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INSTANTON COUNTING AND DONALDSON
INVARIANTS

LOTHAR GOTTSCHE, HIRAKU NAKAJIMA & KOTA YOSHIOKA

Abstract

For a smooth projective toric surface we determine the Don-
aldson invariants and their wallcrossing in terms of the Nekrasov
partition function. Using the solution of the Nekrasov conjecture
[33, 38, 3] and its refinement [34], we apply this result to give a
generating function for the wallcrossing of Donaldson invariants of
good walls of simply connected projective surfaces with b, =1 in
terms of modular forms. This formula was proved earlier in [19]
more generally for simply connected 4-manifolds with b, = 1, as-
suming the Kotschick-Morgan conjecture, and it was also derived
by physical arguments in [31].

Introduction

Donaldson invariants have for a long time played an important role in
the study and classification of differentiable 4-manifolds (see [7]). They
are defined by moduli spaces of anti-self-dual connections on a principal
SO(3)-bundle. The anti-self-duality equation depends on the choice of
a Riemannian metric g. For generic g there are no reducible solutions to
the equation and moduli spaces are smooth manifolds. In case by > 1
two generic Riemannian metrics can be connected by a path. Then
Donaldson invariants are independent of the choice of the metric, and
they are invariants of a C*° compact oriented 4-manifold X.

On the other hand, in case by = 1 nongeneric metrics form a real
codimension 1 subset in the space of Riemannian metrics, i.e., a collec-
tion of walls, and two generic metrics cannot be connected by a path
in general. As a consequence, Donaldson invariants are only piecewise
constants as functions of the Riemannian metric g [24, 26]. More pre-
cisely we have a chamber structure on the period domain, which is a
connected component C of the positive cone in the second cohomol-
ogy group H?(X,R), and the Donaldson invariants stay constant only
when the period w(g), which is the cohomology class of the self-dual
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harmonic 2-form modulo scalars, stays in a chamber. The wallcross-
ing terms are the differences of Donaldson invariants when the metric
moves to another chamber passing through a wall. In [19] the first au-
thor gave a formula for their generating function in terms of modular
forms, assuming the Kotschick-Morgan conjecture!, which states that
the wallcrossing term is a polynomial in the intersection form and the
multiplication by &, the cohomology class defining the wall (see §1.1 for
more detail). The method of the proof was indirect and did not give a
clear reason why modular forms appear.

A physical derivation of the wallcrossing formula was given by Moore-
Witten [31]. We shall review their derivation and the physical back-
ground only very briefly here (see [34, Introduction] for a more detailed
exposition for mathematicians). The work of Moore-Witten was based
on Seiberg-Witten’s ansatz [40] of the N' = 2 supersymmetric Yang-
Mills theory on R* which is a physical theory underlying Donaldson
invariants [41]. The theory is controlled by a family of elliptic curves
parametrized by a complex plane (called the u-plane). The modular
forms that appear in the wallcrossing formula are related to this fam-
ily. They expressed Donaldson invariants in terms of two contributions,
the integral over the u-plane and the contribution from the points £2,
where the corresponding elliptic curves are singular. The latter con-
tribution corresponds to Seiberg-Witten invariants, which conjecturally
contain the same information as Donaldson invariants [42]. Moore-
Witten further studied the u-plane integral and its contribution to Don-
aldson invariants. They recovered the wallcrossing formula, as well as
Fintushel-Stern’s blowup formula [15], and also obtained new results,
such as Seiberg-Witten contributions and calculation for P? in terms of
Hurwitz class numbers.

Seiberg-Witten and Moore-Witten’s arguments clarified the reason
why modular forms appear in Donaldson invariants. But they were
physical and have no mathematically rigorous justification so far. A
more rigorous approach was proposed much later by Nekrasov [36]. He
introduced the partition function

7Y (g1 e9,a;N) = ZA4”/ 1,

n>0 M(n)

where M (n) is the Gieseker’s partial compactification of the framed
moduli space of SU(2)-instantons on A? and | M(n) denotes the push-
forward homomorphism to a point in the equivariant homology groups,

!There are two preprints by Chen [5] and by Fechan-Leness [14], giving a proof
and an announcement of a proof of the conjecture respectively. Frgyshov also gave a
talk on a proof. Their approaches are differential geometric and quite different from
ours, and the authors believe they are correct, but unfortunately do not have the
ability to check their papers in full detail.
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defined by a formal application of Bott’s fixed point formula to the
noncompact space M(n). The variables €1, €5 are generators of the
equivariant cohomology H¢. o« (pt) of a point with respect to the two
dimensional torus C* x C* acting on A2. The remaining variable a is
also a generator of H¢.(pt), where C* acts on M (n) by the change of
the framing. This definition can be viewed as the generating function of
the equivariant Donaldson invariants of R* = A2, Although Nekrasov
was motivated by a physical argument, the partition function is math-
ematically rigorously defined. He then conjectured

e169log Z% (g1, €9, a; A) = Fi™*(a, A) 4 higher terms as e1,e5 — 0,

where Fi*'(a, A) is the instanton part of the Seiberg-Witten prepoten-
tial defined via periods of the elliptic curves mentioned above. The
conjecture was proved by three groups, the second and third named
authors [33], Nekrasov-Okounkov [38], and Braverman-Etingof [3] by
completely different methods.

In this paper we express the wallcrossing terms of Donaldson invari-
ants in terms of the Nekrasov partition function, under the assumption
that the wall is good (see §2.1 for the definition). Thereby we give a
partial mathematical justification of Moore-Witten’s argument, where
Seiberg-Witten’s ansatz is replaced by the Nekrasov partition function.
More precisely, we take a smooth toric surface X and consider equivari-
ant Donaldson invariants. They also depend on the choice of a Riemann-
ian metric as ordinary Donaldson invariants, and we have an equivariant
wallcrossing term. The first main result (Theorem 3.3) expresses it as
the residue at a = oo (corresponding to u = oo of the u-plane) of a prod-
uct over contributions from fixed points in X, and the local contribution
is essentially the Nekrasov partition function. This result comes from
the following: In the wallcrossing the moduli space changes by replacing
certain sheaves lying in extensions of ideal sheaves of zero-dimensional
schemes twisted by line bundles by extensions the other way round. Us-
ing this fact one can express the change of Donaldson invariants under
wallcrossing in terms of intersection numbers on the Hilbert schemes
Xg] of points on two copies of X. For the wallcrossing of the Donaldson
invariants without higher Chern characters this was already shown in
[8, Th. 6.13] and [17, Th. 5.4, Th. 5.5]. These intersection numbers

can be computed via equivariant localization on Xg]. Every I'-invariant

scheme in Xg] is a union of I'-invariant schemes with support one of
the fixed points of X, and the contribution to the intersection number
coming from invariant subschemes with support one of the fixed points
of X is given by the Nekrasov partition function.

Then the second main result (Theorem 4.2) is about the nonequiv-
ariant limit 1,69 — 0, and we recover the formula in [19] via the
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solution of Nekrasov’s conjecture and its refinement [34], i.e., determi-
nation of several higher terms of €19 log Z (1,2, a; A). It is worthwhile
remarking that the variable a appears in the wallcrossing term as an
auxiliary variable, which is eventually integrated out. By contrast it
plays a fundamental role in the Seiberg-Witten ansatz as a period of
the Seiberg-Witten curve.

It is natural to expect that our equivariant wallcrossing formula is
a special case of that for the Donaldson invariants for families whose
definition was mentioned in [6]. Then we expect that higher coefficients
of the Nekrasov partition function, which are higher genus Gromov-
Witten invariants for a certain noncompact toric Calabi-Yau 3-fold, also
play a role in 4-dimensional topology.

In §5 we show that the wallcrossing term for a good wall of an ar-
bitrary projective surface X can be given by a universal polynomial
depending on Chern classes ¢;(X), ¢ and the intersection product on
H*(X). The proof of this result does not yield an explicit form of the
universal polynomial directly. But combining with the explicit form
obtained for toric surfaces, we conclude that the same explicit formula
holds for an arbitrary surface with b, = 1. In particular, it does not
depend on ¢;(X) and satisfies the statements in the Kotschick-Morgan
conjecture. (See Remark 5.8 for more explanation.) The ‘goodness’ of
the wall means that the moduli space is smooth along sheaves replaced
by the wallcrossing.

Results of Mochizuki show that the goodness assumption can be re-
moved: [30, Thm 1.12] gives Proposition 2.8 for arbitrary walls if we
replace vector bundles A¢ 1, A¢_ by the corresponding classes in K-
theory. In the proof Mochizuki uses virtual fundamental classes and
virtual localization. Therefore our main results (Theorem 4.2, Corol-
lary 5.7) are true for any wall on a simply-connected projective surface.

In §6 we express the equivariant Donaldson invariants themselves for
P2, instead of the wallcrossing terms, in terms of the Nekrasov partition
function. The result here is independent of those in previous sections.
However, we do not know how to deduce an explicit formula for ordinary
Donaldson invariants via nonequivariant limit 1,2 — 0. Note also that
we cannot extend this result to other toric surfaces, as fixed points are
no longer isolated.

The Nekrasov partition function is defined for any rank. A higher
rank generalization of Donaldson invariants was given recently by Kro-
nheimer [27]. Though they are defined for b; > 1, many of his results
are applicable to the b, = 1 case also. Therefore it is natural to hope
that our results can be generalized to the higher rank cases. One of new
difficulties appearing in higher rank cases is a recursive structure of the
wallcrossing. We hope to come back this problem in the future.
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Finally, let us mention that Nekrasov proposed that the equivariant
Donaldson invariants for toric surfaces can be expressed as products of
his partition functions over fixed points, integrated over a in any rank
[37]. As equivariant Donaldson invariants vanish for a certain chamber
for toric surfaces, our wallcrossing formula gives such an expression
together with an explicit choice of contour for the a-integral, which was
not specified in [loc. cit.]. It is an interesting problem to justify his
argument more directly.
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authors. They are grateful to the Kyoto University for its hospital-
ity. A part of this paper was written when all authors visited MSRI
at Berkeley. They thank MSRI for its hospitality. They also thank
Nikita Nekrasov for discussions over years and Takuro Mochizuki for
explanations of his results and Jun Li for useful discussions.

1. Background Material

We will work over C. We usually consider homology and cohomology
with rational coefficients and for a variety Y we will write H;(Y'), and
H{(Y) for H;(Y,Q) and H*(Y,Q) respectively. If Y is projective and
o € H*(Y), we denote [, « its evaluation on the fundamental cycle of
Y. If Y carries an action of a torus T', « is a T-equivariant class, and
p: X — pt is the projection to a point, we denote fya = pula) €
H*(pt).

In this whole paper X will be a nonsingular projective surface over
C. Later we will specialize X to a smooth projective toric surface. For
a class o € H*(X), we denote (a) := [y a. If X is a toric surface, we
use the same notation for the equivariant pushforward to a point.

1.1. Donaldson invariants. Let X be a smooth simply connected
compact oriented 4-manifold with a Riemannian metric g. For P — X
an SO(3)-bundle over X let M(P) be the moduli space of irreducible
anti-self-dual connections on P. For generic g this will be a manifold of
dimension d := —2p1(P) — 3(1 + b7 (X)). Let P — X x M(P) be the
universal bundle. Then the Donaldson invariant of Y is a polynomial
on Hy(X) @ H2(X), defined by
Dy ") = [ uta) o
M(P)

Here cq is a lift of we(P) to H2(X,Z), p € Ho(X) is the class of a point
and a € Hy(X), and for 8 € H;(X) we define pu(B) := —1p1(P)/B. As
M (P) is not compact, this integral must be justified using the Uhlenbeck
compactification of M (P). Note that the orientation of M (P) depends
on the lift ¢; and a choice of a connected component C of the positive
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cone in H?(X,R) which for algebraic surfaces we always take to be the
component containing the ample cone. The generating function is

DY (exp(az + px)) Z Z C1, (n' m‘>z”azm.

d>0n,m>0

When b4 (X) > 1, then Dgh 4 is independent of g as long as g is generic.
If b, (X) =1, then Dghd depends on the period point w(g) € C.

In fact, the positive cone in H?(X,R) has a chamber structure (see
[24],[26]): For a class £ € H*(X,Z) \ {0}, we put W¢ := {z € C |
(x-&) = 0}. Assume W¢ # (). Then we call £ a class of type (c1,d) and
call W& a wall of type (c1,d) if the following conditions hold

(1) €+ ¢ is divisible by 2 in H?(X, Z),

(2) d+3+& >0.

We call € a class of type ¢1 and call W& a wall of type c1, if € + ¢
is divisible by 2 in H?(X,Z). The chambers of type (c1,d) are the
connected components of the complement of the union of all walls of
type (c1,d) in C. In [26] it is shown that Dgl,d depends only on the
chamber of w(g).

Let C4, C_ be chambers of type (c1,d) in C and ¢4, g— be Riemannian
metrics with w(g+) € Cx. Then

Dg:—d( a b) Dgl—d n b ZAX

where the summation runs over the set of all classes ¢ of type (c1,d) with
(€-Cy) >0> (¢-C_). The term A?d is called the wallcrossing term.

The Kotschick-Morgan [26] conjecture says that Agd is a polynomial
in the multiplication by £ and the intersection form with coefficients
depending only on £2 and the homotopy type of X. Wallcrossing terms
with small d had been calculated by various authors [24, 26, 8, 9,
17, 25, 29]. Then the first named author [19] gave a formula for the
generating function of Aéd in terms of modular forms, assuming the
Kotschick-Morgan conjecture. See also [20].

Now we specialize to the case of a smooth projective surface X with
pg(X) = 0, in particular b, (X) = 1. Let H be an ample divisor on
X. Then the cohomology class H is a representative of the period point
of the Fubini-Study metric of X associated to H. We write Dg d for
the corresponding Donaldson invariants. By [28], [32], the Dg 4 can
also be computed using moduli spaces of sheaves on X. We denote
by M3 (c1,d) the moduli space of torsion-free H-semistable sheaves (in
the sense of Gieseker and Maruyama) of rank 2 and with ¢1(F) = ¢
and 4co(E) — c1(E)? — 3 = d. Let M5 (c1,d)s be the open subset of
stable sheaves. Assume that M# (c1,d) = M3 (c1,d)s and that there
exists a universal sheaf £ on X x M#(c1,d). If there is no universal



DONALDSON INVARIANTS VIA INSTANTON COUNTING 349

sheaf, we can replace it by a quasiuniversal sheaf. When p, = 0 (the
case of our primary interest), then Pic(X) — H?(X,Z) is surjective,
which means that x(x,*) is unimodular on K(X). Hence, there is a
universal sheaf if M5 (c1,d) = M§ (c1,d)s. For 3 € H;(X,Q), we put
w(B) := (c2(€) — c1(€)?/4) /B € H*(Mj (c1,d),Q), and define

Y (amp™) = / (@) ()™
M3 (c1,d)

and
a” p™ n,.m
(1.1) o (exp(az + pr)) = ZAdZ‘Pg,d(ﬁﬁ)z T
>0 mn T
= Z Ad/ exp(p(az + pr)).
4>0 M3 (c1,d)

Hereif Vis a comp(jc"c variety and f = Z” ai ja'zd € H*(Y)|[[z, 2]], we
write [y f = PP [y aij- Assume that M (c1,d) has the expected
dimension d or is empty, and that H does not lie on a wall of type
(c1,d). Then by the results of [32],[28] one has

(1.2) (I)H (anpm) _ (_1)(cf+<01-KX))/2Dgd<anpm).

c1,d

When M ;1( (c1,d) is not necessary of expected dimension, we define

the invariants as follows (cf. [16, §3.8]): we consider blowup P: X — X
at sufficiently many points pq,...,pn disjoint from cycles representing
a, p. Let Cq,.. X Cy denote the exceptional curves. We consider the
moduli space M f;,(* 1 (P*c1,d+4N), where the polarization ‘P*H’ means
P*H — eCy — eCy — ---eCy for sufficiently small € > 0. Then it has
expected dimension for sufficiently large N by §A. We define

/ exp(u(az + po))
M?I( (c1,d)

N
1 * *
= (2> / . p(C)* - pu(Cn)* exp(u(aP*z + pP*x)).
MZE, , (P*c1,d+4N)
By the blowup formula (see [16, Th. 8.1]), this definition is independent
of N. From its definition, (1.2) remains to hold.

1.2. Nekrasov partition function. We briefly review the Nekrasov
partition function in the case of rank 2. For more details see [34, Sec-
tions 3.1, 4]. Let £y be the line at infinity in P2. Let M(n) be the
moduli space of pairs (E,®), where E is a rank 2 torsion-free sheaf on
P2 with c3(E) = n, which is locally free in a neighbourhood of £, and
O: By, — (923 is an isomorphism. M (n) is a nonsingular quasiprojec-
tive variety of dimension 4n.
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Let T' := C* x C* and T := I' x C*. T acts on M(n) as fol-
lows: For (t1,t2) € I, let F}, 1+, be the automorphism of P? defined by
Fy, 45 ([20, 21, 22]) ¥ [20,t121, t222], and for e € C* let G be the automor-
phism of OE‘Z given by (s1,s2) +— (e71s1,es2). Then for (E,®) € M(n)
we put (t1,tg,¢)- (E, ®) = ((Fj 752) E,®'), where @ is the composition

(Fy )@

(Fpy )" (B)] e

Let 1, €9, a be the coordinates on the Lie algebra of T, i.e., we can write
(t1,t2,e) = (e, €2, e).

We briefly recall equivariant integration in the form we want to use
it. Let T be a torus acting on a nonsingular variety Y with finitely
many fixed points ¢1,...,qs. Let e1,..., e, be the coordinates on the
Lie algebra of T. The equivariant cohomology of a point is H7.(pt) =
Qlet,...,en]. If @ € Hi(Y) is an equivariant cohomology class, then

we put
—~_t5,(a)
/04-— E me(@(eh---aen)-

Here 17, is the equlvarlant pullback via the embedding ¢; — Y, and
er(Ty ZY) is the equivariant Euler class of the tangent space of Y at g;.
If Y is also compact, then fY is the usual pushforward to a point in
equivariant cohomology, in particular [ o € Qleq, ..., ep].

Let z,y be the coordinates on A? = P2\ /.. The fixed point set
M(n)T is a set of (Zz,,®1) ® (Zz,, ®2), where the Ty, are ideal sheaves
of zero dimensional schemes Z;, Z, with support in the origin of A? with
len(Z1) + len(Z3) = n and @, (o = 1,2) are isomorphisms of Zz_|__
with the a-th factor of (’)69 . Write I, for the ideal of Z, in C[z,y].
Then the above is a fixed pomt if and only if I1 and I» are generated
by monomials in z, y.

A Young diagram is a set

Y = {(z,]) € Z~o X Lo |] < )\i}v

( t1 tg) 0692 O?iz O?oz

where (\;)icz., is a partition, i.e., A\; € Z>g, A; > \j11 for all ¢ and only
finitely many \; are nonzero. Thus ); is the length of the i-th column
of Y. Let |Y| be the number of elements of Y, so that ();) is a partition
of [Y]. We denote by ()\}); the transpose of )\ thus \} is the length of

the j-th row of Y. For elements s=(i,7) € Z=o X Z>0 we put
(IY(i,j):Ai_j, ZY(/L?.]):)\./]_l? a/(i7j):j_17 ll(l,]):Z—l
Let I C C[z,y] be the ideal of a finite subscheme of A? supported in

the origin which is generated by monomials in x,y. To Z we associate
the Young diagram

Y = YZ = {(7’7]) € Z>0 X Z>0 xi_lyj_l g IZ}7
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with |Y| = len(Z). To a fixed point (Zz,, ®1)@® (Zz,, P2) of the T-action
on M (n) we associate Y = (Y1, Y3) with ¥; = Y. This gives a bijection
of the fixed point set M (n)iﬁ with the set of pairs of Young diagrams
Y = (V3,Ya) with [Y] := [Vi] + [V = n.

Notation 1.3. We denote e the one-dimensional T-module given by
(t1,t2,€) — e, and similarly we write ¢; (i = 1,2) for the 1-dimensional
T modules given by (t1,t2,¢e) — t;. We also write e; := e~} eg 1= e.

And we write a1 := —a, a2 := a.

Following [33], [34], let, for o, € {0,1}, Nzﬁ(tl,tg,e) be the T-

equivariant character of Ext!(Zz,, T75(—{)) and ngﬂ(el,sg,a) the
equivariant Euler class. It can be written by using ay, ly (see [33,
Th. 2.11, Section 6] or [34, Sections 3, 4]), but an explicit form will not
be used in this paper. Now the instanton part of the Nekrasov partition
function is defined as
1) =
(n)

ZinSt(€17€27a7A) = ZA4H</ - }7 .
Y Haﬁ=1 na,ﬁ(€1’€27a)

n>0 M
More generally we will consider the following: For variables 7 := (7,),>1
let

co 2 a
— o 6 (a7
(1.4) EY(z-:l,sg,a,T) = exp ( E E Tp [5152

p=1a=1

. (1 (1) (1 — o) Z e—l’(s)al—a’(s)ag)] )

SEYa

A4Y

(The sign in [34, (4.1)] is not correct. See the first claim in the proof of
Lemma 3.9.) Here [-],—1 means the part of degree p — 1, where a,e1, €2
have degree 1. Then the instanton part of the partition function is
defined as

(1.5)
) . AYIEY (¢ ,E9,Q, T
ZmSt(€1,527a; A’ 7—) p— Z 5 571 2 ) c Q(517€27a)[[AH'
v Ha76:1 na7ﬁ(51a525a)

In particular, Z" (e, e, a; A, 0) = Z™Y (1, £9,a; A). As a power series
in A, Z™%(gq, 9, a; A, 7) starts with 1. Thus

Finst(g), g9, a; A, 7) == log Z™% (g1, e9,a; A, 7) € Q(e1,e2,a)[[A]]

is well-defined and we put F™'(e;, e, a;A) := F™' (g1, 9, a; A, 0). Fi-
nally we define the perturbation part. We define ¢,, (n € Z>¢) by

1 c
1. =) yn?
(16) (es1t — 1)(es2t — 1) r;) n! ’
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and define
(1.7) ’)/51,52(30; A)

1 { 1 2] <x>+3 2}+51+€2{ 1 <$)+ }
= —< ——=z°lo — —xlog | — x
E1€2 2 & A 4 26162 & A

_6%—1—8%4—36152 (£> i -
125152 A o n— 1 2).

We put
Fpert (51’ €2, a; A) = T Ver,e2 (2@; A) - ’751,62(*261; A)

Then FP'%(g1,e9,a;A) is a Laurent series in €1, &3, whose coefficients
are multiple-valued meromorphic functions in a, A. See [34, Appendix
E] for the details. Finally we define

F(e1,e9,a; A, 7) := FP (e, e9,a; A) + F™ (1,69, a; A, 7),
F(e1,e9,a;A) := F(e1,e9,a; A, 6)
Formally one defines
Z(e1,e9,a; A, 7)) := exp(FP (e1,e9,a; A)) 2 (g1, £, a; A, 7).

2. Computation of the wallcrossing in terms of Hilbert
schemes

Let X be a simply connected smooth projective surface with p, =
0. In this section we will compute the wallcrossing of the Donaldson
invariants of X in terms of intersection numbers of Hilbert schemes of
points on X. Our result will be more generally about a refinement of
the Donaldson invariants, also involving higher order p-classes. In the
next two sections we will specialize to the case that X is a smooth toric
surface and relate this result to the Nekrasov partition function.

Notation 2.1. Let ¢ be a variable. If Y is a variety and b € H*(Y)[t],
we denote by [b]g its part of degree d, where elements in H?"(Y) have
degree n and t has degree 1.

If R is a ring, t a variable and b € R((t)), we will denote for i € Z by
[b];i the coefficient of ¥ of b.

If E is a torsion free sheaf of rank r on Y, then we put ch(E) :=
ch(E) exp(—c1(E)/r). We write ch;(E) := [ch(E)];. We can view this
as Chern character of E normalized by a twist with a rational line
bundle, so that its first Chern class is zero. Note that in case r = 2, we
have —chy(E) = co(E) — 2(E) /4.

If E is a vector bundle of rank r on Y we write ¢!(E) := >, ¢;(E)t""
= t"c1(E), with ¢,(E) := Y, c;i(E)t.

Now we define a generalization of the py-map and of the Donaldson
invariants.
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Definition 2.2. Fix an ample divisor H on X and fix ¢; and d.
Assume that there is a universal sheaf £ over X x M# (c1,d), and that
M3 (e1,d) is of expected dimension d or empty for all d > 0. For a class
a € H;(X), and an integer p > 1, we put p,(a) := (—1)’ch,11(€)/a €
H%+274(M# (c1,d)). Note that the universal sheaf is well-defined up
to a twist by the pullback of a line bundle from Ml)f(cl,d), thus p, is
independent of the choice of the universal sheaf.

Let b1,...,bs be a homogeneous basis of H,(X). For all p > 1, let

71, ...,7¢ be indeterminates, and put o, := Y ;_; abby7l, with o} € Q.

This means that (77 )Z;i s is a coordinate system on the “large phase

space” P >, Hx (X)[p]. We define

(2.3) (I)g (exp <pz>; ap>> = ;Ad /Mﬁ(%d) exp (/;,up(ap)).

This is an element of Q[[A, (7])]]. As by definition y; = p, our previous
definition of ®X (exp(az + pz)) is obtained by specializing v, := 0 for
all p > 1.

We believe that we can define the invariants without the assumption
that the moduli spaces are of expected dimensions as in the case of
ordinary Donaldson invariants. This can be done once we generalize
the blowup formula. This is a little delicate as higher Chern classes do
not descend to Uhlenbeck compactifications.

2.1. The wallcrossing term. Let ¢ € H%(X,Z) \ {0} be a class of
type c1. We say that ¢ is good and W¥¢ is a good wall if

(1) there is an ample divisor in W¥¢,

(2) D+ Kx is not effective for any divisor D with We(P) = ¢,

A sufficient condition for & to be good is that W¢ contains an ample
divisor H with H - Kx < 0. Let £ be a good class of type ¢;.

Let X be the Hilbert scheme of subschemes of length n on X. Let
Zn(X) € X x X" be the universal subscheme. We write Xy := X U X
and X{:= [, ey X1 5 XM Fix I € Zsg. Let Ty (resp. T2) be the
sheaf on X x Xg] whose restriction to X x XM x Xl ig P12(Zz,(x))
(resp. pi3(Zz,.(x))), where p12: X x X x5 X x X (resp.
prs: X x X Xt x 5 XY Let p: X x XU — X[ be the

projection. On X2m we define

Ag—i=Exty(T2,71(8)),  Aey = BExt)(T1,T2(—¢)).
As £ is good, A¢ —, A¢ 1 are locally free on XQU]. If ¢ is understood, we
also just write A_ and Ay instead of A¢ _, A¢ 4. Let P_ :=P(AY) and
Py :=P(AY) (we use the Grothendieck notation, i.e., this is the bundle
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of 1-dimensional quotients). Let 7y : Py — XQ[” be the projection. Then
Py = [Ty PE™ with PL™ = 71! (X[ x X)),

Now we define the wallcrossing term. We use the notations of the
last section. For a coherent sheaf E of rank r on a variety Y, we view
1/c(E) as an element of H*(Y)[t~!] via the formula

1 1 1 )
== =t si(E)t™",
c(E) tr Yoo cZ(E)tlZ ZZ: ‘

where r is the rank of F and the s;(F) are the Segre classes of E. If Y’
carries a [-action and F is equivariant, then 1/c'(E) € H:(Y)[[t™1]].

(2.4)

Definition 2.5. Let £ € H%(X,Z) be a good class of type c;. For all
p > 1let ay, be as in (2.3). The wallcrossing terms are

5§t<exp (Zap))) = ZA41_52_3

p=21 120

20 exp (o1 (~1)?[ch(T)eT + ch(To)e T ]y /o)
. /Xg” c(Ag4)e(Ag,-) ’
o (o0 (2 ap)) = [0 (exp (L) )]
p>1 p>1
5§t(exp(az + pa:)) and 6g(exp(az + px)) are defined by replacing
a1 by az + pr and o, by 0 for p > 2 in 5gft(exp(zpal,))) and
5g(exp (Zp @,))). By (2.4) we see that

o (exp () ) € A7k (1A, (7))

p=1

o (exp (Y ay)) € QAL ()]

p=1
(see Remark 2.7(1)).

Remark 2.7. (1) Fix [ > 0. Write d := 4] — ¢2 — 3 and let E(t) :=
1/(c"(Ag.+)cH(Ae—)) on sz. Note that rank(A¢ + ®Ae —) =d+1-21
(this follows from [8, Lemma 4.3]). If d < 0, then d +1 — 2] < 0,
thus A¢ y = 0 = A¢_ and E(t) = 1, and thus the coefficient of A? in
(%t(exp (Zap)) is a polynomial in ¢t. Let again d be arbitrary. We
can write E(t) = S22, bt~ 12D with b; € H%(sz). Thus, if we
give elements of H2i(X2[l}) the degree i and ¢ the degree 1, then E(t) is
homogeneous of degree 2] — d — 1.

(2) Note that the factor A? both in the definition of ® and of 5? is
redundant. The coefficient of A% in @ (exp(}_ a,,)) and 5§(exp(2 a,))
is a polynomial of weight d in the T,f. Here the weight of T,f isp+1—1if
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by, € Hyi(X). For <I>§, this is clear because d is the complex dimension
of M#(cy,d). For (5? , this follows easily from the last sentence of (1)

and the fact that sz has dimension 21.

The aim of this section is to prove that the wallcrossing for the Don-
aldson invariants can be expressed as a sum over 55( .

Proposition 2.8. Let H_, H; be ample divisors on X, which do
not lie on a wall of type (c1,d) for any d > 0. Let By be the set of all
classes & of type ¢y with (-Hy) > 0> (£-H_). Assume that all classes
in B4 are good. Then

i (0 (0)) - (0 (50)
= > (e (X a)).

§€eBy p

Remark 2.9.

From our final expression in Corollary 5.7, (5? (exp(az + px)) is com-
patible with Fintushel-Stern’s blowup formula [15]. (See [20, §4.2] and
[34, §6].) Therefore it is enough to prove the proposition after we blowup
X at sufficiently many times, as we did for the definition of @g . In par-
ticular, we may assume My _(c1,d) is of expected dimension without
loss of generality. However, the blowup does not make walls good in
general, so we one needs different methods to prove the proposition for
general wall. Let p: X X XQ[I] — XQU] and q: X x XQU] — X be the pro-
jections. In [30, Thm 1.12] the proposition is proved for general walls
with Ag ¢, Ag — replaced by —pi(Z5 @ Ty ® ¢'€), —p(Zy © To ® ¢'€Y)).
The proof uses virtual fundamental classes and virtual localization.

In the rest of this section we will show Prop. 2.8. Let d > 0 be
arbitrary. It is enough to show that the coefficients of A4 on both
sides are equal. It is known that M;s (c1,d) and @g are constant as
long as H stays in the same chamber of type (c1,d) and only changes
when H crosses a wall of type (¢1,d). Following [8] and [17] we get
the following description of the change of moduli spaces. Let By be the
set of all £ € By which define a wall of type (ci,d). For the moment
assume for simplicity that By consists of a single element . Let [ :=
(d+ 3+ ¢2)/4 € Z>0. Write My, := M3t (c1,d). Then successively
for all n = 0,...,0 write m := [ — n. Then one has the following:
M,, m contains a closed subscheme E™"™ isomorphic to P™"™ and M,, ,

is nonsingular in a neighbourhood of E™™. Let ]\/an be the blow up
of M, m along E™™. The exceptional divisor is isomorphic to the fiber
product D™™ := P X v,y P We can blow down ]\/an in
D™ in the other fiber direction to obtain a new variety My41 m—1.
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The image of D™™ is a closed subset Ei’m isomorphic to Pi’m and
My 41,m—1 is smooth in a neighbourhood of E}"™

The transformation from M, ,, to M, 1,,—1 does not have to be
birational. It is possible that Efﬁm =0, ie., AL =0. As we know that
rank(A_) + rank(Ay) + 20 = d + 1, this happens if and only if E™™
has dimension d and thus by the smoothness of M, ,, near E™™ we get
that E™"™ is a connected component of M, ,,. Then blowing up along
E™"™ just means deleting E™"™. Thus in this case My 41.m-1 = Mym \
E™™. Similarly we have E™™ = 0, i.e., A_ = 0, if and only if E)""™
is a connected component of My 41 m—1 and My 1 m—1 = My, UEP™.
Below, if the transformation from M, ,, to M1 ,—1 is birational, we
say we are in case (1), otherwise in case (2).

Finally we have Mj1q 1 = Mé&(q, d). If By consists of more than
one element, one obtains My, (c1,d) from Mp_(cy,d) by iterating this
procedure in a suitable order over all £ € B.

Fix € in By. Fix n,m € Zso with n+m =1 := (d + 3 + £2)/4. We
write M_ = M, m, My := Mpy1m—1. Let £+ be universal sheaves
on X x My respectively. Let E_ := E"™ E,. = E'™. Let M be
the blowup of M_ along F_, and denote by D the exceptional divisor
(which is also the exceptional divisor of the blowup of M, along E.).
Write D' := X x D and let j : D — M, j': X x D — X x M be the
embeddings. Let £_, &, be the pullbacks of £_, £, to X x M.

Notation 2.10. Let H € Q[(zn)n>0] be a polynomial. Let a :=
(an)n>0 with a, € H.(X). For any variety Y and any class A € H*(X x
Y)[[t]) we put H(A/a) := H(([Aln/an)n>0) € H*(Y)[[t]. On X x X" x

£t =&+t
XM denote C(t) := ch(Zy)e’z + ch(Zy)e 2, and Cj(t) := [C(t)];.

We denote by 7_ (resp. 74) the universal quotient line bundle on
P_ = P(AY) (resp. P, = P(AY)). For a sheaf F and a divisor B, we
write F(B) instead of F @ O(B).

For a class b € H*(X) we also denote by b its pullback to X x Y for a
variety Y. We write Z7,Z5 for the pullback of 77, 7o to D" and we write
T4, 7_ also for their pullbacks to D and D’.

We will show
eu) [ H@E) /- [ HEEE )/

My
:/ H(C(t)/a)
xtnxtm | (Ag 4 )e (A ) |,

Formula (2.11) implies Proposition 2.8 by summing over all £ € By, all
d > 0 and over all n,m with n +m = (d + &2 + 3) /4.

For the next three Lemmas assume that we are in case (1). Then by
the projection formula [y, H(ch(€x/a))) = [5 H(ch(€x/a)), thus it is




DONALDSON INVARIANTS VIA INSTANTON COUNTING 357

enough to prove (2.11) with the left-hand side replaced by

[ (H@E) /@ - HEE-) o).
Lemma 2.12. C(—7_) = ch((7)*(E_)), C(r4) = h((j)*(E4)) and

ch(€4) — ch(E_) = —ji(W'i‘:;)'

Proof. Write Fy := Il(q;rg), Fo = Ig(%). By [8, Section 5] we
have the following facts:

(1) There exist a line bundle A on D and an exact sequence 0 —
Fid) — () (E2) = Fa(—7_+A) — 0,
(2) &+ can be defined by the exact sequence 0 — &4 — - —
Ju(Fa(—=1—+ X)) — 0.
(3) We have the exact sequence 0 — Fa(m4 + N) — (j/)* (1) —
Fi(A) — 0.
In particular, ch((j/)*6_) = C(—7_), ch((j')*EL) = C(74).
Write ¢4 := c1(E4),c— == c1(E2). As e1(JL(Fa(—7— + X)) = D', we
see that ¢y = ¢ — D’. We also have (j')*(cy) = ¢1 + 74 4+ 2X. Thus we
get

ch(€x) = (ch(E-) — ch(jiFa(—— + A)))e /2
= h(E)eP" /2 — ch(jLFa(—7 + )e /2.

Thus ch(&) — ch(£-) = (P2 —1)eh(E-) — ch(jLFa(—7 + N))e™+/2.
As (j))*D' = —7 — 7— by [8, Cor. 4.7], we get by the Grothendieck-
Riemann-Roch Theorem and the projection formula

ch (j;fg(—’i'_ + )\))e_c+/2

S (1= B
= 1 (~lertr ch(Fo(—r 1)) )2

,/1l—eél —€-27 -7y
= Ji( > |t=ry+r_ ch(Z2)e 2 )
1 —€-2s—t —E+t
= 4 _— —_ S=T
= ((S - (n(Z2)e ™= — en(T2)e ™5 )L;)'
On the other hand, as e?'/2 — 1 is divisible by D', we get
1—e /2

(P2~ 1yah(e-) = emrytrB(()E-))

t
1 El —€&—s
= jl (7( ch(Il)egg + ch(Zy)e 5

5 + t £t —£—2s—t
— Ch(Il)@T — Ch(IQ)e 2 )|s=7‘7 )7

t:T+

and the result follows. q.e.d.
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Lemma 2.13.

H((E,)/a) ~ H(ED(E-) ) = —j(

In particular,

H(C(t)/a) = H(C(=5)/a) ).
s+t S

/M (H(c(E,)/a) — H(T(E-)/a))
- / H(C(0)/0) = HC(=9)/a),
D s+t t=ry

Proof. We can assume that H is homogeneous of degree k. We make
induction over k, the case k = 0 being trivial. In case k = 1, we have
by the previous Lemma

chi(€4)/a; — chy(E-)/a;
_(C0=CCy ),

s+t t=T4
_ j*<(Ci(t) —SC:ESE—S))/%E:;).

Now let k£ be general. As the claim is linear in H, we can assume that
H = x;H’', with deg(H') = k — 1. Thus we get by induction

H(ch(€4)/a) — H(ch(£-)/a)
— (i) as — ) Jas) B GH(E2) )
+ () oy - (H((Es) o) — H'(TH(E)/a)

s+t
+ (chi((5)"E-) /ai) H/(C(t)/a)sff(C(S)/a)) ) o= )

t=14

= —Jx <s —1i— t ((Cz(t) — Ci(=s))/a; - H'(C(t)/a)

+ Ci(=8)/a; - (H'(C(0)/a)  H'(C(=3)/a))) =1 )
(H((C(t)/a) ~ H(C(~s))/a)
- )

s+t My

This shows the first statement; the second follows immediately by the
projection formula. q.e.d.

Recall that D = P(AY) X yuyy xim P(AY). Let 7: D — X x xIm]
and py: P(AY) — X[ x X" be the projections. We have reduced the
computation of [7 (H(ch(€4)/a) — H(ch(£4)/a)) to an integral over
D, which we now push down to X" x X[,
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Lemma 2.14.
- (_ H(C(t)/a) —H(C(—S)/a)|S:T ) _ { H(C(t)/a) ]
- s+t t=1y ct(Ap)e t(AZ) 1
Proof. For a vector bundle E of rank e on a variety Y, let 7 be the
tautological quotient line bundle on p : P(EV) — Y. Then
1 1

P (Tn)t—n—l —t€ p (Tn—l—e—l)t—n —te — = ,
20 2 S e BV HE)
and similarly Y, p.((—7)")t "1 = _CT1(E)' Thus we get
k_ (_ k
. <T+ (=7) )
T+ +T-
= Y )
itj=k—1

= () (Emdemme )] L

tk
T |:Ct(./4+)c_t(./4_):|t71.
We write H(C(t)/a) = Y450 t*Qx with Q € H*(X[" x XI™]). Then
7r*( ~ H(C({)/a) — H(C(=s)/a) - )

t+s t=ry

q.e.d.

The projection formula and Lemmas 2.13, 2.14 imply formula (2.11).
Thus we have shown (2.11) in case (1).

In case (2), we can assume by symmetry that P, = (), thus A, =0
and A_ has rank d + 1 — 2[. Then we have

A@E)/a) = [ HERE-)/o

M

—— [ HE@E =~ [ n (HERE-))
P_ X[n]l x x[m]

Denote by j: P_ — M_ and j': X x P_ — X x M_ the embeddings.

As before write F; := Il(q;f), Fy = Ig(%). By [8, Lemma 4.3] and

the universal property of M_ there is line bundle A on P_ and an exact

sequence 0 — F1(\) — (§)*(€-) — Fo(—7— + X) — 0. In particular,
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as before, ch((j")*€_) = C(—71_). The arguments of Lemma 2.14 show

that —m_,(—7_)F = 70_,5’2’; Tl and in the same way as in the proof
4
of Lemma 2.14 it follows that —m_,(H(C(—-7_)/a)) = [%E?((Q/‘;)} -
I

As c!(A;) = 1, this shows (2.11) also in case (2) and thus finishes the
proof of Proposition 2.8.

3. Comparison with the partition function

For the next two sections let X be a smooth projective toric surface
over C, in particular X is simply connected and py(X) = 0. X carries
an action of I' := C* x C* with finitely many fixed points, which we will
denote by p1, ..., py, where x is the Euler number of X. Let w(z;), w(y;)
be the weights of the I'-action on 7},, X. Then there are local coordinates
xi,yi at p;, so that (t1,te)x; = e w(@i) g, (t1,t2)y; = e wWiy, By
definition w(z;) and w(y;) are linear forms in £, and e5. For § € Hj:(X)
or 3 € HY(X), we denote by 1y 3 its pullback to the fixed point p;.
More generally, if I' acts on a nonsingular variety ¥ and W C Y is
invariant under the I'-action, we denote by ¢y, : Hi(Y) — H{ (W) the
pullback homomorphism.

Note that T'x and the canonical bundle are canonically equivariant.
Thus any polynomial in the Chern classes ¢;(X) and Ky is canonically
an element of H}\(X).

3.1. Equivariant Donaldson invariants and equivariant wall-
crossing. We start by defining an equivariant version of the Donald-
son invariants and the wallcrossing terms. For ¢t € I' denote by F}

the automorphism X — X;x +— t-z. Then I' acts on X2m by t -
(Tvi. Tvy) = (BT, (F;)*Ty,) and on X x X3 by t-(2, Ty, Tyy) =
(Fy(z), (F;Y)*Ty,, (F;71)*Ty,) and the sheaves Z;, Ty are I'-equivariant.
Similarly T acts on X x M¥ (c1,d) by t- (x, E) = (Fy(z), (F; 1)*E). Let
€ be a universal sheaf over X x M#(c1,d); then one can show that £
has a lifting to a I'-equivariant sheaf, unique up to twist by a charac-
ter. Thus an equivariant universal sheaf is unique up to twist by an
equivariant line bundle.

Definition 3.1. We define the equivariant Donaldson invariants
;Isg(exp(az—i—px)) by the right-hand side of (1.1), where now o € Hi (X)
and p € H} (X) is a lift of the class of a point, u is defined using the
equivariant Chern classes of £, and f MX (c1,d) T€ans pushforward to a
point in equivariant cohomology. We assume that the moduli spaces

M3 (e1,d) have dimension equal to the expected dimension d. If £ is an
N c1(€)
equivariant torsion-free sheaf of rank r we define ch(€) := ch(E)e™ 7,

where we now use equivariant Chern character and first Chern class
and define p,(8) := (=1)’ch,11(£)/5. Let by, ..., bs be a homogeneous
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basis of Hf:(X) as a free Q[e1, e2]-module. For all p > 1 let 71, ... 7L be
indeterminates, and put o, := > ;_; afb7), with af, € Q[e1, e2]. Using
this we define &)g (exp (Ep @) € Qler, e2][[A, (7£)]] by the right-hand
side of (2.3). As the equivariant universal sheaf is unique up to twist by
an equivariant line bundle, 55 (exp(az + px)) and E’g(exp (Ep ap))
are independent of the choice of equivariant universal bundle.

We cannot hope to extend this naive definition without the assump-
tion that the moduli spaces are of expected dimensions. This is because
we can blowup only at the fixed points of the torus action and cannot
avoid the support of the cycles representing «,. Here we probably need
to use virtual fundamental classes as in [30]. Then to prove that its
specialization coincides with the ordinary invariants, we need to prove
the blowup formula in the context of virtual fundamental classes.

Let ¢ € H?(X,7Z) be an equivariant lifting of a good class of type c;.
Then 7y, T3, A¢ 4 and A¢ _ are in a natural way equivariant sheaves

on X2m, and the equivariant wallcrossing terms ggt(exp(z p>1 %)),

(5X (exp(az + px)) are defined by the right-hand side of formulas (2.6),
Where now f PR stands for equivariant pushforward to a point, and
2

ng(exp<zap>) = [gg’(t(exp(;%mtl?

p>1 p>
0¢ (exp(az + pr)) == [0, (exp(az + pr))|-1

By (24) we see that 32, (exp(3 5y ap)) € A~ 3Qler, ea](£))][A,

(T,f)ﬂ Thus gg(exp(ZpZI o)) € Qler,e2)[[A, (77)]] and by definition
5§t X

(eXP(Zp21 p))|er1=c2=0 = 5g,t(eXP(sz1 ap)).

Remark 3.2. Note that the coefficient of A% in gg(exp(zp a,)) is
not a polynomial of weight d in the 7/ (as in Remark 2.7) but has
contributions of different weights. Arguing as in Rem. 2.7 one sees that
the coefficient of A% is a sum of terms of weight > d. Thus the variable
A in the definition of gg( is not redundant.

Under the assumptions of Proposition 2.8 let §+ be a set consisting of
one equivariant lift £ for each class of type ¢y with (§, Hy) > 0 > (§, H_).
Then the same proof as before (with all sheaves and classes replaced by
the equivariant versions) shows that the statement of the proposmon
holds with @ﬁ{*, @5{*, By, 6X replaced by <I>cl+, <I>Cl , By, 6; 6 respec-
tively, i.e., the wallcrossing of the equivariant Donaldson mvarlants is
given by the equivariant wallcrossing terms.

In this section we want to give a formula expressing ggft in terms of
the Nekrasov partition function Z.
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Theorem 3.3.
o0 (o)
P

t—t

X "
= % exp (Z F(w(%), w(y;), 2pi€§ A, ((—1)%;@;))[)))'
i=1

Note that the left-hand side lies in A~¢*~3Q[ey, e2] (¢~ ) [[A, (7))]].
In the course of the proof we will also have to show how one can interpret
the right-hand side, so that both sides lie in the same ring.

It is tempting to write Theorem 3.3 as

ggt(eXp (;Oép>) = jlxiljZ(w(:ri),w(yi), %;A, ((=1)P4.0)0),

but it appears difficult to give a meaning to the right-hand side of this
equation (other than as an abbreviation for the right-hand side of The-
orem 3.3).

As a first step we will show that, up to a correction term, there is an
expression for 553 in terms of the instanton part of the partition function.
In a second step we will see that this correction term is accounted for
by the perturbation part.

3.2. The instanton part. We start by reviewing some results and
definitions from [9]. The fixed points of the I'-action on X2m are the pairs
(Z1,Z3) of zero-dimensional subschemes with support in {p1,...,py}
with len(Z1) + len(Z2) = [ and such that each I, ,, is generated by
monomials in z;,y;. We associate to (Z1, Z) the x-tuple (Y1, ..., VX)
with Y = (Y, Yd), where

Yo ={(n,m) € Zuo x Lo | 277y & I7,, }-

We write |Y}i| for the number of elements of Y/ and |V := |Y}| + |Yi].
This gives a bijection from the fixed point set (Xg])F to the set of the
x-tuples of pairs of Young diagrams (171, e ,?X), with Y, [V = 1.

We denote also by x;,y; the one dimensional I'-modules given by
t-x; = e*w("’“)xi, t-y; = e*w(yi)yi. If L is an equivariant line bundle on
X, the fiber L(p;) at a fixed point and the cohomology groups H*(X, L)
are in a natural way I'-modules. B

The following follows easily from of Nilﬁ(el,sg,a) in [33] and [9,
Lemma 3.2]. In fact it is basically a reformulation of [9, Lemma 3.2]
and a straightforward generalization of [33, Thm. 3.4]. In order to get
the correct result one has to take into account the following;:

(1) The formulas in [9] are for V = L & (L ® Kx) instead of L. But

the proof only uses that H°(V) = H?(V) = 0.
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(2) Our convention for the I'-action on XQU] differs from that in [9],
which is t - (Zy,,Zy,) = (F/ZIy,, F{'Zy,)). This changes the I'-
modules x;,y; to xi_l, yi_l.

(3) In [33, Thm. 3.4] the case of C2 was studied and the argument
shows that Ext'(Zz,,Zz, ® L) = H'(X,L) + @, Ext'(Iz, p,,
L7501 (—to0)) ® L(pi)-

Lemma 3.4. Let (Z1,Z3) € (Xg])F correspond to (Y7, ..., YX) under
the above bijection. Let L be a I'-equivariant line bundle on X, such that
c1(L) is good. We have in the Grothendieck group of I'-modules

X 2
l y'i _1
(3.5) T(Zl,zz)Xé] = ZZNXW(%,%, L(pi)~2),
=1 y=1

X — .
(36) Eth(ZZ27IZ1 ® L) = Hl(Xv L) + ZNQX,/I(xiayivL(pi)ié)a
=1

X — .
(3.7) Ext!(Zz,Tz,® L") =H'(X,L™Y) + > NYy(ei,yi L(p)2).
i=1
Let F =Y., F; be a decomposition of a I'-module into 1-dimensional
modules in the Grothendieck group of I'-modules, and let w(F;) be
the weight of F;. Then in the equivariant cohomology we get c!(F) =
[T;_, (w(F;) +t). Thus we have the following corollary.

Corollary 3.8. Let (Z1,2Z3) € (XQ[”)F correspond to (Y1,... YX).
Write L for the equivariant line bundle on X whose first Chern class is
(our chosen lifting of) £&. Then in Q[e1,e2,t], we have the identity

e(Ti 20,20 X)) ¢ (Ext! (T2,, T2, © L)) ¢ (Ext' (T2, T2, @ L))

X 2 .
:cft(Hl(X,L))ct(Hl(X’LV))H H nawﬂ (w(azi),w(yi), Qpi£>.

i=1a,8=1

Lemma 3.9. In A€ 3Q(e1, &2)((t)[[A, (r))]] we have
(o (o))
P
t_L;if.

g 20 (w(wa), w(yi), —5=3 A ((=1)Pe),00)))
AEH3ct(HY(X, L))t (H (X, LV))

Remark 3.10. By Definition 3.1 the left-hand side is an element of
A= 3Q[er, 2] (E1))[[A, (7)]]. Note that by (1.5) the right-hand side
is an element of A=¢73Q(ey, e2, t)[[A, (7£)]]. Using b%t =t 120 bitY,
we can view 1/HZ75:1 na,p(w(Ti), w(yi), (t — ¢5,£)/2) as an element of
Q(e1,€2)[[t7!]]. Then by (2.4) the right-hand side of the Lemma is
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interpreted as an element of A~ 73Q(e1, e2)((t™1))[[A, ()], and we
will show that the equality holds here. The lemma shows that the
right-hand side lies even in A~ =3Q[ey, o] (¢~ )[[A, (71)]]-

Proof. Let (Z1,Z2) € (X2[l])F correspond to (Y71,...,YX). Let o €
{1,2}, and let p; € XT'. We claim that

L?Pi,(Z1,Zz)) ch(Za)

-1_ (1 - e—w( )) 1—e™ Z e—l (s)w(zi)—a (s)w(yl)
SEYE

Let O; (resp. O2) be the sheaf on X ><X2m whose restriction to X x X" x
X [m] i the pushforward of © Zn(x) (resp. Oz (x)) via the inclusion. For
a = 1,2 we have 15 ,1(0a) = Zg‘zl(bpi)*(()zmpi).‘ By definition an
equivariant basis of Oz, . is {x?flylm*l ’ (n,m) € Y2}, thus Oz, p, =
Y osevi azél(s)yfl(s) as ['-modules. By localization we get
X
Z(pl,(Zl,Zg)) Ch (Z LP; Ch Oza,p])) = L;i(bpi)* Ch(OZoupi)
7j=1
= (1= )1 = 00 ch(O,5,).

Using that ch(Z,) =1 — ((9&) we get the claim.
We put f := E Loty t . Then the claim implies

* 3
Gonizrzay (h(T1)e T + ch(Ta)e )

— 22: i (fo) (1_ (1—e @) (1—ev)) 3 e—l’(S)W(xi)—a’(S)w(yi)).
a=1

sEY]
By the definition (1.4) of E?(al, £92,a,T) this gives

(B.11) ¢y, ) XD (Z(_w[ch(zl)e% @ ch(zg)e%}pﬂ/ap)

Write |Y] := [Yi]|+... + D_}x‘? and write (Z}, ZY) for the point of XQY”
determined by an x-tuple Y = (171, e }7;() of pairs of Young diagrams.
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Then we get by localization

5% (exp (zp:ap))

=Y AT (e, wl), P (1))

Y:(Yﬂvlv--w?)() =1

1
e(Tigy X3 et (Bxt T,y Ty @ L))et(Bxt! Ty, Tyy © LY))

. t—us €
eI 2 (wm), wiy), ==

[ Av ((_1)pL;iaP)P)
(X, L)@ (H(X, L)) ’
where the last step is by Cor. 3.8. q.e.d.

3.3. The perturbation part. Now we want to identify the contribu-
tion of the perturbation part. We first need to review the perturbation
part of the K-theoretic Nekrasov partition function from [35, Section
4.2]. We set

(3.12)
3
761,62($|/85 A) = 28182 <_§ (x + %(51 + 52)) + z? log(ﬁA)>
1 e~ fnz
* ; n (eBner —1)(efrez — 1)

iEl,EQ(xW; A)
B} . 1 (7% ((3)
= 751,62(xm’ A) + €1€9 < Gﬁ B 52 )

2) €2 + €2 + 3e169

<x log(BA) + Z;Lﬂ 122,25 log(BA)

for (x, 3, A) in a neighbourhood of V—1Rs¢ X vV—1Rg x /—1R~o. We
formally expand e1e2%;, «,(z|3; A) as a power series of €1,e2 (around
g1 = €2 = 0). By the expansion (1.6) we obtain

€1+ €2
26162

1 e—Pnz B Cm m-27 ; B
Z ﬁ (6,6?161 _ 1)(6,8”52 o 1) - Z %/6 137m(€ )7

n>1 m>0

where Lig_,, is the polylogarithm (see [35, Appendix B] for details).
Here we choose the branch of log by log(r - €) = log(r) + i¢ with
log(r) € Rfor ¢ € (—7/2,3m/2) and r € R. We define ., ., (—x|5; A) by
analytic continuation along circles in a counter-clockwise way. Finally
we define

Fﬁert(€1’€2’$|ﬂ; A) — —781752(2"L‘|ﬁ;A) - 761,82(_21"5;/\).
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Then FE™(e1,e9,|0; A) is a formal power series in e, whose co-
efficients are holomorphic functions in A € C \ v—1R<, z € C \
V—1R<g, B € C with |B] < n/|z|. In [35, Section 4.2] it is shown
that F}}ert(sl, g9, x|3; A) converges to FP(gq,e9,x; A) when 3 goes to
0.

We will use the following obvious consequence of the localization for-
mula on X.

Remark 3.13. For any class v € HIZ(X) we have

X wtaduty 1 <00

Lpl'y
=1 w(x;)w(y;)

In particular if v = 1 or v € HZ(X), then > X = 0.

Lemma 3.14.
X

Z Fpert (w($1)7 w(yl)7 t_;;ig; A)

i=1
= (—¢ = 2)log A — log(c¢™"(H'(X, L))) — log(c'(H'(X, L")))

holds in O[[e1, €2]], where O denotes the holomorphic functions in (t, A)

on ((C \ \/lego)2.

A priori, the left-hand side lives in ([T, w(z;)w(y:)) 'O[[e1, e2]],
but in the course of the proof we show that it is, in fact, in O[[e1, e2]],
and the equality holds in Ol[e1, e2]]. In O[[e1, £2]] we can take the expo-
nential of both sides of the equation. Note that the exponential of the
right-hand side also lives in A~¢*~2Q[e1, e2] (¢~ ) [[A, (7)]]. With this
remark Lemma 3.14 and Lemma 3.9 together imply Theorem 3.3.

Proof. Let L be an equivariant line bundle on X whose equivariant
first Chern class is £. In particular H*(X,L) = 0 and H*(X,LY) = 0
for i # 1. Let £ = (X, L), ¢ = h'(X, L"), and let oy, ..., (resp.
o, ..., a)) be the weights of I' on H'(X, L) (resp. H'(X,L")). Then
in I'-equivariant cohomology we get

e/

i—t),  dHEYX,LY) = ]](e} +1).
k=1

“Y(HY(X, L))

||,’:]N

Write p : X — pt for the map to a point. Then the Riemann-Roch
theorem gives

—1 {—i—t

Zeaﬁt = —ch(p(LY))

HMX

(1—e w(xl (1— e—w(yi)) '
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Thus, we get
BCURS LIS

X
(3.15) 2 Z: - e—w(xi)n(—ﬁ))u BpTOALEE)

i=1

oak—l—t)n

=->. Z = Z log(1 — e~ (*+1)7)

n>0 k=1

in 6[[51,82}][Hi(w(xi)w(yi))*l], where O is the ring of holomorphic
functions in (¢, 3, A) in a neighborhood of v/—1R-g x v/—1Ro X
V—1R.

Now we apply the localization formula on X. Using (3.12) and Re-
mark 3.13 we obtain

(3.16) nywlwz —i. & +1]6; A)

= > log(1 — e 0% 4y (L) log(B8) — 1 (€41 1)

in Ofleq, ea]][TT,;(w(x:)w(y:))~!]. Here we have used
/ <(—£+t—Kx)-<—£+t)
X

5 + Toddz(X)> = x(L"),

which follows from Remark 3.13 and the Riemann-Roch theorem.
Since e, ¢, (—2|B; A), is defined by an analytic continuation, we derive
from (3.16):

Z’Yw(xl Yi) Z )|/8a )

l 3
= S tog(1 - %) 4 (Dog(on) - 13 [ (-0 )
k=1
Thus we get in 6[[51,52]][Hi(w(xi)w(yi))_1] that
(3. 17)
ZFPM wly), =515 A)

=—Zmz y (5, & = t18; A) — Z%,(% yo (—in &+ 1)]6; A)

- _(X(L) + (L)) (log(A) + log(ﬁ))

(K%) | (Kx&) H{Kx¢)
_5< 4§(+ Z B 2X>
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+Zlog( - aj—t)ﬂ) Zlog( _ ak+t>ﬁ)

As both sides are defined around 3 = 0, the equality holds there. Thus
we can take # = 0. Using that limg_log (1_(%) = log(o;
—e
t), limg_,olog (%) = log(a), + t), and that £ = —x(L), ¢/ =
—e
—x(LY), we obtain
pert t—i;‘,{
FPE (w (i), w(yi), 71;1\)

e/
= (—=€% = 2)1log(A Zlog - Z log(a), +t).
k=1

Note that the right-hand side of this equation is in O[[e1,¢e2]]. Thus,
while the individual summands of the left-hand side only lie in
Oller, e2)][[ T (w(xi)w(y:)) ™, their sum lies in O[e1,e2]]. This shows
Lemma 3.14. q.e.d.

Now we want to express the wallcrossing for the Donaldson invariants
in terms of the Nekrasov partition function Z(e1,e9,a;A). This will be
necessary because the Nekrasov conjecture determines the lowest order
terms in e1, ey of F(e1,e2,a;A), but not of F(ey,e9,a; A, 7).

Corollary 3.18.
(1)

ggt(exp(az + px)) = %exp <;< Todda(X)(az + p:z:)>

X ) )
) Z F(w($1)7 w(yz), t_;pig; Ae'ri (C"Z+P$)/4)> :

(2) 02 (exp(az + p))

1 u —tp; 5 (az+px
= exp (D2 F(w(@) w(y), =55 Ak )| o,
=1

Proof. Let 71 := (71,0,0,...) be a vector with only the first entry
nonzero. Then in [34, Section 4.5] it is shown that

2, 2
3
(3.19) F(e1,e2,a;A,71) = _7'1(51 ez + 3616) +F(e1,e9,a; Ae*n/4).
24e1e9
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Thus we get
55 (exp(az + px

)
1 exp Ly, (@z + pr)(w(z 02 4+ w(y;)? + 3w(z)w(y;))
pot 24w (x;)w(y;)

Mx

exp (i P (w(a), w(y), 555 A 0TI ).

By localization we get

z": (a2 + pr) (w(@:)? + w(yi)? + Bw(zi)w(yi))

24w (z;)w(yi)
1
= §<(ozz + pz) Toddy(X)).
This shows (1). (2) follows immediately, because ((az + px) Todds (X))
= 0 in nonequivariant cohomology. q.e.d.

4. Explicit formulas in terms of modular forms

We have expressed the wallcrossing 5? in terms of the Nekrasov par-
tition function. Now we want to use the Nekrasov conjecture to give an
explicit formula in terms of the g-development of modular forms.

Let ¢ := e2™ =17 for 1 € H := {r € C|S(r) > 0}. Recall the theta
functions
Boo(T an 2, 0or(r) =Y (-1)"q" /%, bro(r ZQQ (nt1/2)°

nez neL neL

Write Ea(7) :==1—24)" 01(n)q" for the normalized Eisenstein series
of weight 2. Denote
(4.1)

= 7030 + 0%0A2 du . 2\/ = ﬁ2E2 + 900 + 910A

03,03, = da’ 900910 o 3000610

Finally put
du U
Y (d ) B2 =5

We can now state the formula for (5? in terms of the ¢-development of
these functions.

Theorem 4.2. Let £ be a good class. Then
Kx)—1
5?(exp(az +pz)) = \/—1<§ x) [Q] 40

with

£

0= g H9 exp (B, €/2)2 + (a2 —ua) (L0 g

A da
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We briefly review the Nekrasov conjecture. For this we define u, a in a

different way. Consider the family of elliptic curves C, : y? = (22 —u)?—

4A*, parametrized by u € C, which we call the u-plane. The Seiberg-

Witten differential dS := —5- Zplgf)dz is a meromorphic differential form
on C,,. For suitable cycles A, B on C,, (for the definition see [34, Section
2.1], here they are called Ay, By) put a := [, dS, aP = 277\/—71fB ds.
These are functions on the u-plane (|u| > |A|). By definition a and a”
are functions of u, but conversely we will consider v and a®” as functions

of a and A. The period of C,, is 7 := 2#\1ﬁ agf. The Seiberg- Witten

prepotential Fy is the (suitably normalized) locally defined function on
the u-plane with o = —%. We choose the branch of the logarithm
as log(re®) = log(r) + 6 for r € RT and 6 € (—, 7), with log(r) € R.
By [34, Sections 2.1, 2.3] for (a,A) in a neighborhood U C C x C of the
set of (a,A) € V—1RT x v/—1R™, with |a|] > |A|, Fo is a holomorphic
function of a and A, which we write as Fy(a; A). By definition we have
T = —ﬁ?{%g and ¢ = exp(—%). Then with this definition of 7
the formulas (4.1) hold [34, equation (1.3)].

The Nekrasov conjecture [36] (proved in [33], [34], [38], [3]) says
that

(1) e169F (21,€2,a;A) is regular at £1,e9 = 0,

(2) (e162F (1,82, a; N))|e;=ep—0 = Fo(a; A).
Here we understand the equation (2) as follows: It is an abbreviation
of two equations, one for the perturbation part and the other for the
instanton part. The former is an equality for holomorphic functions
in (a,A) € U, and the latter is for formal power series in C|[[1/a, A]].
Equations appearing below should be understood in the same way, until
the ambiguity of the branch of the logarithm in the perturbation part
will disappear in the expression.

In [34] also the next higher order terms of F(e1,£2,a,A) in €1, &2 are
determined: We write

(4.3)  e162F (e1,e2,a;A) = Fola; A) + (e1 +e2)H(a; A)

2 2
e{+¢
=2 2B

+e182A(a; A) + (a;A)+ O

where O stands for terms of degree at least 3 in €1 and €. It is also
proved that H, A and B are holomorphic functions on U. In [34, Section
5.3] it is shown that H(a,A) = mv/—1a. By [34, Section 7.1] we have

( 2 >1/2 B (x/—l du)l/2
900010 N A da ’
Remark 4.5. The sign of H in [34, Section 5.3] was wrong and we

have H(d,q,7) = —mv/—1(d, p) in the first displayed formula in [loc.
cit., p. 66]. Therefore we have H(a;A) = m/—1la in our case. The

(4.4) exp(A) =

exp(B - A) = 901.
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mistake occurred when we take the sum of [loc. cit., (E.5)] over o < f3.
Accordingly blowup formulas in [loc. cit., Section 6] must be corrected.

Proof of Theorem 4.2. We apply the localization formula to X. Note
that w(z;), w(y;) are homogeneous of degree 1 in €1, 2. Furthermore, if
B € HE(X), then Ly, (B) is homogeneous of degree i in £1, 3. Therefore
we get the following expansion (where on the right-hand side we take
the values of Fy and its derivatives at (%, A)):

7 (t—l,;i €3] : Aeb;‘)i(aerpr)/‘l)

19 OF,

2 da (5) dlog A ‘pi
1 0%°F 10%°F, ,

2 (@10 A »(/ + g2 5 (O° 4 O,

where O stands for terms of degree larger than 2 in €1,e9. By Remark
3.13 we see that

PR+ (6.2 ()

1
=Fo- 8 dadlog A P

b (z+px) /4 —

+

X t—up, (f) LA b (aztpx) /4
f()( Ae Pq )
(+0) 2 i)w(y:)

=1
1 0F 1 9*F (€.a)z
4810gA ~ 80adlog A"’
1 0*F 10%°F 5
T 33 010 A2 @7 T 3 a2
where again O stands for terms of degree larger than 2 in &1, 9. Simi-
larly, we get

& +0,

X
w(fL’Z) + w(yz) tipi€ o (oz+pzx) /4
47 H Pg ,Ae s P
a0 L et T )
X *
;mﬁ wlz)w(y) 2 TV -1(¢/2, Kx)
Finally,
X
Z ( A Ybi (az+f”f’f))
=1
w(xz)Q —I—w( ) —tp:€. (aztpz) /4y _
- 3w (x;)w(y;) B( 2 ; At ))—XA—i-UB—i—O,

where o = $(c1(X)? — 2x) is the signature of X, and the argument of
A, Bis (t/2,A). By the formulas (4.3)-(4.8) we get that > X

t— *
F(w(ws), w(ys), ;’”5 tp (2 +P)/4) ig yegular in e1,e2. Therefore we
can take its exponential, which is still regular in €1, €9.

%
=1 w(zi)w(y:)
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Put a :=t/2. Then we get by [34, Prop. 2.3] and [34, formula (2.12)]
that

6?0 1 82}'0 1 du\ 2 u
4.9 =—du, —m—=_ (—) ——=T.
49 Flgh ' 32(0lgA)? 24 \da) T 6
As X is a rational surface, we have y = —o + 4, thus we get by (4.4)
V—1 dun 2
(4.10) exp(xA+oB) = (TCTZ) 051 -

These relations and (4.1) hold in a neighborhood of (a,A) = (00,0).
Thus they are equalities in C[[A/a]][A,a/A]. Note that the g-develop-
ment of

4 4 N\ 1
(4.11) A_ (ﬁw? oo + 910)

a 3600610

starts with \/Q_Tq% Thus C[[¢"/®]] = C[[A/a]]. Putting (4.3)-(4.10) into

Corollary 3.18 we get

(4.12)
5X

¢t(exp(az + px))

_ i . # ) ] t—L;‘,ig U (aztpe) /4
= El,légrioeXp (; w(xi)w(yi)F(w(azz),w(gl), 22 Ae'r ))

X E=tp, €\ th, (aztp) /4
Fo(—; Ae'ri

= lim exp<E of 2 © )
w

St w(z)w(y)

=1
n w(xz) + ( i)H(t*L;‘,Zf;AeL;i(az+pr)/4)

w(@i)w(y:) 2

A( tf;;;if; AeL;i (az+px)/4)

w(z;)? + w(yi)2B(t—L;;,.f, AeL;i(az+px)/4)))
3w(zi)w(y;) 2

1 d
Y e (Kq_%(gﬁ exp (d—zw, £/2)z 4+ T(a?)2% - uac)
vV—=1ldu\2
' ( A %) 901)'

The final equality, i.e., the first term = the last term, holds in
C((A)((A/a)[[z,x]] = C((A)((1/t))][z,=]]. Indeed, for the left-hand

side the coefficient of z"2™ is in A=€"=3 x £ +2+n+2mC[[A,1/¢]]. Thus
we get,

8¢ (exp(avz + pz)) = /) es &
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with

A= %q_%(gy exp (3 (0, £/2)2 + T{a?)2? —ux)((flu) 0, dt.

Finally we want to express this result in terms of the ¢ development
of the modular forms involved. That is, we change the variable from
t to q. First we determine %. Combining formulas (V.4.1), (V.5.2)
and (V.5.6) of [4] (note that in the notation of [4] Opo(7) = 03(0,7),
901(7’) = 92(0,7’), 010(17) = 61(0,7)), we get

dlog(foo)  dlog(f10) o
dr dr 4F ot

y [4, (VIL3.10)] we have 03, — 01, = 901, and thus

dr —  dr \6%, 930 9%0030 dr dr
A6y _Wﬁ(du) o8
2 /102,62, 8 \da/ OV

Thus we get
do _dadu __my/Tdug
dr  dudr 8 da oV

By a=1t/2 and q = 2™ =17 we have

da 1 da dq 1du ¢ dq

dt = 2da = 2—dr =
T T ony/—1dr q 8da 01

By (4.11) the residue at a = oo is 8 times the residue at ¢ = 0. Therefore

we get,

5?(exp(az +px)) = \/—1<£’KX> res Q

q=0

with

v v du) 9“+8dq],

1 2 d
g3 eXp<da<a £/2)z 4+ T(a?)z” _W)( A da q

and Theorem 4.2 follows by 0 + 8 = 30 + 2y = K%. q.e.d.

Remark 4.13.

(1) Denote by upmw and h the functions denoted by u, h in [31].
Note that in the notation of [31], Ay = ¢1/2 and A = £/2. We are
computing the wallcrossing for (I>C , whereas in [31] the wallcrossing
for DX is computed. Thus we have to multiply their formula (4.6) by
(-1)~ (1 Kx)/2 to compare it with ours. Write 6%y, for the wall-
crossmg formula obtained this way. Using the fact that u = —2upw,
da = FA, we see that 5§,MW = 553(&. By definition 0X. = —5?.
Thus 5£’MW = %(5? It was observed in [31] that the formula in [19]
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gives 25£(MW for the wallcrossing of Dg{ . Thus our formula agrees with
the results of [19].

(2) Denote by U, f, R the functions denoted by the same letters in
[20]. Then it is easy to check that

Ur) = —%u(f + 1), f(lT) - %%(H D,
R() =~ (3 5+ D) o+ 1

Using these formulas it is also easy to see directly that Theorem 4.2
gives the same wallcrossing formula as [19],[20], after correcting for the
different sign conventions.

5. Generalization to non-toric surfaces

In this section we show that the wallcrossing term is given by the
same formula as in Theorem 4.2 for a good wall of an arbitrary simply
connected projective surface X. The proof is based on [10] for Chern
numbers of Hilbert schemes of points.

We consider the Grothendieck group K(Y') of locally free sheaves
on a smooth projective variety Y. It is isomorphic to that of coherent
sheaves. It has a ring structure from the tensor product. We denote it by
®. For a morphism f: Y; — Y5 we have a pushforward homomorphism
fir K(Y1) — K(Y3), and the pullback homomorphism f': K(Y5) —
K (Y1). We also have the involution V on K(Y') given by the dual vector
bundle for a vector bundle.

Let X be a projective surface and X[ denote the Hilbert scheme
of n points on X. As before let Xo9 = X U X be the disjoint union of
two copies of X. Let Xg] be the Hilbert scheme of | points on Xo, i.e.,
Xg] = gne XMl x X" and let Z; (resp. Z2) be the sheaf on X x Xg]
whose restriction to X x X[™ x X ig P12(Zz,,(x)) (resp. pi3(Zz,(x)))-
Let us define p, ¢ by

pxxxoxl g xlxxox

These maps depend on [, but we suppress the dependence from the
notation hoping that they do not lead to confusion, though we will vary
[ later.

In this section we prove the following:

Theorem 5.1. There exist universal power series A; € Q((¢t71))[[A]],
i=1,...,8, such that for all projective surfaces X and all £ € Pic(X)

(—1)M(Ox)+E(E—Kx)/24=€=2x(Ox) A E+3x(Ox) 5z (exp (az + px))
= exp(§2A1 +&- (X)AQ + Cl(X)2A3 + CQ(X)A4 +a-€Asz
+ - (X)Agz 4+ a2 A722 + zAg).
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Here 552 is defined for arbitrary projective surface by the same for-

mula (2.6) except that we change A%~€*=3 into A%~€*-3x(Ox) and also
A¢.—, A¢ 4 into

p(I T ©d€), —p@ ©L®d€) e K(Xy),
respectively.

When ¢ is good, both Ext)(Zs, 71 (€)), Ext2(Za, Z1(€)) vanish [8,
Lemma 4.3]. Therefore we have

Ext)(Zy, 71(€)) = —p(T5 © T @ ¢'€)

and the same for Extzl)(Il,Ig(—f)).

The proof is a straightforward modification of that of [10, Th. 4.2],
so we only give a sketch of the proof. The essential point is to use
the incidence variety to compute the intersection products on Hilbert
schemes recursively. A slight difference is that we need to introduce two
incidence varieties because we study Hilbert schemes of a nonconnected
surface Xo.

For a = 1,2 let Xg”(iﬂ] be the variety of pairs Z, Z' in Xg[l] X Xgﬂ]
satisfying Z C Z' and Z'\ Z is a point in the a''-factor of X,. This
is an obvious generalization of the incidence variety X+ studied by
various people and used in [10]. Let ¢, and 1), be the projections from
Xg”(iﬂ} to Xg] and XZUH] respectively. Let p, be the map Xz[l”ollﬂ] — X
defined by letting p(Z, Z') be the unique point in Z'\ Z. Let £ be the
line bundle whose fiber at (Z,Z’) is the kernel of the homomorphism
H°(Oz) — H°(Oz). We have

X P Xg[l,éﬂ] Yo X2[1+1]

[

el

We also define j, = po X id: XQ[{’iH] — X x XQ[{’iH] and 04 = po X
oz X5 X < x [,
We first have the following analog of [loc. cit., (5)]
(5.2)
VaxTs = GaxTo—0apjalL = buxTs—0asp LOPuxOa, for a,f=1,2,
where p: X X Xg’clfl} — Xg”olj_l] and fx = f xidx for f = ¢q, Vq.
Next we have an analog of [loc. cit., (8)]
(5.3) vy ch(Zg)/c = ¢ ch(Zg)/c = dagch(L) - pre
for c € H,(X).
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We also get an analog of [10, Prop. 2.3] using (5.2)

(5.4)
Yop(Zy ® 11 @ ¢'€) = hpi(T3 ® Ty @ ¢'€) — 6a100T5 @ pat @ L
~0a20,T1 ® p(E ®WX) ® LY.
More precisely, we do not get a term corresponding to the third term in
[loc. cit., (10)] coming from the product of two copies of the diagonal,
because dq1042 is always 0.

Using these results, the same argument as in [10, Prop. 3.1, Thm 4.1]
shows the following.

Lemma 5.5. Fiz | > 0. Let P be any polynomial in the c;)(A+),
i, (AZ), chiy(Z1)€" /(az + px), chi (Z2)E /(az + px) for i1,...,ig €
Z>, then there exists a universal polynomial Q) (depending only on P) in
£2, &e1(X), cl(X)Q, c2(X), az, aci1(X)z, o222, x, such that fX[z] P =

2

Q.

We denote the left-hand-side of Theorem 5.1 by ggft. By definition
we have

(—1)7HA ) k(AL +rb(AL) 1
cH(Ap)et(AZ)

= ZSZ s (A (=),

where 7k(A_) = | — x(Ox) — &) pp(Ay) = 1 — x(Ox) — SEEEx).
Therefore by Lemma 5.5 we can write

5§t az +px) = ZZA“P it

1>0 i€Z
where P,; is a universal polynomial in £2, &e1(X), ¢1(X)?, ca(X), €az,
aci(X)z, a?2?, x, depending only on [ and i. It is easy to see from the
oL . =X . . .
definition that the coefficient of A° of ¢, as a power series in A is 1.

Thus there is a universal power series Gy x € Q((t71))[z1,. .., xs][[A]],
such that

Eét(az + px)
= exp(Gya(€2 €e1(X), e1(X)%, ca(X), €z, acr (X) 2, 0222 1)),
Now assume that X =Y U Z for Y, Z not necessarily connected projec-
tive surfaces, and £ € Pic(X), 8 € Ha(X)z @ Ho(X)z satisty {|y = &,
€lz = &, Bly = b1, Blz = B> Then XY = 1,,,,, 3" x 2", and
denoting A_ x, A_y, A_ , respectively, the bundles A_ on X!, v

and Zg[m], it is obvious that A_ x ]Y[n] = A_yHA_ 7 and similarly
2

><Z£m]
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for Ay, 71, Zo. Thus it follows from the definitions that

=X <Y <Z

(5-6) 55,1&(5) = 6517t(/81)5§27t(ﬁ2)'

To a triple (X, &, 3) of a projective surface X, a class £ € Pic(X) and
B € Ho(X)z@® Ho(X)x we associate the vector v(X, &, B) := (&2, £c1(X),
a1(X)?, e2(X), €8, Ber (X), B2, 8) € ZB, where we suppress [y in the
notation. Then we know 52;(6) = exp(Gea(v(X, &, 5))). Choose triples
(X:,&,0:), i =1,...,8 as above such that the w; := v(X;,§;, 3;) form
a basis of Q%. Let (ai])” 1 be the matrix such that , a; jw; = e
for all 4, where e; is the vector with ¢-th entry 1 and all others zero.
For all i put A; := ), a; jGea(w;). Let (X, &, 3) be a triple, such that
(..., 08) = (X €, ﬁ) ZZ | njw;, with n; € Zso.

Then by (5.6) we get 6£7t(ﬁ) = exp()_; njGra(w;)). Thusby >, via;
= n; for all j, we get gét(ﬁ) = exp (Y, v"A;). Note that the v’ are just
the intersection numbers &2, ..., 3. As the set of all vectors Zle n;Wj
with all n; € Zso is Zariski dense in Q% the last equality holds for

all triples (X, ¢, 3) of a projective surface X, a class £ € Pic(X) and
B € Hy(X)z @ Ho(X)z. This proves the Theorem.

Corollary 5.7.
(1) Theorem 4.2 holds for any simply connected smooth projective
surface with pg = 0 and any good class §.

(2) More generally, for any smooth projective surface X and any & €
Pic(X), we have

0gs(exp(az + pa))
10

= VT (L oxp (S, /)2 + Tha)2? — ua)
().

Proof. In the notations of Section 4, putting ¢t = 2a, we can rewrite
Theorem 5.1 in terms of ¢. For f,g € C((¢"/%,A)), we write f = ¢
if f/g = exp(h) with h € ¢'/8C[[¢"/?]]. Note that % = \/—TAq~'/8,
t =+/—1Aq /8. Thus

(_1)X(0X)+§(£*KX)/275*£2*2X(0X)A£2+3X(0X)

(& Kx) X(OX v—1du\ —2x(0x)
- A ( da) '

Thus for any triple (X, ¢, 3) with v(X,&,8) = (v}, ...,0%) we get

— (& Kx) 8
BN e P
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for some universal power series B; € C((q_é))[[A]] As the v(X, &, 5)
with X a toric surface and ¢ a good class generate Q% as a vector
space, the B; are determined by their values for toric surfaces and good
classes, i.e., they are given by (4.12). Note that the proof of (4.12) still
works without any changes also if £ is not good (replacing A¢ —, Ag +
by —p(Ty @ Ti @ ¢'€), —p(TY © T, ® ¢'¢Y).) q.e.d.

Remark 5.8.
(1) Using [30, Thm1.12], we get that Thm 3.3 and part (1) of Cor.
5.7 hold also if £ is not good.

(2) As we mentioned in the introduction, the assertion that £cq(X)
appears only as a sign in (Sgt is one of statements of the Kotschick-
Morgan conjecture. This comes from H(a,A) = m/—1a, as 1 + &3 is
the equivariant first Chern class of A?. The latter statement, proved in
[34, Section 5.3], is a consequence of the blowup equation [33, (6.14)].
This is by no means simple to check directly from the definition of
Nekrasov partition function.

6. Equivariant Donaldson invariants for P?

Let us consider the complex projective plane X = P? and let H be
the hyperplane bundle. Let M (n) be the moduli space of H-semistable
sheaves £ on X with rank E = 2, ¢1(E) = H, co(E) — ¢1(E)?/4 =
A(E) =n. As GCD(2,¢1(E)) = 1, My(n) is nonsingular of dimension
4n — 3. Let £ be the universal bundle. Our method works also for
rank £ = 2, ¢1(F) =0, co(E) = n =1 mod 2. But the moduli space
becomes singular when co(FE) is even, so our localization technique fails.

Let us consider the Donaldson invariants

o (az + pr) = Z A4"_3/ exp (—cha(&)/(az + pz)) .

n>0 Mg (n)

Hereafter we denote this just by ®(az + pz) for brevity as we will not
vary H in this section.

Let T' be the 2-dimensional torus acting on X by [z : y : 2] — [t12 :
toy : z]. We have three fixed points [1:0:0], [0:1:0],[0:0: 1], and
their characters of tangent spaces are 1/t;+ta/t1, t1/ta+1/ts and t; +to
respectively. We set p, =[1:0:0],p, =[0:1:0], p, =[0:0:1]. We
take the coordinates around each p; and define their weights as

(w(zi), w(y;) = (—e1,e2 —e1), (61 —€2,—€2),  (e1,€2)

for i = x,y, z respectively. We consider the induced I'-action on My (n).
It also lifts to the universal bundle &, so we can define the equivariant
Donaldson invariants ®(«z + pz), where «, p are equivariant cohomol-
ogy classes. In the nonequivariant limit €1,e2 — 0, they go to the ordi-
nary Donaldson invariants ®(az + pzx), where «, p are replaced by their
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nonequivariant limit. For example, there are three equivariant lifts [p;],
[pyl, [p-] of the point class p given by the three fixed points. Then (f’(pl:p)
depends on 7 = z,¥, z, but its nonequivariant limit lim,, ., o é(pzx) is
equal to ®(pzx).

Proposition 6.1 ([23]).
(1) A sheaf E € Mg (n) is fized by the T'-action if and only if there
exists a I'-equivariant structure on E.

(2) A sheaf E € Mg (n) is fized by the I'-action if and only if both
its reflexive hull EVV and the quotient EVV /| E have T-equivariant struc-
tures.

For a stable sheaf E, its I'-equivariant structure is unique up to a
twist by a character. We normalized it so that det EVY is trivial. This
may not be possible in general, but it is possible if we formally tensor
by a square root of a line bundle. In particular, the actions on the
fibers over fixed points are well-defined if we lift the action to a double
covering I — I. We consider the [-structure as if it is a T-structure
hereafter.

Let O(x), O(y), O(z) be the I'-equivariant line bundles, where the
I-structures are given so that the homomorphism z: O — O(z) is equi-
variant, etc. The characters of the fiber of O(z) at the fixed points
[1:0:0],[0:1:0],[0:0: 1] are given by 1,ts/t1,1/t; respectively.

By a result of [2, 23], we have

Proposition 6.2.
(1) A T'-equivariant rank 2 vector bundle E with c1(E) = 1 is classified
by a triple (p,q,r) € Z3, withp+q+r =1 mod 2.

(2) The above E is stable if and only if p, q, r satisfy the strict triangle
mequality, t.e., p+q<r,q+r<p,r+p<gq.

In fact, the vector bundle E is given as a cokernel of
O — O(px) ® O(qy) ® O(rz)

for some (p,q,r) € Z3>0 after a twist by a line bundle. Let EF®4¢7) be
the corresponding I'-equivariant vector bundle. We have

A(BW)) = (pg + qr +1p) /2 — p* /4 — ¢* /4 — 12 /4.

Let us denote this by A(p,q,r). Note that EWar) ig an isolated fixed
point in M (H, A(p,q,r)). This assertion fails for higher ranks or toric
surfaces other than P2,

We have the decomposition of the fixed point set:

|_|Mpq7 A(p,q,7)),
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where M), , ,(m) denote the set of I'-equivariant sheaves E with EVY =
E®a7) and length(EYY/E) = m. The quotient sheaf EVV/E is sup-
ported at {p,,py,p-}. Accordingly we have a factorization

Mp:q,r(m) = |_| M;q,r(mx) X Mg,q,r(my) X M;,q,r(mz)7

Mg +my+mz=m

where My .(m;) denotes the set of I'-equivariant sheaves supported at
Pz, €tc.

The character of the fiber of E(P47) at the fixed point p, = [0: 0 : 1]
is given by

(63)  chEPen) = @2 (i 37| =772 P

Similarly, the characters of the fibers at p, =[0:1:0], p, =[1:0:0]
are given by

(6.4) ch EP0) = (ty /ta)P?(1/t2)"/? [(t1/t2) P + (1/t2) "]
_ tl—p/Ztgp—T)ﬁ + t€/2tér—p)/2’
(65)  ch B = (/1) 2(ta/t)"? [(1/t1) " + (t2/t1) ]
_ tgr—q)/2tg/2 + tgq—r)/2t2—tJ/27
respectively.
Let us study a I-equivariant sheaf £ € M?, (m.),ie., BV = E@¢7)

and Supp(EYV/FE) = {p.}. Using the coordinate system (z/z,y/z)
around p,, we can identify EVY/E with a '-equivariant quotient sheaf
Q = O%2/F where T acts on the trivial bundle O%2 so that the char-
acter of the fiber at the origin is (6.3).

Let M (n) be the framed moduli space of rank 2 torsion-free sheaves
on IP? as in §1.2. This is the Gieseker partial compactification of framed
moduli spaces of instantons on R*. Let My(n) be the Uhlenbeck partial
compactification of framed moduli spaces of instantons on R*, and let
m: M(n) — Mp(n) be the natural projective morphism. (See [33, §2],
[34, §3].) We have an action of T' = (C*)2 x C* on M (n), My(n) such

that 7 is equivariant. According to (6.3), we define p; .. I' — T by

2,—q/2
Pan(t1st2) = (b1, b0, 8521, 77).

Note that there is no reason to prefer tf/ 2t; /2 instead of " / 2tg/ 2,
Either choice will work in the following argument.

The following result follows from [18], but we give a direct proof:

Lemma 6.6.

(1) The origin (O%2,m[0]) is the only T'-fized point in Mo(m).

(2) A point (F,p) € M(m) is fized by the I'-action if and only if
FYW = 0% and FVV/F is a T-equivariant sheaf.
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Proof. (2) follows from (1). Let us prove (1). Let us use the ADHM
description (Bj, Ba,1,7) for My(m). The coordinate ring of My(m) is
generated by the following two types of functions

a) tr(Ba, Bay - Bay ),

b) <ijBa1Bo<2 e BaNi>
where a; = 1 or 2 and x is a linear form on End(W). Let us take a
I'-equivariant form y. Then its weight is either 1, ¢, 72 or t{¢, 9. Under
the I'-action, By, Bq, - - - Bay is multiplied by to,ta, - - - tay. Therefore
the first type of functions are never preserved by the I'-action. Simi-
larly the second type of functions are multiplied by tq,ta, - - taytite,
tagtos - -taNti_ptgH O taytasy - -taNthHt;_q. These are never 1 as p,
q > 0. q.e.d.

Thanks to this lemma we have

Corollary 6.7.
MZ , (m) = M (m)Prar®),

p,q,r

We define pﬁ,q,r, P%,qﬂ‘: r—T by
PE gt ta) = (Lt o/t 10728597,

'Ogﬂ,r(tlj t2) - (tl/t% 1/t27 t11)/2tgr_p)/2)'

(See (6.5) (resp. (6.4)).) The above lemma and corollary hold also for
these homomorphisms.

Let N, g.r:m be the normal bundle of M, ,.(m) in M(H,m+
A(p, q,r)). Its fiber at E is the sum of nonzero weight spaces in
Ext!(E, E). We decompose EVV/E to Q*, QY, Q* according to the sup-
port py, py, p-. By the above corollary, we identify them with (F*,¢),
(FY, @), (F?,¢) as elements of M(my), M(my), M(m.). We have

Ext'(E, E) = Ext' (E®e), BP0y 4 N Bxt! (F, F'(—Ly))
i:zvyuz
in the Grothendieck group of I'-equivariant vector bundles on Mj, ¢ -(m)
= |_|m:mz+my+mz [Ticey - M (m;)PparT) . The first factor of the right

hand side is the tangent space of My (n) at E®%"). Let us denote it by
Tp,q,r- Then the equivariant Euler class of N, g ;. is given by

Tpar) 1] eWNireg),
’i:I,y,Z
where N(pi ) denotes the fiber of the normal bundle of the fixed point
component containing (F?, ¢) in M (m;). We also have

—chy(€) = —chy(EPIT) + chy(Q) 4 cha(QY) + cha(Q7)
= _CIQ(Ep’q7T) + Mg [pz] + my[py] +m.[p.],
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where we have identified homology classes [p.], [py], [p.] with their
Poincaré dual. We get
(6.8)

d(az + pr)

— Z A4A(p,q,r)73 ZA4m/ €xp (_ChQ(g)/(az +pl’))

Mp,q,r(m) 6(Np,q77‘(m))

p?qi/r m

3 pitnan-a () o )
D.q,T e(Tpq,r)

1
. A4™iexp (mgl?, (az + px) / , S—
AL Ao o) o i)

where ¢,, denotes the inclusion map {p;} — X.
We study the first term and the second term separately.

6.1. Quotient sheaf part.

Recall that the instanton part of Nekrasov’s partition function is
written by (104) ! 7. [M(m)] = (10+) " [Mo(m)], where 1y is the inclu-
sion of the T-fixed point in My(m). Here the equivariant homology
groups are taken with respect to the T-action. By Lemma 6.6(1) we
replace them by those with respect to the I'-action and get an element
(t0s) "1 [Mp(m)] in the quotient field of Hy:(pt). In order to distinguish
this from the above element, we denote them by (Lo*)*l[Mo(m)]f and
(0x) ! [Mo(m)]r. B

We set S(I') = Hf(pt), S(T') = H%(pt). We denote their quotient
fields by S(I') and S(T) respectively. Let dp}, .+ Lie(T') — Lie(T) be
the differential of the homomorphism p;’w. It induces the restriction
homomorphism (dp;7q7r)* . S(T) — S(T).

Lemma 6.9. The rational function (t0.)”'[Mo(m)]z € S(T) can

be restricted under the homomorphism (dp;q,r)*, and is mapped to
(t04) ! [Mo(m)]r € S(T).

Proof. From the proof of the localization theorem (see e.g., [1]),
(v0+) " [Mo(m)] 7 can be defined in a localized module S(T') f with a poly-
nomial f which vanishes on all Lie subalgebras of stabilizer subgroups

# T. Under the homomorphism p;,q,r: I' — T, stabilizer subgroups in
T are mapped to stabilizer subgroups in I'. By Lemma 6.6(1), if a stabi-
lizer subgroup is not 7, then it is mapped to a subgroup # I'. TherefoEe

f is restricted to a nonzero polynomial under dp;qm: Lie(T") — Lie(T)
and we have an induced homomorphism

(dphgr)” = S(T)p — S(T);.
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From the definition we clearly have the assertion. q.e.d.

By the localization theorem, (14) ! [Mo(m;)]r = (tos) tme[M (m;)]r
is equal to
1

/M(mi)ﬂ}},q,r(m B(N(FQM)) '
Therefore we get

(6.10) > g™ exp (miu, (o + pX)) / 1

M(mi)ﬂ;f;,q,r(F) B(N(Fi’(p))

= ZinSt (UJ(HZ'Z), w(yl)) - 6;5‘7. ) qeb;;i (Oé‘f‘pX)),

where

(6.11)
Spar = “PEIHGE2, Ggp = —pELE(PoT)E2, §gp = (rg)ertgen
6.2. Vector bundle part. Let us calculate

Ch T(pquw) — Ch Eth(E(pﬂqu)’ E(p’q’r))

2
— Z(—l)p+1 ch HP(P27 gndO(E(p,q,r)))
p=0

where Endy means the trace-free part. We calculate this by the local-
ization theorem, i.e.,

ch Ext'(E®ar) pEan)
ch Endo(EP47)p.0.]
(1—t1)(1 —ta)
ch Sndo(E(nq,r))[O:l:O] ch gndO(E(p’q’T))[lzo;o]
(1—t1/t2)(1—1/t2) (1_1/t1)(1—t2/t1).

We have
ch Endo (E(nqm))[O:O:l] =1 + t;ptg + tlljt;q7
ch &ndp (E(pg’r))[O:l:O] =1+ tl_ptg_r + tll)t;_pa
ch Endo(EP4)) 0.0 = 1+ 75 + 17715,
A calculation shows the following;:
Lemma 6.12. Let us define the convex region D% as follows:
(1) Casep=q=r=1: DP") = {(0,0)}.
(2) Case p = 1, ¢ = r # 1: D®%") = Conv((0,q — 1),(~1,q —
1)7 (_17 —q + 2)7 (07 —q + 1))
(8) Caseq =1, p=r £ 1: D) = Conv((p—1,0), (—p+1,0), (—p+
27 _1)7 (p - 17 _1))
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(4) Caser=1,p=q#1: D®%") = Conv((p— 1,1 —p),(p — 1,2 —
p),2-pp—1),1-pp—1)).

(5) Case p+q = r+1, not above: DP9") = Conv((p—1,q—1), (—p, ¢—
1), (=p,—q+2),(-p+2,—q),(p— 1,—9)).

(6) Case r+p = q+1, not above: DP®") = Conv((p—1,1—q), (p—
Lr—p+1),2-p,q—1),(-p,q—1),(=p,p — 7 +1)).

(7) Case ¢+ = p+ 1, not above: DW%") = Conv((p — 1, —q), (p —
Lr—p+1),(r—q¢+1q¢-1),0=pqg=1),(¢=7r+1-9).

(8) Otherwise: D7) = Conv((p—1,—q),(p— 1,7 —p+1),(r—q+
Lg=1),(=p,q—=1),(=p,p—7+1),(g—7+1,—q))

Here Conv denotes the convex hull. Then chExtl(E(p’q””),E(p’q””))
is the sum of monomials tt) where (m,n) € Z* runs over DWIT) \

{(0,0)}.
Note that the origin (0,0) is in D®47) in all cases. We thus have
(6.13) e(Tpqr) = 11 (me1 + ney).

(m,n)eD@a)NZ2\{(0,0)}

We can also express chy(€)/(az + px) by the localization formula:

i 2L*, az T
(6.14) —chy(€)/(az + pz) = _% > <€p7q72(xfsfu(y;p |

1=T,Y,2

)

where gé,q,r is as in (6.11) and w(x;)w(y;) appears as the Euler class

e(T,,P?) of the tangent space at p;.
Substituting (6.10, 6.13, 6.14) into (6.8), we get the following:

Theorem 6.15. The equivariant Donaldson invariants of P? are
given by

_ B 1 (€)% (az + pr)
b az + px) = A4A(p7QvT) 3 exp _ P,q, Di
(az+pr)= Y 12 e

p,q,r 1=T,Y,2

1
H me1 + neg

D@72
(mme (0,00}

H Z/inst (w(xi)7 w(yi)’ _5}35,7-; qeL;i(az—f—pﬂ?)) ,

i:xzyvz
where p,q,r Tuns over Zio satisfying p+q+7r =1 mod 2 and the strict
triangle inequality.

Ordinary Donaldson invariants ®(az + pzx) are given by lim, ., .0

®(az + pr). But the solution of Nekrasov’s conjecture does not say
anything about this limit, so we do not know how to get an explicit
formula from the above. Note that the summation over p,q,r is related



DONALDSON INVARIANTS VIA INSTANTON COUNTING 385

to Hurwitz class numbers (according to [22]), which appeared in [31,
§9] in the formula for the Donaldson invariants of P2
On the other hand we have:

Theorem 6.16. Let P: Y — P? be the blowup of the fized point p,
(different from p = p,). Then

®(Hz + px)
1 1 . N
= Z [A exp (2< Toddy(Y)(P*Hz + P*px))
£=(2n—1)P*H—2aF
a>n€l>o

Z F(w(mz),w(yl), t_;;ig;Aebzi(P*Hz+P*px)/4)>] :

1=1x,Y,21,22 tt

where p,,, P, are the fixed points in the exceptional set of Y.

The formula, when compared with the one in Theorem 6.15, probably
gives us a nontrivial identity on the partition function.

The idea of the proof is the same as in [19, Th. 3.5], but we put a
little more care as we consider the equivariant Donaldson invariants.

Proof. Let P: Y — P? be the blow up of the fixed point p,. We
first assume that the line H is H,,. In particular, H does not pass
through the point p, which we blowup. Let M, r(n) be the moduli space
of (P*H — eE)-stable rank 2 sheaves on Y with ¢; = P*H, A =n. By
[34, App. F] there exists a projective morphism 7 : ]\/ZH(n) — Npg(n),
where NEZ (n) is the Uhlenbeck compactification of the moduli space of
locally free sheaves on P? with ¢; = H, A = n.

By the definition of 7 the class u(P*H) on ]\/ZH(n) is the pullback of
the class u(H) on Ng(n) by 7. In fact, by

Hy, = xy — €2, Hyz :ny_Eb

and

eE) ~ e (E/[F%) € HY(Nu(n)) = C,
pw(Hyz), n(Hy,) are equal to p(H) = pu(Hy,y) modulo classes from Hj(pt).
Therefore this assertion is true for any H.

By [16, Th. 6.9], u(p) extends to a class on the Donaldson com-
pactification Ng(n). The extension can be made so that the class is
equivariant with respect to the compact form of I', and it is enough for
our purpose. Then we have u(P*p) = 7 u(p) as we blow up at a point
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different from p. Therefore
exp(u(P*H)z + p(P*p)z) N [Mpy (n)]
= 7" (exp(u(H)z + u(p)x)) N [Mp (n)]
— exp(u(H)z + p(p)x) N 7. [ My ()
= exp(u(H)z + p(p)z) N[N (n)].
There is an alternative way to prove this formula. Restrict the maps , 7

to the fixed point set: m: My (n)'' — Ng(n)', 7: ]\//.TH(n)F — Ng(n)t.
We have

Np(n)" = L] {EPD, mylpg] +mylpy] +m.[p:])}

p7q7r7m1 7my 7mz
Mmg+my+m.+A(p,g,r)=n

by the same argument as above. In particular, Ng(n)' consists of
finitely many points. We have direct sum decompositions of Hit(Mp(n))
and HI‘%(]/W\ m(n)) correspondingly. From the expression (1.4) we see that
w(p) € Hp(My(n)') and u(P*p) € Hf%(]\/ZH(n)F) are pullbacks of the
same class in HE(Ng(n)l) = DBy.g,rmamy . H{(pt). This assertion is
enough for the above calculation.

Therefore

&5 (exp(Hz + pa)) = 517 (exp(P*Hz + Prpa)).
On the other hand, we have
52F+£E(exp(P*Hz —+ P*px)) =0

for FF = P*H — FE is the fiber class and ¢ is a sufficiently small number
by [39]. Therefore, by the proof of [19, Th. 3.5] we have

oM (exp(P*Hz + P*px))

= Z Sg(exp(P*Hz + P*px)).
¢=(2n—1)P*H—2aE
a>n€Zlo

Let p;, p, denote the inverse image of p,, p, under P. Let p.,, p.,
be the two fixed points in the exceptional set E. By Corollary 3.18 we
have

0L 4(exp(P*Hz + P*p))
1 1
— exp (§< Toddy(Y)(P*Hz + P*pz))

A
Z F(w(xi),w(yi) t_L;iE;AeL;i(P*HZ+P*P$)/4)>'

’ 2
1=T,Y,21,22

Now the assertion follows. q.e.d.
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Appendix A. Generic smoothness after blowup

For a p-semistable rank 2 sheaf F' on X, there exists a constant (.
depending only on X (and the rank of F') (see [21, 4.5.7]) such that

dim Ext?(F, F)g < Beo-
Therefore
(A.1) dim M3 (¢1,n) < expdim M3 (¢1,n) + foo,

where exp dim M (c1,n) is the expected dimension of M3 (c1,n).

By the result of Donaldson, Zuo, Gieseker-Li, O’Grady (see [21, §9])
there exists a constant mg depending only on X, H (and rank) such
that M3¥ (c1,m) is irreducible and of expected dimension for m > my.

Let P: X — X be blowup at points p1, ..., py as before. We take
a polarization H on X and consider the polarization P*H on X as
above. For simplicity we assume (c1, H) is odd. By [34, App. F] we
have a projective morphism 7: M2, ;;(P*c1,m) — Nz (c1,m), where
N 1){( (c1,m) is the Uhlenbeck compactification, which is set-theoretically
equal to N (c1,m) = | ], M7 (c1,m—k)ie x S*X, where M3 (e, m—k)ie
is the open subscheme of M I)_I( (c1,m — k) consisting of stable vector
bundles.

A point in S¥X can be written as [Z] = > my[pi] + > \p[p] where
pi, xp are disjoint and A, > 1. Then we have a stratification of SkX
parametrized by (m;); € ZY, and the partition A = {\,}, of k — > m;.
By [34, App. F] the fiber of 7 over (E,[Z]) € M5 (c1,m — k)i x S¥X
depends only on m — k and the stratum containing [Z]. And it is
also equal to the fiber of the morphism defined for the framed moduli
spaces on P2 and P2. The homology of central fibers (i.e., A = 0,
m; = n, m; = 0 (¢ > 2)) was calculated in [34, Th. 3.8~10]. We
find its dimension is given by

2n + max [ < 3n.
1€Z:12<n

Therefore
N
dim 7 (E,[Z]) <3 mi+ ) (24, — 1).
=1 P

Therefore we have

dim 7 (M7 (1, m — k)¢ x S¥X)

SdimM})[((Cl,m—k)lf+Z mar/)\c‘ k{g 3m; + E (2)\p+1)}
m;+|Ap|= -
i P

< dim M3 (e1,m — k)it + 3k.
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Let us take m > mg + (. For k > (35 we have

dim M3 (e, m — k)i + 3k < expdim M5 (¢1,m) — k + fuo

< exp dim Mjy (¢1,m)

by (A.1). For k < s, we have m — k > mg. Therefore M;s (c1,m — k)
is of expected dimension. Therefore
dim M3 (¢, m — k)i + 3k = exp dim M3 (c1,m) — k < dim M3 (¢1,m)

unless k = 0. The open locus 71 (M (c1,m)y) consists of pullbacks
P*E of E € M (ci,m) and T is an isomorphism there. Therefore
M )]A;*H (P*c1,m) is of expected dimension (and irreducible).
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