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FLOER HOMOLOGY FOR CONNECTED SUMS
OF HOMOLOGY 3-SPHERES

WEIPING LI

1. Introduction

Floer homology is a mod 8-graded homology theory for integral ho-
mology 3-spheres Y [8]. “The Floer” chain groups C,(Y) are generated
by irreducible SU(2)-representations of the fundamental group =, (Y).
The boundary operator 9, however, depends on the nonlinear analysis;
namely, the 1-dimensional moduli spaces on Y x R. Floer proved that
8> = 0, the homology of the chain complex HF,(Y) = H,(C,(Y), 8)
is independent of metrics and perturbations, and the Euler characteristic
of Floer homology is twice Casson’s invariant [8], [14]. Floer homology
also provides a natural setting for relative Donaldson invariants of smooth
4-manifolds with boundary (see [1]). For a number of related recent de-
velopments in geometry and topology, see, for example, [7].

The first calculations of Floer homology were carried out by Fintushel
and Stern, who computed the Floer homology for Brieskorn spheres. Their
calculations are based on the evenness of the spectral flow for the Brieskorn
spheres, where the trivial boundary map states that the Floer homology is
the same as the Floer chain complex. Our goal is to understand how to
calculate the Floer homology for the connected sum of two homology 3-
spheres.

This paper is based on understanding the boundary map for the Floer
homology of Y #Y,, i.e., the 1-dimensional moduli spaces on the con-
nected sum (Y #Y,) x R where Y, is a homology 3-sphere for i =0, 1.
This relies on the (Taubes) glueing procedure on a noncompact 4-manifold
with almost harmonic 2-forms in the glueing region. Given anti-self-
dual connections 4; on Y, x R, we deform them slightly and then glue
them together to form an “almost anti-self-dual” connection A4;#4, on
(Y x ¥;) x R. The problem is then to deform A,#4, into an anti-self-
dual connection. The “almost harmonic” 2-forms arise from the pullback
of the volume form on the central S’ multiplied by cutoff functions. The
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difficulty in this type of glueing procedure is that the grafting techniques on
compact 4-manifolds cannot be applied directly, even for a careful choice
of a weighted Sobolev space.

Our approach to overcome this difficulty is similar to that of Donaldson
and Sullivan in [5]. It is based on a construction of the bounded right
inverse of d:; = “2'* d, on the product of a tiny annulus with R in a
weighted Sobolev space with respect to the “merged” metric on (¥,#Y,)xR
(see §3.3 for details). A careful choice of this annulus is necessary in order
to compare the anti-self-duality operators with respect to different metrics
in the overlap region. We have a uniformly bounded right inverse of d;
on Y; xR. In order to get a uniformly bounded right inverse for the anti-
self-duality operator with the twist 4 #4,, we first obtain the uniformly
bounded right inverse for the almost anti-self-dual connection on Y; x R,
and then patch them together by using the fact that the original metric and
the merged metric on the annulus region are very close. In this way we
can estimate the difference of the two operators with different metrics and
get the uniformly bounded inverse for d:o# 4 Because of the operator

d; , unlike d; , involves no derivative of the metric, C%-close metrics
are sufficient for the estimates. Finally we prove the glueing theorem and
the splitting theorem for anti-self-dual connections on (Y #Y,) x R by
constructing a parametrized bounded right inverse on (Y #Y,) x R, and
the inverse function theorem.

Using the grafing theorem and the spectral flow calculations, we will
show that the glueing parameter spaces form a filtration for the Floer chain
groups of Y #Y, . Hence we have a spectral sequence for the Floer homol-
ogy of Y #Y,, and the spectral sequence and its differentials are given in
[10].

This paper is organized as follows. In §2 we give a review of Floer
homology and study the spectral flow. We present the main analytic part
for the boundary map of Floer homology of Y #Y; in §3.

2. Floer homology of homology 3-spheres

2.1. Floer homology.

In this subsection, we will give a brief description of gauge theory on
3-manifolds and review the definition of Floer homology. For details see
[3], [6], and [8].

Let Y be a homology 3-sphere, i.e., an oriented closed 3-dimensional
smooth manifold with H,(Y, Z) =0, and let P — Y be a smooth prin-
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cipal SU(2)-bundle. (Since c,(P) = 0, this bundle is trivial.) Fix a trivi-
alization Y x SU(2) of P and let 6 be the associated trivial connection.
Denote the Sobolev Li-space of connections on P by & (P). This space
has a natural affine structure with underlying vector space QI(Y ,adP),
where ad P is the adjoint bundle. %/ (P) is acted upon by the gauge group
Z of Lﬁ +1-automorphisms of P, and the orbit space Z(P) = & (P)/¥
is well-defined when k + 1 > 3/p. The irreducible connections form an
open dense subspace Z"*(P) of % (P) which is a Banach manifold with

T, B"(P)={a e LL(Q'(Y, ad P))|d;a = 0},

where d; is the Lz-adjoint of d, (covariant derivative on sections of
ad P) with respect to some metric on Y .
The Chern-Simons functional cs: & (P) — R is defined as

cs(a) = %/Ytr(a/\da+§a/\a/\a),

and satisfies cs(g-a) = cs(a)+2ndeg(gLfor gauge transformations g: Y —
SU(2). Thus cs is well-defined on Z(P)=%/(P)/{g € Z: deg(g) =0},
and it descends to a function cs: % (P) — R/2nZ which plays the role of
a Morse function in defining Floer homology. Furthermore the differential
of cs is

dcs(a)(a) = /Ytr(Fa Aa),

hence its critical set consists of the flat connections #(Z(P)) = {a €
% (P)|F, =0}. (Here F, is the curvature 2-form on Y.) It is well-known
that elements of F# (% (P)) are in 1-1 correspondence with those of

Z(Y) = Hom(n,(Y), SU(2))/adSU(2),

the SU(2)-representations of z,(Y) modulo conjugacy. Given any metric
on Y, the Hodge star operator applied to the curvature F, gives a vector
field

f(a)=+F, e L!_ (Q(Y, ad P)).

Comparing with T, % *(P) , we note the different Sobolev norm and denote
the latter by #,. Hence f is a section of the bundle with fiber & .
A representation a € Z#(Y) is said to be nondegenerate if the twisted
cohomology H ! (Y ; ada) vanishes. Note that this is the same as requiring
that kerdf(a) = ker*d, = 0, where *d, is the Hessian of the Chern-
Simons functional.

A l-parameter family {a(¢)|t € R} of connections on P gives rise to
a connection 4 with vanishing z-component on the trivial SU(2) bundle



132 WEIPING LI

over Y x R. Floer’s crucial observation is that trajectories of the vector
field f, i.e., the flow lines of

%—‘: + f(a(t))=0 or —aa—‘: =xF(a(?)),

can be identified with instantons 4 on Y x R, and 4|, o= a(t). A
trajectory flow “connects” two flat connections on Y if and only if the
Yang-Mills energy of the trajectory (as a connection on Y x R with trivial
component in the R direction) is finite. One needs to show that all zeros of
f are nondegenerate and that their stable and unstable manifolds intersect
transversally in smooth finite dimensional manifolds. Floer has shown that
one can perturb the Chern-Simons functional to achieve this (see [8]). For
the rest of this paper, we assume that the Chern-Simons functional has
been so perturbed, so that all irreducible representations are isolated and
nondegenerate. Since #(Y) is compact, they are also finite.

For the analysis of ASD connections, it is convenient to work with
the weighted Sobolev space Li s that we will introduce in §3. For each
connection A the anti-self-duality operator induces a Fredholm operator

dyod): LY, ;(Q'(YxR,adP)) - L ,(Q°®Q})(Y xR, ad P)).

We say that A4 is regular if d; ® d;' is surjective. In terms of the complex
we have

Lp

? 5@ (Y xR, adP) 4 L (Q'(Y xR, ad P))

d’ 2
ALy, 5(QL(Y xR, ad P)).

The regularity of A4 means that Hg = 0 (irreducible) and Hj =0
(generic). For a nondegenerate critical point o of cs, the spectral flow is
SF(a, 0) = Index(d; @ d;)(a , 8), the Atiyah-Patodi-Singer index of the
anti-self-duality operator over ¥ x R. So
() = Index(d; ® d})(e, ) (mod 8),

where A4 is any family of connections {a(f)} € % (P) over Y with
a(+o00) = 6, a(—oo) = a, (see [8]). Floer’s chain group C;(Y) is de-
fined to be the free module generated by the irreducible flat connections
a with u(a) = j (mod 8).

Note. Changing the orientation of Y switches the sign of c¢s and hence
the spectrum of the Hessian reverses, so

—t_y(@) =3~ (~pty(@) (mod8),
i€, u_y(a)=5—-py(a) (mod8).
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Define .#, p to be the moduli space of finite-energy ASD connec-
tions on Y x R, and let .#(a, ) be the subspace of those 4 such that
lim_,_ _A=a,lim_ 4= p for fixed flat connections o and S.
# (o, B) is a smooth, canonically oriented manifold which has dimen-
sion congruent to u(a) — u(f) (mod 8). The moduli space #(a, B)
has finitely many connected components each of which admits a proper,
free R-action arising from the translations in ¥ x R. If u(a) —u(B) =1
(mod 8), let A# 1(a, B) be the union of 1-dimensional components of
M (a, B). Further perturbations make all the .# l(a, B) regular. Then
A" (o, B)/R will be a compact oriented O-manifold, i.e., it is a finite set
of signed points. The differential : C P C i1 of Floer’s chain complex
is defined by

(1) da= Y. #H(a, B)B,
BeC;_,

—

where # (a, B) = /l(a, B)/R, #M\(a, B) is the algebraic number of
points, and the sign is given by the spectral flow. Floer has shown that 8% =
0, hence {Cj , 0) jez, is a chain complex graded by Z;. The homology
of this complex is called the Floer homology, denoted by HF;. Floer
has shown that it is independent of the choice of metric on Y and of
perturbations (see [3], [8]).

2.2. The spectral flow on connected sums.

The connected sum Y = Y #Y, of two homology 3-spheres is again a
homology 3-sphere, whose fundamental group 7, (Y,#Y,) is the free prod-
uct of #,(Y;) and =,(Y;). There are four types of SU(2) representations
of n, (Y #Y)):

(1) 0=0,#0,,

(2) by#a,,

(3) ay#0,,

(4) opta,,
where the o; are irreducible representations of 7,(Y;), and 6, is the triv-
ial representation of n,(Y;), i =0, 1. These four types of representations
correspond to equivalence classes of flat connections glued together by the
standard glueing construction [4]. In each case we have a family ay#a, of
flat connections parametrized by a copy of SU(2), which can be identified
with the automorphisms of a fiber over a point in the gluing region. Two
elements of this family corresponding to automorphisms p,, p, are gauge

equivalent if and only if p, pl_1 extends to an element of the isotropy group
I, or ', . Thus the corresponding family of gauge equivalence classes is
0 1
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SU(2) /l"ao X 1"al . Since I'y =SU(2) and T', = Z, for a irreducible, the
first three types of representations give rise to a unique gauge equivalence
class, whereas the last type of representation gives a copy of SO(3) for
each pair of irreducible representations. In §3 we show that all trajectories
between these representations are obtained by grafting together existing
trajectories from both sides. Thus one needs to compute the spectral flow
along such trajectories.

The spectral flow SF(a, 0) is (modulo 8) the index of the Fredholm
operator D, = d;’s @ dj on the weighted Sobolev space with sufficiently
small weight 6. Then the Floer grading is given by

(2) u(a) = index D (a, ) (mod8).

One can consider the calculation of the index of the anti-self-duality
operator as a boundary value problem with Atiyah-Patodi-Singer global
boundary conditions [2]. We have

2p(0) | —h,+ 1,(0)
2 2

where p,(A) is the Pontryagin form, the term A 5 is the sum of the di-

* + h
(3) Index(dy ® d})(a, B) = -2 /Y RAOE st

mensions of Hi(Y adp), i=0,1, and Pg is the p-invariant of the
signature operator *d -d, ,* over Y restncted to even forms (cf. [6]).

An application of the S1gnaturc formula to Y x I shows that p = p_(0)
is independent of the Riemannian metric on Y and is an orientation-
preserving diffeomorphism invariant of Y and a.

Lemma 2.2.1. For a, € R(Y,) irreducible, we have

(1) Pyt (0) = £, () + 5, (0).,

(2) ha 4o =h, +h +3, ha #, hao, h"o*al = hal, h00#91 =3.

Proof. (1) Cons1der the cobordlsm X built by attaching a 1-handle to
(Y,11Y,) x{1} in (Y,[1Y,) x I. The boundary of X is Y #Y, [[-Y, ]
—Y, (note that =, (X) = =,(Y #Y,)). Then there are natural inclusions
Z(Y;) = Z(Y,#Y,) such that the pair (o, ;) can be extended to a uni-
tary representation of z, (Y #Y,). (In fact, if the o, are both irreducible,
then there is an SO(3)-family of such extensions.) By Theorem 2.4 in [2],
we have

Pagta, Yot Y1) = Py o (X [ 1)) = 3sign(x) - sign,, 4, (X)),
where H’ (X) = 0 and HZ(X ;ada) = 0. So we get the signatures
satisfying sign(X) = 0 and sign (X) = 0. Thus p_, (Y #Y)) =
Po,(Yo) + 2, (Y}).

aga, agta,
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(2) Since a;, a, are irreducible, the Betti numbers hgo , h0 and hg #a,
vanish. The Mayer-Vietoris sequence

0 — H’(S?, adSU(2)) — H;o#al(Yo#Yl , adSU(2))
. H;O(YO, adSU(2)) ® H;R(Yl ,adSU(2)) - 0
then shows that h%#al = hm0 + ha, +3.

Clearly h"o#"n = 3, so we consider the case of 6, and «,, where o,
is irreducible. We have hgo#a. = 0 and h;o = 0. Again applying the
Mayer-Vietoris sequence

0— H, (Y, adSU(2) @ Hgl(Yl , adSU(2)) — H°(S?, adSU(2))

0 #a, (Y #Y,, adSU(2)) — H;O(Y0 ,adSUQ2)) @ Hul[l(Yl , adSU(2))
-0

and using h; =0, we have
0

(3+0)=3+hy,, —(0+h,)=

ie., hﬂ#al o -

Lemma 2.2.2. For irreducible representations o, € #(Y,), we have the
Jfollowing addition properties for the Floer grading u :

Kogha) = u(ay) + u(a;),
w(Op#a,) = p(a,); plaghf,) = u(ay).
Proof. To compute u(a,) we can use any connections A4, over Y, xR
which interpolate between 6, and «;. We choose A4; to be flat in the

regions B? xR used to make the connected sum (Y #Y,)xR. So the 4;’s
match to give a connection A4,#4, over (Y #Y,) x R which interpolates
from 6 #6, to aj#a, . By (2) and (3) we have

ta, ~ Pagra, Mope, + Poe,
2

ha
H(ogha,)=—2 / P, (A #4,)— 0 > (mod 8),
Y xR

where Y = Y, #Y,. From our choice of 4,,

pl(A #Az) =p1(A1) +p|(A )-

Since Pojso, = 0 and Po, = 0, our result follows from Lemma 2.2.1. Sim-

ilarly one checks that ;t(0 o) = u(e)) and p(op#6,) = u(ay). q.e.d.
In a similar manner one shows
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Proposition 2.2.3. If o, € Z(Y,) and at least one B, € RZ*(Y)), then

(4) Index D ,(ap#a, , B,#P,) = Index D (o, B,)+Index D ,(a,, B))+3,

and therefore

(5) dimA#(ag#a,, B#p,) = dim.A# (o, B)) +dim.# (o, B;) + 3.

The ‘3’ in this formula arises from the glueing parameters: o, #a, is
a family of connections parametrized by p, € SO(3), B,#B, is in turn
parametrized by p, € SO(3), and the pairs (o #a,, B,#B,) are gauge
equivalent when p, = p,. Thus the glueing parameters give three extra
dimensions on the left-hand side of equation (5). In [10] we will show
that perturbing the Chern-Simons functional breaks the SO(3) symmetry,
splitting .# (ay#a,, By#p,) into a finite union of moduli spaces with di-
mension three less than that of .# (o #a,, B #p,) . Once this perturbation
is done, we can apply Floer theory as described at the beginning of this
section.

We can now see which trajectory flows contribute to the Floer bound-
ary (1) on the connected sum Y, #Y, of homology spheres. By definition,
the only relevant trajectories are those that lie in a 1-dimensional compo-
nent .#; of A4 (ay#a,, By#pB,) (after perturbation). By (5) and the above
remarks there is a possibility of having

l=dim.#,=dim # (ap#a,, B#B,) — 3

=dim.# (o, B,)) + dim.# (a, B,),
so the moduli spaces .#(;, ;) have dimension 0 or 1. Thus the bound-
ary operator can be computed once we understand the moduli spaces ob-

tained by glueing a 1-dimensional moduli space on one side of Y #Y, toa
0-dimensional moduli space (i.e., a constant flat connection) on the other.

(6)

3. Grafting

The essential step in the calculation of the Floer homology of a con-
nected sum of homology 3-spheres Y, Y, is to understand the structure
of the 1-dimensional moduli space of ASD connections on (Y #Y,) x R.
The structure relies on grafting together ASD connections on noncompact
4-manifolds. The major problem is the existence of harmonic 2-forms in
the glueing region. It is difficult to obtain estimates in the overlap region
relating the “merged” metric with the original metrics g, on Y;. For the
merged metric g we will take a weighted average. The usual Rayleigh
quotient for the first eigenvalue involves the operator d*¢ , and in order to



FLOER HOMOLOGY FOR 3-SPHERES 137

get a uniform bound on the first eigenvalue on the connected sum from the
first eigenvalues on both sides, we have to compare d*® and d*% . These
operators involve the derivative term of the weighted average metric with
no control of the glueing parameter ¢ (the “neck-length”). Thus we adopt
Donaldson and Sullivan’s technique for building a right inverse directly
(cf. [5]).

We begin by looking at a special feature of the R-action on the equiv-
alence classes of connections which will help us solve the anti-self-duality
equation

Ff+(d}+d)a+ana=0

uniquely on the subspace of Q;d(Y x R), which is perpendicular to H; .
Then we show that for all balanced 1-dimensional ASD connections on
Y, xR, there is a uniform lower eigenvalue. Using the parametric method
to construct the right inverse on the connected sum and applying the in-
verse function theorem, we are able to prove a glueing and splitting the-
orem for 1-dimensional ASD connections over (Y #Y,) x R (Theorem
3.3.10).

Throughout this section we assume that the anti-self-duality operator
is regular. (As we have mentioned above, this can always be achieved by
a compact perturbation of the anti-self-duality operator. For the sake of
simplicity we shall ignore the perturbation.)

3.1. Properties of balanced connections.

Let Y be a closed, connected, oriented, smooth homology 3-sphere.
For 6 > 0 (to be determined), let e;: Y x R — R be a smooth positive
function with es(y, t) = &V for |tf] > 1. Let E be an SU(2)-vector
bundle over Y x R with a translationally invariant metric and a metric-
preserving connection. To define Banach manifolds #(a, b) of paths
connecting two flat connections a and b in %, , choose any smooth
representatives a, b € &, and a smooth connection C on Y x R which
coincides with a for ¢ < —1 and with b for ¢ > 1. Define the Li’ s-norm
on sections u of E by

(7 "u”Li,,; = ”e,s : u“Lz-
Then |
y(a,b) = C+ L ;(Q1(Y xR))

is an affine space and is independent of the choice of C. The correspond-
ing gauge group is the group ?2” s obtained by completing the compactly

supported gauge transformations in the L‘z', J(di(Y xR)). Weneed p > 2
to construct the orbit space By, g = M(,l P /?}2”’ .
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Proposition 3.1.1. (1) Let
D,: L! 4(Q'©Q°)(Y, adSU(2)) — L} 4(Q' ® Q°)(Y, adSU(2))

be the operator D,(a, B) = (xd,a — d B, —d,a). Then there exists a
positive A, such that for all a € R*(Y) the eigenvalues of D, satisfy
A(D,)| > 4.

(2) If F(A) isin L” for p > 2, then there is a constant C, such that
(8) sup|F,|, , < Ce™ ™,
where y = y(A,) >0, and C, is continuous in A.

Proof. The first statement is from [8], and the second is in [3] (see
4.1). q.ed.

Fix a positive 6 < min{4,, y/2}. We will henceforth use the norm
(7) with this 6. Let us denote ”u”’-f = ”VAu"L55 + ||u||L36 (and

"u"L!I' s "u"Ll; a(c)) .

Definition 3.1.2. The balancing function b: %, g — R is given by the
equation

b(A) 2 oo )
| UFDI, = [ L

(So the value b(A) is the time which splits the action of A in half.)

Lemma 3.1.3. (1) Shifting the connection A in the t-direction, A(t) —
A(t £ s), one has

b(A(t +5)) = b(A(t)) — s, b(A(t - 5)) = b(A(2)) + 5.
(2) Let &, = b'l(O) be the space of equivalence classes of connections
whose actions are balanced at 0. Then there is a one-to-one map from %,

to B, = b~'(s) for any s € R.
(3) If A is not a constant flat connection, the derivative of b is

+oo [ sing(t — b(a)) >
D b(a) = ———>d F,,a).
4 (a) ‘/;°° <”F(A)”iz(y,k) atar @

Proof. (1) is proved by a change of variable. (2) follows from (1). For
(3) we note that

b(A+sa) ) +00 2
/ IF (A +50)| 22y, = /b o IFCA 5l

—o00 (A+sa
Taking the derivative with respect to s at s = 0 and combining the terms,
one has

) +00 . b(A) .
IFDraPab@ = [ iF, 0= [ (F,, o).
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Now ||F(A)||22(Yxk) = 0 if and only if —(da/dt)dt+ F, =0, i.e., if and
only if A4 is a constant flat connection, contrary to our hypothesis. Thus
(3) follows.

Definition 3.1.4.  Set the balanced moduli space M, = {A € A,
By glb(4) =0}.

Lemma 3.1.5. For A € ./l}',’iln, y €Y, and each p > 2, there exist
constants M), C,, C, independent of A such that the following hold:

(i) If dim Ay, p <1, then /}',’f(lk is compact, and

xRC

) / PUE P < C), / _PMEP <o
Y xR B,(e)xR

(ii) If dim.#y,p <8, then |F,ll ey g < M,-

Proof. (i) No sequence of connections in /}f’ iln can converge weakly
to a limit plus an instanton bubble, since bubbling needs dim.#, . > 8.

There is only one other way for a sequence in I;’TR to fail to have a con-
vergent subsequence; it may have a subsequence {4,} converging weakly
to a disjoint union of connections A___ € #, p(a,b), A, € #, o(b, ),
A, € #y g(c,d) where a, b, c,d denote the limits and at least one
of A__, A, isnot constant flat (otherwise {4,} actually converges to
Ay). If, say, A, is not constant flat, then dim.#, p(c,d) > 1. Since
each A4, is balanced, the limit 4__ [[4,1[ 4, is also balanced, and it
follows that dim.#} g(a, b) + dim.#, (b, c) > 1. This is impossible
since the dimension of the moduli space .# g(a, d) which contains the
A, is equal to 1. Thus /}’i‘n is compact.

The constant C, in (8) is continuous in 4, so by compactness it can
be chosen uniform for A in .#", and the bounds (9) follow.

(i) Suppose not. Then there exists a sequence {A4,} € #,_, with
"FA,,"L”(YxR) > n. Thus we have (y,,,) such that |FA..|(J’,.J,.) =n.
Let A:, = A,(t —t,) (rescaling). Then |F Aﬁ.l(y,,,o) = n. The application
of Uhlenbeck’s compactness theorem to the compact space Y x [—1, 1]
shows that there exists a subsequence {4,} with a bubble point, and this
requires dim.#,_p > 8, contradicting our assumption.

Proposition 3.1.6. The space By.p = {A € By zlb(4) = 0} of bal-
anced connections is a smooth manifold with codimension 1, and the mod-
uli space .l)ka is transversal to .55’;,’111‘.

Proof Since an arbitrary 4’ € /l;xk is not a constant flat connection,

it has a translate 4 under the R-action which lies in Q}',’ilk . Note that
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IF*#0. Let A=a(t). If 0=d}F, = —(d *(8a/dt)+0+F,/dt)Adt+
d,+F,, then we get *F, = 0. Since A4 is anti-self-dual, da/dt=+F, =0
and A is constant flat connection. But this is not true, so the L*-normal
vector .
sign(¢) -d F,
v=——"—4
1.4l

to Tﬂ;,’fk at A is nontrivial. By the implicit function theorem, ﬂ;’f}R =

b! (0) is a smooth codimension 1 Banach submanifold, and D b: T N —
T,R is an isomorphism where 7, N is the subspace of T,%, p spanned

by v. Notice that the derivative of b along ﬁ;,’ilk is zero. We have the
identification

~ bal
TA‘@YxR = TA‘ngR

x T,N.
Since B, p = (@;,’ilk x R and D,b(A4) = £Id in the time direction, we
may identify 7,N = TR = (T, %, g),, the last being the tangent space
to By g at A in the time direction.

For A € ‘@}l}iln’ the cohomology H; is a 1-dimensional space. We

claim that it contains {A(¢ +s5): s € R} . We have
H; = {A(¢) +sa(t): s € R, d;aa =0, d;a = 0}.

Define f(s,u) = A(t) + sa(t) — A(t — u). Then f(0,0) = 0, and
df(0,0)/0u = A'(t) # 0, since A4 is not a constant connection. Hence
the implicit function theorem gives a local coordinate # = u(s) in a neigh-
borhood of (0, 0) such that f(s, u(s)) =0, i.e., A(t)+sa(t) = A(t—u(s))
in time-translation form. Let S be the subset of R defined by

S = {s € R: there exists u(s) such that f(s, u(s)) = 0}.

Then S is nonempty (since it contains 0), open (by the implicit function
theorem) and closed (since f(s, u(s)) is continuous in s). Therefore
S =R, and Hfl1 = {A(t +s): s € R}. Hence Hj intersects TA‘@)‘,":R
transversely at the point {[A4]}. The Kuranishi technique then implies that
locally, solutions of the anti-self-duality equation live in a 1-dimensional
moduli space parametrized by H; , 1.e., by time-translation.

3.2. Smallest eigenvalue on Y x R.

(i) Some analytical facts. Let d, denote the covariant derivative cor-

responding to the connection A4, and d;‘s = eé_ld;eé be the adjoint of d,
with respect to the L(z), s-norm. Floer has proved the following in [8].
Proposition 3.2.1 (Floer). (i) For positive 6, & is a Banach Lie group

with Lie algebra (which can be identified with) L ’ J(di(Y x R)).
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(ii) The quotient space By(a, b) = S (a, b) /%5 is a smooth Banach
manifold with tangent spaces

T, Bs(a, b) = {a € L ;(Qu(Y x R)|d; a = 0}.

(iii) The 2-form F, representing the anti-self-dual part of the curvature
of A is smooth and Z-equivariant.

(iv) If 6 > 0 is smaller than the smallest nonzero absolute value of
an eigenvalue of D, or D,, then for any anti-self-dual connection A €
%Bs(a, b) the anti-self-duality operator

J *J 1
DY =df o d}: L QLY xR) — L] (@, 0 Q% )(¥ xR)

is Fredholm. Furthermore, Di =0/0t+ Da , Where
t

D° = ( *da* —da) -
4 —d ; )
Dﬁ is self-adjoint on Q! 2a(Y) ®Qo 4(Y), and * is the Hodge operator on the
3- mamfold Y. If a and b are irreducible nondegenerate flat connections,
then one can take 6 =0.

(v) Let # be the moduli space of all equivalence classes of nonflat anti-
self-dual connections A on Y xR with finite action |0 A /az||§. Then there
is a first category set of metrics on Y such that the anti-self-duality operator

: Dj is surjective for all A€ # NF.
The following definitions are combined from [3], [4], [8] and [16].
Definition 3.2.2. An ideal anti-self-dual connection (trajectory) over
Y x R, of Chern number k, is a pair

(A; (x5 5 X)) €My n(@,b) xS (Y xR),

where A is a point in /l}'f;li(a , b)N%;,and (x,, --- , x;) isan unordered
[-tuple of points of ¥ x R.

Let {4,}, n € N, be a sequence of connections of charge k on
the SU(2) bundle P over Y x R. We say that the gauge equivalence
classes {A4,} converge weakly to a limiting ideal anti-self-dual connection
(4; (x,, -+, x;)) if the following hold:

(i) The action densities converge as measures, i.e., for any continuous
functionon Y x R,

!
2 2 2
/Y fo|F(An>| dp — /Y IR W
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(ii) There are bundle maps

pn: PIYXR\{xl,"' ,x} - PIYXR\{X,,'" 2%}

such that p;(An) converges to A in C* on compact subsets of the punc-
tured manifold.

Definition 3.2.3. Let a and b be flat SU(2) connections over Y. A
chain of connections (B, --- , B,) from a to b is a finite set of connec-
tions over Y x R which converge to flat connections ¢;_,, ¢; as ¢t — Foo
such that a=c¢,, ¢, = b, and B, connects ¢, ,,c;, for 0<i<n.

We say that the sequence {4} € /l,’fxn(a , b) is (weakly) convergent to
the chain of connections (B, , --- , B,) if there is a sequence of n-tuples
of real numbers {ta’l < - <L ta’n}a, such that Ly ;= 1y ;g — 00 as
a — oo, and if, for each i, the translates t;’ A NCE l,. ;) converge
weakly to B;. .

We need to combine the notion of a chain connection with that of an
ideal connection.

Definition 3.2.4. An ideal chain connection joining flat connections a
and b over Y is a set (Aj;xj1 TR xj,j)lstJ where (Aj)ISjSJ is a
chain connection and for each j, (4 BETTRRE xﬂ_) is an ideal connec-
tion. ’

In this setup, a version of the Uhlenbeck compactness theorem holds.
We state it in a form proved by Floer in [8] (see also [3]).

Theorem 3.2.5 (Uhlenbeck compactness on Y xR). Let A € /f <rN
PBs(a,,b,) be a sequence of anti-self-dual connections with uniformly
bounded action. Then there exists a subsequence converging to an ideal

a

chain connection (A X jIj)l <j< Moreover, one has
J
Z(kj + Ij) =k, 6,(4)) = kj (not necessarily an integer).
j=1

(ii) Smallest eigenvalue estimates.

(a) We will next prove the existence of a uniform bound for the eigen-
values of Ai’ * forall A lying in 1-dimensional components of the moduli
space.

Theorem 3.2.6. Suppose dim.#, , = 1. Then for each p > 2 there
exists a positive constant C, such that for all A € /;’ilR, and u €

Lg’J(QZd’+(Y x R)) we have

(10) ¢, [ P < / Ny up.

Y xR Y xR
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Proof. Proposition 3.2.1(v) implies that (Di)* has trivial kernel. From
the ellipticity of the anti-self-duality operator we have

J | *
¢, v@uly 1D wewl,

for voue (di ad+)(Y x R). Thus, for any such 4 € “l;xkn“@a , by
taking p > 2, v = 0, there is a positive real number C,(A) such that (10)

holds for all u € Q:d +(¥ x R). Since the constant C,(4) is continuous
in A, the theorem follows by Lemma 3.1.5.

Remark. The above estimate (10) also holds when A is the trivial
connection. On Y x R, where Y is a fixed homology 3-sphere (with
a fixed Riemannian metric), the standard Laplacian on the self-dual 2-
forms has a strictly positive first eigenvalue by the Hodge Theorem, and
the spectrum of such an operator consists of all the values which are greater
than or equal to the first eigenvalue (see [9]). We can use this fact to get the
bounded right inverse for d* , and therefore we can glue a 1-dimensional
trajectory on one side to a trivial connection on the other side.

(b) The flattening construction. We first describe a special gauge suited
to our constructions. Fix A4 € l,‘,’i‘k , and choose a trivialization of the
fiber at a base pint y € Y . Parallel transport first along the R-direction,
and then outward in normal coordinates in Y at each fixed time slice.
This defines a gauge for 4 € £, baIR which we call the cylindrical gauge.
In this gauge 4, =0 on {y} xR, and 4, = 0 where r is the radius on
Y centered at y.

Lemma 3.2.7. In the cylindrical gauge in By3 (e)xR, we have |A(x, t)| <
A

Proof. Let (x,, x,, X5, t) be coordinates in B;(s xR.For 1<i<3,
we have |4;(x, ?)| < (r/2)max|(x,t)|<, |F(x, t)] (cf. [15]). Since 4, =

Ei=l x, A, =0, we get Ei lxk BAk/at) = 0; thus

d
Zxk k,_r A Z X, Bt rEA,.

Also [jo4,/0r= At(x D =AW, t) = A,(x , 1). Hence
r 3 X
/ Z 'r_kat

We next need to descrlbe how to flatten a connection 4 € /l,l,’xk along
y(’o) x R. Let x = x(r,, &) be a smooth cutoff function satisfying

x=0 onBy/ry), x=1 on Y\By(r0 +é), and ldx| < Cy/e
for some constant C;,.

|4,(x, )] < <r max |F(x,t)|. q.ed.

|(x,0)l<r
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Definition 3.2.8. For A € .#;%, , define A € B, to be the connec-
tion on E which is equal to 4 outside By(ro +ée)and 4 =x-A4 on
By(r0 + €) as the connection matrix in the local trivialization of E given
by the cylindrical gauge.

Lemma 3.2.9. There exist ¢, and C (independent of A) such that for

0<e<eg,, any Aexl)?alk with dim.#, o <1, andany p,q>2,

X

. (3+9)/a * p
14 = Al vy < Ce o Wl e < CE

Proof. Take y = x(e,e) and 4 = y - A. Then we have F} =
(dxNA), + (x2 —X)(AAA), since A is anti-self-dual. A has support

on B (2¢) x R, and by Lemma 3.2.7 and Proposition 3.1.1, we have the
pointwise bound

|FT| < Cye™'|A| + |4” < Cye ™" 2¢|F,| + 46’ |F,|* < Ci|F,| < CoCe ™M,

where C(')C is independent of 4 by Lemma 3.1.5. Hence

1/p
+ ot -+ 3
|1 F “Lg S(YxR) = (/3 le ! IFA~ |p) <G, (9)e /p.
’ B’(2¢)xR

The bound on A4 — A is similar, namely,
|4 - 4] < || < 2¢|F,| < Cee™ .

Thus the result follows.

(c) A neighborhood of /l;ilk. Assume throughout this subsection that
the dimension of a moduli space satisfies dim.#,, p < 1. Fix p,q > 2.
We are going to show that the uniform lower eigenvalue estimate also holds
for nearby anti-self-dual connections.

Definition 3.2.10. Set

Us = {B € By, plthere exists a 4 € M

such that || 4 — Bl|s <9, ||F;||Lg’6 <4}

Note that Lemma 3.2.9 implies that if 4 € £, then for sufficiently
small ¢ the flattened connection A lies in U .

Lemma 3.2.11. There exists J, such that for 0 <d, <, thereis a
constant Cg independent of 6, such that

4. %0
““”L‘,’ JYxR) S Csli(dg) ulng (YxR) forall B e Us -
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Proof. We have
Id5) " wllg vy 2 1D Wl ymy = 1A= B) 55wl my
where A is an element in l;,’i'k which is J,-close to B. Then
1A= B) %5 ull g oy < 14— Bllgg , llells | < C3yllulls

by Hélder’s inequality and the weighted Sobolev embedding theorem [11]
and [12].

Since A is anti-self-dual, the Weitzenbock formula gives d;;(a’j)"“s =
V;‘s V, + R, which implies

+\*0
lllz , < Cllulzg o < C,CDIE ully , + Cluly
~ +\*0
<Clld})ully .

The first inequality follows from comparing L} ;-normand L} ;(4)-norm,
and the last from Theorem 3.2.6. Choosing J, such that CE‘(SO < %, we
have
*0 *0
(12) ) ully , 2 3 ul -
Thus by (11) and (12), we obtain
-~ *0 ~ *J
lullys | < Cld)ullyy , < 2CN(dp) ully, - aed.

By Lemma 3.2.11 and the weighted Sobolev embedding theorem [11],
we have

L} ;> Lg,, forl/4+1/9>1/p,

and the bounded right inverse operator Q, (= (d;})*(d}(d})**)™") sat-
isfies
1QpullLs , < C”qu”],ll’_a < C”“”Lg,‘, forall B € U .

Remark. If dim.#, g(b,, b,) = 2 and #2 (b,, b,) is compact,
then Theorem 3.2.6 and Lemma 3.2.11 are also true.

If /)',’f(lk(bo , b)) is not compact with boundary “l)PilR(bo , b)) x
/,',’i'n(bl , b,), then for compact K C /Z)?ilk(bo , b)) x /l;’ilk(bl , b,) and
px large enough we get

Ao(pl() =X(PK)A0, Al(pK) =X(_pK)A1

with 4,(p) € Us (4,), where Ay € Ayrg(by, b)), A, € #ysg(b;, b)),
and y is a smooth cutoff function on Y x R satisfying x(y,?) =1 and
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0 for t < p, and > p, + 1 respectively. Let 4, = Ay(pg)#4,(py) on
Y x R. Then Floer’s Proposition 2d and inequality (2d.2) in [8] yield that
A, € UJl for very large p, . Hence for AO#Al we obtain the bounded
right inverse by Lemma 3.2.11.

If dim.#, p(b,,b,) < 4, we get the bounded right inverse by using
Proposition 1c.1 in [8] and the above argument. The dimension restriction
comes from the trivial connection 6. If dim.#, p(b,, b;) <7, then the
moduli space does not split through 6, and Lemma 3.2.11 is also true for
this case.

(d) Changing metrics. We want to show that there is also a bounded
right inverse for flattened connections with metric C° close to the original
metric. Pick a point y, € Y. For simplicity we assume that the metric on
Y, is flat in the 3-ball B,(r,+ &) centered at y, with radius 7, +¢. For
r,<ry,let N, oor, (g,) be the set of Riemannian metrics g on Y,\B,(r,)

which satisfy
(i) g= 8p on YQ\IB3(r0)§ _
(ll) “g - go”co <é& on B3(ro)\B3(r|) .

The annulus B,(r,)\B;(r,) will be used as the glueing region in forming
connected sums.

(1) Let nf be the projection onto self-dual 2-forms with respect to the
metric g. Note that nf is a continuous map with respect to the metrics,
ie., |7 — %] < Cllg - gllco -

(2) For the metric g, on Y, there is a right inverse @, for the operator

+g g
dA.0°. Let S—dA.o“QO. Then
+
d,;;°Qo”o =u,, and ”S%”LS,.;(go) < CP”u‘J”Lﬁ,a(go)’

where || - || L2 (&) indicates the Sobolev space with metric g, for forms
with support in (Y,\B,(r,)) x R.
(3)For g€ N, , (&), the L{ s-norms are equivalent, i.e.,

-1
Co ltgllzg gy < Mikollzz () < Corllitllzz g

where C, — 1 as ¢ — 0.
Lemma 3.2.12. For self-dual 2-forms u, with support in the (Y;\B,(r,))
xR and ge N, oo (8y) with sufficiently small ¢, d;‘ has a right inverse
NS ,
Q3 with
g
“Qo u"L‘.’.‘,(g) < C”u"Lg‘J(g) >
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and also

g
"QO“"L(‘;,,,(g) < C““"Lg",(g) for1/4+1/g>1/p.

Proof. We will construct the right inverse by arranging that d;‘ Q,-1d
0

is a contraction mapping on Lg 5 g)(Q_ZF(Y0 x R)). We have
+ + + +

and from (2) it follows that (d;*Q, — Id)uy = (d* — d;**)Qqu, . By the
0 0 0

definition of g and the flattening construction for A4, with x|[0’,0] =0,

one has

dir—dro =d* —d"ro = (nf — a50)(d" o +d o).
0 0

Using (1), (2), and (3) we obtain
2
I35 Qo = 1ugllzz ) < CCoe' (14 Clltgllzg -

For ¢ so small that CC:, s'(1+Cp) < 1, the operator d;g Q, is invertible,
0

and the right inverse for d}: is Qf = Qo(d;f:Qo)"'. q.ed.
For B € Uf’. and g€ Ne:’,o’

for the operator d;‘ by combining the proofs of Lemmas 3.2.11 and
3.2.12.

3.3. Structure of the trajectory flow on the connected sum.

(i) Forming the connected sum.

(a) Let Y; be an oriented homology 3-sphere with Riemannian metrics
g;» 1 =0, 1. Choose basepoints y; € ¥; and suppose for simplicity that

the metrics g; on Y, are flat in neighborhoods of the y,. Using these flat

r (&) » we also get a bounded right inverse

]

metrics we identify neighborhoods of the points y; in Y, with neighbor-

hoods of zero in the tangent spaces Ty' Y; . Precisely, for any real numbers
e,T >0, weset N,(¢,T) ={(r,0): T"'e <r < Te} C T, Y\{0},
where ¢ eventually will be made small and T (> 1) is another pa-
rameter (to be fixed later in the proof) with Te less than half the ra-
dius of injectivity of y;. Then define f, ,: Nyo(e, T) — Ny. (¢, T) by
f, p(r,0)=(-r+Te+T 'e, 0). Let U, C Y, be the annulus centered
at y; with inner radius r, = T™'¢ and outer radius ro = Te. The “linear
inversion” map f, , taking the inner radius of U to the outer radius of
U, induces an orientation-reversing diffeomorphism from U to U, . Let
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Y,.' C Y, be the open set obtained by removing the T '¢ ball about ;-
Then, in the usual sense, we define the connected sum Y =Y (e, T) to be

/ /
Y =YY, = YU, Y,

where the annuli U, are identified by fB -

(b) Let (Y;, g;), i =0, 1, be oriented Riemannian 3-manifolds as in
(a). To construct a Riemannian metric on Y #Y, , we fix a cutoff function,
¢ € C([0, +00)), which satisfies

T+T! 1
¢|[0,T_18] = 0, ¢ (—2—8) = 5’ and ¢|[T8,+oo) = 1.

Definition 3.3.1. The Riemannian metric g on the connected sum
Y, #Y, is defined as follows: On Y,-\By,,(Ts) ,set g =g, for i=0,1. On
the overlap annulus N, (¢, T) = N, (¢, T), g = ¢g,+ (1 - S, 18 =
¢8, + f; r(48,) , because of the linearity of f, .

Lemma 3.3.2. Let ¢ be the constant of Lemma 3.2.12. There exists
Ty > 1 such that for all 1 < T < T,, 3¢ with Te < 3{injectivity radius},
and we have Ny r, 1-1.(8) # . Furthermore, Ny r, r-1,(8) N
Ne',Te,T“e(gl) #O.

Proof. We just use the metric from Definition 3.3.1 and calculate the
C° norm of g — &, on the annular region:

—1 2
&, = (&), and go,,={¢+<1—¢> (—1+E+—,Ti) }(go)o,,.

Then VT < T, we have
4 —4
g — gollco < max{T" -1, |T"" —1]}.

By choosing T, close to 1 enough to make ||g — gllc0 < ¢, we thus prove
the lemma.

Remark. Lemma 3.3.2 tells us that we may glue the two manifolds by
an orientation-reversing isometry on the tiny overlap region. Therefore
for forms u supported on Y], we have

1
2Mullg eporn < Wllig oy < 2l gpr)-

(c) We next use the SU(2)-bundles P; over Y, to define a bundle P over
Y . Using the projection map z,: Y; x R — Y,, we pull back the bundles
P, to get bundles =;(P,) over Y, xR. Let A4, be a flat connection on
Y, x R, constant in the sense that A,(f) = a € #(Y,) for all ¢ € R,
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and let 4, be an anti-self-dual trajectory from g to y (i.e., an anti-self-
dual connection lying in a 1-dimensional moduli space) on ¥, x R. Set
A; = xA4;, i =0, 1 by using the flattening procedure on each side as in
§3.2(ii)(b) with y = x(Te, ¢).

Choose an SU(2)-isomorphism of the fibers p: (Po)y0 — (P, )yl . Using
the flat structures 4 ; » both of which are flat on the overlap, we can spread
out this isomorphism by parallel transport to give a bundle isomorphism
g, between the P, over the identified part (an annulus or conformally
spherical tube) covering fa,r- We call such a bundle isomorphism g, a
glueing map. Use this glueing map to construct a bundle F, U p P, over
Y = Yy#, Y, and also the pullback bundle 7:1‘(P0 u, P)) = E(p) over
Y x R. The glueing map g, is referred to the connections /f,. , SO we get
an induced connection Ap = AO#pAl on E(p). Thus 4, = AO#pA1 is
equalto 4, on (Y,\B,(T ")) xR. Note that 4 , is trivial over the region
identified by the glueing map.

The connections A _, for different p, are not in general gauge equiva-
lent, even though the bundles E(p) are obviously isomorphic. Let I', be
the isotropy group of 4, over ¥, xR andlet '=T 4, % r 4, The eq'uiv-
alence classes of connections constructed in this way are in one-to-one
correspondence with

HomSU(z)((Po)yo > (P1 )yl) =SU(2)/T,

the space of “glueing parameters”. When the A, are irreducible, I' = {£1}
so the space of glueing parameters is SO(3).

The following proposition can be found in the text of Donaldson and
Kronheimer [3, p. 286].

Proposition 3.3.3. The connections A b A p, are gauge equivalent if
and only if the parameters p,, p, are in the same orbit of the action of T
on SU(2).

The following proposition follows from Lemmas 3.3.2 and 3.2.12, by
recalling the constants g, of Lemma 3.2.9 and 7|, of Lemma 3.3.2.

Proposition 3.34. For 0<e<g, and 1 <T < T, there is a constant

C independent of € such that the operator d::' has a bounded right inverse
G with
1Gull s orw, vy < Clllles v,
and
IGully (g < Cllullyy ) 1/4+1/a 2 1/p.
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Proof. The right inverse for d}f is Q,.g . Then using the definition of
A,, we define G'u = XoQg“o"'Xleun , where uy = (1—n)u, u, =nu,
and 7, is a smooth cutoff function on the annulus U, N U, which obeys
Mo, 71 =0 and n|p,py = 1, _Xo|[0,Tal =1, Xol{roareny = 0 and
Xll[O,T"’c/2] =0, Xll{rZTe} = 1. Since x; = 1 on the support of 7,,
G’ is a right parametrix and d:‘ G’ —1d has a C*°-kernel, it follows that

4

G= G'(d:‘ G')™! has the desired properties.
p
Remark. Proposition 3.3.4 also holds for dim.#, . < 4 by the re-
mark after Lemma 3.2.11. It is also true for dim.#, p < 7 if 4

- xR
does not split through the trivial connection. g
(ii) Gluing and splitting. Our goal is to deform the “almost anti-self-
dual” connection A4 , toa nearby anti-self-dual connection A4 ,ta,. This
entails solving the nonlinear anti-self-duality equation

F¥(4,)+ dj;pa +(ana), =0.
The upshot of Proposition 3.3.4 is that we are able to solve the linearized
anti-self-duality equation d:u =b over Y = Y # ..7Y) > as long as 4

is irreducible (i.e., Hg = 0) and regular (i.e., Hj = 0), and futhermore
there are estimates on the solution of the corresponding linearized equation
which are independent of ¢. We shall use the inverse function theorem
to deform the almost anti-self-dual connection A -

Lemma 3.3.5 (cf. [8]). Let f: E — F bea C' map between Banach
spaces. Assume that in the first order Taylor expansion f(&) = f(0) +
Df(0)¢ + N(&), Df(0) has a finite dimensional kernel and a right inverse
G such that for £, { € E

IGN(S) — GN(Ollg < Clil g + IS IIE = Cll g
Jor some constant C. Let 6, = (8C)"1. If |Gf(O)ll; < 6,/3, then there
exists a C'-function ¢: K51 —ImG with f(E+¢(&) =0 forall £ € K ¥
and furthermore we have the estimate
6@z < UGLO)E+ 511N »
where K; =KerDf(0)N{E€E: ||l <d,}.

Applyiilg Lemma 3.3.5 to f(a) = F'(4,) + d;’pa + (a Aa), with
f(0) = F*(4,), N(a) = (ana),, Df(0) = d;'p (with the bounded
right inverse G from the Proposition 3.3.4), £ = L’l’ s N Lg’ J(TA"Q)
and F = Lg ’ J(Qi(Y x R, ad)), we have the following theorem.



FLOER HOMOLOGY FOR 3-SPHERES 151

Theorem 3.3.6. Let Y, (i = 0, 1) be homology 3-sphere and A; €
l}t,’a:R Assume dim Ay . p = 0 and dim Ay, o = 1. Let g be the
constant of Lemma 3.2.9. If 0< e <g, and 1 < T < T, which is chosen
from Lemma 3.3.2, then we can deform A , loa smooth anti-self-dual
connection over (Yy#, rY;) xR.

Proof. Using Proposmon 3.3.4 and Lemma 3.2.9, we obtain

IGF* (4,)ll5, < CIF*(4,)ll; .
< CUF* (Al , +IF (Al ) < Ce™”

and N(a) — N(b) = ((a—b)Aa), (bA(a-Db)),. On the other hand, the
weighted Holder inequality and Lemma 7.2 in [12]

I@=b)Aa), N, <la=bly  llalls, < Cylla=blyg llalyg .
where C; = c(Vol(Y,) + Vol(Y;) +1)/d. So
IGN(a) = GN(d)ll s | < CClla = bl (llallg  + 16l ),

and by Lemma 3.3.5 with J, = (8CC; )_l there exists ¢: H - ImG

with f(§ + ¢(&)) = 0, where ¢(4,) = a,. Thus 4, + a, is an ASD
connection over (Yy#, »Y;) x R with ||a || iy small, and is smooth by
standard elliptic regularity. '

Remarks. (i) The restriction on dimensions of moduli spaces comes
form Lemma 3.2.9 and Proposition 3.3.4, in order to be able to get the
bounded right inverse. Also from the proof above it is easy to see that we
can glue two 1-dimensional anti-self-dual connections into a 2-dimensional
anti-self-dual connection.

(i1) Using the remark after Theorem 3.2.6 and the construction in Propo-
sition 3.3.4, we can also deform the 4,#4, into the anti-self-dual connec-
tion when one of 4, is trivial.

(iii)) Combining the remarks after Proposition 3.3.4 and Theorem 3.3.6
we can deform the 4 #4, into anti-self-dual connection when 4, € l;";'k
with dimension < 4. (For dimension <7 we need 4; which do not spht
through 4.)

To incorporate the glueing parameter SO(3), we apply the parametrized
version of Lemma 3.3.5 which states that the solution depends smoothly
on the parameters and is well-behaved under gauge transformations. That

gives the description of a model for an open subset in the moduli space
1

Y, #Y, xR "
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Theorem 3.3.7. Given a constant flat anti-self-dual connection A, anda
I-dimensional anti-self-dual connection A, with each D 4, surjectlve in the
weighted Sobolev space, and for small enough & and all gluemg parameters
p, there is a smooth anti-self-dual connection (A,# , A4, Y+a p(t). If p,, p,
are in the same orbit under the T" action on the space of glueing parameters
SU(2), the corresponding anti-self-dual connections are gauge equivalent.

The restrictions on ¢ and 7 imposed on Theorem 3.3.6 mean that the
“neck” region of the connected sum must be narrow with very small radius.
Conversely, when our metric satisfies these conditions, we can characterize
the anti-self-dual solutions found by our glueing construction. Define

Gl,: ‘/Zl;oxk x SO(3) x Y xR ‘%’(YO#Y )xR
by Gl (A, p, A)) = AO#pAl as in §3.3(i)(c), where i, > 0, i, > O,
iy + i, = 1. Now for d, > 0 in the proof of Theorem 3.3.6, let U(sz("’) C
Py g be the open set

Uaz(s) ={A| 1nf ||A B[|Lq xR <9,,

g) YOeT

"FA ”Lg_é(g)((Yo#Z'TYl)xR) <4}

The solutions to the anti-self-duality equation obtained from Theorem
3.3.6 lie in Uj (s) and any element in U can be deformed to a unique

anti-self-dual connectxon by Lemma 3.3. 5 (the uniqueness follows from

the contraction mapping principle on T@;,’ilk)
Theorem 3.3.8. For ¢, T as in Theorem 3.3.6, any point in Uaz(s) n

/}}0 », «r(&.) can be represented by a connection A of the form A# , A+
d(A# , A1), where A; is a 0- or 1-dimensional anti-self-dual connection

on "lY,.xR , and ¢ is the C'-diffeomorphism in the proof of Theorem 3.3.6
with ||<¢>(A0#pA])||Lg , < 0.

Proof. Assume the contrary. Then there exists a sequence ¢, — 0 with
&, < &, {l4,]} € Us (¢,) n/lylo#ylxk(ge ) where Uj (¢,) is complement
of U,s2 , 1.e., the A4, are not of this form.

By Uhlenbeck’s compactness theorem applied to the balanced anti-self-
dual connections, we have a subsequence converging to A4,V 4,, where
A; is an anti-self-dual connection on (Y;\{y;}) x R, since 1-dimensional
moduli space is compact up to time-translation by Lemma 3.1.5. The
connection A4; has a singularity along a line {y,} xR. Since the singularity
{r;} x R is codimension 3, it can be removed by Sibner’s theorem [13].
Let the extended anti-self-dual connections still be denoted by 4;. By the
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flattening construction, for small enough ¢, we obtain

A~i(an) = x(Te,, ¢,)A4; with ||A~l.(en) - Ai”Lg",(gn)(Y,.xR) <d,/8.
Let Ap(sn) = AO#p’E”Al as in §3.3(i)(c). Then

"An - Ap(g")”Lg‘a(gn)((Yo#z,,,Tyl)XR)
<4, - Ao(s,,)”Lg,&(gn)((yo\B,(T"e,,))xR)

A, = 4, g v\ e xRy >

1
< Z{“An - Ai”Lg,J(g")((Y,.\Ba(T"en))xR)
i=0

+14,(e,) = Aille g syt nxm))-

For n large enough we have |4, — 4ll e (o (v \,7"e,)xr) < %2/8 bY
convergence. Thus

4, - Ap(sn)”Lg,a(gn)((Yo#en‘TYl)xR) <9,/2.

Since A4, € ‘/[(;’O#en,TYl)xR(gn)’ of course F*(4,) = 0,50 4, € Uj (e,)
which contradicts 4, € U;z(sn).

Thus for sufficiently small ¢, a 1-dimensional moduli space can be rep-
resented by the one deformed from the glueing process.

Corollary 3.3.9. Under the assumption of Theorem 3.3.8, there is a
unique small solution to the anti-self-duality equation. So U 5, (&) nMY'o#Yl <R
is equal to the image of the glueing map.

This is the main analytic result of this paper. We summarize this sub-
section in the following theorem.

Theorem 3.3.10. Suppose A; is an anti-self-dual connection on Y; xR,
and consider the connected sums Z = (Yo#, +Y)xR Jor fixed 0 < & < g,

1 < T < T,. Then for sufficiently small ¢ and each g € SO(3) one has
the map

U "[Yl,.xk(ai » Bi) x /fz,xk(yi’ » Vi) e /[zl (a# vy, Bi#gve)-
i+i'=1
Conversely any ASD connections in MZI (a7, [3,.#3 yy) can be obtained
in this way.
For dim.#, . <4 the glueing from Y; x R and the glueing from the
connected sum give all the anti-self-dual connections on (Y #Y,) x R.
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