T(X) is sequentially compact and 7 (X) = T(X), the sequence of
surfaces (n) —p, € 7(X) can be chosen to converge to a X, € T(X) =
7 (X) and the points ¢, — p, converge to a point ¢ € ¥,. Clearly Yo,
is not connected because it has a component passing through ¢ and
another component passing through the origin (the intrinsic distance
between 0 € Q(n) — p, and g, — pn € Q(n) — p, is at least n). But
by assumption, every surface in T(X) is connected. This contradiction
proves the existence of the desired function f.

Suppose now that 7 (X) contains no element with a plane of Alexan-
drov symmetry and let f be a function satisfying the first statement
in the assertion. Since X is an end representative of X itself, item 5 of
the theorem implies that there exists an Ry > 0 such that every ball in
R? of radius at least Ry intersects ¥ in some point. Let k be a positive
integer greater than Rg 4+ 1. Fix any two points p,q € X of extrinsic
distance at least 4k. Let v = ﬁ, po = p and p;+1 = p; + 2kv, where
i€40,1,...,n—1} and q € B(py, k). By our choice of k, an open ball of
radius k — 1 always intersects ¥ at some point. For each 0 < i < n, let
si € XN B(p;, k—1); we choose sy = p and s,, = ¢. Since for each i < n,
dR3(Si,S¢+1) S 4k and dRs(si,Si+1) Z 1, then dg(si,sHl) S f(4k‘)4k.
Using the triangle inequality and 2(n — 1)k < dgs(p, ¢), we obtain

n—1
ds(p,q) < ZdE(SiaSiJrl)
i—0

< nf(Ak)Ak < 2F(4F)(dgs (p, @) +26) < AF(4k)dgs (9, 0).

Thus, ¥ is chord-arc with constant 4f(4k), which completes the proof
of the assertion. q.e.d.

We now return to the proof of item 2. Let ¥ € 7 (M) be a minimal
element. By the last statement in item 1, the minimal element 3 satisfies
T7(X) = T(X), and so every surface in T(X) is connected. Thus, by
Assertion 3.6, if ¥ fails to have a plane P of Alexandrov symmetry,
then 3 is chord-arc. Suppose now that ¥ has a plane P of Alexandrov
symmetry. If ¥ were to fail to be chord-arc, then the proof of item 9
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shows that either X is a Delaunay surface or else there exists an Rg > 0
such that every ball B in R® of radius Ry and centered at a point of
P must intersect Y. In the first case, X is a Delaunay surface, which is
clearly chord-arc. In the second case, the existence of points in BN X%
allows one to modify the proof of Assertion 3.6 to show that X is chord-
arc. Thus, item 2 of the theorem is proved.

In order to prove item 3, we need the following lemma.

Lemma 3.7. Let ¥ be a minimal element in T (M). For all D, € > 0,
there exists a d.,p > 0 such that the following statement holds. For
any Bx(p,D) C X and for all ¢ € X, there exists ¢ € X such that
By,(¢', D) C Bx(q,de,p) and dy(Bsx(p, D) —p, Bx(¢',D)—¢') < . Here
Bs,(p, R) denotes the intrinsic ball of radius R centered at p.

Proof. Arguing by contradiction, suppose that the claim in the lemma
is false. Then there exist D, € > 0 such that the following holds. For all
n € N, there exist intrinsic balls By (py, D) C ¥ and g, € ¥ such that for
any Byx(¢', D) C Bs(gn,n), then dy(Bs(pn, D) — pn, Bs(¢', D) — ') >
e. In what follows, we further simplify the notation and we let Byx(p)
denote By (p, D). After going to a subsequence, we can assume that the
set of translated surfaces, 3 — p,,, converges C? to a complete, strongly
Alexandrov-embedded, CMC surface Yoo passing through the origin 0.
By item 1, ¥ is connected and we consider it to be pointed so that
Bsy(pn) — pn converges to By, (0). Also, we can assume that By (g, n) —
gn converges to a complete, connected, pointed, strongly Alexandrov-
embedded CMC surface X/ _. The previous discussion implies that for
any z € X, there exists a sequence Byx(z,) C Bx(gn,n), such that
(3) dy(Bs(2n) — 2, Byy_(2) — 2) < Z for n large.
Furthermore, we can also assume that

—,

(4) dy(Bs(pn) — pns B, (0)) <
and since By(z,) C Bx(gn,n), then
(5) dy(Bx(pn) — pn, Bx(zn) — 2n) > €.

Recall that since ¥ is a minimal element, item 7 in Theorem 2.3
implies that

)

1o

Y, Y, X €T(X) =T (2w) =T(2).

In order to obtain a contradiction, it suffices to show that there exists
an « > 0 such that

dH(BE/OO (Z) — Z,Bgoo (6)) >

for any z € X/ because this inequality clearly implies that o, ¢
T(XL). Fix z € ¥/ and let 2z, and p, be as given by equations (3)
and (4).



THE DYNAMICS THEOREM FOR CMC SURFACES IN R3 161

In what follows, we are going to start with equation (5), apply the
triangle inequality for the Hausdorff distance between compact sets,
then apply the triangle inequality and equation (3), and finally apply
(4). For n large,

e < d')—((BE(pn) — Pn, Bs(2n) — 2n) <
< dw(Bs(pn) — pn, Bsy_(2) — 2) + dw(Bsr_(2) — 2, B (2n) — 2n) <

—, -,

< dn(Bs(pn) = pns By, (0)) + dyu(Bs.. (0), By, (2) = 2) + 5 <

—,

< §+dH(Bzgo (2)—z, Bs_(0)).

This inequality implies dy(Bsy_(2) — z, Bs (0)) > 5, which, after

setting a = §, completes the proof of the lemma. q.e.d.

Notice that if X C ¥ is a compact domain of intrinsic diameter less
than D, then for a point p € ¥, X C By(p,2D). The next lemma is a
consequence of Lemma 3.7 and the following observation regarding the
Hausdorff distance: Given three compact sets A, B, X C 3 with X C A,
if dy(A, B) < ¢, then there exists X’ C B such that dy (X, X’) < e.

Lemma 3.8. Let X be a minimal element of T (M). For all D, e > 0,
there exists a d. p > 0 such that the following statement holds. For every
smooth, connected compact domain X C ¥ with intrinsic diameter less
than D and for each q € X, there exists a smooth compact, connected
domain X, C ¥ and a translation, i: R3 — R3, such that

ds(q, Xqe) < de,p and  dp(X,i(Xqe)) <e,
where dy, is distance function on 3.

In order to finish the proof of item 3, we remark that item 2 implies
intrinsic and extrinsic distances are comparable when the intrinsic dis-
tance between the points is at least one. Thus, the above lemma implies
the first statement in item 3. The second statement is an immediate
consequence of the first statement, which completes the proof.

Theorem 3.3 is now proved. q.e.d.

Proof of Corollary 3.4. We first prove item 1 of the corollary. By equa-
tion (2), Asup(M,3) = 0 implies Ggup(M,3) = 0. On the other hand,
if Ggup(M,3) = 0, then for any ¥ € T (M), Gsup(2,3) = 0. In partic-
ular, for any minimal element ¥ € 7 (M), Giyt(2,3) = 0. By item 6
of Theorem 3.3, 7(X) contains a minimal element ¥’ with a plane of
Alexandrov symmetry. Since ¥ is a minimal element, ¥ € 7(X') and
therefore has a plane of Alexandrov symmetry. This proves that item 1
holds.

The proof of item 2 follows from arguments similar to the ones in the
proof of item 1, using item 9 of Theorem 3.3 instead of item 6. q.e.d.
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Remark 3.9. In regards to item 4 of Theorem 3.3, it has been con-
jectured by Meeks [18] that if M is a properly embedded C' M C' surface
in R which lies in the halfspace {x3 > 0}, then it has a horizontal
plane of Alexandrov symmetry. This conjecture holds when M has fi-
nite topology [13]

Remark 3.10. In [22], we give a natural generalization of Theo-
rems 2.3 and 3.3 to the more general case of separating CMC' hyper-
surfaces M with bounded second fundamental form in an n-dimensional
noncompact homogeneous manifold V. In that paper, we obtain some
interesting applications of this generalization to the classical setting
where N is R™ or hyperbolic n-space, H”, which are similar to the ap-
plications given in Theorem 3.3.

Remark 3.11. In [26], we prove that if M C R? is a strongly
Alexandrov-embedded C M C surface with bounded second fundamental
form and 7 (M) contains a Delaunay surface, then M is rigid® . In [29],
Smyth and Tinaglia show that if M contains a surface with a plane of
Alexandrov symmetry, then M is locally rigid” . In relation to these
rigidity results note that Theorem 3.3 gives several different constraints
on the geometry or the topology of M that guarantee the existence of
a Delaunay surface or a surface with a plane of Alexandrov symmetry
in 7(M). The first author conjectures that the helicoid is the only com-
plete, embedded, constant mean curvature surface in R® which admits
more than one noncongruent, isometric, constant mean curvature im-
mersion into R® with the same constant mean curvature. Since intrinsic
isometries of the helicoid extend to ambient isometries, this conjecture
would imply that an intrinsic isometry of a complete, embedded, con-

stant mean curvature surface in R? extends to an ambient isometry of
R3.

4. Embedded C'MC surfaces with a plane of Alexandrov
symmetry and more than one end

In this section we prove the following topological result that uses
techniques from the proof of Theorem 3.3. In the next theorem the hy-
pothesis that the surface M be embedded can be replaced by the weaker
condition that it is embedded in the complement of its Alexandrov plane
of symmetry.

Theorem 4.1. Suppose M is a not necessarily connected, complete
embedded CMC surface with bounded second fundamental form, possibly

SM is rigid in the sense that the inclusion map is the unique isometric immersion
. 3 .. . .
in R” up to rigid motion with the same constant mean curvature.

"M is locally rigid if any one-parameter family of isometric immersions M, of M,
t €[0,e), Mo = M, with same mean curvature as M is obtained by a family of rigid
motions of M.
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empty compact boundary, a plane of Alexandrov symmetry, at least n
ends, and every component of M is noncompact. If n is at least two, then
M has at least n annular ends. Furthermore, if M has empty boundary
and more than one component, then each component of M is a Delaunay
surface.

The following corollary is an immediate consequence of the above
theorem and the result of Meeks [18] that a connected, noncompact,
properly embedded C'M C surface with one end must have infinite genus.

Corollary 4.2. Suppose M is a connected, noncompact, complete
embedded CMC' surface with bounded second fundamental form and a
plane of Alexandrov symmetry. Then M has finite topology if and only
if M has a finite number of ends greater than one.

In regards to Theorem 4.1 when n = oo, we note that there exist
connected surfaces of genus zero satisfying the hypotheses of the theorem
which are singly periodic and have an infinite number of annular ends.
It is important to notice that the hypothesis in Theorem 4.1 that M
has bounded second fundamental form is essential; otherwise, there are
counterexamples (see Remark 4.7).

Proof. We first describe some of the notation that we will use in
the proof of the theorem. We will assume that M has a plane P of
Alexandrov symmetry and P is the (1, 29)-plane. We let S'(R) = 9(Pn
B(R)). Assume that M is a bigraph over a domain A C P and Ry is
chosen sufficiently large, so that 9M C B(Rp) and A —B(Ry) contains n
noncompact components Ay, Ao, ..., A,. Let My, My C M denote the
bigraphs with boundary over the respective regions Ay, As. Let X be
the component in P—(A;UA3) with exactly two boundary curves 91, 0a,
each a proper noncompact curve in P and such that 9; C 9Aq, Jy C
0As. The curve 0; separates P into two closed, noncompact, simply
connected domains Py, P», where A1 C P; and Ay C Ps.

Now choose an increasing unbounded sequence of numbers { R, }nen
with Ry > Ry chosen large enough so that for ¢ = 1,2, there exists
a unique component of P; N B(R;) which intersects P; N S*(Ry) and
so has P; N SY(Ry) in its boundary; we will also assume that the circles
SY(R,,) are transverse to A UOA, for each n. By elementary separation
properties, for i« = 1,2, there exists a unique component o;(n) of P; N
SY(R,,) which separates P; into two components, exactly one of whose
closure is a compact disk P;(n) with P; N S'(Rp) in its boundary; note
that the collection of domains {P;(n)}, forms a compact exhaustion of
F;. See Figure 2.

Since o1 (n) is disjoint from o2(n) and each of these sets is a connected
arc in S'(R,,), then, after possibly replacing the sequence {R, }nen by
a subsequence and possibly reindexing P, P», for each n € N, the arc
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Figure 2. P;(1) is the shaded region on the right-hand
side containing (1) and an arc of 0; in its boundary.
This figure illustrates the possibility that A; may equal
P, while As may be strictly contained in Ps.

o1(n) is contained in a closed halfspace K, of R® with boundary plane
0K, being a vertical plane passing through the origin 0 of R®. Let
Ai(n) = A1 N Pi(n) and let M1(n) C M; be the compact bigraph
over Aj(n). Let I?n be the closed halfspace in R? with K,, C IA(n and
such that the boundary plane 8IA(n is a distance % + Ry from 0K,
where H is the mean curvature of M. Note that 9M(n) is contained in
the union of the solid cylinder over B(Ry) and the halfspace K,,. Thus,
the distance from M (n) to OK, is at least % By the Alexandrov
reflection principle and the % height estimate for CMC' graphs with
zero boundary values and constant mean curvature H, we find that
Mi(n) C IA(n After choosing a subsequence, the halfspaces IA(n converge
on compact sets of R? to a closed halfspace K. Since for all n € N,
Mi(n) € Mi(n+1) and |J22; M1(n) = M, one finds that M; C K.
After a translation in the (z1,x2)-plane and a rotation of M; around
the zz-axis, we may assume that the new surface, which we will also
denote by M, lies in {(z1,%2,23) | xo > 0} and it is a bigraph over
a region A; C {(x1,22,0) | zo > 0}. A straightforward application
of the Alexandrov reflection principle and height estimates for CMC
graphs shows that, after an additional translation in the (z1, z2)-plane
and a rotation around the z3-axis, A also can be assumed to contain
a divergent sequence of points p, = (z1(n),x2(n),0) € dA; such that

z2(n)
z1(n)

— 0 as n approaches infinity. See Figure 3.

Assertion 4.3. The points p, can be chosen to satisfy the following
additional properties.
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Figure 3. Choosing the points p, and related data. The
shaded trapezoidal region is T'(n).

1) The vertical line segments ~yy, joining py to (x1(n),0,0) intersect

z1(n+1)
O

2) The surfaces My —p,, converge to a surface in T(M) with a related
component in T (M) being a Delaunay surface F with P as a plane
of Alexandrov symmetry and axis parallel to the x1-axis.

Ay only at p, and

Proof. The proof that the points p, can be chosen to satisfy statement
1 is clear. To prove that they can also be chosen to satisfy statement
2 can be seen as follows. Let S,, C P be the circle passing through

the points p, and (xll(on) ,0,0) with center on the line {(z1(n),s,0) | s <
x2(n)} and let E,, denote the closed disk with boundary S,,. Consider the
family of translated disks E,(t) = E, — (0,¢,0) and let ¢y be the largest
t > 0 such that E,(t) intersects A at some point and let D,, = E,(to).
By construction and after possibly replacing by a subsequence, points in
D,,NA; satisfy the first statement in the assertion as well as the previous
property that the ratio of their xs-coordinates to their xi-coordinates
limit to zero as n — oo. Next, replace the previous point p, by any
point of 9D,, N My, to obtain a new sequence of points which we also
denote by p,. A subsequence of certain compact regions of the translated
surfaces M — p,, converges to a strongly Alexandrov-embedded surface
My € T(M) which has P as a plane of Alexandrov symmetry and
which lies in the halfspace xo > 0. It follows from item 4 of Theorem
3.3 (and its proof) that 7 (X) contains a Delaunay surface D with axis
being a bounded distance from the z-axis and which arises from a limit
of translates of My,. It is now clear how to choose the desired points
described in the assertion, which again we denote by p,, so that certain
compact regions of the translated surfaces M —p,, converge to the desired
Delaunay surface F'. This completes the proof of the assertion. q.e.d.
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As a reference for the discussion which follows, we refer the reader to
Figure 3. By Assertion 4.3, we may assume that around each point p,,
the surface M is closely approximated by a translation of a fixed large
compact region of the Delaunay surface F'. Without loss of generality, we
may assume that the entire line containing -, is disjoint from the self-
intersection set of 9A;. Let I';, be the largest compact extension of v, so
that 'y, — v, C Ay, and let fn be a line segment extAension of I';, near the
endpoint of I';, with positive zo-coordinate so that I',,NA; = I',NA1 and
so that the length of fn —T',, is less than % Let g, denote the endpoint

of fn which is different from the point p,. Without loss of generality,
we may assume that the line segments a(n) in P joining ¢, @,+1 are
transverse to 0A; and intersect A; in a finite collection of compact
intervals. If we denote by v(n) the upward-pointing unit vector in the
(21, 2)-plane perpendicular to a(n), then the vectors v(n) converge to
(0,1,0) as n goes to infinity.

As a reference for the discussion which follows, we refer the reader
to Figure 4. Now fix some large n and consider the compact region
T(n) C P bounded by the line segments I',, Tpy1, a(n) and the line
segment joining (z1(n),0,0) to (z1(n + 1),0,0). Consider T'(n) to lie
in R? and let T(n) x R C R? be the related convex domain in R3.
Let Mp(n) be the component of My N (T (n) x R) which contains the
point p,. Note that M;j(n) is compact with boundary consisting of an
almost-circle C'(I',) which is a bigraph over an arc in I';,, possibly also
an almost circle C'(I'y41) which is a bigraph over an interval in T’ 1,
and a collection of bigraph components over a collection of intervals I,
in the line segment a(n).

We denote by a(n) the collection of boundary curves of M;j(n). Let
asz(n) be the subcollection of curves in «(n) which intersect either I',, or
41, that is, as(n) = {C(T'y), C(Tny1)} or aa(n) = {C(T'y,)}. Clearly,
the collection of boundary curves of Mj(n) which are bigraphs over the
collection of intervals I,, = Aj Na(n) is a(n) — az(n). Let az(n) be the
subcollection of curves in a(n) — ag(n) which bound a compact domain
A(a) C My —0Mji, and let au(n) = a(n) — (az2(n)Uaz(n)). Note that in
Figure 4, aa(n) = {C(T'), C(Tn41)}, ag(n) is empty and ay(n) consists
of the single gray curve 0.

Assertion 4.4. For n sufficiently large, every boundary curve 0 of
M (n) which is a graph over an interval in I,,, bounds a compact domain
A(Q) C My — OM;; in other words, ay(n) is empty.

Proof. For any a € a(n), let n, denote the outward-pointing conor-
mal to a C 9Mi(n) and let D(«) be the planar disk bounded by «.
Consider a boundary component 0 € ay4(n). By the “blowing a bub-
ble” argument presented in [12], there exists another disk 13(8) on
the mean convex side of M; of the same constant mean curvature
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Figure 4. Blowing a bubble D() on the mean convex
side of Mj.

as M, 83(8) = 0D(0). Moreover, ﬁ(@) is a graph over D(0) and
D(0) N (T(n) x R) = dD(d) = . Let 7y denote the inward pointing
conormal to &D(8). The graphical disk D(d) is constructed so that
(ng — Mo, v(n)) > 0, see Figure 4.

The piecewise smooth surface Mj(n) U (U y D(a)) U
(Uncasmn) D(«)) is the boundary of a compact region W (n) C R3. An
application of the divergence theorem given in [13] to the vector field
v(n), considered to be a constant vector field in R? in the region W (n),
gives rise to the following equation:

acaz(n)Uaz(n

+

© 3 [ / (1o 0(n)) — 2H /D RECRL

a€az(n)Uas(n)
* ae§n> [ /a%»v(n» 2 [ ), N(n>>] — 0,

where H is the mean curvature of M and N(n) is the outward pointing

conormal to W (n). Note that 3 ¢, ) [fa<77a, v) —2H fD(a) (v(n), N)] =
e(n) converges to zero as n — oo because v(n) converges to (0,1,0)
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and the curves C(I'),), C(I';,41) converge to curves on Delaunay sur-
faces whose axes are perpendicular to (0,1,0). Also note that this ap-
plication of the divergence theorem in [13] implies that for a € az(n),
[, (Nasv(n)y —2H fD(a) (v(n), N(n)) = 0. Thus, equation (6) reduces to
the equation

(1) eln)+ Zn) [/{3(%»%%)) —2H/ﬁ(8)<v(n)7N(n)>] =

O€au(
On the other hand, for each 0 € a4(n),

(8) /8 (0,0 =2 [ (o), N = /a (o — Fios v(n)) = 0

and the length of each 0 € a4 is uniformly bounded from below. Since
e(n) is going to zero as n goes to infinity, equations (7) and (8) imply
that for n large, the conormals 79 and 7y are approaching each other
uniformly (see the lower left-hand corner of Figure 4). Note that the
intrinsic distance of any point on the graphs f)(a) to 0 is uniformly
bounded (independent of @ and n)® . The Harnack inequality, the above
remark, the facts that f)(a) is simply-connected and the second funda-
mental form of M is bounded, imply that there exists 6 > 0 such that
if [,(no — g, v(n)) <6, then there is a disk A(9) C My — My (n) which
can be expressed as a small graph over ﬁ(@) The existence of A(Q)
contradicts that 0 € ay(n), which means a4(n) = @ for n sufficiently
large. This contradiction proves the assertion. q.e.d.

We now apply Assertion 4.4 to prove the following key partial result
in the proof of Theorem 4.1.

Assertion 4.5. My has at least one annular end.

Proof. By Assertion 4.4, for some fixed n chosen sufficiently large,
every boundary curve a of M (n) in the collection a(n) — ay(n) bounds
a compact domain A(a) C M; — OM;. By the Alexandrov reflection
principle and height estimates for C M C' graphs, we find that the surface
]\/Z(n) = M(n) UUqea(n)—as(m) Ala) must have two almost circles in its

—

boundary arising from as(n). Let X(k) = (<, M(n + j). Note that
by the Alexandrov reflection argument and height estimates for CMC
graphs with zero boundary values, there exist half-cylinders C(n, k) in
R* which contain $(k) and have fixed radii 7. Hence, there is a limit
half-cylinder C(n) C R? that contains %(00) = ey X(k) C M. By the
main result in [13], ¥(c0) is asymptotic to a Delaunay surface, which
proves the assertion. q.e.d.

8This uniform intrinsic distance estimate holds since CMC graphs are strongly
stable (existence of a positive Jacobi function) and there are no strongly stable,
complete CMC surfaces in R3; see theorem 2 in [27] for a proof of this result.
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It follows from the discussion at the beginning of the proof of Theorem
4.1 and Assertion 4.5 that if M has at least n ends, n > 1, then it has
at least n — 1 annular ends. It remains to prove that if My, My are given
as in the beginning of the proof of Theorem 4.1 with M; having an
annular end, then M5 has an annular end as well. To see this, note that
the annular end Ey C M; is asymptotic to the end F' of a Delaunay
surface and so after a rotation of M, M; is a graph over a domain Ay
which contains the axis of F', which we can assume to be the positive
x1-axis. Now translate Ms in the direction (—1,0,0) sufficiently far so
that its compact boundary has negative xi-coordinates less than —%;
call the translated surface M, and let A, C P be the domain over which
M/ is a bigraph. If for some n € N the line L,, = {(n,t,0) | t € R} is
disjoint from M/, then M is contained in a halfplane of P and our
previous arguments imply M/ has an annular end. Thus without loss of
generality, we may assume that every line L,, intersects 0A) a first time
at some point s, with positive x9-coordinate.

For 6 € (0, 5], let r(0) be the ray with base point the origin and angle
0 and let W (0) be the closed convex wedge in P bounded by r(#) and
the positive x1-axis. Let 6y be the infimum of the set of 6 € (0, §] such
that W (0)N{sp }nen is an infinite set. Because of our previous placement
of M}, a simple application of the Alexandrov reflection principle and
height estimates for CMC graphs with zero boundary values implies

that some further translate My of M} in the direction (—1,0,0) must

be disjoint from 7(fy). Finally, after a clockwise rotation My of MY by
ang/lg Ay, our previous arguments prove the existence of an annular end
of M> of bounded distance from the positive z1-axis. Thus, we conclude
that Ms also has an annular end which completes the proof of the first
statement in Theorem 4.1.

We next prove the last statement of the theorem. Suppose M C R3 is
a complete, properly embedded C' M C surface with bounded second fun-
damental form and with the (x1,z2)-plane P as a plane of Alexandrov
symmetry. Suppose M contains two noncompact components My, Mo
and that we will prove that each of these surfaces is a Delaunay surface.

Consider M; and Ms to be two disjoint end representatives of M
defined as bigraphs over two disjoint connected domains A1, As in P,
respectively.

Assertion 4.6. After possibly reindexing A1, Ao and applying a rigid
of R? preserving the plane P, then Ay C {xy > 0}.

Proof. By what we have proved so far, we know that M, has an
annular end E which is asymptotic to the end D(FE) of a Delaunay
surface. Let rg C Ay be a ray contained in the axis of D(E). After a
rigid motion of M preserving P, assume rg is a ray based at the origin
of P. The arguments used to prove the first statement of the theorem
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Figure 5. A picture of M; with two bubbles blown on
its mean convex side.

show that there are two disjoint annular ends F, G of M; such that for R
large the arc a(F, G, R) in S*(R) — Ay which intersects 7, has one of its
endpoints in AjNF and its other endpoint in A;NG. Let D(F), D(G) be
ends of Delaunay surfaces to which F, G are asymptotic. Let rp, rqg C
Aj be rays contained in the axes of D(F), D(G), respectively. Let v be
a properly embedded arc in Ay consisting of rg, rg and a compact arc
joining their endpoints. Let 74 be the proper arc in P —B(R) consisting
of a(F,G, R), a boundary arc in (E N 0A;) — B(R) and a boundary
arc in (G N OA1) — B(R). After a small perturbation of 75 we obtain
a proper arc - contained in P — A; which intersects rg. Note that
~1 is contained in a halfplane and since 7, lies at a bounded distance
from -1, the halfplane can be chosen to contain both v and . After a
rigid motion, we may assume that this halfplane is {x2 > 0}. Since the
region bounded by v; and s is a strip by construction, by elementary
separation arguments, either v; lies between {x2 = 0} and 75 or 7o lies
between {x9 = 0} and ~y;. If 4; lies between {z2 = 0} and 2, then Ay
lies in the halfspace, otherwise A; does. After possibly reindexing, this
completes the proof. q.e.d.

In the discussion which follows, we refer the reader to Figure 5. By the
previous assertion, we may assume A; C {zg > 0}. Previous arguments
imply that after a rigid motion of M, we can further assume that M;
contains as annular end E* with the property that for n € N sufficiently
large, the line segments {(n,¢,0) | ¢ > 0} intersect A; for a first time
in a point p, € Fy. Furthermore, E™ is asymptotic to the end DT of a
Delaunay surface. Also we can assume that the half axis of revolution
of DT lies in P and is a bounded distance from the positive x1-axis.

By the Alexandrov reflection principle and height estimates for CM C
graphs with zero boundary values, A1 must not be contained in a convex
wedge of P with angle less than 7. Therefore, for n € N sufficiently large
the line segments {(—n,t,0) | ¢ > 0} intersect a second annular end A;
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in points p_, € E~ for a first time. In this case the annular end £~
is asymptotic to the end D~ of another Delaunay surface and the half
axis of D~ in P is a bounded distance from the negative x;-axis.

Similar to our previous arguments, we define for each n € Z with |n|
sufficiently large, curves ,, [, fn and points ¢, as we did before (see
Figures 3 and 5). For each n € N sufficiently large, we define the line
segment a(n) C P whose endpoints are the points ¢_,, g,. Now define
for any sufficiently large n the compact region T'(n) C P bounded by
the line segments I'_,, L'n, a(n) and the line segment joining (—n, 0,0)
to (n,0,0), and let T(n) x R C R? be the related convex domain in
R3. Let Mj(n) be the component of M; N (T'(n) x R) which contains
the point p_,. Note that M;(n) is compact with boundary consisting
of an almost-circle C(I'_;,) which is a bigraph over an arc on I'_,,, and
an almost-circle C(I';,) which is a bigraph over an arc on I',, and a
collection of bigraph components over a collection of intervals I,, in the
line segment a(n).

As in previous arguments, an assertion similar to Assertion 4.4 holds
in the new setting. With this slightly modified assertion, one ﬁllgs that
the almost-circles C(I'_,) and C(T";,) bound a compact domain Mj(n) C
M. A slight modification of the proof of Assertion 4.5 implies M; is
cylindrically bounded, and so by the main theorem in [13], M; is a
Delaunay surface. Note that the axis of M7 is an infinite line in Ay and
so Ay also lies in a halfplane of P. The arguments above prove that M,
is also a Delaunay surface, which completes the proof of the theorem.
q.e.d.

Remark 4.7. Using techniques in [10, 16], for every integer n > 1, it
is possible to construct a surface M, with empty boundary and n ends,
none of which are annular, which satisfies the hypotheses of the surface
M in the statement of Theorem 4.1 except for the bounded second
fundamental form hypothesis. Hence, the hypothesis in the theorem
that M has bounded second fundamental form is a necessary one in
order for the conclusion of the theorem to hold.
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